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ON A GENERALIZED DERIVATIVE NONLINEAR SCHRODINGER
EQUATION

PHAN VAN TIN

ABSTRACT. We consider a generalized derivative nonlinear Schrdodinger equation. We prove
existence of wave operator under an explicit smallness of the given asymptotic states. Our method
bases on studying the associated system used in [31]. Moreover, we show that if the initial data
is small enough in H2(R) then the associated solution scatters up to a Gauge transformation in
sense of Theorem 1.6.
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1. INTRODUCTION

We consider the following equation

Uy + Ugg + iu* Uy =0, (1.1)

for given o > 0, u : Ry x R, — C is unknown function and u, denotes the derivative in space of
the function wu.

Local well posedness of (1.1) was studied in [12] on general domain. More precisely, for o > 1,
the authors proved that (1.1) is local well posedness in H! and global in time if initial data is small
enough. Furthermore, in the case 0 < o < 1, there exists a solution in (C\,, N L>)(R, H') for given
initial data in H?!.

In the special case o = 1, (1.1) is known to be completely integrable. Global well posedness was
studied in [33]. The author proved that for each initial data in H'(R) with the mass bounded by
41, the associated solution is global and uniformly bounded in H!(R). Later, in [7], the authors
improved this result by using variational argument. Moreover, the authors showed that the solu-
tions of (1.1) is global if its mass equals 47 and its momentum is negative. Using integrability of
(1.1), solutions of (1.1) were proved global in H*?(R) by [17] and in a subset of H*(R) N H1(R)
by [28]. To our knowledge, the best result is given in [2] showing that solutions to (1.1) are global
in Hz(R) and its H 2 (R) norm remains globally bounded in time.

The equation (1.1) admits two parameters family of solitary waves solutions (or solitons) wuy, .
for ¢ € (—24/w, 2y/w). Stability and instability of such solutions were studied in many works (see
for instance [24], [8], [23], [10], [6], [5], [11], [19], [26], [25], [18] and references therein). It turns
out that stability and instability of solitons depend on parameters o,w,c. More precisely, solitons
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are unstable if ¢ > 2, stable if 0 < ¢ < 1. When o € (1,2), there exists zg € (—1,1) such that
solitons are stable if —2\/w < ¢ < 2zpy/w and unstable if 2zpy/w < ¢ < 2y/w. There are special
solutions, called multi-solitons, of (1.1) which behave in large time like sum of finite solitons [30],
[31]. Stability of such solutions was studied in [22] when o = 1 and [29] when o € (1,2). More
precisely, the authors proved that sum of finite numbers of stable solitons is stable in some sense.

Scattering theory of (1.1) was first studied in [4]. The authors showed that when o > 2, so-
lutions are global and scattering when the initial data is small in H® for % < s < 1. Moreover,
when 0 < o < 2, there exists a class of solitons which are close arbitrary zero, this is against
the small data scattering statement. Relating to scattering theory, in [27, 16], the authors proved
existence of modified wave operator when o = 1 under a small condition on the asymptotic state
given at infinity. Moreover, the modified scattering operator for derivative nonlinear Schrédinger
equation was proved in [9]. Recently, in [3], the authors proved existence of wave operator by given
asymptotic state in H' for all o € N, ¢ > 3. The authors used a Gauge transformation and the
normal form method to deal with the appearance of the derivative term in the nonlinearity. In this
paper, we prove existence of wave operator under an explicit smallness of given asymptotic state
by another approach, specially, we remove the assumption o € N used in [3].

The equation (1.1) admits three conserved quantities:

1 1
(Bnergy)  B(w) = 5lluslfs - 5 Re [ iluf7au.da,

(Mass) M (u) = [|ul|7:,

(Momentum) P(u) = ’Re/ U ud.
R

Let (w,c) € RT x R be such that
—2y/w < ¢ < 2y/w. (1.2)
Define, for all ¢ € H!(R):

w C
Su,e(p) = E(p) + §M(<ﬂ) + §P(s0)
Ko o(9) = [ 0all22 + w2 + cP(p) — Re / o Boudz,

plw, ) = inf { Sy c(p) 1 o € H'(R) \ {0}, Ky () = 0},
Koe={p € H'(R) : Su.c(¢) < pw, ¢), Ko () = 0},

K= U Kee

—2/w<e<2y/w

w>0

In [7], the authors proved that under sufficient conditions, solutions of (1.1) are global. More
precisely, we have the following result:

Theorem 1.1 ([7]). Let ¢ > 1 and (w,c) satisfy (1.2). If the initial data ug € K, then the
associated solution of (1.1) is global and its H'-norm is uniformly bounded in time. Specially, if
ug € K then the associated solution of (1.1) is global.

In [15, 13, 14], the authors used a Gauge transformation to construct solutions to derivative non-
linear Schrédinger equations by given initial data. Using these Gauge transformations, we show
that there exists a solution scattering to a given asymptotic state. This solution is well defined in
large time. To show that the wave operator is well defined, we need to prove that this solution
can extend at least to zero and exists uniquely in some sense. Using Theorem 1.1, under suitable
conditions of asymptotic state, the solution scattering to this state exists globally in time.

Our first main result is the following.

Theorem 1.2. Let o > 2 and u™ € H3(R)NW?2L(R) be a given function. There ezists a solution
w of (1.1) scatters forward to u*. The convergence is in polynomial rate, more precisely, for some
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To > 1:

Ju — e Put | g <70, V> T (1.3)
Assume that u™ satisfies

10zut |72 + wllu||Zs < 2u(w,0), (1.4)

for some w > 0 then the associated solution u of (1.1) is global. Furthermore, if v € C(R, H') N
Li,o(R, W) s a solution of (1.1) such that ||v.| L) is uniformly bounded on [Ty, o0) and v
scatters to ut in the sense of (1.3) then u(t) = v(t) for all t € R. In this case, the wave map:
ut — ug = u(0) is well defined.

Remark 1.3. If K, o(p) = 0 then

(1 1 2 2 _ / 2 2
Susl) = (5 - 55 ) [ 00uel +loPhs = 2 [ (1ouel + ol
As in [7], we have
g
(,0) = Suo(000) = 5575 [ (1026ual” + wl6alliz >0,

where
2% = 2v/w(o + 1) cosh™ ' (2y/woz).

Thus, the condition (1.4) is equivalent to

20

2 2
9022 + w22 < 5

/ (18560l + wld ol?)d.

Remark 1.4. The restriction on o in the above theorem (i.e o > 2) is required to ensure that
s179 € L'(1,00). This implies that the right hand side of (3.13) tends to zero as N tends to
infinity. Thus, we obtain the desired relation for the solution given in Step 1 of the proof of
Theorem 1.2, which plays an important role in the proof.

Remark 1.5. The restriction on regularity of the final state in Theorem 1.2 make weaker our result.
In [3], the authors only use condition u* € H!(R).

For u € H', we define the Gauge transformation of u by

G =exp (5 [ lutt.) ™ dy) e,

i x
Ga(u) = exp (2/ lu(t, )2 dy) Dault, z).
In the case when the initial data is small in H?(R), we show that the associated solution scatters
up to the Gauge transformation in the sense of Theorem 1.6. Our second result is the following.

Theorem 1.6. Let o > 3, ug € H? be such that ||ug|| g2 is small enough and u be the associated
solution of (1.1) with initial data uy. Then there exists a unique *,* € H' such that

a2 . a2
1G1(u) — "% o* | + ||Ga(u) — €% | 1 — 0,
as t — +oo.

Remark 1.7. The assumption ¢ > 3 in the above theorem is a technical condition, which is useful
in the proof of this theorem. Our result in Theorem 1.6 is not the same in [4] where the authors
showed that the solutions of (1.1) scatters under the smallness of ug in H* for 3 < s < 1. However,
from [4], we conjecture that the above theorem holds true when o > 2.

Remark 1.8. Tt is well known that if initial data ug is in H? then the associated solution u of (1.1)
is defined uniquely (see for instance, [12, Theorem 1.1]). From theorem 1.6, the solution is global
in time. We refer the reader to [33, 7, 28, 17, 2] and conferences therein for the other results on
global existence of solutions of (1.1).

Remark 1.9. Let u € H**! for some s > 1. Then (p,%) = (G1(u), G2(u)) € H**! x H*. Moreover,
lollgs+r + 1Y)l < C(||lullgs), where C : Rt — R is a continuous, locally bounded function.
Thus, we can also work in H*+1, s > % and obtain a similar result of Theorem 1.6. However, to
avoid the complexities from fractional derivatives, we only work in H? as in Theorem 1.6.
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Our strategy to prove Theorem 1.2 is to use the Gauge transformations of u to obtain the sys-
tem (3.4) of two Schrodinger equations without derivative nonlinearities. In [31, Lemma 3.8], we
studied this system to prove existence of multi-solitons, where the profile H decays exponentially
in time. Our method used in [31] is inspired by [20, 21], where the authors proved existence of
multi-solitons for classical nonlinear Schrédinger equations. In our case, the profile H only decays
polynomially in time. Combining to the fact that the profile W decays polynomially in time, it
suffices to show that there exists a unique solution of (3.4) which decays polynomially in time and
hence we obtain a desired solution of (1.1) scattering to the given asymptotic profile by polynomial
rate. One of difficulty in the proof is to prove a relation of ¢, v, the Gauge transformation of w.
More precisely, we need to prove ¢ = 0, — %|<p|2"g0. Define k = 0, — %|<p|2"g0, hence, it suffices
to show that ¢ = k. Instead of considering the quantity ||¢(¢) — £(t)||3. as in [15], we consider
the quantity [|¢(t) — (t)||2. since we already have the boundedness of ¢ and 7 in large time by
Proposition 3.1.

Theorem 1.6 is proved by investigating the system (2.2). We show that under a sufficiently small
condition of the initial data, the associated solution of (2.2) scatters in both time directions and
this implies the desired result.

This paper is organized as follows. In Section 2, we give some useful notation and preliminaries
for the proof of our main results. Section 3 is devoted to prove the main results of this paper
Theorem 1.2 and Theorem 1.6.
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2. PRELIMINARIES AND NOTATION

For convenience, we define L = id; + 02 the Schrédinger operator.

For a function f, we denote by f, or 0, f the derivative in space of the function f.

We denote by eit9%2 the propagator of the linear Schrédinger equation.

Denote |(a,b)| = |a| + |b] and ||(a,d)||x = |la||x + ||b||x, for any Banach space X.

A pair (g,7) is called an admissible in dimension one if ¢,7 > 0 and 2 + | = 5. We define A to
be the set of all admissible pairs.

For a function f(z) defined for a complex variable z and for a positive integer k, we define kth
order complex derivative of f(z) by:

ey (080 okf  Of
. 65 9 85_1 527 b azaij_l’ agk» )

where

of _1(of .of of 1 [(af .of
-3(5 %) d=i(mm)

2. —2\az oy 2z Ty

We refer the reader to [1] for related notations.
Let I be an interval of R. The Strichartz space S(I) is defined by

lulls(ry = sup [ullparr-.
(g,r)eA

Let N(I) be the dual space of S(I). Define S*, N* by

lullsiry = [1(w, Ozu) sy = I{V) wlls1ys
llull vy = [(w, Ozu) | vy = I{V) ulln(r)-
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Let ¢ = G1(u) and ¢ = Ga(u). Then, ¢ = 9, — |[**¢. As in [31], we see that if u shows
(1.1) then (¢,) show the following system:
Ly = Plp.0) = iolo V6% — oo — ) [°_ oD Tn(u),
Ly =Q(p,v) = —iolpP V9?5 —a(o — )0 [* [pl*7 2 Im(4°F?).
Let n = (p,%) and F = (P,Q). We may rewrite (2.1) as follows:
Ly = F(). (2:2)

We next introduce useful tools for the proof of the main results in the next section.

(2.1)

Lemma 2.1. For n = (¢1,%1),m2 = (p2,12) € H' x H', we have

F(m) — F(na)| < lm — nol(m P + sl + / 2 dy)

— 00

T
4 Il / i — el (i P+ el dy,
— 00

10a(Fm) — Fne))| < 10 (m — n2)| (W“ e+ [ |n12">

— 00

+ [ = 0210 (1, m2) | (I 2771 + m2?71)
+ |3z772|/ In = m2l(Im 71 + 2770 + I = w2l (> + [m2]7).

To prove Lemma 2.1, we only need to prove the following estimates.

Lemma 2.2. Let 0 > 2. We have the following estimates:

|2(O’71 ‘2(0’71 )‘20’

’I% Vol — oo )wi%‘ < I = mol | (e
127D Tn(353) — ool DTn(w33)| S I — mall () 27,
Ou (1 PR3y = el e0,)| S 10n(m — mo)l| (o, m2)

where 01 = (p1,91),1m2 = (2, 12).

Proof. For each function f € C!, we have the following expression (see for instance [32]):

)

Fu) = F(v) = (u—v) /0 0. f(v+ 0(u—v))do + m/o O-f(v+0(u—v))do.  (2.3)

Using the above expression for f(z) = [2/%°~1) with noting that f € C' (since o > 2) and
|f(1)(z)\ S |Z|2(0_1)_1, we have

127D @D = 17 (e1) = Flp2)] S lgr = @l (pr, 2) 2007,

This implies easily the first estimate. To prove the second estimate, we using the expression (2.3)
for f(z) = |2|2®=2Z2. As f € C* (since ¢ > 2) and |fV)(2)| < [2/2(@~V~L, we have

[l 2852 ~ 162 2522] < i = gall(or, 2) 2D

This implies easily the second estimate. Consider the third estimate. The most difficult contribu-
tion in the third estimate is the following

B (|12 — oo XV 2)| .
From (2.3), we have

102(f (W) = F ()] S 10u(u=0)| sup |fPD(w+0(u—v))[+u—v| sup [0,fP(v+0(u—v))|. (2.4)
0€10,1] 0€[0,1]

We use the above expression for f(z) = |z|2(?~1)22. The first term is easy to handle. Consider the
second term. We have

0.f(2) = (o + DIP7 Yz, 82f(2) = (0 = 1)]2772)2%
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Thus,
10,0 f (w)] S 0pul[ul*™V, 0,05 f ()] S [Opulul*Y.

From this, we easily estimate the second term in (2.4) and the third estimate is proved. O

3. PROOF OF THE MAIN RESULTS

3.1. Proof of Theorem 1.2. The aim of this section is to prove Theorem 1.2. We use the similar
argument as in [31].
Let R = ¢®%u*. Then

LR +i|R|*’ R, = i|R|*’ R, := v(t,x).
The Gauge transformations of R are defined by:
h = Gi(R),
k= Ga(R) = Oyh — %|h|2”h.
We prove that

Lh = P(h,k) +m, (3.1)
Lk = Q(h, k) +n,

where m,n are functions depending on R, v:

mit.a) = exp (3 [ 1RGPy ) oft.0),

n=8,m— %(a +1)|h2m — %o|h|2("‘1)h2m.

Oih = exp <;/ IR(tvy)%dy) <8tR+ %R&s/ IR(t,y)lz"dy>,

. . .
Opuh = exp (;/ |R(t7y)2"dy) (Rm +i|RI* R, + %&(\RF")R - 4|R|4”R) .

—0o0

Indeed, since h(t,z) = exp (% I |R(t,y)|2”dy> R(t,z), we have

Moreover, as in [12][Section 4], we have
fat/ |R|>*dy = —o|h|>" =V Im(hk) + 0/ Az (|h[2 =N Im(hk)dy — |h|4"
Thus,

Lh = exp (

)

i o)
- exp< /f R(t,y |2”dy> v+h (0h|2(" O Zm(hk) —0/ 9 (|h2“ =) Im(hk)dy + 8 (Ihl2"))

/ )

)

R(t,y)[*dy <LR+2|R2UR - fRat/ |R|?7dy + %Raz(|R|2“) - 4|R|4"R>

1
R(t,y) | dy u+h(—at R dy + a (|h|2°) — |h4">

exp< R(t,y)|*° dy v+h(w|h|2" Uk — (071)/

— 00

|h|2@=2) T (R k2)dy>

exp<; R(t,y)|*°dy | v+ P(h, k)
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which gives (3.1). Furthermore, using k = 9,h — %|h|**h, we have
Lk = 0,Lh — %L(|h|2"h)

= 9,Lh — % (iat(h”lﬁ") + am(h”lﬁ"))

= 0,Lh
- % ((0 + D)[BP7i0h + o b VR0 h + (0 + 1)|h[*7 0puh + o h[* B0y

+(o + 1)0,hd,(|h)*) + aamﬁax(\hF(“—%?))

= 0,Lh — % ((a + D[R Lh + o A2 DR (20,7 — H))

— (o 0000, (AP7) ~ LoD, R?)

In the above expression, the contribution of d,,h can be removed from the contribution of 9, P(h, k)
in 0, Lh. The contribution of m in the above expression of Lk appears only in the terms 8, Lh, Lh
and Lh. It is easy to check that this equals to

Dy — %(0 + 1)|h27m — %a|h|2<”*1>h2m.

Since the remainder depends only on h, k and does not depend on m, which is actually a polynomial
of h,k, h,k, by using the similar argument to obtain the system 2.1, we have

Lk = 0ym — & (o + 1) A" - %a|h|2(”_1)h2m +Q(h k) = Q(h k) +n,
which gives (3.2). By Holder’s inequality and dispersive estimates, we have, for ¢t > 1,
It )l S Nollzr S 7 a5 A -
Let W = (h,k), H=—(m,n) and fj =15 — W = (&, ). Then,
Outh = 0up — (17 + h*7 (3 + h) — [hI*7h). (33)
We see that if u shows (1.1) then 77 shows the following system
Lij=F(f+W)—F(W)+H. (3.4)

We divide the proof of Theorem 1.2 into three steps.
Step 1. Ezistence of a solution of the system

In this step, we show that (3.4) admits a solution which decays polynomially in time. To do so,
we need the following result.

Proposition 3.1. Let F = (P,Q), where P,Q are defined by (2.1). Let H = H(t,z) : [0,00) xR —
C%, W =W(t,x):[0,00) x R — C? be given functions which satisfy for some Cy,Cq > 0, Ty > 0:

t%”W(t)HLooXLoo + ||W(t)||L2><L2 +t0||H(t)HL2><L2 < Cy, Vt=Ty, (35)
t2 |0W (t)|| Lo x oo + |0 W (E) || 2xr2z + 7| 0n H () || 2xr2 < C2y V= Tp. (3.6)

Then the system
Ly=Fn+W)—-FW)+H (3.7)

admits a unique solution 7 that satisfies
t7 (1l stt,00) x St.00) + 1027l 51t,00) x S1t100)) S 1, (3.8)
for allt > T.
Proof. Fix Ty > 1 large enough. Define
B = {ij € C([Ty,00), H' x H") : t (7, 027) || s[t,00) x 5[t,00) < Cs V= Tp},

for some C > 1 large enough and

d(7)(t) =i /OO =) (F(f + W) — F(W) + H)(s) ds.

t
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If 7j tends to zero in H'-norm as t tends to infinity then the system (3.7) is rewritten as follows
1= (7).

Thus, it suffices to prove that ® is a contraction mapping on B for T large enough. We divide the

proof in two steps.

Step 1. Proof ® maps B into B

Let t > Ty. For convenience, let 77 = (171, 72) € B, W = (w1, w2) and H = (hy, ha). By Strichartz’s

estimates, we have

”q)f]”S[t,oo)xS[t,oo) 5 HF(ﬁ + W) — F(W)HN[t,oo)xN[t,oo) (39)
+ | H I L1 L2 ([t,00)) x L1 L2 ([2,00)) - (3.10)
To estimate (3.10), using (3.5), we have

| H || L1 L2 ((t,00)) x L1 L2 ([t,00)) S / s %ds=t'"7.
t

We have
[7() | 2w < () e < 877
for all s € [t,00). It implies that

(o]
”ﬁ”i%f;(t’oo) S \/t g20(1=0) 4g < H1+20(1-0) < H1-20
Moreover,
oo
170l L1 22 (¢,00) 5/ $17ds = 277,
t
Hence, using Lemma 2.1, Holder’s inequality and the estimate ‘f_zoo f(y)dy‘ < ||fllL1, we have

[F(7) + W) — F(W)||N[t,00)x N[t,00)
SIE@+W) = F(W)llL1r2(t,00)x L1 L2[t,00)
Slallerez (10, W% e + 110, W) 22 £20)
+ Wl g 2 l157] (2, WP~ 1
Slalleree (17, W% poe + 17125 L2e + W[ L2 W1 7557
T P (AR TP G P T er
St
This implies that
1R[] 51t,00) x S[t,00) < CE 7,
for some constant C' > 0. Moreover,
102 @1| 51t,00) x S[t,00) S |0 (F (7 + W) = F(W))|| Nit,00) x N[t,00) (3.11)
+ [|0:HI| L1 L2 [t 00y x L1 L2[t,00) - (3.12)
To estimate (3.12), using (3.6), we have

102 H | L1 L2 ([t,00)) x L1 L2 ([t,00)) S / s %ds =t'"0.
t
Furthermore, using Lemma 2.1, we have
10 (F (17 + W) = F(W))l|Nit.00) x Nt,00)

SN0l 2 (17, W Foe oo + 1l1E% L2 + [WIF oo 2 [[W 17757
20—1

o (il 200 oo + 1l 3 10l oz ) 1T, W3

)”20—2

10 W | oo 2177l 1 22 17, W) oo 22 1 WIITZ e + 3l 2217, W) | F2 e

<t
Thus, ® maps B into B if we chose C' large enough.
Step 2. Proof ® is a contraction map on B
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By using (3.5), (3.6) and a similar argument as in Step 1, we show that, for any 7,0 € B, we
have

- - . .
7 - @7l < 57— 7lx,
where
I7llx = sup t7 (7, 0a )|l s(t,00) x St,00) -
=410
Thus, ® is a contraction map on B. This implies the desired result. O

By the dispersive estimate, we have ||R|pe < t_T1||u+||L1. Thus, it is easy to check that the
functions W, H satisfy the conditions (3.5) and (3.6). Hence, using Proposition 3.1, there exists a
unique solution 7 to the system (3.4) satisfying the estimate (3.8).

Step 2. Existence of a desired solution

In this step, we show that the solution 77 given in Step 1 satisfies a desired relation. This implies
the existence of the desired solution of (1.1). More precisely, we have the following result:

Lemma 3.2. Let 77 = (, 1/;) be the solution of (3.4) given in Step 1. Then,

V= 0,¢ — = (|¢ + h[*? (¢ + h) — |h[*?h).

i
2
Proof. Define (p,¢) = (3, 9) + (h, k). Let & = 9, — (| +h|>? (3 +h) — |h[>?h) and k = &+ k =
dr¢ — £|¢|*¢. Hence, we only need to show that & = . To do so, we use the idea used in [31] (see
also [15, 14, 13], where the authors constructed solutions by given initial data). We will consider
the quantity ||)(¢) — %(t)||2. and estimate the invariant of this in time. It seems that this quantity
is better to use than ||¢)(t) — k(t)||2. since we already have the boundedness of ¥, ¥ in large time
by Proposition 3.1. As in [31], we have for N > t:

L — Li = Ly — Lk
:Q(@a'lzj"_k)_Q(‘pvk"_k)_az(P(@»i/?+k)_P(<pvk+k)

20+ DIel (P, + k) = Ple, 7+ k)

i B _
— 50l (P, + k) — P(p R+ k).

+

Multiplying both side of the above equality by 1/; — v, taking imaginary part and integrating over
space with integration by parts (see for instance [31]) we obtain

N
19(t) = R(OZ2 S [$(N) = R(V)||Z2 exp (/t (K1 + K2 + K3)(s) dS) ; (3.13)

where

Ky = [l 7% 19 + & + 2kl 2 + [[llP (& + k[l + 17 + Kl 21?7 (& + & + 2Kk) | 2,
Ko = 0196 o + 1000 2 I[PV (& + & + 2k) || 12 + [ll*7 (& + & + 2k) | 1oe,
K3 = [loll7% + 1el* 2 llle* D (4 + & + 2Kk)]| 2.
Consider K;. To estimate this term, we use the boundedness of 7 as in Propositlion 3.1 and the
well-known boundedness of (h, k). Since, ||¢(s)||ree < [|@(8)]|ne + [|R(8)||re S 72, we have

2(oc—1

o— ~ I 7 ~ 2(0—1) 7 ~
Ky S o2 (Rl e + 19+ 2K L) + @32 D10 + K22 + |7 + k|l 2 llol 32V + & + 2k 12
S s (0@l +572) + 517



10 PHAN VAN TIN

To estimate the contribution of the term ||0, Q|| in K7, we shall use Strichartz norm of this term.
Since o > 2, we have, for all N > t,

N
/ Ky (s)ds < 1Kl s e
t

1_ ~ _
S 152 77N0s@(8) [ Lo |22 ,00) + 15"~ L2 (1,009

155771 4 g 9Bl 10 + 1277
<O 4P < oo

Similarly, we show that Ko, K3 € L!(t,00), where the contribution of ||0,p| 1~ in K» are estimated
by using the Strichartz norm. Moreover, using (3.8), |[¥(N) — &(N)||L2 S N'™7 = 0 as N — oo.
Thus, fixing ¢, the right hand side of (3.13) converges to zero as N tends to infinity. It implies that
¢ = &. This completes the proof of Lemma 3.2. g

Let u = G7'(¢ + h). From Lemma 3.2, we obtain u is a solution of (1.1). Moreover, we have
lu=Rllm S @l S 77— 0.

This implies that u scatters forward to u™. It is easy to see that u € C([Ty, 00), H )NL*([Ty, o0), W),
Moreover, [0zl L ((1y,00),L5 (R)) = [[¥]lL2=([Tp,00), L5 (R)) 18 Well bounded.

Now, assume that u™ satisfies the condition (1.4). Since ut € H> N W?2!, we have || Rz~ — 0
as t — oo and hence

Re/ i|RI*0, RRdx — 0, ast — oc.
R
Thus,
. 1 w
Jim Suo(R() = 510 + 5 [t < ple,0),
lim Ky o(R(1) = 000”72 +wluTl|Z2 > wlu® 2. > 0.

Since |ju(t) — R(t)||gr — 0 as t — oo, we have Ky, o(u(t)) = w|lut||2, >0 and S, o(u(t)) < pu(w,0)
for t large enough. By Theorem 1.1, w exists globally in time. Moreover, by Theorem 3.3, u €
C(R,H") N L{ (R, W), It remains to show that the existence of u is unique in some sense.

Step 8. Uniqueness of the desired solution

In this step, we show that the solution found in Step 2 is unique in some sense, which implies
that the wave map is well defined. We need the following well known result.

Theorem 3.3 (|12][Theorem 1.4). Let 0 > 1 and ug € H'(R). Then there exists T > 0 and
a unique solution uw € C([-T,T),H*) N L*((=T,T), W) of (1.1). Moreover, u satisfies the
following properties:
(i) we LI((=T,T),Wtr) for every admissible pair (q,r).
(i) M(u(t)) = M(u(0)) and E(u(t)) = E(u(0)) for allt € [-T,T).
(iii) u depends continuously on ug in the following sense. If uly — wug in H' and if u, is
the corresponding solution of (1.1) then u, is defined on [—T,T) for n large enough and
up — w in C([-T,T), HY).

Using the above theorem, we have the following result.

Lemma 3.4. Letu,w € C(R, H)NL}

e (R, WLo) be two solutions of (1.1) such that || (., wm)||L$o([Toyoo)7Lgo(R)) <
1 and

~

sup t77 ([|u(t) = R(t)|[ o + [lw(t) = R(®) ) S 1.

t=>To

Then u(t) = w(t) for all t € R.

Proof. We have
i(u = w) + 07 (u — w) +i([ul*Tug — [w[*7w,) = 0.
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Multiplying two sides of the above equation by (u — w), taking imaginary part and integrating by
space, we have

1 -
0= §6t||u — w2, + ’Re/(|u|2“u:,c — |w|* wy) (u — w)dz.
R

This implies that

1 [
50l = wlts = ~Re [ (s ~ wPow,) T w)ds
R

—Re / (Ju?” — |w|*7ugu — w + |w* u — w(u, — wy)dx
R

1
—Re/(|u|2" w2 Yy = wds — 77&/ w[270, (|u — w[?)da
R 2 R

1

_7&/(|u|20 _ |w|20)u$u —wdzr + 5733/ 6$(‘w|20)‘u _ ’U)|2dx.
R R
Hence,
0uu = wlfa] 5 [ Ju= wl(uPo 4 ol ) el + s ])d

R
<l = w3l w) 135 Nt w2 222
S llu—w|Fat2

Define M (t) = ||u(t) — w(t)||32. Assume M(Ty) > 0. We have

b b b
/ aths 5/ aths 5/ $279ds
TQ M TO TO

This implies that
é*G’ 2
| log(M (b)) — log(M(Ty))| £ Tg 7 — b2~
Since o > 2 and M () tends to zero as b tends to infinity, the above estimate gives us an contradic-
tion by letting b tends to infinity. Thus, M (T,) = 0 and hence, u(Ty) = w(Tp). Similarly, we have
u(t) = w(t) for all t > Ty. By the existence and uniqueness of C(R, H') N L} (R, W) solutions

to (1.1) stated in Theorem 3.3, we have u(t) = w(t) for all ¢ € R. This completes the proof. O

By Lemma 3.4, the wave map u* — wug = u(0) is well defined. This completes the proof of
Theorem 1.2.

3.2. Proof of Theorem 1.6. Let ¢ > 3. To prove Theorem 1.6, it suffices to prove that the
solution 7 to (2.2) scatters in both time directions provided 7(0) is small enough in H' x H?!.
Consider the system (3.4). Assume that 7(0) is sufficiently small in H! x H!. By Strichartz’s
estimates, we need only to prove that F(n) € N*(R) x N*(R). Fix T > 0 and let I = [0, T]. From
now on, we take all space-time estimates on I unless otherwise stated. By Strichartz’s estimates,
we have
[nllsixst S IO [mxms + [1F M) v v

Using Lemma 2.1, we have

B < Inf " + In \ [ e

Thus, noting that S*(R) < L% (RxR) when o > 3, [[[nlllzz, < l1nlllst, 15 FW)dyllne <[ fllzt,
we have

IEM vz S NErz2xerze

T
< 27 e + il / 027 dyl| 1
— 00

S Mnlllzoe 2 0l s oo Ml 727 + Ml o 2035,

SlnllE i
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Using Lemma 2.1 again, we have

O F M) < (n, en)l 1127 + 0] ] / n|2”dy‘

Thus, similarly as above, we have

[0:F(MlInxn SN0z F(m)llprrzxrire

S Nl 10em) | zoe 2 Ml L e NIl 32 + 101 e 22 10111352
SInlE .

Combining the above, we have

for

Inlls s < ClnO) | + ClnllF

some constant C' > 0. Thus, for ||n(0)| g1z small enough, by continuous argument, the

solution 7 exists globally in time. Moreover, ||n||ls1®)xs1®) S [0l|m: and F(n) € N*(R) x N(R).
By classical argument, there exists ¢+, )* such that

. . 2
Jim g — e (0=, 0F) g1 — 0.

The unique existence of p*, ¥ is followed by the uniqueness of H? solutions of (1.1) by given

initial data (see for instance [12, Theorem 1.1]) and the uniqueness of the limit of e’”ain(t) as
t — £oo. Hence, the proof is completed.
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