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Abstract

The problems of determining locating-dominating, open locating-dominating or lo-
cating total-dominating sets of minimum cardinality in a graph G are variations of
the classical minimum dominating set problem in G and are all known to be hard
for general graphs. A typical line of attack is therefore to determine the cardinality
of minimum such sets in special graphs.

In this work we study the three problems from a polyhedral point of view. We
provide the according linear relaxations, discuss their combinatorial structure, and
demonstrate how the associated polyhedra can be entirely described or polyhedral
arguments can be applied to find minimum such sets for special graphs.

Key words: locating-dominating set problem, open locating-dominating set
problem, locating total-dominating set problem, polyhedral approach

1 Introduction

Surveillance problems for facilities where detection devices have to be placed
in rooms to locate an intruder (like a fire, a thief or a saboteur) lead to different
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location-domination problems in the graph modeling the facility. Depending
on the features of the detection devices (to detect an intruder only if it is
present in the room where the detector is installed and/or also in any neigh-
bored room), different dominating sets can be used to determine the optimal
distribution of the detection devices in the facility. In the following, we study
four problems arising in this context which all have been actively studied
during the last decade, see e.g. the bibliography maintained by Lobstein [20].

Let G = (V, E) be a graph. The open neighborhood of a node i is the set
N(i) of all nodes of G adjacent to i, and N[i] = {i} U N(i) is the closed
neighborhood of i. A subset C' C V' is dominating (resp. total-dominating) if
N[i]NC (resp. N(i) N C) are non-empty sets for all i € V. A subset C' C V' is

e an identifying code (I D-set) if it is a dominating set and N[i{|NC # N[j]NC,
for distinct 4,5 € V [19];

e a locating-dominating set (LD-set) if it is a dominating set and N (i) N C' #
N@G)NC, fori,j € V—C [26].

e an open locating-dominating set (OLD-set) if it is a total-dominating set
and N (i) N C # N(j) N C, for distinct i,j € V [25];

e a locating total-dominating set (LT D-set) if it is a total-dominating set and

N@i)NC # N(j) N C, for distinct 4,5 € V — C [17].

Figure 1 illustrates the four concepts.
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Fig. 1. A graph where the black nodes form a minimum (a) I D-set, (b) OLD-set,
(¢) LD-set and LT D-set.

Note that a graph G admits an [D-set (or is identifiable) only if there are
no true twins in G, i.e., there is no pair of distinct nodes 7,7 € V such that
NTi] = N[j], see [19]. Analogously, a graph G without isolated nodes admits
an OLD-set if there are no false twins in G, i.e., there is no pair of distinct
nodes 7,5 € V such that N(i) = N(j), see [25].

Given a graph G, for X € {ID,LD,OLD, LTD}, the X-problem on G is the
problem of finding an X-set of minimum size in G. The size of such a set is
called the X-number of G and is denoted by vx(G). From the definitions, the
following relations hold for any graph G (admitting an X-set):

Yo(G) < verp(G) < vorpn(G), (1)

and
Yeo(G) < vip(G), (2)



whereas v7p(G) and yoLp(G) are not comparable in general as the examples
in Figure 2 show.
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Fig. 2. (a, b) ’YID(P4) =3<4= ’YOLD(P4); (C, d) ’YID(G) =4>3= ’YOLD(G)

It has been shown that determining 7vx(G) is in general NP-hard for all
X € {ID,LD,LTD,OLD}. Determining 7;p(G) is in general NP-hard [11]
and even remains hard for several graph classes where other in general hard
problems are easy to solve, including bipartite graphs [11], and two classes
of chordal graphs, namely split graphs and interval graphs [14]. Determining
vp(@) is also in general NP-hard [12] and remains hard for bipartite graphs
[11]. This result is extended to planar bipartite unit disk graphs in [21] and to
interval and intersection graphs in [15]. Also determining yo.p(G) is in general
NP-hard [25] and remains NP-hard for perfect elimination bipartite graphs and
APX-complete for chordal graphs with maximum degree 4 [23]. Concerning
the LT D-problem we observe that it is as hard as the OLD-problem by just
using the same arguments as in [25].

Typical lines of attack are therefore to determine minimum X-sets of special
graphs. Closed formulas for the exact value of 7;p(G) have been found so far
only for restricted graph families (e.g. for paths and cycles by [10], for stars
by [16], and for complete multipartite graphs, some suns and split graphs by
2,4,5,7]). Closed formulas for the exact value of v,p(G) have been found so
far for e.g. paths [26] and cycles [10]. Closed formulas for the exact value of
vYorp(G) have been found so far only for cliques and paths [25], some algo-
rithmic aspects are discussed in [23]. Bounds for the LT D-number of trees
are given in [17,18], whereas the LT D-number in special families of graphs,
including cubic graphs and grid graphs, is investigated in [18]. We refer the
reader to the bibliography maintained by Lobstein [20] for further results.

As polyhedral methods have been already proved to be successful for several
other NP-hard combinatorial optimization problems, it was suggested in [2] to
apply such techniques to the I D-problem. For that, the following reformulation
as set covering problem has been proposed.

For a 0/1-matrix M with n columns, the set covering polyhedron is Q*(M) =
conv {X €zl : Mx > 1} and Q(M) = {X e R} Mx > 1} is its linear relax-
ation. A cover of M is a 0/1-vector x such that Mx > 1, and the covering
number 7(M) equals min 17x, x € Q*(M).



We obtain such a constraint system Mx > 1 for the I D-problem as follows.
Consider a graph G = (V, E). Domination clearly requires that any I D-set C'
intersects the closed neighborhood Ni] of each node i € V; separation means
that no two intersections C'N N[i] and C'N N[j] are equal. The latter condition
can be reformulated that C' intersects each symmetric difference N[i] A N[j]
for distinct nodes 4, j € V. It was shown in [2] that only symmetric differences
matter if the nodes i, j € V have distance dist(i, j) = 1 (i.e., are adjacent) or
distance dist(i,j) = 2 (i.e., are non-adjacent but have a common neighbor).

Hence, determining a minimum 7 D-set in a graph G = (V, E) can be formu-
lated as set covering problem min 17x, M;p(G)x > 1,x € {0, 1}/VI by:

min 17x
(N[j]) = Lienpjjzi 21 Vi€V (domination)
o(N[j] A N[k]) = Xienpjjanm i = 1 Vi, k € V,j # k (separation)
x € {0,1}IVI

By [2], the matrix M;p(G) encoding row-wise the closed neighborhoods of the
nodes and their symmetric differences is called the identifying code matriz of
G, and the identifying code polyhedron of GG is defined as

Pip(G) = Q*(M;p) = convix € Z' - M;p(G) x > 1}.

It is clear by construction that a graph is identifiable if and only if none of
the symmetric differences results in a zero-row of M;p(G), and that v;p(G)
equals the covering number 7(M;p(G)).

It turned out that studying the I D-problem from a polyhedral point of view
can lead to interesting results, see e.g. [2,4,5,7]. The aim of this paper is to ap-
ply the polyhedral approach to minimum X-sets for X € {LD, LTD,OLD}.

In Section 2, we give the according definitions of the matrices Mx(G) for
X € {LD,LTD,OLD} and of the associated polyhedra, provide some basic
properties of the polyhedra Px(G) for X € {LD,LTD,OLD} and intro-
duce their canonical linear relaxations. Afterwards, we discuss several lines to
apply polyhedral techniques. In Section 3, we present cases where M p(G),
Morp(G) or Mprp(G) are composed of matrices for which the set covering
polyhedron is known and we, thus, immediately can obtain a complete de-
scription of Ppp(G), Porp(G) or Prrp(G) and the exact value of vyp(G),
Yorp(G) or yrrp(G). This demonstrates how polyhedral techniques can be
applied in this context. We close with a discussion on future lines of research,
including how the here obtained results can be extended to other classes of
graphs.

Parts of the here presented results appreared without proofs in [3,6].



2 Polyhedra associated to LD-, OLD- and LT D-sets

In order to apply the polyhedral approach to the three studied X-problems,
we first give according reformulations as set covering problem.

Theorem 1 Let G = (V, E) be a graph.

(a) C CV is an LD-set if and only if C' has a non-empty intersection with
(LDy): Ni] for alli eV,
(LDs): N(i) A N(j) for all distinct i,5 € V' with dist(i,j) = 1,
(LDs): Ni] A N[j] for all distinct i,j € V' with dist(i,j) = 2.
(b) Let G have neither isolated nodes nor false twins. C C V is an OLD-set
if and only if C' has a non-empty intersection with
(OLD,): N(i) for alli €V,
(OLD,): N(i) AN N(j) for all distinct i,5 € V' with dist(i,j) € {1,2}.
(¢) C CV is an LTD-set if and only if C' has a non-empty intersection with
(LTD;): N(i) for alli eV,
(LTDs): N(i) A N(j) for all distinct i,j € V with dist(i,j) = 1,
(LTD;): N[i] A N[j] for all distinct i,57 € V with dist(i, j) = 2.

Proof. Let G = (V,E) be a graph without isolated nodes. We notice that
if dist(i,7) = 1 for i,j € V then N(i))AN(j) = {i,j} U (N[IJAN[j]). If
dist(i,j) = 2 for i,j € V then N[i]AN[j] = {i,j} U (N(E)AN())).

(a) Let C' be an LD-set of G. It is immediate to see that (LD;) holds for
all i € V. Concerning the symmetric differences, we have N (i) A N(j) =
N(#)UN(j) if dist(i,j) > 3. So, for the remaining conditions we have to take
into account nodes i, j € V with dist(i, j) < 2. Now, given 7,j € V—C, from
the definition, we have (N (i) A N(j))NC # (0. If i € C or j € C, we have
(N(i) AN(5))NC # O when dist(i, j) = 1 and (N[i] A N[j]) N C # ) when
dist(i,j) = 2. Then conditions (LD3) and (LDj3) hold for every i,j € V.

Conversely, let C' C V such that its nodes satisfy conditions (L D), (LD>)
and (LD3). From (LD;), C is a dominating set of G. Let i,j € V — C. If
dist(i,j) = 1, from (LD,), (N(i) AN(j))NC # 0. If dist(i, j) = 2, we have
that (N[{] AN[j])NC = (N (i) AN(j))NC. Hence, from (LD3) we get that
(N(i) AN(j))NC # . Thus, C is an LD-set of G.

(b) Let G = (V, E) be a graph without isolated nodes and false twins.

Let C' be an OLD-set of G. As G has no isolated nodes, every node in V'
is total-dominated by C, and condition (OLD;) holds. Now, given i,7 € V|
from the definition, we have (N (i) A N(j)) N C # ) for every pair i,j € V
such that dist(i,j) = 1 or dist(i,j) = 2, and condition (OLDy) holds.

Conversely, let C' C V satisty (OLD;) and (OLDs). From (OLD), it
follows that C' is a total-dominating set of G. Let i,7 € V such that
dist(i,j) = 1 or dist(i,j) = 2. As condition (OLD) holds we have that



(N(#)AN(5))NC # (. Besides, if dist(i,j) > 3, N(i) AN(j) = N(i)UN(j).
As G has no false twins, all these sets are different, and C' is an OLD-set
of G.

(c¢) Let C be an LT D-set of G = (V, E). As every node in V' is total-dominated
by C, condition (LT D;) holds. The same arguments as used for LD-sets
show that conditions (LT D) and (LT D3) hold for every i,j € V.

Conversely, let C' C V such that its nodes satisfy conditions (LT Dy),
(LT D) and (LT D3). From (LT D), C' is a total-dominating set of G. The
same arguments as used for L D-sets show that (LT D) and (LT D3) imply
that C'is an LT D-set of G.

This shows that the above conditions properly encode the studied X-sets. O

The matrices Mx (G) encoding row-wise the closed or open neighborhoods and
their respective symmetric differences read, therefore, as

NI[G] N(G) N(G)
Mip(G) = | A(G) |+ Mowp(G) = | A(G) |, Mirp(G) = | A(G)
Ao[G] £o(G) avi(e]

where every row in N |G| (resp. N(G)) is the characteristic vector of a closed
(resp. an open) neighborhood of a node in G and Ak(G) (resp. Ag[G]) is
composed of the characteristic vectors of the symmetric difference of open
(resp. closed) neighborhoods of nodes at distance k in G. We define by

Px(G) = Q*(Mx(G)) = conv{x € ZV'": Mx(G) x > 1}

the X-polyhedron for X € {LD,OLD,LTD}. We first address the dimen-
sion of the three polyhedra. It is known from Balas and Ng [9] that a set
covering polyhedron Q*(M) is full-dimensional if and only if the matrix M
has at least two ones per row. From the submatrix N[G] encoding the closed
neighborhoods, we see that

Vy[G] = {keV: {k} = N[k, ke V),

i.e., isolated nodes are the cases that result in a row with only one 1-entry.
From the submatrix N(G) encoding the open neighborhoods, we see that

Vn(G) = {keV:{k}=N(),iecV}

are the cases that result in a row with only one 1-entry. From the submatrix
A1 (G), every row has at least two 1-entries (namely i and j for N (i) A N(j)).
From the submatrix Ay(G), we see that

Vao(G) ={k eV : {k} = N(i) AN(j), 1,7 €V}



are the cases that result in a row with only one 1-entry, whereas every row
from the submatrix Ay[G] has at least two l-entries (namely ¢ and j for
N[i] A Nj]). Moreover, if {k} = N(i) and dist(i,j) = 2, then k € N(j). Thus
Vo(G) N Vy(G) = 0 follows. We conclude:

Corollary 1 Let G = (V, E) be a graph.

(a) We have dim(Ppp(G)) = |V — Vy[G]|.

(b) Let G have neither isolated nodes nor false twins. We have dim(Porp(G)) =
V= Vn(G) = Va(G)].

(c) We have dim(Prrp(G)) = |V — Vy(G)|.

In addition, the matrices Mx(G) may contain redundant rows, where we say
that y is redundant if x and y are two rows of M and x <'y. As the covering
number of a matrix does not change after removing redundant rows, we define
the corresponding clutter matrices Cp(G), Corp(G) and Crrp(G), obtained
by removing redundant rows from M;p(G), Morp(G) and Mprp(G), respec-
tively. We clearly have

Px(G) = Q*(Cx(G)) = conv{x € Z!'": Cx(G) x > 1}

for X € {LD,OLD,LTD}. Moreover, also in [9] it is proved that the only
facet-defining inequalities of a set covering polyhedron Q*(M) with integer
coefficients and right hand side equal to 1 are those of the system Mx > 1.
Hence we have:

Corollary 2 All constraints from Cx(G) x > 1 define facets of Px(G) for
X € {LD,OLD, LTD}.

We obtain the corresponding linear relaxations, the fractional X-polyhedron
Qx(G), by considering all vectors satisfying the above inequalities:

Qx(G) = Q(Cx(G)) = {X € R‘Xl :Cx(G) x> 1}

for X € {LD,OLD,LTD}. To study the three problems from a polyhedral
point of view, we propose to firstly determine the clutter matrices C'x(G) and
then to determine which further constraints have to be added to the linear
relaxation @ x(G) in order to obtain the integral polyhedron Px(G).

3 Complete multi-partite graphs

In this section, we consider complete p-partite graphs and establish a connec-
tion to so-called complete 2-roses of order n. Given n > g > 2, let RZ = (V. €)
be the hypergraph where V' = {1,...,n} and € contains all g-element subsets



of V. Nobili and Sassano [22] called the incidence matrix of RY the complete
q-rose of order n and we denote it by M(R%). In [8], it was shown (see [2] for
the proof):

Theorem 2 ([2,8]) The covering polyhedron Q*(M(R2)) is given by the non-
negativity constraints and

(V) 2V =q+1

for all subsets V! C{1,...,n} with |V'| € {¢+1,...,n}.

3.1 Complete bipartite graphs

We start to consider complete bipartite graphs K,,, with bipartition A =
{1,...,m} and B = {m+1,...,m + n}. We note that K,,, has false twins
(unless m = 1 = n) and, thus, no OLD-set, hence we only analyse LD- and
LT D-sets. We begin with the case of stars K ,,, i.e., A = {1} and n > 2. Note
that K5 = Ps and it is easy to see that v,p(K12) = yorp(Ki12) = 2 holds.

Lemma 1 For a star K, withn > 3, we have

10 ... 0
0

CLD(Kl,n) = M(RiJrl) and CLTD(KLn) =

Proof. Consider a star K, with bipartition A = {1} and B={2,...,n+ 1}
with n > 3.

From Theorem 1, the rows of the matrix My p(K,) are the characteristic
vectors of the sets

N[1] =V and NJ[i| = {1,4} for all i € B,
N(1) AN(i)=BA{l} =V foralli € B,
N[ AN[j) =41} & {1,j} = {i,j} fori,j € B.

Thus, Cp(G) is clearly composed by rows corresponding to N[i] = {1,i} for
i € B, and Ali, j] = {i,j} for i, j € B, which implies Cpp(K1,) = M(R2,,).

From Theorem 1, the rows of the matrix My rp(K;,) are the characteristic
vectors of the sets



N(1) = B and N(i) = {1} for all i € B,
N(1) A N(i) = N[1] for all i € B,
NjI A NTK) = {j. k}, j # k, j, k € B.

Deleting the redundant rows, we obtain

10 ... 0
0

Crrp(Ki,) =

O

From the above description of the facets of the covering polyhedron associated
with complete g-roses by [2], we conclude:

Corollary 3 Consider K, with bipartition A = {1}, B = {2,...,n + 1},
n > 3.

(a) Prp(Ki,) is described by nonnegativity constraints and the inequalities x(V")
> |V'| = 1 for all nonempty subsets V! C {1,...,n + 1}.

(b) Prrp(Ki,) is described by monnegativity constraints, x1 > 1 and the in-
equalities x(B') > |B'| — 1 for all nonempty subsets B' C {2,...,n + 1}.

For the LD-number of Kj,, the full rank constraint z(V) > |V| — 1 of
Prp(Ky,) immediately implies that v,p(K;,) = n. Furthermore, combin-
ing ;1 > 1 and z(B) > |B| — 1 yields the full rank constraint z(V') > |B)|
for Prrp(Ky,) which implies yorp(K1,) = |V| —1 = n (and provides an
alternative proof for the result given in [18]).

Observe that for Ky o, it is easy to see that y,p(Ks2) =
general complete bipartite graphs K, , with m > 2,n >

Lemma 2 For a complete bipartite graph K, , with m > 2,n > 3, we have

M(R7,) 0

OX(Km,n) -
0 M(R7)
for X € {LD,LTD}.

Proof. Let K, ,, be a complete bipartite graph with bipartition A = {1,...,m},
B={m+1,...,m+n}and m>2,n>3.

From Theorem 1, the rows of the matrix Myp(K,,,) are the characteristic
vectors of the sets



Nl ={i}UBforalli € Aand N[j] ={j} UA for all j € B,
N@)AN(j)=BUAforallic A, je B,
N[ AN[j] ={i,j} fori,je Aori,je B,

whereas the rows of the matrix Mprp(K;,) are the characteristic vectors of
the sets

N(i) =B foralli e Aand N(j) = A for all j € B,
N(@)AN(j)=BUAforallie A,j € B,
Nl AN[j] ={i,j} fori,je Aori,je B.

Deleting the redundant rows, only the sets from Ay[G] remain and we obtain
in both cases

M(R7) 0

Cx (Kopn) =
) 0 M(R7)

O
Note that results from [2] show that
Crp(Kmn) = Crp(Kmn) = Crrp(Kmn)-
Hence, we directly conclude from the facet description of Prp (K, ) by [2]:
Corollary 4 For X € {LD,LTD}, Px(K,,») is given by the inequalities

(1) z(C) > |C| =1 for all nonempty C C A,
(2) x(C) > |C| =1 for all nonempty C C B.

Moreover, vx(Kpn) =|V]—2=m+n— 2.

The closed formula for v.7p (K., ) provides an alternative proof for the result
previously given in [18].

3.2 Complete p-partite graphs

The above results can be further generalized for complete p-partite graphs.
Consider Ky, . n, = (U1U---UU,, E) where each U; induces a nonempty stable
set and all edges between U; and U; , i # j are present. We use |U;| = n; for
i=1,...,p, |[V| =n and assume ny < ny < ... <n, as well as p > 3. For
illustration, complete 3-partite and 4-partite graphs are depicted in Figure 3.

We note that K, . ,, has false twins and, thus, no OLD-set, unless n; =
-+ =n, = 1 and the graph is a clique.

Lemma 3 Let K, 5,,..n, be a complete p-partite graph.

-----
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(a) )

Fig. 3. (a) A complete 3-partite graph with ny = 2, ng = 3 and ng = 4, (b) A
complete 4-partite graph with ny =1, no = n3 =2 and ny = 3.

(@) If ny =---=mny, =1, then Ky, n,...n

"""" P

equals the clique K, and
CX(Km,ng ..... np) - M(R12;>

for X € {LD,OLD, LTD}.

(b) If ny=---=mn, =1 withr >2 and n..1 > 2, then
M(R?) 0 0 ... 0
0 M(MR2 )0 ... 0
Cx (K nayomy) = , R
0 M(R:,)
for X € {LD, LTD}.
(¢) If ny =1 and ny > 2, then
OM@RZ) 0 0 .. 0
0 0 M(Ris) 0 ... 0
OX (Knl,ng ..... np> - . .
0 0 M(R3)
for X € {LD,LTD}.
(d) If ny > 2, then
M(RZ) 0 0 0
0 M(MR:Z)0 ... 0
CX(Km,nz ----- np) = . .
0 M(R})

for X € {LD,LTD}.

11



Proof. (of Lemma 3) Let G = K, n,

assume n; < ng < ... <Ny,

n, be a complete p-partite graph, and

.....

(a) If ny = ... =n, =1, let {v;} =U; fori e {1,...,p}. From Theorem 1,
the rows of the matrix M p(G) are the characteristic vectors of the sets
Nlv;] =V, for all v; € V,
N(v;) A N(v;) = (V—=Av;}) & (V —{v;}) = {vi,v;}, for v;,v; € V,
whereas the rows of Morp(G) and Mprp(G) correspond to the sets
N(v;) =V = U, for all v; € V,
N(v;) A N(v;) = {v;,v,}, for all v;,v; € V.
Deleting redundant rows, only the symmetric differences remain and we
obtain in all three cases Cx(G) = M(R}).
(b) If ny =ny = ... =n, =1withr € {2,...,p— 1}, let {v;} = U; with

ie{l,...,r} and TLLJZ {vi;} = Us with i € {r +1,...,p}. Theorem 1 implies
=1

that the rows of the matrix My p(G) are the characteristic vectors of the
sets
Ny =V, forv; € U; with i € {1,...7},
Nlv,] = (V. = U;) U{vy,}, for v, € Uy with @ € {r +1,...p} and j €
{1,...,n;},
N(v;) A N(v;) = {v;,v,}, for v; € U;, v; € U; with 4,5 € {1,...7},
N(v;) A N(vj,) = {vi} UUj, for v; € U; with i € {1,...r} and v;, € U;
with j € {r+1,...p} and k € {1,...,n;},
N(Uzk) A N(Ujl) =U; U Uj, for Vs, € Ui, v, € Uj with i, 5 € {7“ +1,.. .p},
Ee{l,....n;}and l € {1,...,n;},
Nlvi,] & Nlvg] = {vi,, v, }, for v, v, € Uy with i € {r +1,...p} and
gk e{l,...,n},
whereas the rows of My rp(G) are the characteristic vectors of the sets
N(Uz) =V —U,, for v; € U; with 7 € {1,...7"},
N(v;) A N(v;) = {v;,v;}, for v; € U, v; € Uy with 4,5 € {1,...7},
N(v;) A N(v;,) = {vi} UUj, for v; € U; with ¢ € {1,...7} and v;, € U;
with j e {r+1,...p} and k € {1,...,n;},
N(Uzk) A N(Ujl) =U; U Uj, for Vs, € Ui, v, € Uj with i, 5 € {7’ +1,.. .p},
kEe{l,....n;}and l € {1,...,n;},
Nlvg,] A Nlvg,| = {vi;, v, }, for v, v, € Uy with 7 € {r +1,...p} and
gk e{l,...,n}.
After deleting the redundant rows, we have in both cases

MR 0 0. 0
0 MRZL.)0 .. 0
OX(Knl,ng ..... np) = . B
0 M(R})
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(c) If ny =1 and ny > 2, let {v1} = U; and CJ {vi,;} = U with i € {2,...,p}.
j=1

Again from Theorem 1, the rows of the matrix My p(G) are the characteristic
vectors of the sets
N[’Ul] = V,
Nlv,] = (V = U;) U{vy,}, for v, € U; with i € {2,...,p} and j €
{1,...,n;},
N(Ul) A N(Uij) = (V — {Ul}) JAN (V — Uz) =U; U {Ul}, for Vi € U; with
ie€{2,....,p}and j € {1,...,n;},
N(Uzk) AN N(Ujl) = (V — Uz) A (V — Uj) =U; U Uj, for V5, € UZ‘, vy € Uj
withi,j€{2,...,p}, ke {l,...,n;} and l € {1,...,n,},
Nlvi,] A Nv, | = (V = U;) U{vy, }) A ((V = Ui) U{wi }) = {vi;, 0.}, for
vi;, v, € Uy withi € {2,...,p} and j,k € {1,...,n;},
whereas the rows of My rp(G) are the characteristic vectors of the sets
N(Ul) =V - Ul,
N(vi,) =V = U, for v;; € Uy with i € {2,...,p} and j € {1,...,n;},
N(v1) A N(v;,) = U; U{v} for v, € U; with i € {2,...,p} and k €
{1,...,n:},
N(Uzk) A N(Ujl) =U; U Uj, for V€ Ui, vy € Uj with 7,7 € {2, ce 7])},
Ee{l,...,n;}and l € {1,... ,n;},
Nlvg,] A Nlvg,| = {vs;, v, }, for vy, v, € U; with i € {2,...,p} and j, k €
{1,...,ni}.

After deleting the redundant rows, we have in both cases

OM®RZ) 0 0 .. 0

0 0 M®RZL)O0 .. 0
CX(Knl,ng ..... np) = . . .

0 0 M(R})

(d) Finally, if ny > 2, let @{%} = U; with i € {1,...,p}. Again from
j=1

Theorem 1, the rows of the matrix M p(G) are the characteristic vectors
of the sets
Nlvg,| = (V=U;)U{v}, forv;; € Uy withi € {1,...,p}and j € {1,...,n;},
N(vi,) AN(vj,) = (V-=U;) &A(V =U;) =U; Uy, for v, € Uy, v;, € U
withi,7€{1,...,p}, ke {l,...,n;} and l € {1,...,n;},
Nlvi,] A Nlv, ] = (V = U;) U{vy,}) A ((V = Ui) U{vi, }) = {vi;, v, }, for
vi;, v, € Uy withi € {1,...,p} and j,k € {1,...,n;},
whereas the rows of My rp(G) are the characteristic vectors of the sets
N(vi,) =V = U, for v;; € Uy with i € {1,...,p} and j € {1,...,n;},
N(vi,) A N(vg,) = U U Uy, for vy, € Us, vy, € Up with 4,k € {1,...,p},
je{l,...,n;}and h € {1,... ,n},
Nlvi,] A Nlvi,| = {vi,,vi, }, for v, v;, € U with i € {1,...,p} and j,k €
{]_, PN ,ni}.
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In this case, only the last sets from Ay[G] remain and we have in both cases

M(Ril) 0 0 ... 0
0 M(RZ)O0 ... 0
CX(Knth ..... np) = .
0 . M(R2)

From the description of the facets of the covering polyhedron associated with
complete g-roses by [2] and taking the block structure of the matrices into
account, we conclude:

Corollary 5 Let Ky, p,,..n, be a complete p-partite graph.

.....

(@) If ny =---=mn, =1, then Px(Ky, n,,..n,) 15 given by the inequalities
o z(V') > |V'| =1 for all nonempty subsets V' CV
and yx (Kny ...,

(b) If ny = -+ =n, = 1 withr > 2 and n,yy > 2, then Px(Kp, n,..n,) 5
given by the inequalities
o z(V') > |V'| =1 for all nonempty subsets V' C U, U---UU,,
o z(V') > |V'| =1 for all nonempty subsets V' C U; forie {r+1,...,p}

.....

,,,,,

o 2(U;) >0,
o x(V') > |V'| =1 for all nonempty subsets V' C U; fori e {2,...,p},

.....

......

.....

Corrollary 5(a) provides an alternative proof for the result on OLD-sets in
cliques given in [25].

4 Some families of split graphs

A graph G = (CUS, E) is a split graph if its node set can be partitioned into a
clique C' and a stable set S. Split graphs are closed under taking complements
and form the complementary core of chordal graphs since G is a split graph
if and only if G and G are chordal or if and only if G is (Cy, Cy, Cs)-free [13].
Our aim is to study X-sets in some families of split graphs having a regular
structure from a polyhedral point of view.

14



AT

Fig. 4. (a) star, (b) crown, (c) thin headless spider, (d) thick headless spider.

4.1 Complete split graphs

A complete split graph is a split graph where all edges between C' and S are
present. Complete split graphs can be seen as special case of complete multi-
partite graphs studied in Section 3. In fact, a complete split graph is a clique if
|S| =1, a star if |C] = 1, and a crown if |C| = 2, see Fig. 4(a),(b). Otherwise,
the graph can be seen as a complete multi-partite graph where all parts but
one have size 1, i.e. as Ky, n, .. pn, Withny =---=n,_; =1 and n, > 2 such
that Uy U --- U U,_; induce the clique C' and U, the stable set S. Hence, we
directly conclude from Lemma 3 and Corollary 5:

Corollary 6 Let G = (C'US, E) be a complete split graph.
(a) If |S| =1, then G is a clique,
Cx(G) = M(Riy41)

and vx(G) = |C| for X € {LD,OLD,LTD}.
(b) If |C| =1, then G is a star, we have Cpp(G) = M(R|25|+1),

Crrp(G) =
“ M(Rfg)

and vx(G) = |S| for X € {LD,LTD}.
(c) Otherwise, we have

M(R%) 0

Cx(G) =
) 0 M(Rfy)

and vx(G) = |S|+ |C| =2 for X € {LD,LTD}.
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4.2 Headless spiders

A headless spider is a split graph with C' = {cy,..., ¢} and S = {s1, ..., s1};
it is thin (resp. thick) if s; is adjacent to ¢; if and only if ¢ = j (resp. i # j),
see Figure 4(c),(d) for illustration. Clearly, the complement of a thin spider
is a thick spider, and vice-versa. It is easy to see that for £ = 2, the path P,
equals the thin and thick headless spider. Moreover, it is easy to check that
headless spiders are twin-free, so O L D-sets exist.

We start our analysis with thick headless spiders. A thick headless spider
with £ = 3 equals the 3-sun S3 and it is easy to see that v;p(S;) = 3,
Yorp(S3) = 4 and vyrrp(S3) = 3 holds. To describe the clutters for k > 4, we
use the following notations. Let J,, denote the n x n matrix having 1-entries
only and I, the n x n identity matrix. Furthermore, let .J,_1,(7) denote a
matrix s.t. its i-th column has 0-entries only and removing the ¢-th column
results in J,,_1, and [, ,(j) denote a matrix s.t. its j-th column has 1-entries
only and removing the j-th column results in 7,,_;.

Lemma 4 For a thick headless spider G = (C' U S, E) with k > 4, we have

MRS 0
Corp(G) = (Risj )
0 MR
whereas
Iy MR/ 0 MR
Je—1x(k) T i (k) Je—1 k() Tp—1 i (k)
OLD(G) = . ' and CLTD(G) =
Jo—1 k(1) L1 (1) Jo—1k(1) L1 (1)
M(RY) M(RY) MRS M(RE)
Jisi Iicy Jis| liy

The lines in the rows of the matrix M(Rlecl) are ordered according to the rows
of M(RES‘) (that is for the same pairs (i,7) € {1,...,k}?).

Proof. (of Lemma 4) Let G = (C' U S, E) be a thick headless spider with
k > 4. From Theorem 1, the rows of the matrices Mp(G), Morp(G) and
Mprp(G) are composed of characteristic vectors of the following sets: the
closed neighborhoods (for M.p(G))

Nlg]=CUS — {s;} for all i € {1,...,k},
Nis;] = (C —{¢;})U{s;} for all i € {1,... k},
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the open neighborhoods (for Mo.p(G) and Mprp(G))

N(s;) =C —A{¢;} forallie {1,... k},
N(c;)= (S —{si})) U(C —{a}) forallie{1,... k},

the symmetric differences of open neighborhoods of nodes at distance 1 (in all
three cases)

N(s;)) AN(cj) = (S —{s;}) U{ci,c;} foralli,je{1,... k},
N(ci) A N(c;) = {si,s;} U{ci,c;} forall 4,5 € {1,... Kk},

as well as the symmetric differences of open neighborhoods of nodes at distance
2 (fOl" MOLD(G))

N(s;) AN(s;) ={ci,c;} forall 4,5 € {1,...,k},
N(s;)) AN(c;) =85 —{s;} foralli e {1,... k}

and the symmetric differences of closed neighborhoods of nodes at distance 2

(fOF MLD(G) and MLTD(G))

N[s;) A N[sj| = {si,s;} U{ci,c;} for all i, 5 € {1,...,k},
Nls;] ANlcj] = SU{¢} foralli e {1,... Kk}

Deleting the redundant rows from Morp(G), only the submatrix Ay(G) re-
mains and we have

Coun(G) = M(R}g}—l) 0 |
0 M(Rfm)

From the neighborhoods, only N|[s;] remain for Crp(G) (resp. N(s;) for Crrp(G)).
From the symmetric differences, Ns;] A N{s;] equals N(¢;) A N(c;) for all
i,7 € {1,...,k}, which results in

Iy MR 0 MR
Je—1 (k) L1 i (k) Je—1 (k) Tp—1 i (k)
Crp(G) = : : and Cprp(G) =
Je—1 k(1) -1 (1) Je—1 k(1) -1 (1)
M(Rfs) M(Ri) M(Rfs) M(Ri)
Jis| fic| Jis| el

Note that N (s;) AN (¢;) = (S—{s;})U{ci, ¢;} does not contain {s;, s; }U{c;, ¢; }
(as s; & (5 = {s;}) U{ci ). B
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From the description of the polyhedron associated with complete g-roses by
2] and taking the block structure of Corp(G) into account, we conclude:

Corollary 7 For a thick headless spider G = (CUS, E) with k > 4, Porp(G)
15 given by the inequalities

e v, >0 forallve CUS,
o x(8) > |5 —k+2 forall " C S with |S'| > k—1,
o z(C") > |C"| =1 for all C" C C with |C'| > 2,

and VOLD(G) == ’C| + 1.

On the other hand, from the clutter matrices Cp(G) and Crrp(G), we imme-
diately see that C'is an X-set for X € {LD, LT D}. However, C'is a minimum
X-set only if k£ = 4. For thick headless spiders with & > 5, we can show, using
polyhedral arguments, that £ — 1 is a lower bound for the cardinality of any
X-set.

For that, we use the following result. For any polyhedron P C R", let P; :=
conv(P NZ") denote the convex hull of all integer points in P. Given a € Z"
and b € Z, if the inequality a”z > b is valid for P and tight for some z* € P,
then the inequality a’z > [b], called a Chvdtal-Gomory cut, is valid for Py,
but violated by x*.

Applying the Chvatal-Gomory procedure to common facets from Q1 p(G) and
Qrrp(G), we obtain a valid inequality implying the studied lower bound.
Exhibiting an X-set of size k — 1 thus ensures minimality:

Theorem 3 For a thick headless spider G = (C'U S, E) with k > 5, we have
7x(G)=k—1 for X € {LD,LTD}.

Proof. Let G = (C'U S, E) be a thick headless spider with £ > 5 and X €
(LD, LTD}.

Claim 1 The constraints
x(S[) + iL‘(C[) > |I‘ —1

with Sy = {s; € S:i€ 1} and C;r ={c; € C :i € I} are valid for Px(G) for
al I C{1,.... kY with |I| > 2.

For |I| = 2, the constraints correspond to the facets of Qx(G) from the sub-
matrix

(M(RY) M(RY)

of Cx(G) associated to the symmetric differences N(¢;) A N(¢j) = {si,s;} U
{ci,cj} = N[s;] A Nis;] for all i, j € {1,...,k}.
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For |I| > 3, the constraints can be derived by the Chvétal-Gomory procedure
from all constraints associated to I’ C I with |I’| = |I| — 1 in a similar way
as in the proof from [2] for 2-roses by applying the procedure to the subsets
I' C{1,...,k} (and, thus, simultaneously to both parts S and C of G).

In order to arrive at the constraint associated to a subset I, we sum up the
constraints

z(Sp) +z(Cp) > |I'| =1
for all I’ C I with |I'| = |I| — 1 and obtain

(| (S1) + [I'x(Cr) = [I|(11'] = 1).
Dividing this inequality by |/’| and rounding up the rhs yields
z(S;) +x(Cp) > |I' = |I| - 1
(-0 (- [P -1 1

!/
oo o
That way, we obtain all the constraints

'

SE(S[) + ZIZ‘(C[) > |I‘ -1

for all I C {1,...,k} with |I| > 3. As all these constraints are derived by the
Chvatal-Gomory procedure, they are all valid for Pprp(G), and the constraint

z(S)+x(C)>k—1

associated to I = {1,...,k} yields k — 1 as lower bound for the size of any
X-set of G.

Claim 2 Any subset V' of nodes with
VNS = {si,s;} and V'NC = C—{c;, ¢j, ¢} with distincet {i,7,1} C {1,...,k}
1s an LT D-set of G.

For that, we show that V' has a non-empty intersection with all relevant open
neighborhoods and symmetric differences. Indeed,

V''N C contains (for k > 5) at least 2 nodes and, thus, intersects N(s;) =
C —{¢} forallie{l,... k},

N(c;) = (S — {si}) U(C —{¢}) is redundant for all i € {1,...,k},

V'NS ={s;,s;} intersects the symmetric differences N(s;) A N(¢;) =5 —
{s;}U{ci,c;} forall 4,5 € {1,...,k},

V'nS = {s;,s;} intersects the symmetric differences N(¢;) A N(c¢j) =
{si,s;} U{ci, ¢;} containing s; or s;, whereas V' NC = C — {¢;, ¢j, ¢} inter-
sects the remaining symmetric differences of this type,
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this holds also for N[s;] A Ns;] = {s;,s;} U{ci,¢;} forall 4,5 € {1,... k},
VNS = {s;,s;} clearly intersects N[s;] A N¢;] = S U{¢} for all i €
{1,...,k}.

Hence, any such V' is indeed an LT D-set of G.

Comparing Crp(G) with Crrp(G), we see that the two matrices differ only
in the part related to the neighborhoods. The same set V' has also a non-
empty intersection with all relevant closed neighborhoods as it clearly inter-
sects N[s;] = {s;} U(C —{¢;}) for all i € {1,...,k}. Thus, any such set V' is
also an LD-set of G.

This shows that 7x(G) < k — 1 holds in both cases, and combining this
with the lower bound established above finally shows vx(G) = k — 1 for
X € {LD,LTD}. O

The situation is different for thin headless spiders:

Lemma 5 For a thin headless spider G = (C'U S, E) with k > 3, we have

Cip(G) = <Is| ]|C|> and Corp(G) = Crrp(G) = (0 IC|> .

Proof. Let G = (CUS, E) be a thin headless spider with k£ > 4. From Theorem
1, the rows of the matrices Mp(G), Morp(G) and Mprp(G) are composed
of characteristic vectors of the closed neighborhoods (for My p(G))

Nis;) = {si} U{c;} for all s, € S,
Nl ={s;} UC for all ¢; € C,

the open neighborhoods (for Mo.p(G) and Mprp(G))

N(s;) ={¢;} foralli € {1,... k},
N(c;)) ={si}U(C —{¢}) foralli € {1,...,k},

the symmetric differences of open neighborhoods of nodes at distance 1 (in all
three cases)

N(Sl)
N(c;)

(¢i) JuUCforallie{l,... k},

A N(c¢) = {s
A N(cj) = {si,s;} U{ci,¢;} forall i, j € {1,...,k},

the symmetric differences of open neighborhoods of nodes at distance 2 (for

Morp(G))
N(s;) A N(cj) ={s;} U(C —{c;,c;}) foralli,j € {1,... Kk},

and the symmetric differences of closed neighborhoods of nodes at distance 2
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@ (b) ©
Fig. 5. The three thin suns Ty where (a) is a sunlet and (c) a thin headless spider.
(for Mp(G) and Mprp(G))
Nis;] A Nlej]l = {si,8;} U (C —{¢}) for all i, j € {1,... k}.

Deleting the redundant rows, only the closed resp. open neighborhoods of
s; € S remain so that we obtain

Crp(G) = (I|S| I|C) and Corp(G) = Crrp(G) = (0 I|C|) .
O

We immediately conclude:
Corollary 8 For a thin headless spider G = (C'U S, E) with k > 3,

(a) PrLp(G) is given by the inequalities
o v, +x., >1 forallie{l,... k} and non-negativity constraints
and v.p(G) = k follows;
(b) Px(G) is given by the inequalities
e v;>1 forallc; € C and x; >0 for all s; € S,
C' is the unique X-set of minimum size and vx(G) = |C| = k follows for
X € {OLD, LTD}.

5 Thin suns

The latter result on thin headless spiders can be further generalized to thin
suns. A sun is a graph G = (C' U S, E') whose node set can be partitioned into
S and C, where S = {s1,..., s} is a stable set and C' = {¢1,...,¢cx} a (not
necessarily chordless) cycle. A thin sun Ty, = (C'U S, E) is a sun where s; is
adjacent to ¢; if and only if i = j.

That is, thin headless spiders are special thin suns where all chords of the
cycle C' are present (such that C' induces a clique). Another special case are
sunlets where no chords of the cycle C' are present (such that C' induces a
hole). Clearly, the (only) thin sun T3 equals the thin headless spider; the three
possible thin suns 7); are depicted in Fig. 5.
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We call two nodes ¢; and ¢; of a thin sun 7}, = (CUS, E) false C-twins if ¢; and
¢; are non-adjacent and N¢(c;) = Ne(c;) holds (where Ne(v) = N(v) N C).

Lemma 6 For a thin sun Tp(C U S, E) with k > 4, we have

0 I
CunlTe) = (1t ) - CorolTi) = (01 ) Coun(Ti) = (S(R2 ) 0)
|S]

where S(Rﬁg‘) is the row-submatriz of M(R‘QS‘) containing the characteristic
vectors of all symmetric differences N(c¢;) AN (c;) with ¢; and ¢; false C-twins.

Proof. Let Ty, = (C U S, E) be a thin sun with & > 4. From Theorem 1,
the rows of the matrices My p(Tx), Morp(Tx) and Mprp (7)) are composed of
characteristic vectors of the closed neighborhoods (for My p(7}))

Nis;) = {si} U{c;} for all s, € S,
Nlc] = {s:} U N¢le] for all ¢; € C,

the open neighborhoods (for Mo.p(Tx) and Mprp(Tk))

N(s;) ={¢;} forall s; € S,
N(¢;) ={si} UNe(¢) for all ¢; € C,

the symmetric differences of open neighborhoods of nodes at distance 1 (in all
three cases)

N(s;) A N(¢;) = {s;} UN¢le] for all i € {1,...,k},
N(ci) A N(¢j) = {si,s;} U (Nela] A Nelej]) 2 {si,s5,¢,¢;) for all 4,5 €
{1,...,k} (as ¢; and ¢; are adjacent),

the symmetric differences of open neighborhoods of nodes at distance 2 (for
Morp(Tk))

N(si) A N(cj) = {s;} U (Ne(cj) — {e;}) for all 4,5 € {1,...,k} (as ¢ is a
common neighbor of s; and ¢;),

N(¢;) A N(¢j) ={si,s;} U(Ne(e;) A Ne(ey)) for all 4,5 € {1,...,k},

and the symmetric differences of closed neighborhoods of nodes at distance 2
(for MLD(Tk) and MLTD(Tk))

Nis;] A Nlej] = {s4,5;} U(Nelej] —{ei}) 2 {si,sj,¢;} foralli,j € {1,... k}
(as ¢; is a common neighbor of s; and ¢;),
Nlci] A Nlej] = {si,8;} U (Nela] & Nelel) 2 {si,85,¢i,¢;) for all i,j €

{1,...,k} (as ¢; and ¢; are non-adjacent).

Deleting the redundant rows, from Mpp(T;) and Mprp(Ty) only the closed
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resp. open neighborhoods of s; € S remain so that we obtain

Crp(Ty) = (IS IC|> and Crrp(Ty) = (0 I|c) -

From Mopp(Ty), the open neighborhoods of s; € S remain as well as the
characteristic vectors of all symmetric differences N(¢;) A N(c¢;) = {si,s;} for
all pairs ¢; and ¢; that are false C-twins (and, thus, No(¢;) A Ne(ej) = 0
holds) so that we obtain

0 I

Corp(Tx) =
oot = e

O

Therefore, independent from the subgraph induced by C| the clutters Cp(7T})
and Crrp(Ty) are the same as the corresponding clutters for thin headless
spiders and we immediately conclude:

Corollary 9 For a thin sun T, = (C' U S, E) with k > 4,

(a) Prp(Ty) is given by the inequalities xs, + x., > 1 for alli € {1,...,k} and
non-negativity constraints and ~,p(Ty) = k follows;

(b) Prrp(Ty) is given by the inequalities x; > 1 for all ¢; € C' and x; > 0 for all
s; € S, C is the unique LT D-set of minimum size and yprp(Ty) = |C| = k.

It is left to study the polyhedron associated with OLD-sets in thin suns. As
false C-twins play a crucial role, we define the following two set families. Let
FCT(T;) be the set of all subsets C’ C C such that all nodes in C’ are
pairwise false C-twins, and let M FCT(T}) contain the sets C' € FCT(Ty)
that are inclusion-wise maximal and have at least two nodes. Furthermore, let
S(C") ={s; € S:¢; €'}

Theorem 4 For a thin sun T, = (C U S, E) with k > 4, Porp(Ty) is given
by the inequalities

o v, >0 foralls; €S, x., > 1 forall ¢; € C,
z(S(C") > |S(C)| =1 for all C" € FCT(Ty),

and we have Yorp(Tk) = |C] + Xcremrerr,) 1S(C)| — 1.

Proof. Let T}, = (C U S, E) be a thin sun with £ > 4. The row-submatrix
(01)c)) of Corp(Tk) clearly results in the constraints z., > 1 for all ¢; € C.
Now, consider the row-submatrix (S (R|25|)0) of Corp(Tk). By the definition of

false C-twins, all sets C' € MFCT(T}) are pairwise disjoint. Hence, S(Rfy)
has a block-structure, where each block equals M (Rfs(c,”) for some C" €
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MFCT(Ty). From the description of the facets of the covering polyhedron as-
sociated with complete g-roses by [2] and taking the block structure of S(Rfs)
into account, we conclude that Porp(T) has a constraint

2(S(C") = 18(C)| — 1 VC' € FOT(T})

(where the constraint associated with a set C' € FCT(T}) of size one corre-
sponds to a non-negativity constraint). Hence, Porp(T}) is given by the above
mentioned inequalities.

Moreover, adding up all constraints z., > 1 for all ¢; € C' and
z(S(C") > |S(C"| —1VC" € MFCT(Ty,)
results in the valid inequality

H(C)+ Y w(SE@E@)=IC+ > IS -1

C'eMFCT(T},) C'eMFCT(T},)

which provides a lower bound for vorp(7)). On the other hand, choosing all
but one node from each subset S(C’) for all C" € M FCT(T}) and all nodes
from C' provides an OLD-set of the same size, which finally implies

Yorp(Tx) = |C| + > 1S(C)] - 1.
C'e MFCT(Ty)

O

The situation clearly simplifies for thin suns 7}, = (C' U S, E) without false
C-twins:

Corollary 10 For a thin sun T, = (C' U S, E) with k > 4 and without false
C-twins, we have Corp(Ty) = (0 Iic)) so that Porp(Ty) is given by the in-
equalities x; > 1 for all ¢; € C' and x; > 0 for all s; € S, C is the unique
OLD-set of minimum size and vorp(Ty) = |C| = k follows.

This applies in particular to sunlets T with & > 5.

6 Concluding remarks

In this paper, we proposed to study the LD-, OLD- and LT D-problem from
a polyhedral point of view, motivated by promising polyhedral results for the
ID-problem [2,4,5,7]. That way, we were able to provide closed formulas for
the LD- and LT D-numbers of all kinds of complete p-partite graphs, for the
studied families of split graphs and thin suns as well as the O L D-numbers of
thin and thick headless spiders and thin suns.
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In particular, if we have the same clutter matrix for two different X -problems,
then we can conclude that every solution of one problem is also a solution for
the other problem, and vice versa, such that the two X-polyhedra coincide
and the two X-numbers are equal. This turned out to be the case for

e complete bipartite graphs as Cip(Kpn) = CLp(Kmn) = Crrp (K ,) holds
by Lemma 2 and results from [2],
e cliques as Cp(K,) = CoLp(K,) = Crrp(K,) holds by Lemma 3(a),

..........

Lemma 3,

e thin headless spiders G as Corp(G) = Crrp(G) holds by Lemma 5.
Furthermore, we were able to provide the complete facet descriptions of

e the LD- and LT D-polyhedra for all complete p-partite graphs (including
complete split graphs), for thin headless spiders and thin suns (see Section
3, Corollary 8 and Corollary 9,

e the OLD-polyhedra of cliques, thin and thick headless spiders and thin suns
(see Corollary 5, Section 4) and Theorem 4.

The complete descriptions of some X-polyhedra also provide us with in-
formation about the relation between Q*(Cx(G)) and its linear relaxation
Q(Cx(G)). A matrix M is ideal if Q*(M) = Q(M). From the complete de-
scriptions obtained in Section 3 and Section 4, we conclude:

Corollary 11 The LD-, LT D- and OLD-clutters of thin headless spiders are
ideal for all k > 3.

Corollary 12 The LD- and LT D-clutters of thin suns as well as the OLD-
clutters of thin suns without false C-twins are ideal for all k > 3.

For any nonideal matrix, we can evaluate how far M is from being ideal by
considering the inequalties that have to be added to Q(M) in order to obtain
Q*(M). With this purpose, in [1], a matrix M is called rank-ideal if only 0/1-
valued constraints have to be added to Q(M) to obtain Q*(M). We further
conclude:

Corollary 13 The LD- and LT D-clutters of all complete p-partite graphs
and the OLD-clutters of cliques, thick headless spiders and thin suns are rank-
1deal.

Finally, the LD- and LT D-clutters of thick headless spiders have a more
complex structure such that also a facet description of the LD- and LT D-
polyhedra is more involved in this case. However, based on the common part
of the clutters and using polyhedral arguments, is was possible to establish
that £ — 1 is a lower bound for the cardinality of any LD- and LT D-set.
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Exhibiting an LD- and LT D-set of size k — 1 thus allowed us to deduce the
exact value of the LD- and LT D-number of thick headless spiders (Theorem
3).

This demonstrates how the polyhedral approach can be applied to find X-
sets of minimum size for special graphs GG, by determining and analyzing the
X-clutters Cx(G), even in cases where no complete description of Px(G) is
known yet.

As future lines of research, we plan to work on a complete description of the
LD- and LT D-polyhedra of thick headless spiders and to apply similar and
more advanced techniques for other graphs in order to obtain either X-sets of
minimum size or strong lower bounds stemming from linear relaxations of the
X-polyhedra, enhanced by suitable cutting planes.
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