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, we found that these teachers had different reasoning patterns in the tasks. However, across the tasks, the level of reasoning was consistent for each teacher. Specifically, one teacher explained the general properties (such as increasing or decreasing) of the changes in the variables. Most of the time, he just focused on one or both of the variables separately. However, the other teacher could directly and systematically coordinate the independent and dependent variables and compare the simultaneous changes in the variables by making additive comparisons. Differences in their reasoning are discussed in relation to teachers' background information.

Introduction

Covariational reasoning is important and necessary for conceptual understanding of families of functions and calculus concepts at secondary school and college levels [START_REF] Lloyd | Developing essential understanding of functions for teaching mathematics in grades 9-12[END_REF]. Covariation is defined as "holding in mind a sustained image of two quantities' values (magnitudes) simultaneously" (Saldanha & Thompson, 1998, p. 299). Therefore, it is related to the conception of algebra "as the study of relationships among quantities" (Usiskin, 1998, p.10). Specifically, in high school mathematics, studying the relationships among quantities is the most emphasized conception in the context of families of functions [START_REF] Lloyd | Developing essential understanding of functions for teaching mathematics in grades 9-12[END_REF]. Therefore, it is essential to investigate high school mathematics teachers' covariational reasoning as they facilitate students' conceptual understanding of these mathematics concepts.

Several frameworks were developed to investigate individuals' covariational reasoning. Initially, [START_REF] Carlson | Applying covariational reasoning while modeling dynamic events: A framework and a study[END_REF] developed a covariational reasoning framework including five mental actions: coordination, direction, quantitative coordination, average rate, and instantaneous rate. Then, acknowledging the importance of rate, ratio, quotient, proportionality, and accumulation as prerequisite knowledge in the understanding rate of change, [START_REF] Thompson | Variation, covariation, and functions: Foundational ways of thinking mathematically[END_REF] revised the framework by paying attention to chunky continuous covariation and smooth continuous covariation as the high levels rather than the rate of change idea in covariational reasoning.

In another research study, [START_REF] Kertil | Developing prospective teachers' covariational reasoning through a model development sequence[END_REF] investigated covariational reasoning in three categories by combining the frameworks suggested by [START_REF] Carlson | Applying covariational reasoning while modeling dynamic events: A framework and a study[END_REF] and [START_REF] Thompson | Variation, covariation, and functions: Foundational ways of thinking mathematically[END_REF]: identifying variables, ways of coordinating variables and quantifying the rate of change. The first component, identifying variables, includes thinking by primary variables, thinking by secondary variables, and reversing the roles. Thinking by primary variables means correctly determining the independent and dependent variables in a given context. Thinking by secondary variables refers to considering a third variable, such as 'time,' to determine the changes in quantities. Reversing the roles is to change the roles of independent and dependent variables. The second component, ways of coordinating variables, has four sub-components: An uncoordinated way of thinking occurs if someone analyses the change in independent and dependent variables separately or in order. In indirect coordination, someone might think about how independent and dependent variables change together depending on the third variable, such as 'time.' In direct coordination, the change in independent and dependent variables focuses on general and observable properties such as increasing/decreasing. Moreover, the change in the dependent variable can be represented by thinking of the change in independent variables in chunks (small intervals) by paying attention to the idea that the change is continuous. Then this kind of thinking refers to direct and systematic coordination. The last component of the model, the quantification of the rate of change, includes gross, extensive, and intensive quantification. If someone emphasizes the increase or decrease in the change in variables as slow or fast, this might show gross quantification. However, if someone determines the change in the dependent variable for every equal change in the independent variable, this represents extensive quantification. If the change in the dependent variable is explained with respect to the per unit change in the independent variable, then the person's thinking represents intensive quantification which refers to the multiplicative relationship between the variables.

In the literature, many studies focus on high school and college level students' (including prospective mathematics teachers') covariational reasoning (e.g., [START_REF] Carlson | Applying covariational reasoning while modeling dynamic events: A framework and a study[END_REF][START_REF] Kertil | Developing prospective teachers' covariational reasoning through a model development sequence[END_REF]. However, there are few studies conducted with mathematics teachers (e.g., Thompson et al., 2017). Results of the studies specifically pointed out that in each study, teachers were given one functional task to work with, and they were asked to draw the graph of the given situation; they either used a third independent variable, eliminating one of the actual variables or shifted the roles of variables. Also, the way participants drew the graphs reflected that they generally thought of gross covariation of variables and were able to determine the direction of the change (e.g., Thompson et al., 2017). These studies provided task examples for assessing covariational reasoning. By considering all the task principles [START_REF] Stevens | Principles for designing tasks that promote covariational reasoning[END_REF], using more than one task might contribute to determining an individual's covariational reasoning comprehensively and drawing a conclusion for the level of reasoning in further studies.

According to [START_REF] Harel | A DNR perspective on mathematics curriculum and instruction. Part II: with reference to teacher's knowledge base[END_REF], teachers' knowledge base is rooted in their knowledge of mathematics, knowledge of student learning, and knowledge of pedagogy. A mathematics teacher's knowledge of mathematics consists of his/her way of thinking and way of understanding. A way of thinking is "the cognitive characteristic of a mental act" (p. 896). Similarly, a way of understanding is a product of someone's mental act. They support each other interactively [START_REF] Harel | A DNR perspective on mathematics curriculum and instruction. Part II: with reference to teacher's knowledge base[END_REF]. That is, a specific way of thinking affects a person's way of understanding a specific mathematics concept, and also, someone's way of understanding a concept might trigger new ways of thinking. Knowledge of student learning is about teachers' view of mathematics learning and also the teacher's anticipation of their students' learning processes of a specific concept. Knowledge of pedagogy includes teaching practices of the teachers and instructional principles. Teaching practices include a teacher's behavior and action during teaching, and instructional principles are the effect of teachers' teaching actions on students' learning of mathematics [START_REF] Harel | A DNR perspective on mathematics curriculum and instruction. Part II: with reference to teacher's knowledge base[END_REF]. In this framework, teachers' knowledge, beliefs (views on teaching and learning), and their reflection on their behavior are related. However, as a starting point, in this paper, we focused on the way of thinking component of the framework. Specifically, covariational reasoning is considered a way of thinking [START_REF] Tallman | Angle measure, quantitative reasoning, and instructional coherence: an examination of the role of mathematical ways of thinking as a component of teachers' knowledge base[END_REF] in which coordinating two variables simultaneously in a functional situation is a characteristic of a mental act, and the levels of reasoning are the mental actions. The place of covariational reasoning in teachers' knowledge is needed to be studied empirically to support Harel's model of teacher knowledge by including the way of thinking as a component [START_REF] Tallman | Angle measure, quantitative reasoning, and instructional coherence: an examination of the role of mathematical ways of thinking as a component of teachers' knowledge base[END_REF]. In order to investigate teachers' knowledge of functions, the first step might be to investigate their reasoning covariationally. Thus, this study mainly focuses on mathematics teachers' covariational reasoning processes by investigating the data through the covariational reasoning framework developed by [START_REF] Kertil | Developing prospective teachers' covariational reasoning through a model development sequence[END_REF]. For this aim, we scrutinized the following research question:

• How do mathematics teachers reason on covariational reasoning tasks?

o How can teachers' reasoning processes be evaluated across tasks? Is there a pattern in teachers' covariational reasoning across tasks?

Method

This study is part of an extensive one-year-long multi-case study [START_REF] Yin | Case study research: design and methods[END_REF] investigating how teachers' covariational reasoning processes support their knowledge of mathematics and teaching practices in quadratic functions. Two mathematics teachers with diverse educational backgrounds, working environments, and experiences participated in this study. Deniz (a pseudonym) graduated from the mathematics department at a public university and teaches secondary school mathematics having twenty-five years of experience in high-ranking public secondary schools. Miray (a pseudonym) is a novice mathematics teacher with five years of teaching experience at a high-ranking private secondary school. She graduated from the teaching mathematics program. Also, she holds a master's degree in mathematics education from an English medium public university. Working with two teachers was significant and manageable since the research process included intensive interaction with teachers via a series of interviews (approximately 17 hours) and classroom observations (24 class sessions).

Specifically, in this paper, we focused on the first step of our research study, in which we examined teachers' ability to reason covariationally. We collected data through task-based clinical interviews with two tasks named 'Reverse Bottle Task' and 'Traveling Task' (see Figures 1 and2). Even though it is rare, bottle tasks can be found in especially high school mathematics textbooks which are prepared to support students' preparation for the university entrance examination, and the two teachers were familiar with this task as they solved similar questions in class. However, the traveling task, which the first researcher developed, was new for them. In the first step of the data analysis, the first researcher did a verbatim transcription of the interview data. Then, the transcriptions were read line by line to follow teachers' thinking processes in the tasks.

After that, each teacher's reasoning process for each task was coded using the covariational reasoning framework [START_REF] Kertil | Developing prospective teachers' covariational reasoning through a model development sequence[END_REF]. For each task, both teachers' reasoning processes were considered simultaneously to reveal similarities and differences in their reasoning. While coding the data, all the instances indicating how teachers determined the variables, how they coordinated them and quantified the relationship between the variables were considered. For this reason, for a task, some codes appeared more than once. This then allowed revealing teachers' tendencies in the reasoning process in the tasks. While finishing the coding process, each teacher's reasoning processes across tasks were also considered.

Findings

In Table 1, we share the frequencies of the codes for the tasks for both teachers. In Table 2, we gave teachers' graphs for the tasks. The teachers had different reasoning processes in the tasks. However, for each teacher, the level of reasoning showed regularities. For instance, a teacher who reasoned up to gross quantification (or extensive quantification) and showed direct coordination (or direct and systematic coordination) in one task maintained a similar pattern in the other tasks.

Both the frequency table and graphs table illustrated that regarding identifying the variables, Deniz considered the primary variables in all the tasks. However, while reasoning, he also used secondary variables, such as time. This mainly affected the graphs he drew. Researcher: So, how to draw the graph? Deniz:

How to think about the graph? For example, should I think about it separately... So we can draw two separate graphs. Is it true? For example, let's say I started from here (it shows the origin), okay, let's say the remaining road after t time, or let's say the road to Istanbul, for example. For example, this road to Izmit will decrease. This is for Izmit (pointing to a continuous line). The distance to Istanbul will increase, so for Istanbul (pointing to dashed line)

His reasoning on the secondary variables also affected determining the starting point of the graph in the reverse bottle task. Initially, he considered the amount of water pouring from the bottle in one second. However, while asking about the starting point of the graph, he explained as follows:

Researcher: What was the reason you started the graph from this point? Deniz: This is the volume, the highest value. The volume is decreasing. Researcher: Well, what will this point mean for us? Deniz:

For example, there is 100 ml of water when it is full. (showing the point on the yaxis) Researcher: Okay, height then? Deniz:

Height decreases gradually.

In the cases where he performed direct coordination, he just focused on general explanations to emphasize how the variables change. He just used "it increases/ decreases while the other one increases/decreases" kind of explanations, which also leads to performing gross quantification. Specifically, his reasoning in the reverse bottle task confirmed this finding as follows:

Deniz: After the faucet is opened, the height decreases. Well, the volume is also decreasing.

In other words, they decrease linearly, you know, linearly in a certain place. Researcher: How do we say it's linear? Deniz:

It's not exactly linear either, for example, with the amount of water flowing here, for example, the thing here is different, so it should be a little cambered like that... we can do it more comfortably when there are options for graphs, for such questions. So we can see the graph better.

Regarding Miray's reasoning process on the tasks, identifying the variables, she considered the primary variables while working on the tasks. Even though, in some cases, she thought of secondary variables, such as time and speed, depending on the context of the tasks, she was able to coordinate the primary variables by indicating why she did not use secondary variables further. The following excerpt from reasoning in Traveling Task part a might illustrate this finding:

Miray: When I say I need to accelerate, the car goes at a constant speed, I think about how the change changed… Regardless of the speed of the car.., it wouldn't matter whether it was a different speed or constant speed since we drew the distance graph.

Regarding the way of coordinating variables, Miray showed direct and systematic coordination in all the tasks, but at the beginning of her reasoning process, she also showed an uncoordinated way of thinking and direct coordination. The excerpt given below is an example illustrating direct and systematic coordination by thinking of equal changes in height to determine the changes in volume in the reverse bottle task:

Miray: …Although at first, it decreases at equal heights, the volume decreases more. So, for example, what is it like? If we do something like (She drew a concave up the curve for the first part of the upper half (see Table 2)) Researcher: How far did you think? Miray:

For example, if I think about this part (she shows the upper half of the bottle (see Figure 1)) Researcher: Huh, does it decrease more up to here? Miray:

Yes, because even though the height decreases in equal amounts, the amount of water coming out seems to be more; that is, it feels like a larger volume of water is decreasing each time because it has large cambers. After that, when it comes to these places (she points to the second part of the bottle in the upper half in Figure 1), this time, although it changes at equal heights, the volume of the decreasing water starts to decrease.

In all the tasks, she also showed gross quantification, which merely occurred at the beginning of the thinking process while envisioning how the variables change together. Similarly, she quantified the changes in the variables simultaneously and additively by focusing on small equal intervals in one quantity to observe the change in the other quantity. However, in two tasks, she further reasoned on the rate of change by referring to the formula, which might show her intensive quantification of the rate of change. Specifically, in the reverse bottle task, she compared the first and second halves of the bottle in terms of rate of change referring to the ratio of volume and height as follows:

Miray:

The volume decreases, the height decreases, but let me say that the rate of decrease of the volume is lower than the rate of decrease of the height. That's why I drew something like this. (Referring to her graph)…After that, this second half of the bottle will actually show the same behavior as the upper part (first half of the bottle), but the only difference is that this time, while the heights decrease by the same amounts, the amount of water coming out is even higher. So the rate of change is getting larger than the upper part of the bottle. That's why I should call it a high instantaneous rate of change…A change in volume divided by a change in height (for the second half of the bottle) is larger compared to the first half of the bottle.

Conclusion and Discussion

As the findings from the two teachers' reasoning for the given tasks illustrated, there were different reasoning patterns. Similar to earlier research results (Thompson et al., 2017), Deniz's reasoning pattern showed the following codes at most: use of secondary variables, uncoordinated way of reasoning, and gross quantification. However, Miray's reasoning pattern mainly depicted the following code sequence: use of primary variables, direct and systematic coordination, and extensive quantification. In some instances, she further used the formulaic meaning of rate of change by pointing to the instantaneous rate of change. However, she maintained focusing on additive changes in variables to explain how they change together by referring to successive intervals of variables. One important contribution is that even though teachers were familiar with the bottle task and not familiar with the traveling task, their reasoning in these tasks was consistent. Rather than being familiar with the task or not, their initial consideration of only one variable or two variables simultaneously was important for their coordination of variables and quantification of the rate of change. In this regard, Deniz's and Miray's reasoning processes indicated a hierarchy between categories of covariational reasoning. That is, a teacher directly coordinating the variables seems to quantify the relationship between the quantities using general observable expressions (just increasing/decreasing). On the other hand, a teacher directly and systematically coordinating the quantities seems to use at least an additive comparison of the changes in quantities in small intervals. Also, the codes in the same category showed a hierarchy. For instance, in the quantification process, Miray's reasoning first showed gross quantification and then focused on the changes additively, showing extensive quantification. The strict difference in teachers' reasoning processes needs further investigation. The difference might be related to teachers' educational backgrounds and orientations for supporting their mathematics teaching. This difference might also lead to different knowledge structures in mathematics teaching for topics focusing on covariational reasoning [START_REF] Harel | A DNR perspective on mathematics curriculum and instruction. Part II: with reference to teacher's knowledge base[END_REF]. This study was limited to two teachers and the use of two tasks. Therefore, we need further studies with teachers using tasks including different variables than height, volume, and distance. Also, using dynamic tasks might be beneficial to determine whether teachers' reasoning differs.

Figure 1 :Figure 2 :

 12 Figure 1: Reverse bottle task

  the traveling task part b, Deniz stated how he considered the variables separately where each variable is dependent on time:

Table 1 : Code frequencies indicating Deniz's and Miray's reasoning in the tasks
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