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A B S T R A C T

Over the last 50 years several sediment transport models in coastal environments based on Shallow Water(SW)
type models have been developed in the literature. The water flow over an abrupt moving topography quickly
spatially variable becomes accelerated and strongly varied arising the turbulence (distortion). The acceleration
and strong variation of the flow facilitate the transport of a large quantity of sediments present at the bottom
while modifying it. The mathematical models based on SW type models widely used to describe the sediment
transport phenomena do not account the distortion effects. Indeed, it is well-known that the SW models are
derived from first order approximation of long wave theory. The acceleration and strong variation of the water
flow near the bottom is due to the distortion of the horizontal velocity profile along the vertical direction.
One can regard distortion as a combination of strain and rotation. The effect of the rotational component is to
weaken the effect of the strain somewhat. In this work, we put in place a king theory of sediment transport
derived from the second order approximation of long wave theory that can describe sediment transport
processes in distortion-free-boundary nonhomogeneous fluid flows. The derived model accounts the distortion
(fluctuation with great correlation lengths) that creates the turbulence. Moreover, the model differentiates
the fluid velocity from sediment velocity (phase-lag) near the sediment bed. The proposed theory significantly
reduces the modeling errors observed in several sediment transport models based on nonhomogeneous shallow
water equations and has a great potential to increase the predictive power of sediment transport models in
rivers, lakes, coastal flows, ocean basins and so on. The proposed theory improves several existing sediment
transport theories recently developed in the literature and can be apply with some degree confidence.
1. Introduction

Erosion (by split effect) and deposition (by gravitation) of sediments
due to free surface water flow is a coastal engineering problem of great
interest in many countries. Floods and their consequences, problems
silting up of river and maritime ports and hydroelectric dam reservoirs
disrupt the economic and social stability of developing countries. It
is therefore important to model the Shallow Water (SW) phenomena
by integrating the realistic and observable physical and hydrodynamic
parameters. Particularly, SW phenomena are well-known in coastal en-
vironments and are involved in different coastal engineering problems
(Fotsi et al., 2019). These phenomena are often studied with many
simplifications such as considering only the mean water velocity at the
first order Ngatcha et al. (2022a), Ngatcha et al. (2022b,c), Ngatcha
and Njifenjou (2022). In many situations, this simplification makes
the desired solution inaccurate and without physical meaning. In the
coastal zone, the flow is accelerated and strongly varied and cannot be

∗ Corresponding author.
E-mail address: arnongatcha@gmail.com (A.R.N. Ngatcha).

modeled by a system integrating only the horizontal averaged water
velocity at the first order. In coastal flows, assume that fluctuations
fluid velocity are negligible is unrealistic. The water free-surface flow
in presence of abrupt topography becomes strongly turbulent. The
integration of turbulence in SW phenomena requires an approximation
of the averaged velocity at least to the second order. Note that a
satisfactory computation of sediment transport requires a high order
accuracy of surface flow computations. The averaged second-order
vertical fluctuation effects (𝑢′𝑢′) = (𝑢′𝑣′) = (𝑣′𝑣′) = (𝑢∗2) must
be included in a sediment transport model. The idea of fluid dynamics
with shear stress tensor id due to Reynolds who discussed the subject
in detail by Reynolds (1895). These fluctuations have been identified in
term of stress due to agitation motions by Lorentz (1907). The classical
averaged sediment transport models neglect the second-order vertical
fluctuation effect. Several averaged sediment transport models have
been previously developed on the basis of the assumption the uniform
vailable online 7 September 2023
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mean current and of small-scale tank experiments (see for instance Cao
et al., 2004; Clare et al., 2021; Hu and Cao, 2009; Gonzalez-Aguirre
et al., 2020; Einstein, 1942; Engelund and Hansen, 1967; Nielsen, 1992;
Soulsby et al., 2012; Paola and Voller, 2005; Rijn, 1984; Yalin, 1977).
The models are different from each other by the parametrization of
the relevant mechanisms (deposition, erosion, water/sediment entrain-
ment, turbulence, etc.) (Bouchut et al., 2008; Hu and Cao, 2009; Exner,
1925; Lajeunesse et al., 2010; Ngatcha and Njifenjou, 2022). In this
work, we improve the averaged sediment transport models based on
SW type models recently developed and widely used in the literature
(see (Audusse et al., 2021; Bouchut et al., 2008; Cao et al., 2004;
Castro Diaz et al., 2009; Clare et al., 2021; Garcia and Parker, 1991;
Hudson and Sweby, 2003; Holly and Rahuel, 1990; Lai, 2020; Ngatcha
et al., 2022a; Ngatcha et al., 2022b,c; Paola and Voller, 2005; Warner
et al., 2008)) by integrating the hydrodynamic and physical concepts
as the turbulence (or distortion) and the phase-lag. These well-known
mechanisms that appear frequently in coastal flows are relevant in the
sediment transport models.

These mechanisms are relevant in the sediment transport models.
In fact, a coastal water flow is likely to distortion and give rise to
turbulence. The sediment transport models in shallow water equations
have several drawbacks. First, do not capture several physical and
hydrodynamic processes (as strong fluid/sediment interactions) present
in coastal environments. Second, they neglect the large spatial and/or
temporal variations of the bottom. Third, the strong sediment-fluid and
fluid-fluid interactions (appearing for example during a dam break)
are neglected or poorly described. Fourth, do not capture a realistic
description of the hydrodynamics of coastal flows. All these classical
models are based on homogeneous or nonhomogeneous shallow water
equations at the first order under shallowness assumption 𝜀 = 𝐻

𝐿
≪ 1

where 𝐻 and 𝐿 denote the vertical and length scales. The nonho-
mogeneous equations can write in 𝑄𝑇 = 𝛺×]0, 𝑇 ] = {(𝑡, 𝑥, 𝑦), 𝑡 ∈
R∗
+,with(𝑥, 𝑦) ∈ R2} as:

𝜕ℎ
𝜕𝑡

+ ∇.(ℎ𝐮) = 𝐺1 + 𝐺2, (1a)

𝜕ℎ𝐮
𝜕𝑡

+ ∇.
(

ℎ𝐮⊗ 𝐮
)

+
𝑔ℎ2𝛿𝜌
2𝜌

∇𝜌 + 𝑔ℎ∇𝜂 + (𝜀) = 𝐺1
𝐮 + 𝐺

2
𝐮 +


𝜌
, (1b)

𝜕ℎ𝜌
𝜕𝑡

+ ∇.(ℎ𝐮𝜌) = ∇.
(

ℎ𝐷𝐿∇𝜌
)

, (1c)

where 𝐮 is the averaged velocity, ℎ the water depth, 𝜂 = ℎ + 𝑍𝑏 is
the free surface (𝑍𝑏 being the topography),  is the source term, 𝜌
is the mixture density and 𝐷𝐿 is the diffusion coefficient, 𝐺1,2 are
two functions (due to kinematic conditions) describing the exchange
and entrainment processes and 𝐺1,2

𝐮 the momentum transfers of these
processes.

To derive SWE given by (1a)–(1c), we have considered the motion
equations of incompressible nonhomogeneous fluid with free boundary
combined with a hydrostatic assumption without random values of 𝐮.
Note that the model (1a)–(1c) is developed without account random
values of 𝐮 (denoted 𝐮′) and the horizontal velocity is computed out
f the boundary layer and at bed level. If we assume that the fluid
s turbulent or that 𝐮 has random value, the classical model given by
1a)–(1c) is not applicable. Using the random values of 𝐮 we have:

⊗ 𝐮 = 𝐮⊗ 𝐮 + 𝐮⊗ 𝐮′ + 𝐮′ ⊗ 𝐮 + 𝐮′ ⊗ 𝐮′. (2)

We can use also the random values of pressure or the mixture density.
Considering random values of 𝐮 two equations appear from Navier-
Stokes equations: the first is the 𝐮 equation and the second is the 𝐮′
equation with ∇.𝐮′ = 0. Thus we can obtain a 𝐮′ ⊗ 𝐮′ equation by
multiplying the 𝐮′ equation by 𝐮′ and using the symmetric property
of 𝐮′ ⊗ 𝐮′. This simple manipulation lead to existence of third order
fluctuation term ∇.

(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
)

that is not considered in this work.
In coastal flows (assumed almost potential), we can use shallowness

assumption and vertical integration over the water depth. This leads
to account a new variable ̂ = 𝐮′ ⊗ 𝐮′ named distortion velocity
2

s

tensor (or Reynolds shear stress) that plays the role of acceleration
of the water flow near the bottom. The term ℎ̂ modifies the mo-
mentum equations and the bedload equation while increasing the
number of equations of the system. The presence of this term leads
to write a kinetic energy conservation equation (or 𝐾 equation, 𝐾 =
1
2

(

𝐮⊗ 𝐮 + ̂
)

) or ̂ equation to close the fully coupled system.
We note that this tensor is assumed symmetric and definite positive
i.e. ̂ = ̂𝑖𝑗 = ̂𝑗𝑖; 𝑖, 𝑗 = 1, 2 and ̂𝑗𝑖 > 0,∀𝑖, 𝑗. It is essential to know
that (̂12)≪ (̂11),(̂22) to maintain the positivity of ̂ .

SW model neglects this contribution since it derive from first ap-
proximation long wave theory that considers |𝐮 − 𝐮| = (𝜀). Often, the
currents in coastal flows are very strong (several meters per second)
and result in very important distortion effects ℎ̂ which are essential
in a realistic description of the dynamics of sediment and the morpho-
dynamic in these flows. In coastal flows the distortion intensity of a
current (≈ 𝐮′ ⊗ 𝐮′∕𝐮⊗ 𝐮) near the bottom can become greater.

The distortion velocities modify considerably the momentum equa-
tions of the classical SWE and increase the number of equations of
the system. The fluctuating motion is transported by a fluctuating
characteristic velocity 𝑎 given such that 𝑎2 = ̂ (since ̂ is positive).

ccounting the distortion of water flow velocity given in Eq. (2), the
ew momentum equations take form:

𝜕ℎ𝐮
𝜕𝑡

+ 2∇.
(

ℎ𝐾
)

+ 𝑔ℎ∇𝜂 +
𝑔ℎ2𝛿𝜌
2𝜌

∇𝜌 + (𝜀𝛿) = 𝐺1
𝐮 + 𝐺

2
𝐮 +


𝜌
, (3)

where 𝛿 = min{2, 𝛼}, 𝛼 > 1.
Here, the spatial variations of the density of the water sediment mix-

ture are ignored in the convective part and are only taken into account
into the pressure term. Moreover, the shear stress components ̂𝑖𝑗 is
ssumed strongly positive one (that is responsible for the essential 3D of
urbulent fluctuations). The availability of turbulent tensions ̂ in the

flow can lead to the velocity depending on component of ̂ and 𝐮. The
same observation is done by Troshkin (1990) for homogeneous fluid
flow. The proposed derivation will contributes greatly to improve his
results. Under some considerations, we can find easily a two-velocity
shallow water model. We recall that for SWE we have approximated
the velocity as:

𝐮 = 𝐮 + (𝜀), ̂ = (𝜀), and 𝜕𝑧𝐮 = (𝜀). (4)

or a distortion SW model(DSWM), one has:

= 𝐮 + (𝜀2𝛽 ), ̂ = (𝜀2𝛽 ), 𝛽 < 1. (5)

If we consider a vorticity 𝜔 = 𝜕𝑧𝐮 − 𝜀2∇𝑤 conserved along the
rajectories 𝜕𝑡𝜔 + 𝑢𝜕𝑥𝜔 + 𝑣𝜕𝑦𝜔 +𝑤𝜕𝑧𝜔 = 0, we have in DSW context:

= 𝜕𝑧𝐮 + (𝜀2) (6)

articularly we write:

𝑧𝐮 = (𝜀𝛿), ∀𝑡 ≥ 0, 𝛿 = min{2, 𝛼}, 𝛼 > 1. (7)

n the above vortex consideration, we have neglected the vortex stretch-
ng (or vortex contraction) and the vortex diffusion. In this work the
orticity is neglected in all the conservation equations of the derived
ystem. We consider an unsteady flows between two mobile surfaces
ithout vortex (see Eq. (4)).

Such similar SW for homogeneous fluid flows modeling including
istortion effects without vortex in long waves approximation has
een also introduced by Teshukov (2007) and further accounting the
ortex by Richards and Gavrilyuk (2013). The numerical studies of
hese classical distortion (or shear) shallow water models can be found
n Chandrashekar et al. (2020), Nkonga and Chandrashekar (2021).

All these flow structures admit waves of small disturbances that
an propagate with a finite velocity depending on component of ̂
nd 𝐮. For example One of this wave velocity has the form 𝐮.𝐧 ±

√

𝑔ℎ + 3̂ ∶ 𝐧⊗ 𝐧. We can prove using an analogy between waves of
mall disturbances of inviscous and incompressible turbulent mixing
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Fig. 1. Multi-physics; multi-components flow models: clear water, water/sediment mixture, bedload surface, and non-erodible bottom.
flow and electromagnetic waves. The classical DSW models neglect
the density variation of the flow that modifies its behavior. It well-
known that the density variation influences the turbulent shear flows
(see Brown and Roshko (1971)). In presence of sediments, the wa-
ter fluid becomes dense and the isotherm fluid density depends on
sediment concentration. Additionally, water near the bottom is more
dense than on the free surface. The mathematical model derived in
this work is a multi-fluid and multi-physics based system (see Fig. 1).
Our main goal consists of developing a new sediment transport model
that integrates all the processes involved in the three zones (clear
water, water/sediment, sediment zones) and that accounts the density
differences. The water/sediment zone (or suspended particles layer) is
located at the interface between pure water layer and sediment bed
layer (at 𝜂 ≤ 𝑧 ≤ 𝑍∗

𝑏 where the free surface is 𝜂(𝐱, 𝑡) and the bed
level is 𝑍∗

𝑏 (𝐱, 𝑡)). This multifluid aspect, has been neglected in some
flow structures that include distortion effect available in the literature.

All the three zones described in Fig. 1 are non-miscible and the
sediment is assumed constituted a homogeneous medium. We have:

𝜌|𝑧=𝜂 ≃ 𝜌𝑤, 𝜌|𝑧=𝑍∗
𝑏
≃ (1 − 𝜙∗), 𝜌|𝜂≤𝑧≤𝑍∗

𝑏
= 𝜌𝑠𝑐 + 𝜌𝑤(1 − 𝑐),

where 𝜙∗ is the bed porosity, 𝑐 is the sediment concentration, 𝜌𝑤 and
𝜌𝑠 are the water density and sediment density respectively, 𝑍∗

𝑏 = 𝑍𝑏 +
𝑏. The density variation modifies the behavior of the averaged flow
structure distorted that accounts random values of 𝐮. Thus the Froude
number in presence of sediment becomes 𝐹𝑟 = 𝐮.𝐧

√

𝑔′ℎ + 3̂ ∶ 𝐧⊗ 𝐧
, 𝑔′

being the reduced gravity accounting the mixture density. The model
presented here describes both suspended and bedload transports in a
new averaged flow structure admitting a new Froude number given
above.

An inherent limitation of shallow flow systems is not to give a
good representation of phenomena that happens in the water near the
bottom. As the shallow water phenomena consist of average over the
water depth Navier-Stockes or Euler equations, they not make any
difference between the interface 𝑧 = 𝑍∗

𝑏 and the rest of the water.
Near the bottom the vertical velocity is weak. The horizontal gradient
velocity is also weak. The pressure gradient near the bottom is similar
to that of layer out of the boundary layer. Note that at 𝑧 = 𝑍∗

𝑏 the water
discharge can vary quickly increasing the water velocity and modify the
profile of velocity (creation of the distortion). Here, according to Fig. 1,
3

we study the sediment transport phenomena in a domain 𝐃𝑡 ⊆ R3 ×R∗
+

defined by:

𝐃𝑡 = (𝑥, 𝑦, 𝑧)𝑇 =
{

(𝑥, 𝑦, 𝑧), 𝑥, 𝑦 ∈ R, 𝑍∗
𝑏 (𝑥, 𝑦, 𝑡) ≤ 𝑧 ≤ 𝜂(𝑥, 𝑦, 𝑡), 𝑡 ∈ R∗

+
}

.

(8)

In this work, a nonhomogeneous distortion shallow water flow model
is designed and derived to describe the motion of fluid mixing in a
domain by dynamical water surface and mobile abrupt topography.
In the proposed model, the mass and momentum transfer respectively
in the continuity, momentum and kinetic energy equations for the
water-sediment mixture are exclusively account with formal mechan-
ical justifications. In such case, for any hydrodynamic functions 𝜓 and
𝜑 defined in R2 to R2 one has:

𝜕
𝜕𝐱

(

∫

𝜂

𝑍∗
𝑏

𝜓 ′𝜑′𝑑𝑧

)

= (𝜀2𝛽 ), 𝛽 < 1. (9)

The model developed here can accurately simulate turbidity cur-
rents (as in Hu and Cao (2009) and Bouchut et al. (2008)) and gener-
alizes all the turbidity currents models based on SWE and widely used
in the literature. The pressure in a such fluid is given by:

𝑃 = 𝑃𝑎 + 𝑔 ∫

𝜂

𝑍∗
𝑏

𝜌𝑑𝛾 − ∫

𝜂

𝑍∗
𝑏

𝜌𝑎3𝑑𝛾 = 𝑃ℎ + 𝑃𝑁 , (10)

where 𝑃ℎ = 𝑃𝑎 + 𝑔 ∫ 𝜂𝑍∗
𝑏
𝜌𝑑𝛾 and 𝑃𝑁 = ∫ 𝜂𝑍∗

𝑏
𝜌𝑎3𝑑𝛾 are the hydrostatic

pressure and non-hydrostatic pressure. Here, 𝑎3 accounts the vertical
acceleration effects near the bottom and the Eddy viscosity effect.

In the nonhomogeneous flow structure model proposed here, the
pressure is assumed hydrostatic i.e. (𝑎3) ≪ 𝑔 (the acceleration and
eddy viscosity term in 𝑧−momentum equation is smaller than the grav-
itational acceleration). Really we have still |𝑃𝑁 | ≪ 𝑃𝐻 but we do not
have always |∇𝑃𝑁 | ≫ ∇𝑃𝐻 , since ∇𝑃𝐻 does not vary with both 𝑥 and
𝑧 − coordinates. In this work, we do not consider the non-hydrostatic
pressure. Therefore, the proposed hydrostatic nonhomogeneous dis-
tortion shallow water model (or turbidity model) has 7 equations (1
mass equation, 2 momentum equations, 3 kinetic energy equations and
1 density evolution equation). This later extends the classical DSW
model cited above that has 6 equations and that cannot include the
space–time density variation effects. The Distortion nonhomogeneous
SWE are coupled with a bedload evolution equation that describes the
morphodynamics of sediment bed.
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Write the equation of dynamic of bed interface (morphodynamics)
is then necessary to describe its behavior. Here, we propose a new
bedload equation that accounts phase-lag and that allows to still ensure
the hyperbolicity of the model. To the best knowledge, our model is
one of the more general existing in the literature and can be adapted
to several other physics (turbidity currents, pollute transport, etc.)
well-observed in nature like the turbulence due to distortion of the
horizontal velocity. The main objective of this work is to propose
a new sediment transport theory taking into account the distortion-
free-boundary nonhomogeneous fluid flows (turbulent mixing flows).
The main novelties are that: (i) The proposed new averaged sediment
transport model takes into account the distortion of horizontal profile
velocity in the vertical direction (ii) The model includes the density dif-
ference, erosion/deposition exchange, water/sediment entrainment and
some transfer processes (iii) In the new model there is a differentiation
between the fluid velocity and the sediment velocity via a new bedload
equation. In this paper, we propose a coupled model for suspended and
bedload sediment transport in the turbulent shallow water framework
with all the physical and mechanical justifications is formally derived
and presented. Additionally, we propose a brief hyperbolicity study of
the derived model. All the relations used through the text are rigorously
demonstrated via some physical and mathematical tools. The rest of the
paper is organized as follows. The Section 2 presents the assumption,
the governing equations based on two-phase flow strategy and the
boundary conditions. In Section 3, we present the boundary conditions
used to develop the model. Using a vertical averaging technique we
derive the model in Section 4. Section 5 is devoted to presenting some
properties of the model.

2. Assumptions and governing equations

The governing equations and some assumptions are presented here
to describe the physics and mechanics associated with the model. These
equations are the basis of many solutions of fluid mechanics problems.
Particularly problems of sediment transport. We expose also all the
boundary and kinematic conditions use in the averaged equations.

2.1. Assumptions

The following assumptions have been used: (i) Long waves propa-
gating assumption 𝜀 = 𝐇

𝐋
≪ 1; (ii) The fluid is incompressible, no heart

ransfer (the horizontal gradient temperature is zero) and no breaking
aves; (iii) The suspension is assumed to be sufficiently dilute to justify

he use of the Boussinesq approximation. (iv) The sediment diameters
50 are uniform. (v) The water surface varies gradually meaning thereby
hat the pressure distribution along a vertical is assumed hydrostatic;
.e. 𝜕𝑃

𝜕𝑧
= (𝜀); (vi) The interactions between the grain are neglected

(noncohesive grains); (vii) 𝐮 = 𝐮′ + 𝐮 where 𝐮 = 1
ℎ
∫𝐼 𝐮𝑑𝑧 and where

he turbulent fluctuation 𝐮′ = 𝐮 − 𝐮 such that 1
ℎ
∫𝐼 𝐮

′𝑑𝑧 = 0; (viii)

|𝐮 − 𝐮| = (𝜀2); (ix) 1
ℎ
∫𝐼 𝐮

′ ⊗ 𝐮′𝑑𝑧 = ̂ , where ̂ = 𝐮′ ⊗ 𝐮′ is the
Reynolds tensor or stress tensor that describes the distortion effect; (x)
We have |̂𝑖𝑗 | = (𝜀2𝛽 ) ≫ (𝜀2), 𝛽 < 1; (xi) The terms |̃𝑖𝑗𝑘| = (𝜀3𝛽 ),
with 𝜀3𝛽 ≪ 𝜀2𝛽 for 𝛽 < 1 are omitted; (xii) There no exist turbulence in
free surface (̂ = 0 at 𝑧 = 𝜂).

2.2. Governing equations based on two-phase flows

In our approach, the starting point is to consider that the motions
of each phase are governed by two conservation equations of mass and
momentum. Thus, by notice 𝑘 the index designing the fluid phase or
solid phase, the conservation equations for the k-phase are given by
the following equations:
𝜕𝛼𝑘𝜌𝑘 + ∇.(𝛼 𝜌 𝐮 ) +

𝜕𝛼𝑘𝜌𝑘𝑤 = 0, (11)
4

𝜕𝑡 𝑘 𝑘 𝑘 𝜕𝑧
𝜕𝛼𝑘𝜌𝑘𝐮𝑘
𝜕𝑡

+ ∇.(𝛼𝑘𝜌𝑘𝐮𝑘 ⊗ 𝐮𝑘) +
𝜕𝛼𝑘𝜌𝑘𝐮𝑘𝑤𝑘

𝜕𝑧
+ ∇𝑃𝑘 = 𝑘,𝑥,𝑦,

𝜕𝛼𝑘𝜌𝑘𝑤𝑘
𝜕𝑡

+ ∇.
(

𝛼𝑘𝜌𝑘𝐮𝑘𝑤𝑘
)

+
𝜕𝛼𝑘𝜌𝑘𝑤𝑘𝑤𝑘

𝜕𝑧
+
𝜕𝑃𝑘
𝜕𝑧

= 𝑘,𝑧,

𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

+ 𝜕𝑤
𝜕𝑧

= 0,

where 𝛼𝑘, 𝐮𝑘 = (𝑢𝑘, 𝑣𝑘), 𝑤𝑘 𝜌𝑘 represent respectively the volume
fraction, the horizontal velocity vector, the vertical velocity and volume
mass of the phase 𝑘. 𝑘 is the source term for each phase of components
𝑘,𝑥,𝑦 and 𝑘,𝑧 in each direction. given by:

𝑘,𝑥,𝑦 = ∇.
(

2𝜇𝑘(𝐃𝐱𝐮)
)

+ 𝜕
𝜕𝑧

(

𝜇𝑘

(

𝜕𝐮𝑘
𝜕𝑧

+
𝜕𝑤𝑘
𝜕𝑥

+
𝜕𝑤𝑘
𝜕𝑦

))

and

𝑘,𝑧 =
𝜕
𝜕𝑧

(

2𝜇𝑘

(

𝜕𝑤𝑘
𝜕𝑧

))

+ ∇.
(

𝜇𝑘
(

∇𝑤𝑘 + 𝜕𝑧𝑢𝑘
))

where 𝐃𝐱 is the symmetric gradient 𝐃𝐱 =
∇𝐱 + (∇𝐱)𝑇

2
. 𝑑𝑖𝑣(.) or ∇.(.) is

wo-dimensional divergence calculated with respect to vector variable
𝑖, 𝑖 = 1, 2 or 𝑥𝛼 , 𝛼 = 1, 2.

For 𝜉 = 𝑏, 𝜂, 𝑍𝑏, we define the normal and a base of tangent by
espectively:

𝜉 =
1

√

1 + |∇𝜉|2

(

∇𝜉
1

)

and 𝑡𝑥1 ,𝑥2𝜉 = 1
√

1 + |

|

|

𝜕𝑥1 ,𝑥2𝜉
|

|

|

2

(

𝑛𝑥1 ,𝑥2
𝜕𝑥1 ,𝑥2𝜉

)

(12)

he viscosity tensor is defined for each phase by:

𝑘 = 2𝜇𝑘

⎡

⎢

⎢

⎢

⎣

∇𝐮𝑘
2

+
(∇𝐮𝑘)𝑇

2
𝜕𝐱𝑤𝑘 + 𝜕𝑧𝐮𝑘

2
𝜕𝐱𝑤𝑘 + 𝜕𝑧𝐮𝑘

2
𝜕𝑧𝑤𝑘

⎤

⎥

⎥

⎥

⎦

. (13)

The continuity of this tensor at the free surface and the water-sediment
interface is:

(−𝑃𝑓 .I + 𝜏𝑓 )𝐧𝜂 = 0 at 𝑧 = 𝜂, (14)

(−𝑃𝑠.I + 𝜏𝑠)𝐧𝑍𝑏 = (−𝑃𝑓 .I + 𝜏𝑓 )𝐧𝑍𝑏 at 𝑧 = 𝑍∗
𝑏 , (15)

The 3D equations are completed with initial data for each phase 𝑘:

𝐮𝑘(𝐱, 𝑧, 0) = 𝐮0𝑘(𝐱, 𝑧), 𝑤𝑘(𝐱, 𝑧, 0) = 𝑤0
𝑘(𝐱, 𝑧), 𝜌𝑘(𝐱, 𝑧, 0) = 𝜌0𝑘(𝐱, 𝑧). (16)

These initial values must satisfy the compatibility condition following:

∇𝐮0𝑘 + 𝜕𝑧𝑤
0
𝑘 = 0, 𝐮𝑓𝑠∇𝑍0

𝑏 −𝑤𝑓𝑠 = 0, 𝑢0𝑓 .∇𝑏 = 0. (17)

where 𝑍0
𝑏 is the initial bottom.

All the above equations can be used to solve a fluid–structure
problem where the structure is the sediment. The above stress for-
mulation given by (11)-(17) generalizes several fluid-sediment stress
formulation recently published and available in the literature. Such
stress formulation for sediment transport can be resolved by a splitting
technique as in Minev and Usubov (2022) but this scheme can be
computational cost. The approach here does not consist in solving
the above stress formulation problem but to write an equation of
conservation of momentum for the mixture by summing Eq. (11) on
the two phases. It is possible to sum this stress formulation because
the distance between each phase is small compared to their size. By
summing on two phases the Eqs. (11), we get three-dimensional mixing
flows:

𝜕𝜌
𝜕𝑡

+
𝜕
(

𝜌𝑢𝑖
)

𝜕𝑥𝑖
= 0, (18)

𝜕𝜌𝑢𝑖
𝜕𝑡

+
𝜕
(

𝜌𝑢𝑖𝑢𝑗
)

𝜕𝑥𝑗
+ 𝜕𝑃
𝜕𝑥𝑖

= 𝑖,

𝜕𝑢𝑖 = 0,

𝜕𝑥𝑖
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where 𝑥𝑖, 𝑖 = 1, 2, 3 are the space components, 𝑢𝑖, 𝑖 = 1, 2, 3 are
component of velocity, 𝑖 is the friction term and 𝑃 is the pressure
erm.

In the context of the application of a nonhomogeneous Distortion
hallow Water model to sediment transport problems in coastal and
stuarine environments, the use of an Eulerian method for the fluid
nd the sediments is well suited. Due to the large number of particles,
he Lagrangian method is not suitable. The Eulerian approach allows
s to average the local instantaneous equations of mass and momentum
onservation. The averaging procedure gives a macroscopic description
f the flow properties and facilitates the finding of solutions of the prob-
em. In practice, the averaging procedure excludes the high frequencies
f the local instantaneous equations (fluctuations) which are necessary
n an averaged formulation. Indeed, the statistic properties of the latter
nfluence the macroscopic processes.

.3. The hydrostatic and Boussinesq assumptions

ydrostatic assumption
The hydrostatic assumption consists in neglecting the vertical accel-

ration of the fluid:
(

𝜕𝑤
𝜕𝑡

+ 𝜕𝑢𝑤
𝜕𝑥

+ 𝜕𝑣𝑤
𝜕𝑦

+ 𝜕𝑤2

𝜕𝑧

)

≈ 0. (19)

Thus, the 𝑧-direction of 3D momentum equation in (18) using
ydrostatic assumption (19) reduces to
𝜕𝑃
𝜕𝑧

= 𝜌𝑔. (20)

This implies that the pressure distribution over the vertical direction is
hydrostatic.

The Boussinesq assumption
In the suspension zone, the density variations is assumed small

and this allows justifying the Boussinesq assumption which means that
density variation is considered only in the gravitational forces. This
assumption is valid in various regimes but is not adapted for long time
phenomena (waves propagation, shoaling) and does not a conservation
of kinetic energy. In the suspension layer the situation where the
density is influenced by the sediment concentration 𝑐 is considered
which mean the effects of concentration is taken into account:

𝜌 = 𝜌𝑤(1 − 𝑐) + 𝜌𝑠𝑐. (21)

With Eq. (21), we can determine the water-sediment mixture velocity
as 𝐮𝑚 = (1 − 𝑐)𝐮𝑓 + 𝑐𝐮𝑠 where 𝐮𝑘, 𝑘 = 𝑓, 𝑠 are the solid and fluid
velocities respectively. Assuming that 𝐮𝑓 = 𝐮𝑠 we find 𝐮𝑚 = 𝐮 (the
property is continuous between the sediment and the fluid). These
equations assume that the velocity of sediment and fluid is almost equal
in the horizontal direction. The density variation is assumed small(in
flow) and this allows justifying the Boussinesq assumption which means
that the density variation is considered only in the gravitational forces.
Thus second equation of (18) is the momentum-balance for the fluid-
sediment. Note that when the volume concentrations of sediment is
small enough i.e. 𝜌𝑤(1−𝑐)≫ 𝜌𝑠𝑐, the mixture density is almost constant.

We assume that 𝜌𝑠, 𝜌𝑤 are constant and 𝜌𝑠 ≠ 𝜌𝑤. Now we assume
that the volumetric sediment concentration 𝑐 satisfies the equation:
𝜕𝑐
𝜕𝑡

+ 𝜕𝑐𝑢
𝜕𝑥

+ 𝜕𝑐𝑣
𝜕𝑦

+ 𝜕𝑐𝑤
𝜕𝑧

= 0, (22)

2.4. Bed evolution equation

To finish, we consider the bed evolution equation, based on the mass
balanced equation on a arbitrary control volume 𝛺(𝑡). The Grass-based
approximation (Grass, 1981) has been used and next reformulated
by including distortion effect. Here we assume that there no vertical
discontinuity of the bed and we denote by 𝑉 the mass of sediment
5

𝑠 T
within the control volume 𝛺. The equation for the conservation of mass
𝑉𝑠 present on the bed is given by:

𝑑𝑉𝑠
𝑑𝑡

= 0 ⟶ ∫

𝑧=𝑍∗
𝑏

𝑧=𝑏 ∫𝜕𝛺
(𝜌𝑏(1 − 𝑝))𝑑𝑆 (23)

𝜌𝑏 is the bed density.
From Eqs. (18), (22) and (23), we add the followings boundary

equations.

3. Boundary conditions

The model developed here is thus a 2D sediment transport model.
Here, the region 𝐃𝑡 ⊂ R3 × R∗

+ occupied by the flow is given by:

𝐃𝑡 =
{

(𝐱, 𝑧), (𝐱) ∈ R2, 𝑍∗
𝑏 (𝐱, 𝑡) ≤ 𝑧 ≤ 𝑍∗

𝑏 (𝐱, 𝑡) + ℎ(𝐱, 𝑡), 𝑡 ∈ R∗
+
}

, (24)

where 𝑍∗
𝑏 (𝐱, 𝑡) and ℎ(𝐱, 𝑡) are respectively the water depth and the bed

level. The free surface is 𝜂(𝐱, 𝑡) = 𝑍∗
𝑏 (𝐱, 𝑡) + ℎ(𝐱, 𝑡) and its perturbations

due to the turbulence are neglected. We assume that the perturbations
of the free surface are due to the movement of sediment bed form. Using
these assumptions some conditions should be imposed on the bed and
the free surface.

3.1. Free boundary equations

One approach to determining boundary conditions at the free sur-
face is to use the flux conditions.

Sediment flux at the free surface
At the free surface, the total sediment flux is assumed to be zero. In

other words, there is no sediment flux across the free boundary surface

𝐖𝑠𝑐 + 𝜎𝑧
𝜕𝑐
𝜕𝑧

= 0, at 𝑧 = 𝜂 (25)

where 𝐖𝑠 is the effective settling velocity obtained by averaged La-
grange equation of the motion over the set of particles and depending
of local concentration:
𝐖𝑠
𝑊𝑠

= (1 − 𝑐)2.29, (26)

where the settling velocity 𝑊𝑠 (see Appendix).
A material point on a free surface 𝑀(𝐱, 𝑧, 𝑡) = −𝑧 + 𝜂(𝑡, 𝐱). The

ree boundary is subjected to the kinematic and dynamic boundary
onditions:
𝑑𝑀
𝑑𝑡

= −𝑑𝑧
𝑑𝑡

+
𝑑𝜂
𝑑𝑡

= − 𝜕𝑧
𝜕𝑡

+
𝜕𝜂
𝜕𝑡

+
𝜕𝜂
𝜕𝑥

𝑑𝑥
𝑑𝑡

+ +
𝜕𝜂
𝜕𝑦
𝑑𝑦
𝑑𝑡

=
𝜕𝜂
𝜕𝑡

+ 𝐮(𝑡, 𝐱, 𝜂)∇𝜂 −𝑤(𝑡, 𝐱, 𝜂).

Thus 𝑑𝑀
𝑑𝑡

= 0 leads to:

𝜕𝜂
𝜕𝑡

+ 𝐮(𝑡, 𝐱, 𝜂)∇𝜂 −𝑤(𝑡, 𝐱, 𝜂) = 0. (27)

The relation given by Eq. (27) is obtained under the assumption
that, any fluid particle which is on the free surface of the fluid at the
initial time will remain on the free surface for any further time. We
also have assumed that the functions present in Eq. (27) is sufficiently
smooth so that the Jacobian of the transformation between material
and spatial coordinates is defined, allowing us to apply the transport
theorem of Reynolds:

𝑑
𝑑𝑡 ∫𝑉

𝑀𝑑𝑉 = ∫𝑉
𝜕𝑀
𝜕𝑡

+ ∮𝜕𝑉
𝑀 ⊗ 𝐮.𝐧𝑑𝑠, (28)

where 𝐧 is the unity normal vector. Indeed, a fluid particle is defined
by the position  (𝐱(𝑡), 𝑡) = (𝐱(𝑡), 𝑧(𝑡))𝑇 and is on the surface when.

aking into account the net water volume rate exchange per unit of
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time denoted 𝐹𝑢(𝑡) = 𝑧−𝜂(𝐱, 𝑡), Eq. (27) can always write more generally
as:
𝜕𝜂
𝜕𝑡

+ 𝐮(𝑡, 𝐱, 𝜂)∇𝜂 −𝑤(𝑡, 𝐱, 𝜂) =
𝑑𝐹𝑢
𝑑𝑡

, (29)

r using the normal vector
𝜕𝜂
𝜕𝑡

+ 𝐮(𝜂).𝐧𝜂 −𝑤(𝜂) =
𝑑𝐹𝑢
𝑑𝑡

, (30)

here 𝐧𝜂 =
(

𝜕𝜂
𝜕𝑥
,
𝜕𝜂
𝜕𝑦

)𝑇
. Eq. (30) is more required in the context of rain

all and surface evaporation. Precisely
𝑑𝐹𝑢
𝑑𝑡

is the source term which

epresents the entrainment of water and/or sediment/water mixed by
he turbulence in the channel. When

𝑑𝐹𝑢
𝑑𝑡

= 0 the freshwater should

be preserved. This term appears clearly in the momentum conservation
and kinetic energy equations (see below).

3.2. Dynamic of the bed interface

The bed boundary is viewed as a phase interface across which
the liquid-granular mixture undergoes a transition from solid-to fluid-
like behavior. Even mobile bottom 𝑧 = 𝑍𝑏(𝐱, 𝑡), we have imposed to
continuity of the normal velocity (which vanishes since the bottom
is assumed to be the rest) and we can define a quantity

𝑑𝐹𝑏
𝑑𝑡

(where
𝐹𝑏(𝑡) = 𝑧(𝑡)−𝑍∗

𝑏 (𝑡, 𝐱(𝑡))) that describes the erosion/deposition exchange.
𝑑𝐹𝑏
𝑑𝑡

can be also seen as the balance between the amount of sediment

eft behind by the current and the amount of sediment carried away
rom the bed-load interface. Using a similar manner as above we write:

𝜕𝑍∗
𝑏 (𝐱, 𝑡)
𝜕𝑡

+ 𝐮(𝑡, 𝐱, 𝑍∗
𝑏 )∇𝑍

∗
𝑏 (𝐱, 𝑡) −𝑤(𝑡, 𝐱, 𝑍

∗
𝑏 ) = −

𝑑𝐹𝑏
𝑑𝑡

. (31)

Using the normal vector, we write:
𝜕𝑍∗

𝑏
𝜕𝑡

+ 𝐮
(

𝑡, 𝐱, 𝑍∗
𝑏
)

.𝐧𝑍𝑏 −𝑤(𝑍
∗
𝑏 ) = −

𝑑𝐹𝑏
𝑑𝑡

, 𝐧𝑍𝑏 =
(

𝜕𝑍𝑏
𝜕𝑥

,
𝜕𝑍∗

𝑏
𝜕𝑦

)

. (32)

One has again used Eq. (28). When the layer considered is the entire
water column, the top of the layer is typically taken to be the mean
water level, which is assumed to be constant with time and across
which there is no sediment flux. The derivative

𝑑𝐹𝑏
𝑑𝑡

is seen as function
f the balance between the particles that are eroded or deposited on
he surface and of the local bed porosity.

ediment flux at the bottom
One approach to determine boundary condition at the free surface is

o use flux conditions. At the bottom boundary we can use the vertical
ediment flux (Neumann type) or concentration condition. For the first
ase we have:

𝑠𝑐 + 𝜎𝑧
𝜕𝑐
𝜕𝑧

= 𝐷 −  , at 𝑧 = 𝑍∗
𝑏 (33)

According to Garcia and Parker (1991), which assumed that the dis-
equilibrium introduced by the unsteadiness remains mild, the erosion
flux (𝐸) can be considered to be equal to the entrainment rate () under
quilibrium condition and related to the reference concentration value
hrough the settling velocity. From Eq. (33), we can have:

− 𝜎𝑧
𝜕𝑐
𝜕𝑧

=  , at 𝑧 = 𝑍∗
𝑏 (34)

The sediment flux at the bed is determined by the rates of deposition
(𝐷) and erosion (𝐸) as in Cao et al. (2004).

In the above equations, 𝐧𝜂 and 𝐧𝑍𝑏 are the unit outward normals
at the bottom and at the free surface respectively. The no-penetration
condition is assumed at the water-sediment interface and at the sub-
stratum
𝜕𝑍∗

𝑏 + 𝐮 ∇𝑍∗ −𝑤(𝑍 ) = 0 (35)
6

𝜕𝑡 𝑍𝑏 𝑏 𝑏
𝐮𝑍𝑏 .∇𝐵 −𝑤(𝐵) = 0 (36)

n bed evolution 𝐮𝑍𝑏 represents the characteristic advection velocity
hat measures the velocity with which the bottom moves. This allows
o expect that the bed evolution equation has a hyperbolic nature and
his will facilitate the finding of eigenvalues of the proposed model.

edload transport approximation
The estimation of bedload transport is difficult to predict and re-

ains an open problem. In fact, near the bed some hydrodynamic
nd physical processes are difficult to assess. The mass conservation
f moving particles is then applied to formulate the transport at the
edload interface in term of a transport discharge flux 𝑄𝑏:

(𝑡, 𝐱, 𝑍∗
𝑏 )∇𝑍

∗
𝑏 (𝐱, 𝑡) − 𝑢3(𝐱, 𝑡, 𝑍𝑏) = ∇.𝑄𝑏. (37)

Here, the motion at the bedload interface is balanced by the gradient of
the horizontal mass sediment flux 𝑄𝑏. Indeed, with an interface normal
𝐧𝑍∗

𝑏
, the LHS of (37) can be view as an asymptotic limit of a divergence

ormulation. The evolution of the bedload interface elevation can be
hen given by the Exner-type of the form:

𝜕𝑍∗
𝑏

𝜕𝑡
+

𝐴𝑔
(1 − 𝜙∗)

(

𝜕(𝑢2 + 𝑣2)𝑢
𝜕𝑥1

+
𝜕(𝑢2 + 𝑣2)𝑣

𝜕𝑥2

)

= 𝐷 − 𝐸
1 − 𝜙∗ . (38)

In above equation, 𝐴𝑔 is a coefficient usually obtained experimentally
by taking into account the grain diameter and the kinematic viscosity
of the sediment mixture. The function (𝑢2 + 𝑣2)𝐮 is the depth-average
of the horizontal speed approximated in Liu et al. (2015) as:

(𝑢2 + 𝑣2)𝐮 ≈ (𝑢2 + 𝑣2)𝐮.

Next section, we will propose to extend several averaging sediment
transport models, by accounting the horizontal velocity distortion along
the vertical direction. Nevertheless, given the numerical difficulties
(loss of hyperbolicity) encountered with this flux-formulation of the
bedload transport, another alternative that is numerically suitable is
to formulate a new bedload equation.

4. Derivation of the model by a vertical averaging technique

We introduce here the averaged of a function 𝜓 by

𝜓 = 1
ℎ ∫

𝜂

𝑍𝑏
𝜓(𝐱, 𝑡)𝑑𝑧 where ℎ(𝐱, 𝑡) = 𝜂(𝐱, 𝑡) −𝑍∗

𝑏 (𝐱, 𝑡) (39)

𝜓 ′ is the fluctuation with respect to the average. It value is 𝜓 ′ = 𝜓 −𝜓
and clearly the average of fluctuation 𝜓 ′ is zero. We also write:

ℎ𝜓𝜑 + ∫

𝜂

𝑍𝑏
𝜓 ′(𝐱, 𝑡)𝜑′(𝐱, 𝑡)𝑑𝑧 = ∫

𝜂

𝑍𝑏
𝜓(𝐱, 𝑡)𝜑(𝐱, 𝑡)𝑑𝑧. (40)

We introduce also the Leibniz relations:
𝜕ℎ𝜓
𝜕𝐱

= 𝜕
𝜕𝐱 ∫

𝜂

𝑍𝑏
𝜓𝑑𝑧 = ∫

𝜂

𝑍𝑏

𝜕𝜓
𝜕𝐱
𝑑𝑧 − 𝜓(𝜂)

𝜕𝜂
𝜕𝐱

+ 𝜓(𝑍𝑏)
𝜕𝑍𝑏
𝜕𝐱

, (41)

and
𝜕ℎ𝜓
𝜕𝑡

= 𝜕
𝜕𝑡 ∫

𝜂

𝑍𝑏
𝜓𝑑𝑧 = ∫

𝜂

𝑍𝑏

𝜕𝜓
𝜕𝑡
𝑑𝑧 − 𝜓(𝜂)

𝜕𝜂
𝜕𝑡

+ 𝜓(𝑍𝑏)
𝜕𝑍𝑏
𝜕𝑡

. (42)

Above Leibniz’s formula are applied to invert the differential operators
and integration.

From the last equation of the (18) and according to the above
assumptions we have:

𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

+ 𝜕𝑤
𝜕𝑧

= 0, and 𝜕𝑢′

𝜕𝑥
+ 𝜕𝑣′

𝜕𝑦
+ 𝜕𝑤′

𝜕𝑧
= 0.

This means that the horizontal and vertical velocity fluctuations are
at zero divergence. The velocity can be decomposed in three differ-
ent parts: a stretching part, distorting part and a vorticity part. For
most coastal engineering applications the stretching part and vorticity
part are often neglected than the stress that prevails in coastal flows.

Moreover, when the fluid flow becomes strongly viscous the vorticity
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part does not have any contribution (Lee, 2021). By defining a basis
plane vector (𝑖, 𝑗), a fluid velocity can be divided in in-plane 𝐮 and out-
plane 𝐮′ contributions. The resulting stress tensor from out plane basis
will be injected as distortion velocities tensor (in in-plane basis) which
contributes to acceleration of the water flow.

4.1. Derivation continuity equation

Integrating the divergence free equation over the depth of water and
using the previous relations for 𝜓 = 𝐮 and the boundaries condition
given by Eqs. (30) and (32) yields:

𝜕ℎ
𝜕𝑡

− 𝐮
(

𝑍∗
𝑏
)

.𝐧𝐹 − 𝐮 (𝜂) .𝐧𝑠 +𝑤(𝑍∗
𝑏 ) −𝑤(𝜂) =

𝑑𝐹𝑏
𝑑𝑡

+
𝑑𝐹𝑢
𝑑𝑡

(43)

he Leibniz relation gives:

𝑑𝑖𝑣(𝐮) = 𝑑𝑖𝑣(ℎ𝐮) + 𝐮(𝑍∗
𝑏 ).𝐧𝑍∗

𝑏
+ 𝐮(𝜂).𝐧𝑠, (44)

And as 𝜕𝑢
𝜕𝑥

+ 𝜕𝑣
𝜕𝑦

+ 𝜕𝑤
𝜕𝑧

= 𝑑𝑖𝑣(𝐮) + 𝜕𝑤
𝜕𝑧

= 0, one writes:

𝑑𝑖𝑣(ℎ𝐮) + 𝐮(𝑍∗
𝑏 ).𝐧𝑍∗

𝑏
− 𝐮(𝜂).𝐧𝑠 −𝑤(𝜂) +𝑤(𝑍𝑏) = 0. (45)

We obtain finally the averaged conservation mass equation:

𝜕ℎ
𝜕𝑡

+ 𝑑𝑖𝑣(ℎ𝐮) =
𝑑𝐹𝑢
𝑑𝑡

+
𝑑𝐹𝑏
𝑑𝑡

. (46)

he mass conservation equation of sediment/water mixture given by
46) means that the erosion/deposition exchange modifies the fresh-
ater mass. The two terms on the RHS quantify the rate of water
ntrainment and bed deformation, respectively.

.2. Depth averaged momentum equation

In the present analysis it is assumed that the fluid and sediment
elocities are almost equal in the horizontal directions. Then we have:

𝐮 = 𝜌𝑤(1 − 𝑐)𝐮𝑓 + 𝜌𝑠𝑐𝐮𝑠, (47)

ith 𝐮𝑓 = 𝐮𝑠. Let𝐻, 𝐿 denote the vertical and horizontal length scales;
he pressure is assumed to be hydrostatic. Let 𝑉 denote the horizontal
elocity scale, then the continuity equation implies that 𝑤 = (𝜀𝑉 ).
sing the time and pressure scale as 𝐿∕𝑉 and 𝜌𝑉 2, the 𝑥3-momentum
quation can be no-dimensionalized as:

2𝐷𝑤′

𝐷𝑡′
+ 𝜕𝑃 ′

𝜕𝑧′
= 1
𝐹𝑟2

𝜌′, (48)

here 𝐷
𝐷𝑡

= 𝜕
𝜕𝑡

+ 𝐮∇, the prime quantities are non-dimensional and

𝐹𝑟 = 𝑉
√

𝑔𝐻
, Neglecting the terms in (𝜀2), we obtain the hydrostatic

approximation:
𝜕𝑃
𝜕𝑧

= −𝜌𝑔 ⇒ 𝑃 − 𝑃𝑎 = −𝜌𝑔(𝑧 − 𝜂), (49)

⇒ 𝑃 = 𝑃𝑎 − 𝜌𝑔(𝑧 − 𝜂), (50)

where 𝑃𝑎 is the atmospheric pressure at the free surface which may
be taken to be constant. We have the following derivation of pressure
term:
𝜕𝑃
𝜕𝐱

=
𝜕𝜌𝑔(𝜂 − 𝑧)

𝜕𝐱
= 𝜌𝑔

𝜕𝜂
𝜕𝐱

− 𝑔(𝜂 − 𝑧)
𝜕𝜌
𝜕𝐱
, (51)

1
𝜌
𝜕𝑃
𝜕𝐱

= 𝑔
𝜕𝜂
𝜕𝐱

− 𝑔(𝜂 − 𝑧)
𝜕𝜌
𝜕𝐱
.

ow the horizontal momentum equation takes the form
𝜕𝐮
𝜕𝑡

+ ∇.(𝐮⊗ 𝐮) + 𝜕(𝐮𝑤)
𝜕𝑧

+ 1
𝜌
∇𝑃 = 

𝜌
. (52)

The averaged equation of (52)

𝜕𝐮 + 𝑑𝑖𝑣(𝐮⊗ 𝐮) + 𝜕(𝐮𝑤)
+ ∇𝑃 =  . (53)
7

𝜕𝑡 𝜕𝑧 𝜌 𝜌
e have respectively using the above Leibniz relations:

𝜕𝐮
𝜕𝑡

= 𝜕
𝜕𝑡 ∫

𝜂

𝑍∗
𝑏

𝐮𝑑𝑧 − 𝐮(𝜂) 𝜕𝜂
𝜕𝑡

+ 𝐮(𝑍∗
𝑏 )
𝜕𝑍∗

𝑏
𝜕𝑡

(54)

= 𝜕ℎ𝐮
𝜕𝑡

− 𝐮(𝜂) 𝜕𝜂
𝜕𝑡

+ 𝐮(𝑍∗
𝑏 )
𝜕𝑍∗

𝑏
𝜕𝑡

, (55)

and thus

ℎ𝑑𝑖𝑣(𝐮⊗ 𝐮) = 𝑑𝑖𝑣∫

𝜂

𝑍∗
𝑏

𝐮⊗ 𝐮𝑑𝑧 − (𝐮⊗ 𝐮)(𝜂)∇𝜂 + (𝐮⊗ 𝐮)(𝑍∗
𝑏 )∇𝑍

∗
𝑏

+(𝑤⊗ 𝐮)(𝜂) − (𝑤⊗ 𝐮)(𝑍∗
𝑏 ) (56)

= 𝑑𝑖𝑣(ℎ𝐮⊗ 𝐮) − (𝐮⊗ 𝐮)(𝜂)∇𝜂 + (𝐮⊗ 𝐮)(𝑍∗
𝑏 )∇𝑍

∗
𝑏 + (𝑤𝐮)(𝜂)

−(𝑤𝐮)(𝑍∗
𝑏 )

= 2𝑑𝑖𝑣(ℎ𝐾) − (𝐮⊗ 𝐮)(𝜂)∇𝜂 + (𝐮⊗ 𝐮)(𝑍∗
𝑏 )∇𝑍

∗
𝑏 + (𝑤𝐮)(𝜂)

−(𝑤𝐮)(𝑍∗
𝑏 ),

where

𝐾 = 1
2
𝐮⊗ 𝐮 = 1

2
(𝐮 + 𝐮′)⊗ (𝐮 + 𝐮′) = 𝐮𝐮

2
+ 𝐮′𝐮′

2
= 𝐮𝐮

2
+ ̂ .

The pressure term is given:
1
𝜌
𝜕𝑃
𝜕𝐱

= 𝑔
𝜕𝜂
𝜕𝐱

− 𝑔(𝜂 − 𝑧)
𝜕𝜌
𝜕𝐱

he averaged equation of (57)

1
𝜌
𝜕𝑃
𝜕𝐱

= 𝑔
𝜕𝜂
𝜕𝐱

− 𝑔(𝜂 − 𝑧)
𝜕𝜌
𝜕𝐱

⇒ ∫

𝜂

𝑍∗
𝑏

1
𝜌
𝜕𝑃
𝜕𝐱

= 𝑔ℎ
𝜕𝜂
𝜕𝐱

+ 1
2𝜌
𝑔ℎ2

𝜕𝜌
𝜕𝐱
. (57)

Thus the averaged momentum equations are given by:

𝜕ℎ𝐮
𝜕𝑡

+ 2∇.(ℎ𝐾) + 𝑔ℎ∇𝜂 + 1
2𝜌
𝑔ℎ2∇𝜌 − 𝐮(𝜂)

(

𝜕𝜂
𝜕𝑡

+ 𝐮(𝜂)∇𝜂 −𝑤(𝜂)
)

(58)

+ 𝐮(𝑍∗
𝑏 )

( 𝜕𝑍∗
𝑏

𝜕𝑡
+ 𝐮(𝑍∗

𝑏 )∇𝑍
∗
𝑏 −𝑤(𝑍

∗
𝑏 )
)

= 1
𝜌
ℎ .

Using the boundary conditions we obtain momentum conservation
equations following:

𝜕ℎ𝐮
𝜕𝑡

+ 2∇.(ℎ𝐾) + 𝑔ℎ∇𝜂 + 1
2𝜌
𝑔ℎ2∇𝜌 = 𝐮(𝜂)

𝑑𝐹𝑢
𝑑𝑡

− 𝐮(𝑍∗
𝑏 )
𝑑𝐹𝑏
𝑑𝑡

+ 1
𝜌
ℎ . (59)

We see that the deposition/erosion exchange, and water/sediment
entrainment have an effect in the momentum equation. Therefore, The
above Eq. (59) describes momentum conservation of water/sediment
distortion mixture flow. The first two terms on the LHS quantify the
production of accelerated motion due to turbulent kinetic energy, like-
wise the third term represents the density variability effect that prove a
turbulent mixing flow character. The first term on the RHS of Eq. (59)
features the momentum transfer arising from water entrainment from
the clear water. The second term on the RHS describes the sediment
transfer due to erosion/deposition exchange between the bed interface
at 𝑧 = 𝑍∗

𝑏 and suspension zone. The last term describes the dissipation
due to bed friction.

Remark 4.1. The term 𝐾 is not completely known to us and hence
he set of Eqs. (46) and (52) does not form a closed system are the
nteraction between the fluctuation velocity requires modeling. When
𝐮′ ⊗ 𝐮′

2
= 0, we close Eqs. (46) and (59) and the system obtained is the

ell-known shallow water model. This simplification can be justified
hen we assume that 𝜕𝐮

𝜕𝑧
≪ 1 (vertical shear).

4.3. Derivation of kinetic energy equation

. When the vertical shear is not small, the second-order velocity
fluctuation terms no longer be ignored and in this case from the
momentum equations, we have:

𝐮⊗
(

𝜕𝐮 + (𝐮.∇)𝐮 +𝑤𝜕𝐮 + 1∇𝑃 − 
)

𝜕𝑡 𝜕𝑧 𝜌 𝜌
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(

m
W
o

+
(

𝜕𝐮
𝜕𝑡

+ (𝐮.∇)𝐮 +𝑤𝜕𝐮
𝜕𝑧

+ 1
𝜌
∇𝑃 − 

𝜌

)

⊗ 𝐮 = 0. (60)

e recall that using the decomposition 𝐮 = 𝐮 + 𝐮′, we can write:

𝐮⊗ 𝐮 = 𝐮⊗ 𝐮 + 𝐮⊗ 𝐮′ + 𝐮′ ⊗ 𝐮 + 𝐮′ ⊗ 𝐮′,

where the term 𝐮⊗ 𝐮 is not zero and where 𝐮′ ⊗ 𝐮′ measure the
distortion of instantaneous horizontal velocity profile along the vertical
direction.

𝐮⊗ 𝜕𝐮
𝜕𝑡

+ 𝐮⊗ [(𝐮.∇)𝐮] + 𝐮⊗𝑤𝜕𝐮
𝜕𝑧

+ 𝐮⊗
(

𝑔ℎ∇𝜂 +
(𝜂 − 𝑧)
𝜌

𝑔∇𝜌
)

+ (61)

𝜕𝐮
𝜕𝑡
⊗ 𝐮 + [(𝐮.∇)𝐮]⊗ 𝐮 +𝑤𝜕𝐮

𝜕𝑧
⊗ 𝐮 +

(

𝑔ℎ∇𝜂 +
(𝜂 − 𝑧)
𝜌

𝑔∇𝜌
)

⊗ 𝐮

= 𝐮⊗ 
𝜌

+ 
𝜌
⊗ 𝐮

rom Eq. (61), we have:
𝜕𝐮⊗ 𝐮
𝜕𝑡

+ ∇ (𝐮⊗ 𝐮) .𝐮 +𝑤𝜕𝐮⊗ 𝐮
𝜕𝑧

+ (𝑔∇𝜂 + (𝜂 − 𝑧)𝑔∇𝜌)⊗ 𝐮

+ 𝐮⊗ (𝑔∇𝜂 + (𝜂 − 𝑧)𝑔∇𝜌) = 𝐮⊗ 
𝜌

+ 
𝜌
⊗ 𝐮. (62)

e let 𝐮⊗ [(𝐮∇)𝐮] + [(𝐮∇)𝐮]⊗ 𝐮 = ∇(𝐮⊗ 𝐮).𝐮. Notice that

(𝐮⊗ 𝐮).𝐮 = 𝑑𝑖𝑣(𝐮⊗ 𝐮⊗ 𝐮) − (𝐮⊗ 𝐮)∇.𝐮, (63)

nd
𝜕𝑤(𝐮⊗ 𝐮)

𝜕𝑧
= 𝑤𝜕𝐮⊗ 𝐮

𝜕𝑧
+ 𝐮⊗ 𝐮 𝜕𝑤

𝜕𝑧
, (64)

we can rewrite (62) as:

𝜕𝐮⊗ 𝐮
𝜕𝑡

+ ∇. (𝐮⊗ 𝐮⊗ 𝐮) + 𝜕𝑤 (𝐮⊗ 𝐮)
𝜕𝑧

+
(

𝑔ℎ∇𝜂 +
(𝜂 − 𝑧)
𝜌

𝑔∇𝜌
)

⊗ 𝐮

+ 𝐮⊗
(

𝑔ℎ∇𝜂 +
(𝜂 − 𝑧)
𝜌

𝑔∇𝜌
)

− 𝐮⊗ 
𝜌

− 
𝜌
⊗ 𝐮 = 0. (65)

fter integration of (62) over the water depth, we get:

∫

𝜂

𝑍∗𝑏

𝜕 (𝐮⊗ 𝐮)
𝜕𝑡

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐼)

+∫

𝜂

𝑍∗
𝑏

∇. (𝐮⊗ 𝐮⊗ 𝐮) 𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐼𝐼)

+∫

𝜂

𝑍∗𝑏

𝜕𝑤 (𝐮⊗ 𝐮)
𝜕𝑧

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐼𝐼𝐼)

(66)

+ ∫

𝜂

𝑍∗
𝑏

𝐮⊗
(

𝑔∇𝜂 + (𝜂 − 𝑥3)𝑔∇𝜌
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝐼𝑉 )

+∫

𝜂

𝑍∗
𝑏

(

𝑔∇𝜂 + (𝜂 − 𝑥3)𝑔∇𝜌
)

⊗ 𝐮𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑉 )

= ∫

𝜂

𝑍∗
𝑏

𝐮⊗ 
𝜌
𝑑𝑧 + ∫

𝜂

𝑍∗
𝑏


𝜌
⊗ 𝐮𝑑𝑧.

Now we explain each term (I), (II), (III), (IV) and (V).

(𝐼) = 𝜕
𝜕𝑡 ∫

𝜂

𝑍∗
𝑏

𝐮⊗ 𝐮𝑑𝑧 + (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)
𝜕𝑍∗

𝑏
𝜕𝑡

− (𝐮⊗ 𝐮) (𝜂) 𝜕𝜂
𝜕𝑡

(67)

= 𝜕
𝜕𝑡

(

ℎ𝐮⊗ 𝐮 + ℎ𝐮′ ⊗ 𝐮′
)

− (𝐮⊗ 𝐮) (𝜂) 𝜕𝜂
𝜕𝑡

+ (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)
𝜕𝑍∗

𝑏
𝜕𝑡

, (68)

where we have noted that:

𝐮⊗ 𝐮 = (𝐮 + 𝐮′)⊗ (𝐮 + 𝐮′) = ℎ𝐮⊗ 𝐮 + 2ℎ̂ .

𝐼𝐼) =𝑑𝑖𝑣∫

𝜂

𝑍∗
𝑏

(𝐮⊗ 𝐮⊗ 𝐮) 𝑑𝑧 − (𝐮⊗ 𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)

∇𝑍∗
𝑏

+ (𝐮⊗ 𝐮⊗ 𝐮) (𝜂) ∇𝜂 (69)

∫

𝜂

𝑍∗
𝑏

(𝐮⊗ 𝐮⊗ 𝐮) 𝑑𝑧 = ∫

𝜂

𝑍∗
𝑏

(

𝐮⊗ 𝐮⊗ 𝐮
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑎)

+∫

𝜂

𝑍∗
𝑏

(

𝐮⊗ 𝐮⊗ 𝐮′
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑏)

+ ∫

𝜂

𝑍∗
𝑏

(

𝐮′ ⊗ 𝐮⊗ 𝐮′
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

(70)
8

(𝑐)
+ ∫

𝜂

𝑍∗
𝑏

(

𝐮′ ⊗ 𝐮⊗ 𝐮
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑑)

+∫

𝜂

𝑍∗
𝑏

(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑒)

+∫

𝜂

𝑍∗𝑏

(

𝐮⊗ 𝐮′ ⊗ 𝐮
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑓 )

(71)

+ ∫

𝜂

𝑍∗
𝑏

(

𝐮⊗ 𝐮′ ⊗ 𝐮′
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑔)

+∫

𝜂

𝑍∗
𝑏

(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
)

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(ℎ)

. (72)

We have naturally (𝑏) = 0, (f) = 0, (d) = 0 and by simple calculations
we obtain (𝑎) = ℎ𝐮 ⊗ 𝐮 ⊗ 𝐮, (g)=ℎ𝐮 ⊗ ̂ , (e)=ℎ̂ ⊗ 𝐮. Now we will
evaluate only the term (c). We use a simple divergence decomposition
and we have:

𝑑𝑖𝑣

(

∫

𝜂

𝑍∗
𝑏

(

𝐮′ ⊗ 𝐮⊗ 𝐮′
)

𝑑𝑧

)

= 𝜕
𝜕𝑥𝛽

𝜌∫

𝜂

𝑍∗
𝑏

(

𝑢′𝛼𝑢𝜆𝑢
′
𝛽
)

𝑑𝑧, (73)

= 𝜕
𝜕𝑥𝛽

[

𝑢𝜆 ∫

𝜂

𝑍∗
𝑏

𝑢′𝛼𝑢
′
𝛽𝑑𝑧

]

= 𝜕
𝜕𝑥𝛽

[

𝑢𝜆̂𝛼𝛽

]

,

𝑢𝜆
𝜕̂𝛼𝛽

𝜕𝑥𝛽
+ ̂𝛼𝛽

𝜕𝑢𝜆
𝜕𝑥𝛽

.

hen we obtain:

∫

𝜂

𝑍∗
𝑏

𝑑𝑖𝑣 (𝐮⊗ 𝐮⊗ 𝐮) 𝑑𝑧 = 𝑑𝑖𝑣
(

ℎ𝐮⊗ 𝐮⊗ 𝐮
)

+ 𝑑𝑖𝑣
(

̂ ⊗ 𝐮
)

+ 𝑑𝑖𝑣
(

𝐮⊗ ̂
)

(74)

+ 𝑑𝑖𝑣(̂ )⊗ 𝐮 + ̂
(

∇𝐮
)𝑇 + 𝑑𝑖𝑣

(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
)

− (𝐮⊗ 𝐮⊗ 𝐮) (𝜂) ∇𝜂

+ (𝐮⊗ 𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)

∇𝑍∗
𝑏 ,

here the ′𝑇 ′ means transposed. The third term gives:

(𝐼𝐼𝐼) = 𝑤 (𝐮⊗ 𝐮) (𝜂) −𝑤 (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)

(75)

he fourth and fifth terms are calculated as follows:

𝐼𝑉 ) = 𝐮⊗
(

𝑔ℎ∇𝜂 + 𝑔ℎ2 1
2𝜌

∇𝜌
)

+ 𝑔𝐮′ ⊗ (𝜂 − 𝑥3)∇𝜌, (76)

(𝑉 ) =
(

𝑔ℎ∇𝜂 + 𝑔ℎ2 1
2𝜌

∇𝜌
)

⊗ 𝐮 + 𝑔(𝜂 − 𝑧)∇𝜌 ⊗ 𝐮′. (77)

since 𝜌 is constant in 𝑧 direction we have:

𝑔(𝜂 − 𝑧)∇𝜌 ⊗ 𝐮′ = 𝜕𝜌
𝜕𝑥𝛼

𝑔(𝜂 − 𝑧)⊗ 𝐮′ and

𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌 = 𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌. (78)

The term 𝐮′ ⊗ (𝜂 − 𝑧) and (𝜂 − 𝑧)⊗ 𝐮′ can represent the fluctuation
oments on the free surface. These terms are neglected in this work.
e will can used in the study of the sediment transport in longshore

r crosshore zone. Thus, Eq. (65) implies that:
𝜕
𝜕𝑡

(

ℎ𝐮⊗ 𝐮 + 𝐮′ ⊗ 𝐮′
)

+ 2𝑑𝑖𝑣
(

ℎ̂ ⊗ 𝐮
)

+ 2𝑑𝑖𝑣(̂ ⊗ 𝐮) + 2𝑑𝑖𝑣(𝐮⊗ ̂ ) (79)

+ 𝑑𝑖𝑣
(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
)

+
(

ℎ∇𝜂 + 𝑔ℎ2 1
2𝜌

∇𝜌
)

⊗ 𝐮 + 𝐮⊗
(

𝑔ℎ∇𝜂

+𝑔ℎ2 1
2𝜌

∇𝜌
)

= 𝐮⊗ 
𝜌

+ 
𝜌
⊗ 𝐮 − 𝑔∇𝜌(𝜂 − 𝑧)⊗ 𝐮′ − 𝐮′ ⊗ (𝜂 − 𝑧)𝑔∇𝜌

+ (𝐮⊗ 𝐮⊗ 𝐮) (𝜂) ∇𝜂 − (𝐮⊗ 𝐮⊗ 𝐮)
(

𝑍∗
𝑏

)

∇𝑍∗
𝑏

− 𝑤 (𝐮⊗ 𝐮) (𝜂) −𝑤 (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)

+ (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
) 𝜕𝑍∗

𝑏

𝜕𝑡
+ (𝐮⊗ 𝐮) (𝜂) 𝜕𝜂

𝜕𝑡
.

recalling that the kinetic energy reads

𝐾 = 1 (

𝐮⊗ 𝐮 + 𝐮′ ⊗ 𝐮′
)

,

2
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a

(

T
D
b
a
i
n

w

we obtain:

2
𝜕
(

ℎ𝐾
)

𝜕𝑡
+ 2𝑑𝑖𝑣

(

ℎ𝐾 ⊗ 𝐮
)

+ 2𝑑𝑖𝑣(̂ ⊗ 𝐮) + 2𝑑𝑖𝑣(𝐮⊗ ̂ ) (80)

+𝑑𝑖𝑣
(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
)

+
(

ℎ∇𝜂 + 𝑔ℎ2 1
2𝜌

∇𝜌
)

⊗ 𝐮 + 𝐮⊗
(

𝑔ℎ∇𝜂 + 𝑔ℎ2 1
2𝜌

∇𝜌
)

= −𝑔∇𝜌(𝜂 − 𝑧)⊗ 𝐮′ − 𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌 + (𝐮⊗ 𝐮⊗ 𝐮) (𝜂) ∇𝜂
− (𝐮⊗ 𝐮⊗ 𝐮)

(

𝑍𝑏
)

∇𝑍∗
𝑏 +𝑤 (𝐮⊗ 𝐮) (𝜂) −𝑤 (𝐮⊗ 𝐮)

(

𝑍∗
𝑏
)

+ (𝐮⊗ 𝐮) (𝜂) 𝜕𝜂
𝜕𝑡

− (𝐮⊗ 𝐮) (𝜂)
𝜕𝑍∗

𝑏
𝜕𝑡

.

Since (𝐮⊗ 𝐮⊗ 𝐮) (𝜂) ∇𝜂 = (𝐮⊗ 𝐮) (𝜂) (𝐮 (𝜂) .∇𝜂) and according to the
boundary condition we have the following relations:

(𝐮⊗ 𝐮)
𝑑𝐹𝑢
𝑑𝑡

= −𝑤 (𝐮⊗ 𝐮) (𝜂) (𝐮⊗ 𝐮) (𝜂) 𝜕𝜂
𝜕𝑡

+ (𝐮⊗ 𝐮) (𝜂)𝐮 (𝜂) ∇𝜂

nd

𝐮⊗ 𝐮)
𝑑𝐹𝑏
𝑑𝑡

= −𝑤 (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)

+ (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)
𝜕𝑍∗

𝑏
𝜕𝑡

+ (𝐮⊗ 𝐮)
(

𝑍∗
𝑏
)

𝐮
(

𝑍∗
𝑏
)

∇𝑍∗
𝑏

These relation will be introduce easily in the system of equations given
by:

𝜕
(

ℎ𝐾
)

𝜕𝑡
+ 𝑑𝑖𝑣

(

ℎ𝐾 ⊗ 𝐮 + ̂ ⊗ 𝐮 + 𝐮⊗ ̂
2

)

+ 𝑑𝑖𝑣
(

𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
)

+
(

𝑔ℎ
2
∇𝜂 + 𝑔ℎ2 1

4𝜌
∇𝜌

)

⊗ 𝐮 (81)

+ 𝐮⊗
(

𝑔ℎ
2
∇𝜂 + 𝑔ℎ2 1

4𝜌
∇𝜌

)

+ 1
2
𝑔∇𝜌(𝜂 − 𝑧)⊗ 𝐮′

+1
2
𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌

= 1
2
(

𝐮⊗ 𝐮
)

(𝜂)
[

𝜕𝜂
𝜕𝑡

+ 𝐮 (𝜂) ∇𝜂 −𝑤(𝜂)
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑉 𝐼𝐼)

+ 1
2
(

𝐮⊗ 𝐮
) (

𝑍∗
𝑏
)

[

𝜕𝑍∗
𝑏

𝜕𝑡
+ 𝐮

(

𝑍∗
𝑏
)

∇𝑍∗
𝑏 −𝑤(𝑍

∗
𝑏 )
]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
(𝑉 𝐼𝐼𝐼)

+1
2
𝐮⊗ 

𝜌

+1
2

𝜌
⊗ 𝐮.

he term (VIII) is the material derivative and does not vanish here.
erivative material is really a function which represents the balance
etween the particles that are eroded or deposited on the surface
nd the local bed porosity. The third order fluctuations 𝐮′ ⊗ 𝐮′ ⊗ 𝐮′
s assumed to be smaller than the second order fluctuations thus is
eglected in this work. The account of this term

Assuming that 𝐮⊗ 
𝜌

≃ 𝐮⊗ 
𝜌

and 
𝜌
⊗ 𝐮 ≃ 

𝜌
⊗ 𝐮, then Eq. (81)

becomes:

𝜕
(

ℎ𝐾
)

𝜕𝑡
+ 𝑑𝑖𝑣

(

ℎ𝐾 ⊗ 𝐮 + ̂ ⊗ 𝐮 + 𝐮⊗ ̂
2

)

(82)

+
(

𝑔ℎ
2
∇𝜂 + 𝑔ℎ2 1

4𝜌
∇𝜌

)

⊗ 𝐮 + 𝐮⊗
(

𝑔ℎ
2
∇𝜂 + 𝑔ℎ2 1

4𝜌
∇𝜌

)

= 𝐮⊗  +  ⊗ 𝐮
2𝜌

− 1
2
𝑔∇𝜌(𝜂 − 𝑧)⊗ 𝐮′ − 1

2
𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌

+ 1
2
(

𝐮⊗ 𝐮(𝜂)
) 𝑑𝐹𝑢
𝑑𝑡

− 1
2
(

𝐮⊗ 𝐮(𝑍∗
𝑏 )
) 𝑑𝐹𝑏
𝑑𝑡

,

here 
𝜌

integrates only the friction effect in shallow water context:

 = 𝐶𝑓 ‖𝐮‖𝐮. (83)
9

𝜌 ‖ ‖
It is also possible to formulated the bed friction in distortion shallow
water context and this is exposed in a recent work of Ngatcha and his
collaborators. The term 𝐶𝑓 =

𝑔𝑛2

ℎ1∕3
being a friction factor and 𝑛 is the

Manning coefficient. The terms (𝐮⊗𝐮)(𝜂) and (𝐮⊗𝐮)(𝑍∗
𝑏 ) approximated

using the averaged velocity value. The term (𝐮⊗ 𝐮)(𝑍∗
𝑏 )
𝑑𝐹𝑏
𝑑𝑡

represents
the kinetic transfer due to entrainment/deposition exchange between
the mean current flow and the erodible bed. The term (𝐮 ⊗ 𝐮)(𝜂)

𝑑𝐹𝑢
𝑑𝑡

represents the kinetic transfer arising from water entrainment from
water entrainment from clear water layer. The difficulties is to find
the proportional coefficients adapted for the context. The exchanges
between the bottom and the fluid medium are integrated in the mo-
mentum equations of the model. We can use the idea of Rajagopal
(2021) to prove that the kinetic energy equation is bounded. And
this purpose is in investigation. We also can prove that the derived
model is energetically stable and consistent and such result is also in
investigation.

Generalized shear shallow water equations: incorporating the
non-uniform density

Neglecting the sediment exchange effects in Eqs. (46), (52) and
(82), a generalized shear shallow water model (G-SSW for short) can be
derived. The model take into account the variability of density of water
and is more general than the classical model developed by Teshukov
(2007). The equations of Generalized-SSW model in cartesian form are
given by:

𝜕ℎ
𝜕𝑡

+
𝜕ℎ𝑢𝑗
𝜕𝑥𝑗

=
𝑑𝐹𝑢
𝑑𝑡

, (84)

𝜕ℎ𝑢𝑖
𝜕𝑡

+
𝜕2ℎ𝐾 𝑖𝑗

𝜕𝑥𝑗
+ 𝑔ℎ 𝜕ℎ

𝜕𝑥𝑖
+
𝑔ℎ2𝛿𝜌
2𝜌

𝜕𝜌
𝜕𝑥𝑖

= ℎ𝑖 + 𝑢𝑖(𝜂)
𝑑𝐹𝑢
𝑑𝑡

, (85)

𝜕ℎ𝐾 𝑖𝑗

𝜕𝑡
+ 𝜕
𝜕𝑥𝑘

(

ℎ𝐾 𝑖𝑗 + ℎ
̂𝑗𝑘𝑢𝑖 + ̂𝑖𝑘𝑢𝑗

2

)

+
𝑔ℎ𝑢𝑗
2

𝜕ℎ
𝜕𝑥𝑖

+
𝑔ℎ2𝑢𝑗
4𝜌

𝜕𝜌
𝜕𝑥𝑖

+
𝑔ℎ𝑢𝑖
2

𝜕ℎ
𝜕𝑥𝑗

+
𝑔ℎ2𝑢𝑖
4𝜌

𝜕𝜌
𝜕𝑥𝑗

= (86)

ℎ𝑢𝑖𝑗 + ℎ𝑢𝑗𝑖
2𝜌

− 1
2
𝑔∇𝜌(𝜂 − 𝑥3)𝑢′𝑖 −

1
2
𝑔𝑢′𝑗 (𝜂 − 𝑥3)∇𝜌 +

1
2
(𝑢𝑖𝑢𝑗 )(𝜂)

𝑑𝐹𝑢
𝑑𝑡

,

𝜕𝜌
𝜕𝑡

+
𝜕𝜌𝑢𝑗
𝜕𝑥𝑗

= 𝜌(𝜂)
𝑑𝐹𝑢
𝑑𝑡

. (87)

4.4. Derivation of sediment concentration equation

We take an Eulerian approach for the sediment transport equations,
rather than the more computationally expensive Lagrangian approach,
and use a macroscopic assumption. Thus, we represent the sediment
dynamics in suspension zone via an advection-diffusion equation. We
consider here only non-cohesive sediment (there no exists physico-
chemistry interaction between them). Furthermore, the low concentra-
tion and fine sediment size means the settling velocity of the sediment
particles can be approximated by that of a single sediment particle in
clear water. The equation modeling the sediment concentration is given
by:
𝜕𝑐
𝜕𝑡

+ ∇.(𝐮𝑐) = ∇.(𝐖𝑠𝑐𝛿3𝛼) −
𝜕(𝑤𝑐)
𝜕𝑧

, (88)

where 𝛿3𝛼 is the Kronecker delta applied to the vertical component.
Therefore depth-averaged Eq. (88) is:

∫

𝜂

𝑍∗
𝑏

𝜕𝑐
𝜕𝑡
𝑑𝑧

⏟⏞⏞⏟⏞⏞⏟
𝐴1

+∫

𝜂

𝑍∗
𝑏

∇.(𝐮𝑐)

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝐴2

= ∫

𝜂

𝑍∗
𝑏

∇.(𝐖𝑠𝑐𝛿3𝛼)

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴3

−∫

𝜂

𝑍∗
𝑏

𝜕(𝑤𝑐)
𝜕𝑧

𝑑𝑧

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
𝐴4

(89)

where
𝐴1 = 1

ℎ
𝜕
𝜕𝑡

∫ 𝜂𝑍∗
𝑏
ℎ𝑐𝑑𝑧 +

𝜕𝑍∗
𝑏

𝜕𝑡
𝑐
(

𝑍𝑓
)

−
𝜕𝜂
𝜕𝑡
𝑐 (𝜂),

𝐴2 = ∇.
(

ℎ𝐮𝑐
)

+
𝜕𝑍∗

𝑏 𝐮
(

𝑍∗) 𝑐
(

𝑍∗) −
𝜕𝜂 𝐮 (𝜂) 𝑐 (𝜂)
𝜕𝑡 𝑏 𝑏 𝜕𝑡
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Due to the coupled nature of our model. The calculation of 𝐮𝑐
ould not be clear. It is possible to calculate the product 𝐮(from fluid

component) and 𝑐 (from sediment transport). It is possible to calculate
he product 𝐮 and 𝑐. But really is not equal to 𝐮̄𝑐. In fact ∫𝐼 𝐮̄𝑐𝑑𝑥 ≠
∫𝐼 𝐮𝑐𝑑𝑥, 𝐼 ∈ R𝑁 . We have therefore:

𝑐 = 𝐮𝑐 + 𝛿(𝐮𝑐) (90)

⇒
𝐮𝑐
𝑐

= 𝐮𝑐
𝑐

+
𝛿(𝐮𝑐)
𝑐

⇒ 𝐮𝑐 = 𝐮𝑎𝑑𝑣𝑐 + 𝛿(𝐮)𝑐

⇒ 𝑑𝑖𝑣

(

1
ℎ ∫

𝜂

𝑍∗
𝑏

ℎ𝐮𝑐𝑑𝑧
)

= ∇.
(

ℎ𝐮𝑐
)

= ∇.
(

ℎ𝐮𝑎𝑑𝑣𝑐
)

+ ∇.
(

ℎ𝛿(𝐮)𝑐
)

.

he particles flux is defined as the product of a coefficient and the
oncentration gradient. Using the Fick’s law we have: 𝛿(𝐮)𝑐 = −𝐷𝐿∇𝑐.
e have also 𝛿(𝐮)4(1 − 𝑐) = −𝐷𝐿∇(1 − 𝑐). In this formulation, 𝐷𝐿 =

(𝐷𝑥
𝐿, 𝐷

𝑦
𝐿) is the diffusion coefficient in both 𝑥, 𝑦 direction that can be

assumed to be equal to the clear fluid viscosity 𝜈. The particles are
transported by the average and fluctuating motions and dispersed by
the turbulence. Then we obtain:

𝐴2 = ∇.
(

ℎ𝐮𝑎𝑑𝑣𝑐
)

+ ∇.
(

−ℎ𝐷𝐿∇𝑐
)

+
𝜕𝑍𝑏
𝜕𝑡

𝐮
(

𝑍𝑏
)

𝑐
(

𝑍𝑏
)

= ∇.
(

ℎ𝐹𝑐𝑜𝑟𝑟𝐮𝑐
)

+ ∇.
(

−ℎ𝐷𝐿∇𝑐
)

+
𝜕𝑍𝑏
𝜕𝑡

𝐮
(

𝑍𝑏
)

𝑐
(

𝑍𝑏
)

3 = ∇.
(

𝑊𝑠ℎ𝑐𝛿3𝛼
)

,

4 = −𝑤 (𝜂) 𝑐 (𝜂) +𝑤
(

𝑍𝑏
)

𝑐
(

𝑍𝑏
)

.

The sediment concentration equation written:
𝜕ℎ𝐶
𝜕𝑡

+ ∇.
(

ℎ𝐹𝑐𝑜𝑟𝑟𝐮𝐶
)

= ∇.
(

ℎ𝐷𝐿∇𝐶
)

+ (𝐸 −𝐷) , (91)

where we have denoted 𝐶 = 𝑐. Eq. (91) represents mass conservation
f sediment, which involves the flux of sediment exchange with the
ed. In the dilute zone governed by advection/diffusion Eq. (91), the
nteraction between the particles are assumed weak and the mech-
nisms involved are the turbulent dispersive, sedimentation and the
locculation. The grains do not act on the fluid and vice-versa. The
articles therefore behave as a passive tracer for the flow except for
he fall velocity. For the calculation of eigenvalue we c consider simply
hat 𝐹𝑐𝑜𝑟𝑟 = 1.

urbidity current model
Turbidity currents are driven by the buoyancy force arising from

he bulk density excess due to the presence of suspended sediment,
nd occur in numerous man-made and natural situations (Hu and Cao,
009). Over the recent decades, there have been a number of nu-
erical and theoretical investigations, and mathematical modeling of

urbidity currents because of their profound importance for some ocean
ngineering problems. Mathematical models based on shallow water
quations have received great attention in the last several decades,
ncluding full three dimensional (3D), vertical two dimensional (2D)
nd depth-averaged models. These models cannot provide detailed flow
tructure information along the current depth. Moreover, these models
re only approximately applicable to cases with steady (or slightly
nsteady) flow. Near the bottom, it is well-known that the flow is
urbulence and turbidity models based on Shallow water equations are
ot applicable. It therefore necessary to include the acceleration effect
ue to mobile bed in the flow structure. A model of turbidity with
ctive sediment transport can be derived using the above Eqs. (84)–
87) and replacing the last equation instead of (91). However, the bed
eformation can influence the evolution of turbidity currents.

.5. New bed evolution modeling accounting distortion

Herein, the attention is focussed in the development of a general
edload transport equation which integrates the effect of turbulence
hat can used for both turbulent and steady flows. The bed evolution
10
equation developed in this part is seen as an extension of Exner’s
equation Exner (1925) coupled with Grass approximation. It is obtained
using the Reynolds transport theorem and the mass balance equation on
a arbitrary material volume 𝛺(𝑡) and integrating the turbulence effect.
The time variation of 𝑍𝑏 is balanced by the horizontal flux 𝛷ℎ and the
ertical flux 𝛷𝑣. We can write the bed evolution equation as:

𝜕𝑍𝑏
𝜕𝑡

+𝛷ℎ +𝛷𝑣 = 0. (92)

he horizontal flux accounts the shear effects which creates the turbu-
ence by introducing the terms related to fluctuations. The shear effect
nfluences the shear stress of the bed thus the bedload transport.

The horizontal flux is proportional to shear force gradient and is
een as the energy dissipation near the bed and according to Yalin
1977) and Cheng (2002) this term is closely related to sediment trans-
ort. The shear gradient force is given by ∇.

(

𝐴𝑔‖𝑢2 + 𝑣2‖𝐮
)

, contents

the energy due to grain friction and the energy due to turbulence. Note
that the grain friction is the shear stress acting on the sediment grains
directly both the water sediment move in same direction. Note However
that the turbulence maintain the sediment in suspension and intensity
of turbulence is proportional to the total boundary shear stress 𝜏0 which
is typically dominated by forcing drag (McLean and Nelson, 1999).
It thus necessary to integrate the turbulence in the bedload equation.
According to Eq. (31), the vertical flux is seen as the erosion/deposition
exchange. This flux can be approximated by RHS of Eq. (31):

𝛷ℎ +𝛷𝑣 =
𝐴𝑔

(1 − 𝜙∗)

(

𝜕(𝑢2 + 𝑣2)𝑢
𝜕𝑥

+
𝜕(𝑢2 + 𝑣2)𝑣

𝜕𝑦

)

−
(𝐷 − 𝐸)
(1 − 𝜙∗)

. (93)

ntegrating the distortion effect on the bedload equation via the shear
radient force we have:

(𝑢2 + 𝑣2)𝐮 =
(

𝑢 + 𝑢′
) (

(𝑢 + 𝑢′)2 + 𝑣 + 𝑣′
)

+
(

𝑣 + 𝑣′
) (

(𝑢 + 𝑢′)2 + 𝑣 + 𝑣′
)

(94)

= 𝐮(𝑣2 + 𝑢2) + 𝐮(𝑢′2 + 𝑣′2) + 𝐮′(𝑣2 + 𝑢2) + 𝐮′(𝑢′2 + 𝑣′2)

+2𝐮′(𝑢𝑢′ + 𝑣𝑣′)

= 𝐮(𝑢𝑘𝑢𝑘 + 𝐮′𝐮) + 2𝑢′𝑘(𝑢𝑘𝑢
′
𝑘) + 𝐮′(𝑢′2 + 𝑣′2)

= 𝐮(𝑢𝑘𝑢𝑘 + 𝑢′𝑘𝑢
′
𝑘) + 2𝑢′𝑘𝑢

′
𝑘𝑢𝑘 + 𝐮′(𝑢′2 + 𝑣′2)

≈ 2(𝑢𝑘𝐾𝑘𝑘 + ̂𝑘𝑘𝑢𝑘) + 𝜅∇̂ ,

where we have approximated the third order fluctuations in term of
second order fluctuations as: 𝐮′(𝑢′2 + 𝑣′2) ≈ 𝜅∇̂ and where 𝐾𝑘𝑘 =
(𝑢𝑘𝑢𝑘 + 𝑢′𝑘𝑢

′
𝑘)

2
, ̂𝑘𝑘 = 𝑢′𝑘𝑢

′
𝑘. Note that we have removed the dissipation

term (according to the basis assumptions). Then we obtain an extended
Exner equation without dissipation effect is given by:

𝜕𝑍∗
𝑏

𝜕𝑡
+

2𝐴𝑔
1 − 𝜙∗

𝜕
𝜕𝑥𝑘

(

𝐾𝑘𝑘𝑢𝑘 + ̂𝑘𝑘𝑢𝑘
)

= −
(𝐸 −𝐷)
1 − 𝜙∗ . (95)

We find a 2D bedload model well-known in the literature when we use
(95) with 𝐸 −𝐷 = 0 and 𝑢′𝑘𝑢

′
𝑘 = 0 (Castro Diaz et al., 2009; Paola and

Voller, 2005) or when only the turbulence is removed (Hu and Cao,
2009; Cao et al., 2004; Gonzalez-Aguirre et al., 2020). In 1D case we
have:
𝜕𝑍𝑏
𝜕𝑡

+
2𝐴𝑔

1 − 𝜙∗
𝜕
𝜕𝑥

(𝐾11𝑢 + ̂11𝑢) = −
(𝐸 −𝐷)
1 − 𝜙∗ (96)

The Well-known classical Exner’s equation with Grass formula is found
when ̂11 = 0 and 𝐸 − 𝐷 = 0 in Eq. (96) (Audusse et al., 2012;

eltares, 2014; Neary et al., 2001), etc. Near the bed, the intensity of
he fluctuations 1

2
𝐮′ ⊗ 𝐮′ increases with the number of grains involved

in the movement. Eq. (95) shows that bedload transport generates
second-order velocity fluctuations in the turbulent event regions, what-
ever the size of the grains. It is expected that the fluctuations play
an important role in the mobilization of near-bottom sediments and
increase the suspension time of the sediment in the suspension zone.
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This Exner-based equation often is not adapted to describe the morpho-
dynamics (Ngatcha et al., 2022a). In fact, the turbulent flows cannot
acts directly in the bottom motion since the hydrodynamic time is
more small than the morphodynamic time (phase-lag). The phase-lag
is another important mechanism appearing in the sediment transport
in turbulent mixture flow. According to the observation in nature, the
bedform’s characteristic velocity, sediment velocity and fluid velocity
must be different (Ngatcha et al., 2022a). In this new model there is a
differentiation between these velocities. Using the boundary conditions,
we propose a bed-load model able to well describe the motion of the
bottom.

There is an alternative formulation, using the relation (37), that
writes without dissipation effect as:

𝜕𝑍∗
𝑏

𝜕𝑡
+ 𝐮(𝑍∗

𝑏 )∇𝑍
∗
𝑏 = 𝑤(𝑍∗

𝑏 ) −
(𝐸 −𝐷)
1 − 𝜙∗ . (97)

This bedload equation is given without any consideration of Reynolds
dissipation term ∇.(𝜅∇̂ ), 𝜅 ∈ R∗

+. This term is also removed in
the averaged kinetic energy equation. Given a sedimentary form 𝑍∗

𝑏 ,
two mechanisms influence its evolution. The advection and the ero-
sion/deposition exchanges near the bottom which act strongly on its
evolution on the one hand allowing it to move in the flow and on the
other hand modifying its geometry. The term on the left is related to
advection which highlights that the movement of sedimentary bodies is
influenced by a mechanism directly related to the shape of the bottom.
All together the derived depth-averaged coupled sediment transport
model write as:

𝜕ℎ
𝜕𝑡

+ 𝑑𝑖𝑣(ℎ𝐮) =
𝑑𝐹𝑢
𝑑𝑡

+
𝑑𝐹𝑏
𝑑𝑡

, (98)

𝜕ℎ𝐮
𝜕𝑡

+ 𝑑𝑖𝑣(ℎ𝐾) + 𝑔ℎ∇𝜂 + 1
2𝜌
𝑔ℎ2∇𝜌 = 𝐮(𝜂)

𝑑𝐹𝑢
𝑑𝑡

− 𝐮(𝑍∗
𝑏 )
𝑑𝐹𝑏
𝑑𝑡

+ 1
𝜌
ℎ ,

(99)

𝜕
(

ℎ𝐾
)

𝜕𝑡
+ 𝑑𝑖𝑣

(

ℎ𝐾 ⊗ 𝐮 + ̂ ⊗ 𝐮 + 𝐮⊗ ̂
2

)

+ ∇
(

𝑔ℎ
2
∇𝜂

+𝑔ℎ2 1
4𝜌

∇𝜌
)

⊗ 𝐮 (100)

+ 𝐮⊗ ∇
(

𝑔ℎ
2
∇𝜂 + 𝑔ℎ2 1

4𝜌
∇𝜌

)

= 𝐮⊗  +  ⊗ 𝐮
2𝜌

− 𝑔∇𝜌(𝜂 − 𝑧)⊗ 𝐮′ − 𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌 + 1
2
(𝐮⊗ 𝐮(𝜂))

𝑑𝐹𝑢
𝑑𝑡

− 1
2
(

𝐮⊗ 𝐮(𝑍𝑏)
) 𝑑𝐹𝑏
𝑑𝑡

,

𝜕ℎ𝐶
𝜕𝑡

+ ∇.
(

ℎ𝐹𝑐𝑜𝑟𝑟𝐮𝐶
)

= ∇.
(

ℎ𝐷𝐿∇𝑐
)

+ (𝐸 −𝐷) , (101)

𝜕𝑍𝑏
𝜕𝑡

+
2𝐴𝑔

1 − 𝜙∗∇.(𝐾𝐮 + ̂ 𝐮) = −
(𝐸 −𝐷)
1 − 𝜙∗ , (102)

where all the parameters associated to the model are exposed through
the text and all the closure relations of the model given by (98) are
presented in Appendix (see below). The approach presented here incor-
porates more physical concepts than those used in classical literature; to
represent the turbulent processes near the bottom or in the suspension
zone. Conventional approach dealing with the water/sediment mixture
are not consistent with the physics of the flow. An approach integrating
turbulence is needed to simulate these effects in the bed morphodynam-
ics. Other terms that are seen as the moment of fluctuation on the free
surface needed approximation or more explain:

𝑔∇𝜌(𝜂 − 𝑧)⊗ 𝐮′ and 𝑔𝐮′ ⊗ (𝜂 − 𝑧)∇𝜌.

Note that in the case where we constraint ̂ = 0, when vertical
fluctuations of the velocity are neglected, the equation for the energy
𝐾 is useless and we recover the model used in Liu et al. (2015). If in
addition we use 𝐴𝑔 = 0, then the present model degenerates to the one
eveloped by Cao et al. (2004). In cartesian coordinates the derived
11

(

model we have:

𝜕ℎ
𝜕𝑡

+
𝜕ℎ𝑢𝑗
𝜕𝑥𝑗

0 =
𝑑𝐹𝑢
𝑑𝑡

+
𝑑𝐹𝑏
𝑑𝑡

, (103)

𝜕ℎ𝑢𝑖
𝜕𝑡

+
𝜕2ℎ𝐾 𝑖𝑗

𝜕𝑥𝑗
+ 𝑔ℎ 𝜕ℎ

𝜕𝑥𝑖
+ 𝑔ℎ

𝜕𝑍∗
𝑏

𝜕𝑥𝑖
+
𝑔ℎ2𝛿𝜌
2𝜌

𝜕𝐶
𝜕𝑥𝑖

= ℎ 𝑖 + 𝑢𝑖(𝜂)
𝑑𝐹𝑢
𝑑𝑡

−𝑢𝑖(𝑍∗
𝑏 )
𝑑𝐹𝑏
𝑑𝑡

, (104)

𝜕ℎ𝐾 𝑖𝑗

𝜕𝑡
+ 𝜕
𝜕𝑥𝑘

(

ℎ𝐾 𝑖𝑗 + ℎ
̂𝑗𝑘𝑢𝑖 + ̂𝑖𝑘𝑢𝑗

2

)

+
𝑔ℎ𝑢𝑗
2

𝜕ℎ
𝜕𝑥𝑖

+
𝑔ℎ𝑢𝑗
2

𝜕𝑍∗
𝑏

𝜕𝑥𝑖

+
𝑔ℎ2𝛿𝜌𝑢𝑗

4𝜌
𝜕𝐶
𝜕𝑥𝑖

+
𝑔ℎ𝑢𝑖
2

𝜕ℎ
𝜕𝑥𝑗

(105)

+
𝑔ℎ𝑢𝑖
2

𝜕𝑍∗
𝑏

𝜕𝑥𝑗
+
𝑔ℎ2𝛿𝜌𝑢𝑖

4𝜌
𝜕𝐶
𝜕𝑥𝑗

=
ℎ𝑢𝑖𝑗 + ℎ𝑢𝑗𝑖

2𝜌
+𝐾𝜂

𝑖𝑗
𝑑𝐹𝑢
𝑑𝑡

−𝐾
𝑍∗
𝑏

𝑖𝑗
𝑑𝐹𝑏
𝑑𝑡

,

𝜕ℎ𝐶
𝜕𝑡

+
𝜕𝐹𝑐𝑜𝑟𝑟ℎ𝐶𝑢𝑗

𝜕𝑥𝑗
= 𝜕
𝜕𝑥𝑗

(

𝐷𝐿
𝑖𝑗
𝜕𝐶
𝜕𝑥𝑗

)

, (106)

𝜕𝑍∗
𝑏

𝜕𝑡
+ 𝛾 𝜕

𝜕𝑥𝑘

(

𝐾𝑘𝑘𝑢𝑘 + ̂𝑘𝑘𝑢𝑘
)

= −
𝑑𝐹𝑏
𝑑𝑡

, (107)

where 𝛾 =
2𝐴𝑔

1 − 𝜙∗ , 𝐾𝜂
𝑖𝑗 =

1
2
(𝑢𝑖𝑢𝑗 )(𝜂), 𝐾

𝑍∗
𝑏

𝑖𝑗 = 1
2
(𝑢𝑖𝑢𝑗 )(𝑍∗

𝑏 ).
The rest of closure relations are available in Appendix A. To obtain

a well-posed problem we add to (103)–(107), some initial conditions:
ℎ(0, 𝐱) = ℎ0(𝐱), ℎ𝐮(0, 𝐱) = ℎ𝐮0(𝐱), 𝐶(0, 𝐱) = 𝐶0(𝐱), 𝑍∗

𝑏 (0, 𝐱) = 𝑍∗0
𝑏 (𝐱),

ℎ𝐾)(0, 𝐱) = (ℎ𝐾)0(𝐱), ̂ (0, 𝐱) = ̂ 0(𝐱), and boundary conditions: ℎ.𝐧 =
0, 𝐪.𝐧 = 0, (ℎ𝐶).𝐧 = 0, ̂ .𝐧 = 0, (ℎ𝐾).𝐧 = 0, 𝑍∗

𝑏 .𝐧 = 0.

imilarity assumptions
It is usual to express the velocity at the surface and bottom

(𝐱, 𝑡, 𝜂(𝐱, 𝑡)) and 𝐮(𝐱, 𝑡, 𝑍∗
𝑏 (𝐱, 𝑡)) in term of mean velocity 𝐮. It is impor-

tant to know that 𝐮(𝐱, 𝑡, 𝑍∗
𝑏 (𝐱, 𝑡)) in momentum equations and

𝐮(𝐱, 𝑡, 𝑍∗
𝑏 (𝐱, 𝑡)) in bedload equation do not have same role. We can

assume that:

𝐮(𝐱, 𝑡, 𝜂(𝐱, 𝑡)) = 𝐮(𝐱, 𝑡), and 𝐮(𝐱, 𝑡, 𝑍∗
𝑏 (𝐱, 𝑡)) = 𝐮𝑠(𝐱, 𝑡) (108)

The first equation in (108) is obtained by using the fact that at the free
surface there no exists turbulent (mean motion). This assertion means
that:

(𝐮 − 𝐮)(𝐮 − 𝐮) = 0 at 𝑧 = 𝜂 (109)

where 𝐮 = 𝐮(𝜂).
In the second equation of the sediment velocity can be given by:

𝐮𝑠(𝐱, 𝑡) = 𝜎𝐮(𝐱, 𝑡), 𝜎 > 0. We can take for coastal flows with sediment
ransport 𝜎 = 0.5 but this can be modified following the environment
ontext.

Thus, we developed a new mathematical model which accounts for
he distortion of horizontal velocity profile along the vertical, the effect
f sediment exchange, and the non-uniformity of fluid density. This
odel generalizes several recent averaged sediment transport models
idely used in several papers and books.

emark 4.2 (Convergence to the Several Classical Models on Distortion
hallow Water and Shallow Water Contexts). ∙ When ̂ = 0, we find

a version of so-called fully-coupled sediment transport models of Cao
et al. (2004), Hu and Cao (2009), Gonzalez-Aguirre et al. (2020), Garcia
and Parker (1991), Clare et al. (2021), Ngatcha et al. (2022b), Ngatcha
et al. (2022a) and Liu et al. (2015). ∙ The proposed theory extend to
the one developed by Ngatcha et al. (2022d). ∙ When we removed the
contribution of deposition/erosion exchange and assuming the uniform
density, we find easily a version of the homogeneous shear shallow
water model with friction source term developed by Richards and
Gavrilyuk (2013). ∙ When the source terms and the sediment exchange
ffects in above equation are removed, we find easily the classical
istortion (or shear) shallow water equations developed by Teshukov
2007). ∙ In absence of distortion effect and sediment contribution and
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𝑊

𝐹

source terms, we find the classical shallow water equations of Barré de
Saint-Venant (1871). An analytical study of this model is questionable
because the mixture flow with distortion moves between two mobile
domains (free surface and bottom). The finding of a exact solution
is only possible for a reduced model obtained when the sediment
contribution is removed (see the work of Chandrashekar et al. (2020),
Nkonga and Chandrashekar (2021)). Such study will complete the
class of analytical study of unsteady flow performed in Fetecau and
Vieru (2020). Also, the stability in term of energy of the proposed
nonhomogeneous fluid flows structure is an open problem. The smooth
solutions of the model satisfy also an additional energy conservation
equation presented below. Moreover its admits eight eigenvalues that
ensures the existence of wave solutions of the model.

5. Reformulation, total energy and hyperbolicity

In this section, we propose to reformulate the derived model in quasi
nonconservative form to propose a brief hyperbolicity study. We will
show that when Grass approximation is used the hyperbolicity can loss.
We will also propose a total energy conservation for smooth solution
of the model.

5.1. Reformulation of the model

The proposed model is a nonconservative nonlinear hyperbolic that
can put in the following compact form:

𝜕𝑊
𝜕𝑡

+
𝜕𝐹1
𝜕𝑥

+
𝜕𝐹2
𝜕𝑦

+ 𝑔ℎ𝐁∗
𝑥

𝜕𝑍∗
𝑏

𝜕𝑥
+ 𝑔ℎ𝐁∗

𝑦

𝜕𝑍∗
𝑏

𝜕𝑦
+
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑥
𝜕𝐶
𝜕𝑥

+
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑦
𝜕𝐶
𝜕𝑦

+ (110)

𝑔ℎ𝐁𝐾𝑥
𝜕ℎ
𝜕𝑥

+ 𝑔ℎ𝐁𝐾𝑦
𝜕ℎ
𝜕𝑦

= 𝑆(𝑊 ),

here

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ
ℎ𝑢
ℎ𝑣
ℎ𝐾11
ℎ𝐾12
ℎ𝐾22
ℎ𝐶
𝑍∗
𝑏

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝐁∗
𝑥 = 𝐁𝐾𝑥 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
1
0
𝑢
1
2
𝑣
0
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝐁∗
𝑦 = 𝐁𝐾𝑦 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
0
1
0
1
2
𝑢
𝑣
0
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (111)

and where the physical flux are:

𝐹1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ𝑢
ℎ̂11 + ℎ𝑢2

ℎ̂12 + ℎ𝑢𝑣
(

ℎ𝐾11 + ℎ̂11

)

𝑢

ℎ𝐾12𝑢 + 1∕2
(

ℎ̂11𝑣 + ℎ̂12𝑢
)

ℎ𝐾22𝑢 + ℎ̂12𝑣
ℎ𝑢𝐶

𝛾
(

𝐾11𝑢 + ̂11𝑢
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

2 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ𝑣
ℎ̂12 + ℎ𝑢𝑣
ℎ̂22 + ℎ𝑣2

(

ℎ𝑣𝐾11 + ℎ𝑢̂12

)

ℎ𝐾12𝑣 + 1∕2
(

ℎ𝑣̂12 + ℎ𝑢̂22

)

ℎ𝐾22𝑣 + ℎ̂22𝑣
ℎ𝑣𝐶

𝛾
(

𝐾22𝑣 + ̂22𝑣
)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(112)
12
and where

𝑆(𝑊 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑑𝐹𝑢
𝑑𝑡

+
𝑑𝐹𝑏
𝑑𝑡

ℎ
1
𝜌

+ 𝑢(𝜂)
𝑑𝐹𝑢
𝑑𝑡

− 𝑢(𝑍∗
𝑏 )
𝑑𝐹𝑏
𝑑𝑡

ℎ
2
𝜌

+ 𝑣(𝜂)
𝑑𝐹𝑢
𝑑𝑡

− 𝑣(𝑍∗
𝑏 )
𝑑𝐹𝑏
𝑑𝑡

ℎ𝑢
1
𝜌

+𝐾𝜂
11
𝑑𝐹𝑢
𝑑𝑡

−𝐾
𝑍∗
𝑏

11
𝑑𝐹𝑏
𝑑𝑡

ℎ𝑣1 + ℎ𝑢2
2𝜌

+𝐾𝜂
12
𝑑𝐹𝑢
𝑑𝑡

−𝐾
𝑍∗
𝑏

12
𝑑𝐹𝑏
𝑑𝑡

ℎ𝑣2 +𝐾
𝜂
22
𝑑𝐹𝑢
𝑑𝑡

−𝐾
𝑍∗
𝑏

22
𝑑𝐹𝑏
𝑑𝑡

𝜕
𝜕𝑥

(

𝐷𝑥
𝐿
𝜕𝐶
𝜕𝑥

)

+ 𝜕
𝜕𝑦

(

𝐷𝑦
𝐿
𝜕𝐶
𝜕𝑦

)

+ (1 − 𝜙∗)
𝑑𝐹𝑏
𝑑𝑡

−
𝑑𝐹𝑏
𝑑𝑡

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

. (113)

We can decompose the source term into some others well-known source
terms as follows:

𝑆(𝑊 ) = 𝑆𝐹𝑏 + 𝑆𝐹 + 𝑆𝑤(𝑊 ) + 𝑆𝐶 (𝑊 ), (114)

where 𝑆𝐹𝑏 , 𝑆𝐹 , 𝑆𝑤, 𝑆𝐶 , 𝑆𝐷 are respectively sediment exchange source
term, friction source term, the water exchange source term, the sus-
pended load sediment concentration variation and the dissipation
source term given by:

𝑆𝐹𝑏 (𝑊 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑑𝐹𝑏
𝑑𝑡

−𝑢(𝑍𝑏)
𝑑𝐹𝑏
𝑑𝑡

−𝑣(𝑍𝑏)
𝑑𝐹𝑏
𝑑𝑡

−𝐾
𝑍∗
𝑏

11
𝑑𝐹𝑏
𝑑𝑡

−𝐾
𝑍∗
𝑏

12
𝑑𝐹𝑏
𝑑𝑡

−𝐾
𝑍∗
𝑏

22
𝑑𝐹𝑏
𝑑𝑡

(1 − 𝜙∗)
𝑑𝐹𝑏
𝑑𝑡

−
𝑑𝐹𝑏
𝑑𝑡

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝑆𝑤(𝑊 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

𝑑𝐹𝑢
𝑑𝑡

𝑢(𝜂)
𝑑𝐹𝑢
𝑑𝑡

𝑣(𝜂)
𝑑𝐹𝑢
𝑑𝑡

𝐾𝜂
11
𝑑𝐹𝑢
𝑑𝑡

𝐾𝜂
12
𝑑𝐹𝑢
𝑑𝑡

𝐾𝜂
22
𝑑𝐹𝑢
𝑑𝑡

0

0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝑆𝐹 (𝑊 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0

ℎ
1
𝜌

ℎ
2
𝜌

ℎ𝑢
1
𝜌

ℎ𝑣1 + ℎ𝑢2
2𝜌

ℎ𝑣
2
𝜌

0

0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, (115)

𝑆𝐶 (𝑊 ) =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

0
0
0
0
0
0

𝜕
𝜕𝑥

(

𝐷𝑥
𝐿
𝜕𝐶
𝜕𝑥

)

+ 𝜕
𝜕𝑦

(

𝐷𝑦
𝐿
𝜕𝐶
𝜕𝑦

)

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎝

0
⎠
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The system (110) is genuinely nonconservative and its numerical ap-
proximation, in the context of finite volume schemes, needs some
specific treatments. The Jacobian matrix associated with the conser-
vative fluxes 𝐹1 and 𝐹2 is diagonalizable (Hyperbolic system). When
dding the nonconservative contribution associated with the derivative
f 𝑍∗

𝑏 the hyperbolicity of the LHS (Left-hand side) is no more guaran-
eed. From a mathematical point of view, the two-dimensional averaged
ediment model admits a major difficulty related to hyperbolicity.
his will lead to further numerical complications. In this case, the
agrange theorem or Gerschgorin disc theorem can be used to find
asily eigenstructure of the model (Ngatcha et al., 2022b; Liu et al.,
015). The alternative proposed model does not require the use of these
heorems and the eigenvalues and eigenvectors are found easily. The
ystem (110) has been obtained using the formulation (95). When we
se the alternative formulation for the bedload Eq. (97), we get the
ollowing system:

𝜕𝑊
𝜕𝑡

+
𝜕𝐹1
𝜕𝑥

+
𝜕𝐹2
𝜕𝑦

+ 𝑔ℎ𝐁∗
𝑥

𝜕𝑍∗
𝑏

𝜕𝑥
+ 𝑔ℎ𝐁∗

𝑦

𝜕𝑍∗
𝑏

𝜕𝑦
+
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑥
𝜕𝐶
𝜕𝑥

+
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑦
𝜕𝐶
𝜕𝑦

(116)

+ 𝑔ℎ𝐁𝐾𝑥
𝜕ℎ
𝜕𝑥

+ 𝑔ℎ𝐁𝐾𝑦
𝜕ℎ
𝜕𝑦

= 𝑆(𝑊 )

here

=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ
ℎ𝑢
ℎ𝑣
ℎ𝐾11
ℎ𝐾12
ℎ𝐾22
ℎ𝐶
𝑍∗
𝑏

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝐁̃∗
𝑥 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
𝑔ℎ
0
𝑔ℎ𝑢

1∕2𝑔ℎ𝑣
0
0
𝑢𝑍∗

𝑏

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

, 𝐁̃∗
𝑦 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

0
0
𝑔ℎ
0

1∕2𝑔ℎ𝑢
𝑔ℎ𝑣
0
𝑣𝑍∗

𝑏

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(117)

1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ𝑢
ℎ̂11 + ℎ𝑢2

ℎ̂12 + ℎ𝑢𝑣
(

ℎ𝐾11 + ℎ̂11

)

𝑢

ℎ𝐾12𝑢 + 1∕2
(

ℎ̂11𝑣 + ℎ̂12𝑢
)

ℎ𝐾22𝑢 + ℎ̂12𝑣
ℎ𝑢𝐶
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

,

𝐹2 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎜

⎝

ℎ𝑣
ℎ̂12 + ℎ𝑢𝑣
ℎ̂22 + ℎ𝑣2

(

ℎ𝑣𝐾11 + ℎ𝑢̂12

)

ℎ𝐾12𝑣 + 1∕2
(

ℎ𝑣̂12 + ℎ𝑢̂22

)

ℎ𝐾22𝑣 + ℎ̂22𝑣
ℎ𝑣𝐶
0

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎟

⎠

(118)

r, in matrix form:

𝜕𝑊
𝜕𝑡

+ 𝐴1(𝑊 ) 𝜕𝑊
𝜕𝑥

+ 𝐴2(𝑊 ) 𝜕𝑊
𝜕𝑦

+ 𝑔ℎ𝐁∗
𝑥

𝜕𝑍∗
𝑏

𝜕𝑥
(119)

+ 𝑔ℎ𝐁∗
𝑦

𝜕𝑍∗
𝑏

𝜕𝑦
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑥
𝜕𝐶
𝜕𝑥

+
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑦
𝜕𝐶
𝜕𝑦

+ 𝑔ℎ𝐁𝐾𝑥
𝜕ℎ
𝜕𝑥

+ 𝑔ℎ𝐁𝐾𝑦
𝜕ℎ
𝜕𝑦

= 𝑆(𝑊 )

We can express (119) as follows:
𝜕𝑊
𝜕𝑡

+1(𝑊 ) 𝜕𝑊
𝜕𝑥

+2(𝑊 ) 𝜕𝑊
𝜕𝑦

= 𝑆(𝑊 ), (120)

where

1(𝑊 ) = 𝐴1(𝑊 ) + 𝑔ℎ𝐁∗
𝜕𝑍∗

𝑏 +
𝑔ℎ2𝛿𝜌𝐁∗ 𝜕𝐶 + 𝑔ℎ𝐁𝐾 𝜕ℎ ,
13

𝑥 𝜕𝑥 2𝜌 𝑥 𝜕𝑥 𝑥 𝜕𝑥 𝜆
2(𝑊 ) = 𝐴1(𝑊 ) + 𝑔ℎ𝐁∗
𝑦

𝜕𝑍∗
𝑏

𝜕𝑦
+
𝑔ℎ2𝛿𝜌
2𝜌

𝐁∗
𝑦
𝜕𝐶
𝜕𝑦

+ 𝑔ℎ𝐁𝐾𝑦
𝜕ℎ
𝜕𝑦
.

Remark 5.1. The above HSTM given by (116) is genuinely two-
dimensional nonconservative hyperbolic equations that required the
use of some concepts associated with nonconservative hyperbolic equa-
tions that are widely used in literature. The modification of the formula-
tion is playing a role only at the contact or slip lines, which are linearly
degenerated fields.

The smooth solution must satisfy some positivity constraints which
leads to the following solution space for physically admissible solutions

 =
{

𝑊 ∈ 𝐑8, ℎ > 0, 𝐶 > 0 ̂ > 0
}

,

where means that the symmetric kinetic energy tensor must be positive
definite.

5.2. Conservation of the total energy for smooth solutions

Here, we investigate additional conservation laws satisfied by the
HSTM presented above. The total energy equation is given by:
𝜕
𝜕𝑡

+ 𝜕
𝜕𝑥

[(

 + ℎ̂11 +
1
2
𝑔ℎ2

)

𝑢
]

+ 𝜕
𝜕𝑦

[(

 + ℎ̂22 +
1
2
𝑔ℎ2

)

𝑣
]

= (121)

ℎ𝐮 +
(

𝐾𝜂
11 +𝐾

𝜂
22 + 𝑔ℎ

) 𝑑𝐹𝑏
𝑑𝑡

+
(

𝐾
𝑍∗
𝑏

11 +𝐾
𝑍∗
𝑏

22 + 𝑔ℎ
) 𝑑𝐹𝑢
𝑑𝑡

+

𝑔ℎ𝑢
𝜕𝑍∗

𝑏
𝜕𝑥

+ 𝑔ℎ𝑣
𝜕𝑍∗

𝑏
𝜕𝑦

+
𝑔ℎ2𝛿𝜌
2𝜌

𝜕𝐶
𝜕𝑥

+
𝑔ℎ2𝛿𝜌
2𝜌

𝜕𝐶
𝜕𝑦
,

where

 = ℎ𝐾11 + ℎ𝐾22 + 1∕2𝑔ℎ2,

= 𝑡𝑟𝑎𝑐𝑒(ℎ𝐾) + 1∕2𝑔ℎ2,

= ℎ
2
𝑡𝑟𝑎𝑐𝑒(̂ ) + ℎ

2
|𝐮|2 + 1∕2𝑔ℎ2.

This equation is obtained by multiplying ℎ equation (first equation
f (103)) by 𝑔ℎ and by adding it to ℎ𝐾11 and ℎ𝐾22 equations. The

quantity  = (𝑊 ) is a convex function since 𝑡𝑟𝑎𝑐𝑒(̂ ) = ̂11 + ̂22
no include ̂12,  is not strictly convex.

5.3. Hyperbolicity

The stability of the model is closely related with the hyperbolicity
of the governing equations. We prove here the stability of the model
in terms of hyperbolicity but more analyzes remain necessary. The
one-dimensional sediment transport model in distortion shallow water
mixing flow can be written in non-conservative form as follows:
𝜕𝑊
𝜕𝑡

+1(𝑊 ) 𝜕𝑊
𝜕𝑥

= (𝑊 ) (122)

where 1 is defined above and where 𝑊 is the vector unknowns
efined as: 𝑊 =

(

ℎ, ℎ𝑢, ℎ𝑣, ℎ𝐾11, ℎ𝐾12, ℎ𝐾22, ℎ𝐶,𝑍∗
𝑏

)𝑇
.

Définition 5.1. The system (110) is said to be hyperbolic if the
matrix (𝑊 ) admits 𝑁𝜆 distinct reals values, then the system is said
strictly hyperbolic. With such eigenvalues, we define the eigenvectors
associated 𝐸1(𝑊 ), 𝐸2(𝑊 ),… , 𝐸𝑁𝜆 (𝑊 ). Therefore it is possible to define
nes matrix 𝑃 = (𝐸𝑚)1≤𝑚≤𝑁𝜆 and 𝑃−1(𝑊 ) with the diagonalization
roperty, the Jacobian can be rewritten:

(𝑊 ) = 𝑃 (𝑊 )𝛬(𝑊 )𝑃−1(𝑊 ) (123)

here 𝛬(𝑊 ) = 𝑑𝑖𝑎𝑔(𝜆1(𝑊 ),… , 𝜆𝑁𝜆 (𝑊 )) is a diagonal matrix composed
y the eigenvalues of the Jacobian matrix. The system is supposed to
e strictly hyperbolic and the characteristic fields 𝐸𝑖, 𝑖 = 1,… , 𝑁𝜆 are
upposed to be either genuinely nonlinear: ∇𝜆𝑖(𝑊 ).𝐸𝑖(𝑊 ) ≠ 0,∇𝑊 ∈ 𝛺
r linearly degenerate: ∇𝜆𝑖(𝑊 ).𝐸𝑖(𝑊 ) = 0,∇𝑊 ∈ 𝛺. The characteristic
olynomial of the coefficients matrix  is obtained by setting det( −
𝐼) = 0 where 𝐼 is the 8 × 8 identity matrix.
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At this step, one solve eight nonconservative laws. To understand
the structure of the eigenfields, consider the governing equation 𝑥-
irection.

The eigenvalues of the matrix 1 are given by:

1,8 = 𝑢 ±
√

𝑔ℎ + 3̂11, 𝜆3 = 𝑢𝑏, 𝜆4,5,6 = 𝑢, (124)

𝜆2,7 = 𝑢 ±
√

̂11.

n two-dimensional case, we have:

= .𝐧 = 1.𝐧1 +2.𝐧2, (125)

nd the eigenvalues become:

1,8 = 𝐮.𝐧 ±
√

𝑔ℎ + 3̂ ∶ 𝐧⊗ 𝐧, 𝜆3 = 𝐮𝑏.𝐧, 𝜆4,5,6 = 𝐮.𝐧, (126)

2,7 = 𝐮.𝐧 ±
√

̂ ∶ 𝐧⊗ 𝐧.

Here, 𝑎 =
√

𝑔ℎ + 3 ∶ 𝐧⊗ 𝐧 can be considered as the total shock veloc-
ities, the presence of shock does not disturb the positive definiteness of
̂ . For classical distortion shallow water with constant density, the fact
that shock velocity, coincide with 𝑎 leads to the equivalence between
the conservative of energy and conservative of entropy. The developed
model admits four types of waves: a discontinuity propagating with the
velocity 𝐮.𝐧, surface gravity wave propagating (or longitudinal waves)
with the velocity 𝐮.𝐧±𝑎, distortion waves propagating with the velocity
𝐮.𝐧 ±

√

 ∶ 𝐧⊗ 𝐧 and bed wave 𝐮𝑏.𝐧. The eigenfields corresponding to
the contact discontinuities, bed waves and shear waves are linearly de-
generate in the sense of Lax and Wendroff (1960), while the eigenfields
corresponding to the surface gravity waves are genuinely non-linear.

Remark 5.2. The hyperbolicity of the left hand side is more guaranty
by using alternative bedload formulation (which incorporates phase-lag
effect). The hyperbolicity is obtained without the use the Gerschgorin
or Lagrange theorems as in Liu et al. (2015), and Ngatcha et al.
(2022b). We can adapt the flux vector splitting approach as in Ngatcha
et al. (2022c) and identify one subsystem of conservative equations
(advection system) and one of non-conservative equations (pressure
system), both having a very simple eigenstructure compared to the
full system. The hyperbolicity proved ensures the existence and the
stability of wave solutions of the proposed mathematical model. The
convergence of this solution from a physical point of view ensures the
robustness of the model. Distortion waves in mechanics and distortion
wave in our case present a analogy. Several other properties of the
model are currently being studied and will be presented in future
publications. The sediment transport theory presented here can be
applied to several environment contexts without major modifications.

6. Conclusion

In this paper, a derivation of a mathematical model from multi-fluid
equations coupled with a vertical integration technique and accounting
fluctuating motion (due to the distortion of horizontal fluid velocity)
is proposed. The model described here assumes 3D flows and after
averaging gives 2D equations that contain the kinetic energy of fluid
particle distortion motion, dissipation contribution plus a turbulent
kinetic energy evolution equation. The fluctuating motion is repre-
sented by a characteristic velocity that modifies all the structures of
2D averaged nonhomogeneous coastal flows and even the bed evolution
equation. Particularly, the derived hyperbolic model describes the sedi-
ment transport and sediment bed morphodynamic in nonhomogeneous
distortion shallow water flow. First, an extension of the classical distor-
tion shallow water flow is presented and the resulting model is named
generalized distortion shallow water flows. The Generalized model that
accounts the density differences and many momentum transfer terms,
extends practically all the classical averaged turbulent flow structure
models available in the literature recently published. Second, when
14
the density of the fluid is influenced by the presence of sediment,
a more general sediment transport model with bed morphodynamics
in generalized distortion shallow water flows is obtained. The theory
presented here is viewed as an extension of recent averaged sediment
transport models based on shallow water equations (that neglect the
fluctuation motion). It is observed that the distortion characteristic
velocity modifies the momentum equations in both direction 𝑥 and
𝑦 and adding a new conservation law equation that also satisfy the
unknowns of the problem. The variable ̂ also modifies the morphody-
namic equation and leads to a new bedload transport model accounting
the phase-lag effect. Therefore, we have seen that an averaged sediment
transport model for coastal environment applications must integrate
turbulence (due to distortion), fluid density variation, exchange and
transfer mechanisms, phase-lag and more other relevant physical and
hydrodynamic processes. As a result, the validity regime of the present
model is extended, which gives a more appropriate framework for the
study of coastal flows in real situation. The proposed models will then
be the subject of numerical approximations in the context of Multi-
dimensional path-conservative central-upwind methods recently put in
place by Ngatcha et al. (2022b). The theory remains open to further
developments by other anonymous authors with a view to improving
it.
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Appendix A. Closure models

In this subsection, we expose some relations more relevant for the
description of erosion/deposition processes. Some of classical relations
well-known in the literature are used or modified for the context
nonhomogeneous distortion shallow water. However, these relations
can be improved for other contexts.

Water/sediment mixture entrainment
The function 𝑑𝐹𝑏 is the increment of volume and

𝑑𝐹𝑏
𝑑𝑡

describes the
morphological change of the bathymetric (is the volume rate exchange
per unit of time).

𝑑𝐹𝑏
𝑑𝑡

can be seen as the balance between the amount

of sediment left behind by the current (deposited) and the amount of
sediment carried away (eroded) from the bed-load interface

𝑑𝐹𝑏 =𝑑𝑉 𝐸
𝑠 − 𝑑𝑉 𝐷

𝑠 + 𝜙∗𝑑𝐹𝑏,⇒
𝑑𝐹𝑏
𝑑𝑡

=
𝑑𝑉 𝐸

𝑠
𝑑𝑡

−
𝑑𝑉 𝐷

𝑠
𝑑𝑡

+ 𝜙∗ 𝑑𝐹𝑏
𝑑𝑡

,

⇒
(

1 − 𝜙∗) 𝑑𝐹𝑏
𝑑𝑡

= 𝐸 −𝐷 (A.1)

where 𝐷 =
𝑑𝑉 𝐷

𝑠
𝑑𝑡

, 𝐸 =
𝑑𝑉 𝐸

𝑠
𝑑𝑡

.
Then

𝑑𝐹𝑏 = 𝐸 −𝐷 , (A.2)

𝑑𝑡 1 − 𝜙∗
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We recall that
𝑑𝐹𝑢
𝑑𝑡

= 𝐸𝑤‖𝐮‖ where 𝐸𝑤 = 𝑓 (𝑅𝑖) is the entrain-
ent coefficient of water depending on global Richardson number [?].
𝑤 = 0.075(1 + 718𝑅2.4

𝑖 )−0.5 obtained by regression with important
xperimental dispersion. When

𝑖 → 0, 𝐸𝑤 = 0.075;

𝑖 → 1, 𝐸𝑤 = 0.003;

𝑅𝑖 is the Richardson number given by: 𝑅𝑖 =
𝑔′ℎ
𝐮2

=
𝑔′ℎ𝐮
𝐮3

. where 𝑔′

s given above.

rosion/Deposition processes
𝐸 and 𝐷 represent the entrainment and deposition terms deter-

ined by assuming that the sediments are non-cohesive. We use em-
irical relations for 𝐸 and 𝐷[kg/m2/s] accounting sediment supply
ondition and longitudinal bottom slope often neglected in several
ublished works.

= 𝑊𝑠(1 − 𝐶𝑎)𝑚𝐶𝑎, (A.3)

where the settling velocity 𝑊𝑠 is given by:

𝑠 =

√

(

13.95𝜈
𝑑50

)2
+ 1.095𝑠𝑔𝑑50 − 13.95 𝜈

𝑑50
, (A.4)

where 𝜈 is the kinematic viscosity of water (𝜈 = 1.2 × 10−6), 𝑑 is the
average diameter of sediment particles, 𝑠 =

𝜌𝑠
𝜌𝑤

−1 is the submerged spe-

cific gravity of sediment, where 𝜌𝑠 is the sediment density and 𝜌𝑤 the
water density. The parameter 𝑚 is the exponent against experimental
data indicating the hindered influence of high sediment concentrations
on settling velocity. The function 𝐶𝑎 is the local near-bed sediment
concentration in volume, which can be determined for uniform grain
size by:

𝐶𝑎 = 𝛼𝑐𝐶, (A.5)

where 𝛼𝑐 is given by (Holly and Rahuel, 1990):

1
𝛼𝑐

=

⎧

⎪

⎨

⎪

⎩

|𝐴(1 − 𝐴𝑟)|
𝑟

, |𝑅𝑜 − 1| > 10−4

| − 𝐴 log(𝐴)|, |𝑅𝑜 − 1| ≤ 10−4
(A.6)

where 𝑟 is given by:

𝑟 =

{

min(𝑅𝑜 − 1, 3), |𝑅𝑜 − 1| > 10−4

0, |𝑅𝑜 − 1| ≤ 10−4
(A.7)

where 𝐴 = max
(

𝛿𝑎
ℎ
, 1
)

and where 𝑅𝑜 =
𝑊𝑠
𝜅𝐮∗

is the Rouse number used

to define the mode of sediment transport (bed-load or suspension). The
function 𝛿𝑎 is the height of the bedload zone:

𝛿𝑎 = max(0.007(𝜏𝑏 − 𝜏𝑐𝑟)𝜌𝑤, 0) + 𝑘𝑠 (A.8)

The active layer is the top bed layer participating in the sediment
exchange between the water depth and the subsurface while the subsur-
face layers provide sediments to or receive sediments from the active
layer.

The function 𝐹𝑐𝑜𝑟𝑟 represents the correction of averaged-velocity
𝐮 (Huybrechts et al., 2010):

𝐹𝑐𝑜𝑟𝑟 =
𝐼2 − log(𝐵∕30)𝐼1
𝐼1 log(𝑒𝐵∕30)

, (A.9)

where 𝐼1, 𝐼2 are given by (Clare et al., 2021):

𝐼1 =

⎧

⎪

⎨

⎪

1
1 − 𝑅𝑜

(1 − 𝐵1−𝑅𝑜), 𝑅 ≠ 1

− log(𝐵), 𝑅𝑜 = 1
, and
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⎩

𝐼2 =

⎧

⎪

⎨

⎪

⎩

𝐼1 + log(𝐵)𝐵1−𝑅𝑜

𝑅𝑜 − 1
, 𝑅𝑜 ≠ 1

−0.5(log(𝐵))2, 𝑅𝑜 = 1,

where 𝐵 = ℎ
𝑘𝑠

and where 𝑅𝑜 is the Rouse number defined above.

Appendix B. Sediment transport with sediment condition supply

The function 𝑘𝑠[𝑚] is a roughness coefficient that accounts the
ediment supply condition. Note that the amount of sediment that
an be moving on a sedimentary bedforms or sediment supply is not
egligible on the bed morphodynamic. The sediment supply impacts
he sediment transport in coastal context and plays a role on deposi-
ion/transportation processes. The impact of the sediment supply on
he morphodynamics of a sedimentary bed subject to a current was
xperimentally studied in coastal context by Vah et al. (2018). We
ave (Rijn, 1984):

𝑠 = 3𝑑90 + 1.1ℎ𝑒𝑞1 − exp
(−25ℎ𝑒𝑞

𝜆𝑒𝑞

)

. (B.1)

Here, 𝑑90[𝑚] is the representative grain size in which 90% of all
particles in the bed are smaller. The functions ℎ𝑒𝑞[𝑚] and 𝜆𝑒𝑞[𝑚] are the
quivalent height and the bed form length respectively. Accounting the
ediment supply conditions, we have:

𝜆𝑒𝑞
𝜆𝑒𝑞𝑖𝑛𝑓

= 1 − 𝛽𝑇 exp

(

−𝛿
𝛾𝑇 ℎ𝑒𝑞𝑖𝑛𝑓

)

. (B.2)

Best results in our simulation are obtained by taking 𝛽𝑇 = 0.44, 𝛾𝑇 =
.63.
ℎ𝑒𝑞
ℎ𝑒𝑞𝑖𝑛𝑓

= 1 − 𝛽𝑇 exp

(

−𝛿
𝛼𝑇 𝜃′ℎ𝑒𝑞𝑖𝑛𝑓

)

, (B.3)

where 𝛼𝑇 = 8.24, 𝜃′ is the Shields parameter calculated without
bedforms or skin friction Shields parameter and is given by 𝜃′ =

𝑢′∗
(𝑠 − 1)𝑔𝑑50

with 𝑢′∗ bottom velocity without bedforms and based on

rain diameters. The functions ℎ𝑒𝑞𝑖𝑛𝑓 [𝑚] and 𝜆𝑒𝑞𝑖𝑛𝑓 [𝑚] are respectively

the height and length at the equilibrium state for unlimited sediment
supply conditions. Following Soulsby et al. (2012) (see also Ngatcha
et al., 2022a) we have:

ℎ𝑒𝑞𝑖𝑛𝑓 = 202𝑑50𝐷−0.554
∗ , 𝜆𝑒𝑞𝑖𝑛𝑓 = 𝑑50

(

500 + 1881𝐷−1.5
∗

)

. (B.4)

he particle shape influences significantly the bedload transport estima-
ion. Considering the medium sand size class, the grains transported by
edload follow the same trend. In this case, the influence of circularity
ndex

√

𝐶𝑙,50 on the transport in this size class is not visible. In practice
the influence of circularity index is visible and the term 𝑑50 can be
replaced by 𝑑𝑙,50∕

√

𝐶𝑙,50. Following this concept, we integrate this
length characteristic in the definition of the Shields number.

Erosion rate without bottom slope
The erosion rate 𝐸 is calculated by:

∶=

⎧

⎪

⎨

⎪

⎩

𝜑(𝜃 − 𝜃𝑐𝑟)
√

𝑢2 + 𝑣2

ℎ𝑑0.2
, 𝜃 > 𝜃𝑐𝑟

0, otherwise
(B.5)

where 𝜑 is control the erosion force. The function 𝜃𝑐𝑟 is the critical
value of Shields parameter 𝜃 defined by

𝜃 =
𝐮∗
𝑔𝑠𝑑50

, (B.6)

where, 𝐮∗ is the function velocity defined using the manning coeffi-
cient 𝐮∗ =

√

𝐶𝑓𝐮2. Another formulation account the sediment supply
ondition can be given (for dunes):

∗ = 𝐮

6 + 2.5 ln( ℎ )
, (B.7)
𝑘𝑠
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where 𝑘𝑠 is a roughness coefficient depending on sediment supply
condition (Ngatcha et al., 2022a).

Erosion rate with bottom slope
If we consider the bottom slope 𝛼, the critical Shields accounts the

ottom slope and the Shields parameter becomes:

∗ =
𝛹𝐮∗

𝑔 cos(𝛼)𝑠𝑑𝑒𝑓𝑓
, (B.8)

where 𝜃∗ is the modified Shields parameter, 𝑑𝑒𝑓𝑓 is the effective diam-

eter of sediment taking into account shape of grain. 𝑑𝑒𝑓𝑓 =
𝑑50

√

𝐶50
, 𝐶50

s circularity index of grain, 𝛹 is the skin friction correction given by:

= 2𝜅2

𝐶ℎ[log(
11.036ℎ
𝑘𝑠

)]2
, (B.9)

where 𝐶ℎ is the Nikuradse quadratic drag coefficient given by:

𝐶ℎ = 2𝜅2

log(441.44ℎ)2
. (B.10)

Here, 𝜅 is the Von Karman number, and where 𝑘𝑠[𝑚] is a roughness
coefficient which accounts the sediment condition supply.
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