Derek Maher 
email: maherdd@tcd.ie
  
Aibhín Bray 
  
The four quadrants of mathematical preparedness: Insights from a Delphi study

Keywords: Delphi study, mathematics education, curriculum planning, mathematical preparedness. Research topic

Lower-Secondary and Upper-Secondary Mathematics education have experienced major reforms over the last decade in Ireland, largely influenced by the

Transition Year in Ireland

Nestled between Lower-Secondary (Junior Cycle) and Upper-Secondary (Leaving Certificate) education in Ireland, is the internationally unique programme of Transition Year (TY) [START_REF] Smyth | The Transition Year programme: an assessment[END_REF]. Founded in the mid 1970s, by the visionary Minister of Education Richard Burke, this imaginative programme encourages students to pause on their educational journey, away from the pressures of the academic treadmill [START_REF] Jeffers | The Transition Year programme in Ireland. Embracing and resisting a curriculum innovation[END_REF]. Unlike its sister programmes of Lower-Secondary and Upper-Secondary Mathematics, full autonomy resides with the classroom teacher to design and deliver this programme. Burke acknowledged the vital role that teachers play in this development, stating that the success of Transition Year solely depends on "teachers' imagination and commitment" and he viewed Transition Year as an opportunity "for the teaching profession to actually engage in education in the strictest sense of that term" (The Irish Times, 2004).

The parameters and support from the Department of Education for Transition Year is however, insufficient and outdated, with the last set of minor alterations to the guidelines issued in 1994. This is despite the multiple reforms to the other mathematics programmes. Teachers are tasked to create a programme that strives to "prepare students for their role as autonomous, participative, and responsible members of society" (Department of Education and Skills, 1994, p. 3). This mission raises the question of what it means to be prepared and how this middle year can best prepare students mathematically between Lower-Secondary and Upper-Secondary.

Research questions

The scope and focus of Thematic Working Group 19 (TWG19) is to work together on the study of mathematics teaching and teacher practice(s), viewed either as synonymous or not. This paper follows this approach, by combining several experts' practical knowledge and experience of teaching Transition Year Mathematics to construct an understanding of what it means to be mathematically prepared. Hence, providing knowledge to teacher practices on how to prepare students for Leaving Certificate Mathematics. This research study aims to address two main research questions:

1. Does Transition Year Mathematics reflect this modified Delphi Study co-created understanding of Mathematical Preparedness? 2. How might the Mathematics Preparedness Quadrant be used to support teachers' provision of mathematics education in this unique year?

Mathematical preparedness

A universal definition of mathematical preparedness does not exist in the literature. Some international definitions, for elements of preparedness, such as mathematical readiness and competency exist, but arguably do not epitomise the true meaning of mathematical preparedness. [START_REF] Astafieva | Mathematical preparation of students for their professional self-realization in modern innovative society[END_REF] suggests that mathematical readiness is based on the "ability to formulate, apply, and interpret" mathematics in different contexts (p. 2). Whereas [START_REF] Lee | Mathematical competence, teaching, and learning[END_REF] depicts that mathematical competency is a set of specific skills, abilities and behaviours. While both definitions scratch the surface of a possible workable definition for mathematical preparedness, they lack the mechanics required by teachers to fully encapsulate what it means to be mathematically prepared. However, despite the absence of a definition, curriculum guidelines, supporting documents, and reports in Ireland still utilise the term 'prepare'rendering it difficult for teachers to understand and achieve.

Theoretical framework

This study is theoretically grounded in social constructivism, which recognises that reality is constructed by means of personal lived experiences and relations [START_REF] Vygotsky | Mind in society: Development of higher psychological processes[END_REF]. Social constructivism thus underpins the approach to co-creating a shared understanding of mathematical preparedness using a Delphi Study technique that relies on the participants' interpretations of the concept. Furthermore, social constructivism in research "acknowledges the construction of meaning through the use of interviewing and other methods to reach consensus" (McIntyre-Hite, 2016, p. 18).

Methodological design: Domesticated Delphi Study

The complexity of this research study lies in the fact that Transition Year is unique to Ireland and can be referred to as a 'domesticated' programme. [START_REF] Jeffers | The Transition Year programme in Ireland. Embracing and resisting a curriculum innovation[END_REF] coined the term 'domestication' to refer to the challenges that each school faces in integrating the official TY guidelines within the parameter of the school's characteristic spirit, ethos and vision, with the purpose of creating their own distinctive programme. This distinctiveness may cause inequalities in the content studied and the opportunities provided to students. Some schools operate Transition Year Mathematics as an additional year of study for the high-stakes Leaving Certificate examinations. Whereas other schools focus on revising mathematical concepts from Lower-Secondary Mathematics, studying alternative topics in mathematics and project-based learning. In order to capture an overarching understanding of the concept mathematical preparedness in schools, a Delphi Study technique was chosen to co-create a definition that could reflect and encompass the diversity of the different stakeholders. [START_REF] Dalkey | An experimental application of the Delphi Method to the use of experts[END_REF] coined the term Delphi Study as a means of "obtaining the most reliable consensus of a group of experts" (p. 458). Additionally, [START_REF] Linstone | The Delphi Method: techniques and applications[END_REF], as cited in [START_REF] Okoli | The Delphi Method as a research tool: an example, design considerations and applications[END_REF], offer a similar definition: "a method for structuring a group communication process so that the process is effective in allowing a group of individuals, as a whole, to deal with a complex problem" (p. 16). A Delphi Study is characterised by four significant elements, namely anonymity, iteration, controlled feedback (iterations were shared with stakeholders for feedback) and statistical group response (statistical analysis of responses to ensure validity) [START_REF] Landeta | People consultation to construct the future: a delphi application[END_REF]. Each element is a fundamental part of the overarching process in answering complex questions. This study followed this structured approach, as suggested by starting with the selection of multiple experts. This process of selection was aided using a Knowledge Resource Nomination Worksheet (KRNW). [START_REF] Okoli | The Delphi Method as a research tool: an example, design considerations and applications[END_REF] outlined a five-step process for this: preparing, populating, and nominating experts to participate in the Delphi Study, prior to ranking their expertise and finally inviting them to participate.

Composition of the Delphi study panel

The 1993 TY Guidelines state that "schools should involve parents, work providers, and the wider community as educational partners in all aspects of the programme" (p. 2). Hence, this Delphi Study encompasses the views of the wider community, including career guidance counsellors, curriculum experts, members of relevant organisations, parents, government officials and practising mathematics teachers from the different post-primary school sectors in Ireland. In total, 𝑛 = 20 potential participants were identified with 𝑛 = 14 participants contacted, and 𝑛 = 11 participating in the Delphi Study process.

All eleven experts shared a mathematics education background. The panel was composed of three practising mathematics teachers from three different post-primary school sectors in Ireland and two School Guidance Counsellors, both of whom were previously teachers of mathematics. Each of these five members have over ten years of experience in teaching mathematics to students in Ireland. The panel also included two Initial Teacher Education (ITE) lecturers, from two different Universities in Ireland, who both work with student teachers, and specialise in mathematics education. The panel had the expertise of one curriculum expert, a person with over 40 years' experience in mathematics education in Ireland, including teaching, lecturing, and curriculum development. A representative of the Irish Mathematics Teachers Association (IMTA), who is also a practising teacher of mathematics and author of mathematics textbooks, was also a panellist. The Department of Education's Inspectorate Department, the governmental body for oversight on schools and teaching standards in Ireland, provided one inspector for the study. Lastly, the final panel member was a student teacher, in their second year of University studying Mathematics Education, who had participated in a Transition Year Mathematics programme within the last five academic years. Each panel member offered a unique insight into their perspective of mathematical preparedness and also, the different elements that make up preparedness.

Mathematics preparedness quadrants

Developed from the literature and from the professional experience of the author, the Mathematics Preparedness Quadrants consists of four connected areas of preparedness: academic, social, psychological and skills-based (Figure One), which was be presented to the Delphi Study Panel of Participants. Each quadrant is supported by related branches, and is aimed to act as a guide for teachers to best prepare students for Leaving Certificate Mathematics during Transition Year.

Academic Preparedness captures the five mathematical objectives of both Lower-Secondary and Upper-Secondary Mathematics: procedural fluency, strategic competence, conceptual understanding, productive disposition and adaptive reasoning (Department of Education andSkills, 2015, 2017;[START_REF] Kilpatrick | Adding it up: helping children learn mathematics[END_REF]. Each of these objectives are interconnected and when merged with the syllabi topics of mathematics, seeks to form the basis of academic preparedness. Social Preparedness includes elements from Singapore's mathematics curriculum framework including attitudes, processes, metacognition and concepts (Ministry of Education Singapore, 2023), and joins these to Ireland's wellbeing framework (National Council for Curriculum and Assessment, 2017).

The relevant aspects of wellbeing for this quadrant include classroom culture, student/teacher relationships, and the inclusion of student voice within the Transition Year Mathematics classroom. Psychological Preparedness focuses on managing the stresses of learning mathematics [START_REF] Caviola | Stress, time pressure, strategy selection and math anxiety in mathematics: a review of the literature[END_REF], developing self-efficacy and self-determination [START_REF] Makmoer | Self-determination in mathematics learning process by using generative multi-representation learning (GMRL) model[END_REF][START_REF] Zakariya | Improving students' mathematics self-efficacy: a systematic review of intervention studies[END_REF], and motivation [START_REF] Zakariya | Improving students' mathematics self-efficacy: a systematic review of intervention studies[END_REF]. The last quadrant focuses on Skills-Based preparedness of learning mathematics and depicts the European Union's Key Competencies, Ireland's Key Curricular Skills Framework and also the Partnership for 21 st Century Learning (European Union, 2006;National Council for Curriculum and Assessment, 2009). These skills focus on students learning how to manage information, be creative, communication skills, and working with others. Preparing students for the Leaving Certificate Mathematics programme and also, lifelong learning in mathematics.

The quadrant was presented to the Panel of Participants during the Delphi Study. While anonymity is one of the four pillars of a Delphi Study, this was modified for round one of this study. This decision was made due to the diversity of approach within this domesticated year; in order to ensure a rich and deep understanding of various practices it was essential to have this discussion. Therefore, professional confidentiality replaced anonymity. Round one of the process saw a discussion and debate on each of these quadrants, leading to a refinement of the scope of the branches. Round two, which was anonymous, utilised the software programme Qualtrics to present the ideas developed from round one into the first draft of the student questionnaire. Participants refined the statements of the student questionnaire through a controlled feedback process, and ensured that the original essence was articulated. Round three saw all participants receiving the final student questionnaire on mathematical preparedness, as co-created by the panel. No further alternations were required by the Panel and the questionnaire was validated by statistical group response (an aggregate of individual opinions). 

Skills-Based Preparedness

The questionnaire, composed of 68 different statements across the four quadrants, was distributed to three post-primary schools in Ireland with 𝑛 = 248 responses. The demographics of the schools were: a large co-educational non-fee-charging Community School, a large single-sex fee-charging private school, and a large co-educational Education and Training Board (ETB) school, with DEIS status (Delivering Equality of Opportunity in Schools), which indicates that is serves an area of socio-economic disadvantage.

Early conclusions

In quadrant one, statements '1.1 TY Maths built on the maths I studied at Junior Certificate' and '1.4 TY Maths really helped me to connect the different areas of maths together' revealed an interesting insight into Academic Preparedness. 32.3% (𝑛 = 80) of students sampled either disagreed or strongly disagreed, that Transition Year Mathematics built on the material covered at Junior Cycle level. Furthermore, 56.9% (𝑛 = 141) of students sampled either disagreed or strongly disagreed, that Transition Year Mathematics helped to connect the different strands of mathematics together.

Students spoke positively about their experiences of Social Preparedness in quadrant two with 43.1% (𝑛 = 107) in agreement with the statement '2.1 TY Maths is a good opportunity to build my self-confidence' and 51.6% (𝑛 = 128) of students agreeing with the statement '2.14 TY Maths allowed me to build positive relationships with all my classmates'. Quadrant three on Psychological Preparedness reported concerns with only 13.9% ( 𝑛 = 34) of students agreeing with the statement '3.6 TY Maths "sparked" my interest in this subject'. Similarly, only 24.8% ( 𝑛 = 61) of students agreed with statement '3.8 TY Maths increased my motivation in this subject'. However, 71.6% (𝑛 = 177) of students agreed with the statement '3.3 As TY students, our opinions about what maths we study should be considered'. Perhaps, there is a correlation between students' psychological preparedness and their input into the mathematics programme at Transition Year level. In the fourth quadrant on Skill-Based Preparedness, students reported a deficiency in mathematics communication skills with 51.2% (𝑛 = 125) of students disagreeing with the statement '4.11 TY Maths encouraged me to communicate mathematically'. Likewise, students reported an absence of opportunity to be creative and critical during TY Mathematics, with 49% (𝑛 = 120) of students disagreeing with the statement '4.12 TY Maths encouraged me to be creative and critical'.

These early results highlight that there is a need for more balance in Transition Year Mathematics. This balance, across all four quadrants, may see an increase in mathematical preparedness for students. This should be reflected in more concrete recommendations for the curriculum, while maintaining the domesticated nature. In supporting teachers to teach mathematical preparedness, we are supporting students to be mathematically prepared.

Relevance to conference theme

TWG19 strives to explore methods for identified core problems in mathematics education, in a synonymous manner. A Delphi Study encompasses the viewpoints of several stakeholders into a common consensus and has the ability to provide a high-quality alternative approach, with authenticity, to respond to the needs of students. The proposed Mathematical Preparedness Quadrant, may be utilised by teachers of mathematics, in their task selection and design of their domesticated Transition Year Mathematics programme.
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