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Abstract

Recent experiments showed that the macroscopic interface propagation of the martensitic
phase transformation in Shape Memory Alloys (SMAs) includes unstable microstructure
evolution in the macroscopic diffuse interfacial zone (with nucleation, branching, merging
and/or annihilation of numerous small domains), releasing the stored energy of the diffuse
interface. In this paper, with a one-dimensional Cahn-Hilliard model, a quantitative relation
between the energy dissipation and the interfacial properties (interface energy and interface
thickness) is revealed: the energy dissipation is governed by the energy barrier caused by the
diffuse interface. The relation is verifiable with existing experiments. It can also help
understand the interfacial effect on the material’s fatigue failure and provide a hint to search
for low-hysteresis SMAs: weak first-order phase transformation implies weak energy
dissipation (low hysteresis).

Keywords: Hysteresis, interface, nonlocal effect, first-order phase transformation.

The superelasticity and shape memory effect of Shape Memory Alloys (SMAs) come
from the martensitic phase transformation which belongs to the first-order phase
transformation with two basic features: interface and hysteresis [1]. The hysteresis is the
macroscopic reflection of the energy dissipation at the interface where the material takes the
transformation between austenite and martensite. Although there are reports about the

relation between hysteresis and interface [2], a clear quantitative relation verifiable with
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experiments has not yet been achieved. An interface-hysteresis relation would be useful
because many experiments have shown the interfacial effect on the material fatigue [3-6].

An example of the interface propagation is shown in Fig. 1 where the heating at the
specimen’s end of Ni-Mn-Ga single crystal drives the transformation from a martensite single
variant to austenite via the macroscopic interface propagation. The diffuse interface consists
of twin laminates (see the magnified view). As discussed in [7-11], such laminates can store
energy that would be dissipated via the unstable microstructure evolution: the intermittent
nucleation and annihilation of numerous laminates during the macroscopic interface
propagation. Details about the unstable evolution can be found in the movies of [10, 11].

Another example is shown in Fig. 2 where the stress-induced martensitic phase
transformation occurs via the propagation of the macroscopic domain front of the so-called
“Liiders band” in the thin plate of the superelastic NiTi polycrystalline SMA [5, 6, 12, 13].
The magnified views of Fig. 2 show that the diffuse interface propagation includes nucleation,
branching and merging of small bands. Such interface not only causes the energy dissipation,
but also leads to the stress concentration triggering the fatigue failure. The details about the
crack nucleation and fracture failure at the interfacial zone can be found in [5, 6]. Therefore,
the interface energy and the macroscopic hysteresis are constantly the key issues in studying
SMA:s.

It is easy to estimate the hysteresis of the isothermal superelastic cycle via the stress-
strain curve shown in Fig. 2, either by the stress-strain hysteresis loop area Dhysteresis-loop OF by

the product of the stress hysteresis pysteresis and the transformation strain &
Dcycle—dissipation = Dhysteresis—loop & Opysteresis * €tr (1)
where Opysteresis 18 the difference between the two stress plateau, and the transformation

strain & is the strain difference between austenite and martensite (ex= eMartensite - EAustenite). 1f

the energy dissipation of the forward transformation is assumed to be the same as that of the



reverse transformation, the energy dissipation density (dissipative energy per unit volume) of
the material points swept by a propagating interface during the forward (or reverse)

transformation should be

D ~ Dhysteresis—loop ~ Ohysteresis'€tr 2
interface—propagation =~ P ~ 2 ( )

Then the key question to answer in this paper is: can the interface energy be related to this
dissipation Dincerfce-propagation? Before quantifying the interface energy and relating it to Dinterfce-
propagation, We first discuss why an interface is needed during the phase transformation.

There is a consensus in literature [14-20]: the interface formation is an attribute for the
materials with non-convex strain energy or “up-down-up” softening stress-strain curve (o-¢
curve) as shown in Fig. 3(a) and 3(b). It is generally assumed in the insert (i) of Fig. 3(a) that
each stress plateau is associated with a softening o-¢ curve [20-22]. More importantly, the
relation between the stress plateau and the softening curve has been identified in the
experiments on NiTi polycrystalline SMA in [19] as shown in Fig. (3a): they measured the
stress plateau (Gupper-platcan = 370 MPa) of the non-uniform deformation of the specimen (with
interface propagation), and the softening stress-strain curve of the specimen’s uniform
deformation (without interface propagation). The measurement of the softening curve needs
special designs to achieve the specimen’s uniform deformation; more technical details can be
found in [19]. Based on the softening g-¢ curve in Fig. 3(a), the non-convex strain energy

density f can be obtained by the integration Eq. (3) and plotted in Fig. 3(b).

fle) = [ o(e) de 3)
The relation between the non-convex energy and the SMA’s superelasticity has been well
discussed [16]. Particularly, there is a special line (so-called Maxwell line) touching the two
convex parts of the energy curve (see Fig. 3(b)). The slope of the Maxwell line is called
Maxwell stress, under which austenite and martensite can co-exist because the two phases

have equal Gibbs free energy under the Maxwell stress (g=f - oMaxwell€) as shown in Fig. 3(c)
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where the amplitude of the energy barrier separating the two equilibrium phases is Ago~1.1
MPa (or 10° J/m™).

One might guess that this energy barrier should be related to the energy dissipation of
the phase transformation. However, the softening stress-strain curve associated with the non-
convex energy curve was measured for the uniform deformation of the specimen [19]. That
means, all the material points of the specimen deform macroscopically simultaneously. By
contrast, in the normal experiments of the stress-induced martensitic phase transformation, the
specimen takes non-uniform deformation with the interface propagation: the material points
take the phase transformation sequentially during the interface propagation along the
specimen. In other words, when a material point is taking the phase transformation, its
neighboring points would give certain constraints on it due to their deformation difference or
misfit. Such deformation misfit leads to the formation of the complex microstructures in the
diffuse interfacial zones in Fig. 1 and Fig. 2. That means, besides the energy barrier due to the
softening property (Agoin Fig. 3(c)), there is extra energy for the deformation misfit in the
interfacial zone.

The deformation misfit energy can be estimated by microstructure formation
(branching/hierarchical laminates/bands) [2, 7-9, 23] or by macroscopic elasticity [24]. By
contrast, in order to obtain a simple and clear interface-hysteresis relation here, I adopt the
macroscopic continuum theory taking the lump-sum global effect of the deformation misfit as
a kind of non-local effect: the energy of a material point depends not only on its own
deformation state (strain ¢), but also on the deformation states of its neighbors. A simple
version of the non-local theory is the gradient theory (or Ginzburg-Landau theory) which was
adopted to study the interfacial properties of the phase transformable materials [25-30]. In
this paper, I mainly follow the spirit of [25, 26] to drive the interface energy with the one-

dimensional model shown in Fig. 4.



The macroscopic strain gradually changes in the interfacial zone (Fig. 4(a)), and the
energy density u(e, €' includes two parts: the local energy uiocal (€) is from the Gibbs free

energy shown in Fig. 3(c) and plotted in Fig 4(b) with uioca(e)=Ag(e)=g(€)-gMartensite; the

2
nonlocal energy is the strain gradient energy Unoniocar () = k(e)? =k (%) , where k is the

gradient coefficient and x is the coordinate of the specimen’s length direction. According to

[25], the interface energy can be expressed as

+ o0

Uinterface= j u(e, ") dx

—00

oo oo £\ 2
= f_+oo [Wiocar (€) + unon—local(gl)] dx = f_+oo [Ag(E) +k (%) ] dx @)

Euler-Lagrange equation [25, 31] is adopted to minimize the interface energy for the
equilibrium state:
Upocar = g () = k(&' )? = Unon-tocal (5)
Detailed derivation of Eq. (5) is in Appendix. Equation (5) means that the local energy uioca
of each material point at the equilibrium interfacial zone is equal to its non-local energy unon-
local. This conclusion was also obtained in [25, 26]. Therefore, the energy density u(e, € is
two times of the local energy.
u(e) = 2uppcar = 249(€) (6)
So, the energy distribution in the equilibrium interfacial zone can be obtained as u(¢) in Figs
4(c) and u(x) in Fig. 4(d) where the amplitude of the energy barrier separating the two phases

iS Ubarrier =2Ago~ 2.2 MPa. Similar to [25], the thickness of the interfacial zone linterface in Fig.

. . . . . (d
4(a) can be estimated via the maximum slope of the strain profile (d—i) .
max

_ Et _ k
linterface = (E - = &tr ’E (7)
dx

)max



The relation (%) = ’A% according to Eq. (5) has been adopted in the Eq. (7). The
max

gradient coefficient k is hardly measured experimentally, while the interface thickness can be
measured easily. So, rearranging Eq. (7) leads to the expression of the gradient coefficient k

with the interface thickness:

k = Ag, (M)Z )

Etr

Substituting Egs. (5) and (8) into Eq.(4), the interface energy can be expressed:

Uinterface =2 fgiM [V Ag (S)k] de On

=C(-2Ag,- linterface 9)
where C = f M AAQ;
0

Detailed derivation of Eq. (9) can be found in Appendix. The parameter C is in the range 0 <

C <1 because 0 < f(s) < 1 when &45tenite < € < Emartensite 8 shown in Fig. 4(b). The

9o

detailed dependence of C on Ag(¢) is discussed in the Appendix. Equation (9), indicates that
the interface energy is proportional to the interface thickness, which agrees with [24, 25]. That
means, the larger interfacial zone stores larger energy. With Eq. (9)2, the energy barrier, uvarier,

can be estimated by the interface energy and the interface thickness:

1 Uinterface
Uparrier = 2890 = c (10)

linterface
It is natural to conjecture that the energy dissipation of the phase transformation is equal to
the energy barrier. That is to say, the combination of Eqs. (2) and (10) leads to the relation

between the energy dissipation (hysteresis) and the interfacial properties:

Dy, is— o & 1 U
ysteresis loop hysteresis'¢tr __ interface
2 2 Dlnterface propagation = Uparrier = ZAgo - C (11)

lmterface
Equation (11) can be justified by the existing experiments of NiTi polycrystalline SMAs

whose isothermal hysteresis loop (or the product of the stress hysteresis and the



transformation strain) give the values of Djpterface—propagationWithin the range (3 MPa ~ 5
MPa) [12, 32, 33]. Equation (11) provides two methods for estimating the barrier Uy prjer:

one is via the softening property (Agy); the other is via the ratio of the interface energy to the

interface

) ) U
interface thickness (

interface

An example of the first method can be seen by Fig. 3(c) where Ag, = 1.1 MPa; then
Uparrier = 2890 = 2.2 MPa, which is little bit lower than Dj,terface—propagation (3 MPa ~ 5
MPa). That is understandable if we note that the derivation of the interfacial properties in Eq.
(11) is based on the equilibrium state by minimizing the interface energy in Eqgs. (4) and (5).
In the real experiment of Fig. 3(a), the interface propagation of the phase transformation
occurs at the stress plateau (Gupper-placcan = 370 MPa) rather than the Maxwell stress (oMaxwell =
354 MPa). Figure 3(d) indicates that austenite and martensite have different Gibbs free energy
under the plateau stress (g*=f - Oupper-plarean-€). That means, the phase transformation is a
nonequilibrium process. In Fig. 3(d), the local energy barrier Ag; = 1.8 MPa, meaning that
the energy released from the barrier peak (with the maximum local stored energy density) to
martensite. If the condition of Eq (5) is still approximately satisfied (W;ocai = Unon—tocar)> the
interfacial energy barrier Upgrrier = 20gy = 3.6 MPa, which basically agrees with
Dinterface—propagation(3 MPa ~ 5 MPa). It is seen that the nonequilibrium concept should help
give more accurate relation. However, the consideration of the nonequilibrium dynamic
interface propagation and the associated microstructure evolution needs more advanced
mathematics [34, 35]. By contrast, in current study based on equilibrium concepts, a simple
and clear relation between the energy dissipation and the interfacial properties can be obtained
in Eq. (11).

The second method for estimating the interfacial energy barrier of Eq. (11) can be
demonstrated via the elastic misfit energy at the domain front of NiTi polycrystalline SMA

[24] where the ratio of the deformation misfit energy to the interface thickness is around
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IMPa. In this paper, the deformation misfit energy is taken as the nonlocal energy, and the

nonlocal energy needs to be equal to the local non-convex energy in Eq.(5). So, the ratio

Unterface ¢hould be around 2 MPa. Then, according to Eq. (11), Dipterface—propagation =

linterface

_ 1 VUinterrace
Uparrier = c

= 3MPa, taking the parameter C=2/3 (the reason for C=2/3 can be

linterface
found in Appendix). In summary, both methods (via the softening Ag, and via the ratio

—fnter/acey can approximately estimate the energy dissipation of the propagating interface.

linterface

The implication of Eq. (11) can be demonstrated by the energy profile u(x) in Fig. 4(d)
where the barrier peak represents the maximum stored energy density in the interfacial zone.
During the interface propagation, a material point needs to store energy gradually up to 2Ag,
and then release (dissipate) the energy. It is also implied that the higher stored energy at the
interface leads to higher stress concentration, triggering the defect formation and fatigue
failure at the interface [5, 6]. Therefore, there are several reports about the improvement of
SMAs’ fatigue behaviors by reducing the interface energy. For example, the interfacial
deformation misfit energy can be reduced to almost zero according to the geometric
compatibility criterion (so-called “middle eigenvalue 4> equal to 17 or “cofactor condition”) [2,
3, 36]. Although this geometric compatibility criterion has obtained great success in guiding
the search for new low-hysteresis SMAs, there are still some doubts and “abnormal” cases.
For example, in the comparative study on the alloys Zns4sAu,Cuss. , [4], the alloy with x=27
has small hysteresis, but its A2 is not close to 1. On the other hand, if there was a SMA
perfectly satisfying the geometric compatibility (i.e., k=20 in current model), its interface
energy should approach zero according to Eq. (9)1. But, it would also have a small interface

thickness linterface as predicted in Eq. (7). So, its interfacial energy barrier related to the ratio

Unterface ) Eq. (11) might not approach zero. More importantly, the energy barrier of the

linter face
non-convex energy (Ag,), which is independent of the geometric compatibility, always causes

8



energy dissipation when a material point takes the phase transformation across the interfacial
zone (no matter how narrow the interfacial zone is). Therefore, the sufficient and necessary
condition for low hysteresis should not be the geometric compatibility alone.

In fact, the relation between Ag, and the energy dissipation in Eq. (11) implies a
possible new low-hysteresis criterion: low hysteresis can be achieved by weak softening
(small Ag,). The inserts (i1) and (iii) of Fig. 3(a) graphically show the relation between the
softening stress-strain curve and the energy barrier: the area A2 (or A4) enclosed by the
softening curve and the Maxwell line (or the stress plateau) represent the non-convex energy
barrier Ag, in Fig. 3(c) (or Agg in Fig. 3(d)). So, the weak softening means that the softening
curve is very close to the Maxwell line or the stress plateau. In literature, the softening has
been also studied by microscopic experiments [37, 38] and atomic modeling such as first-
principle methods [1, 39]. Particularly, the first-principle calculation on the very small energy
barrier of weak first-order phase transformation [1] was adopted to explain the extremely
small hysteresis of AuZn in the experiment [37]. Interestingly, if the energy barrier
disappeared completely, the phase transformation might change from first-order transition to
second-order transition where there is neither interface nor hysteresis.

In summary, the macroscopic interface propagation includes unstable dissipative
microstructure evolution releasing the stored energy in the diffuse interfacial zone (Figs. (1)
and (2)). The origin of the interface formation is the non-convex energy or the softening
stress-strain curve (Fig. (3)) which implies the energy barrier in the diffuse interface (Fig. 4).
With the one-dimensional Cahn-Hilliard model, the simple interface-hysteresis relation is
obtained (Eq. (11)) which can help understand the interfacial effect on the fatigue failure and

provide a hint to search for low-hysteresis SMAs.
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Figure 1. The interfacial zone of the heating-induced transformation from a martensite variant

(denoted as M) to austenite in Ni-Mn-Ga single crystal SMA.
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(3a) Measured stress plateau and softening stress-strain curve
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