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The aim of this paper is to investigate, on both sides of teachers and students, a situation in which teaching of proof and proving is not a core subject of teaching university mathematics due to institutional constraints, traditions, and teachers' views. Ten teachers and twenty students of three Algerian universities have been interviewed about the teaching and the learning of proof and proving. The results of the interviews showed conflictual points of view of teachers and students: in particular, while teachers claimed that proof and proving can be learnt parallelly through the learning of advanced mathematics, by making more efforts and attention, students expressed the need for a specific teaching of such an important subject where they have many difficulties.

Introduction

In several countries, including Algeria, proof and proving at the university level is the cornerstone of mathematics teaching and learning in courses of mathematics, computer science and engineering students. How students behave with proof and proving at the university level has been widely documented in research which showed various students' difficulties [START_REF] Selden | Overcoming students' difficulties in learning to understand and construct proofs[END_REF][START_REF] Harel | Students' proof schemes. Results from exploratory studies[END_REF], in particular students tend to consider an argument given by their teachers as a proof without questioning it [START_REF] Harel | Students' proof schemes. Results from exploratory studies[END_REF]. How mathematics teachers conceive proof and proving has been widely investigated in elementary and secondary school levels, while at the university level, there are very few studies that examine the teaching of mathematics, in terms of practices and views of teachers [START_REF] Speer | Collegiate mathematics teaching: An unexamined practice[END_REF]. This paper aims to bring a contribution to this field of research by investigating teachers' and students' views about teaching proof and proving at the university and particularly in Algeria.

In Algeria, mathematics teaching at the university level must follow the guidelines of the curriculum designed by the institutions. According to it, proofs are presented to students of mathematics, computer sciences and engineer sciences, from the beginning of the first year on. Mathematics teaching as it has occurred for a long time, in Algeria, is centered on concepts. Proofs are among the means of teaching mathematical concepts and are not an explicit subject of teaching, in other words, we use proof and proving to teach mathematics content. Besides all the problems that high schooluniversity transition generates, the learning of proving and dealing with proof regularly are a major source of difficulties for undergraduates [START_REF] Azrou | Why do students write poor proof texts? A case study on undergraduates' proof writing[END_REF]. I am interested in how teaching proof and proving occurs at the university by investigating and comparing the point of view of both students and teachers. In particular: Are university teachers aware of how teaching and learning proof occurs and its consequences on students' learning? And what about students' awareness of the reasons of their difficulties that could be related to how proofs are taught? The aim of the study reported in this paper is to provide answers for both questions through semi-structured interviews to a sample of mathematics teachers and a sample of students. The results of the interviews may contribute not only to identify some reasons for students' difficulties related to how proofs are taught, but also to shed light on the problematic (and even conflictual) relationships, in the same institutional context, between teachers' views and students' needs concerning the teaching of proof.

Literature review and theoretical references

University mathematics teaching in Algeria and in several other countries consists mostly of lectures and exercises' sessions, where a group of students (large or small) are gathered to 'receive' information from teachers. This is also the case during sessions which deal with solving exercises, where 'ready' solutions of the exercises are exposed to students on the blackboard. Moreover, many advanced university mathematics classes are taught in the definition-theorem-proof tradition [START_REF] Thurston | On proof and progress in mathematics[END_REF]. Research on proof and proving has developed a shared consciousness about specific ways to teach proof to students, and many university programs now adopt a "transition to proof" course to ease students' transition from procedural school mathematics to complex and more advanced mathematics, in which proof plays a central role. But this is not yet present in the official programs adopted in several countries, where these courses are not viewed as necessary by all university teachers and policy makers.

The obstacles, in particular, result from the lack of a comprehensive perspective on the learning and teaching of proof, which should incorporate a broad range of factors: mathematical, historicalepistemological, cognitive, sociological, and instructional (Harel & Sowder, 2007, p. 2).

Concerning the relationships between the presentation of proofs to students (written in textbooks and on the blackboard on their final form), and how proofs are really produced, [START_REF] Boero | Argumentation and mathematics proof: A complex, productive, unavoidable relationship in mathematics and mathematics education[END_REF] makes a clear difference between the process of proving and the final proof text. According to [START_REF] Selden | Validations of Proofs Considered as texts: Can undergraduates tell whether an argument proves a theorem[END_REF], the proving process is a series of personal problem-solving and proving attempts, which in most cases are lost and cannot be traceable in the proof text; this means that the final proof text does not allow to access the problem-solving process. While in most cases, teachers present proofs in their final top-down written form. Teaching and presenting proofs raise a delicate question: teachers and mathematicians should share the same ideas on what a proof is and when a presented proof is valid or not, but this is not the case as reported by Weber (2008) and [START_REF] Inglis | On mathematicians' different standards when evaluating elementary proofs[END_REF], who question the consistency of the image of proof that students get. Teaching proof is also teaching knowledge about proof, which is 'meta-knowledge about proof' as stated in [START_REF] Cabassut | Conceptions of proof in Research and Teaching[END_REF]. As students' wrong beliefs about proofs are outcomes of usual ways of teaching proofs, shortcoming of teachings can be successfully overcome only when meta-knowledge about proof is made a theme of mathematics teaching. Moreover, regardless of whether proof is explicitly treated, it is important that mathematics teachers have well-founded meta-knowledge about proof in order to communicate an adequate image of mathematics to their students (Cabassut et al.,p. 182).

The awareness of what proving, and proof mean in mathematics relies upon a consciousness about the role of the hypotheses and of definitions, axioms, and previously proved theorems in a proof, and its logical organization (based on the deductive enchaining of propositions), which must be made transparent in the proof text [START_REF] Guala | Cultural analysis of mathematical content in teacher education: The case of elementary arithmetic theorems[END_REF]. [START_REF] Azrou | Framing students' difficulties with the concept of proof, with reference to Vergnaud's Conceptual Fields Theory[END_REF] presents the awareness of what proof is as one of the main differences between mathematicians (experts) and students; moreover, the findings of [START_REF] Azrou | Why do students write poor proof texts? A case study on undergraduates' proof writing[END_REF] suggest that students acquire a non-genuine conception about writing the final proof text, inspired by the way proofs are presented to them by their teachers and by mathematics textbooks. I agree that 'if teachers' view of proof is limited, it is likely that many student misconceptions about proof will persist' (Stylianides & Stylianides, 2009, p. 239), which I consider true for university mathematics teachers.

Method The context: Teaching mathematics at the university in Algeria

The way mathematics is taught and how proofs are presented at the university level in many Algerian universities is similar to several universities in the world, where teachers are the actors and students are the spectators-receivers. University teaching of mathematics is organized through lectures and exercises sessions; the 90' lectures sessions take place with all students (they may be more than 100) together in big rooms, while the 90' exercises sessions concern small groups of (no more than 35), in small rooms. The teacher in charge of the lectures is called 'the lecturer', he/she is also in charge to create a list of exercises to be dealt with in the exercises' sessions by the teachers in charge of them. In most cases, the lecturer is among those teachers, but it is not a general rule. For most courses, there is only one lecture, and one exercises' session per week. During the lectures, students do not interact with teachers except for quick questions and simple remarks; they are supposed to copy down what the teacher writes on the blackboard. In recent years, some teachers teach their courses by using a power point presentation, or by giving out printed copies; both ways are not appreciated by most students. A recent phenomenon came up during the last decade, many students skip the lectures, they argue that their learning is minimal by copying down notes they could get from different sources (technology, their mates' notes of past years, etc). The exercises' sessions depend on the content of the exercises list and on the number of sessions dedicated for that list (usually decided by the lecturer under the time organization constraint). These sessions are basically devoted to find the solutions (proofs) of the proposed exercises. The way to manage teaching in these sessions is chosen by teachers. In some cases, students play an active role: a few students are asked to write their proposals of solution at the blackboard, which is not generally appreciated by most students (many are not at ease to show their flaws to all the classmates). Most teachers present readymade solutions written on the blackboard to be copied down by students, with or without discussion and explanation. It happens that teachers ask students to work on their exercises at home before discovering the solutions with the teacher, but most students do not do it presenting the excuse of their inability to solve the exercises by their own (true in some cases).

The interviews

My general aim was to compare teachers' and students' views about teaching and learning proof and proving. Particularly, what university mathematics teachers say about how they should present and deal with proofs in both lectures and exercises' sessions, and how students perceive and learn (or have difficulties to learn) proofs. I performed semi-structured interviews with teachers and students of the same three universities from the north center of Algeria. For each interview, discussion followed the questions in order to get reliable answers and avoid hurting the sensibility of teachers to be judged on their way of teaching, and of students to be judged on their way of learning. Ten university mathematics teachers have been chosen with different age, experience, and gender (5 females and 5 males). Six of them had more than ten years of experience; eight of them had worked in different universities, and all of them had taught both lectures and exercises' sessions and taught different mathematics courses. Twenty students were selected with different performance level at different university levels: beginners (1 st university level), bachelor mathematics majors (2 nd and 3 rd level), and master students (M1 and M2): there were four students for each level of the five levels. I was myself the interviewer; the atmosphere was very relaxed during the discussions. The semistructured interviews, performed in 2019, were audio recorded, then transcribed. The main topic of the interviews was about how proofs are presented to students and how do students learn proof and proving. The interviews were based on the same questions, with formulations adapted respectively to teachers and students. There were three questions for teachers: 'How do you teach proofs?', 'how do students learn proofs?', 'why do students have difficulties with proofs?'. Corresponding questions for students were: 'How are proofs presented and taught to you?', 'how do you learn proofs?', 'why do students have difficulties with proofs?'.

The discussions were connected to these questions, however I tried to make teachers and students free to talk about their experience and discuss any idea that could be related to the research questions (see the Introduction). My aim was to examine, from one side, how teachers conceive proofs as part of mathematics teaching and in which way they present them to students. I was interested to whether teachers were aware that how proofs are presented to students induce them to construct their own conception regarding what a proof is (be it adequate or not), its role, its form, how it is constructed, how it is written and how it is validated as a correct proof. And from another side, what students learn from the proofs presented by their teachers on the blackboard, as concerns explaining, convincing, reasoning, learning strategies, etc, what are the reasons for their difficulties, and what are their needs about the teaching of proof and proving.

Results

For space constraints, I will present in this section a summary of the answers and the discussions with teachers and students generated by the questions of the interviews.

About teachers' view

At the beginning of the interviews, most teachers (9 out of ten) interpreted 'proofs' by only considering the proofs of theorems (presented during the lectures), without considering that solutions or answers of several tasks proposed to students (during the exercises' sessions and the exams) are also proofs. For the first question about teaching proof, teachers emphasized the fact they are teachers of mathematics, who must follow a program prescribed by the institution, which they should respect: 'the program is about teaching mathematics concepts and not about teaching proofs'; they argued that proofs are used for the teaching of concepts: 'teachers' job is to teach mathematical concepts using proofs and not teaching proofs'. Teachers added they present proofs as they are, either in lectures or during exercises' sessions, which are the same as in mathematics textbooks: 'the proofs we present to students are known by mathematicians and in mathematics, we invent nothing, we just present them and explain them to students', 'it is common that some proofs seem difficult, but this is how they are, we should expose them to prove that a given mathematical statement is true, otherwise we are not allowed to use it, this is how mathematics works', 'it happens to me to choose to skip some long and complicated proofs of theorems, because we do not have enough time, but also because students are not interested in them', 'students are not interested in proofs of theorems because they know that we do not ask about them in the exams'. About students' ability to make and understand proofs, teachers said that students who enter university are supposed to know how to deal with proof because it is in their secondary school program, particularly in geometry. But, according to all teachers, this is not the case because students have difficulties with proofs and are able neither to understand the proofs presented to them nor to produce proofs when they are asked to. About how students would learn to prove, all teachers did not hesitate to say the mathematics they teach is based on proofs and thus, if students follow their teachers, work seriously and regularly, they will become able to make proofs: 'it is a question of practice, like we did by ourselves', 'if students give more time to revising their lessons and working their exercises, they could learn proofs and many other things'. Teachers added that all mathematicians have learned mathematics without being taught to prove, it is a process within learning mathematics: 'no one has been taught to prove, it is by learning mathematics that one learns how to prove', 'we cannot separate proving from mathematics', 'we cannot speak about teaching proof, it would be teaching mathematics and teaching mathematics is about proof and here we are'. About students' difficulties with proof and proving, teachers declared the difficulties that students have are not only related to proofs: students have problems with understanding concepts, with how to work at the university level, with the language of instruction (French) and, in general, with all their past prerequisites: 'the past multiple reforms undertaken in school are not coherent with university mathematics, students arrive at university with a very low level of mathematics', 'students have more problems about dealing with concepts at the university, because they do not know how to study mathematics and how to work alone', 'the problem of language is blocking students a lot, particularly at the beginning, it happens that some students have the right idea but cannot express it or write it'.

About students' views

As opposite to teachers' position, the discussion with students was more informal and closer to their living reality. Students were willing to talk about this topic because they had already a lot to say about it and about their several difficulties. Students said they are required, when making proofs (in the exercises' sessions and in the exams), doing something they are unable to do and they were not used to do in school, and this makes them unconfident and powerless. They think they are incompetent to make any proof correctly in a way their teachers would accept it, some students evoked having had a 'shock' when describing how the discontinuity between the practices of school and university has affected them negatively: 'I know that in front of a proof, I will never present a correct answer that my teacher would be satisfied of', 'it is impossible to make a proof alone'. Some students added they should memorize some proofs and rewrite them when they are asked to make a proof (with the risk to not being similar). In addition, students declared they are always wondering how their teachers are building the proofs presented during the lectures: what about the beginning, what about the hypothesis and the technique used by the teacher, and how they would do the same by themselves: 'if we should make proofs, teachers should tell us how they do to make their proofs', 'we never understand what is going on in the proof when it is written on the blackboard, it is even worse with the proofs in mathematics textbooks'. Regarding their difficulties with proving, students' awareness and clarity about their problems were proportional to their practice with proof and proving. Students of the first and the second year were not conscious about their problems, while students of the third year on were more aware about their problems related with proof and proving. All students mentioned as common reasons for their difficulties: the inability of making a proof if it is not similar to a proof seen before with their teacher, lack of prerequisites, lack of proving exercises, lack of mathematical logic in their reasoning, and their weak mastery of French (note that mathematics is taught in French at the university, while it has been taught in Arabic during primary and secondary school). Master students (M1 and M2) were more precise and insisted on one main reason, which is the fact that students have never had an opportunity to learn to construct a proof by themselves. Consequently, according to them, this is why they do not know how to begin a proof, the role of the hypotheses, or how to use definitions, axioms and properties, but also how to find the right method to construct a proof, particularly when it involves complex concepts, not met before in school. Students added that it is necessary to teach how to make proofs to students: 'students must be taught how proofs are actually constructed', preferably in high school: 'teaching proofs and learning proving, and teaching mathematical terms in French language, should be done in high school before the university'.

Conclusion and discussion

In this study, I wanted to examine what a sample of university teachers and university students think about teaching and learning of proof and proving. Their points of view were different and even opposite: while teachers reacted from the position of the instructor in a traditional institutional frame, far and less concerned with the outcomes of a classical teaching, students, more pragmatic, reacted by reflecting on their own real experience. About students' difficulties, teachers acknowledged the discontinuity of the multiple reforms undertaken in high school with the university curriculum, and the multiple surrounding problems concerning the teaching of mathematics, however, they were not aware about the possible difficulties of students related to proof and proving. Students instead were more explicit about their difficulties: they considered making proofs as something they are unable to do and what they are not used to do before the undergraduate level, they are unconfident, they are never sure about their proofs, and they depend on their teacher approval. They also clearly exposed their resulting practices and beliefs, which are unfortunately wrong: it is not possible to making a proof if it is not similar to one already met before, some proofs should be memorized and written down during proving activities. About the way proof is considered and viewed, teachers showed a narrow view of proof: they were more focused on proofs of theorems, they did not consider the difference between the process and the product of proving and were less aware about the ability of constructing a proof vs exposing a proof, they reacted purely from an institutional frame of teaching mathematics under time and programs constraints and not enabling students to learn proof and proving. On the contrary, students' view was wider, maybe because they have other constraints (passing the exams, get enough credit): they evoked how to begin a proof, the role of the hypotheses, how to use definitions, axioms and properties, but also how to find the right method to construct a proof. About teaching and learning proof and proving, teachers showed again a rigid position: by believing that proof and proving can be learned only by making more efforts as it has always been with mathematicians, and this is how mathematics works according to them, they do not consider that proving is a skill that should be learned and cannot be acquired from exposed proofs. In addition, they do not imagine how to teach proof as it would be the same as teaching mathematics according to their claims. Oppositely, students were clear about the need to learn how to make proofs: the necessity to be given the opportunity to construct proofs by their own, understanding what and how teachers do when they make proofs and the need to be taught proof and proving prior to come to the university.

I conclude that the way of teaching mathematics that emerged from the interviews (which is not specific to Algeria but looks rather common in many countries, according to the literature) does not teach proof and does not enable students to deal with proof and proving in a constructive way. The results put into evidence a large gap between what students think, claim, and need about proof and proving, and what teachers believe and claim. The teaching of mathematics as supported by teachers does not take in charge students' difficulties and does not promote students' understanding and practicing proof and proving. We cannot blame teachers or students; we argue that it is about a whole complex institutional frame of teaching university mathematics with its limitations, those regarding teaching and learning proof and proving have been exposed in this study. Two main issues came up from this study: the teaching of university mathematics (programs, directions, etc) and university teacher preparation. We should intervene on university programs of mathematics, which should be updated not only to teaching concepts but also to teaching proof and proving. We agree that:

(…) for most university students, including even mathematics majors, university coursework must give conscious and perhaps overt attention to proof understanding, proof production and proof appreciation as goals of instruction (Harel & Sowder, 1998, p. 275).

Moreover, in order to teach proof and proving in a productive way, students should be enabled to deal with proof and proving as experts and mathematicians do, by a new perspective based on teachers' awareness about what it means to become competent in proving and how to support students' learning accordingly. University teachers' conception, beliefs and practice with proof and proving should be aligned with students' needs. This puts into question the preparation of university mathematics' teachers, which seems necessary. Research is needed on how to develop teachers' awareness about proof and proving and about students' difficulties with proof and proving, which have been widely documented by research during the last decades. We are convinced that findings of many studies concerning the secondary school level are also relevant for the university level, in particular:

It is important that more research will investigate the factors that account for students' low ability with proof and try to develop ways that will help teachers to successfully deal with these factors (Stylianides, 2008, p. 41).

Today we know that, even if proof is adequately promoted in school mathematics curriculum materials, teachers will need significant training and support in order to effectively implement proof tasks in their classrooms (Stylianides, 2008, p.41).