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Abstract

This paper provides a non-asymptotic analysis of linear stochastic approximation
(LSA) algorithms with fixed stepsize. This family of methods arises in many
machine learning tasks and is used to obtain approximate solutions of a linear sys-
tem A6 = b for which A and b can only be accessed through random estimates
{(A,,by) : n € N*}. Our analysis is based on new results regarding moments
and high probability bounds for products of matrices which are shown to be tight.
We derive high probability bounds on the performance of LSA under weaker con-
ditions on the sequence {(A,,b,) : n € N*} than previous works. However, in
contrast, we establish polynomial concentration bounds with order depending on
the stepsize. We show that our conclusions cannot be improved without additional
assumptions on the sequence of random matrices {A,, : n € N*}, and in partic-
ular that no Gaussian or exponential high probability bounds can hold. Finally,
we pay a particular attention to establishing bounds with sharp order with respect
to the number of iterations and the stepsize and whose leading terms contain the
covariance matrices appearing in the central limit theorems.

1 Introduction

This paper provides a detailed analysis of Linear Stochastic Approximation (LSA) schemes which
aim at finding a solution 6* for a linear system of the form Af = b. In particular, we analyze LSA
with a fixed stepsize « > 0 which consists in defining a sequence of estimates {6,, : n € N} for 6*
by the recursion

9n+1 = en - a{An+19n - bn+1} s neN s (1)

where {(A,,b,) : n € N*} is a sequence of i.i.d. random variables used as proxy for A € R¥*4
and b € R? which are typically unknown. This class of algorithms and the corresponding setting
have a long history and important applications in signal processing such as channel equalization and
echo cancellation [3, 22]. It has renewed interests in machine learning and computational statistics
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especially for least-square estimation, Reinforcement learning (RL) and Q-learning [4, 7, 38, 35].
The recursion (1) has already been studied in depth in several works which derive asymptotic [31,
22, 6, 3] and non-asymptotic [33, 25, 2, 19, 20, 5, 23, 34, 9, 12] guarantees.

However, in most cases, there is a consistent gap between these two types of analyses. While asymp-
totic analysis gives important insights on the qualitative convergence of (1) based on statistical key
quantities of the problem on hand, they do not provide finite-time convergence, or high probabil-
ity bounds, necessary to obtain non-asymptotic confidence sets, see [26, 10] and the references
therein. On the other hand, non-asymptotic studies are in general too coarse and lose significant
statistical information in their derivation. Further, their upper bounds are generally loose when used
in predicting the actual performance of LSA. We aim at filling this gap and provide conditions on
{(A,,by) : n € N*} ensuring tight high probability bounds on the sequence {6,, : n € N}.

This problem has been addressed in several contributions but at the expense of strong conditions on
the sequence {(A,,, b,,) : n € N*}. [13] provided concentration bounds for non-linear stochastic al-
gorithms under a log-Sobolev condition which turns out to be hard to verify for most applications ex-
cept for the Euler-Maruyama discretization scheme applied to Stochastic Differential Equation. [27]
derived concentration inequalities but assuming that the innovations in (1) are uniformly bounded.
In contrast, we aim at giving simple and mild conditions ensuring high probability bounds. More
precisely, one of our key contributions (Theorem 1) is to show that under mild conditions on the
sequence {(A,,b,) : n € N*}, forany § € (0,1),n € Nandu € S?~1,

P (W(en —07)] < e{VauT Bu + a}/log(1/8) + c{p™ + apg}(s—%) >1-6, ()

where p,, € (0,1), ¢ > 0 is a constant independent of 7, v, §, and pg = o(a™/4). In the above, =
is the unique solution of the Lyapunov equation which naturally appears in central limit theorems
for LSA with diminishing stepsize. In addition, we show that the bound we get is tight with respect
to « and ¢ in the case where we only assume that —E[A;] = —A is Hurwitz. Indeed, we provide
counterexamples illustrating that for a fixed stepsize v and under the conditions that we consider,
logarithmic dependence in 1/§ cannot hold in (2) but only a polynomial one. Regarding the depen-
dence with respect to «, we extend [28] and show that for « small enough, {6,, : n € N} admits a
unique stationary distribution 7, and establish a central limit theorem for this family of distribution
as « | 0 at rate /o and with asymptotic covariance matrix 32 appearing in (2).

Finally, our proofs rely on a new analysis of product of matrices, extending the recent work of
[17]. In particular, we establish conditions ensuring uniform bounds in n of the p-th moments of
Y, - Yy, where {Y,, : n € N*} is a sequence of independent matrices whose expected values
have a spectral radius less than 1. In comparison to existing results, the main challenge that we
address here is that the random matrices {A,, : n € N*} are not assumed to be almost surely
symmetric.

The paper is organized as follows. Section 2 formally discusses the assumptions on LSA for our
analysis. Section 3 presents the moment bound for product of random matrices. Using this result,
Section 4 shows the high probability concentration inequality (2) and Section 5 shows the tightness
of the bounds by deriving a central limit theorem for LSA.

Notations Denote N* = N\ {0} and N_ = Z \ N*. Let d € N* and () be a symmetric positive
definite d x d matrix. For x € R?, we denote || z||g = {z T Qz}"/>. For brevity, we set ||z|| = ||z||1,-
We denote || Al = max,|,—1[|Az|q, and the subscriptless norm [|A|| = |[A[|y is the standard
spectral norm. We denote the condition number of Q as kg = A (Q)Amax(Q). We denote S*~1 =
{x € RY||z|| = 1}. Let Ay, ..., Ay be d-dimensional matrices. We denote H;:l Ap=A4A;.. A
if ¢+ < j and with the convention HZ:i Ay = 14if i > j. We say that a centered random variable
(r.v.) X is sub-Gaussian with variance factor 02 and we denote X € SG(o?) if for all A € R,
logE[e*] < A20%/2. We define the Wasserstein distance of order 2 between two probabilities
measure £ and v on R? as Wa(p, v) = infeen(y,y) [goa |2 — yl|?d¢(x,y), where II(u, v) is the set
of probability measures on (R2¢, B(IR?¢)) with marginals y and v respectively. Denote by P2(R)
the set of all probability measures on R? with the finite second moment.



2 Linear Stochastic Approximation: Setting and Assumptions

Consider the LSA recursion (1) with a deterministic initial point 6. The main assumption required
in this paper is as follows:

Al. {(A,,by)tnens is an ii.d. sequence satisfying the following conditions.

(i) E[by] = b and there exists Cy, > 0 such that, for any u € S*~1, u" (b; — b) € SG(C}).
(ii) There exists C4 > 0 such that |A1|| < Ca almost surely.
(iii) The matrix —A = —E[A+] is Hurwitz, i.e. for any eigenvalue X of A, Re(\) > 0.

Both conditions A 1-(i), (ii) are standard in analysis of LSA, e.g., in [11, 34, 24]. Meanwhile, A 1-
(iii) guarantees the existence of a unique solution 8* to A9 = b. It is also a sufficient and necessary
condition for the solution of the ordinary differential equation 6, = —Ab, to converge exponentially
to 0* [18, Lemma 4.1.2]. The same kind of result holds for the discrete system 6, | — 03 = —a A6,

Proposition 1. Assume that — A is a Hurwitz matrix. Then there exists a unique positive definite
matrix Q satisfying the Lyapunov equation AT Q + QA = 1. In addition, setting

a=QI7"/2, and ax=(1/2)|AIZIQI", 3)
then for any « € [0, o], we get | I — 0414_1||2Q < 1—aq. Ifin addition o < ||Q||? then 1 —aa > 1/2.

This result is well known but its proof can be found in Appendix A.1 for completeness. The
above proposition implies that the discrete system converges exponentially as [|6¢ ;|| < \/Fg(1 —

ac)™2(|63]| for o € (0, o).

Recall that the aim of this paper is to derive high probability bounds on u " {f,, — #*} for any n € N,
u € S? 1. Below, we present a counterexample to show that under only A 1, if o > 0 is fixed,
then there exists p > 0 such that lim,,_, o E[||6,, — 0*||P] = +o0 for p > p. As a corollary, it is
impossible to obtain exponential high probability bounds for {||6,, — 6*| : n € N}.

Example 1. Consider (1) with d = 1 taking b,, = 0 for any n € N* and for {A,, : n € N*} an
i.i.d. sequence of biased Rademacher r.v.s with parameter g4 € (1/2,1):
A, = 1 wzlth probabl.ll.ty qa , @

—1  with probability 1 — q4 .

This choice is associated with 6* = 0 and corresponds to the recursion: 6, = [[;_, (1 — cAj)bo,
for some 0y # 0. For any p > 1 and o € (0,1), we have by definition,

E[10n]") = {ga(1 — )" + (1 — qa)(1 + @)"}"[6o|" .

Using the lower bounds (1 — )P > 1 —apand (1 +a)? > 1+ ap+p(p — 1)a?/2, we get for any
p>landa € (0,1),

E[|0n["] = {1 = pal(2ga = 1) = (p = V(1 — qa)/2]}"[6o]" -

If « € (0,1) is fixed, then for any p > Pgo = 1+ 2(2ga — 1)/[a(1 — qa)], we have
limy, 100 E[|0n|P] = +o0o. On the other hand, if o € (0,2(2qa —1)/(1 —qa)), then
lim,, s oo E[02] = 0. Therefore {0, : n € N} converges in distribution to the Dirac measure
at O which corresponds to the unique stationary distribution of this sequence as a Markov chain. In
such a case, this distribution admit p moments for any p > 0.

However; this result is specific to this particular case and does not hold if only A 1 holds. Consider
{0, : n € N} defined by (1) with {A,, : n € N*} given in (4) and {b,, : n € N*} be an
i.i.d. sequence of zero-mean Gaussian random variables with unit variance independent of {A,, :
n € N*}. We show in Appendix A.2 that there exists g o such that for any o € (0, az o), the
Markov chain {0,, : n € N} admits a unique invariant distribution w,, for any o > 0. Further, for
any o € (0, ag, o] there exists po, > 1 such that fR [0|Pd7, (0) = +o00 for any p > pa.

It is, however, possible to obtain any p-th moment uniform bound for {||6,, — 6*|| : n € N} by
strengthening A 1-(iii) to:



A2. There exista € (0,1), &oo > 0 and a definite positive d-dimensional matrix Q such that almost
surely, for any a € (0, oo, lo <1-—ao.

Examples such that A2 holds include regularized linear regression, where we take A; = Al + a3 alT,
for some A > 0 and under the assumption that ||a; || is bounded almost surely. The LSA recursion
(1) approximates the solution to (Al +E[a;a ])§ = b which is guaranteed to have a unique solution.

On the other hand, examples where A2 does not hold are common. For this, we consider TD(0)
learning with linear function approximation. For a Markov Reward Process with X as the state
space, P : X x X — [0,1] as the transition probability, R : X — R as the reward function, and
v € (0, 1) as a discount factor, TD(0) learning is described as in (1) with

An = (b(x"){(b(‘rn) - '7(?5(55:1)}1—7 bn = R(xn)¢(xn) ’ (5)

where ¢ : X — R? is a feature map. A typical setting is when x,, is drawn from the stationary
distribution of P and 2/, ~ P(zy, ). Itis easy to verify A1 provided that ||¢(x)]|, R(z) are bounded
for all z € X [36]. However, A2 is violated as A, is only rank-one.

Our next endeavor is to establish moment estimates on the product below:

) =T (I-aA;), mneN, m<n. (6)

We also define its expected value as G, = E[P&%] = ([ - aqA)r—m+L,
The above product naturally appears after re-centering the LSA recursion (1). For any n € N*,
0 — 0" = (I—aAy) {01 — 0"} +ae,, e,=b,—b—{A, — A}6". @)
An easy induction implies that
O — 00 =0 10 0 =108 — 0y, O =aXl T e ®

The decomposition (8) highlights the two sources of error in the estimation of 6* by {6,, : n € N}
which will be separately tackled: {019 D ine N} corresponds to the transient (or bias) term and
{ éﬁf D : n € N} to the fluctuation term. Both errors are controlled by the product of matrices FE%,

thereby motivating the study of the moment bound on F( ) as we present next.

3 Moment and High-probability Bounds for Products of Random Matrices

Recall from Proposition 1 that the expected value G| (0‘) = E[F(o‘)] decays exponentially with n, here

we expect a similar phenomenon to hold for the moment bound of F( ) Precisely, in this section,
we show that if p is fixed, then there exists a;, > 0 such that for any a e (0, ap), the p-th moment

of rﬁ,??n decays exponentially with n — m.

To facilitate our discussions, we introduce the following notations. For B & R4*? we denote
by (0¢(B))4_, its singular values. For p > 1, the Schatten p-norm is denoted by || Bl, =
{Z‘Zzl o (B)}!/P. For p,q > 1 and random matrix X, we write || X||,., = {E[||X||g]}1/q.

In the following, we present the main technical result on the product of general random matrices.
The proof is based on the framework introduced in [17].

Proposition 2. Let {Y, : ¢ € N} be an independent sequence and P be a positive definite matrix.
Assume that for each ¢ € N there exist my € (0,1) and o, > 0 such that |E[Y,]||% < 1 — my and

Y —E[Y(]||p < o¢ almost surely. Define Z,, = [,_,Y¢ = Yy Zy_1, for n > 1 and starting
from Zy. Then, forany2 < g <pandn > 1,

1Znl|? , < H (1 =me+ (p— 1)) | P2 P22, ©)
where Kp = )\;iln(P))\maX(P).



Proof of Proposition 2. Let 2 < g < p. Consider the following decomposition Z,, = Y, Z,,—1 =
(Y, —E[Y,])Z,-1 +E[Y,]Z,_1, Therefore, we obtain for any n € N,

fP(Zn) =A,+B,, A,= fP((Yn - E[Yn])zn—l) , Bp= fP(E[Yn])fP(Zn—l) )

where fp : R%*4 — R4*4 s defined for any B € R¥*? by fp(B) = PY/2BP~1/2 Since
E[A,|B,] = 0, [17, Proposition 4.3] (see Proposition 10 in Appendix B) implies that

1£P(Zn) 7.4 < I1Ballf g + (P = DIALIL, - (10)

It remains to bound the two terms on the right hand side. To this end, we use [16, Theorem 6.20]
which implies that for any By, By € R¥*,

| B1B2|lp,q < 1Billl B2llp,q - (1n

As a result and using that for any B € R, | B|p = ||fp(B)]], and [|[Y,, — E[Y,]|[p < 0, we
get

1Anllp.g = (E [/ (Y0 = E[Y o)) fp(Zn1)]2]) "
< E[IYn - EY NS o Zn D) < oull fr(Zn)llpg - (12)

Similarly, applying || E[Y,][|% < 1 —m,

B2, = (E [Ilfe(BIY ) fr(Zn-1)2]) >
< (B [|EIY )| 5112 (Zn-0)IIZ]) > < (1 = mn) || fp(Zn-1)]2, - (13)

Combining (12) and (13) in (10) yields for any n € N*, ||fp(Z,)|2, < (1 —mn + (p —
Do) fp(Zn-1)I3, < TTiei(1 —mp + (p — 1)oz)| fp(Zo)]|2 ,- The proof is then completed
upon using (11) which implies that || Zy, ||p,q = [|P~Y2fp(Zn)PY?|p.q < VEPIfP(Zn)|pe O
In order to bound rg“,z using Proposition 2, we identify the latter with Y, = I—aA,, ¢ > 1, Yy =1L
As —A is Hurwitz, applying Proposition 1 yields IE[Y/][[§ = IT— aAl?, <1 — aa. Further, A
1-(ii) ensures that almost surely,

1Y —E[Y(]llq = ollAr — Allg < 2a/fig Ca = boa .

Therefore, (9) holds with m;, = aa and 0y = bga. Noting that as ||T||, = d'/?, we obtain the
following corollary.

Corollary 1. Assume Al-(ii)-(iii). Then, for any a € [0, o), 2 < ¢ < p, andn € N,

BV D] < T8 pg < RQd (1 - aa + (p — 1)b3a)"?, (14)

where oo, was defined in (3), and
bQZZ/IiQ CA . (15)
Note that Corollary 1 shows sup,, <y ]E[Hl"ga,ZHp] < +oo forany « € (0, ap, 0], where

Opoe = Qos A a/(205(p — 1)) . (16)

This kind of condition relating the choice o with the order p of the moment to be bounded is neces-
sary as illustrated in Example 1. The above corollary further leads to the high-probability bound:

Corollary 2. Assume A 1-(ii)-(iii). Then, for any a € (0, aoo) Where aso was defined in (3), § €
(0,1) and n € N, with probability at least 1 — 0,

Hl"ga,EH < VEqexp |—(ana — a®bjn) /2 + boay/2n log(d/é)} .

Proof. The result follows from combining Corollary 1 with p = ¢ and Lemma 1 in Appendix B
applied with A = (—log(kq)+aan+bga’n)/2,B = a*byn/2and C = d, po = 2,p1 = +oo. O



The result which we obtain in Corollary 2 is tight with respect to ¢, as illustrated via the following
example that continues from Example 1.

Example (Continuation of Example 1). Consider {0,, : n € N} defined by (1) with {A,, : n € N*}
given in (4) and b,, = 0 for any n € N*. Define

14
wq(a) = galog (ﬁ) —log(l1+ ), a@g=sup{a>0: g4(a)>0,Vae (0,a)}. (17)

Note that pq(c) ~ a(2ga — 1) as o | 0. Therefore since ga > 1/2, {& > 0 : @q(a) >
0foranya € (0,a)} # 0 and &, is well-defined. Consider also $,(c) = @ (a)log™ [(1 +
a)/(1 — a)]. Then, we show in Appendix B that for any § € (6’2"‘;"1(0‘),1) and § €
(P30 (@a(1=a0) =2 og(n) 1)

P <0n > exp <—<pq(a)n + log <1 * a> n10g2(1/5)>> <4, (18)

1 —«

P <9n > exp <—g0q(a)n + log (i—j) \/nqA(l —qa)log(1/9) + nlng(n))> >4. (19)

Note that the bound given by (18) and (19) shows that the tail distribution associated with 6,
behaves as a log-normal one. Indeed, if € is a zero-mean one dimensional Gaussian distribu-
tion with unit variance, then an easy computation shows that for any o > 0, P(e?S > t) ~

(2m0%) /2 log ™! (t) exp(—(202)"'t2) as t — oo, therefore, to have P(e” > t5) < & for a small
d > 0, then ts has to be of order exp(o/log(1/9)).

We conclude the section with a complementary result of Corollary 1 that does not require A 1-(ii):

Proposition 3. Assume Al-(iii), ||[A1— Al € SG(C'y) for some C'y > 0. Then, for any a € (0, o)
where o was definedin (3), 2 < q < p,andn € N,

BV [ITE09] < T < RQd?(1 - aa + alp — (BG)%*)™ 2, (20)

where by = 2, /Rq C'y.

The proof is similar to that of Proposition 2 and it can be found in Appendix B.

4 Finite-time High-probability Bounds for LSA

Relying on the results established in Section 3 and the decomposition (8), we derive in this section
high probability bounds on u ' {#,, — 6*} for any n € N and u € S%!, where {, : n € N}

is defined in (1). We begin our study with the transient term éﬁf " defined in (8). The proof of the
following statement is given in Appendix C.1.

Proposition 4. Assume Al and let py > 2. Then, for any n € N*, o € (0, aipy,00), Where g oo IS
defined in (16), u € S*' and & € (0,1) it holds with probability at least 1 — § that

[u T8 (00 — 0%)] < Rgd"/P* (1 — aa/4)" |0 — 6|6~ 1/™ ,
where a was defined in (3).

Proposition 4 only provides a polynomial high probability bound with respect to . This is due to
the fact that only polynomial moments of ||1"§°2 || up to a maximal order are uniformly bounded in

the number of iterations n.

We now turn on the fluctuation term é,(f D defined in (8). We note that under A 1, the sequence
{es, : n € N} defined in (7) is i.i.d.. From this observation and following [12], we consider the
decomposition

0 = ad> T, ey = J0 4 HEO) 1)
j=1



where {(J3*?, H{*?) . n € N} are defined by induction for n > 0 as:

']7(1(1?) = (I — Ouzl) J7(1a70) + agn41 , Jéa"o) =0, 2
HYY = (1 - aA,) HY —a(Aniy — A1V B =0 22
n+1 n n n+1 n ) 0 .
The latter recurrence can be written as
SO a3 Gy HED = a3 T, (A - D
j=1 j=1
Note that J5**) is a linear statistics of the random variables {&; + 7 € {1,...,n}} which are

centered and i.i.d. under A 1. In our next results, we show that J,(f"o) is the leading term as the
stepsize « | 0. Denote for any n € N* and v > 0, the covariance matrix of J,(La’o) as

%% = Cov(J*9) . (23)

Proposition 5. Assume A 1. Then for any n € N*, a € (0,a.], where oo is defined in (3),
u € S¥ 1 and § € (0,1), it holds with probability at least 1 — 6,

’uTJff"O)‘ <Dy \/{uTZJzu} 1og(2/6) + ay/1 + log(1/(ac))Ds log®?(2/4) , (24)
where D1 = 60v/3e*/3 and D is defined in (50).

The proof of Proposition 5 is postponed to Appendix C.2.
We analyze further the covariance associated with J,(La’o) and its dependence with respect to n and
. First, note that for any o € (0, a2,00), {5 : n € N*} converges to aX® as n — oo where

Y% =q Z,;“;O G1.x ZEGI & 18 the unique solution of the Ricatti equation
AT + AT —aAD*AT = 3., with . =E[e/]. (25)
Indeed, using Proposition 1, we easily get that for any n > 0,
15 — a3 < a® Y |GralP[Be |l < aa™ rg||Zel|(1 - aa)” . (26)
k>n

We now give an expansion of X% with respect to «. It is well-known that as « | 0, 3 converges to
3, the unique solution of the Lyapunov equation (see [32, Lemma 9.1])

AL+ AT =3, . (27)
Our next result states this convergence is of the order of the stepsize a.
Proposition 6. Assume that A 1-(iii) holds. Then, for any o € (0, ao), where s is defined in (3),
=% = Zllg < aa™'|AZA g
where X% and X are defined in (25) and (27) respectively and a is given in (3).

The proof is given in Appendix C.3. The last step in bounding éSf" is to consider H,(f"'o). We

proceed similarly to (22) and consider the decomposition H®O — gl Hff"l), where
{75 =YY 1 n e N} are defined by induction for n. > 0 as:

T = (1= ad) g™V — a(Apy — A)JS, Jiet = o,

H(a,l) . (a,1) T 7(a,1) (e,1) (28)

n+1 — (I — aAnJrl)Hn - Oé(A.nJrl - A)Jn 5 HO =0.

In our next results, we bound each term of this decomposition separately.

Proposition 7. Assume Al and let pg > 2. Then, for anyn € N, a € (0, apy,00), Where g oo IS
defined in (16), u € S*! and & € (0,1/2), with probability at least 1 — 24, it holds

luT J{*V| < eDsarlog?(1/8) ,  |u" H(™Y| < Dyapds—1/Po (29)
where D3 and Dy are given in (58) and (61), respectively.



The proof of Proposition 7 is postponed to Appendix C.4. Now we are ready to combine the previous
bounds and to state the main result of this section.

Theorem 1. Assume Al and let pg > 2. Then, for anyn € N, a € (0, apy,00), Where oy oo is
defined in (16), w € S*! and & € (0,1/4), with probability at least 1 — 46, it holds

o V2" (0, — 0)| < Di/{uT =%} log(2/6) + o'/ 2¢™M (o, 6) + (1 — aa/2)" AN (a,8) ,  (30)
where X% is the unique solution of (25), D1 = 60v/3e/3, a is defined in (3),
¢(a,8) = (eDslog”(1/8) + /1 + log(1/ac)D2 10g3/2(2/6)) + Dapgd /70

AW (a,8) = D1y/a 1rql|B< | log(2/5) + v/Fqd'/*°||6o — 6" [|a~ /267170, ey
where kg and 3. are defined in (3) and (25) respectively.
Proof. The proof follows from the decomposition
ul (0 — 0%) =u TS0 (00 — 0%) +u” IO T gD uT HED
where J{9 | 78V and H(*Y are defined in (22)-(28), the union bound and Proposition 4, Propo-
sition 5, (26) and Proposition 7. O

We now discuss the high probability bound (30). First, note that the term A(?) (a, 9), and in particular
the initial condition vanishes exponentially fast in the number of iterations n. In addition, ¢(*) («, §)
and AM (v, §) are of order §—'/P0 as § — 0 and therefore (30) provides polynomial high probability

bounds on LSA. However, this conclusion is expected as illustrated in Example 1. Finally, the
discussion of (30) with respect to « is postponed to the next section.

Under A2 we can provide a better bound for H,(f"l).

Proposition 8. Assume Al and A2. Then, foranyn € N, a € (0, oo A G ), Where s, is defined
in (3), u € S and § € (0,1/2), with probability at least 1 — 20, it holds

‘uTJr(f"l)‘ < eDzalog?(1/6) , ’uTH,(f"l)‘ < eDsalog?(1/6) , (32)
where D3 and D5 are given in (58) and (62) respectively.

As aresult, we can establish exponential high probability bounds with respect to d.

Theorem 2. Assume Al and A2. Then, for anyn € N, a € (0,000 A Goo), u € ST and
d € (0,1/4), with probability at least 1 — 49, it holds

a 2" (6, — 0%)| < Div/{uT Butlog(2/8) + a'/?¢P (o, 8) + (1 — ad)"/* AP (a, 5)
where Dy = 60+/3e*/3, B¢ is solution of (25),
¢®(a, 8) = e(D3 + Ds) log*(1/6) + /1 + log(1/aa)D2 log**(2/3) ,
AP (a,8) = Dl\/?flm@HEgH log(2/6) + k|60 — 0*[|a™ />,

(33)

where 3. is defined in (25).

Proof. The proof follows the lines of Theorem 1 with Proposition 8 used instead of Proposition 7.
O

5 Optimality of the derived bounds with respect to a: analysis of (0,,),cn as
a Markov chain

In this section, we study the sequence {6,, : n € N} defined in (1) as a Markov chain. This
perspective will allow us to show that the bounds that we derived in Theorem 1 are near-Berstein
high probability bounds with respect to the stepsize «. Denote by R,, the Markov kernel associated
with {0,, : n € N}. First, we show that if « is small enough then R,, is geometrically ergodic
with respect to the Wasserstein distance of order 2 denoted by W5 and give a representation of its
stationary distribution as an infinite sum.



Theorem 3. Assume Al. Then, for any a € (0, a2, ), where aia  is defined in (16), R,, admits a
unique stationary distribution 7, € Po(R?) and for any n € N,

W2(SoRY, ma) < \/rad(l — aa/2)"/ 16 — 0]|2dme (4) (34)
R4

Further, if {(Ag,br) : k € N_} is any sequence of i.i.d. random variables with the same distri-
bution as (A1, by), then the following limit exists almost surely and in L? and has distribution ,:

1 0
0 = lim o), 0 =ad Trobe1, Tro=][[0a—cA). (35

n——00
k=n i=k

The proof is postponed to Appendix E.1. Based on Theorem 1, we easily get concentration bounds
for the family of distributions {7, : o € (0, a2 o)} around 6*.

Theorem 4. Assume Al and let py > 2. Then, for any o € (0, cp,,00), Where o, o is defined in
(16), u € S and § € (0,1/4), with probability at least 1 — 46, it holds

o 2ul (082 — )| < Diy/{uT Zutlog(2/6) + o' 2la V2 ABAT | * + ¢V (e, 0)],  (36)
where 3 is the unique solution of (27), D1 = 60v/3e%/3, a is defined in (3), and q(l) (a0, 0) in (31).

Proof. The proof follows from Theorem 1, the Portmanteau theorem [21, Theorem 13.16], and the
fact that convergence in W5 implies weak convergence. O

Our results is only polynomial in § and we cannot expect improving this dependency as illustrated
in Example 1 for fixed . The leading term in (36) as « | 0 is v/D1{u"Xu}. In our next result,

we establish a central limit theorem for the family (9(()2‘ ))ae(O,az,m] where X plays the role of the
asymptotic covariance matrix. As a result, (36) is a Bernstein-type high probability bound with
respect to v and therefore (36) is sharp. Define for any « € (0, a2,00],

0() = o 1/2{9(>) —g*) . (37)

Theorem 5. Assume A l. Then, the family {éﬁ,g‘) :a € (0,200} convergesinlaw as « | 0 to a
zero-mean Gaussian random variable with covariance matrix 3 defined by (27).

Note that this result was established in [28, Theorem 1] for general stochastic approximation
schemes but under stronger conditions on the sequence {e,, : n € N*}. In particular, it is as-
sumed that the distribution of £, admits a density with respect to the Lebesgue measure. We relax
this condition and provide a new proof for this result. In particular, our strategy to establish The-
orem 5 is to consider the decomposition (21) of {f,, : n € N} with §; = 0, since in such case

0, = 0 for any n € N. Define {J,(f"e) :n € N_} by
1 0
I =a) Grosko1,  Gro=[[0—ad). (38)
k=n 1=k

Note that for any n € N, G_O‘nil) has the same distribution as 6" starting from 6y = 0 and J, (0
(a,4) (a,¢-)

as Jgn +1) In contrast to J\™%, J.%" admits a limit in L? and almost surely denoted by Jao"

Then, we get for any u € S¥ 1, o € (0, (2,00], bounded and Lipschitz functions f : R — R, with
Lipschitz constant smaller than 1, by the Lebesgue dominated convergence theorem

[ELf (u" 05 )] = Blf (™2l I )|
= lim_[E[f(a™?uT 05 = 0] - Elf (a2 IS

n—-+oo
= lim_[E[f(a™ 2T [0 — 0*])] - E[f (o~ JEO))| < limsup Ella~/2uT HEO))
n—+o0 n——+00

Using the decomposition H\*” = J{Y + H{*Y  where {(J\*V, HS™Y) : n € N} are defined
in (28) and plugging the bounds provided by Proposmon 11 and Proposmon 12 in Appendix C.4
shows that _

limsup [E[f(u"657)] —E[f (o™ *uT JE )] = 0.

a—0



Therefore by the Cramer Wold device and the Portmanteau theorem [21, Theorem 13.16], Theorem 5
follows from the next result.

Proposition 9. Assume Al. Then, for any u € S}, {a‘l/QuTJé?"e) t o € (0,200} converges
in distribution to the zero-mean Gaussian distribution with variance u' Xu where X is given in (27).

The proof is postponed to Appendix E.2.

6 Conclusion

In this paper, we provided a novel non-asymptotic analysis of LSA algorithms with fixed stepsize.
For any 6 € (0,1), we obtain bounds on the sequence {||6,, — 6*|| : n € N} that holds with
probability at least 1 — §. The bounds are proven to be tight with respect to the stepsize, and
we show that these bounds necessarily have polynomial dependency in ¢. Importantly, our results
do not require the matrices A,, to be symmetric but only Hurwitz, which enables one to apply
them to various scenarios such as reinforcement learning. Future work includes extending our high
probability bounds to a larger panel of random noise, e.g., with heavy tailed distribution, Markovian
dependency, as well as Polyak-Ruppert averaging.
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A Proofs of Section 2

A.1 Proofs of Proposition 1

The existence and uniqueness of () follows from [32, Lemma 9.1, p. 140]. Regarding the second
statement, note that for any z € R\ {0}, we have

:CT(I—afl)TQ(I—a/_l)x_l_ [|z||? n QUCTATQZM
T Qr T T YT Q.

Hence, we get that for all « € [0, a),

el et ATQAs
T Qx T Qu

+a <1-ollQ" + o[ A]5 <1 - (1/2)Ql e

The proof is completed using that for any matrix A € R?¥4, || Ao < mgz Il All.

A.2 Proof for Example 1

The existence and uniqueness of the stationary distribution 7, is a consequence of Theorem 3 noting
that A1 is satisfied for the particular case that we consider. We now show the second statement. Let
a € (0, ag,00). First, note that since by is a zero-mean Gaussian random variables with unit variance
independent of A, we have for any p > 1,

i = 3 (%)l EI - ahn 4 Eb]
k=0

2k

-y <2p)1€[o§<p"“>m[<1 — aA)* " VIED) > B6IE[(1 - aA1)¥].
k=0

This shows that taking 6y with distribution 7, that if fR |0]2Pd 7, (0) < +o00, then it is necessary that
E[(1 — aA1)?] < 1. However, using that E[(1 — aA1)??] = {ga(1 — a)® + (1 — qa)(1 + o)}
and (1 — ) > 1 —2apand (1 + «)?? > 1+ 2ap + 2p(2p — 1)a? /2, we get for any p > 1,
E[(1 — aA1)?] > {1 —2pa[(2ga — 1) — (2p — 1)a(1 — ga)/2]}, therefore E[(1 — aA1)?P] < 1
does not hold for 2p > pg.o = 1+ 2(2g4 — 1)/[a(1 — qa)].

2
<

B Technical and supporting results for Section 3

Proposition 10 ([17, Proposition 4.3]). Consider two random matrices X, Y € R¥*? that satisfy
E[Y|X] = 0. Then for 2 < q¢ < p,

IX+YI3, < IXI7 4+ CollYI5,

where C, = p — 1.

12



Lemma l. Let A€ R, B >0, C > 1, po,p1 € Rsuchthat1 < py < p1 < 400, and X a real
random variable satisfying, for any p € [po, p1],

E[|X["] < Cexp(~Ap + Bp?). (39)
Then, for all § € (0,1], we have, with probability at least 1 — 6,
|X| <exp (—A + Bpy + 24/Blog(C/§) + log(C/é)/pl) , (40)

with the convention c/oo = 0 for ¢ > 0. In addition if (39) is satisfied for any p > po, then with
probability at least 1 — 6,

| X| <exp (—A + Bpo + 2/ Blog(C/é)) .

Proof. Note that by the monotone convergence theorem, it is sufficient to show (39). By Markov’s
inequality, we have, for any ¢ > 0 and p € [pg, p1],

P(|X| >t) < E[|X|P]/t" < Cexp (—p(log(t) + A — Bp)) . 4D
Taking ¢t = exp(—A + 2Ba*) for a* € R and maximizing over p € [po, p1], we obtain
P(|X| > exp(—A + 2Ba*)) < Cexp (~Bp(2a* — p)) < Cexp (—Bo(a*)) , (42)
where
da”) = max p(2a”—p)= (200" =P3) L (—00,pe] (@*)H(@")* L (pg 1) (@) +(2P10" —p1) L1y, 40c) (@7 -

Note that for any ¢ € R, the inverse of ¢ is given by

2
pyt+t
60) = P Lo (8) + 1 Ty () +
For § > 0, taking a} = ¢* (log(C/d)/B) gives
P(|X| = exp[—A +2B¢ (log(C/4)/B)]) <4 .

The proof then follows from the fact that for any ¢ € R, ¢ (¢) < po/2 + vVt +t/(2p1). O

P+t
2py

L2 400y (t) -

Proof of (18) and (19)
Let o € (0, @&). Note that by definition of {6,, : n € N} with (4), forany n € N,

Op=(1—a)"(1+a)" N, where N, = > 1i13(Z) -
k=1

Then, for any 5 > 0, we get

P (9,, > e—aﬂn) =P (log(6,) > —afn) =P (Nn log (1;—2) > —apfn —nlog(l + a))

=P (Nn <nlog™* (i—g) {ap +log(1 + a)})
=P (Nn —qan < —n [qA —log™* (i—g) {af + log(1 + oz)}]) . (43)

Let Ba,q = atgalog{(1 +a)/(1 —a)} —log(l + «)]. Note that with the condition, o €
(0,&q), Ba,q > 0 and therefore for any § € (0, Ba,q)s

o= [aa =105 (122 a5 +1ogl1 + )} | € 0.6 (@) | (44)

11—«
We now show (18). From (43), it follows using Hoeffding’s inequality that for any 3 € (0, Ba,q),

P (6, > e ") < e 2o . 45)

13



Hence, for § € (e=2"%2(%) 1), there exists 2 € (0,$,(a)) such that e~2"*" = § given by 2 =

\/log(1/3)/2n, which corresponds by (44) to
-1 5 l+a -1
g=a ga —1/log(1/8)/(2n) ¢ log =) @ log(1+ ) € (0, Ba,qg) -
This completes the proof of (18) using (45).
We now show (19). Using [1, Lemma 4.7.2] and (43), it holds that for any 8 € (0, Ba.¢),
P (9,, > e_O"B") > exp(—nKL(q4 — Za,8/qa) — 27 log(n)) , (46)

where for any ¢ € (0,1),
KL(qlga) = qlog(q/qa) + (1 — §)log((1 — ¢)/(1 — qa)) .
Note that for any G € (0, 1), ¢ < qa, using log(1 +t) <t foranyt > —1, we get
KL(Glga) < (ga — @)?/(qa(1 = qa)) -
Therefore, plugging this result into (46) yields for any 8 € (0, Ba.q),
P (9,, > efo‘ﬁn) > exp(—nxi)ﬁ/(qA(l —qa)) — 21 log(n)) . 47)

Hence, for § € (e "%a(®)/(aa(1=a))=2""1oa(n) 1) there exists = € (0,B,(a)) such that

emn?/(@a(1=2))=2" log(n) — § given by 2 = /271 log(n) + qa (1 — ¢a)log(1/8)/n, which
corresponds by (44) to

6= aa - VI Tog() T aa(1 — o) R/ i o (12 )~ a~ log(1 +.)

This completes the proof of (19) using (47).

Proof of Proposition 3. It suffices to repeat the argument of Corollary 1. We need a version of
Proposition 2 for the product Z,, = [],_, Y, where {Y, : ¢ € N} are an independent and for

each £, g € N there exist my € (0,1) and o/, > 0 such that ||E[Y£]H2Q <1—myand EV9]|Y, —
E[Y/J[|§] < 0¢,4- We use notations of A,,, B, from Proposition 2. Applying independence of Z,,
and Y., and EV/9[||Y, — E[Y/(]||§,] < 04,4 we estimate

1/
1Al < (B [IYV0 =BG 0(Za1)12]) " < onallfa(Za1)lpg: (48)

The bound for ||B,||2 , remains the same: ||B, |2, < (1 — m,)|lfo(Zn-1)|2,. Combining
this inequality with (48) and (10) yields for any n € N*, || fo(Zn)]2, < (1 —mn + (p —
Dol Mfe(Zn-0)|2, < TTim (1 —mi+ (p — 1)azq)||fQ(Z0)H1277q. The proof is then completed

upon using (11) which implies that ||Z,|/,. = Q™2 fo(Zn)Q?|lp.q < /FOll fo(Zn)|lp.q- Fi-

nally, it remains take Y, =1 — aA,, ¢ > 1, Yy = 1. As —A is Hurwitz, applying Proposition 1
yields [|[E[Y(][[3, = [T—aA|? < 1 —aa. Further, since || A, — A|| € SG(C/,) we get by Lemma 3

EY([[Ye ~ E[Y ][] = aEY9[| Ay — AI] < 20/Rq Cy = aby /4 -

Taking my = acvand 0y 4 = b’Qa\/ﬁ we get the claim of the proposition.

C Proofs of Section 4

For ease of presentation, we drop in this section the dependence of J,(,a"o), H,(f"o), J,(f"l), Hi*D

with respect to a and simply write J,(lo), H,(LO), ,(11), H,(LI), respectively. We denote A,=A, A

14



C.1 Proof of Proposition 4

Letn € N*, o € (0, py,00), u € S¥~1and § € (0,1). Under A1, applying Corollary 2 with p = po
yields

EV/Po[[u T3 (60 — 6%) ] < BP0 [0S |P] 160 — 67
< VRqd"™ (1 — aa + (po — 1)bHa?)"/2(|6o — 6% .
Since a < a/(2b3(po — 1)), using (1 —)*/2 <1 —t/2fort € [0, 1], we get
B2 [|ul T8 00") < y/Rgd /6o — 6% (1 aa/4)"
Applying Markov’s inequality easily completes the proof.

C.2 Proof of Proposition 5

Letn € N*, o € (0,0p0.00), v € S¥"1 and § € (0,1). Using (22) and applying Rosenthal’s
inequality [30, Theorem 4.1]* for sum of centered independent random variables we get for any
p =2,

E[|u JOP] < (60e)PpP 2 {u" =2u}P/? + aP60PpPE ,Inax |u Goyrmed|?]| .

FEEERY A4

Applying Lemma 5, we obtain for any p > 2,
Ellu” JP] < (60)"p"" {u S3ul’? + (9{1 + log[1/(ac)]}ng C2)P/2aP607p™/ | (49)

where the constant C. is given in (63). Applying Markov’s inequality, we get for any p > 2,
c1,c9 >0,

P(lu"JO| > e {u"Z%}? 4 ¢9)
<{e{u"Bgu}/? 4} P [(606)”1}?/ 2{u"B2u}P? + (9{1 +log[1/(aa)] g C2)P/2aP60Pp*r/?
< (60e)PpP/ 2P + (9{1 + log[1/(ac)] g C2)P/2aP60Pp* /257 .

Taking p = 3log(2/8), c; = Di(log(2/6))*/2 and ¢ = ay/1+ log(1/(ac))Dy log®?(2/6)
yields the statement, where

D1 = 60V3e'/?, Dy = 540v3e'/3ky” C. . (50)

C.3 Proof of Proposition 6
Lemma 2. Assume that A1-(iii) holds. Then, for any a € (0, ao|, Where oo is defined in (3),
=% = Blq < aa”H|AZA g ,
where X% and X are defined in (25) and (27) respectively and a is given in (3).
Proof. Let a € (0, o). By definition, (25) and (27) imply
AZ* =)+ (B —D)AT —aA(Z* - 2)AT = aAZAT

which writes ~ ~ o
Y- (I-ad)(Z-—)I-ad) =a?ATAT .

This implies, by Proposition 1,
=% =Sl < (1 - aa)||= ~ Bliq + o ASAT||q

Rearranging terms completes the proof. o

*Note that the specific universal constants Cg,; = 60e and Cr 2 = 60 are not given in the statement, but a
close inspection of the proof provide the given estimates.
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C.4 Proof of Proposition 7

Proposition 7 is a direct consequence of the following statements.

Proposition 11. Assume A 1. Then, for anyn € N, a € (0, ao), where oo is defined in (16),
weStandp > 2,

Efju"JM|"] < Diarp® (51)
where D3 is given in (58). Moreover, for any § € (0, 1) with probability at least 1 — 6,
’uTJfll)’ < eDsarlog?(1/9) . (52)

Proposition 12. Assume Al and let po > 2. Then, foranyn € N, o € (0, atpy,00 ), Where apy o0 IS
defined in (16), u € S 1,

Efju” HD '] < DY arope™ (53)
where Dy is given in (61). Moreover, for any § € (0, 1) with probability at least 1 — 6,
lu"H{V| < Dyapds=t/ro . (54)

Proof of Proposition 11. First, we note that (28) implies

n—1 n
J,Sl) =a? Z Se+1:m€e, With Spq1., = Z (I — aﬁ)nikilz‘&k(l — Ouzl)kilil .
=1 k=£+1

It is easy to check that the sequence (a St41:nE0, Te+1:m)p. ’ 71 is a martingale-difference, where
Se41n =0 ((A ,b; )ge{é+1,...,n})- We may use Burkholders’s inequality [15, Theorem 2.10] to
get

n—1
p/2

El|u’ JV ] < (36p)Pa®E (Z(’UJTSHLnEz)Q) 1 (55)

(=1
Using the Minkowski inequality,
T (1) > 2p 2/p7(y T #/2
|u WAS ‘ < (36p)Pa (ZE Pl(w' Seq1:mee)? ]) ) (56)
(=1

Denote V,! | = u" S¢41.n. Note that by Assumption Al-(ii) and Lemma 1, || (I— QAR AL (T—
aA)F 17| < kg Ca(l — aa)™=*=2)/2, Applying [29, Theorem 3]°, we get for any ¢ > 0
P(||Vega]l > t) < 2exp {—t?/ (2&2Q Ci(n =01 —aa)"2)} .
Using Lemma 3,
E*/P[||[Vesr 7] < 2v2 0 gy (n = £)(1 = aa) "=~ p. (57)
Since S¢41., and €, are independent,

Ellu" Sey1neel’] <E[|Vera[?] sup Efu’e”].
u€eSd—1

Assumption A 1-(i), Lemma 3 and Lemma 5 imply, that for any v € S¢~1,
Ellu’eel”] < pP/? C2(2V2)P/2 .
Combining this bound with (57),
Eflu" Sey1meel’] < pP(2V2)P CF k8 CP(n — £)P/*(1 — aa) 72012 (58)
This inequality and (56) imply

n—1
p/2
El|u” JO[P) < pPPa? (72v/2)P CF kE, CP (Z(n 01— aa)<n+2>)
= (59)
< aPDEp?, where Dz = (72v2)CakgCea (1 — acwo) ™t
Swith X = R equipped with the Euclidean norm || - ||. Note that [|z||, = € R? is twice Gateaux differen-

tiable and X € D(A1, A2) with Ay = Ay =
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Now the equation (29) follows from Markov’s inequality. Namely, for any ¢; > 0 it holds

apr 2p _
(}UTJ 1)| > claDg) cp DT =c;p?P.
Taking p = log (1/6) and ¢; = elog® (1/§), we obtain (29). O

Proof of Proposition 12. With the decomposition (28), we represent
uTH® = aZuTFM AT
Using Minkowski’s inequality,
EVP[[uTHP "] < a Z EVP[lu T, Ac D)
=1

Now, using the independence of I‘§ +)1 s A[, J éi)l, and Item (ii),

El/P ‘UTF(O[) AEJél) ‘ < El/p[HuTF A[”} sup El/p“vTthi)lH
§d—1

{+1:n
1) (60)
<2CAEVPIDEY, 7] sup EVP[T )]
veSd—1
Hence, applying Corollary 2 to I[il/p[HFZJrl |71, and (59) to sup, cga—1 El/p[‘vTJéi)l ‘p]
El/p[‘uTH,(ll)‘p] < 2C 4 /Rod/PD3a’p? Z 1—aa+(p 1)béa2)(n_6)/2 .
=1
Since po — 1 < a/(2b%,), from the previous estimate it follows
EVPo(luT HV ™) < 2Ca \/Rgd /" Dsa’pg » (1 — aa)™ "/
=1
<4Cy ‘/nle/pngapg/a .
Hence,
E[lu"HV|™] < DY aropg?° , where Dy = 4C4 \/Rgd" /™ Ds/a . (61)
Using Markov’s inequality, we get with probability at least 1 — 4,
}uTHfll)} < D4ozp(2J/51/p“ .
o

C.5 Proof of Proposition 8

The proof is along the same lines as the proof of H, 7(11) in Appendix C.4, with the better bound for

El/P [Hfgi)lm |I”]. For reader’s convenience, we provide the proof below. Starting with equation (60),

we note that under A2,
EVP(| ‘Fe+1 W71 < fRg(1—aa)™

We also apply (59) to sup,,cga—1 E!/P ‘vTJéi)l‘ . Then
El/p[’uTH,(ll)’p] <2,/k5Ca Dza’?p? Z (1—oa) £ < Dsap? ,
=1
where we have defined

D5=21/I$QCAD3/(~L. (62)

Now the equation (32) follows from Markov’s inequality.
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D Concentration results for sub-Gaussian random variables

Lemma 3. Random variable X € SG(0?) for some o > 0 if and only if for all t > 0 the condition
P(|X| > t) < 2exp{—t2/(202)} holds. In addition, in such a case, for any p > 2, we have

E[|IX[?] < v2e(2/e)"/*p/%0.

Proof. The first statement is well-known, see for example [8, Theorem 2.1]. We now show the

second statement. By the Fubini theorem, E[| X |P] = p 0+°° uP7IP(|X| > u) du, we get

E[|X|P] = 2p/ uP~le=v’/(20%) gy = p2p/20pl"(p/2),
0
using the change of variable ¢ = wu?2/(202). Now, using an upper bound I'(p/2) <
(p/2)(P=1)/2e1=P/2 (see e.g. [14, Theorem 2]), and p'/? < 2P/2, we finally get
E[|IX[7] < v2e(2/e)"*p"/207 .
o

Lemma 4. Let {X, : { € N} be a sequence of random variables such that X, € SG(o?) for any
¢ € N and some c* > 0. Then for any p > 2,

p
E L_Hllax (|Xe|/v1+10g€) } < 3PgPpP/?

Proof- Set ar = (1 + logk)'/? for k € N*. Using the Fubini’s theorem, E[|¢|?] =
P 0+°° uP~1P(|¢] > w)du, the union bound, and Lemma 3, we get

..........

—+o0
< 2PgP +p/ uP~'P <k max

20 Liwom

| X5| > uak) du

+o0 n
§2pap+p/ up_lzP(|Xk| Zuak) du
20 k=1

+
< 2pap+2p/

20

uP~! Z exp{—u’a;/(20%)} du
k=1

+o00 n
< 2pap+2pap/ ypflexp{—y2/2}(z kfyz/z) dy
2 k=1
m2poP mpoP2r/2—1 r

< 2PgP + 3

+oo
/ yPtexp{—y?/2} dy < 2P0” + (p/2).
2

Using T'(p/2) < (p/2)P~1)/2e1=P/2 (see [14, Theorem 2]), we get
B[ max (X6 /al}] < 2707 + o260 012 (01D).
Since \/pe P/2 < e1/2 and 27 < 4pP/2,
E [k_nll?i(mﬂXHp/aZ}} < oPpP/? (4 4 m?e/?/(3V2)) < 90PpP/? .

O

Lemma 5. Assume Al. Then, for anyn € N* and v € S, v' e, defined by (7) is a sub-Gaussian
random variable with parameter

C2 =207 +8C%4 ||16*. (63)
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In addition, for anyn € N*, p > 2, u € S and o € (0, aso), it holds

E Jnax |u G£+1n6g|p < (QKQng{l+10g[1/(aa)]})p/2 ,

where o, a and k¢ are defined in (3).

Proof. First we prove (63). Using the representation (7), for any A € R,
E [exp {)\’UTEH}] < Efexp {)\UT(bn —b—{A, — A}0")}]
< EY/? [exp {2\ (b, — B)}]El/z [exp {2\v" (A — A,,)0"}] .
Note that A 1-(ii) implies [v" (A — A;,)0*| < 2C4 [|6*|. Hence, using the Hoeffding inequality,
v (A~ A,)0* € SG(4C% |6*|?). Combining this result with A 1-(i),
Elexp {M"en}] < exp {A?Cp}exp {4A* C% 6%} |
yielding the first statement of the lemma.
To prove the second part, let us denote v, = (I — aAd)"“u/||(I — ad)"‘u| € S?!. Using

Proposition 1,

E[ max [uG{S), 0] = B[ max [of eo”|G{S),,ull”

< RYPE[ max |of (1 - aa)r =072

< KP/ E |U;5€|p max(l +10g($+ 1)) aam) o/
Pt (1 +1log(n—£+1))r/2

p/2
ﬁg/2(9 C§ p)p/Q{m%([(l + log(x + 1))eaax]} 7

where in the last inequality we used Lemma 4. Set f(z) = (1 + log(z + 1))e™* withc = aa < 1
over z > 0. First, note that f'(z) = e~ “*(1/(1+2) —c—clog(z+ 1)) <Oforallz > 1/c—1,
and thus the maximum is attained for € [0,1/c — 1]. Moreover, for any z < 1/c — 1, we have
f(z) <1+1log(l+z) <1+log(l/c), leading to the desired result. O

E Proof of Section 5

E.1 Proof of Theorem 3

Let a € (0,a2,0) and A1, A2 € P2(R9). By [37, Theorem 4.1], there exists a couple of random
variables 05", 652 such that W2 (A1, A2) = E[||65" — 6%?||?] independent of {(A,,, b,,) : n € N*}.
We introduce then a synchronous coupling between A; R and A\; R7 as follows. Let {(97(11), 97(12)) :
n € N} starting from 9(()1) and 9(2) respectively and for all n > 0,

01 = (1—aA, )0 +ab,

(64)
95321 = (I — oaAnH)G( ) + ab n+1 -

Since for all n > 0, the distribution of (65,6 belongs to II(A; R", A2 R""), by definition of the
Wasserstein distance we get for any n € N,
Wa(MR2, \oR2) < EV2[|65) — 0% = V(|01 [05" — 6577)1%)
< Do(1 — ac/2)*Wa(A1, A2) ,  (65)

where we have used Corollary 1 for the last inequality. By [37, Theorem 6.16], the space Py (R?)
endowed with W5 is a Polish space. Then, ()\1 R%),>0 is a Cauchy sequence and converges to a

limit 71 € Po(R?), limy, 4 0o Wa( A R?, 72 s 1) = 0. We show that the limit 7)1 does not depend
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on \;. Assume that there exists 72 such that limy_, o Wa(AaR?,7)2) = 0. By the triangle
inequality

Wz(ﬂ'gl ) < WQ( /\1Rn) + WQ()\lR /\QRn) + WQ( )\QRH)

Thus by (65), taking the limits as n — +o0, we get Wo(m), m)2) = 0 and 7}t = 722, The limit
is thus the same for all initial distributions and is denoted by T Moreover T, 18 invariant for
R,. Indeed for all k € N*, Wa(mq Ro, To) < Wa(maRe, T RY) + Wa(mo R2, ), Using (65)
again, we get taking n — 400, Wa(mqRa, 7o) = 0 and 7,R, = 7m,. The fact that 7, is the
unique stationary distribution is straightforward by contradiction and using (65). (34) is a simple
consequence of (65) taking Ay = 7,.

It remains to show that 6 is well-defined and has distribution m,. Since {(Ag, bg)

ke No}ois iid, X, EY2[10n — Gunal®] = X i EVA[ITnobal’] =
> <1 EY3[|IThol| ]E1/2[||bn 1]/?] and therefore A 1-(i) combined with Corollary 1 ensures that
this series is finite and therefore (6,,),en_ defined in (35) is a Cauchy sequence almost surely and
in L2 which ensures its convergence. Finally, assume now that { (A, by) : k € N_} is independent

of {(Ag,by) : k € N*}. To conclude it is then sufficient to note that if 6y = 652, then 6; has the
same distribution as 9&? ) by definition of the recursion (1).

E.2 Proof of Proposition 9

Consider a sequence {c, : n € N} converging to 0 such that for any n € N oy, € (0, 2,00 ), and let
u € S, For ease of notation, we simply denote el k- 0 = G,(C?gl ). Note that

1/2 TJQ" Z AMnk, AMnk*al/Q TG E0€k—1 -

k=—0o0

By [15, Theorem 3.6], it is sufficient to show that

sup AM,, i i> 0 (66)

k<1 n—-4o0o

Soam?, 5 ouTsu (67)
7 n—+oo

k<1

sup E[sup AM, ] < +o0 . (68)

neN k<1

First, by Markov inequality and Proposition 1 and A 1-(i), we have for any n > 0 that

P(sup AM, . > 1) <1 'Elsup AM2 ] <702 Y E[IGI 1 len—1 ]
k<1 k<1 <1

< a2E[|eol|r3 (1 — ac,) 725D < 1a2Ef|leol|Ur3 (1 — (1 - aay)?) 7t
k<1

which shows that (66) holds.

Denote by X, the unique solution of the Ricatti equation (25) with o < «,,. We get by Lemma 2
that there exists C' > 0 such that for any n € N,

IS - .|| < Cay .

Therefore, we obtain that

N AM2 , —uSul < 0l G W) T ero1ed_y — S)(G) Tul + Cay,
k<1 k<1

Then, to establish (67), it remains to show that

n n P
anl Y (G Tw) T [en-1ed 1 — B)(G) Tul 0. (69)

n—-+o0o
k<1
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This follows from A 1-(ii)-(i) and Proposition I which shows that

Ell Y (GU)T )[sk ey — Z(GI) Tul?]

= E[I(G) w) el — ZIGED) Tul?]
k<1

< S IGEI'Ellek-1ei-1 — Zell?) < Ellzos] — S|Pl (1 — (1 - aan)?) ™"
k<1

Therefore,
lim 2B ((GU)Tw) T[er-1e_y — S)(GU)) Tul?] =0,

n—-+oo
k<1
which completes the proof of (69).
Finally, we show (68) which follows from A 1-(ii)-(i) and Proposition 1,

Efsup AM2 ] < STEAMZ,] = an Y ((GV) ") "Elex_1e]_1)(GL) Tu
k<1 k<1 k<1

< anEleogg Z ||G ||2 < Eleoeq Jrg/a -
k<1
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