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ON A GENERALIZED DERIVATIVE NONLINEAR SCHRODINGER
EQUATION

ABsTrRACT. We consider a generalized derivative nonlinear Schrédinger equation. In [13, Theo-
rem 2|, the author showed that there exists a modified wave operator with suitable regular small
asymptotic states given at infinity. In this paper, we prove existence of wave operator under an
explicit smallness of the given asymptotic states. Our method bases on studying the associated
system used in [17]. Moreover, we show that if initial data is small in H2(R) then the associated
solution scatters up to Gauge transformation in sense of Theorem 1.3.
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1. INTRODUCTION
We consider the following equation
iug + Au +ilu)* u =0, (1.1)

for given 0 > 0 and u : R x R — C is unknown function.

Local well posedness of (1.1) was studied in [8] on general domain. More precisely, for o > 1,
the authors proved that (1.1) is local existence in H' and global existence if initial data is small
enough. Furthermore, in the case 0 < o < 1, there exists a solution in (C\,, N L>°)(R, H') for given
Ug € H.

In the special case ¢ = 1, (1.1) is known to be completely integrable. Global well posedness
was studied in [18]. The author proved that for each initial data in H'(R) with the mass bounded
by 4 the associated solution is global and uniformly bounded in H!(R). Later, [5] gave the same
result by using variational argument. Moreover, the author showed that the solutions of (1.1) is
global if its mass equals 47 and its momentum is negative. Using integrability structure of (1.1),
solutions of (1.1) is global in H?2(R) by [9] and in a subset of H?(R) N HY1(R) by [14]. To our
knowledge, the best result is given in [1] showing that (1.1) is global in H2 (R) and that the H2 (R)
norm of the solutions remains globally bounded in time.

The equation (1.1) admits two parameters family of solitary waves solutions (or solitons) g .
for ¢ € (—2y/w, 2y/w). Stability and instability of such solutions were studied in many works (see
e.g [12], [6], [11], [7], [4], [3])- It turns out that stability and instability of solitons depend on
parameters o,w,c. More precisely, we give instability for ¢ > 2, stability for 0 < ¢ < 1. This
is more complex in the case ¢ € (1,2). In this case, there exists zp € (—1,1) such that solitons
are stable if —2\/w < ¢ < 2zpy/w, unstable if 2zp4/w < ¢ < 2y/w. There are special solutions of
(1.1) which behave in large time like sum of finite solitons [16], [L7]. Stability of such solutions was
studied in [10] when o =1 and [15] when o € (1,2). More precisely, the authors proved that sum
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of finite numbers of stable solitons is stable in some sense.

Scattering theory of (1.1) was first studied in [2]. The authors showed that when o > 2, solutions
are global and scatter for small initial data in H* for % < s < 1. Moreover, when 0 < 0 < 2, there
exist a class of solitons which converge to zero as ¢ tends to some endpoint, which is against the
small data scattering statement. Relating to scattering theory, in [13], the author proved existence
of a modified wave operator under a small condition on asymptotic states given at infinity. In this
paper, we prove existence of wave operator under an explicit smallness of the given asymptotic
states.

The equation (1.1) admits three conservation quantities:
1 2 1 10|20
(Energy) FE(u) = §||U1HL2 - m??e Rz|u\ Uugdr,

(Mass) M (u) = [|ullZ,
(Momentum) P(u) = ’Re/ iU ud.
R

Let (w,c) € RT x R such that
—2y/w < ¢ < 2y/w. (1.2)
Define, for ¢ € H'(R):

w C
Su,e(p) = E(p) + §M(<p) + §P(s0)
Ko oli9) = 222 + wll@l2s + cP(g) — Re / P Ppadz,

pw,c) = inf {Su c(p) : o € H (R)\ {0}, Ko e(p) = 0},
ICw,c = {4,0 € Hl(R) : Sw,c((p) < ,u(w, C)vKLU,C((p) 2 O} )

K= U Kee

—2y/w<e<2y/w
w>0

In [5], the authors gave some sufficient conditions for which solutions of (1.1) are global. We have
the following result:

Theorem 1.1 ([5]). Let 0 > 1 and (w,c) such that (1.2). If the initial data ug € Ky, . then the
associated solution u of (1.1) is global and H'-norm is uniformly bounded in time. Specially, if
ug € K then the associated solution of (1.1) is global.

By using the idea in [17], we show that there exists a solution scattering to the given asymptotic
state. This solution is well defined in large time. To show that the wave operator is well defined,
we need to prove that this solution can extend to zero at least and this solution exists uniquely in
some sense. Using Theorem 1.1, given some suitable conditions of asymptotic state, the associated
solution scattering to this state exists globally in time.

Our first main result is the following.

Theorem 1.2. Let 0 > 2 and ut € H?> N W2 be a given function. There exists a solution u
of (1.1) scatters forward to ut. The convergence is in polynomial rate, more precisely, for some
To > 1:

u— e But| g <0, V> T,. (1.3)
Furthermore, if v is a solution of (1.1) such that |[v.| L) is uniformly bounded on [Ty, o) and
v scatters to ut in the sense of (1.3) then v =u. If u™ satisfies

10zu [z + wllul7s < 2p(w,0), (1.4)

for some w > 0 then the associated solution u of (1.1) is global and the wave map: u™ — ug = u(0)
is well defined.
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For u € H?, we define Gauge transformations of v by

G =exp (5 [ lutt ) dy) e,

— 00

— 00

Galu) = exp (; /m lu(t, )2 dy> Dault, z).

In the case where the initial data is small in H2(RR), we show that the associated solution scatters
up to Gauge transformations in sense of Theorem 1.3. Our second result is the following.

Theorem 1.3. Let ug € H? be such that ||ug|| g2 is small enough. Then there exists a unique
oT Wt € H' such that

1G1 () = ¥ 1 + [Gau) — €44 g =0,
as t — £oo.

Our strategy to prove Theorem 1.2 is to use Gauge transformations of u to obtain a system of
two Schrédinger equations without derivative nonlinearities (3.2). In [17, Lemma 3.8|, we study
this system to prove existence of multi-solitons, where the profile H decays exponentially in time.
In our case, the profile H only decays polynomially in time. Combining to the profile W decays
polynomially, it suffices to show that there exists a unique solution of (3.2) which decays polyno-

mial in time and hence give a desired solution of (1.1) scattering to the given asymptotic profile
by polynomial rate.

Theorem 1.3 is proved by investigating system (2.2). We show that under small condition of
initial data the associated solution of (2.2) scatters in both direction which gives the desired result.

This paper is organized as follows. In Section 2, we give some useful notations and preliminaries
for the proof of our main results. The next section 3 proves the main results of this paper Theorem
1.2 and Theorem 1.3. In Appendix 4, we establish some useful tools used in the proof of the main
results.
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2. PRELIMINARIES AND NOTATION

For convenience, we define L = i0; + A the Schrédinger operator.

Denote |(a,b)| = |a|] + |b] and ||(a,b)||x = |la|lx + ||b||x, for any Banach space X.

A pair (g,r) is called a admissible in dimension one if 7 > 2 and 2 + 1 = 1. We call A is the
set of all admissible pair.

Let I be a interval of R. The Strichartz space S(I) is defined by

lulls(ry = sup |lullLarr.
(g,r)eA

Let N(I) be dual space of S(I). Define S, N! by
lullsiry = 11(w, Deu)lls(1),
[ullnve iy = 1w, Ozu) || v (1)

Let ¢ = Gi(u) and ¢ = Ga(u). Then, ¢ = 9, — [p[**¢. As in [17], we see that if u show
(1.1) then (¢,) show the following

Lo = P(p,9) = iolpl? " e*) — oo = D [Z ) Im(4°F7),
Ly =Q(p,v) = —iolpl? 9T — oo = )¢ [Z o[~ In(v%?).
Let n = (p,v) and F = (P,Q). We may rewrite (2.1) as follows:

Ln=F(@). (2.2)

(2.1)
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3. PROOF OF THE MAIN RESULTS

3.1. Proof of Theorem 1.2. The aim of this section is to prove Theorem 1.2. We use similar
argument in [17].
Let R = e®®u . Then
LR+i|R* R, = i|RI* R, == v(t,x).
Define h, k are Gauge transformations of R:

k= Gi(R),
h = Ga(R) = d,h — %|h|2"h.
By argument in [17],we have
Lh = P(h,k) +m,
Lk = Q(h. k) +n,

where

- x xT
m = exp (; / |R|?® dy) v— ah/ |R|>"=Y Zim(Rv) dy
— 00

—00

n = exp (; / |R|* dy) (0gv — JGIR/ |R)?“~ V) Tm(Ru) dy).

— 00

Let W = (h,k), H=—(m,n) and j =1 — W = (&, ). Then,
7 ~ b o o
0.0 = 0,6 — (1 + b7 — AR, (3.1)
We see that if u show (1.1) then 7 show the following system
Lyp=Fn+W)—-F(W)+ H. (3.2)

We divide the proof of Theorem 1.2 into three steps.
Step 1. Existence of a solution of the system
Consider (3.2). We show that (3.2) admits a solution which decays polynomially in large time.

Proposition 3.1. Let H = H(t,z) : [0,00) x R — C%, W = W (t,z) : [0,00) x R — C? be given
functions which satisfies for some C1,Cy > 0, Ty > 0:

i o

W ()| Lo xnoe + W)l L2xrz + 7| H | L2 2
i (o}
2102 W ()|l Loex oo + W ()l L2z + 7102 H | L2 L2

There exists a unique solution 7 to (3.2) such that

Ci, Wt
Ca, WVt

b, (3.3)
To. (3.4)

AR

<
<

—_

7 (17l s1t,00) x S(ts00) F 10271l s(t,00) x Sit,00)) <

7

forallt > Tj.
Proof. Fix Ty > 1 large enough. Define
B = {ﬁ : t0—1||(77» aﬂ?ﬁ)HS[t,oo)XS[t,oo) < C, vt = To} N

for some C > 1 large enough and

B()(t) = i / D (P(i 4 W) — F(W) + H)(s) ds.

t
If 77 tends to zero in H!'-norm then the system (3.2) is rewritten as follows
1= (7).

Thus, it suffices to prove that ® is a contraction mapping on B for T large enough. We divide the
proof in two steps.
Step 1. Proof ® maps B into B
Let t = Ty, 1= (11,72) € B, W = (wy,w3) and H = (hy, h2). By Strichartz, we have

127l s(t,00)x 5[t,00) S 1F (7 + W) = F(W)[N[t,00)x NIt,00) (3.5)

+ 21 2 ([t,00) x L1 22([t,00)) -
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For (3.6), we have

I H I L1 £2([t,00)) x L1 L2 ([t,00)) = I(P1, ha) | L1 L2 ([t,00)
hS / s %ds =17,
t

Using Lemma 4.2, we have
[1E(7 + W) — F(W)|IN[t,00)x N[t,00)
SIE@G+W) = FW)[ L1 £2(t,00)x L1 L2[t,00)
S allpon- 1713, + 1]l 1 22 W75 L
+ 1l o 1113, + 17l 1 2 lIW [ F oo 2 W 135 e
S t(lfa)(2a+1) + $2—o4l—o 5 =
This implies that
@7 s1t,00) x S[t,00) < CE 7,

for some constant C' > 0.
Moreover,

(|02 ®l[ 5[t,00) x S[t,00) S |02 (F (1) + W) — F(W))[[N{t,00) x N [t,00) (3.7)
F0:H || L1 12 [t 00) x L1 L2[t,00) - (3.8)
For (3.8), we have

10: H | L1 L2 ([t,00)) x L1 L2 ([t,00)) = [(P1, h2) |21 22 ((t,00)

(o]
5/ s77ds =t'77.
t

Furthermore, using Lemma 4.2, we have
10:(F (7 + W) = F(W))| N{t,00) x Nt,00)
SN0l a2 (117, W Foe e + 1l1E% 20 ) + 11771 22 22 102 (7, W)l poe oo [[(7, W) 7557
F10:W || oo 2177l 1 22 (7, W oo 2 1 WIIT% Eoe + 1l 2 22177, W) | F2 o
< tlfo'.

Thus, ® map B into B if we chose C' large enough.
Step 2. Proof ® is a contraction map on B By using (3.3), (3.4) and a similar argument as in the
step 1, we may prove that, for any 7, & € B, we have

~ . .
|7 — D7l < 5 — il

where
177l x = sup t7 (7, 02 || 8[t,00) x St,00) -
=410
Thus, ® is a contraction map on B. This implies the desired result. O

Remark 3.2. By Strichartz, we have ||R||~ <t |ut|z:. The assumption on u* ensures that all
conditions in Proposition 3.1 are satisfied.

Step 2. Existence of a desired solution

(I¢+

Nl

We prove that the solution 7 found in Step 1 satisfying the relation 3.1. Let © = 0, —
h[?7 (@ + h) — |h[>7h).
Using argument in [17], we have for N > ¢:

N
19(t) = 8()]|72 < () = B(N)||72 exp (/t Ki+ Kz + K3 ds) ; (3.9)
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where
Ky + Ko+ Ky = [l 7% [ + 0+ 2k oo + 027D + k)2 [l o2 + 115 + Kl 229> (& + 5+ 2Kk) | 2
1021Vl zoe + 10ull 210D (@ + T+ 2k) |22 + 9% (9 + 0+ 2k) || o
+ 19"z + 9% 2l ™D (@ + 5 + 28) | 2.
Hence, by using o > 2, we see that
(K1 + Ko+ K3)(s) Ss'77 € L,

Thus, (3.9) converges to zero as N — oo and ) = .

Define
u=G P+ h).
We have
lu =Rl S |)lar S¢77 = 0.
This implies that u scatters forward to u™. It is clear that [0zl oo (170,00, L0 (R)) = 1Vl 3o (1T0,00), Lo (R))
is bounded.

Now, assume that u™ satisfies the condition (1.4). Since u™ € H> N W?2!, we have || R/~ — 0
as t — oo and hence

Re/ i0yRRdx — 0, ast— oo.
R
Thus,

. 1 w
Jim S0(R) = 51003 + 5 It 3 < (w0,
Jim Ky o(R) = a0 3 + wllut 32 > wllut 2 > 0.
Since |[u(t) — R(t)||gr — 0 as t — oo, we have K, o(u(t)) = w|lut||2, >0 and S, o(u(t)) < pu(w,0)
for ¢ large enough. By Theorem 1.1, u exists globally in time. It remains to show that the existence

of w is unique in some sense.
Step 8. Uniqueness of the desired solution

Assume that u, v are two solutions of (1.1) on [Ty, 00) such that [|(ue, v2)llLse (1p,00), L0 ®)) S 1
and for some Ty > 1:

sup t° ' (Jlu(t) — Rl g + [|v(t) — Rl[g) S 1.
t>Th

We have
i(u—v)+ A(u—v) + i(\u|zauac - |”|2avx) = 0.

Multiplying two sides of the above equation by (u — v), taking imaginary part and integrating by
space, we have

1 .
0= 5(’9t||u — |2, + Re/R(|u|2Uu — |[v*v) (u — v)d.
This implies that
1 .
50l = vl = ~Re [ (u7u o 0)a— s
R
= —725/(|u|2‘7 — [0 ugu — v + |v*u — v(uy — ve)dx
R
1
= —Re/(|u|2‘7 — |v*ugzu — vdx — fRe/ [0|?7 0, (Ju — v|?)da
R 2 Jr

1
_ —Re/(|u|2‘7 . ‘v|20)uzu —vdx + 5738/ 6a:(|’l}|20)‘u . U|2dCL’.
R R
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Hence,
|0l —vll72] < /R = v (Jul? ™ + o277 (Jug | + |vg])d
< llw = vllZe 1w, 0) 122 1 (e, v2) 2o
< llu = vzt
Define M (t) = ||u(t) — v(t)||32. Assume M (Ty) > 0. We have

b b b
oM
[ [ |5 [ i
To M To To

M
O ds

This implies that

3

| log(M (b)) — log(M(Ty))| S T~ — b3~

Since o > 2 and M (b) tends to zero as b tends to infinity, the above estimate gives us an contra-
diction by letting b tends to infinity. Thus, M (Ty) = 0. By uniqueness of H' solutions of (1.1), we
have u = v. This implies the uniqueness of existence of v and hence the wave map u™ — ug = u(0)
is well defined. This completes the proof.

3.2. Proof of Theorem 1.3. For this, we prove that the solution 7 to (2.2) scatters provided
7n(0) small in H* x H'. Let us consider (2.2). By Strichartz, we need only to prove that F(n) €
NY(R) x N*(R). By Strichartz, we have

7151 @®)yx st @) S 1(0)[m1 <zt + [1F )| v ryx v (R)-

Using Lemma 4.3, we have
IFM | nv@xn@ S Illzac- (I3 + [1n]3:)
S Il oz (1, Oem) 12 pr + 10, Q) 1750 1)
where (gq,7), (m,n) are as in Lemma 4.3 and (m, h), (20, k) are admissible pairs.
Using Lemma 4.3 again, we have
10:F ()l vy vy S 110zl o 10l ax, + l1nllaz-lln 3
S ”8177HL‘1LT||(777aﬂ?)”?nLth%Lk + HnHLmII(n,3w)||%‘fnm~

Define Z = LIL" N L™L" N L?>? L*. As the above, we have

1, 0em)llz < Clln(0)llzr1 x 21 + Cli(m, Dem)|IZH,

for some constant C' > 0. Thus, for ||7(0)|| g1« g1 small enough (since ||ug| g2 is small), by contin-
uous argument, we have 1, 9,1 € Z(R) and F(n) € N'(R) x N}(R). By classical argument, there
exists T, ¥* such that

Jim [l — e (05,95 | — 0.

Hence, the proof is completed.

4. APPENDIX

Lemma 4.1 ([17]). Fiz o, € R with o+ > 0. We have
(w0 + 2)7(@ +2)° — woTP| S |4 + [2law] L, (4.1)

As a consequence of Lemma 4.1, we introduce (without proof) the following estimates for non-
linearities:
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Lemma 4.2. For ny = (¢1,91),m2 = (p2,%2) € H' x H', we have

102 (F(m) = F(12))| < 102 (m = n2)|(Im]*7 + n2|* +/

x

F(m) — F(na)| < lmn — nl (P + el + / 2 dy)
oo

xT
+ Il / I — el (a2 (a2 ) dy,
—o0

x

—0o0

X
+ |3m772\/ Im = 2| (Im P77+ 2277 + [ = 2l (Im > + [m2]7).
—00

For (q,r) is a admissible pair, (m,n) satisfies % + % = % Define

lullx, = [lullzy Ly,
and
llullx, = llullzze -
We see that
ullx,nxa ) S IKV) ulls -
We note that

< | fllzr-

‘/;f(y)dy

Thus, as a consequence of the above lemma, we have the following result.

Lemma 4.3. We have

102 (F (1) = F(n2)) [ vo S 105 (= )l zaz (11 m2) 13 + 191 13,) + = n2llx, 102 (1, m2) a1 (1, 7m2)

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]
(9]
[10]
(11]
[12]
[13]

[14]

1F(m1) = F(n2)llwvo < Il = mellzaz ([0, )13 + I 1%,),

m = n2llx, [1(n1, m2) 13"

+lIm2llzarr

+ lm = m2llx, 10am2ll Loz | (mr, m2) 138" + e — m2llzosr [ (1, m2) 132, -

REFERENCES

H. Bahouri and G. Perelman. Global well-posedness for the derivative nonlinear Schrédinger equation. Invent.
Math., 229(2):639-688, 2022.

R. Bai, Y. Wu, and J. Xue. Optimal small data scattering for the generalized derivative nonlinear Schrédinger
equations. J. Differ. Equations, 269(9):6422-6447, 2020.

M. Colin and M. Ohta. Stability of solitary waves for derivative nonlinear Schrédinger equation. Ann. Inst.
Henri Poincaré, Anal. Non Linéaire, 23(5):753-764, 2006.

N. Fukaya. Instability of solitary waves for a generalized derivative nonlinear Schrédinger equation in a borderline
case. Kodai Math. J., 40(3):450-467, 2017.

N. Fukaya, M. Hayashi, and T. Inui. A sufficient condition for global existence of solutions to a generalized
derivative nonlinear Schrédinger equation. Anal. PDE, 10(5):1149-1167, 2017.

Q. Guo. Orbital stability of solitary waves for generalized derivative nonlinear Schrédinger equations in the
endpoint case. Ann. Henri Poincaré, 19(9):2701-2715, 2018.

Z. Guo, C. Ning, and Y. Wu. Instability of the solitary wave solutions for the generalized derivative nonlinear
Schrodinger equation in the critical frequency case. Math. Res. Lett., 27(2):339-375, 2020.

M. Hayashi and T. Ozawa. Well-posedness for a generalized derivative nonlinear Schréodinger equation. J. Differ.
Equations, 261(10):5424-5445, 2016.

R. Jenkins, J. Liu, P. A. Perry, and C. Sulem. Global well-posedness for the derivative non-linear Schrédinger
equation. Commun. Partial Differ. Equations, 43(8):1151-1195, 2018.

S. Le Coz and Y. Wu. Stability of multisolitons for the derivative nonlinear Schrodinger equation. Int. Math.
Res. Not. IMRN, (13):4120-4170, 2018.

X. Liu, G. Simpson, and C. Sulem. Stability of solitary waves for a generalized derivative nonlinear Schrédinger
equation. J. Nonlinear Sci., 23(4):557-583, 2013.

C. Miao, X. Tang, and G. Xu. Instability of the solitary waves for the generalized derivative nonlinear
Schrédinger equation in the degenerate case. J. Differ. Equations, 361:339-375, 2023.

T. Ozawa. On the nonlinear Schrodinger equations of derivative type. Indiana Univ. Math. J., 45(1):137-163,
1996.

D. E. Pelinovsky and Y. Shimabukuro. Existence of global solutions to the derivative NLS equation with the
inverse scattering transform method. Int. Math. Res. Not., 2018(18):5663-5728, 2018.

Im*7) + | — 020102 (1, m2) | (Ima P77 + [m2] 1)

20—1
X1



ON GDNLS 9

[15] X. Tang and G. Xu. Stability of the sum of two solitary waves for (gDNLS) in the energy space. J. Differ.
Equations, 264(6):4094-4135, 2018.

[16] T. Van Phan. Construction of multi-solitons and multi kink-solitons of derivative nonlinear Schrédinger equa-
tions. Nonlinear Analysis, 2022, arXiv:2102.00744v4.

[17] T. Van Phan. Construction of multi-solitons for a generalized derivative nonlinear Schrédinger equation. Journal
of Dynamics and Differential Equations, 2023.

[18] Y. Wu. Global well-posedness on the derivative nonlinear Schrédinger equation. Anal. PDE, 8(5):1101-1112,
2015.



