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Abstract

The paper is concerned with a McKean-Vlasov type SDE with drift in anisotropic Besov spaces with
negative regularity and with degenerate diffusion matrix under the weak Hérmander condition. The
main result is of existence and uniqueness of a solution in law for the McKean-Vlasov equation, which
is formulated as a suitable martingale problem. All analytical tools needed are derived in the paper,
such as the well-posedness of the Fokker-Planck and Kolmogorov PDEs with distributional drift, as well
as continuity dependence on the coefficients. The solutions to these PDEs naturally live in anisotropic

Besov spaces, for which we developed suitable analytical inequalities, such as Schauder estimates.

Keywords: McKean-Vlasov; kinetic PDEs; martingale problem; singular drift; anisotropic Besov-Holder
spaces; Schauder estimates.
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1 Introduction and preliminaries

1.1 Statement of the problem

In this work we treat the weak well-posedness for a class of of degenerate McKean-Vlasov-type SDEs, whose
drift contains an anisotropic Besov distribution of negative order —3, and 8 € (0,1/2). Let 0 < d < N be two
given natural numbers, and let us denote by Z; := (V;, X;) a stochastic process valued on RY = R? x RV ~9,

The class of equations that we consider in this paper is given as

dVy = (F(Ut(zt))bt(zt) + BOZt)‘” + dW;
dX; = B, Z,dt (1.1)
Lz, (dz) = u(z)dz,

for a given random initial condition
Zo = (%7X0) ~ o = UO(Z)(dZ) (1.2)

Here W is a d-dimensional Brownian motion, By € M%*N and B; € MWN=9D*N are constant matrices, and
F : [0, +00) — M%™ is a matrix-valued Borel function. In order for the process (V, X) to take values on RY
one can formally consider b : [0,7] x RY — R™ in a way that the product in can be made sense of as a
usual multiplication row-by-column. One of the novel features here, however, is that b:(-) is a distribution,
hence the product F(u)b needs to be defined with care. Another trait of is that the unknown Z has
a density u which appears in the drift of the V-component, and this makes the problem a McKean-Vlasov
type SDE. Notice moreover that the SDE is degenerate, in the sense that the noise W appears only in the
dynamics of the V-component. In order for the SDE to be well-posed, we will then require the hypoellipticity
of the Kolmogorov operator X associated to when F' =0 (see Assumption .

We point out that, when N = 2d, the system reduces to the singular kinetic McKean-Vlasov SDE

dVy = F(ug(Ve, X1))be(Ve, Xy )dt + dWy,
dX, = Vdt, (1.3)

t(vi,x) (dvde) = g (v, z)dvdz,

where the R2%-valued pair (V;, X;) describes velocity and position of a particle in the phase-space. When
F =1 and b; is a linear function of V; (in particular there is no McKean-Vlasov interaction and b; is
not singular), reduces to the classical Langevin model [46], which serves as a pilot example of more
complex kinetic models (see [38], [37] among others). Recently, kinetic McKean-Vlasov models attracted the
interest of several authors (e.g. [13] 34} 63, 65]). As it is pointed out in [34],(L.3) reflects the macroscopic
behavior of a system of particles obeying Newton’s second law with Gaussian noise, interacting through a
mean-field force coefficient, with the singular nature of the latter accounting for environmental noise that
acts on all particles. In [I3] the authors study a conditional version of , as a Langrangian stochastic
model alternative to Navier-Stokes equations for the simulation of turbulent flows. In [65] (see also [63]), the
author studies a non-singular version of where the McKean-Vlasov interaction also affects the diffusion
term, motivated by the fact that the non-linear Fokker-Planck PDE associated to this class includes to the

kinetic Landau equation as a prototype example, the latter being the most popular mathematical model in



the theory of collisional plasma. In this regards, the 2nd order part of the Fokker-Planck PDE associated to

(L.3), which reads as
(8,5 + <’U, vx>)ut + dinU (utF(Ut)bt) = Avuta (14)

differs from the one in the Landau equation, in particular it is linear. However, it is argued in [I] that a
satisfactory description of a plasma is obtained when one also takes into account not only binary collisions
(which are missing in (T.4)) but also collective effects modelled by a mean-field force term, which is present
in and reflected by the non-linear 1st order term in .

The main aim of this paper is to give a mathematical meaning to equation and to prove existence
and uniqueness of a solution, together with some regularity results on its time-marginal probability densities
(see Theorem and its proof in Section . To define the notion of solution to the McKean-Vlasov
equation, which is a non-linear equation in the sense that the drift of the SDE depends on the solution via
the density of the solution itself, a natural step is to define and investigate its linear counterpart, which is
a kinetic-type SDE where the drift is singular but does not depend on the law of the solution itself. Such
SDE is formulated as a martingale problem in Section and results on its well-posedness are the first
by-product of this work. We denote by X the parabolic generator of the underlying Gaussian process solving
the SDE , see . Another by-product is the study of the nonlinear Fokker-Planck (FP) PDE given
by

K'up = div, (utF(ut)bt), t € (0,7,

(1.5)

Ug = UO,

where X’ is the formal adjoint of X, given in —, u? is the law density of H(Vy,X,) and div, denotes
the divergence in the variable v of the vector (v, z). Indeed, we prove that the density of the solution to (|1.1)
does satisfy and for this, analytical results for the latter are crucial (see Section , which might have
separate interest. These include the existence and uniqueness of a weak solution in an anisotropic Holder
space, as well as stability results for the regularized version of , obtained by replacing the distribution
by with a smooth function. Finally, we mention a third by-product, namely analytical results on the singular
kinetic-type backward Kolmogorov PDE

Ku+ (B, Vy)u=Au+g, te(0,7), (1.6)

ur = Z,
with K being defined in (|1.9)), B and g being suitable distributions, and ¢ a suitable function. This PDE is
the fundamental tool used to set up the linear martingale problem, and in Section [4] we prove results that
are analogous to those for the Fokker-Planck PDE (L.5). We also note that all the PDE results of this work

rely on suitable Schauder estimates in anisotropic Besov spaces for the semigroups of X and X', which are
stated in Theorem and proved in Appendix

1.2 Literature review

As we have mentioned above, the system (1.1]) that we will investigate combines three features: distributional
coefficients (hence the term singular), the fact that the drift depends on the density of the law of the unknown
itself (hence the term McKean-Viasov), the fact that the Brownian motion drives only the V-component

(hence the term degenerate or kinetic). All these features have previously been studied in the literature, as



we see below, but this is, to the best of our knowledge, the first time they are combined together when the
drift depends in a pointwise fashion on the density law.

The first examples of SDEs with distributional drifts date back some 20 years ago with the works [7,
28, 29, 9] in one dimension. Some years later, [27] treat the case of any dimension d > 1 and with a
drift in a fractional Sobolev space of negative regularity index —8 > —1/2, in the so-called Young regime.
Immediately after and independently [23] treat the case of singular coefficients in Besov spaces with negative
regularity index —f8 > —2/3 in dimension 1 (i.e beyond the Young regime). In the following years [I5]
investigate extensions in dimension d and —f > —2/3. Another generalization is given simultaneously in [2]
and [I8], where the authors consider the extension to a-stable noises in place of Brownian motion, in the
Young regime and dimension d, producing also an explicit description of the dynamics of the solution using
a suitable semigroup. In [4I] they frame the problem as a martingale problem and derive a description of
the dynamics in terms of weak Dirichlet processes. One of the common tools that can be found in many of
these works is a singular Kolmogorov equation like in the uniformly parabolic case, i.e. when N = d,
which is needed to cast the singular SDE as a martingale problem. A solution for the latter is a process Z
and a probability P such that for all f € D we have f(t,Z;) — (0, Xo) — fot Lf(s,Xs)ds is a P-martingale,
where L is the ‘generator’ of Z (formally given by £ = X+ (B, V,)). The class of functions D is constructed
as the set of solutions to for smooth forcing terms g and terminal conditions ¢. Once the martingale
problem is defined, one uses results on the Kolmogorov PDE (1.6 (such as well-posedness and continuity
with respect to the coefficients) combined with classical tools of stochastic analysis such as tightness and
uniqueness results of marginal laws to show existence and uniqueness of a martingale solution. After these
early foundational works on SDEs with singular coefficients, people started to explore this topic further: by
studying numerical schemes for singular SDEs [22] [31]); allowing for different type of noises [44]; studying
heat kernel estimates for singular SDEs [57]; studying singular kinetic SDEs, singular McKean-Viasov SDEs
and even singular kinetic McKean-Vlasov SDE, as we see below.

McKean-Vlasov equations were originally introduced by McKean in the mid 1960s and have become very
popular, in recent years, after the well-known Saint-Flour lecture notes by A.S. Sznitman [61], and they
typically arise as limit of interacting particle systems when the number of particles goes to infinity and when
the dynamics of each particle depends on the empirical measure of all other particles. Depending on the type
of interaction, one obtains different limiting equations. In the so-called moderate interaction, first introduced
by [52] for smooth drifts, the particles interact through a mollified version of the empirical measure, and
the limiting equation turns out to depend on the density of the law in a pointwise way (rather than the
law itself). A similar McKean SDE whose marginal laws solve the porous media PDE was provided in [9].
Other McKean SDEs with more general diffusion and drift coefficients were investigated by [I1], 5] 8, [4]. In
the framework of moderate interaction, but with singular drift, and in the special non-degenerate case, the
well-posedness of the limiting singular McKean-Viasov SDE has been recently studied in [39]. More
precisely, in [39] the authors prove weak existence and uniqueness to the equation in the special case
when By = 0 and d = N, that is when the vector (V, X) in reduces to the first component V', and for
—B > —1/2. Similar equations have been studied in [I7, [16] (see [33] for analogous kinetic models) where
they analyse a McKean-Vlasov type SDE with singular coefficients with a drift of convolution form b * py;,
and a general a-stable process as noise. They prove well-posedness of said SDE and heat kernel estimates.
Notice that their threshold for the singularity is —f8 > —1 but they are still in the Young regime due to the
smoothing effect of the convolution, as opposed to the pointwise product in 7 which is the same as in



[39].

In the realm of kinetic-type SDEs, the well-posedness of the linear martingale problem, together with
Gaussian estimates for the density, have been established in [5I] and [50], assuming the coefficients in suitable
Holder spaces induced by an anisotropic norm that takes into account the different time-scaling properties
of the degenerate components, namely the component X of (V, X) according to our notation. In the latter
references, the drift of the degenerate component X may be non-linear and the diffusion coefficient is allowed
to be non-constant, provided that it satisfies a uniform ellipticity condition on R?. In [I9], the authors
allow the drift of V to be an unbounded discontinuous function and derive heat kernel and gradient kernel
estimates. In [34], the drift of V' is a convolution with a kernel that may be a distribution and the authors
study the singular martingale problem in order to tackle a convolutional kinetic McKean-Vlasov SDE (see
also the next paragraph). In the kinetic McKean-Viasov setting, we mention a few contributions. In [I3] a
conditional Langevin-type dynamics is considered as an alternative approach to Navier-Stokes equations for
turbulent flows. The weak well-posedness of the McKean-Vlasov SDE was proved via propagation of chaos,
by considering a smoothed SDE and proving that the corresponding interacting particle system propagates
chaos. The weak existence for equations with McKean-Vlasov coefficients in the form of E[b(¢, z, Z;)], both in
the drift and the diffusion, was recently proved in [56] for the strictly kinetic case (N = 2d), under minimal
regularity conditions (uniform continuity w.r.t. to the position variable in both the state and the measure
component) on the function b. Similar results were recently proved in [65].

Finally, we mention [34] in which the authors combine all three aspects considered in this paper: singular,
kinetic and McKean-Viasov. In particular, they study a kinetic McKean-Vlasov equation which differs from

(1.3) in that the dynamics of the velocity component V; reads as
dVy = by(Zy)dt + (K * px, ) (Xy)dt + dWy, (1.7)

where the drift component is the sum of a term b; in a weighted anisotropic Besov space with regularity
index —p8 with § € (1/2,2/3) (hence this is outside the Young regime and requires the use of tools like
paracontrolled calculus) and one convolution part involving the law of the position X with a singular kernel
K with regularity index o > (8 —1)/3 (notice that « can be negative). They prove existence of a martingale
solution, and under the stronger assumptions that K is bounded and measurable (thus non-singular) they
also prove uniqueness. One of the main differences between the setting in [34] and that of the present work
regards the way the drift depends on the law: (i) in the dependence appears through the convolution
with a singular term, hence it is linear, while here, as in , we have a nonlinear function evaluated
pointwisely in the law and multiplied by a Schwartz distribution; (ii) in the dependence on the law,
and thus the mean-field interaction of the associated particle system, only involves the position variable X.

Finally we stress that in the present work we derive our results in the general degenerate setting of
equation (with 0 < d < N) and not only in the purely kinetic case (N = 2d).

As mentioned in Section a key step to prove our results on the SDE (1.7) is the study of the singular
non-linear Fokker-Planck equation and the backward Kolmogorov equation . From the PDE point
of view, our results in Sections [3] and [4] on the well-posedness, regularity and stability of these equations
are natural extensions of those in [39] and [40] from the elliptic to the hypoelliptic setting. As the proofs
in the latter references rely on Besov-Schauder estimates for the heat semigroup (see [32]), our proofs rely
on their anisotropic counterpart for the semigroup of the operators X and X’ (defined in and )7

for which we provide a complete proof. To the best of our knowledge, in the hypoelliptic framework, these



estimates only appeared in [66] for the strictly kinetic (N = 2d) and homogeneous case, namely when the
operator X is invariant with respect to a family of dilations. We also mention that our PDE results are
somehow complementary to those in [34], where the paracontrolled case (8 € (1/2,2/3)) was considered, in
the strictly kinetic framework. In general, there is a large body of literature, also very recent, concerned with
the regularity properties of degenerate-type PDEs involving X or its adjoint X’ as a principal operator. In
the Holder setting, we recognize two main approaches. In the semigroup approach, initiated by [49], solutions
are defined in the distributional sense: in this framework, solutions do not benefit from the time-smoothing
effect that is typical of parabolic equations, and the regularity structures are typically defined in terms of
spatial anisotropic Holder spaces (see Section , which do not require Holder-regularity with respect to
the time-variable. With respect to this approach, the anisotropic Besov spaces defined in Section [2.1] and
the related Schauder estimates for the semigroups of X and X’ in Section are the natural distributional
extensions. On the other hand, in the stream of research started by [58], solutions in the Lie sense are defined
in terms of directional derivatives along the Hormander vector fields. In this approach, the regularity of the
coefficients and of the solutions is typically stated in so-called instrinsic Holder spaces (see Section ,
where the regularity properties in space and time are strictly intertwined. Some authors (see [10], [25], [48])
have recently combined these two approaches to obtain intrinsic regularity of the solution (with respect to
all the variables) by only assuming anisotropic regularity for the data (and only measurability). We refer
to [47] and [48] for a more exhaustive overview of the literature regarding these two approaches and their
combination. In particular, we refer to [47] and to the previous work [24] for the study of fundamental
solutions in the degenerate Holder setting. We note that, although the theory of functional intrinsic spaces
has already been developed in the Sobolev setting (e.g. [30], [55]), the distributional Besov counterpart of
the intrinsic Holder spaces has not yet been studied and it is an open problem for future research. This will

be necessary to establish sharp regularity estimates for the singular PDEs considered in this paper.

1.3 Setting and main result

Throughout the paper, we set the matrix

B
B:= ( °> € MN*N (1.8)
By

where By € MP*N and By € MWV-D*N are the real matrices in (I.7). We also denote by A, and V.,

respectively, the Laplacian operator on R% and the gradient on RV, namely

d
AU:ZQQH, vz:(azla"'aazN)'
i=1

Assumption 1.1. The Kolmogorov operator

is hypoelliptic on RV+1,

Remark 1.2. By Hérmander theorem, X in (1.9)) is hypoelliptic if and only if the vector fields 0,,, ..., 0y,
and Y satisfy
rank Lie(0y,,...,0,,,Y) =N+ 1. (1.10)



Example 1.3. The kinetic equation ([1.3)) can be obtained from (1.7) by setting N = 2d, m = d and
0 0
B = .
I; 0

[81)1-7)/]:81'@) izla"'vda

In this case we have Y = 0; + (v, V) and

thus (|1.10]) is satisfied.

In [45] it was shown that (1.10]), known as weak (or parabolic) Hérmander condition, is equivalent to B,
having the block-form

By * %
0 By --- x x

Bi=| . . . o (1.11)
0 O B, x

where the *-blocks are arbitrary and B; is a (dj—1 X dj)-matrix of rank d; with
d=dy>dy >-->d.>1, Y di=N. (1.12)
i=0

It is convenient to set

d; ::de, 1=0,---,7, and d_;:=0.
k=0

Next we introduce the notation for function spaces used in this paper. For a given T > 0, a € R, and for
any (U, || - |lu) generic normed space endowed with the Borel o-algebra generated by the topology induced

by || - |lu, we introduce the following notations.

S the space of Schwartz functions and S’ the space of tempered distribution on RV .

Cy the space of bounded continuous functions on R, equipped with the norm || - |z = || - || oo r)-

C° the space of C* functions on RY with compact support.

C% the anisotropic Besov space of order a and by || - || its norm, see Definition

C% 7 the space of intrinsically a-Hélder continuous functions for a > 0, and by || - [eg ,. its norm, see

Definition B.15

LU, the space of Borel-measurable functions f : [0,7] — U such that

[ fllz,u := esssup || fel]|lv < +o0.
t

’

‘We have two special cases:

— when U = C% the norm || f||r,v is denoted by || fl|7,a»

— when U = Gy, the norm || f||r,v is denoted by || f||r-



e CrU the space of continuous functions f : [0, 7] — U.

e CrS the space of continuous functions f : [0,7] — S, where S is equipped with the usual strong

topology.

We use the notation (-, -) to indicate the scalar product in R, and (:|-) for the distributional dual pairing
inS and §'.

We now specify the regularity assumptions on the coefficients b, F' in and on the density of the
initial condition u° in , under which we will prove the main result.

Assumption 1.4. Let T > 0, 8 € (0, %) We have
(i) be crCy”.
(i) u € C]B;E for some ¢ € (0,1 — 23), and is a probability density on RV.
Let F: R — M3™ and F : R — M*™ defined as
F(s) := sF(s). (1.13)
We will make use of the following assumptions for ® = F or ® = F.

Assumption 1.5. The function ® : R — M%*™ is differentiable, with bounded and globally Lipschitz-

continuous derivative.

Postponing until Section (Definition the precise definition of solution (in law) to (denoted
as solution to MKMP(F,b,u°)), we formulate the following main result, which will be restated and proved
in Theorem Concerning the regularity of the density of the solution to the MKMP(F, b, u°), we refer
to Remark £.16

Theorem 1.6. Let Assumptions and hold. Let also Assumption hold with ® = F, F. Then there
exists a unique solution to MKMP(F,b,u°).

In order to help the reader better understand the paper, we now explain the key steps and overall strategy
for the proof of the main result. The idea in a nutshell is to construct a reasonably good “guess” of solution
to the McKean problem and then verify that such a guess is the unique solution of our problem. However,
the construction of the guess solution is not trivial.

The first step, in order to do this, is to view the MKMP(F, b, u") as a particular case in a class of linear
martingale problems, denoted by MP(B, ug), where the drift B does not contain any unknowns. Here B
must be any given Besov distribution and p any initial law. We will construct our guess solution by solving
the linear martingale problem, which is an easier environment to work in. It can be easily verified that a
solution of MKMP(F, b, u®) is a solution of MP(F(u)b, u®(z)dz), so in order to move from the McKean-Vlasov
framework to the linear framework we need to know the density of the solution itself, because the unknown
density u of has to be given as an input of the linear problem. In the linear case, by applying the Ito
formula, it is easily verified that the marginals of an SDE are (distributional) solutions of the associated FP
equation. This fact also holds for a solution of MKPM(F, b, u"), as proved in Proposition even though
the associated FP equation is non-linear in this case. The results on well-posedness for the nonlinear FP
equation are proved in Section |3 and are a first hint about the well-posedness of . Once we are in the



linear framework, the second step consists of finding a (unique) solution to the singular linear martingale
problem, which is the content of Theorem To do so, the singular drift is smoothed and the result [26],
Theorem 2.6] allows us to find the solution of the Stroock-Varadhan martingale problem. At this point, it is
worth noticing that in the smoothed case our notion of solution coincides with the classical one a la Stroock-
Varadhan, as proven in Proposition To show existence of a solution to the non-smoothed linear problem
we have to verify that the sequence of measures that solves the regularized problem is tight, and that the
limit of a subsequence is a solution. To prove tightness (see Lemma we make use of a uniform-boundness
result of solutions to a Kolmogorov-type PDE, whose analysis is done in Section [4l To prove uniqueness, we
extend a well-known uniqueness property of martingale problems to time-inhomogeneous coefficients, which
is referred to as ‘Property M’ in this work (see Appendix .

The final step is now easy and consists of checking that the solution constructed as described above
is indeed the unique solution to the singular McKean-Vlasov martingale problem. This can be seen using
tightness as well as continuity results of the Zvonkin-type PDE and the Fokker-Planck PDE, together with
the fact that for the smoothed coefficient the result is valid. This is done in Section (.21

The rest of the paper is organized as follows. In Section [2] we introduce the anisotropic Besov and
Holder spaces we will work in and the main analytical tools that are needed to study the non-linear Fokker-
Planck and the backward Kolmogorov PDEs. In particular we introduce the semigroups associated to
the Kolmogorov backward operator and to the Fokker-Planck forward operator and provide key Schauder
estimates for both, the proof of which is postponed to the Appendix. In Section we study the well
posedness of the nonlinear Fokker-Planck equation via local fixed point arguments and using Schauder
estimates. We also show continuity results for the FP equation in Section [3.2] Section [ is devoted to
showing well-posedness and continuity results for the linear Kolmogorov equation. Section [5.1] contains the
study of the linear martingale problem and Section the well posedness of the McKean-Vlasov problem.
Appendix [A] contains the extension of the uniqueness results for time-inhomogeneous martingale problems

knowing the uniqueness of the marginals and Appendix [B] the proof of Schauder estimates.

2 Analytical tools

In this section we provide the main analytical results that are needed for the study of the singular non-linear
Fokker-Planck PDE (1.5) and backward Kolmogorov PDE (1.6). We first introduce the relevant anisotropic
Besov spaces and recall some of their basic properties (Section , then we state the inherent Schauder
estimates for the semigroup kernels of X and X’ (Section [2.2]). We then recall the definition of anisotropic
Holder spaces, their characterization as Besov spaces with non-integer positive regularity index, and briefly
compare them with their intrinsic counterparts (Section [2.3)). Finally we state some useful regularization
results (Section [2.4)).

Hereafter we will always assume that Assumption is satisfied and thus B; admits a representation as
in —, which factorizes RV in r 4+ 1 components of dimensions dy > --- > d,. > 1. Accordingly, we

will employ the notation z = (zp,--- ,2,) € RY with each z; € R%.



2.1 Anisotropic Besov Spaces

For the reader’s convenience, we recall the classical Fourier-based construction of anisotropic distributional
Besov spaces together with some useful results. We focus on the particular case of integrability and micro-
scopic parameters equal to infinity (typically denoted by p and ¢ in the literature), as this work only covers
this case. The interested reader can refer to [62, Chapter 5] for the general definition, and to the references
therein for an account on the historical development of these spaces.

Let us define the so-called anisotropic norm as

T
1
|Z|B :Z|Zl SR 22(207"' »Zr) ERNv
i=0
where |2;| is the Euclidean norm in R%. Tt is immediate that |- |p is not strictly a norm as it is not

homogeneous with respect to usual scalar multiplication. However, homogeneity holds for the family of
dilations Dy : RY — RN, XA > 0, defined as

Dyz = Az := (A2, N321,..., A1z, z= (20, ,2) ERY. (2.1)

In this work B, (z) denotes the closed anisotropic disk, or ball, centred at z € RY with radius 7 > 0, i.e.
B.(z) :={y € RN : |y —z|p < 7}. The ball centred at the origin is denoted by B, := B, (0). Moreover, we

define the anisotropic annuli
A= {z eRY: 7 <|z|p <1'}, 0<T<T1.

We finally denote by @ the so-called homogeneous dimension, set as
Q=) di(2i+1). (2.2)
i=0

As in the isotropic case, the anisotropic spaces are defined through a Paley-Littlewood decomposition. We

start by considering a smooth, non-negative function p_; on RY such that

p_1=1on B%7 suppp_1 C B% and /RN p—1(&)d¢ = 1. (2.3)
The sequence of functions {p;};>0, defined by
pi(€) = p-1(27UHNE) —p1(270),  EERY,
is called an anisotropic Paley-Littlewood partition.

Remark 2.1. By definition we have the following properties:

(@) pj(&) =po(277.6), j=0,
(b) suppp; € Agj-1 9541,  j >0, (2.4)
(¢) suppp; Nsuppp; #0 = [i—j| <1,  4,j>-1,

n

() > p©=pa(2E), nz-l
j=-—1
“+o0

(e) ijzlonRN.

i=—1
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For any f € L*(R"™) we employ the following definitions for the Fourier transform and its inverse:

o~

FONE) = F©) = 2mF [ 9 pape

FU) () = flz) o= 2m) % / &9 £(€)de.

RN
Remark 2.2. It can be directly verified that the scaling property of the Fourier transform for the {p;};>0

reads as
29050 Doy = F H(po© Da-s) = i, j > 0. (2.5)

Another important property is

(QW)*%/ po1(z)dz =1, (27r)*%/ pi(2)dz =0, j>0,
RN ]RN
which stems from

(277)_% /RN p;(2)dz = f(.F_lpj) (0) = p;(0).

The Fourier transform of f € S’ is defined, as usual, by duality, i.e.

(F(Hle) = (flo) = (fl@), w€eS,

and the same for F~! = f. For f € &, the j-th Paley-Littlewood block of f is defined as

Aif=Fpif), i=-1 (2.6)

Remark 2.3. By the properties of the Fourier transform, we have
Ajf =gy * f,

and in particular, A;f is smooth. On the other hand, it is easy to check that Z;L:ﬂ A, f tends to fin &

as n — o0.

The following result, whose proof is completely analogous to that of [3l Lemma 2.1] in the isotropic case,

is fundamental to comprehend the construction of Besov spaces used in the paper.

Theorem 2.4 (Bernstein’s type inequality). For every k € Ny, there exists a positive constant C = C(k)

such that B
d;
Z 108 fllpee < CAGHR| £l o, A>0, i=0,--,1 (2.7)
I=d;_1+1

for any f € L®(RYN) such that suppfg B.. Note that, in particular, C' does not depend on .
By applying this result to the Paley-Littlewood partition, we have the following.

Corollary 2.5. For any f € S’ and k € Ny, we have

d;
S0 Nlle < CPCFRIA fllpw, =0, j> 1 (2.8)
I=d;_1+1

where C = C(k) > 0.

11



Proof. By ([2.6) we have

whose support is contained in Boj+1 by (2.4). If ||A; f||r~ = oo, there is nothing to prove. Otherwise, since
the decomposition operators A; commute with the derivatives, the result follows from (2.7). O

We can now give the definition of anisotropic Besov space.

Definition 2.6. Given v € R, the space C}, of the distributions f € S such that
1 £lly := sup (277]]A;flL=) < o0
j=-1
is called anisotropic Besov space of order «y. In this context, «y is called the regularity parameter.

It is straightforward to see that
a<vy=C} CCs.
Also, by applying inequality (2.8)), for any v € R and k € Ny we have
di
Z 105 £Ily < Cllf g4 21y =0, (2.9)

I=d;_1+1

The quantity (2 4+ 1) represents the reduction in terms of regularity whenever a derivative along the i-th

block is required.

Example 2.7. We have that L>(RY) C C%. Indeed, for any f € L>(R"), Young’s inequality yields
1A fllzee < NAsllLe [l fllzoe-

Also, by we have ||g;|lz: = ||fol|L:, and thus
I fllo = js;f)l 1A fllLe < 0.

Example 2.8. The Dirac delta §y of RY is an element of C} if and only if v < —@Q, where @ denotes the
homogeneous dimension defined in (2.2)). To see this, note that

Ajéozﬁj*50:ﬁja ]>—1

Therefore, by (2.5) we obtain
sup (29780l =) = sup (200D ||z~ )
j=0 i>0

which is finite if and only if v < —Q.

To make sense of the product appearing in the MKV SDE (1.1) and in the PDEs (1.5) and (1.6), we
will consider the so-called Bony’s product (see [12]) between Besov distributions, which extends the product
between functions (which are also tempered distributions). Intuitively, this is defined if we can make sense
of the formal product

fg= > AjfAg, (2.10)

ji=—1
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which is possible if the sum between the regularity parameters of f and g is strictly positive. As in the
isotropic framework, this is achieved by bounding separately the paraproduct and the resonant components
of (see [32], Section 2.1]). In particular, the following result can be proved by proceeding exactly as in
[32] Lemma 2.1] (see also [34]).

Proposition 2.9. Let o,y € R with a +~ > 0. Then Bony’s product restricted to C% x C} is a bilinear

form from C% x C}, to C%M and there ezists a positive constant C such that

Ifglany < Cllfllalglly,  fE€CB, g€l (2.11)

2.2 Kinetic-type semigroups and Schauder’s estimates

In this section we present Besov-Schauder’s estimates for the fundamental solutions of the hypoelliptic
operators X in ((1.9)) and of its formal adjoint X’ defined below, which appear in (1.6)) and (1.5]), respectively.
Note that X is the Kolmogorov operator associated to the RV-valued linear SDE

dZt = Btht + O'th, (212)

o= Ia e MNxd,
ON—d,d

where I; and On_qq denote, respectively, the d x d identity matrix and the (N — d) x d matrix with null
entries. We recall that B is as in ——, so that Assumption is satisfied. Note that
coincides with upon posing the McKean-Vlasov coefficient F' (ut(Zt))bt(Zt) equal to zero. It is known
since [35] (see also [54] Section 9.5] for a recent presentation) that X admits a unique smooth fundamental
solution T(T — t;9,2), t < T, y,z € RY. Namely, the function (t,) — T'(T — t;y,2) solves Ku = 0 on
(=00, T) x RN and

with

I'(T —t;n, z)dz—0,(dz) weakly as (t,7) = (T, y).

In particular, ' is explicitly given by

T(s;y,2) = [s(z — e*Py), s>0, zyeRY,

with
= 7(277)_% ex —1 “(s)z,2
r(e) = s o (50709, (2.13)
and
C(s) ::/o eTBA (eTB)TdT7 A= (i)d g)

Note that C(s) is strictly positive definite if (and only if) Assumption holds. It is also known that
I(t —s;y,2), t > s, is the fundamental solution (with respect to the forward variables ¢, z) of the Fokker-
Planck operator X’ given by

K =0, + A (2.14)

1
A’ %Av —(V,,Bz) = §AU —(Bz, V,) = Tr(B), z = (v,x) € RV, (2.15)
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This means that the function (,z) — T'(t — s;¥, 2) solves K'u = 0 on (s, +00) x RY and
T(t— s;y,n)dy—.(dy) weakly as (t,n) — (sT, 2). (2.16)

To fix the ideas, this implies that the function

v(s;t, z) == /]RN L(t — s;y,2)e(y)dy — /t /RN L(t— 13y, 2)9(s,y)dydr, t>s, z€RY,
is a smooth solution to the Cauchy problem
K'v(s;-, ) =g, on (s,+00) x RN,
v(s;s, ) = ¢,
for any ¢ € Cy(RY) and g sufficiently smooth. An analogous representation holds for the solution to the
backward Cauchy problem for XK.

In light of this, we want to extend the action of the fundamental solution to tempered distributions. For

t > 0, we consider Py, P/ : § — § acting as

Poty) = [ T ootz Plolo) = [ Tltw e,

which define semigroups. By duality, we then extend these semigroups (P;)i>o and (P/)¢so of X and X',

respectively, as the family of linear operators Py, P} : 8’ — S’ acting as

(Pflo) = (fIPie),  (Pifle)=(flPp), €S, fes.

Theorem 2.10 (Schauder’s estimates). For any v € R, a > 0 and T > 0 there exists a positive constant
C = C(a,v,T) such that, for any f € C};, we have

||Ptva+a+HPt/f||w+a SCt—%”fH% te (O»T]- (2'17)

The proof of Theorem is postponed to Appendix [B| These estimates generalize those in [32] for the
semigroup of the heat operator, and those in [66] for the strictly kinetic (N = 2d) and homogeneous case,

namely when the operator X is invariant with respect to the family of dilations in (2.1)).

2.3 Anisotropic and intrinsic Holder spaces

As mentioned in the introduction, the anisotropic Besov spaces defined above represent a natural extension
of the anisotropic Holder spaces typically used in the study of X and X'-type operators according to the
semi-group approach. For v > 0, a full characterization of C}; in terms of an anisotropic Hélder space can
be found in [66, Lemma 2.8]. To illustrate the idea, we provide a representation of such a characterization

for some ranges of 5.

Definition 2.11. We denote by €} the linear space of functions f : RY — R such that the following
quantity is finite:

£l + sup sup HEHRATEL v € (0,1],
z€RN heR
d
z2+(0,h))—f(z
Iflley := < I1fll= + sup sup HEXHGERAIEOL 4 570, ey, ve,3],

zERN heRN—d

l

d dy

+(0,0,h))—

Iflle + sup  sup  LCEHOSMTEN LS 10, flloyr + D [0 flleran 7 € (3.4
2ERN peRN—d—d; LB =1 B =1 B

=1
\
Previous quantity is a norm and €} is a Banach space.
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Note that, up to order v = 3, the only derivatives appearing are with respect to the first d space-variables.
The first-order derivatives with respect to the space variables in the d;-block only appear when v > 3. We
refer the reader to [66, Subsection 2.1] for the definition of €} for an arbitrary v > 0. The basic idea is that

a derivative with respect to a space-variable within the j-th block is counted as a (25 +1)-th order derivative.
Remark 2.12. If & > v > 0 then the space C§ is topologically embedded in C};.

The relation between the Besov spaces C}; and €} is as follows (see [66, Lemma 2.8], which is an adaptation
of [21], Proposition 1.3.2], see also [20]).

Proposition 2.13. For any non-integer v > 0, €} = C} and their norms are equivalent.
Remark 2.14. We observe that, if f € €} with v € (0, 1], then there exist two positive constants C' and
v € (0,7) (small enough depending on B) such that
f(z) = f(Z
fler = 1flim+ sup D ZIED)

!
z#z'€RN | |z—2'|<1 |Z -z |V

< ClIfl-

In other words, f is v-Holder continuous in the classical sense (see [3, Definition 1.49]).

The anisotropic Holder spaces above can be somehow “extended” to functions defined on R x RY. These
are the so-called intrinsic Holder spaces mentioned in the introduction, which are the natural choices to
include the regularity along the time-variable in the study of degenerate X and X’-type operators. In this
framework, the correct translation to consider is not the Euclidean one used in the parabolic case, but the
one with respect to the integral curves of Y. Intuitively, this follows from the fact that Y plays the role
played by the partial derivative d; in the parabolic case. For the same reason, the Lie derivative along Y,

i.e.

o u(t+h,e"B2) —u(t,z

Yu(t, z) := lim ( : ) —ult,2)
h—0 h

counts as a second-order derivative. Once more, we provide the definition of these spaces only for some

(2.18)

ranges of ~.

Definition 2.15. For T' > 0, we denote by C},,T the space of functions u : [0, T] x RY — R such that the

following exists and it is finite (in particular it is a norm):

. t, . |u(t,z)—u(s,y)\ , c 071,
(t,z)eb[(l)l,g]xRN‘u( Z)|+(t,z)»(5vyb)lg[)0,T]><RN [t=s[7/2+]z—et=2)By[} 7€ (0.1]
(s—t)B N _ d
, sup u(t,z2)| +  sup e Al 4 S 0 gy, y € (1,2),
lulley , = t.2)el0,T1xRY (t,2)€[0,T] xRN =1 e
s€[0,T]
d

( )?51% x \U(t,2)|+121 10z ulley-1 + Y ull oo oy -2, v € (2,3].

t,z)e|0,T|x = ’

In the case v € (2,3], we also require that Yu, which is the Lie derivative of u in the sense of (2.18§]),

is continuous on [0,7] x RY. Note that, by the boundedness of the norm, u,d,,u,d,,. u are uniformly

iZj

continuous on [0,7] x RY. We say that these functions are instrinsically y-Hélder continuous.
Obviously, by Proposition for any v € (0,1) we have
G’IYB,T C CrCy N L%OCI’; (219)

A full characterization of the intrinsic Holder spaces at any order was given in [53] (see also the references
therein for previous characterizations), where an intrinsic Taylor formula was proved. The latter allows to
see that (2.19) actually holds for any non-integer v > 0.
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2.4 Regularizations
Let ® be a standard mollifier on RY with compact support. For n € N we set ®,,(z) = n’V®(nz). For v € R,
g € C}, set the family

g™ = d, g, n € N. (2.20)

Lemma 2.16. Let T > 0, g € LFCY with v € R (respectively g € CrC}), and denote by g™ the function
(0, T] >t — gtn)) given by (2.20). Then we have the following.

(i) For anyn € N and a > 0, we have g™ € LCY (respectively g™ € OrCp N LFCS ).

(i) For anyn € (0,1), there exists C = C(v,n) > 0 such that

y "
19 gl < Clolirs [ ]2

O (y)dy, n €N, (2.21)
and in particular,

16" = gliry =0, asn—oco.
(iii) In the case g € CpCy with compact support, then g\ € CpS for any n € N.
To prove Lemma we need the following result, which is a particular case of [34, Corollary 2.9].

Lemma 2.17. Let g € C}, with v € R, and n € (0,1). There exists a constant C = C(vy,n) > 0 such that

16ngllo—y < ClhlEllgll,,  heRY, (2.22)

with 8,9 € C}, being defined through

(Ongle) = (glo(- —h) =), @€ SRY).

Proof of Lemma[2.16. Let n € N and ¢ € [0,T] be fixed throughout the proof and dropped for ease of
notation. To prove Part (i) it is sufficient to show that all g™ are smooth in space with bounded derivatives
uniformly in ¢. Smoothness is proved as in [36, Theorem 4.1.1]. We need to prove that for every multi-index

ke NV
089 (2)] = |g % 9", (2)] = (9] 0" P, (2 — )| < oo, ze RV,

If p.(y) == 0*®,,(z — y), it follows from Remark (c) that

i,j>—1 i>—1
with

~ A 1+ Ao)g.. =1,
Ai‘pz = ( ' O)SD

(A1 + A+ Ajpr)pz, i2>0.
Therefore, using Holder inequality we get

g™ (2)| < Aigllzo | Aspzll = 27| Asgll L2 [| Aiepz |t < Ilg 27 | Avpz e -
\ ()< > Aigle=| I > 27| A | [ lglly > l |

i>—1 i>—1 i>—1 -
=[lAipollp1
(2.23)
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Now, the latter sum is finite as it is bounded by the dual Besov norm Y ;o ;27||A;p0| 1, which is finite

due to ¢ € C2°. Respectively, under the additional assumption g € CrC}, with k = 0 in (2.23)) and replacing

g™ with g{™ — g{™ vyields g™ € CrC,.

We now prove Part (ii). For any j > —1 we have
Ajg,g") =pj* Ok g = Py x pj % gr = Py x Ay,
and thus
(867 =90) @) = [ Q= n@aids— [ (Sa0)00d

= [ (A= /) - (y0)() By, =R,

=68y /n(Ajgt)(2)

which yields
185 6" =gl < [ 18 (8500 = 00y

(by (2.22)) and definition of Besov norm)

—i(y— Yy
<Clglle, 27 [ |2 s
RN IMVIB

Again by definition of Besov norm, the latter inequality implies (2.21)) and concludes the proof.

We now prove Part (iii). It is sufficient to prove that t s Fg(™)(t,-) is continuous with values in S. We
have
Since g is a continuous function with compact support then (¢ — Fg(t,-)) € CrS. Since F®,, € S the result

easily follows. O

The next result will be used in Section to prove the equivalence between our formulation of the

martingale problem with the classical one by Stroock-Varadhan.

Lemma 2.18. Let T > 0, a € (0,1]. For any u € GQBJT%, there exists a sequence (u'™),en such that the
following hold.

(a) For any n € N, u(™ € C*2([0,T] x RN), with u(™,9,,u™,0.,,.,u™ bounded on [0,T] x RN.
(b) For anyi,j=1,---,d and for any compact K C RY, we have
= gy (9210 — Doty [0yt — Doy ™z, (V= Va1l — 0, asn - +oo,

(2.24)
where Yu denotes the Lie derivative of u, continuous on [0,T] X RY, defined as in (2.18).

Proof. Let ® be a standard mollifier on RY and set, for any n € N,

n 1 _
u( )(t,Z) = W - o, (6 tB(Z - y))u(tay)dya q)n(y) = ’ﬂNq)(le), (tvz) € [OﬂT] X RN'

We first prove Part (a). By the properties of the mollifier and by the fact that w is continuous and
bounded on [0, T] x RV it is standard to prove that V_ u(™(t, z) is continuous and bounded on [0, T] x RY
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and that the same holds true for the second order derivatives in space. We now study 9;u(™ (¢, z). First note

that a simple change of variable yields
u™(t, z) = / @, (y)ult, z — e'By)dy. (2.25)
RN

Note that the Lie derivative along Y is invariant with respect to the translation along its integral curves,

namely

u(t+6,e°P(z — e'By)) —u(t,z — e'Py)

Y ((t,2) = u(t,z — etBy)) = lim

6—0 )
Cou(t+6,eBE) —ul(t, ¢
— (}1_{% ( 5 ) ( ) _ (Yu)(t,z _ etBy)’

E=z—e!By
for any 0 < ¢t < T and z,y € RY. Owing to this, and to the boundedness of Yu on [0,7] x RY, one can
move the Lie derivative under the integral in (2.25)) and obtain
Yu™(t, z) = / D, (y)(Yu)(t, 2 — ePy)dy. (2.26)
RN

Therefore, u(™(t, z) is differentiable with respect to ¢ and we have
o™ (t,2) = Yul™(t,z) — (Bz, V.ul™(t, 2)), (t,z) €[0,T] x RN,

where V_u(™ (t, z) makes sense a standard Euclidean gradient. As Yu(,V_ u(™ are continuous on [0, 7] x
RV so is 9;u™. This concludes the proof of Part (a).

We now prove Part (b). By the boundedness of 0.,u, d.,.,u on [0,T] x R” | one can move the derivatives
under the sign of the integral in and obtain

A, u™(t, z) = / P, (y)0z,ult, z — etBy)dy, (2.27)
RN

6zizju(") (t,2) = / @n(y)azizju(t, z— etBy)dy. (2.28)
RN

Noticing now that, by assumption, u, d.,u, 0., .,u are uniformly continuous on [0, T'] xRY and Yu is uniformly
continuous on [0, 7] x K for any compact K C R¥ it is standard to show that (2.25)), (2.26)), (2.27) and

(2-28) imply (2.24). O

3 Non-linear Fokker-Planck singular PDE

In this section we study the non-linear Fokker-Planck PDE associated to the McKean-Vlasov SDE (|1.3)), i.e.

fK'ut = diVU (utF(ut)bt), te (O, T’]7

Ug = UO,

(3.1)

with X’ being the forward Kolmogorov operator associated to the Markovian SDE ([2.12)), defined in ([2.14)-
[2-15), and where div, is the divergence operator in R?. Namely div,, formally acts on a function G : RY — R

as

d
div,G(z) = Z&JjGj(U,x), z=(v,z) € R x RN 4,
j=1

We assume, throughout this section, that Assumptions and for ® =F and ® = F (see (1.13))

are satisfied.
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3.1 Well-posedeness of the PDE

We prove that (3.1) has a unique mild (or, equivalently, weak) solution in CrCp N Lé,’S’C?Fs for a suitable

€ > 0. Note that, a priori, it is not obvious how the term
div, (ug F'(ug)by), t€0,T],
in might be well-defined. In this respect and to prove well-posedness of we need the following
Lemma 3.1. Let ® satisfy Assumption . For any a € (0,1), the map
d:CY — CY, fr—2f =00 f,
is well-defined and there exists a constant C' > 0, only depending on ®, such that

H(I)f_(bg”a < C(1+”f”oc"'”g”oc)Hf_g”a) f,9€C3s, (3'2)
[@flla < CAA+|flla), fecCs. (3.3)

Proof. We only show (3.2)), with (3.3]) being simpler. Furthermore, without loosing generality, we can assume

® being scalar valued. As the function ® is Lipschitz continuous, we have
|@f — @gllr~ < C|f — gllr~.
Now fix z, 2/ € R?. To complete the proof of , we need to show
|f(2) — @g(2) — ©f (") + @g(")| < CL+ Iflla + lgl)f = gllalz — 2|5 (3.4)

We set
a=f(2) —g(z), b:=[f()—g(z), c:=[f(2)-f(Z), d:=g(2)—g(¢),

and proceed by considering two separate cases:

‘ la] + 10 < || +|d| ‘ By mean-value theorem, there exists £ included between f(z) and ¢(z), and 7 in-
cluded between f(z') and g(z’), such that

Of(z) — @g(z) = 2'(§)a,  f(2) — 0g(2) = @' (n)b.
Therefore, by triangular inequality we obtain
@ (2) = @g(2) — @f(2) + g(2")| < |@(&)(a —b)| + |b(P'(€) — ' (n))]
(by Assumption
< C|If = glla(lz = 2'I% +1& = nl). (3.5)
Now, as |a| + |b] < |¢| + |d|, we obtain
1€ = nl < lal + [b] + lef + |d| < 2(lel + |d]) < 2(|f]la + lgla)]z = 2’|,

which, together with (3.5)), yields (3.4).
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‘ le| + |d| < |a| + |b] ‘ By mean-value theorem, there exist ¢ included between f(z) and f(z’), and 7 in-
cluded between g(z) and g(z’), such that

f(z) = f() = 2'(Ee,  Pg(z) — g(2) = @' (n)d.

Therefore, by triangular inequality we obtain
[©f(2) = ®g(2) — @f(2) + Pg(2)| < 9 (€)(c — d)| + [d(@'(€) — ' (n))]
(by Assumption
<C(If = glla + llgllalé = nl)z = 2[5 (3.6)

Now, as |c| + |d| < |a| + |b|, we obtain

€ =l < lal +[b] + [el + [d] < 2(Ja] + [b]) < 4[|f = glla
which, together with , yields and completes the proof. O
Remark 3.2. By Lemma applied to ® = F, for any « € (8,1) we have

div, (fF(f)be) €C5°74,  feCy, telo,T).

Indeed, by the Bernstein inequality (2.9)), the estimate for the Bony’s product (2.11]) and by (3.3)), we obtain
d ~
ldivo (FECAB -1 < C D [((F B[y < CO+ 1 flla)Bell-5 < +00. (3.7)
i=1

Definition 3.3. We say that a function v € C’TCbﬂL%OC?'E is a weak solution for the singular Fokker-Planck
(3.1)) if it is a distributional solution. Namely, for all ¢ € S we have

t d t
Ut = (u’ Usg S Us Us )0s )i| Ov; S, L],
(url ) = { |w>+/0< |Ag)d +;/0< (F(u)bo)i| B p)ds,  te[0.T]

where A is the generator of Z in (2.12)), defined through (|1.9).
We now introduce the notion of mild solution, which turns out to be equivalent to the one of weak solution.

Definition 3.4. We say that a function u € C'TCbﬁL%"Cg's'E is a mild solution for the singular Fokker-Planck
equation (3.1)) if the integral equation

t
Uy = Pt’uo—/ P/_,(divy (usF(us) bs) )ds, t € 10,7, (3.8)
0
is satisfied.
Remark 3.5. Inequality (3.7)) in Remark together with the Schauder’s estimate (2.17]) yield

1P/ (diva (s F () b)) || 5. < O = 8)™F 5 |dive (s F(ug) by) | p—1 < Ot =)~ FF5D, 0 (3.9)

Hﬁ—&-s

where
e+1

6+2

<1,
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in light of 8 € (0,1/2) and € € (0,1 — 23). This shows that the LHS in (3.9)) is integrable as a function of s,
in [0,¢], and thus Definition is well-posed. Indeed, the integral in (3.8]) can be understood as a pointwise

Lebesgue integral, namely as

/Ot P/ (div, (usF(us) bs) ) (z)ds,  z € RN,

and the standard triangular inequality yields

t
luaellgse < P/ 54e + / 1P (divy (usF () b)) | 5, . ds.

Remark 3.6. 1. The right-hand side of (3.8)) can also be considered as a Bochner’s integral with values
in 8§’ equipped with its strong topology, being the strong dual of the vector space S, see e.g. [64]
Chapter 4, Example 1 a]. For k € N, let (E, || - ||x) be the normed space

k
Byi={pe Co®Y)|lplk = sup  [D%(2)] (|2 +1)" < oo}, (3.10)
2€RN, |a|<k

Then S is a vector (metrizable) space given by the intersection of the Ej’s, while 8" coincides with the
union of the spaces Ej, which are the strong duals of (Eg, || - |[x). The (strong) topology of S’ is the

one corresponding with the inductive limit of the E}’s.

2. Since E} endowed with the strong topology is a Banach space, it is then possible to define the Bochner’s
integral fOT gsds for g € LFS’. The latter is the space of strongly measurable g : [0, 7] — S’ such that
there is k with g(t) € E}; for a.e. t € [0, 7] and that ¢+ [|g(t)||z; belongs to L>([0,T7).

3. Specifically, if g € L3S’ then we have the following.
i) The map t — (u¢| ) is Borel for all ¢ € S.
ii) There exists C = C(g) > 0, k € N such that for all p € S
o)l < Cllolle e in [0,7).

4. We say that g : [0,7] — S’ belongs to CAC([0,T];S') if there is ¢’ : [0,T] — S’ continuous with
g(t) = g(0) + fot g'(s)ds for any t € [0,T].

The next result shows the equivalence between mild and weak solutions. Although the statement assumes
u € CrCy N L%"C,ﬁ;rE in accordance with Definitions and its proof relies on the weaker assumption
that u € LPS’, the latter being the natural framework in order to make sense of the the concepts of mild

and weak solutions to the linear version of the Fokker-Planck equation.

Proposition 3.7. Let u € CrCy N L%"Cg%. Then u is a weak solution of (3.1) if and only if it is a mild

solution.

Proof. For g € L¥S’, t € [0,T], and ¢ € S we have

(P95l @) = {gs| Pi—s )| < C(g)llellrs s €[0,1],

for some k € N, where || - || was defined in (3.10). Then s — P/_.gs € L*S’ and, for fy € S’, the mild
function w : [0,T] — S’ defined by

t
Up = Pt'uo —/ P]_.g.ds, t € 10,7,
0
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is well-defined in L¥S’. By inspection, it can be verified that such a u is a weak solution of

K uy = gy, te (0,7),
t = gt ( ) (3.11)

Upg = uo,

namely, for every ¢ € S

(e 0) = <u0|90>+/0 ((usl A@) + (sl @))ds, e [0,T].

By setting g5 := div, (us F'(us)bs), it holds that a mild solution of (3.1)) is also a weak solution. To prove the
opposite implication it is then sufficient to prove uniqueness of weak solutions to (3.11)) in the sense above.
This fact can be established in the same way as in [42] Proposition 3.18], even though that result was stated

for finite measure-valued functions. ]

We now state one of the main results of this section.

Theorem 3.8. Let Assumptions and Assumption for & = ﬁ, hold. For all e € (0,1 — 20)
such that u® € Cgﬁ there exists a unique mild solution (or equivalently, by Proposition a weak solution)

u e CrCy N LECH™ to (B1).

Remark 3.9. Notice that, given an initial condition u® € Cgﬁ for some ¢ € (0,1 — 203), the solution
u to equation (3.1) exists in the space CrCp N L%?Cg‘*‘8 but it is unique in any larger space of the form
CrCy N LECHT for 0 < &' < e.

Remark 3.10. The result of Theorem [3.8) remains true, with identical proof, under a weaker version of
Assumption namely replacing b € CTC;’B by b € L%"C;ﬁ .

To prove Theorem the idea is to find a fixed point w* € L%ch;“ for the map
t
Ji(w) = — / P diveGy(w)lds,  Ga(w) = Flws + Pu®)bs, ¢ [0,T]. (3.12)
0

A mild solution to (3.1)) can be then obtained by setting u; := w; + P/u®, after verifying that u € CrCs.

The uniqueness of the solution will stem from the fact that the fixed point w* is proved via contraction.

Remark 3.11. Proceeding as in Remark one can see that, if w € L%"Cgﬁ, the integral in (3.12)) can be

understood as a standard pointwise Lebesgue integral, namely
¢
Ji(w)(z) = —/ P;_,[div,Gs(w)](z) ds, reRY.
0

The standard triangular inequality also yields

t
17 (w)l[5+2 S/O 1P [divyGs (w)] ]| & ds.

For any ¢ > 0 we define the norm on L%OC?FE given by

[wllorp1e = sup e wel|pe, (3.13)
te[0,T]

and we consider the p-closed balls

ES'E = {w e LFCH : |w

o7+ < M}, M > 0.
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Remark 3.12. For any ¢ > 0, the norm || - ||o,7, 8+ is equivalent to || - ||7,+e. Furthermore, the g-closed

balls are closed sets of LFCH, and thus (Eg}j, || - lo,7,8+e) is a complete metric space for any M > 0.
The choice of these spaces is justified by the following lemma.
Lemma 3.13. There exist oo, Mo > 0, depending on T, 3, €, ||u®| g1e, ||bllT,—p, such that
. pBte B+e
JiEP S B M > M,

Furthermore, for any M > My there exists opr > 0, also dependent on T, B3, €, B, |[u®||g+e, ||bll7,—5, such
that

1 +
[(w) = T@lgrs w542 < Gllw =0 lowpre,  wiw' € BTy

Proof. Owing to the anisotropic Schauder’s estimate of Theorem the proof is identical to the one of
[39, Proposition 3.5 and Lemma 3.6]. O

Lemma 3.14. We have

(t — Plg) € CrCy, g € Cp, (3.14)
J(w) € CrCy,  we LFCHTe. (3.15)

Proof. The proof of (3.14) is standard: indeed T'(t — s,y, z) is smooth on {s > t}, and (2.16) holds true
uniformly with respect to z € RV. Let now w € L%OC?‘E be fixed. Lemma implies that J;(w) € Cp

for any t € [0,7]. To show (3.15), note that applying (3.7)) in Remark with f = ws + Plu® € Cngg and
Schauder’s estimate (2.17) with o = 0 yields

ldivy Gs(w)ll-p-1 < CA + [lwsllpse + [u’llg+)bsll-5, s €[0,7],
and thus div,G(w) € L%OC];B ~!. Therefore, it is sufficient to show that
¢
t— / P,_,fsds € CrCy, feLpcg” .
0

We study the continuity in time, by splitting the integrals as follows. For h € (0,7 —t), using the semigroup
property, we have

t+h t t t+h
[ racaids— [ Plgds= [ (BRLg- P )+ [ Pl s
0 0 0 \W—’ t

=:gs
t t+h
= / (Phgs — gs) ds +/ ! hesfsds = I + I,
0 ¢
To estimate || I}, we set § € (0, 1). By the Schauder’s estimate (2.17) we obtain

t+h
h
1Bl < [ 1P flleds <
t t

To estimate ||I}']|oo, note that (3.14) yields

t+h

h
1Pl ofullsds < O fllzps / (h— )" ds — 0.
0

||Pilzgs - gs”oo — 07 as h— O—i_7

for any s € [0,t). Also, || P} gs|lcc < C||gslloc, the latter being summable on [0,¢] (once more by Schauder’s
estimate (2.17))). Therefore, Lebesgue’s dominated convergence theorem yields || 12|/ — 0 as h — 0. This

proves continuity from the right. Continuity from the left can be shown with analogous computations. [
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We are now in the position to prove Theorem [3.8
Proof of Theorem[3.8. Since Pu’ € LCOTE, a function u € LPCH™ satisfies [B.8) if and only if u, =
w; + Pu® with
J(w*) = w* € LFCETe.
Lemma and Remark allow us to apply Banach fixed point theorem and obtain that such w* exists

and is unique. Finally, Lemma ensures that both (¢ — Pwu®),w* € CrCp, and this completes the
proof. O

3.2 The regularized equation

For any n € N, consider the regularized Fokker-Planck Cauchy problem

K'uy = divy (u, F(u)b™), € (0,7,
t V(t(t)t) ( ] (3.16)

Ug = UO,

where (™ is the smooth approximation of b defined in (2.20).

Theorem 3.15. Let Assumptions with related €, andfor ®=F be in force. Then the following
properties hold.

(a) For any n € N and o > 0, we have b € CrCy N LFPCS, and the regularized Fokker-Planck Cauchy
problem admits a unique mild solution u™ € CpCy N L?Cgﬁ, in the sense of Deﬁm’tion
with

w20, ud |y <1, te0T]. (3.17)

(b) We have

[u™ — ul|7p4e — 0, as n — 0o, (3.18)

where u € CpCy N L"TO(,’Iﬁ;ra is the unique solution to (3.1)).

The rest of the section is devoted to the proof of Theorem We start by proving the first part.

Proof of Theorem Part (a). Here n is fixed. By Lemma (i), b € LLCE for any a > 0. In
particular, we have b("™) € L%OC];B , and, by Remark [3.10} the regularized FP Cauchy problem admits
a unique mild solution u(™ such that

u™ e CpC, N LECHTe. (3.19)

We now show (3.17)). Setting
B (2) == F(uf™ ()" (z),  te[0,T], =»eRY,
the function u(™) solves the linear FP Cauchy problem

K'uy = divy, (w,B™),  t e (0,T),

ug = ul.

(3.20)

We can show that B(™ ¢ CrC, N L%’Cgﬁ: by Lemma (i), b™ € CrCy N L%ch+€, and F(u,(gn)(z)) €
L5°C57 thanks to Lemma 3.1 with & = F, and F(u{™(2)) € CzC, N L5C5™ thanks to (319), thus
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B e CpCy N L%OC’JgJFE. Since the PDE in (3.20)) is written in divergence form, the results about classical
solutions for degenerate operators in non-divergence form are not directly applicable since B(") is not regular
enough. We thus need a further regularization step. For any m € N, consider the linear Cauchy problem

K ug—div, (ut'Bin’m)) =0, t e (0,7],

(3.21)

ug = UO,

where B("™) denotes the regular approximation of B(™™) defined as in Lemma Obviously B™™) ¢
C7Cp and by Lemma M(i), Bm) € CrC, N LECE for any a > 0. Therefore, by [48, Theorem 2.7 and
Remark 2.9], (3.21) has a strong Lie solution «(™™) which can be represented (see [48] equation (3.1)]) as

T (RSO A X (322)
RN
where I'(™) (s, y; t, 2) is the fundamental solution of the operator
X' — (B™™ v, — div, B

in the variables (t,z). Also, proceeding like in the proof of [24] Theorem 1.5], it can be shown that

(™) (s,y:t, 2) is also the fundamental solution of the operator
K4 (BM™) v,)

in the variables (s,y). In particular T(™) > 0 (see [47, Theorem 1.1]) and [,x T™(0,y;t,2)dz =1 (by
[48, Theorem 2.7]). The latter and (3.22)) imply (3.17) for u(™™). Therefore, owing to the positivity of the
functions and to Fatou’s lemma, to show (3.17) for (™ it is enough to prove

(n,m) _

[lu u™ |7 51e = 0, as m — oo. (3.23)

Owing once more to 48, (3.1)], it is straightforward to see that u(™™) is also a mild solution to (3.21]) in
the sense of Definition and the proof of (3.23) is a simpler version of the proof of (3.18)): we omit the
details for brevity. 0

To prove the second part of Theorem [3.15] we need the following stability result.

Lemma 3.16. Let the assumptions of Theorem be in force. Let b e Lgoc];", and denote by u €
CrCy N L%"Cgﬂ the mild solution of the nonlinear FP Cauchy problem obtained by replacing b with b in
, which exists in light of Remark . Then, for any 0 < n < min(e,1 — 28 — &) there exists a function
ley : RT x RT — R™, independent of b and b, increasing in the second variable, such that

Tﬁ,@fn)Hb - b”TﬁB*na

7.~ V [[0]

lu =@l p4e < e (1u’llg4e, (1B
where u € CrCy N L%OC?E is the unique solution to (3.1)).

Proof. Owing to the anisotropic Schauder’s estimate of Lemma [2.10] and the continuity of the function
F by Lemma the proof is a straightforward modification of the one of [39, Proposition 4.7-(i)], upon

substituting ||ul|7,q, ||@]

7.0 With [ullz e, [@7,p+c and [blz—p, [Blz—s with [Bz—s—y, [Blr—p—y. O

We are now in the position to prove Part (b) of Theorem
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Proof of Theorem Part (b). The result stems from combining Lemma (ii) with Lemma with
% =u™ and b= b™ and using the fact that
L (60| gyes [bllz,—5-n V 107~ 5-) < lem([u®llge, [1bll7,—5—n V sup [0 |7, p—p).
O

Remark 3.17. The result of Theorem [3.15] remains true, with identical proof, under a weaker version of
Assumption namely replacing b € C’T(Zgﬁ by b € L%OCIQB .

4 Backward Kolmogorov PDE with singular drift

In this section we study the backward Kolmogorov Cauchy problem associated to the Markovian kinetic
SDE with singular drift, obtained by (1.1) with F'(u)b replaced by B. Namely, for any A > 0, we consider
the backward Cauchy problem

Ku+ (B, Vy)u = Au+ g, te (0,7),
u+ Ju=2Au+g (0,7) (4.1)
’LLTzé7

with X being the backward Kolmogorov operator associated to the Markovian SDE (2.12]), defined in ([1.9)).
Throughout this section we let Assumption be in force, and we fix g, B € L%"C;ﬂ and £ € CJI;F/HE7 with
T>0,8€(0,1/2) and € € (0,1 — 2p).

4.1 Well-posedness of the PDE

Definition 4.1. We say that a function u € CprCy N Lﬁ’?Citj'ﬂ's'E is a mild solution for the backward Kol-
mogorov Cauchy problem (4.1)) if the integral equation

T
uy = Pp_ 0 — / Ps,t()\us +gs — (Bs, Vv>us)ds, t €10,T], (4.2)
t
is satisfied.

Remark 4.2. If u € CrCy N LPCELTP T, then Schauder’s estimate (2.17) yields

e+1

< C(s—1)" 50 gt gs— (B, Vous| g < Cls—1) =50, (4.3)

||Ps_t(>\us+gs—<Bs, Vv)“S) H1+5+s

where .
e+
B+ —
in light of 8 € (0,1/2) and € € (0,1 — 23). This shows that the LHS in (4.3)) is integrable as a function of s,
in [t,T], and thus Definition [4.1| makes sense. Indeed, the integral in (4.2)) can be understood as a pointwise

Lebesgue integral, namely as

<1

T
/ Ps_t(/\us +gs — (Bs, Vv>us)(x)ds, z e RV,
t

and the standard triangular inequality yields

T
Hut||1+ﬁ+€ < ||PT—t€||1+ﬁ+€ + / ||R€—t (Aue +9s — <B‘97 vv>us) Hl-i—ﬁ—i—ads'
t
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Definition 4.3. We say that a function u € CTCbﬂL%OC};rﬁJFE is a weak solution to the backward Kolmogorov
Cauchy problem (4.1)) if it is a distributional solution. Namely, for all ¢ € S we have

T

T d T
€19) = o)~ [l a @) ds =3 [ (B@uue)ds+ [ Gutalods el
t Ut ¢

where A’ is the formal adjoint of A as defined in ([2.15)).
The proof of the next statement is fully analogous to that of Proposition [3.7} and thus is omitted.

Proposition 4.4. A function u € CrCy ﬁL%OCJlB"rB+E is a weak solution to the backward Kolmogorov Cauchy
problem (4.1)) if and only if it is a mild solution.

We now state the first main result of this section.

Theorem 4.5. Let Assumption hold, and let g, B € L%"Cgﬂ and { € C113+B+5, for some € € (0,1 — 23).
Then there exists a unique mild solution u € CrCp N L%}Céfﬁﬁ to (4.1)).

14+8+€’ 1+p+¢’
B B

Remark 4.6. If 0 < ¢’ < ¢ then clearly £ € C and the unique solution v € CrC, N LFC

coincides with the solution u € CpCy N L%OC]13+B+E, by uniqueness in the larger space CpCy N L%OC};/HE/.

Proof of Theorem[{.5, To prove Theorem we follow the same strategy employed in the parabolic case
([0, Theorem 4.7]), namely d = N and B = 0. The idea is to find a unique fixed point u € L%"C};‘BH for

the solution map
T
It(w) = Ppr_0 — / P,y (/\ws +gs — <BSa v1)>ws)d57 te [O,T],
t

and to show that u € CrC,.

Relying on the anisotropic Schauder estimate of Theorem [2.10} one can proceed exactly as in the proof of

[40, Theorem 4.7] and obtain that I is a contraction from the complete metric space (L%C};ﬁﬂ, Illo, 714 8+e)
onto itself for ¢ > 0 suitably large, where || f[lo7,148+c = SuPtepo,1] e TN fi||14 54 is the analogous

backward of the norm defined in (3.13)). Banach fixed point theorem then yields that there exists a unique
fixed point u € L%C?EH for I. Eventually, a straightforward modification of the proof of Lemma
yields u € CrCp, and completes the proof. O

Then next result shows that, if B, g; are Holder-continuous functions, then the mild solution w is a

solution also in some classical sense and enjoys additional regularity.

Proposition 4.7. Let Assumption be in force. If £ € C]23+a, g € CrCy, N LPCE for a € (0,1) and
B € CrCy N LECET™ for some v > 0, then the mild solution u to (1)) belongs to 623"7’7‘3‘ (see Deﬁnition

and is also a strong Lie solution in the sense of [48, Definition 2.6].

Remark 4.8. In particular, the function u solves the PDE pointwise, everywhere on [0, T] x RY | where the
term Yu that appears in Ku makes sense as a Lie derivative (see ([2.18)).

Proof of Proposition[{.7 By [48, Theorem 2.7 and Remark 2.9] (see also [14]), (4.1)) admits a (unique) Lie
solution u € €2 4+ ap . Furthermore, by [48, (3.1)], the latter verifies equation (4.2)), and thus w coincides
with the unique mild solution to (4.1). O
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4.2 Continuity properties

We recall it is assumed that g, B € L3°Cg” and £ € Cp7*, with 8 € (0,1/2) and & € (0,1 — 28). Let
B ¢ ¢ L%ocgﬁ and (") ¢ C?ﬂ% denote any approximations of b, g and ¢, respectively, such that

1B — B(n)| T—p—nslg — g(n)”T,—B—m 1€ — é(n)||1+,6+a—n —0 as n — oo,

for all n > 0. An example of how to construct said approximation is given in by (2.20) and Lemma m
ensures the convergence. For any fixed n € N, we consider the unique mild (or, equivalently, weak) solution

u™) to the approximate backward Kolmogorov Cauchy problem

Ku+ (B, Vy)u=u+g™,  te(0,T)

(4.4)
ur = f(”) .

Theorem 4.9. Let Assumption be in force and let g, B € L%OC];/B and { € C};ﬁﬂ for some e € (0,1-25).

(a) Let A > 0. For any n > 0, we have
Hu(”) —ul|7,1484e—n — 0, as n — oo, (4.5)
where u™ ,u € CpCy N L%’C};B“ are the unique mild solutions to (4.4) and (4.1)), respectively.

(b) Let £ = 0. There exists A > 0, dependent on T, B, €, |Bl|lr,—s and ||g||7,—p such that for any A > X
we have .

w1714 546 < > neN. (4.6)

Remark 4.10. Combining Part (a) and Part (b) of Theorem one trivially obtains that (4.6)) also holds

for the unique solution u in CrCp N L%OC};[”E to the singular Cauchy problem ([&.1]) with A > X and ¢ = 0.

Proof of Theorem[].9 We first prove Part (a). It is enough to show the claim for n < e. Owing to the
anisotropic Schauder’s estimate of Lemma the proof is a straightforward modification of the one of [40),

Lemma 4.17-(ii)] where we substitute ||u — u(™

o 1+a With [lu — w711 p4en, [|B = B™|7,_p with
1B = B s, llg — 9 oz with [l g — 9 i~y amd € = €09]| 1y with [}€ = £0)]| 1y oy
We now prove Part (b). Let n € N be fixed. Proceeding similarly as in the proof of [40, Proposition

4.13-(ii)] one obtains that u(™ is a solution of

T
uﬁ”) = —/ e As—tp (g‘g") - <Bg”),vv>ug"))d5, te[0,T). (4.7)
t

In fact it is enough to choose n < min(e,1 — 28 — ¢) and denote by C, indistinctly, any positive constant

that depends, at most, on T, 8 and €. For any 0 < t < s < T, applying the Schauder estimate of Theorem

[2.10) yields

1Pae (987 = (B Viyul) 1spee < Cls =07 7 [lgf — (B, Voyul oy
(by Proposition since £ — n > 0)
_ lieint2s n n "
<Cls—=0)7 2 (9 l-p=n + 1B |- p-nl Voul 1)
_ 14e4n+428 n n n
<Cls—=t) 2 (Igl-p + 1B -6l Vorul [ g+)
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ltetnt28

<C(s—t)" 2 (suplgi™|l—p + sup [|B™ | l[ul™[|1++<),
m m

which, combined with (4.7)), yields

T

N (s _ 1tedn+28

T1tfte) SUD / e M (s — 1) > ds
te[0,T] Jt

T
s _ Ltetnt2s
T,1+ﬂ+e)/ e MsT 2 ds
0

Now, as n < 1 —20 — ¢, the latter integral is finite and tends to 0 as A — +o00. This completes the proof. [

[ 714542 < C(sup g™ |l7,— 5 + sup | B |17 -5/l

< C(supllg™|lz,—p + sup | B |7 _g[u™)]
m m

Corollary 4.11. Under the assumptions of Theorem @ we have u(™ — w in CrCy as n — oo, and in

particular u\™) is equicontinuous in n as a function on [0, T] with values in Cy.
Proof. Tt is a straightforward consequence of Theorem Part (a). O

Lemma 4.12. Let (B™), ey C L%"C;ﬁ be such that B — B in L%"C};B_" for somen > 0. Let u™ be the
mild RN -valued solution in L%OC%;HH'E, for some € € (0,1 —28) not depending on n, to the Cauchy problem
B(n)
Kul™ 4+ @(n)’ Vv>u(”) = \u™ —
0 (4.8)

u(T"):O,

which is meant component by component, where we recall that B™ is d-dimensional and the vector 0 here

is (N — d)-dimensional. Similarly, let u be the unique solution to

B
Ku+ (B, Vy)u=Au—
0 (4.9)
ur = 0.
There exists A such that for all A\ > X\ we have
1
(Vo™ || oo V | Vote]|oo < 5 neN (4.10)

We set
o (2) =2+ u(2), duz) =z tw(z),  te[0,T), z€RY,

and notice that they take values in RY. Then we have the following.

(i) For any fized t € [0,T], the function qbi") is invertible;

(i) denoting by Y™ the inverse of ™), the sequence (™) is equicontinuous;
(iii) ¢ — ¢ uniformly on [0,T] x RN ;

(iv) Y — o uniformly on [0,T] x RN where 1 is the inverse of ¢;

(v) sup, z |w£n)(5, T)| < c(1+[9]), Vo € R? for a universal constant ¢ independent of n.
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Proof. By Theorem each component of u(™) is well-defined as weak solution of (4.8). Theorem and
Remark |4.10 guarantee that the sequence of solutions u(™ converges in L°°C1+6 *€ for some ¢ € (0,1 —2P)
to the unique weak solution u of (4.9 , and that A can be chosen such that - holds.

To prove Item (i), we fix ¢ € [0,7] and, for notational simplicity, we omit the variable ¢t. We sometimes
write ¢(™ () = ((bgn)(z), én)(z)), u™(z) = (u&")(z),uén) (2)) and z = (v, z), where the first component of
these vectors is d-dimensional and the second is (N — d)-dimensional. Due to the definition of the vector
u(™(z) as solution of the PDE above, and by uniqueness of the PDE, we have that u(")( ) =0 and so

¢ (2) = (B (2), 65 (2)) = (v + WiV (2), 2 + 4§ (2)) = (v +ui (), 2).

To show that ¢(™) (v, z) is invertible it is equivalent to find a unique solution (v, z) of the system

(4.11)

for any given Z = (v, %) € RY. If it exists, we denote the inverse of ¢(™) by (™ = ( ("), 1/)5”)) € RY. Clearly
x := I so the inverse of the second block is simply the identity, (n )(v Z) = Z. As for the first block, by

(4.10) we have

n n 1
|u( )vz)fu(l)( )| < Slv -0, v,v' € RY,

\}

uniformly in (¢, ), so the map v — ugn)(~, r) is a contraction, with fixed point in R¢ denoted by ¢( )(~ ).
It immediately follows that (v,z) := (1(v, ), ¥2(V,T)) solves and so (™ (2) = ( %n)(‘) w(n)(‘))
the inverse of ¢(™(2).

We now verify Item (ii), that is the equicontinuity of (¢/(™); to this aim, it is enough to consider only

the first component zbgn) because wén) is simply the identity in the Z variable. For ( g")) we have

™ (4,5, 3) — " (0, &) < 8 (0,3) — o (5,3 + [ (5,7 — o (8, 7 = Y+ I,
(4.12)
For the term Jl(") we can reduce the problem to the equicontinuity of (u&")) in (¢, z) uniformly in v as follows:
setting
vi= ¢§n) (t,7,7), v o= wﬁ") (', 0,7,
and using that Z = z and 7’ = 2’ we get
7= " (b0, 2) = v+ 0y (v, 2)

T=¢i(t' 0, 2)) =0 +ulM (¥ 0, 2).
Then,
W (4,5,7) — " (¢, 5,3)] = o — /|
= ’ugn) too,z) — (@ |

< |u(") tv,z) —u™ (@t x )|+ |u t,v,z) —ul" )(t’,vl,x’)|

IN

nvwmmw V]l (0 2) — (0 )]

| /\

|w<">(, 5, 7) — o (5, 7)| + [ul (¢, o, 2) — (D (0 2],

30



having used Theorem Part (b). Moving on the LHS the first term we have
1 (6,5, 3) = 917 (@, 7)) < 2y (10, @) — 0 (1,00 (4.13)
< 2’u1") t,z) —ul" )(t V', ) |—|—2|u(n) t' v x) — (n)(t v, )|
= Jiy) + Ji).
The term J1(;L) is controlled by Corollary For the term Jl(g), since ug") (t,) € C?ﬁﬁ C C% for every
a € (0,1), by Remarks and there exists some v € (0,1) such that for all ¢ € [0, T
™t Mler < Cllu™ (1, )l < Cllut™ (1, s < Cllut™ a6,
where the latter bound is uniformly bounded in n thanks to Theorem Part (a). Thus, recalling also that

Z =z and ¥’ = 2/, we obtain J(" < C'sup,, ||u1 lra+plT — 2|7,

For the term J2 in we notice that
W( L) = )] < [Vt ol - 7
so it is enough to show that nggn) is uniformly bounded. As sup,, vaugn) | < 3 by (@.10)), the Jacobian
Vot = I+ Voul™
is nonsingular for every (¢,v,z). By the Inverse function Theorem, 9); is of class C'! in ©; then
V51 lloo = 1(Vdi™) 7 oo < 2. (4.14)

Item (iii) states uniform convergence of ¢(™ to ¢, and it follows from the definition of ¢(™) and ¢ and
the fact that ugn) — wup uniformly by Corollary
Item (iv) states uniform convergence of ¥(™) to 1. Taking into account Item (ii) and the fact that
wgn)(t,ﬁ T) = I = o(t,v,), it is enough to show pointwise convergence of wgn)(t,ﬁ, Z) to Y1 (t,0,7). We
define v(") := w%n) (t,v,T) we have by the inverse property
7= ¢ (t, 0™, F) = 0™ 4+ u{ (1,0, F). (4.15)
Since (ugn)) is a uniformly bounded sequence, also (v(™) is a bounded sequence and thus it converges to
some (9 up to a subsequence. Since ( gn)) converges uniformly by Item (iii), taking the limit as n — oo in
we get U = ¢1(t,v(?), T), so by the inverse property again v(®) = ¢, (t,7,Z) which concludes the proof.
Item (v) can be seen with similar ideas as in Item (ii). Again, we drop the variable ¢. Since (™ (7,7) =
W™ @, 7),5" @, 7)) = ™ @,7),7), we focus on the linear growth of the first component. From bound

([@13) with ¢/ =¢, 7’ = 0 we get
[ @.3) — i @,0)] < 4sup [0 lleye,
and together with (4.14) we have

1" (@,3)] < [0 (@,7) — M (@,0)] + [0 (,0) — ™ (0,0)] + [ (0,0)]
< 4sup [ul [l ere, + 2[0] + sup [ (0,0

c(1 +[2)),
having used the fact that sup,, ||u§n) llerc, is bounded by Corollary and that sup,, WYL)(O, 0)] is finite by
Ttem (iv). O
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5 The singular McKean-Vlasov kinetic SDE

In this section we apply the results on the PDEs to define and show well-posedness for the singular McKean-
Vlasov kinetic equation (I.1]). Here the canonical space will be C7(R”Y) equipped, as usual, with the Borel
sets with respect to the topology induced by the uniform convergence. In the sequel we will also make use

of the standard canonical process on the canonical space.

5.1 The martingale problem formulation for the linear case

Let g be a probability law on RY. Throughout this subsection we assume that Assumption holds and
Be CTCEB with 8 € (0,1/2). We consider the linear case of equation (L.1)), which is formally

dv, = (Bt(Zt) + BOZt)dt +dW,
dXt == Bthdt,

(5.1)

with initial condition Zy ~ po, where the RV -valued stochastic process Z; := (V;, X;) is the unknown, and
B

B = (B()) is given as in (|1.8)). The term linear refers to the fact that the corresponding Fokker-Planck
1

equation is linear, and is reflected in the SDE by the fact that the coefficients do not depend on the law of
the unknown. Clearly (5.1)) is only formal, and its meaning is given below in terms of martingale problem.
The backward Kolmogorov operator £ associated to the SDE ([5.1)) with drift B is given by

Lu = Ku+ (B, V,)u, (5.2)

where K is given in (T.9) and v € C49([0,T];S") N L%OC};'B.
Let g € CrCpy N LFCH and fr € C};/H'E for some € € (0,1 — 23). We denote by u the unique weak (or,
equivalently, mild) solution of

Lu=g (5.3)

ur = fr

in the space CrCy N L%CC};/”E. Let Z be a stochastic process on some probability space (§2, F,P), and set
t

M= MMZ) = u(Zy) — uo(Zo) — / 9s(Zs)ds. (5.4)
0

Definition 5.1. Let pg be a probability law on RY and to € [0,T). Let also B € C’TCgﬁ and let the operator
L with drift B be given in . We denote by MP(B, po;to) the martingale problem formally formulated
as SDE , with initial condition Z;, ~ .

We say that a couple (Z,P) defined on some measurable space (2, F) is a solution to MP(B, uo;to) if Z
is continuous, Z;, ~ po and for all g € CrS and all fr € S we have that (M — Mg ).epr,,1) is a (local)
martingale under P with respect to the canonical filtration of Z, where M* is given in and u is the
solution of . We say that MP(B, uo;to) admits uniqueness if, given any pair of solutions (Z!,P*) and
(Z2,P2%), then the law of Z! under P! is the same as the law of Z2 under P2.

If to = 0 we employ the abbreviation MP(B, pg) in place of MP(B, po;0).

Remark 5.2. Let (Q, F,P) be a probability space and Z be a stochastic process on (€2, F). Let us denote

by Pz the law of Z under P and by Z the canonical process on the canonical space C7RY. The couple
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(Z,P) is a solution to MP(B, y) if and only if the couple (Z,Pz) is a solution to MP(B, y19). This is a direct

consequence of the change of variable theorem and the martingale property.

Remark 5.3. The solution to MP (3B, 1) can be equivalently defined as follows. Let us define the domain
D :={ue CrCy N L%C};Bﬁ for some € € (0,1 —25) : u is a sol. to for some g € C7S, fr € S}.

Then (Z,P) is a solution to MP(B, 110) if and only if for all u € Dz, M* is a local martingale under P.

Lemma 5.4. If (Z,P) is a solution to MP(B, ug) then the process M™ defined in (5.4) is a local martingale
even if u is solution to PDE (5.3)) with g € CrCy N LPCE for some e > 0 and fr € C]13+ﬁ+5, when both have

compact support.

Proof. By Lemmam Parts (ii) and (i) there exist two sequences (¢™),en € C7S and ( 'z(“n))nEN cS
such that [|¢g™ — g7 — 0 and Hf;n) — frlli+8+e — 0 for some € > 0. Thus by Theorem Part (a) there
exists € > 0 such that |u™ — ull714 51 — 0. Consequently g™ — g and (™ — u uniformly on compacts
and thus M*" — M in the sense of uniform convergence in probability (ucp). We conclude that M*“ is a

local martingale since the space of local martingales is closed under the ucp topology. O

In the next result we compare the notion of solution to the MP given in Definition [5.1] with the classical
notion of solution & la Stroock-Varadhan. Suppose that B € CrC, N LFC, for some € > 0. We recall that
(Z,P) is a solution to the Stroock-Varadhan Martingale Problem with respect to L3 := K+ (B, V,) meant in
the classical sense, with initial condition pg if Z is continuous, Zy ~ o and, for every u € C12([0,T] x RY)

(or equivalently u € C2°), the process

t
w(Z) ~ unlZ) ~ [ (Lsw.(2.)ds
0
is a (local) martingale, see e.g. [60, Chapter 6].

Proposition 5.5. Let Assumption hold. Let (Z,P) be a couple where Z is a stochastic process with
Zy ~ po and P is a probability measure on a given measurable space (2, F). Let B € CpC,yNLFCE, for some
e > 0. Then (Z,P) is a solution to MP(B, uo) if and only if it is a solution to the classical Stroock-Varadhan

martingale problem with respect to Ly with initial condition pg.

Proof. “=” We have to show that for any u € C2° then M* is a local martingale. It is clear that Ku € C®°
and (B,V,u) € CpCy, N LECE, hence Lu € CrC, N LFCE for some € > 0. Moreover since u has compact
support and is time-homogeneous, also Lu and w(T,-) have compact support. The claim now follows by
Lemma 5.4

“<"Let g € CrS C CrC,NLPCE and fr € S C C?ja. By assumption, B € CrC, N LFCE, and thus,
by Proposition the mild solution u to belongs to GQBJ)F:?‘ for any a < € and solves pointwise

Lu=g (t,z) €0,T] x RY,

where the term Yu that appears in Lu, through Ku, makes sense as a Lie derivative (see (2.18))). Furthermore,
by Lemma [2.18] there exists a sequence (u(™) such that each u(™ € C*2([0,T] x RY), and

Hu—u(")HT, H(g—L'u("))lKHT — 0, as n — +oo,

for any compact K € RY. Thus u™ — v and Lu(™ — ¢ uniformly on compacts and so M s e ucp,
which implies that M™ is a local martingale on [0, T7]. O
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Corollary 5.6. Under the conditions of Propositz'on a solution to MP(B, ug) always exists.

Proof. Under the conditions of Proposition by [60, Theorem 12.2.3 and Exercise 12.4.1] we know that
there exists a solution to the classical Stroock-Varadhan Martingale Problem with deterministic initial con-
dition z at time s. The solution is constructed on the canonical space and the probability is denoted by Ps ..
Moreover (s, z) — P , is measurable. Thus we can superpose these laws to treat any initial condition pg at
time 0, by setting P(B) := [pn Po,.(B)puo(dz) where B is a Borel set of the canonical space. For more details
on the superposition argument, see the proof of existence of [41, Theorem 4.5]. Hence as a consequence of
Proposition a solution to MP(B, ug) always exists when B € CrCp N LFCE, for some € > 0. O

Lemma 5.7. Let the hypotheses of Lemma hold and X\, ") be as in Lemmal4.14 Let Z be a stochastic
process on some measurable space equipped with a sequence of probability measures P, n € N, such that
the following holds.

(a) For any \ > \ we have

t t
(Z) — o5 (Zo) = / Ne™(Z,) — Z,)dr + / BZydr + M™, (5.5)
0 0

where M™ is an N-dimensional martingale under P, with respect to the canonical filtration of Z,
with the last N — d components identically zero and the first d components, denoted by M("), with

covariation .
(3700 570, = [ 19,009,012, (5:6)
(b) Zo ~ po under P for any n € N,
(¢c) Z; under P™) has finite 4th moment for any t € [0,T].
Then the sequence of the laws of Z under P is tight.
Proof. Let us define the process Y(") as
Y = u((2)) + 2 = ¢\ (Z0). (5.7)

We first show that the sequence of the laws of ¥ (™ under P(") is tight. According to 43, Theorem 4.10 in
Chapter 2] we need to prove that

lim sup ]P’(")(|YO(")\ >n)=0 (5.8)
n—00 n>1
and that for every € > 0
lim sup ]P’(”)( sup [V, =y ™| > 5) =0. (5.9)
6—=0p>1 5,t€[0,T]
[s—t|<é

By (5.7) and recalling that Zy = (Vp, Xo) we have

N n Vo +u{™(0, Z
v — g)(zo)_<° 1( 0))7
Xo

so the first condition (|5.8)) for tightness gives

PO (Y™ (0)] > ) < PO (| Xo| + Vol + [ul™ (0, Zo)| > n)
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< PO (1Xo| + [Vo| +sup u{ oo > n),
n

having used the fact that sup,, ||ugn) loo is finite by Theorem Part (a). The right hand side of the latter
inequality does not depend on n because the initial condition (Vp, Xo) ~ po is independent of n, so is
satisfied.

Concerning the second bound for tightness, if we can prove that

EMy™ — v < clt—s?2,  t,se0,T], (5.10)

holds for some positive constant C independent of n, then we conclude exactly as in the proof of [41l, Lemma
3.12], using Garsia-Rodemich-Rumsey lemma (see [6, Section 3]). It remains to prove (5.10). To this aim,
using assumption (¢) we know that Yt(n) = <Z)7(5n)(Zt) has finite 4th moment since ¢§n) has linear growth. We

next prove that there exists a constant C' depending on 7" such that
EM(Y P <c,  teloT) (5.11)
Indeed, using and we get
v =v™ 4+ / t Aul™ (Z,)dr + / t BZdr + M™. (5.12)
0 0

Taking the square and then the expectation, and using the results of Lemma in particular that Z; =
™ (6 (2,)) = v (V;"™) and the uniform in n linear growth property (v) of 1™, Jensen’s inequality,
BDG inequality and (5.6)), one obtains, for all ¢ € [0, 7],
t 4 4
/ BZ,.dr }
0

t
< cEM((|Zo] + [ul™ (Zo))Y] + e MTH|[u™ |4, + ¢|B|** E™ { / (1+ |Yr<">|>4d”]
0

4

t
BV < BN+ B | [z,

0

} + ¢E™ { ‘Mt(")

] L eE™ [

+eT(1+ [[Vou™||o)?
(by the assumption on the 4th moment of 1)
< e+ Oy ) + o8O [ ]
1+ [ BV ),

for some € > 0, having used Theorem [4.9|Part (b) in the last bound. Notice that the constant ¢ is independent
of n (but depends on T, B, g, A). Applying Gronwall’s lemma we show that (5.11)) holds. We now notice

that (5.12) yields
‘ t

With similar computations as above, together with multidimensional BDG inequality (see e.g. [43] Problem

3.29]), we have
|

t 4
B - v < B | [ @]+ B ar] |+ ™| 1 -
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(by Lemma [4.12}(v))

t
< ™ |l paelt — sl + clt — sPE [ [a+ |YT<”>>4dr}

! w™ Iq 2712
</S 1V <zr>+<o>|d>]

t
SdWMWRHﬁﬂV*SE+CH*5P/“EMK1+D¢MWWW+CO+HMM\

+ ¢E™

Tatp4e)’ |t — s

< clu™ g pspaelt — s+ clt — s + e+ [u™ 711 550)%t — s,

having used (5.11)) in the last bound. This clearly implies (5.10]), as wanted. To conclude that the laws
of Z under P(™) are tight we observe that Z = (™) (Y(™) and (/")) are equicontinuous and have linear
growth by Lemma Parts (ii), (v). Consequently, when restricted to any compact set, the family (/™))

is equicontinuous and bounded, so from tightness of the laws of Y™ under P the claim follows. O

Notice that the assumption on the finiteness of the 4th moments of Z; in Lemma is not optimal, and
it could be relaxed up to requiring finite (2 + €)-moment. However, this assumption is sufficiently general
for us as we will apply this result to Zy ~ pg being equal to a Dirac delta distribution, and the finiteness of

the moments for ¢t > 0 will follow.

Lemma 5.8. Let (BM™) be a sequence in CrC,N LFCY, for some v > 0 and such that |B™ —B||r _5_, — 0
for some n > 0. Let Z be the canonical process and we denote by (Z,P™) the solution to the Stroock-
Varadhan martingale problem with respect to Lym) and initial condition pg. Assume that pg has finite 4th

moment. Then there exists a subsequence of P that weakly converges to some probability measure P and
(Z,P) is a solution to MP(B, ug).

Remark 5.9. Notice that the solution (Z,P(™) exists by Corollary

Proof of Lemmal[5.8 The solution (Z,P(") is also a solution to MP(B(™, 1) by Proposition For the
moment we assume the hypothesis of Lemma hold (this will be proven later), which implies that the
sequence of (P(™) is tight. Thus there exists a subsequence, which we denote again with (P(™)), that weakly

converges to some Borel probability measure P on C7RY. We write
P = P, (5.13)

We now show that the couple (Z,P) solves the MP(B, ug). Since for any n € N, P o ZO_1 = po the same
holds for P o Z 1. To prove the martingale property, we consider v € Dy (see Remark along with
g€ CrS C CrC,NLPCE and freS C C?ﬁ“, for some e > 0, such that « is a mild solution to (5.3)). We

then consider the process
t

M = u(Zy) —uo(Zp) — /0 9s(Zs)ds,

and show that it is a P-martingale. To this aim, fixed an n € N, we consider the solution u™ e CrCy N
L%O01B+'B+a of

ngl) = fT-

(5.14)
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Such u(™ exists by Theorem By definition of solution of MP(B(™) 114) we have that
™ _ () (n) '
M () = ()~ [ (205

is a P(")-martingale. Moreover, by assumption ||B(™ — Bl _ —B—n 222 0. By (4.5) in Theorem M Part
(a), it now follows that the sequence (u(™)) converges uniformly to u and is uniformly bounded. The latter
implies, the M u™ and M* are uniformly bounded. By these facts and it can be shown easily that M™“
is a P-martingale by using the definition of martingale, in particular that EF[®(Z,,r < s)(Mp — M*)] =0
for all bounded continuous functionals ® on Cs(RY) knowing that EP" [®(Zy,r < s)(Mt“(") - Mf(n))] =0
for all bounded continuous functionals ®.

It is left to prove that we can apply Lemma Let u(™ and ¢(™) be defined as in Lemma for some
X independent of n and defined for the sequence B(™. The reader should be careful about the notation: u(™
in the rest of the proof should not be confused with the u(™ used above in the current proof, which was
solution to . We would like to apply It6’s formula to ( )(Zt) under P(") for fixed n, but ¢(™) does not
necessarily belong to C12([0,T] x RY), hence we perform a further smoothing procedure and to this aim
we momentarily drop the superscript (n), everywhere except in P(™ and B(™. Recall that (Z,P(™) solves
the Stroock-Varadhan martingale problem with respect to Ly, therefore there exists a probability space
(9, P() and a Brownian motion W and a process Z = (V, X) such that

v, = (Bg’”(zt) + BOZt)dt +dW,
dX; = B, Z,dt (5.15)
Zy ~ lo-

Indeed, equation admits existence in law and furthermore Z under P(") has finite 4th moment, hence
assumptions (b) and (c) of Lemma [5.7] are satisfied. It remains to prove assumption (a). By Proposition
u = u(™ is a strong Lie solution of (4.8 in G’Q‘W for any o € (0,1). Let us denote by u(™) a suitable
approx1mat1ng sequence in C12([0,T] x RN), which exists by Lemma Part (a). Setting ¢\ (2) :=

z 4+ u™)(2) we compute dgbgm)(Zt) by applying It6’s formula component-wise: we obtain

M (Z) - 5™ (Zo / 0™ (Z4)ds + /twém)( )dZ, + = Zazlm’”)( )d(Z', Z7),. (5.16)

,5=1
The second term on the RHS of (5.16) gives
t
| veimizaz
0
t Bg") Z t \V (m) dW.
:/ << 0( ) ,qugm)(ZS»ds—l—/ (BZS,V¢gm)( ))d fo v®Ps . Zs)dW.
0 0

t ! m) (7
:/ (B(Z6), Voo™ (Z5))ds + / (BZ4, Vo™ (Z))ds + (fov - 0 )dws>,
0 0

where the previous identity are to be intended for each component of the vector ¢("). The last term on the

RHS of (5.16]) can be written, again component-wise, as

LS 0 022, 2], = L 2y

2]1
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so (5.16]) becomes

t
" (2e) = " (Zo) = / 00 (Z0) + (B2, Vo™ (2,)) + 58,60 (2,)ds
0

t t (m)
Voo™ (Zs)dW.
+ [(B0(2), 9o (Ze)ds + (fo o )
0
We can rewrite this equality in terms of u(™ as
w™(Z) + 2 — ug"™ (Zo) — Zo (5.17)
t 1 t
:/ [8tu§m)(ZS)+<BZS,Vugm)(ZS))+§Avugm)(Zs)}ds+/ BZds

0 0
t t (B (7, P ul™ (Z)dW, W,
+/ <93gn>(zs),vvugm>(zs)>ds+/ ( o( ) ds + Jo Vuu o( ) + ot

0 0

t

! 1
= [z + ganl @Zlds + [ (B0(2),9,0l (2.)ds
0 0

: v (B (2, ) Voul™ (Z,)dW,
+/BZSds+/ (Zs) ds + Jo Vous™ (Zs)dW. + Wi\
0 0 0 0 0

By Lemma m Part (b) we get that «(™, Yu(™  A,u™ and V,u(™ converge uniformly on compact sets
to u, Yu, Ayu and V,u, respectively, hence the ucp limit of (5.17)) gives

wlZ)+ 2= wo(Zo) = Zo = [ el Z)+ 5 (Z)lds+ [ (B2, Vi (Z0)ds

t t (gn) t
+/ Bsts+/ <st (ZS)> ds + (fo Vvus(Zs)dWs> . (Wt).
0 0 0 0 0

As u is a strong Lie solution of ([4.8)), the PDE in the latter is satisfied everywhere on [0,7] x RY and thus

t t t
V’L) S ZS dWQ W
ue(Zy) + Zy — uo(Zo) — Zp = )\/ us(Zs)ds +/ BZ.ds + (fo Ué ) ) " ( 0t> ,
0 0

which can be seen to be equality (5.5), where the martingale M is given by

t
M~ ( I vms(()zs)dws) |

having used the fact that ¢¢(x) =  + w;(x). This concludes the proof that Lemma can be applied. O

Proposition 5.10. Let Assumption hold and B € C’TC;;B with 8 € (0,1/2). Let py be a probability law
on RN with finite 4th moment. Then MP(B, uo) admits existence of a solution according to Definition .

Proof. We define
B = @, « B,

as in (2.20). By Lemma B € CpC, N LPCY for all 4 > 0, and for any n > 0

1B — B, gy ——— 0.

n——+oo

Let Z be the canonical process and we denote by (Z, P(™)) the solution to the Stroock-Varadhan martingale
problem with respect to Lg»). Lemma allows to conclude existence of a solution (Z,P). O
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We now prove existence and uniqueness of solutions to MP(B, o), for a general distribution law puqg.
Concerning existence, the key tool is the superposition of solutions to MP(B,d,) for any z € RY with 6,

clearly satisfying the finite 4th moment assumption required to apply Proposition [5.10}

Theorem 5.11. Let Assumptions hold, B € CTCEﬁ with B € (0,1/2), and pgo be a generic distribution
law on RN. Then MP(B, uo) admits existence and uniqueness of a solution according to Definition ,

Proof. Uniqueness. We want to apply Theorem[A.2]from the Appendix, so we need to verify that Property M
is satisfied for MP(B, puo; to), for any initial condition pg and any ¢y € [0,7") (see Definition in Appendix
for the definition of Property M). Without restriction of generality we set ¢y = 0. Assume that (Z*,P!) and
(Z2,P2) are two solutions with initial condition 9. Without loss of generality, we can choose Z! = Z2 = Z
where Z is the canonical process. Let now g € CrS and u be the unique solution of Lu = g with terminal

condition ug = 0. By the definition of solution of MP(B, 1)

. T
EY ur(Zr) —uo(Zp) — / 9s(Zs)ds| =0, fori=1,2,
S—— 0

=0

and P! o Z;' = P20 Z;' = pg. As a result,

T T
EP' VO 9s(Z,)ds| = EF’ VO 95(Z,)ds

By arbitrariness of g € CrS then P! and P? have the same marginals for almost all s € [0,77], and since Z

is continuous they have the same marginals for all s € [0, 7], that is Property M is satisfied for MP(B, p),
for any initial condition pyg.

FExistence. Given any z € RY, by Proposition there exists a solution (Z,P,) to MP(B,d,) since §,
has finite 4th moment. As the solution is unique, the map z — P, is measurable from RY to the space of
probability measures. This can be seen with the same argument as in [60, Exercise 6.7.4]. Given an arbitrary
probability law 19, we define P for a Borel set B of the canonical space, by P(B) := [;n P.(B)duo(z). The
couple (Z,P) is a solution to MP(B, 119), and we recall that the details of this arguments can be seen in the

proof of existence of [41l, Theorem 4.5], using the current definition of martingale problem. O

The next proposition is the extension of the convergence result stated in Lemma when removing the

assumption on the finiteness of the 4th moment of the initial condition.

Proposition 5.12. Let pig be any probability law on RN . Let B B be as in Lemma . Let (Z, ]P(”)) be
a solution of the Stroock-Varadhan martingale problem with respect to Ly with initial condition py. Then
P weakly converges to P, where (Z,P) is solution to MP(B, ).

Proof. For every n we proceed to the disintegration of P(™) as in [41 Fact 2 in the proof of Theorem 4.5].

We write
P = / P dpug (2). (5.18)

We show that Pg") solves the Stroock-Varadhan martingale problem with respect to Lg ) and initial condi-

tion d,; this can be done as in Fact 2 of previously mentioned [41, Theorem 4.5]. By the uniqueness of the
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Stroock-Varadhan martingale problem, P&”) in ([5.18) is the unique solution of that problem. Since gy = 9,
has finite 4-th moment, we apply Lemma to show that for all z € RY we have

PM = Q,,

where Q, solves the MP(B,4,). The map z — Q. is measurable thanks to the uniqueness by Theorem
and again an argument as [60, Exercise 6.7.4]. By superposition, Q := [;n Q.dpuo(z) solves the MP(3B, 1)
which equals P by uniqueness, see again Theorem It remains to show that P(") = P. Let F' : CyRY — R
be bounded and continuous. We get by Fubini
E*" (F(Z)) = / CER(F(2))dpo (2). (5.19)
R
Using the fact that P = Q, for all z € R, taking the limit in (5.19) and using dominated convergence

theorem we get
lim B (P(2)) = | B®(F(2)duolz) = B (F(2),

n—oo

and the proof is concluded. O

In the next result we see that if the solution Z; of the singular martingale problem has a density v; in a

suitable space, then the function ¢ — v, satisfies the Fokker-Planck equation, as expected.

Proposition 5.13. Let Assumption holds and B € CTcgﬁ with B € (0,1/2). Let po be a probability
measure on RN with density u® € Cg+5, for some € > 0. Let (Z,P) be the solution to the MP(B, ug).
Then Z; admits a law density u; with uw € CpCp N L?Cgﬁ. Furthermore, u is a weak solution of the linear
Fokker-Planck equation where F(u)b = B, that is for every ¢ € S we have

t d t
Ut = UO Ug S UsDi| Oz, S, s 4 ]
(uel ) = { |so>+/0< Ag)d +i_21/0< B 0. 0)ds,  te0,7]

where A was defined in (1.9).

Proof. Denote by u and u(™ the unique mild, and thus weak, solutions in CpCp, N L%OC]@% to with
F(u)b =B and F(u)b= B, respectively, which exist by Theorem Here (B(™) is defined as in (2.20).
Recall that, by Theorem u(™) converges uniformly to u on [0,T] x RN.

Furthermore, once more by Theorem u(™ is non-negative and u(") € LY(RY). By [26, Theorem
2.6], there exists a solution (Z () IP’(”)) to the Stroock-Varadhan martingale problem with Lg») and initial
condition pg, whose law density at time ¢ is exactly u,(fn). Owing to Proposition the pair (Z(™,P(") co-
incides with the unique solution to MP(B(™), iy). Therefore, by Theorem (uniqueness) and Proposition
ugn)(z)dz converges to the law of Z; under P, for any ¢ € [0,T]. This implies that u; is the density of
Zy under P. O]

5.2 The McKean-Vlasov case

Throughout this section we assume that Assumption [I.1] and [T.4] hold, and that Assumption [T.5] holds for ®
being F' and F. The definition of solution to MP extends easily to the McKean-Vlasov case (|1.1)) and ([1.2)),
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recalled below for ease of reading:

AVe = (F(u(Z0)bi(Z0) + BoZ, ) dt + AW,

Kz, (dZ) = ut(Z)dZ,

for some initial condition Zy ~ pg = u°(z)dz.
To formulate ([5.20) as a martingale problem we resort to the linear singular martingale problem MP(B, )
introduced in Section with B = F(u)band u € CTCbﬂL%OCg+8. Precisely, we give the following definition.

Definition 5.14. Let the McKean-Vlasov Martingale Problem formally given by and be denoted
by MKMP(F,b,u®). We say that MKMP(F, b, u") admits existence if there exists a triple (Z,P,u) where Z
is a continuous stochastic process, P is a probability measure, and u € CpCy N L?Cgﬁ for some € > 0, such
that the law of Z; under P is u; and (Z,P) is a solution to MP (B, ug) where B = F(u)b.

We say that MKMP(F, b, u®) admits uniqueness if given any two solutions (Z,P,u) and (ZA,]IAD, @) such
that u, @ € CpCy N L%"Cg+E for some € > 0, we have that v = @ and the law of Z under PP is the same as the
law of Z under P.

We now prove the main result, which was stated in Theorem [I.6] and is repeated here for completeness.

Theorem 5.15. Let Assumptions and hold. Let also Assumption hold with ® = F,ﬁ. Then
MKMP(F,b,u°) admits uniqueness.

Remark 5.16. Let us denote by wu; the probability density of the solution of MKMP(F,b,u°) at time
t € [0,7]. We now illustrate the fact that the space-regularity of the solution decreases as [ increases, as
expected. To this aim, let us suppose that u° is a bounded and smooth function. The optimal regularity of
the solution u is obtained when regarding «° as an element of 0113_5 ~" for every 1 > 0 small enough. Indeed
we apply Theorem and Remark with 8 +¢ =1— 3 —n, and we see that u; € C}B_ﬂ_", hence the

regularity index 1 — § — n decreases as (8 increases.

Proof. Exzistence. We construct a solution (Z,P,u) with limiting arguments as follows. Let (b)) C LCS,
for all @ > 0, be the sequence defined as in so that (™) — b in L%OCB?[%” for some n > 0. Let
u™ € CrCy N L%Cgﬂ for some € > 0 be the corresponding mild solution to the non-linear FP Cauchy
problem , which exists by Theorem Part (a), and moreover, u(™ is a non-negative and bounded
function which defines a non-negative finite measure uﬁ”) with density uE"). By Proposition u(™ is also
a weak solution and thus a solution in the sense of distributions. Hence we can apply |26, Theorem 2.6] to
infer that there exists a solution (Z(™),P(") to the Stroock-Varadhan martingale problem with L), where
B .= F(u(™)b™ and initial condition g, whose law density at time ¢ is exactly u,(gn). Without loss of
generality, let us consider the solution (Z, IP’("))7 where Z is the canonical process on the canonical space
C7RY. By the continuity of F' in Hélder spaces (Lemma with ® = F') and by continuity of the pointwise
product (Proposition we obtain that B(™) — B := F(u)b in L%OC];’B_" for some n > 0, where u is the
mild solution to the FP Cauchy problem . By the continuity results on the PDE , see Theorem
m Part (b), we have u(™ — u in CrCy N LCHT for some e > 0. By Proposition we know that
P(™) — P, with (Z,P) being a solution to MP(B, 19). Recall that ut") is the law of Z; under P("). Since, as
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mentioned earlier u(™ — u in C7Cp N L%o(,’]g+E S0 uy is the law of Z; under P and by Definition we also
have that (Z,P,u) is a solution to MKMP(F, b, u").

Uniqueness. Let (Z,P,u) and (Z,P, ) be two solutions to MKMP(F,b,u°). Then u, i € CrCy N L%"C?s,
for some ¢ > 0, by definition. So, by Proposition with B = F(u)b and B = F(u)b respectively, we have
that u and @ are both weak solutions to the nonlinear FP singular Cauchy problem . By Proposition
and Theorem that Cauchy problem admits uniqueness in C7Cp N L&’?Cgﬁ; consequently u = 4. By
definition of solution to MKMP(F, b, u®), this means that both (Z,P) and (Z,P) are solutions to the same
linear singular martingale problem, namely MP(F(u)b, i), where g is a law with density u°. By Theorem
we have uniqueness for the MP(F (u)b, j19) and hence the law of Z under P is the same as the law of Z

under I@’, which concludes the proof. O

A Martingale Problem: Uniqueness

The purpose of this Appendix is to prove uniqueness of the Martingale Problem using Ethier-Kurtz tech-
niques, which allow to show uniqueness of the law knowing uniqueness of the time-marginals.
Throughout this section we assume that Assumption holds and B € CTCEB with 8 € (0,1/2).

Definition A.1. Let o be a Borel probability measure on RN, and t, € [0,T). We say that Property
M holds for MP(B, ug; to) if given (Z,P) solution to the MP(B, u10; o) then the marginal laws are uniquely
determined, that is if (Z1,P') and (Z2,P?) are two solutions then

Plo(ZH) ' =P20 (23],  tE[to,T)

Theorem A.2. If Property M holds for MP(B, po;to) for every initial condition po and every tg € [0,T),
then we have uniqueness of the MP(B, ug) for every .

Proof. By Remark it is enough to prove uniqueness on the canonical space C7RY, hence we let Z be
the canonical process and consider two solutions (Z,P) and (Z,P) to MP(B, u10). It is sufficient to prove that
for every n e N, 0 < tg < t; <...<t, <T and any strictly positive bounded Borel functions hy, ..., h, we

have

. (A1)

E” lﬁ hi(Z,)| = EF lﬁ hi(Zy,)
=0 =0

Indeed, the same equality still holds true when h; = 1p, for closed sets F; (see [60, proof of Theorem 1.1.1]

for the approximation of an indicator function of a closed set with positive functions), hence the law of
(Zt07 SPI Ztn) is identified.
We proceed by induction on n. The base step n = 0 holds by Property M. Let n > 1 and assume (A.1))

holds with n replaced by n — 1. We can define two new probability measures on CrRY

1 n—1 B 1 B n—1
Q(H) := E" |1 hi(Zy)|,  QH) = — E" |1 hi(Z)| |
B [T ha(Ze)] 1l EF [T hi(Z2,)] gy

for every H € o (Z;, 0 <t <T). We show that the law of Z; _, under Q is the same as the law of Z; _,
under Q. Indeed for any strictly positive bounded Borel function [ we have, using induction step (A.1]) with
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n replaced by n — 1,

EQ(Z,, )] = ! 2 1z ) T (2o
EF [T ha(Z,)] Il
1

} EP =E°(Z,,_,)).

n—1
l(Ztnfl) H hl(th)
=0

I i)

We can thus denote by p,—1 == Qo Z; ' = Qo Z; " . Next we want to show that (2, r»Q) and
(2, ,1,T1’@) solve MP(B, pin_1;tn—1). We know that, for any u such that Lu = g € CrS and u(T,-) € S,

t
M,;u — MtL,LL = U,t(Zt> - utn—l(Ztn—l) - / gs<Zs)dS, tnfl <t S T,

tn—1

is a martingale under P and under P. Let ¢, 1 <7 <t < T and H € 0(Zs,0 < s <) be arbitrary, then

1

P
WMQW%AE

EC (M} — M) 1) =

n—1
(M = M) 1y - [] hi(Ze) | =0,
=0

the latter being 0 since (Z,P) is a solution to MP(B, po) and 1y - H;L_:Ol hi(Z,) is bounded measurable
with respect to 0(Z5,0 < s < r). Thus (M} — M} )ieps,_,,7) is a Q-martingale. Analogously, it is also
a Q-martingale. Hence both (2., > Q) and (Z, 71,T],@) are solutions to MP(B, pty,—1;t,—1). Thus by

Property M we know that the marginals at time ¢,, of the solutions are the same, and thus
E8[hn(Z1,)) = E®[hn(Z,))
Employing the definitions of Q and of Q, this implies

1
P n—1
E [Hi:o hi(th‘)

= 1 P
EF T ha(2,)] ’

I

hn(Z2) [T i)

n—1
hn(Ze,) [] 1i(2e,)
=0

Finally, by the inductive assumption E? {H;;‘Ol hi(Zti)} — EF [H;:Ol hi(Zti)} , we obtain (A1) as wanted. []

B Schauder Estimates (proof of Theorem [2.10)

Throughout this section, we will denote by C, indistinctly, any positive constant. In each statement below,
C depends on a set of parameters, which will be specified in each case.
We start by recalling some known Gaussian bounds on the the fundamental solution I' of X defined in

(2.13)), and its derivatives.

Notation B.1. Let v = (v1,...,vy) € N}’ be a multi-index. We define the B-length of v as

T Jj
We=> 2i+1) Y  w,
Jj=0 i=d;_1+1

where d; are defined in terms of d;, see (I.12). Moreover, as usual 9% = 94! --- OUN.
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Lemma B.2. For any v € NYY, there exists C > 0, only dependent on B and v, such that

g

/N (15T (z — y)| + |04 Te(z — ePly))dz < Ct™ =, t>0, ycRY.
R

Proof. For [v]p < 4, it is a particular case of [47, Proposition 6 and Lemma 8]. The case [v]p > 4 is a

straightforward extension: we omit the details for brevity. O

We now continue by proving a fundamental estimate on the Paley-Littlewood blocks of I';. This extends

a very similar result, [66, Lemma 3.1], which is given for the kinetic case of Example

Lemma B.3. For anyl >0 and T > 0, there is a positive constant C = C(B,l,T) such that
[A; Tl + A (Teoe®) | <Ca)™Y,  te(0,T], j € NoU{-1}. (B.1)
Note that C above is independent of j and t.

Proof. For brevity, we give a complete proof of the estimate on ||A;T| p1; analogous arguments apply to
[A; (Tyoe'B) 1. It is straightforward to prove that |[A_;T|[z: is bounded, uniformly with respect to
t € [0,T]. Therefore, it is enough to prove for j € Np.

Fix t € (0,7] and j € Ny. We first prove the uniform boundedness of the norms of the blocks. For any

2z € RN we have

Ajrt(z) = (ﬁj * Pt)(z) (by )

=219((po o Doy ) % Ty)(2) = /]RN po(y)Te (= — 277 y)dy. (B.2)

As a result,

dz

1T = [ ][ @l (e =27 0) dy
RN RN
S/ \fm(y)\(/ Loz =277 )dz ) dy = ol
RN RN

=1

Therefore, to prove (B.1)), it is not restrictive to assume that t47 > 1. For any n € N we set the operators
di
AP = (=17 >, i=0,-
k=d;_1+1
Set also p = [[\_,(2i + 1) and define
P _p
A= AP AT AT meN.

)

By the property of the Fourier transform, the inverse of A" is defined for those f € S such that suppf does

not contain the origin; in this case such operator acts as

= iy L ©
A f == .F 1 i. > = f < ) .
ZLO Zz;@qﬂ |€k|2mm Sm(§)

Now note that, by the chain rule, we have

V(2 =277y) =277Vl (2 — )|emz-14y,  y,2 €RY,
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It is important to see that the i-th block of the gradient V. is multiplied by 277241 every time that
I'i(z — 277.y) is differentiated with respect to a variable of the i-th block. By this fact it is not hard to see
that

AP (To(z = 277y)) =477 AZ(Ty(2 = () y,z € RY, (B.3)

|C:2_-7..y7
where the indeces y and ¢ in A" and AZ", respectively, denote the variables the operator A™ acts on.
We can now conclude the proof. By (B.2) and Plancherel’s Theorem, we obtain

po(§)
RN Sm (5)

(by applying once more Plancherel’s Theorem together with the properties of the Fourier transform)

AT = [ & F T = 2T @ = Sm(€Fy(Tulz — 279))(O)de

= [ ) AP Tz -2 )
and thus, by , we have

| AT |2 < 479Pm /RN /]RN |(A_m/30)(y)| X |A2n(Ft(Z - C))\c:zﬂ‘.y| dydz

(by Tonelli’s Theorem and the estimate of Lemma N times with v = v; = (0,...,0 2mp 0, ... ,0) €
N671 XN() XNE])V?Z:N(])V fOf’i:Jj,1+1,...,Jj andij,...,T)

< C47Irmyem / (A7 o) (y)|dy.
RN

As m € N is arbitrary and t47 > 1, this concludes the proof. O

The next two lemmas are also needed to prove Theorem [2.10)

Lemma B.4. For any T > 0, there exists a positive C = C(B,T) such that

T k—h
e ¢l SC( ST qeprEr gt e N |§|§§’““)/(2h+”), ceRN, te[-T,T).

k,h=0,--- 7 k,h=0,---,r
k>h k<h

Proof. Throughout the proof, we will denote by C' any positive constant that depends at most on B and T'.
We first study the block structure of the powers of BT. Recalling the structural hypotheses —, we
have

((BH™),; =0,  b(j)—b(i) >n,

where b(i) denotes the block of variables corresponding to the index i, i.e.
b(i) := min{k : i < dj}, i=1,---,N.

A graphical illustration of this structure is

* * x 0 0
x * 0 0

* % x x 0
* x *x 0

T T2
B = ;o (B =1 s« o« * 01>

* ok % * 0

* % % % * %
T x %

* % % % * %
* % % * %

* % % % * %
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and so on, until

k * * k
b3 *x B3 %
By =1+ il o mzr—1,

with the blocks in the position k,h representing (dy x dj) matrices. As a result, for any n € N and
&€= (%, &) € RY, we obtain

(h+n)Ar 1

r T
|t"<BT>"stZ(c"|t|" ) |ek|)
h=0 k=0
(since [&x] < [¢[2+1)
r (h4+n)Ar
gcnz‘t|n/(2h+l) Z |§|592k+1)/(2h+1).
h=0 k=0

For all the pairs of indices (h, k) in the sums above we have
n>k—h,

and thus
|t|n/(2h+1) < C"|t|(k_h)/(2h+1), te[-T,T).

This and [t|*/h+1D) < C™ yield

tn(BT)nﬂBgcm( Z |t‘%|£‘gk+l)/(2h+l)+ Z €|gk+1)/(2h+1)>

k,h=0,- v k,h=0, r
E>h k<h

and concludes the proof. O
Lemma B.5. For any T > 0 we have
{i € NgU{-1} | suppp; ﬂsupp(pioetBT) #0} g®§, te[-T,T7], jeNyu{-1}, (B.4)

where
o = {z eNou{-1}[2<C 3 pyEEntEET 2 <o Y iR } j €Ny, (B.5)

J
k,h=0,- 7 k,h=0,- ,r
kE>h E>h

e, = {z eNoU{-1}|2°<C ) |t+}
k,h=0,-- ,r
k>h

with C = C(B,T) positive constant.
Furthermore, for any v € R\ {0}, there exists a constant C = C(B,T,~) > 0 such that

Z 9= < ¢ 2797 Z (|¢]47) I (B=R)/(R+1) te[-T,T), j€ N, (B.6)
iE@;’- k,h=0,---,r
k>h
Y 2, te[-T,T). (B.7)
ie@t_l
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Proof. Fix j € Ny. For any ¢ € NgU{—1}, the second property in (2.3)) and the property (2.4) of the partition
yield
£lp < 271
¢ € suppp; Nsupp(pi o e'?') 8 N 4
BTl > 21— ]
and also
—tBT j—1
BT e="" (lp =2 2
¢ € supp(p; oe P ) Nsuppp; = ‘
(| < 20H1

By applying Lemma [B-4] to the first system of inequalities, we have

) 1 -
gi—1 _ i < |€tBT§|B < C( Z |t|2kh+h1 |£‘(§k+1)/(2h+1) + Z |§|gk+1)/(2h+1)>

k,h=0,--- 1 kh=0, r
k=h k<h
< C( Z |ttt QU (K1) /(2h1) Z 2(j+1)(2k+1)/(2h+1)>
k,h=0,---,r K h=0 e 1
kzh k<h

(since 271 > 1 then k < h = 20+DEE+1)/@h+1) < 9i+1)

<C Z ‘t|fh;ﬂ2(j+1)(2k+1)/(2h+1).

k,h=0,---,r
k>h

Analogously, the second system leads to

Pl<c N

k,h=0,---,r
E>h

3t (1) (2k+1)/(2ht1)

which, combined with the previous inequality, yields (B.4) for j € Ny. Furthermore, for any i € No U {—1},
by (2.3) we have

tBT) . €l <1

& € suppp_1 Nsupp(p; o e ; ,
|etB §|B > 22—1 _

1
4
Proceeding like above yields (B.4)) for j = —1.

Prove now (B-6). We only show it when v > 0, the case v < 0 being easier. Let i € ©]. By the second

inequality in (B.5)) we have

. . k—h i(2k+1)
i<l Y e 2 : (B.8)
k,h=0,---,r =4i(k—h)/(2h+1)

k>h
Now, if ¢ < j, then (B.8) yields
ot <0279 N |y h/ChE
kyh=0,- 7
k>h
For i > j we have 27 < 277, and by definition of ©% we get
27" <277 < Dy,

that is i > —log, D; for every i € @;. This latter implies

) > ~ 9llogy D |y 28 D7
-yt -yt __ J
_22 = 2 2= 27 “1_2
ico} i=|~log, D;
which yields for v > 0. Finally, (B.7) is trivial. O
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We are now in the position to prove Theorem [2.10)

Proof of Theorem[2.10, We fix ¢ € (0,T] and write P, and P/ in a convenient way, suitable to exploit the
properties of the Fourier transform. We have

Lox(foe ™)) = [

Ti(z—y)f(e "Py)dy = | dete'”| / Ti(z—ePy) fly)dy,  fE€S,
RN RN

1
((Ft o 6“3) *(fo etB))(y) = /RN Iy (etB(z - y))f(etBZ)dZ = W ox Iy (Z - etBy)f(z)dz, fes,
and thus
1
Pt’f:WFt*(foeitB% Ptf:|det€tB|(FtOGtB)*(foetB)v fes,

which extends to f € S’ by duality. As the following steps apply to P; and similarly to P/, for the sake of
brevity, we prove only the part of (2.17) related to P/. For any j > —1 we have obtained that

1

Furthermore, by the second part of Remark we have

—+o0

foem™ =" (Aif)oe ',

i=—1

and thus

, 1 > _
Aj(Pf) = W ‘;1 (Ajft) * ((Azf) oe tB).

Each term of this summation is nonzero if and only if

o~

F((Ajft) * ((Alf) o e*tB)> = |det etB| pjf (pi o etBT) (f o etBT)
is non-null. Therefore, Lemma [B.5] yields

1
AP = e 2 (AT) = (i) o)
€0t

and by Young’s inequality we obtain

1

1
| det etB|

187 el 32 @) o e Pl < gl ATH el Al 35 27

icot icot
1€0] =[| A fll Lo 1€0]

18 (P )l <

Assume now v # 0 and j € Ny: (B.6]) yields

185 (PPl < CIATllzellfly 2777 D0 (¢4)NI /G,

k,h=0,--- 7
k>h
Now, for each 0 < h < k < r, we apply Lemma with
I « n k—nh |
2 T opg1”!

and obtain
(t4j)|7|(’“*h)/(2h“)||AjI‘tHL1 < C(t4j)fl(t4j)h\% — Ot 297 Jo,
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This proves
1A (P f)lleee < CE 5277V £l j € No. (B.9)

Following analogous arguments, the same estimate can be proved for j = —1. We omit the details for brevity.
Finally, the case v = 0 follows by the interpolation Lemma 2.10 in [34]. Precisely, employing the notation
in the latter reference, estimate for v = 0 can be obtained by setting: X = L>®(RY), By = —1, #; = 1,
T; = AjP,, Co; = C_1277%t~% and Cij = C1277%¢~ %, with C_;, C, denoting the constant C' appearing
in for v = —1, 1 respectively. O
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