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Abstract

We provide a unified approach to S-estimation in balanced linear models with structured
covariance matrices. Of main interest are S-estimators for linear mixed effects models, but
our approach also includes S-estimators in several other standard multivariate models, such as
multiple regression, multivariate regression, and multivariate location and scatter. We provide
sufficient conditions for the existence of S-functionals and S-estimators, establish asymptotic
properties such as consistency and asymptotic normality, and derive their robustness prop-
erties in terms of breakdown point and influence function. All the results are obtained for
general identifiable covariance structures and are established under mild conditions on the
distribution of the observations, which goes far beyond models with elliptically contoured
densities. Some of our results are new and others are more general than existing ones in the
literature. In this way this manuscript completes and improves results on S-estimation in a
wide variety of multivariate models. We illustrate our results by means of a simulation study
and an application to data from a trial on the treatment of lead-exposed children.

1 Introduction

Linear models are widely used and provide a versatile approach for analyzing correlated responses,
such as longitudinal data, growth data or repeated measurements. In such models, each subject i,
i =1,...,n, is observed at k; occasions, and the vector of responses y; is assumed to arise from
the model

yi = Xi8 + u,

where X; is the design matrix for the ith subject and u; is a vector whose covariance matrix
can be used to model the correlation between the responses. One possibility is the linear mixed
effects model, in which the random effects together with the measurement error yields a specific
covariance structure depending on a vector 6 consisting of some unknown covariance parameters.
Other covariance structures may arise, for example if the u; are the outcome of a time series, see
e.g., [14] or [10], for different possible covariance structures.

Maximum likelihood estimation of 3 and 6 has been studied, e.g., in [12, 25, 15], see also [10, 7].
To be resistant against outliers, robust methods have been investigated for linear mixed effects
models, e.g., in [22, 5, 4, 13, 1, 3]. This mostly concerns S-estimators, originally introduced in the
multiple regression context by Rousseeuw and Yohai [27] and extended to multivariate location and
scatter in [6, 17], to multivariate regression in [29], and to linear mixed effects models in [5, 13, 3].

*This work has been partly supported by the French Agence Nationale de la Recherche through the Investments
for the Future (Investissements d’Avenir) program, grant ANR-17-EURE-0010.



S-estimators are well known smooth versions of the minimum volume ellipsoid estimator [26]
that are highly resistant against outliers. As such, S-estimators have gained popularity as robust
estimators, but they may also serve as initial estimators to further improve the efficiency. However,
the theory about these estimators is far from complete, even in balanced models where the number
of observed responses is the same for all subjects.

In view of this, we provide a unified approach to S-estimation in balanced linear models with
structured covariance matrices, and postpone a unified approach for unbalanced models to a fu-
ture paper. The balanced setup is already quite flexible and includes several specific multivariate
statistical models. Of main interest are S-estimators for linear mixed effects models, but our ap-
proach also includes S-estimators in several other standard multivariate models, such as multiple
regression, multivariate regression, and multivariate location and scatter. We provide sufficient
conditions for the existence of S-functionals and S-estimators, establish their asymptotic proper-
ties, such as consistency and asymptotic normality, and derive their robustness properties in terms
of breakdown point and influence function. All results are obtained for a large class of identifiable
covariance structures, and are established under very mild conditions on the distribution of the
observations, which goes far beyond models with elliptically contoured densities. In this way, some
of our results are new and others are more general than existing ones in the literature.

Existence of S-estimators and S-functionals is established under mild conditions. Although
existence of the estimators seems a basic requirement, such results are missing for instance for
multivariate regression in [30] and for linear mixed effects models in [5, 3]. We obtain robustness
properties for S-estimators, such as breakdown point and influence function, under mild conditions
on collections of observations and under mild conditions on the distribution of the observations.
High breakdown and a bounded influence function seem basic requirements for a robust method,
but both properties are not available for linear mixed effects models [5, 3]. For multivariate regres-
sion [30], the influence function is only determined at distributions with an elliptical contoured
density. Finally, we establish consistency and asymptotic normality for S-estimators under mild
conditions on the distribution of the observations. A rigorous derivation is missing for multivariate
regression [30], or is only available for observations from a normal distribution [27, 3].

We apply our asymptotic results, such as influence function and asymptotic normality, to the
special case for which the distribution of the observations corresponds to an elliptically contoured
density. In this way we retrieve earlier results found in [27, 17, 30]. Somewhat surprisingly, the
asymptotic variances of our S-estimators for linear mixed effects models in which the response has
an elliptically contoured density, differ from the ones found in [5]. We investigate this difference
by means of a simulation study.

The paper is organized as follows. In Section 2, we explain the model in detail and provide
some examples of standard multivariate models that are included in our setup. In Section 3 we
define the S-estimator and S-functional and in Section 4 we give conditions under which they exist.
In Section 5 we establish continuity of the S-functional, which is then used to obtain consistency
of the S-estimator. Section 6 deals with the breakdown point. Section 7 provides the preparation
for Sections 8 and 9 in which we obtain the influence function and establish asymptotic normality.
Finally, in Section 10, we illustrate our results by means of a simulation and investigate the
performance of our estimators by means of an application to data from a trial on the treatment of
lead-exposed children. All proofs and some technical lemmas are put in an Appendix at the end
of the paper. Other long and technical proofs are available as supplemental material [16].

2 Balanced models with structured covariances

We consider independent observations (y1,X1),..., (¥Yn, Xn), for which we assume the following
model
yi:Xiﬁ—i-qu, i:l,...,n, (21)

where y; € RF contains repeated measurements for the i-th subject, 3 € RY is an unknown
parameter vector, X; € RFX? is a known design matrix, and u; € R* are unobservable independent
mean zero random vectors with covariance matrix V. € PDS(k), the class of positive definite



symmetric k X k matrices. The model is balanced in the sense that all y; have the same dimension.
Furthermore, we consider a structured covariance matrix, that is, the matrix V.= V() is a known
function of unknown covariance parameters combined in a vector @ € R!. We first discuss some
examples that are covered by this setup.

Example 1. An important case of interest is the (balanced) linear mized effects model

This model arises from w; = Z~; + €;, for i = 1,...,n, where Z € R¥*9 is known and ~; € RY
and €; € RF are independent mean zero random variables, with unknown covariance matrices G
and R, respectively. In this case V(0) = ZGZT + R and 0 = (vech(G)T,vech(R)T)T, where

vech(A) = (a11, ..., a1, a22, - . ., Gkk) (2.3)

is the unique k(k 4+ 1)/2-vector that stacks the columns of the lower triangle elements of a sym-
metric matriz A. In full generality, the model is usually overparametrized and one may run into
identifiability problems. A more feasible example is obtained by taking R = 031y, Z = [Z; - -- Z,]

and v; = (Yi1 -+, %ir)L, where the Z;’s are known k x g; design matrices and the v;; € R are
independent mean zero random variables with covariance matriz O'JQ-Igj ,forg=1,....r. This leads
to
T
yl':Xiﬁ‘FZZj%‘j‘Fem i=1...n, (2.4)
j=1
with V() = Y"_, 07227 + g1y, and 8 = (05,07, ...,07).

Example 2. An example with an unstructured covariance is the multivariate linear regression
model

y: = BTx; +u;, i1=1,...,n, (2.5)
where B € RY*F is a matriz of unknown parameters, x; € R? is known, and w;, fori=1,...,n,
are independent mean zero random variables with covariance matriz V(0) = C € PDS(k). In this
case, the vector of unknown covariance parameters is given by

6 = vech(C) = (c11,- .-, C1k,C22y - -, ckk)T € R2F(E+D) (2.6)

The model can be obtained as a special case of (2.1), by taking X; = x! ®I), and B = vec(BT),
where @ denotes the Kronecker product and vec(-) is the k*-vector that stacks the columns of a
matriz. Clearly, the linear multiple regression model is a special case with k = 1.

Example 3. Model (2.1) also includes examples, for which uy,...,u, are generated from a time
series. One example, is the case where w; has a covariance matriz with elements
v =aplP Tt st=1,... k. (2.7)

This arises when the w;’s are generated by an autoregressive process of order one. The vector of
unknown covariance parameters is @ = (o2, p) € (0,00) x [—1,1]. A general stationary process
leads to

Vst zﬂ‘s,tHl, S,t: 1,...,]6, (28)

in which case @ = (61, ...,0;)T € R¥, where 0)s—¢|+1 represents the autocovariance over lag |s —t|.

Example 4. Also the multivariate location-scale model can be obtained as a special case of (2.1),
by taking X; = I, the k x k identity matriz. In this case, 3 € R¥ is the unknown location
parameter and V(0) is the unstructured covariance matriz as in Example 2, with 0 as in (2.6).

Throughout the manuscript we will assume that the parameter 0 is identifiable in the sense
that,
V(Bl) = V(eg) = 01 = 92. (29)
This is true for all models in Examples 2, 3 and 4. This may not be true in general for the linear
mixed effects model in Example 1 with unknown vech(G) and vech(R). For linear mixed effects
models in (2.4), identifiability of @ = (03,0%,...,02) holds for particular choices of the design
matrices Z1,...,Z,.



3 Definitions

We start by representing our observations as points in R*¥ x R*? in the following way. For r =
1,...,k, let xI' denote the r-th row of the k x ¢ matrix X, so that x,, € R?. We represent the
pair s = (y,X) as an element in R¥ x R*? defined by s = (y7,x7T,...,xF). In this way our

observations can be represented as sy, ...,s,, with s; = (y;, X;) € R¥ x Rka,

3.1 S-estimator

S-estimators are defined by means of a function p : R — [0, 00) that satisfies the following proper-
ties

(R1) p is symmetric around zero with p(0) = 0 and p is continuous at zero;

(R2) There exists a finite constant ¢ > 0, such that p is non-decreasing on [0, ¢o] and constant
on [cg, 00); put ag = sup p.

The S-estimator &, = (8,,0,) is defined as the solution to the following minimization problem

min det(V(0))

)

subject to

n (3.1)
%ZP (\/(Yi —X;8)TV(0)~1(y; — Xiﬁ)) < b,

where the minimum is taken over all 3 € R? and 6 € R!, such that V(0) € PDS(k), with p
satisfying (R1)-(R2).

The S-estimator defined by (3.1) for the setup in (2.1) includes several specific cases that have
been considered in the literature. The original regression S-estimator introduced by Rousseeuw
and Yohai [27] is obtained as a special case by taking X; = x7 a 1 x ¢ vector and V(0) = o2 > 0.
S-estimators for multivariate location and scale, as considered in Davies [6] and Lopuhad [17] can
be obtained by taking X; and V(0) as in Example 4. For the multivariate regression model in
Example 2, S-estimators have been considered by Van Aelst and Willems [30]. Copt and Victoria-
Feser [5] and Chervoneva and Vishnyakov [3] consider S-estimators for the parameters in the linear
mixed effects model (2.4).

The constant 0 < by < ag in (3.1) can be chosen in agreement with an assumed underlying
distribution. For the multivariate regression model in [30], it is assumed that y,; | X; has an
elliptically contoured density of the form

fuxs(y) =det(S)"V2h ((y — )"y — n)) (3.2)

with g = X;8 and ¥ = V(60) and h : [0,00) — [0,00). For the linear mixed effects model in [5],
it is assumed that y; | X; has a multivariate normal distribution, which is a special case of (3.2)
with h(t) = (27)"*/2 exp(—t/2). When the underlying distribution corresponds to a density of the
form (3.2), then a natural choice is by = Eg 19(||z||), where z has density (3.2) with (u, ) = (0, I).
Finally, it should be emphasized that the ratio bg/ag determines the breakdown point of the S-
estimator (see Theorem 4), as well as its limiting variance (see Corollary 6). By choosing the
constant ¢y in (R2) one then has to make a trade-off between robustness and efficiency.

Note that at this point we do not assume smoothness of p or strict monotonicity on [0, co].
This means that (R1)-(R2) allow the function p(d) = 1 — 1[_, (d), which corresponds to the
minimum volume ellipsoid estimator in location-scale models (see [26]) and to the least median of
squares estimator in linear regression models (see [28]). Indeed, with p(d) = 1 — 1|_., ¢,)(d), the
S-estimator (3,,6,,) corresponds to the smallest cylinder

C(B,0,c0) = {(y,X) eRF xR* : (y = XB)"V(0) ' (y - XB) < ¢} } (3.3)

that contains at least n — nby points.



Remark 3.1. Clearly, the definition of the S-estimator in (3.1) has great similarities with the S-
estimator for multivariate location and covariance (see [6] and [17]), defined as the solution (t,,, C,)
to the minimization problem

min det(C)

t,C

subject to (3.4)
1 n
- ;p <\/(Yi —t)TC 1 (yi - t)) < b,

where the minimum is taken over allt € R¥ and C € PDS(k). Even more so, if all X; are assumed
to be equal to the same design matriz X of full rank, as was done in [5, /]. However, there is
a subtle, but important difference between minimization problems (3.4) and (3.1). The important
difference is that in (3.4) we minimize over all positive definite symmetric k x k matrices C,
whereas in (3.1), we only minimize over positive definite symmetric k X k matrices V(0), which
can arise as the image of the mapping @ — V(0). The latter collection is a subset of the other:

{V(6) e PDS(k) : @ € R'} C PDS(k),

and will typically be a strictly smaller subset. This means that the properties of V(0,,) and C,
are related, but the properties of V(6,,) cannot simply be derived from properties of C,,, not even
in the case where all X; are equal to the same X. In fact, this will lead to limiting covariances
that differ from the ones found in [5], see Corollary 6.

3.2 S-functional

The concept of S-functional is needed to investigate local robustness properties of the correspond-
ing S-estimator, such as the influence function (see Section 8). Let s = (y, X) have a probability
distribution P on R¥ x R*¥?. The S-functional £(P) = (3(P),8(P)) is defined as the solution to
the following minimization problem:

Ilglél det(V(0))
subject to (3.5)
[o(Vor=x87Vio) - X8)) ar(y. %) < o

where the minimum is taken over all 3 € R? and 6 € R!, such that V(0) € PDS(k), with p
satisfying (R1)-(R2).

As a special case, we obtain the S-estimator &, = (8,,0,) by taking P = P,,, the empirical
measure corresponding to the observations (yi,X1),...,(yn,Xp). In view of this connection,
existence and consistency of solutions to (3.1) will follow from general results on the existence and
the continuity of solutions to (3.5).

The definition of the S-functionals for the multivariate location-scale model given in Lop-
uhad [17] and for the multivariate regression model given by Van Aelst and Willems [30] can be
obtained as special cases of (3.5), by choosing X, 3 and V(8) as in Examples 4 and 2, respectively.
Copt and Victoria-Feser [5] do not pay attention to S-functionals or the influence function in the
linear mixed effects model (2.4). However, S-functionals for linear mixed effects models can be
also be obtained as a special case of (3.5), by choosing X, 8 and V(0) as in Example 1.

4 Existence

We will first establish existence of the S-functional £(P) defined by (3.5), under particular con-
ditions on the probability measure P. As a consequence, this will also yield the existence of



the S-estimator, defined by (3.1). Recall that (y1,X1),...,(yn, X,) are represented as points in
RF x R*4. Note however, that for linear models with intercept the first column of each X; consists
of 1I’s. This means that the points (y;, X;) are concentrated in a lower dimensional subset of
RF x Rk4. A similar situation occurs when all X; are equal to the same design matrix, such as
in [5]. In view of this, define X C R¥? as the subset with the lowest dimension p = dim(X) < kq
satisfying

PXeX)=1. (4.1)

Hence, P is then concentrated on the subset RF x X of RF x R¥9, which is of dimension k + p,
which may be of smaller than k + kq.

The first condition we require, expresses the fact that P cannot have too much mass at infinity,
in relation to the ratio r = by /ag.

(C1,) There exists a compact set K, C R*¥ x X, such that P(K,.) > 7 + €.

The second condition requires that P cannot have too much mass at arbitrarily thin strips in
R* x X. For a € R¥**4 guch that ||a| = 1, £ € R and § > 0, we define a strip H(a,/,) as
follows:

H(a,l,0) = {seR"xRM:1-§/2<a’s<(+5/2}. (4.2)

Defined in this way, a strip is the area between two parallel hyperplanes which are symmetric
around the hyperplane H(a,¥¢,0) = Ls €eRF xRF : oT's = E}. Since the distance between two
parallel hyperplanes a’'s = ¢; and a’'s = 5 is |[{; — {5|, the strip H(a,/,5) defined as in (4.2)
has width 6. We require the following condition

(C2.) The value
6 =inf {6 : P (H(cx,l,6)) > e,a € R¥M Jla|| = 1,0 € R,6 > 0}
is strictly positive.

According to (4.1), in (C2.) one only needs to consider strips in R¥ x X.

Both conditions are satisfied for any 0 < € < 1 — r by any probability measure P that is
absolutely continuous. Clearly, condition (C1.) holds for any 0 < ¢ < 1 — r for the empirical
measure IP,, corresponding to a collection of n points S,, = {s1,...,s,} C R¥ x X. Condition (C2,)
for e = (k+p+ 1)/n is also satisfied by the empirical measure P,, when the collection §,, is in
general position, i.e., no subset J C S,, of k4 p + 1 points is contained in the same hyperplane
in R¥ x X. Conditions (C1.) and (C2.) together, are similar to condition (C.) in [17]. The reason
that (C1.) slightly deviates from [17], is to handle the presence of X in minimization problem (3.5).

Remark 4.1. Note that condition (C2.) is equivalent with

we= inf inf inf sup |a’s —¢| >0, (4.3)
P(J)ze |laf=1 L€R scJ

where the infima are taken over all subsets J C RF x X with P(J) > e, all vectors o € RF+ka,
with ||a]| = 1, and levels £ € R. Details can be found in [16].

To establish existence of the S-functional, we follow the reasoning in [17]. The idea is to argue
that one can restrict oneself to a compact set for finding solutions to (3.5). When the object
function in (3.5) is continuous, this immediately yields existence of a solution of (3.5). To this
end, we assume the following condition.

(V1) The mapping 8 — V(0) is continuous.

The lemma below is fundamental for the existence of the S-functional. It requires that the identity
isin V = {V(0) € PDS(k) : 8 € R'} and that V is closed under multiplication with a positive
scalar.



(V2) There exists a @ € R!, such that V(@) = I).. For any V(@) € V and any « > 0, it holds that
aV(0) =V (0'), for some 6’ € R’

Conditions (V1)-(V2) are not very restrictive. For example, all models in Examples 1 to 4 satisfy
these conditions.

For any k X k matrix A, let Ap(A) < --- < A\ (A) denote the eigenvalues of A. We then have
the following key lemma for the existence of S-functionals. The lemma is similar to Lemma 1
in [17] and its proof can be found in [16].

Lemma 1. Let (3,0) € RY xR, 0 < my < 00, 0 < ¢ < 00, and 0 < € < 1, and suppose that the
mapping 0 — V(0) satisfies (V2). Then the following properties hold.

(i) If P satisfies (C2¢) and P(C(8,0,c))) > ¢, then \p,(V(0)) > a1 > 0, where a; only depends
on ¢ and the width 6. from condition (C2).

(i) Suppose [ p(||y|l/mo)dP(s) < by. Then for any solution (B3,80) of (3.5), which is such that
A(V(0)) > a1 > 0, it holds that \1(V(0)) < az < 0o, where az only depends on a; and myg.

(iii) Let P satisfy (C2) and suppose that P(C(3,60,c)) > a > 0. Suppose there exists a compact
set K € RF x X, such that P(K) > 1—a+e. If A\ (V(0)) < ay < oo, then ||B]| < M < oo,
where M only depends on c, ag, the set K, and a constant v > 0 that can be deduced from
condition (C2).

Lemma 1 will ensure that there exists a compact set that contains all pairs (3, V(0)) that
correspond to possible solutions (3, 8) of (3.5). To establish that possible solutions (3, ) of (3.5)
are in a compact set, we need that the pre-image {6 € R! : V(0) € K} of a compact set K C Rk**
is again compact. Recall that subsets of R! are compact if and only if they are closed and bounded,
and note that the pre-image of a continuous mapping of a closed set is closed. Hence, in view of
condition (V1), it suffices to require the following condition.

(V3) The mapping 6 — V() is such that the pre-image of a bounded set is bounded.

Condition (V3) is satisfied by all models in Examples 1 to 4, including the linear mixed effects
model of Example 1, as long as the matrix Z is of full rank. We then have the following theorem.

Theorem 1. Consider minimization problem (3.5) with p satisfying (R1)-(R2). Suppose that P
satisfies (C1e) and (C2), for some 0 < € <1 —1r, where r = by/ag, and suppose that V satisfies
(V1)-(V3). Then there exists at least one solution to (3.5).

The theorem has a direct corollary for the existence of the S-estimator, when dealing with a
collections of points. Let S,, = {s1,...,s,}, with s; = (y;, X;) be a collection of n points in R¥ x X
Define

#(S,) = maximal number of points of S,, lying on the same hyperplane in R¥ x X' (4.4)

For example, if the distribution P is absolutely continuous, then x(S,) < k + p with probability
one. We then have the following corollary.

Corollary 1. Consider minimization problem (3.1) with p satisfying (R1)-(R2), for a collection
Sn = {s1,...,8,} CRF x X, with s; = (y;,X;), fori =1,...,n. Suppose that V satisfies (V1)-
(V3). If k(Sp)+1 < n(1—r), where r = by/ag, then there exists at least one solution &, = (Bn, Or)
to the minimization problem (3.1).

Copt and Victoria-Feser [5] consider S-estimators for the linear mixed effects model (2.4).
Despite their Proposition 1 about the asymptotic behavior of solutions to their S-minimization
problem [5, equation (7)], the actual existence of such a solution is not established. However, this
now follows from our Corollary 1. In their case, V(0) satisfies conditions (V1) and (V2). It can be
seen, that if all matrices Zj, for j = 1,...,r, are of full rank, then V(0) also satisfies (V3). The
translated bi-weight p-function proposed in [5] satisfies (R1)-(R2). Finally, under their assumption



that X; = X is the same and y; | X ~ N(X3,V(0)), it follows that x(S,) < k. It then follows
from Corollary 1 that with by < ag(n — k — 1)/n, at least one solution to their S-minimization
problem exists.

For the multivariate regression model from Example 2, Van Aelst & Willems [30] do not
explicitly prove existence of the S-estimator. Since in their case, V(0) = C € PDS(k) satisfies
(V1)-(V3) and the conditions imposed in [30] on the p-function satisfy (R1)-(R2), the existence of
their S-estimator now also follows from Corollary 1, when by is chosen suitably.

Existence of S-estimators is obtained from existence of S-functionals at the empirical measure
P,,. The following corollary shows that existence can be established in general, for probability
measures that are close to P. It requires the following condition on P.

(C3) Let € be the class of all measurable convex subsets of R¥ xR¥4. Every C' € € is a P-continuity
set, i.e., P(OC) = 0, where OC denotes the boundary of C.

Corollary 2. Suppose that p satisfies (R1)-(R2) and V satisfies (V1)-(V3). Let P, t > 0 be a
sequence of probability measures on RF x R*® that converges weakly to P, as t — 0o. Suppose
that P satisfies (C3), as well as (Cle) and (C2), for some 0 < e <€ <1—1r =by/ag. Then,
for t sufficiently large, the minimization problem (3.5) with probability measure Py has at least one

solution &E(Py).

Condition (C3) is needed to apply (A.2). Clearly, this condition is satisfied if P is absolutely
continuous.

5 Continuity and consistency

Consider a sequence P, t > 0, of probability measures on R¥ x R*? that converges weakly to P,
as t — 0o. By continuity of the S-functional £(P) we mean that &(P;) — &(P), as t — co. An
example of such a sequence is the sequence of empirical measures P,,, n = 1,2, ..., that converges
weakly to P, almost surely. Continuity of the S-functional for this sequence would then mean that
the S-estimator &, is consistent, i.e., &, = &(P,) — &(P), almost surely.

We require an additional condition for the function p.

(R3) p is continuous and strictly increasing on [0, ).

For s = (y,X) and & = (3, 0), define the Mahalanobis distances by

d*(s,€) = d*(s,8,0) = (y - XB)"V(0) "' (y — XP). (5.1)
We then have the following theorem for the S-functional £(P) = (B(P),0(P)).

Theorem 2. Let P, t > 0 be a sequence of probability measures on RE x R*® that converges weakly
to P, ast — oo, and let £(P;) be a solution to minimization problem (3.5) with probability measure
P.. Suppose that p satisfies (R1)-(R3) and 'V satisfies (V1)-(V3). Suppose that P satisfies (C3),
as well as (Cle) and (C2), for some 0 < e <€ <1—r=by/ag. If the solution &(P) of (3.5) is
unique, then for any sequence of solutions £(P;), t > 0, it holds

lim £(P,) = &(P).

Theorem 2 is an extension of Theorem 3.1 in [17] on the continuity of S-functionals for multi-
variate location and scale. Continuity of S-functionals for multiple regression has been investigated
in [9].

Continuity of the S-functional will be used to derive the influence function of the S-estimator
in Section 8. Another nice consequence of the continuity of the S-functional is, that one can di-
rectly obtain consistency of the S-estimator. Consider the S-estimator &,, defined by minimization
problem (3.1). Recall that &, = &(P,,), so that we can use Theorem 2 to establish consistency of
the S-estimator.



Corollary 3. Let &, be a solution to minimization problem (3.1). Suppose p satisfies (R1)-(R3)
and V satisfies (V1)-(V3). Suppose that P satisfies (C3) as well as (Cle) and (C2), for some
0<e<e <1—r=by/ag. If the solution &(P) of (3.5) is unique, then

lim &, = &(P),

n—oo
with probability one.

Theorem 2 and Corollary 3 require that &(P) is the unique solution to minimization prob-
lem (3.5). An example of a distribution P for which £(P) is unique, is when P is such that y | X
has an elliptically contoured density (3.2). This situation is very similar to that of multivari-
ate location-scale S-estimators, for which Davies [6, Theorem 1] shows that the corresponding
S-minimization problem (3.5) has a unique solution. The next theorem is a direct consequence of
that result. Its proof can be found in [16].

Theorem 3. Suppose that p : R — [0,00) satisfies (R1)-(R2) and suppose that the probability
distribution P of (y,X) is such that'y | X has an elliptically contoured density fu s from (3.2),
with p = XBy and X = V(0y). Suppose that h in (3.2) is non-increasing and such that the
functions —p and h have at least one common point of decrease dy > 0, i.e.,

p(s) < p(do) < p(t) and h(s) > h(do) > h(t)

for all s,t > 0, such that s < dy < t. If XTX is non-singular with probability one, then the
minimization problem

miél det(V(6))

)

subject to (5.2)
o (Vi =x8)v(6) 1~ X0)) fus)dy < o

where the minimum is taken over all B € R? and @ € R, such that V(0) € PDS(k), has the
unique solution (3,0) = (Bo, Oy) with probability one.

Minimization problem (5.2) seems to be slightly different from the one in (3.5). However, note
that when P is such that X is equal to a single value with probability one, both minimization
problems are identical. This situation was considered, e.g., in [5].

An elliptically contoured density for y; | X; in the context of S-estimators for specific cases of
the model (2.1) has been assumed in [6] for the multivariate location-scale model of Example 4,
in [30] for the multivariate regression model of Example 2, and in [5] for the linear mixed effects
model (2.4). More precisely, in [5] it is assumed that X; = X and that y; | X has a multivariate
normal distribution. In that case, the function h in (3.2) satisfies all the conditions of Theorem 3.

6 Global robustness: the breakdown point

Consider a collection of points S, = {s; = (y:,X;),i = 1,...,n} C R¥ x X. To emphasize the
dependence on the collection S,,, denote by &€,(S,) = (Bn(Sn), 0.(Sy)), the S-estimator, as defined
in (3.1). To investigate the global robustness of S-estimators, we compute that finite-sample
(replacement) breakdown point. For a given collection S,, the finite-sample breakdown point (see
Donoho and Huber [8]) of a regression S-estimator (3, is defined as the smallest proportion of
points from S,, that one needs to replace in order to carry the estimator over all bounds. More
precisely,

GZ(ﬂnaSn) = min {T: : ?p ||/6n(8n) - ﬂn(S;n)H = OO} ) (6'1)

1<m<n



where the minimum runs over all possible collections S;, that can be obtained from S,, by replac-
ing m points of S,, by arbitrary points in R* x X.

The estimator 6,, determines the covariance estimator V,, = V(6,,). For this reason it seems
natural to let the breakdown point of 8,, correspond to the breakdown of a covariance estimator.
We define the finite sample (replacement) breakdown point of the S-estimator 8,, at a collection S,,,
as

€, (0n,Sn) = min {m :sup dist(V(0,(Sn))), V(0.(S),)) = oo} ) (6.2)

1<m<n n s

with dist(,-) defined as dist(A,B) = max {|A1(A) — A;(B)|, |Ae(A)™! = X\e(B)7!|}, where the
minimum runs over all possible collections &), that can be obtained from S,, by replacing m points
of S,, by arbitrary points in R* x X. So the breakdown point of 8,, is the smallest proportion
of points from &, that one needs to replace in order to make the largest eigenvalue of V(6(S,))
arbitrarily large (explosion), or to make the smallest eigenvalue of V(0(S),)) arbitrarily small
(implosion).

Good global robustness is illustrated by a high breakdown point. The breakdown point of the
S-estimators is given the theorem below. It extends the results for S-estimators of multivariate
location and scale, see [6] and [19], and S-estimators for multivariate regression, see [30]. For
S-estimators in the linear mixed effects model considered in [5], the breakdown point has not been

established. This will now follow as a special case from the next theorem. Its proof can be found
in [16].

Theorem 4. Consider the minimization problem (3.1) with p satisfying (R1)-(R2). Suppose
that V satisfies (V1)-(V3). Let S, C R*¥ x X be a collection of n points s; = (y;, X;),i=1,...,n.
Let r = bg/ag and suppose that 0 < r < (n — k(Sy))/(2n), where k(S,,) is defined by (4.4). Then
for any solution (B, 0,,) of minimization problem (3.5),
n+1)/2 N nr
M Zﬁn(ﬁmsn)z ’V ]7

n n

& (0, Sn) = “Z] .

The largest possible value of the breakdown point occurs when r = (n — £(Sy))/(2n), in which
case [nr]/n = [(n—k(Sn))/2]/n = |(n — kK(Sn) + 1)/2|/n. When the collection S,, is in general
position, then k(S,) = k + p. In that case the breakdown point of both estimators is at least
equal to [(n —k —p+1)/2]/n. When all X; are equal to the same X, in [5, 4], one has p = 0 and
%(8,) = k. In that case, the breakdown point of 0,, is equal to |(n — k + 1)/2]/n. This coincides
with the maximal breakdown point for affine equivariant estimators for k£ x k covariance matrices
(see [6, Theorem 6]).

Remark 6.1. Van Aelst & Willems [30] also take into account the case r > (n — k(Sy))/(2n).
For this case, by replacing [n —nr] — &(S,) points, a specific solution to the S-minimization
problem is constructed that breaks down. Howewver, since there may be multiple solutions to the
S-minimization problem, this does not necessarily mean that all solutions break down. In the proof
of our Theorem 4, for the case r < (n — k(S,))/(2n), we show that all solutions to (3.1) do not
break down, when replacing at most [nr] — 1 points, and that the covariance part of all solutions
do break down, when replacing [nr] points. For the case r > (n — k(Sy,))/(2n), we can show that
all solutions to (3.1) do not break down, when replacing at most [n — nr] — k(S,) — 1 points.

7 Score equations

Up to this point, properties of S-functionals and S-estimators have been derived from the mini-
mization problems (3.1) and (3.5). To obtain the influence function and to establish the limiting
distribution of S-estimators, we use the score equations that can be found by differentiation of the
Lagrangian corresponding to the constrained minimization problems. To this end, we require the
following additional condition on the function p,
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(R4) p is continuously differentiable and u(s) = p’(s)/s is continuous,
and the following condition on the mapping 6 — V(6),
(V4) V(0) is continuously differentiable.

Obviously, condition (V4) implies the former condition (V1).

7.1 General covariance structures

Let £€p = (Bp,0p) be a solution to minimization problem (3.5). If we denote the corresponding
Lagrange multiplier by Ap, then the pair (€p, Ap) is a zero of all partial derivatives OLp/d8,
OLp/00, and OLp /0N, where Lp is the Lagrangian given by

Lp(€,\) = log det(V(8)) — A { e W (v — XB)TV(0)~1(y - Xﬁ)) aP(y,X) - bo} .

If Ep||X]|| < oo, then under conditions (R4) and (V4), one may interchange the order of integration
and differentiation in Lp /083 and 0Lp /00, on a neighborhood of £p. It follows that besides the
constraint in (3.5), the pair (£€p, Ap) satisfies

/ u(d)X"V~(y —XB)dP(s) = 0
(7.1)
(V 12:) +i/ (d)y —XB)"V" 1g;jV 'y - XB)dP(s) =0,

for j =1,...,1, where u(s) = p'(s)/s and d = d(s, &) is defined by (5.1), and where we abbrevi-
ate V(6) by V. To solve Ap from the second set of equations, we multiply the j-th equation by 6;
and then sum over j = 1,...,l. This leads to

l
V—lzej% +%/ (d)(y —XB)TV~! Zej Vi y —X3)dP(s) =
j=1 J

which is solved by

“otr (V*l Y aj(aV/aej))
Juld)(y = XB)'V (S5, 0,(0V/06;)) V-1 (y — XB) dP(s)

Ap =

When we insert this back into the second equation in (7.1), we find

(v— ZQV) v -xa"v (Zetaat> y = XB)dP(s)

( o Z9t 8@) / d)(y-XB)"'v! gZV‘l(y —Xp)dP(s) =0,

or briefly

e DEE) BT o

11
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Because 22‘:1 6;H; = 0, the system of equations (7.2) is linearly dependent. Similar to [17] we
subtract the S-constraint from each equation. For each j = 1,...,l, we subtract the term

(v ) ke )

from the left hand side of equation (7.2). We then find that any solution £€p of (3.5) satisfies the
following equation

s gare ~o (7.4)
where ¥ = (Ug, Uy), with g = (Vg 1,...,Pg,), where

Us(s,€) = u(d)XTV(y - X3)

ov (7.5)

Vg ;(s,€) = u(d)(y — XB)VIH,V}y - X3) —tr (V*%) (p(d) — bo),
J
for j =1,...,1, where H; and d = d(s, &) are defined in (7.3) and (5.1), respectively, and where
we abbreviate V(0) by V.

The regression score equation for ¥g with the empirical measure P, for P in (7.4) coincides
with the one for the regression S-estimator in the linear mixed effects model (2.4) considered in [5]
(see their equation (10)). The empirical regression score equation also coincides with the one for
the regression S-estimator in the multivariate regression model of Example 2 considered in [30]
(see equation (2.2) in [29]). Similarly, the empirical score equation for ¥g coincides with the one
for the location S-estimator of Example 4 considered in [17].

For general covariance structures the empirical covariance score equation for ¥y does not
compare directly to existing equations in the literature. However, as we will see in the next
subsection, similar comparisons are available for models with a linear covariance structure.

7.2 Linear covariance structures

In the previous section, we solved A from (7.1) and subtracted the S-constraint, leading to score
equation (7.4) with ¥ given in (7.5). The fact that this was done in a specific way has the following
reason. In cases where V() is linear, say

l
V(0) =) 0,L;, (7.6)
j=1

the function Uy simplifies a lot and can also be related to the covariance psi-function in [17].
Typical models of interest that have a covariance matrix of this type are the mixed linear effects
model from Example 1 and the multivariate regression model from Example 2. But also the
multivariate location-scale model from Example 4 and the time series model (2.8) from Example 3
have linear covariance structures.

When V is of the form (7.6), then 9V /98; = L; and Y., 0,(9V/06;) = V. In this case, (7.3)
simplifies to H; = tr (V7'L;) V — kL;, and Wg ; in (7.5) becomes

Wo,;(s,€) = tr (V7'L;) v(d) — ku(d)(y = XB)"V'L; V™ (y — X),
where u(s) is defined in (R4) and
v(s) = u(s)s® — p(s) + bo. (7.7

Using that tr(ATB) = vec(A)Tvec(B), this can be written as

Vg i(s, &) = —vec(ku(d)(y —-XB8)(y —X8)" - v(d)V) Tvec (V7IL,vh).

12



On the right hand side we recognize ku(d)(y — X8)(y — XB8)T — v(d)V, being the covariance
psi-function that also appears in (2.8) in [17]. For our purposes we define

Uy (s, €) = ku(d(s, §)(y — XB)(y — XB)" —v(d(s,€))V. (7.8)

The functions Wg ;, for j = 1,...,I, can be combined in one expression for the vector valued
function Wy as follows. First note that

vec (VT'L;V™!) = (V7' @ V1) vec (L)
for j = 1,...,1. Define the k? x [ matrix
L= [ vec(Ly) -+ vec(Ly) } (7.9)
Then, the column vector ¥g = (¥g1,..., VPg ) can be written as
Ug(s, &) = —LT (V'@ V1) vee (Ty(s,§)),

where Uy is defined in (7.8) and L in (7.9). Note that the dependence on s = (y,X) in Uy is
only through the function ¥y,. We conclude that in the case of a linear covariance structure, any
solution £p of (3.5) satisfies (7.4), where ¥ = (Ug, ¥g), with

Ug(s,€) = u(d)XTVHy - XB)

Wo(s,€) = —LT (V71 @ V1) vec (Iy (s, £)) (7.10)

where d = d(s, £) is defined in (5.1), and where we abbreviate V(6) by V.

For the multivariate regression model in Example 2, one has V(0) = C, where 6 = vech(C).
The matrix L = dvec(V)/087 is then equal to the so-called duplication matrix Dy, which is the
unique k? x k(k+1)/2 matrix, with the properties Dyvech(C) = vec(C) and (DyDy,) " *Di vec(C) =
vech(C) (e.g., see [20, Ch. 3, Sec. 8]). Because V has full rank, it follows that equation (7.4) holds
for ¥ = (Ug, ¥y). The resulting score equations for the empirical measure P,, corresponding to
observations (y;, X;), for i = 1,...,n, are then equivalent with the ones found in [30].

For the linear mixed effects model (2.4), the covariance matrix V(0) has a linear structure with
the vector @ = (02, ...,02) of unknown covariance parameters. The matrix L is then a k% x (r+1)
matrix and will typically be of rank  +1 < k2. As a consequence, in this case one cannot further
simplify equation (7.4), by removing the factor LT (V*1 ® V*I) from the function Wg. The score
equation for ¥g resulting from the empirical measure P,, corresponding to observations (y;, X;),
for i = 1,...,n, is the same as the one obtained in [5]. The corresponding score equation for Wy
differs slightly from the one in [5], because the authors do not subtract a term with p(d) — by to
remove the linear dependency of the equations (7.2).

8 Local robustness: the influence function

For 0 < h <1 and s = (y,X) € R¥ x R* fixed, define the perturbed probability measure
Pns=(1—h)P + hds,

where J denotes the Dirac measure at s € R¥ x R*. The influence function of the functional &(-)
at probability measure P, is defined as

IF(S'£ P) — lim 5((1 — h)P + h(ss) - E(P)

1
lim o , (8.1)

if this limit exists. In contrast to the global robustness measured by the breakdown point, the
influence function measures the local robustness. It describes the effect of an infinitesimal contam-
ination at a single point s on the functional (see Hampel [11]). Good local robustness is therefore
illustrated by a bounded influence function.
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8.1 The general case

The theorem below gives the influence function for the S-functional €. It extends the result for
S-functionals of multivariate location and scale [17]. Under the assumption that the limit in (8.1)
exists and P has an elliptical contoured density (3.2), Van Aelst and Willems [30] relate the influ-
ence function for S-functionals of multivariate regression to that of S-functionals of multivariate
location and scale. For the linear mixed effects model considered in [5], the influence function has
not been established. The influence function for these functionals now follows as a special case
from the theorem below.

We will show that the limit in (8.1) exists and derive its expression at general P. Since the
value of @ determines the covariance matrix V(6), we also include the influence function of the
covariance functional. Consider the S-functional at P, ¢,. From the Portmanteau theorem [2,
Theorem 2.1] it can easily be seen that P,s, — P, weakly, as h | 0. Therefore, under the
conditions of Corollary 2 and Theorem 2, it follows that there exist solutions &(Pys,) and &(P)
to minimization problems (3.5) at P}, s, and P, respectively, and that £€(Ps,) — £(P), as h ] 0.

Theorem 5. Let £(Py,s,) and E(P) be solutions to minimization problems (3.5) at Py, s, and P,
respectively, and suppose that &(Pps,) — &€(P), as h | 0. Suppose that p satisfies (R4) and V
satisfies (V4). Let W be defined in (7.5) and suppose that

AE) = / W(s,€) dP(s), (8.2)

is continuously differentiable with a non-singular derivative D(P) at £&(P). Then forsy € RF xRk,
IF(s0; &, P) = —D(P)~ ¥ (so,&(P)).
For the covariance functional C(P) = V(0(P)), it holds that

dvec(V(O(P)))

IF (so; vec(C), P) = ( 20T

) IF(s0; 0, P).

To investigate the local robustness of S-estimators, we derive the following bound on the
influence function for &(P).

Corollary 4. Suppose that p satisfies (R2) and (R4), and V satisfies (V4). Then there exist
0 < Ci <00 and0 < Cy < 0o, only depending on P, such that for s = (y,X) it holds that
[IF (s, §(P))|| < C1 + Co|I X

Its proof can be found in [16].

8.2 Elliptically contoured densities

When P is such that y | X has an elliptically contoured density (3.2) and V(0) is linear, we can
obtain a more detailed expression for the influence function, This requires the following condition
on the function p,

(R5) p is twice continuously differentiable,
and the following condition on the mapping 6 — V(6),
(V5) V(0) is twice continuously differentiable.

Conditions (R5) and (V5) are needed to establish that A, as defined in (8.2), is continuously
differentiable. Clearly, condition (V5) implies former conditions (V4) and (V1).

Suppose that P is such that y | X has an elliptically contoured density f,, s from (3.2), with
p € R*¥ and ¥ € PDS(k). When the S-functional is affine equivariant, it suffices to determine the
influence function for the case (p,X) = (0,1;). However, this does not hold in general for the
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S-functionals in our setting. The reason is that, for a k x k non-singular matrix A and 8 € R,
the matrix AV (6)A” may not be of the form V(8’), for some ' € R!. Examples are the (linear)
covariance structure that corresponds to the linear mixed effects model (2.4) considered in [5] or
the models discussed in Example 3.

Nevertheless, note that for the general case with u € R¥ and X € PDS(k), we can still use the
fact that, conditionally on X, the distribution of y is the same as that of 3'/2z + p, where z has
a spherical density fo1,. As a consequence, we can still obtain the following result, which enables
one to determine the influence functions of the functionals 3(P) and 8(P) separately.

If P itself is also absolutely continuous, then it satisfies (C3), as well as (Cl./) and (C2), for
any 0 < ¢ < e <1—r. When p and V satisfy (R1)-(R3) and (V1)-(V3), it follows from Theorem 1
and Corollary 2 that £(P) and &(Py, s) exist, for h sufficiently small. If & in (3.2) is non-increasing
and not constant on [0, ¢Z], then &(P) is unique, according to Theorem 3, so that &(P, s) — &(P),
as h | 0. Hence, in order to apply Theorem 5, it remains to show that A in (8.2) is continuously
differentiable with a non-singular derivative at £€(P). As a first step we obtain that the derivative
of A is a block matrix.

Lemma 2. Suppose that P is such thaty | X has an elliptically contoured density f,, s from (3.2)
and E||X||? < co. Suppose that £(P) is a solution to the corresponding minimization problem (3.5),
such that (XB(P),V(0(P))) = (u,X). Suppose that p satisfies (R2), (R4)-(R5) and that V
satisfies (V5) and has a linear structure (7.6). Let A be defined in (8.2) with U defined in (7.10).

Then
MMpl€(P)
NG I
o . PhelErP)
00
where
aAﬁ(f(P)) _ T —1
—g — eE[XT=TX], (8.3)
with
_ NPzl 1,
o =Eox, (1= ) S+ o (lal)| (3.4)
and
8Aeé€0(P)) =~y LT (271 ® 271) L — yL vec(Z 1 )vec(Z 1) TL.

where L = dvec(V(0(P)))/00T is the k* x | matriz given in (7.9) and

_ Eox, 10" (lzl)l|z]1* + (k + 1) (||z]])]|=]]
n kt2
_ Eox, [20"(lzIDllz* + ko' (l|z)l=l]
2k(k + 2) ’

(8.5)

2

The proof is tedious, but straightforward, and can be found in [16].
Remark 8.1. The proof of Lemma 2 uses the fact that
oA(E) _ / (s, &)

o€ o€

for all € in a neighborhood of £&(P). This holds for general P and any covariance structure V()
that satisfies (V2)-(V3) and (V5), see Lemma B.3 in [16]. Furthermore, Lemma 2 is obtained for
a linear covariance structure. However, with some additional technicalities, this result can also be

dP(s).
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shown to hold for U defined in (7.5) corresponding to general covariance structures. For general
covariance structures one still obtains (8.3), and that

dhe,;(£(P))
00,

=—oqtr (2—18V(8(2EP)) 2—1Hj>

5 VOEDY (5 VO,

t
oot < 00, a0,

for j,s=1,...,1, and where oy = v1/k and oy = v1/k — v, with v1,7v2 from (8.5), and where H;
is defined in (7.3).

The next corollary gives expressions for the influence functions of the functionals 3(P) and 6(P)
separately, at a distribution P that is such that y | X has an elliptically contoured density. The
proof is tedious, but straightforward, and can be found in [16].

Corollary 5. Suppose that P is such that y | X has an elliptically contoured density f,, =
from (3.2), such that (XB(P),V(O(P))) = (n,X). Let £(Prs,) and E(P) be a solution to mini-
mization problem (3.5) at Py, and P, respectively, and suppose that &(Pp,s,) — &(P), as h | 0.
Suppose that E||X||? < oo and suppose that p satisfies (R2)-(R5) and that V satisfies (V5), and
has a linear structure (7.6). Let «, 71, and o be defined in (8.4) and (8.5), and suppose that
Eo1, [0"(1z]))] > 0. If X has full rank with probability one, then

u(d _ -1 _

IF (s0, 8, P) = %(E XTE7X] ) X{E "y — XoB(P))

where d3 = (yo — XoB(P))'E"Yyo — XoB(P)) and u(s) = p'(s)/s. If v1 > 0 and the k* x I
matriz L, as defined in (7.9), has full rank, then IF(so, 0, P) is given by

Ruldo) (7 (51 0 57L)) L vee (57 (vo — XoB(P))(yo — XoB(P)TE)

Al
do)d? dg) — b
+(_U( o)o+P( 0) 0
" Y1 — ke

> o(P).

Note that since LO(P) = vec(V(0(P))) = vec(X), we can immediately obtain the influence
function for the covariance functional C(P) = V(6(P)). From Theorem 5 it immediately follows
that IF(sg, vec(C), P) is given by

S (L7 (2 02 H0) T Lvee (7 (vo - XoB) (30 — XoB) 75 )
u(do)dg  p(do) —bo
* <_ Ty ) vee(%)

Since the functions u(s)s = p/(s), u(s)s?> = p'(s)s, and p(s) are bounded, it follows that IF(s, 8, P)
and IF(s,vec(C), P) are bounded uniformly in both y and X, whereas IF(s,3, P) is bounded
uniformly in y, but not in X. This illustrates the phenomenon in linear regression that leverage
points can have a high effect on the regression S-estimator.

For the S-estimators in the linear mixed effects model (2.4) with normal errors considered in [5],
the influence function is not available. The expression can now be obtained from Corollary 5. The
expression for IF(s, 3, P) in Corollary 5 coincides with the one found for the multivariate regression
S-functional in [30], where o > 0 is the same constant as the one in the expression of the influence
function for the location S-functional in [17]. Furthermore, for the multivariate regression model,
one has 6 = vech(C) and the matrix L is equal to the duplication matrix Dj. From the properties
of Dy, the expressions for the influence functions simplify. One finds in this case that

19(s,6.7) = 1% (- X0y xp(P)7) + (1L L0 gy
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and the influence function of the covariance functional C(P) = V(0(P)) itself is given by

_u@d | pld) b5
M 71— kY2

IF(s, C, ) = Fd)

(v — XB(P))(y - XB(P))" + (

This coincides with the expressions found for the covariance S-functionals in [30] and in [17].

9 Asymptotic normality

To establish asymptotic normality of the S-estimators, we use the score equations obtained from
differentiation of the Lagrangian corresponding to the minimization problem (3.1). In the same way
as before, we obtain score equation (7.4), with P equal to the empirical measure IP,, corresponding
to observations sy, ...,s,, with s; = (y;,X;) € R* x R¥9. From (7.4), we see that any solution
&, = &(P,) to the S-minimization problem (3.1) must satisfy

[es60ae.m -0, (9.1)
where ¥ = (Ug, Ug) is defined in (7.5).

9.1 General case

Writing €p = &€(P), we decompose (9.1) as follows
0= /\I/(s,én) dP(s) + / U(s, &p) d(P, — P)(s)

(9.2)
+ / (U(s, &) — V(s €p)) Ad(P, — P)(s).
The essential step in establishing asymptotic normality of &,, is to show that the third term on
the right hand side of (9.2) is of the order op(n~'/2). To this end we will apply results from
empirical process theory as developed in Pollard [23]. This leads to the following theorem.

Theorem 6. Suppose that p satisfies (R1)-(R2) and (R4), such that u(s) is of bounded variation,
and suppose that V satisfies (V4). Let &, and &(P) be solutions to minimization problems (3.1)
and (3.5), and suppose that &, — &E(P) in probability. Suppose that A, as defined in (8.2) with ¥
defined in (7.5), is continuously differentiable with a non-singular derivative D(P) at €(P) and
suppose that E||X||? < co. Then /n(&, — &(P)) is asymptotically normal with mean zero and
covariance matrix

D(P)™'E [¥(s,£(P))¥(s, £(P))"] D(P)~".

Theorem 6 is similar to Theorem 4.1 in [17]. Note that Theorem 6 confirms the well know
heuristic that relates the limiting covariance of /n(€, — &(P)) to the influence function of the
functional &(-) given in Theorem 5,

D(P)™'E [¥(s,&(P))¥(s,£(P)"| D(P)! = E [IF(s, &, P)IF(s, €, P)"] . (9-3)

Van Aelst and Willems [30] consider the limiting behavior of S-estimators in the multivariate
regression model of Example 2, but only under P for which y | X has an elliptical contoured
density. Copt and Victoria-Feser [5] consider asymptotic normality for S-estimators in the linear
mixed effects model (2.4) with a constant design matrix X; = X and only consider P for which
y | X has an multivariate normal distribution.
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9.2 Elliptically contoured densities

Consider the special case that P is such that y | X has an elliptically contoured density f, =
from (3.2), with u € RF and ¥ € PDS(k). As before, in determining the limiting normal distribu-
tion of the individual S-estimators, we cannot use affine equivariance and restrict ourselves to the
case (0,I). Instead, we use some of the results obtained in Section 8.2 to establish the limiting
normal distributions of the S-estimators 8,, = B(P,), 6,, = 8(P,,), and C,, = V(6(P,,)).

Corollary 6. Suppose that P is such that y | X has an elliptically contoured density fu s
from (3.2), such that (XB(P),V(0(P))) = (u, X). Let &, and E(P) be solutions to minimization
problems (3.1) and (3.5), and suppose that &, — &€(P) in probability. Suppose that E||X||? < oo
and suppose that p satisfies (R2)-(R5), such that u(s) is of bounded variation. Suppose that V
satisfies (V5), and has a linear structure (7.6). Let «, 71, and v2 be defined in (8.4) and (8.5),
and suppose that Eg 1, [0 (||z]])] > 0. If X has full rank with probability one, then /n(B, — B(P))
is asymptotically normal with mean zero and covariance matriz

Eo.1, [0 (1])?]
ko?

If v1 > 0 and the k* x | matriz L, as defined in (7.9), has full rank, then /n(0, — 0(P)) is
asymptotically normal with mean zero and covariance matrizc

(E[XT®'X])"".

201 (LT (Eil ® 271) L) ' + 0260(P)6(P)",

where
k(k +2)Eox, [u(]|z])?|lz]"]
(Eox, [0 (lzl)llz]1? + (k + 1)p'(l|z])1z]])?

2 4Eon,(p(lz]) — )]
ET o, [0/l

Due to the linearity of V, we can immediately establish asymptotic normality of the covariance
estimator C,, = V(0,,). From Corollary 6 it follows that

Vi (vee(C,) — vee(S)) = vt (L6, — LO(P)) = L/ (6, — 6(P)).

It follows that the limiting covariance of \/n (vec(V(8,,)) — vec(X)) is given by

09 — —

201L<LT (' ex ) L) LT 4 oavee(S)vee(D) T

Corollary 6 is a direct consequence of Theorem 6. Its proof, in particular the derivations
of the expressions for the limiting covariances, can be found in [16]. Note that the constants
Eo1. [0'(|1z]])?] /(ka?), o1 and o2, are the same as the ones found in [17] for the location and
covariance S-estimators, respectively. In fact, Corollary 6 is an extension of Corollary 5.1 in [17]
for S-estimators in the multivariate location-scale model of Example 4.

Asymptotic normality of S-estimators in the multivariate regression model of Example 2 follows
from Corollary 6. These estimators have been considered in [30], but asymptotic normality has
not been established. Under the assumption that the heuristic (9.3) holds, asymptotic relative
efficiencies are computed on the basis of this heuristic. Indeed, now that Corollary 6 has been
established, one may check that (9.3) holds.

Finally, note that the limiting covariances of v/n(8, — B3(P)) and 1/n(8,, — 6(P)) in Corollary 6
differ from the ones found in [5] for the linear mixed effects model (2.4) with X; = X, for i =
1,...,n. The results in [5] are obtained by re-parameterizing X3 = p and interpreting the model
as a multivariate location-scale model. Then building on the results in [17] for S-estimators of
multivariate location-scale, the limiting covariances in [5] are found by application of the delta
method. However, in view of Remark 3.1 this does not seem to be a correct approach.
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Remark 9.1. Although our expressions for the limiting covariances in Corollary 6 differ from the
ones found in Proposition 1 in [5], somewhat surprisingly, they yield the same matrices for the
example discussed in Section 5.1 in [5]. However, this is a consequence of the specific structure of
the design matrices X and Z in this example. One can easily find other design matrices for which
the limiting covariances in Corollary 6 yield different matrices as the ones found in [5]. Moreover,
the corresponding confidence regions based on the expressions in Corollary 6 can be substantially
smaller than the ones based on the expressions found in [5]. See the simulation in Section 10.

10 Simulation and data example

We compare the asymptotic results of the S-estimators with their finite sample behavior by means
of a simulation. Moreover we investigate the differences between the expressions found in Corol-
lary 6 and the ones in Copt and Victoria-Feser [5]. To this end we will study the behavior of the
estimators for samples generated from a model that is close to the one in [5]:

yvi=XB+vZ+e, i=1,...,n, (10.1)

a linear mixed effects model with y; in dimension k& = 4 and all subjects with the same design
matrix X for the fixed effects 3 = (81, 52)T. Following the setup in [5], the matrix X is built as
follows. The first column of X is taken to be a vector 1 consisting of ones of length four. The four
x-values in the second column are generated from a standard normal, and then X is rescaled to a
new matrix X = [1  x], such that XX = 4I,. For our simulation we used

1 —0.9504967
1 —0.5428346
1 1.6650521
1 -0.1717207

The random effects ~; are independent N (0,03) distributed random variables, which are inde-
pendent from the measurement error €; ~ N(0,02R). This leads to a structured covariance
¥ = 02ZZ" + 0?R, with covariance parameter vector 8 = (01,605)", where 6, = 02 and 0, = o?.
Following the setup in [5], we set 81 = 2 = 1 and 6; = 0 = 1.
In [5], the authors took Z = (1,1,1,1)T and R = I;. With these choices the expression
Eor, [¢'(l])?]

Varcyr(B,) = T(XTX)*1xTz:X(xTX)*1 (10.2)

found in [5] for the limiting covariance matrix of v/n(8, — B) (see (14) in [5]), is equal to our

expression
Eor1, [0 (|z])? 3 B
VarLGRG(Bn):%(ZHH)](XTE X)L, (10.3)

found in Corollary 6, and similarly for the limiting covariance matrix of 1/n(6,, — ). However, this
is just the consequence of the extreme simple choices for X, Z and R. Already, if we keep X as
it is, and only take a slight variation of either Z or R, one finds severe differences between (10.2)
and (10.3), and similarly for the expression of the limiting covariance matrix of /n(6,, — ).

We considered the following two alternatives

1. take Z = (1,2,3,4)T and leave X and R = I, as they are;
2. take R = (1,4,9,16)” and leave X and Z = (1,1,1,1)7 as they are.

We generated 10000 samples of size n = 100 according to model (10.1) and computed the value
of S-estimators 3,, and 6,, by means of Tukey’s bi-weight

s2/9 — s4/(2¢2 $6/(6ct
pB<5;C>:{ /2= 54/(2¢) + 5/ (6¢%),

|s| < ¢
10.4
?/6 [s| > c. (10.4)
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Figure 1: Empirical marginal and joined distributions together with limiting marginal and joined
distributions of v/n(8, — B) (first row) and /n(6,, — 0) (second row).

and by = Eo 1, [pB(||Z||; c0)], with the cut-off value ¢y chosen such that by/ag = 0.5. According to
Theorem 4, this corresponds to (asymptotic) breakdown point 50%.

Figure 1 displays the limiting marginal and joined distributions of \/n(3, —8) in the first row,
where we generated the samples with alternative 1. The histograms and scatterplot correspond
to the 10000 different values of /n(B, — B). The dashed curves correspond to the densities
and 95% contourlines of the theoretical limiting marginal and joined normal distributions using
the covariance matrix in (10.2). The solid curves correspond to the marginal and joined normal
distributions using the covariance matrix in (10.3). The empirical contourlines based on the sample
mean and sample covariance of the 10000 estimates are plotted in dotted lines, but they almost
indistinguishable from the solid contourlines. We find

8.13 1.78
Varcve(Bn) = ( 178 0.72 )

Clearly, the histograms of the repeated estimates for 81 and Sz match the graphs of the (marginal)

normal densities with the variances given by Varpgra(8r), and the scatterplot matches with the
95% contourline corresponding to Varpgra(Bn). Note that the differences with Varcyr(8,,) are
quite severe. For example, this yields that the length of the confidence interval for 8, based on
Varcvr(Br) will be two times larger than the one based on Varpgra(8n)-

The second row in Figure 1 displays the limiting distributions of v/n(6,,—), where we generated
the samples with alternative 2. In [5], the limiting covariance matrix was given by (see (15)
in [5]) (LTL)'LTVsL(LTL)"!, where Vs = 01(Ij2 + Ki ) (E @ B) + oavec(E)vec(E)T, see
Corollary 5.1 in [17]. Because

1.97 0.38
and Varpgra(Bn) = ( 0.38 0.40 ) '

(L"L)'L" (L2 + Ky ) = 2(LTL)'L7,
(LTL) 'L vec(Z) = O(P),
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Figure 2: Left picture: standardized residuals for the S-estimates (horizontal axis) and the ML
estimates (vertical axis). Right picture: observations for the subjects in the treatment group.

the expression given in [5] becomes
Varcyr(6,) = 201 (LTL)7'LT (2 @ ) L(LTL) ™! 4 0,0(P)8(P)7.

This differs from our Corollary 6, which gives
-1
Varrara (0n) = 201 (LT (Zlax ) L) + 020(P)9(P)T.

For the choices of X, Z and R in [5], both expressions are equal. However, for the alternative
choice for R made in alternative 2, one finds

20.63 —1.22 8.57 —0.82
Varcyr(0,) = ( 199 1.77 ) and Varpgra (60n) = ( —0.82 0.80 ) :

Again the differences are quite large. For example, as a consequence the length of the confidence
interval for 67 based on Varcyr(6,,) will be 1.5 times larger than the one based on Varpgrea(05).

Finally, we illustrate the performance of S-estimators by an application to data from a trial
on the treatment of lead-exposed children. This dataset is discussed in [10] and consists of four
repeated measurements of blood lead levels obtained at baseline (or week 0), week 1, week 4,
and week 6 on 100 children who were randomly assigned to chelation treatment with succimer (a
chelation agent) or placebo. On the basis of a graphical display of the mean response over time, it
is suggested in [10] that a quadratic trend over time seems suitable. We fitted the following model

Yij = Bo + B10i + (B3 + Badi)t; + (Bs + 565¢)t? + Y1i + 2t + 731'15? + €ij,

fori=1,...,100 and j = 1,...,4, where (t1,...,t1) = (0,1,4,6) refer to the different weeks, y;;
is the blood lead level (mcg/dL) of subject ¢ obtained at time ¢;, and J; = 0 if the i-th subject is in
the placebo group and §; = 1, otherwise. The random effects v; = (14,721, 73i), ¢ = 1,..., 100, are
assumed to be independent mean zero normal random vectors with a diagonal covariance matrix
consisting of variances 031, 032 and 033, respectively. The measurement errors €; = (€;1,. .., €i4),
i=1,...,100, are assumed to be independent mean zero random vectors with covariance matrix
0214, also being independent of the random effects. In this way we are fitting a balanced linear
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mixed effects model with unknown parameters 3 = (81, ..., 3) and 8 = (02 ,02,,02 ,07), and a
linear covariance structure.

We estimated (3, 0) by means of maximum likelihood and by means of the S-estimator corre-
sponding to Tukey’s bi-weight defined in (10.4). The tuning-constant was chosen to be ¢ = 4.097,
which corresponds to asymptotic breakdown point 0.5. For each estimate (B, OA), we determined

-~

the estimate V(8) for the structured covariance and the standardized residuals for each subject

RES; = \/(yi — X:B)TV(0) ! (y: — X;B)

The residuals for both estimation procedures are visible in the left picture of Figure 2, with the
residuals determined from the S-estimate on the horizonal axis and the ones determined from the
ML estimate on the vertical axis. Both estimates identify subject 40 as an outlier, but only the
robust S-estimate also clearly identifies observation 98 as outlier. The extreme large observation in
week 6 seems to be the reason that observation 40 is identified as outlier by both methods. See the
right picture in Figure 2. Observation 98 also seems to deviate from the overall quadratic trend,
by having a suspicious low observation in week 6. The corresponding S-residual clearly sticks out
from the other S-residuals, whereas this is much less so for the corresponding ML residual.

A Proofs and technical lemmas

Proof of Theorem 1
Proof. Let (3,0) € RY x R! satisfy the S-constraint in (3.5). Then from (R1)-(R2) it follows that

PeEV©.c) =1 [o(\ly X0 Vo) 1y - X)) aps) = 1o (A1)
0
Since 1 —r > ¢, Lemma 1(i) then implies that Ax(V(80)) > a; > 0. Because

i [ o (lyl/m) dPty. X) =0,

we can find mg > 0, such that [ p(||ly]l/mo)dP(y,X) < by. Lemma 1(ii) then yields that
A1(V(0)) < as < oo. Application of Lemma 1(iii), with a = 1 — r together with (Cl), im-
plies that ||B]] < M < oo. It follows that 3 is in a compact subset of R? and V(8) is in a compact
set K C Rkxk,

According to (2.9), the mapping 8 — V(0) is one-to-one, so that we can restrict 8 to the
pre-image V~!(K). Then with conditions (V1) and (V3) it follows that also V~!(K) is compact
in R!. We conclude that for solving minimization problem (3.5), we can restrict ourselves to a
compact set K’ C R? x R!. As det(V(8)) is a continuous function of (3, 8), due to condition (V1),
it must attain a minimum on K’. O

Proof of Corollary 1

Proof. Let P, be the empirical measure corresponding to the collection S,,. Then P,, satisfies
(C1,) for any 0 < € < 1—r and satisfies (C2,), for € = (k(S,)+1)/n. Clearly 0 < e < 1—r, where
r = by /aop, so according to Theorem 1 there exists at least one solution to (3.5) with P = P,,. This
means that there exists at least one solution to (3.1). O

Proof of Corollary 2

Proof. First note there exists 0 < n < € — €. According to Ranga Rao [24, Theorem 4.2] we have

sup | P,(C) — P(C)| = 0, ast — oo (A.2)
Cec
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Because strips H(a, ¢,9) € €, property (A.2) implies that every strip with P,(H(«,¢,8)) > e+ 7,
for ¢ sufficiently large, must also satisfy P(H(«,¢,d)) > €. This means that

inf {6 : P,(H(a,?,0)) > e+n}t>inf{6: P(H(e,?,0)) > €} > 0.

It follows that, for ¢ sufficiently large, P; satisfies condition (C2,,). Next, consider the compact
set K from (Cl.). Without loss of generality we may assume that it belongs to €. Therefore, as
P(K) > r+¢, for t sufficiently large P;(K) > r + e+ n. It follows that, for ¢ sufficiently large, P,
satisfies condition (Cle4,). Since e+n < 1—r, according to Theorem 1 at least one solution &(P;)
exists, for ¢ sufficiently large. O

Proof of Theorem 2

Proof. First note that there exists 0 < nn < € — €. Denote &(P;) = & = (B¢, 0:). Similar to (A.1)
we find that P,(C(B:,0:,¢0)) > 1 —r. Therefore, as C(B¢,0;,¢0) € Cand 1 —r > 1 —r —n, it
follows from (A.2) that

P(C(Bt, 6, c0)) > Pi(C(Bt, 04, ¢0)) — CS/}éIé |P(C) = P(C)| 21 —7r—n, (A.3)

for ¢ sufficiently large. Since 1 —r —n > ¢, this means that, according to Lemma 1(i), there exists
a1 > 0 only depending on ¢y and P, such that for ¢ sufficiently large,

Me(V(6y)) > ay > 0.
Denote £(P) = & = (8o, 00) and let dy(s) = d(s, Bo, 0p). Then according to Lemma B.1 in [16],

for any o > —1,
/(dO( )dpt ﬁ/ (1+a> Ple),

as t — 0o. As the limit is strictly decreasing at o = 0, and & satisfies the constraint in (3.5), we

find that for all o > 0,
do(s)
P <
/p<1Jr dPy(s) < bo,

for ¢ sufficiently large. Hence, similar to the proof of Lemma 1(ii) we conclude that for any possible
solution & = (B¢, 0;), it must hold that

det(V(60;)) < (1+ 0)**det(V(8y)),
for ¢ sufficiently large. As o > 0 can be taken arbitrarily small, we conclude that

lim sup det(V(8,)) < det(V(6p)), (A.4)

and we find that A;(V(8;)) < det(V(6y))/at~! < oo, for t large sufficiently large. Finally, let K
be the compact set from (Cl./), so that P(K) > r 4+ € > r 4+ € +n. Then, according to (A.3), it
follows from Lemma 1(iii) with @ = 1 — r — n, that there exists 0 < M < oo such that ||3:]| < M,
for ¢ sufficiently large. This means that there exists a compact set K’, such that for ¢ sufficiently
large the sequence {(B:, V(60;))} C K’. Then, similar to the second part of the proof of Theorem 1,
the conditions on the mapping 8 +— V(8) yield that there exists a compact set K" C R+ such
that for ¢ sufficiently large, the sequence {&,} C K”.

Consider a convergent subsequence {&;, } with &, — £. With Lemma B.1 in [16] and the fact
that &, satisfies the S-constraint in (3.5) at P = P, we find

[ olats.600)aP(s) =t [ ptats.&,))d4P, () < o

Hence, &1, satisfies the S-constraint in (3.5), which has solution &y. This means that det(V(60r)) >
det(V(6y)). But then from (A.4), it follows det(V(0)) = det(V(6y)). Uniqueness of & together
with identifiability (2.9) then implies that &, = &. Because {£;} eventually stays in a compact
set, this means that we must have lim;_, ., & = &o. O
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Proof of Corollary 3
Proof. We apply Theorem 2 to the sequence P,, n = 1,2,..., of probability measures, where P,

is the empirical measure corresponding to (y1,X1),. .., (¥n, Xn). According to the Portmanteau
Theorem (e.g., see Theorem 2.1 in [2]), P, converges weakly to P, with probability one. The
corollary then follows from Theorem 2. O

Proof of Theorem 5

Proof. Denote &5, = &(Ph.s,)- This solution satisfies the score equation (7.4) for the regression
S-functional at P, g,, that is

/\P(Sv gh,so) dPh,50 (S) =0.

We decompose as follows

0= /\I/(S,gh’SO)dPh’SO (S)
—(1-h) / (s, Enay) AP(S) + h(s0,Enny)

= (1= W)AEnso) + (P (50, Ens) — W(so, E(P)) ) + hU(s0,£(P)).

We first determine the order of &, s, — £&(P), as h | 0. Because £ — U(sg,&) is continuous, it
follows that
\P(SOvsh,So) = \I/(S(),é(P)) + 0(1)7 as h J/ 0.

Furthermore, because € — A(&) is continuously differentiable at £€(P), we have that

A(€n,so) = AE(P)) + D(P)(Ensy — E(P)) + o([[€n.s, — E(P)I])-

Since £(P) is the S-functional at P, it is a zero of the corresponding score equation, i.e., A(£(P)) =
0. It follows that

0= (1= h)D(P)(&ns, — &(P)) + o(l€n.s, — E(P)II) + o(h) + h¥(so, &(P)).
Because D(P) is non-singular and ¥(sg,£(P)) is fixed, this implies &5, s, — £(P) = O(h). After
inserting this in the previous equality, it follows that
0= (1= W)D(P)(En.0, — £(P)) + hW(s0,E(P)) + o(h)
=D(P)(€n.s, — £(P)) + h¥(so,&(P)) + o(h).
We conclude
&h,so - £(P)

h
This means that the limit of the left hand side exists and
E((1 = h)P + his,) — £(P)

IF(s0:. P) = lim . — —D(P)~"U(s0, £(P)).

= —D(P) ' U(sp, &(P)) + o(1), as h | 0.

Next, consider the covariance functional C(P) = V(0(P)). By definition

IF(sg; vec(C), P) = Iﬁ% veC(C(Ph,so))h— vec(C(P)).

Due to (V4), by applying the chain rule (e.g., see [20, Theorem 12, page 108]), we find

vee(C(Pa,)) — vee(0(P)) = PV (g5, )~ 0(P)) + o(l6(Ps) — 0P
— (W) (6(Phso) = 6(P)) + o(n).
Dividing by h and letting h | 0, finishes the proof. O
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Proof of Theorem 6
Proof. Write €p = £(P). Then from (9.2) and Lemma B.8 in [16], it follows that

0= A(&n) + /\I’(S,ép) (B, — P)(s) +op(n~'/?). (A.5)

From Theorem 2, we know that &, — &£p with probability one. For the first term on the right
hand side we have that

A(€n) = D(P)(&n — &p) +or([l€n — &pll) = D(P)(&n — &p) + op([16n — £pD),

using that A(€p) = 0, due to the fact that €p is the solution of (3.5), see also (7.4). From
Lemma B.2 in [16] we have that |Ug| < C:||X]| and ||¥g| < C9, for universal constants 0 <
C1,Cy < oo. Hence, from the conditions of the theorem, it follows that E||¥(s, &(P))||? < oo.
This means that for the second term on the right hand side of (A.5),

/\11(57513) d(P, — P)(s) = l Z (U(si,&p) —EVU(s,€&p)) = Op(n_l/Q),

n-
i=1
according to the central limit theorem. It follows that
0=D(P)(&: —&p) +op(l[€n — €pll) + Op(n~'/2),

so that ||&, — €p|| = Op(n~1/2). If we insert this is in (A.5), we obtain

n

1
0=D(P)(n —&p) + > (U(si:€p) ~ E¥(s,€p)) +op(n™'/?),
i=1
from which it follows that
1
n

V(€. —&p) = -D(P)"'v/n < > (W(sinép) - ]E‘I’(S,SP))> +op(1).

i=1

After application of the central limit theorem, we conclude that /n(&, — €p) is asymptotically
normal with mean zero and covariance matrix

D(P)™'E[¥(s,£p)¥(s,€p)" | D(P) ",

where we use that E¥(s,&p) = A(€p) = 0. This proves the theorem. O
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B Supplemental Material

For later use we first define two important matrix norms and mention some useful properties. For
m X n real-valued matrices A, we define the Euclidean norm or Frobenius norm as

m n
2
ZZ%"

i=1 j=1

Al =

and the spectral norm by
[A]l2 = suleAull-

llull=
Recall that for real-valued A, the largest eigenvalue is defined by

AM(A) = sup ulAu. (B.1)
[[uf|=1

This means that ||A[|2 = A{(ATA). Other useful properties are

[All2 < |A]l < v/min(m, n)[ A2 (B.2)

and
|A|? = tr(ATA) = tr(AAT), (B.3)

and
luv”|| = [ul|Iv] (B.4)

for u € R™ and v € R”. When A is symmetric then A\;(ATA) = A\;(A2) = \;(A)2. In that case

A (A)] = [[Allz < Al < vmin(m, n)[[Ally = /min(m,n) [A(A)]. (B.5)

Finally, note that both matrix norms are submultiplicative, that is
[ABll2 < [[A[2[Bll2, (B.6)

and
|AB| < [[A[[IB]]- (B.7)

B.1 Proofs of Section 4
Proof of Lemma 1

Proof. Note that cylinder C(8,8,c) is contained in some strip H(a, ¢, 2cy/Ap(V(0))). It then
follows from (C2.) that A\(V(6)) > 62/4c®. This proves (i). Let 8y be such that the pair
(B, V(080)) = (0,m2I;) satisfies the S-constraint in (3.5), which is possible due to condition (V2).
It then follows that for any solution (3, V(0)) of (3.5), one must have det(V(8)) < m2*. The
lower bound on the smallest eigenvalue then implies A\ (V(8)) < m2* /¥~ < oo, which proves (ii).
Note that

Ye = inf inf sup|X~vy| > 0, (B.8)

P()zellvlI=1ses

where the infima are taken over all subsets J C R¥ x X with P(.J) > ¢ and all unit vectors v € RY.
This can be seen as follows. Take al = (07,4, ... 1) /k, where 0 is a k-vector of zeros, so
a € RF x R* and ||a|| = 1. Then, with ¢ = 0, we have a’s — ¢ = (vTx; + --- + vTx})/k. Note
that | Xv|? = Z?:l(x?7)2~ Therefore, if 7. = 0, then v7x; = 0, for all j = 1,...,k, which
means that a’'s — ¢ = 0. This would be in contradiction with (4.3), which is equivalent to (C2.),
according to Remark 4.1. Now, note that

P(C(B,0,c)NK) > P(C(B,0,c)) —P(K°)>a—-1+1—a+e=¢.
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Hence, according to (B.8), there exists sg = (yo, Xo) € C(8,0,¢) N K, such that ||Xo7v]|| > v > 0,
for all 4 with |||| = 1. Because sg € C(3, 0, ¢), it holds

lyo — XoB|I” < (yo — X0B8)" V(0) ' (yo — X0B)A1(V(8)) < cAi(V(0)) < cag,
due to part (ii). Because sy = (yo, Xo) € K, this means that

1XoBll < [lyo — XoBll + l[yoll < Vcaz + sup |ly].
(y,X)eK

Because sg € C(3, 0, ¢), together with (B.8) we conclude that

18l _ 1

=X
18Il = XoBIl x X8l = e

1
IXoBll < — (\/wz + sup ||y||> < 00,

(y,X)eK

This proves part (iii). O

Proof of Remark 4.1

Proof. Suppose that (C2.) holds and suppose that w. = 0. Then there exists a sequence (J,, &y, £y,),
with J, C RF x X, a,, € RF4 ] ||, || = 1, and £, € R, such that P(J,) > ¢, foralln =1,2,...,
and

sup |als — £,] — 0.

seJy

This means that for n sufficiently large &, = 2supgc; |als — £,| < d.. Then, there exists a
strip H(aup, £y, 8,) containing J,,, such that §,, < 0. and P(H (aup, £y, 5,) N(RF x X)) > P(J,) > e.
This would be in contradiction with the definition of §. in (C2.). On the other hand, suppose
that (4.3) holds and suppose that 6. = 0. That means that we can find a sequence (e, £y, dn),
with o, € R¥ xR ||, || = 1, and ¢,, € R, such that d,, | 0 and P(H (v, n, 6,) N (RE x X)) > ¢,
for all n =1,2,.... This means that for n sufficiently large §, < 2w, and then

sup lals — 0, = 6,/2 < we,
SEH (0t L ,0,)RF X X

which would contradict definition (4.3). O

Lemma B.1. Let P,, t > 0 be a sequence of probability measures on R¥ x R¥4 that converges
weakly to P, ast — oo. Let & = (B:,0;), t > 0, be a sequence in R? x R, such that & — &1,
as t — oo. If g(s,&) = p(d(s,&)/a), for some o > 0 fized, where p satisfies (R2)-(R3) and V
satisfies (V1), then

i [ g(s.€0)dP(s) = [ ols.62)4P(s).

t—o0

Proof. Let g4(s) = g(s, &) and gr,(s) = g(s,£&). Then for every sequence {s;}, such that s; — s,
we have

tli)r{.lo gt(st) = gL(s).

Now, apply Theorem 5.5 from [2]. Let T' : [0,00) — [0, 00) be the function

F(u) = UI[O,ao] (u) + aol(ao,oo) (u)a

which is bounded and uniformly continuous. Then as a consequence of P, — P weakly, we have

lim [ g(s.6)dRs) = Jim [ T(a(s) AP ) = [Tian)aP(s) = [ g(s.€1)dP(s)

29



B.2 Proofs of Section 5
Proof of Theorem 3

Proof. Davies [6] defines location-scale S-estimators by means of a function « : [0,00) — [0,1]. Tt
relates to our p-function as p(d) = ag(1 — #(d?)). The S-minimization problem considered in [6]
can be formulated in our notation as follows

min det(A)

a7

subject to (B.9)
[o (Vo =arasio =) fstdy < .

where the minimum is taken over all « € R*¥ and A € PDS(k). The conditions (R1)-(R2) imply
the conditions on k(s) = 1 — p(y/s)/ap imposed in [6], and x and h have a common point of
decrease. It then follows from Theorem 1 in [6] that (B.9) has a unique solution

(o, AY) = (1, %) = (XBo, V(60))-

Since this solution is unique, candidate solutions to (B.9) must be of the form (o, A) = (X3, V(0)),
for some B € RY and @ € R!. It follows that minimization problem (B.9) is equivalent to
minimization problem (5.2). As a consequence, minimization problem (5.2) has a unique solu-
tion (B*,0%) for which X3* = X3y and V(0*) = V(). Since X7X is non-singular we can
multiply X3* = X3, from the left by (XTX)~'X”. Tt then follows that 8* = By. Finally,
from (2.9) we find that 8* = 6y. This proves the theorem. O

B.3 Proofs for Section 6
Proof of Theorem 4

Proof. Without loss of generality we may assume that ¢y = 1 and sup p = 1, so that r = bg. The
first step is to show that for both estimators € > [nr]/n. To this end, consider a collection S/,
obtained from the original collection S,, by replacing at most m = [nr] — 1 number of points
in R¥ x X. We must show that at least one solution (3,(S.,),0,(S/,)) to the S-minimization
problem (3.1) exists for the corrupted collection S;,, and that all possible solutions do not break
down.

Denote a possible solution to the S-minimization problem (3.1) corresponding to the corrupted
collection S/, by

& = (B, 0m) = (Bn(Sp), 0n(S7)),

and consider the corresponding cylinder C(3,,,0,,,1) defined by (3.3). We apply Lemma 1 to
the empirical measure P, corresponding to the corrupted collection S/, of n points. Because
& =(8.,,,0.,,) must satisfy the S-constraint in (3.1), one can argue as in (A.1),

m) T m

1

P’ ! / - . / /
n(C(B 01,1)) = — D 1{si €C(B,,,0,,,1)}
s;€S],
1
>1- - ; p(d(si, €,)) = 1 = by,

m

where d(s;, &],) is defined in (5.1). It follows that the cylinder C(3,,,0.,,1) must contain at least

m? m?
[n —nby] = [n — nr] number of points from the corrupted collection S),. Furthermore, since

r < (n—k(S,))/(2n), for any such subset of S/, it holds that it contains

[n—nr]—m=n—|nr|—[nr]+1>x(Sy) +1 (B.10)
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points of the original collection S,. It follows that the measure P/, satisfies condition (C2.),
for € = (k(Sn) + 1)/n and with the value 6. > 0 only depending on the original collection S,.
Moreover, we also have that P, (C(8,,,6,,,1)) > ¢, for e = (k(S,) + 1)/n > 0. According to

m? o m?

Lemma 1(i), it then follows that A\x(V(6),)) > a1 > 0, where a; only depends on the original
collection S,,.
Because nbg —m = nr — [nr] +1 > 0 and

: [yl
1 _— =
Rgnoo Z P ( R O’
(¥i,Xi)ESn
we can find an Ry > 0, only depending on the original collection S,,, such that
Z p (”Z;”) < nby — m.
(¥i,Xi)ESn 0
The collection S/, contains n—m points of the original collection S,,. Consider the smallest M > 0,

such that
Z p(”})\’/}”) < nby — m.
(vi,X:)ESL,NSx

Because S), N'S,, has less points than S, it holds that M < Ry. It follows that

(@) 5 (%)

n
(v, X4)€ES],

1 3 p(”ﬁ)

n
(vi,X:)€S],

1 i
s () <

(y:,X4)€S!, NSy

IN

IN

According to Lemma 1(ii), it then follows that A;(V(6),)) < as < co. where az only depends
on a; and the collection S,,.

To show that the estimate (3], stays bounded, recall that the cylinder C(3,,,0,,,1) contains a
subset Jy of k(S,,) + 1 points from the original collection S,,, according to (B.10). By definition,
k(Sy) + 1 original points cannot be on the same hyperplane, so that

= inf inf X[ > 0.
=8, H-l,ﬂ:l?eaf” i

where the first infimum runs over all subsets J C S, of x(S,,) + 1 points. By definition of 7,
there exists an original point sg € Jy C S, NC(B,,,0.,,1), such that

/
I8l 1
ol =

Because sy € C(3),,0.,,1), similar to the proof of Lemma 1(iii), it follows that ||yo—Xo03.,
and because sg € S,,, we have that

1Bl = [1Xo, 1| > 1XoBl-

||2 S a,

X3 | < < 0.
[XoBll < Va2 + o, e lyill < oo

We conclude that there exists a compact set K, only depending on the original collection S,
that contains the pair (3,,, V(0,,)). Similar to the reasoning in the proof of Theorem 1, it follows
that at least one solution (3,(S),),0,(S),)) to the S-minimization problem (3.1) exists for the
collection S/, and that all possible solutions 3,(S},) and 6,,(S],) do not break down.
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We continue by showing €% (68,,) < [nr]/n. Replace m = [nr] points of S,, to obtain a corrupted
collection S),, of n points. Suppose that a solution &, = (8.,,,6.,) = (Bn(S},),0,(S),)) exists to
the S-minimization problem (3.1) corresponding to the corrupted collection S/ . We must show
that the estimate 0/, breaks down. Note that the estimates 3/, and @/, satisfy the S-constraint

in (3.1) for the corrupted collection,

S p(dsin€l)) < nr. (B.11)

SiGS,:n
If all m = [nr] replaced points are outside the cylinder C(3.,,0.,,1), then
D opldsnén)) = Y. pldlsi &)+ [nr] > nr,
siGS;n S; GS,:nﬂSn

when nr ¢ IN. When nr € IN, then by assumption n — m = n — [nr] > k(S,) + 1. Hence, there is
at least one point s; € Sy, for which d(s;, €],,) > 0. Because p is strictly increasing on [0, 1], this
implies

S p(d(sin€ly) >

s; €S/

We conclude that at least one replaced point s; = (y}, X}) € C(8,,,0.,,
points in S}, are outside C(3,,,6,,,1), then

m? m?

Z p(d(si, &) >n—[nr] >n—[n—nr]+r&(S,) > nr,

s; €S/,

1). Similarly, if all original

which is in contradiction with (B.11). Therefore, the cylinder C(3/,,0,,,1) must contain a point

so = (y0,Xo) from the original collection S,, as well as one replaced point s, = (y}, X}).
Note that for each point s = (y,X) € C(3,,,90.,,1) it holds that

laf (v — XB,,)I? i (v = X817 _

R <1, B.12
A V(@) A (V(9,,)) (312
where \;(V(0,,)) > 0, for j = 1,...,k, are the eigenvalues of V(6,,) and qi,...,qs are the

corresponding orthonormal eigenvectors. Now, replace all m points by s, = (y;, X}) = (z,0),
where 0 is a k X ¢ matrix of zeros and z = thZl q;, so that q]Tz =t,foreach j=1,..., k. By
sending ¢ — oo and the fact that at least one replaced point (z,0) satisfies (B.12), it follows that
Aj(V(6,,)) — oo, for each j =1,..., k. This means 0, breaks down.

The upper bound for € (3, S,) follows from the fact that 3,, is regression equivariant. Similar
to Theorem 2 in [19] it can be shown that the maximal breakdown point of regression equivariant
estimators is | (n + 1)/2]/n. This proves the theorem. O

B.4 Proofs for Section 8

Lemma B.2. Suppose that p satisfies (R2), (R4) and V satisfies (V4). Let ¥ = (¥g, ¥g), as
defined in (7.5). Then there exist 0 < C; < 00 and 0 < Cy < 00, only depending on P, such that
[Wg(s,&(P))| < C1[X]| and [[Wo(s,&(P))[| < Ca.

Proof. Consider the expression of g in (7.5). Consecutively, we apply (B.3), (B.1), (B.5), (B.6),
and (B.2). This gives

X"V iy - X8)|"

=(y-X8)'VIXX"V 'y - XB)
< M (VIEXXTV2)(y - XB) TV (y — XB)

— P HV—1/2XXTV—1/2H2 (B.13)

2

< v xxT,
2

< PX|Px (V).
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where d = d(s, €) as defined by (5.1), and where we abbreviate V(@) by V. This means that

Wa(s; E(P))| < [u(d)d]| x [[X]| x /A (V(O(P))~1).
From (R2) and (R4) it follows that u(s)s = p’(s) is bounded. This means that there exists a
universal constant 0 < C7 < oo, such that
1Wa(s, £(P)II < CrlIX]].
For g = (¥g1,---,¥g,), we have

o (5.6) =y — XV Yy - X8) e (VUG (ol ).

for j =1,...,1, where we write V instead of V(8). Recall that

oV l oV
L 19V ov -1 ov
Hjtr(V 9j> (tglf)t 39:&) tr( E 9t> .

To bound H;, we first obtain a bound on

ov

aHJV Yy —XB). (B.14)

(y-XB)'v!

Note that OV /06, is symmetric, but not necessarily positive definite. When (B.14) is positive,
then application of (B.1) gives

10V

J— T -
0<(y—XB)'V 70,

V—l(y o Xﬁ) < d2)\1 (V—I/Qg;fv—l/2>

J

2oV
< v 2
- ‘ o0

Sd )‘1( )7

89

according to (B.7) and (B.5). When (B.14) is negative, then similarly

0<(y-Xg)'v ( aV) V iy - XB) <d*\ (V—l/2 (—ZZ) v—1/2)

00 )
< .
<d? a6, AM(vVTh
It follows that 5V 5V
(y =XB)'V IV i(y -Xg)| < & (V. (B.15)
09, 89]

Furthermore, according to (V4), the mapping 6 — V(0) is continuously differentiable. This means
that there exists a universal constant 0 < M; < oo, such that

EN%P))H < M;. (B.16)

max
1<j<1

Because 9V /96, is symmetric, according to (B.5) and (B.6)

" (v 12;’)‘_||v

<f)\1( o)

a9,
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Together with (B.16), we find

oV
’tr (V 81%)’ =k

where we abbreviate V(@(P)) by V. It then follows there exists a constant 0 < My < oo, only
depending on P, such that at 6(P),

A (V_lav

— )| <EY2MA (V7Y (B.17)
06,

max |(y — XB)"VH; V™ (y - XB)| < d*Ms. (B.18)
)=

From (R2) and (R4) it follows that u(s)s?® = p/(s)s and p(s) — by are bounded. Together
with (B.17), it follows that there exists a universal constant 0 < Cy < oo, such that

W ;(s,£(P))|| < Co,

for all j =1,...,[. This finishes the proof. O

Proof of Corollary 4

Proof. Take s = (y,X) fixed and consider IF(s; &, P). Since D(P) does not depend on s, from
Theorem 5 and Lemma B.2, it follows immediately that IF(s; &, P) remains bounded in y, but not
necessarily in X. O

Lemma B.3. Consider A as defined by (8.2) with ¥ defined in (7.5). Suppose that p satisfies
(R2) and (R5) and V satisfies (V5). Furthermore, suppose that E||X||? < co. Let &(P) be a
solution to (3.5) and let N be an open neighborhood of €E(P). Then, A is continuous differentiable

at £&(P) and for all € € N,
IA(E) 7/3‘1’(5,5)
23

dP(s).

2]
Proof. Write OA/0€ as the block matrix

(&) IMs(E)

org _ | 9P 00 (B.19)
06 Oho(€)  Dho(&)
os 00
where
10(6) = [ Wals.€)dP(),
20(6) = [ Wo(s,€)AP(s)
We prove the lemma for each block separately. Consider 9Ag/03. We have
OWp(s.&) _ _vi(d) XTV-(y - XB)(y — XB)TV X — u(d)XTV~IX, (B.20)

0B d

where d = d(s, £) is defined by (5.1) and where we abbreviate V(6) by V. First note that, accord-
ing to (RH), &€ — u/(d(s, &))/d(s, &) is continuous at &(P), for each s fixed such that d(s, &(P)) # 0.
Together with (V1), this means that for such s fixed, £ — 9Ug(s, £)/08 is continuous at £(P).
For the first term on the right hand side of (B.20), we apply (B.4) and (B.13). This gives

XV y = XB)y ~ XB)TV X = XTIV y - XB)[” < P IXPA (V).
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Similarly, for the second term on the right hand side of (B.20), after application of (B.7) and (B.5),
we get
_ 2 _ —
[XTVEX[| < IXIP VT < vallX[Pa (V.
Since A1 (V~1) is bounded uniformly on the neighborhood N of &£(P) and because u(s) and u/(s)s =
p"(s) — u(s) are bounded, due to (R2), it follows that there exists a constant 0 < C; < oo, only

depending on P, such that
o¥g(s,
|25 | < cuxe

opT
Since E||X||? < o0, it follows by dominated convergence that for £ in the neighborhood N of £(P),
it holds that s (E) T 5(5.€)
B B\S,
= dP B.21
ot - [Fesap). (B.21)

and that 0Ag/0B is continuous at £(P).
Next consider 0Ug/00. For each j =1,...,1 fixed, we have

OWg(s, &) _ u'(d) v Xﬁ)TV_lc‘LVV_l(y ~XB) - X"V l(y — XB)
90, 2d 99, (B.22)
+ u(d) - XTV_lgV_l(y - Xp).
J

First note that, similar to (B.20), & — 0W¥g(s,£)/d0; is continuous at £(P), for each s fixed such
that d(s,&(P)) # 0. Consider the first term on the right hand side of (B.22). From (B.13), we

have
IXTV y = XB8)|| < d|X[lv/ A (VD).

Moreover, similar to the reasoning in (B.15), we find

ov

20, MV, (B.23)

\<y ~xg) v Yoy - xm‘ <&
26,

For the second term on the right hand side of (B.22), similar to the reasoning in (B.13), we have

2
XV Yy ly - X)| = (v - XBV I D VIXXTV T D iy - Xp)
0, d0; d0;
< d?\ (V1/28VV1XXTV18VV1/2>
0; d0;

SdQ V*l/Qaivvflxxvalaivvfl/2

0; j 5

ov? _

< &?||IX)? TR A (VTH2

J

According to (V4), the mapping V(0) is continuously differentiable. This means that |0V /00;||
is bounded on the neighborhood N of &€(P). Since A;(V~!) is bounded uniformly on N and
because u(s)s = p'(s) and u'(s)s?> = p”(s)s — p'(s) are bounded, it follows that there exists a
constant 0 < Cs < 0o, only depending on P, such that for j =1,... 1,

|20 < e

06,
As before, it follows by dominated convergence that for £ in the neighborhood N of £€(P), it holds
that
9Ap(¢) AZICRI)
= P B.24
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and that 0Ag/00 is continuous at £(P).
Next consider 0¥y ;/08, for j =1,...,l. We have

00(8.8) _ Wl yry-i(y — xp). (y — XB)TV H;V -}y - XP)

o3 d
—u(d) - 2XTVIH,;V H(y — XB) (B.25)
+tr (V‘18V> u(d)XTV~(y — XB),
00;

where Hj is defined in (7.3). As before, § — 0Wy, (s,£)/0 is continuous at §(P), for each s fixed
such that d(s,&(P)) # 0. Consider the first term on the right hand side of (B.25). From (B.18),

[(y =XB)"VTIH; V™ (y — XB)| < &*Ms. (B.26)

Because u'(s)s? is bounded, together with (B.13), the norm of the first term on the right hand
side of (B.25) is bounded by a constant times || X||A;(V~1)/2. Similar to (B.13), for the second
term on the right hand side of (B.25),

2 2
XV VT (y - X)) < @[ Vo v X
< kX2 [HL 22 (V)

and for the third term on the right hand side of (B.25), we can use (B.13) and (B.17). As before,
since u'(s)s = p”(s) —u(s) and u(s)s?> = p/(s)s are bounded, it follows that there exists a constant
0 < C3 < 00, only depending on P, such that for j =1,...,1,

PATRICRI
I S < Os]IX].
| 2ot 8] < capx
Since E||X|| < oo, if follows by dominated convergence that for £ in the neighborhood N of £(P),
it holds that Do (£) (s, £)
0 6.8,
= dP B.27

and that dAg/0B3 is continuous at &(P).
Finally, consider 0%g ;/00;, for j,t =1,...,l. We find

8\110’- _ u/(d) B T 7187\/' 1 B
= e XAV VT y - Xp)
(y = XB8)'VIH,;V(y - XB)

—u(d)(y - XB)"V~! ZZV CH;V-(y — XB)

+u(d)(y - X5>TV*1%—I;I: SV i(y - XB)

—u(d)(y - XB8)'VIH; - v! (ZZV Yy - XP) (B.28)

_10V 1 oV
+ tr <V 69tv ) (p(d) — b)

0’V
j— 1 —
o (v (5 ) bo)

L0V u(d) 0V
+tr<V 180) T( y -Xp)'v-! aatv Yy —XB).

As before, together with (V5), & — 0Wy,(s,£)/00; is continuous at &(P), for each s fixed such
that d(s,&(P)) # 0. From (B.15) and (B.18), it follows that the first term on the right hand side
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of (B.28) is bounded by
ov

|w'(d)d| || OV
00,

5 M (VTHDM,.

Because u/(s)s = p”(s)s? — p'(s)s is bounded, together with (B.16), we conclude this is bounded
on the neighborhood N of £(P). Similar to (B.13), the second term on the right hand side of (B.28)
is bounded by

< u(d)|d?
2

\4
lu(d)|d? V*l/?gfgvflﬂjvﬂ/2 P (vt
t

86,

Since u(s)s? = p/(s)s is bounded, together with (B.17), we again find that this is bounded on the
neighborhood N of £€(P). The same holds for the fourth term on the right hand side of (B.28).

We continue with the third term on the right hand side of (B.28). Similar to (B.13), this is
bounded by

O0H;
JV 1/2 J
00,

< Ju(d)|d*A (V1) .

2

[u(d)|d? ||V

We have that
%I;j :{ ( ~V- ?TZV_ g;[> +tr (V 15;2)} (Szl;esg;g
+ tr <V 12;/) {(g;:) + (F:GSS;L)}
_{ ( e %V Sl ng) +tr (V‘@Z) +tr (V—léesgl)}g;;
~u(vr o) (o).
With (B.5), (B.6), and (B.16), we find

10V ___ 0V A%
10V, < 19V,
s () <4y

Al o

<KV,

<EM(VTHME,

which is uniformly bounded on the neighborhood N of &(P), and similar to (B.17) we find

2
() e

gVt

0*V
06,6,

(B.30)

Because, according to (V5), the mapping 6 — V(6) is twice continuously differentiable, it follows
that ||82V/89j9t|| is uniformly bounded on the neighborhood N of &£(P). Together with the fact
that with (B.16),

l l l
oV oV
- <§ —\ <M E
2" on. | = 1 |5 < 1

it follows that the first term of OH, /06, is bounded on the neighborhood N of £(P). The traces
in the other terms can be handled in the same way, which yields that ||0H,/06;| is bounded on
the neighborhood N of £(P). Because u(s)s? = p’(s)s is bounded, it follows that the third term
on the right hand side of (B.28) is bounded.
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Next, consider the fifth term on the right hand side of (B.28). From (B.29),

tr (V—lggiv—lg;f_)‘ < kEN(VTHME
J

which is uniformly bounded on the neighborhood N of £(P). Because p(s) is bounded, it follows
that the fifth term on the right hand side of (B.28) is bounded. For the sixth term on the right
hand side of (B.28), from (B.30) we have

PV
Vol ) < B2 (VT
‘tr < 89]’975)‘ B Ml )

’ 0*vV
6,0,

Because V(0) is twice continuously differentiable and p(s) is bounded, we conclude that the sixth
term on the right hand side of (B.28) is bounded. Finally, from (B.17) and (B.23) together with
the fact that u(s)s?> = p/(s)s is bounded, it also follows that the last term on the right hand
side of (B.28) is bounded. By putting everything together, it follows that there exists a constant
0 < C4 < o0, only depending on P, such that for j,t =1,...,1,

a‘1’0 j(87 5)

It follows by dominated convergence that for € in the neighborhood N of &(P), it holds

Ne(8) _ [ OVe(s,§)
50 7/ 50 dP(s), (B.31)
and that dAg/00 is continuous at £(P). This finishes the proof. O

For convenience we state the following result from [17] about spherically contoured densities,
see Lemma 5.1 in [17]. This lemma uses the commutation matrix Ky x, which is the k2 x k? block
matrix with the (i, j)-block being equal to the k x k matrix Aj; consisting of zero’s except a 1 at
entry (j,4). A useful property (e.g., see [20, Section 3.7]) is that for any k x k matrix A, it holds
that

K pvec(A) = vec(AT). (B.32)

Lemma B.4. Suppose that z has a k-variate elliptical contoured density defined in (3.2), with
parameters p = 0 and X = I. Then u = z/||z| is independent of ||z||, has mean zero and
covariance matriz (1/k)I;. Furthermore, Eg1,uu’u =0 and

Eo 1, vec(uu” )vec(uu” )’ = oy (Iy2 + Ky 1) + gavec(Ix)vec(I) 7,

where o1 = 09 = (k(k +2))7 L.

Proof of Lemma 2

Proof. Write 0A/O€ as in (B.19). We determine each block separately and apply Lemma B.3.
Let €p = (Bp,0p) = (B(P),0(P)). When we also write Vp instead of V(6(P)), then according
to Lemma B.3 we have

OAg(&p) [ 0¥p(s,&p)
S5 = | o AP

— & [MXTV - Xy - XBe) VX 4 u(d) - X VX

d
=-E [IE

ADxrs1ty — wly — WS 7X +u(d) - XTBIX | XH ,
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where d? = (y — Xﬁp)TVI_Dl(y — XBp). The inner expectation on the right hand side is the
conditional expectation of y | X, which has the same distribution as 32z + u, where z has a
spherical density fo1,. This implies that the inner expectation on the right hand side is equal to

/
XTE—l/QEO’Ik |:u <1Z||)ZZT +U(||Z||)Ik:| 2_1/2X.

From Lemma B.4, we find

u'(]|z
Bo, | i aa + ()T | = o, [ (l)lal 127

= +u(||z||>1k]

~ Fou, [u <||z||>||z||}Eo 1 [0 + Eo, [u(]2])] T

= Eox, [u/(||2])l|z] Ik+1E01k[ (Il1)] T

= OéIk;,

where u = z/||z|| and

@ = Ba, | g (laDlel + u(lal)] = Eox, | (1 1) Sl + 2ol

It follows that

oA _
g(;”) = —aE [XTE"'X].
Next, for j = 1,...,1, consider
OAg(&p) _ [ OVg(s,&p)
00, / oo, 4G
_g|g|“9 (y — XBp) V5! BVPV Yy —XBp) - X"Vp!(y - XBp) XH (B.33)
2d 90, :
+E |E |u(d) - XTV;%‘QP Yy — XBp) H :

According to Lemma B.4, the inner conditional expectation of the first term on the right hand
side of (B.33) can be written as

! ov
XTE u'(||z]]) T5-1/29V P sn—1/2 5—1/2
{ 2] o0, = T

1 2 V
_ XTEO,Ik [U (||Z!)HZH } Eo.1, {uTzl/Q 389P21/2u21/2u] :
J

Since the second term on the right hand side is the expectation with respect to a spherical density
of an odd function of u, this expectation is equal to zero due to Lemma B.4. Similarly, the second
term on the right hand side of (B.33) has inner conditional expectation

aVp
06,

OVp

»12E =0
ao] OA,Ik [u] )

X"Eos, [a(z)z* 2-1/2z] — X" Eoy, [u(ll2l])|2]] £~

due to Lemma B.4. It follows that
OAg(&pr)

=0.
00
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Next, using Lemma B.3 and (B.25), for all j =1,...,[, consider

Ohe ; OVg i(s, &
9" :/ eaj; Larts)
= 5 |B | XTIV y - XBp) - (v - XBp) VEH, VE (y - XBr) | X
(B.34)
—E |E [u(d) 2XTVR'H VR (y — XBp) XH
—tr (V@Z) E |E lp/;d)xTvlgl(y —Xp3p) XH .
J

According to Lemma B.4, the first term on the right hand side of (B.34) has inner conditional
expectation

XT]EO,Ik {u’(|||zlll) 2—1/2ZZTE—1/2Hj2—1/2Z]
Z

= X"Eo, [/(2])]}2]*] £~"/*Eo, [uu” 5 1/2H; 5 0l .

Again, the second term on the right hand side is the expectation with respect to a spherical density
of an odd function of u, and is therefore equal to zero. Similarly, the inner expectation of the
second term on the right hand side of (B.34) is equal to

2XTS T H; B ?Eoy, [u(|z])z] = 2XT =T H; ST Eo g, [u(2])|2]l] Eo,x, [u] = 0,

and the inner expectation of the third term on the right hand side of (B.34) is equal to

_ p'(||z _
X792y, | £ | = XIS B () o, ] =0

It follows that

Ohe(Er) _

B
Finally, to determine JAg ;(€p)/00s, note that when V is linear, we can write
W (s, €) = —vec (VL V) vee (Wy (s, £))

where Uy is defined in (7.8) and has the property that

/\I/v(S,ﬁp) dP(S) = 0,

when y | X has an elliptically contoured density f,, s with parameters p = X3p and ¥ = Vp.
This means that for each j,s =1,...,[, we have

OAg 0V (s, _ _ oWy (s,
géfg(fp) :/ g’é(ess £r) dP(s) = —vec(Z'L; =) vec (/ Va(;sgp)dP(S)>

where Uy is defined in (7.8). As before, we find

ku'(d)

54 ZT271/2L3271/2Z' 21/2ZZT21/2

/a\IIV(SvéP) dP(S) —_EI|E

00

+E X (B.35)

E l”;(j) 2L R 8

—E |E |v(d)L, | X
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The first term on the right hand side of (B.35) is equal to

E kul(HZH)ZTz—l/QL »-1/2,51/2,,T51/2
L2l S

k' 3
= Eo1, [“(”Z;D”Z”} Eor, [U_Tz—1/2L52—1/2u21/2uuT21/2 .

Furthermore, we can write
vee(S'L; 1) vec (E(,,Ik [uTE*1/2Lsz*1/2u21/2uuT21/2})
= vee(L;)T (27 @ X1 Eo 1, {vec (21/2uuT21/2) uTE_l/QLSE_l/Qu}

— Vec(Lj)T (271 ® 271) (21/2 ® 21/2) Eo 1, [Vec (uuT) vec (uuT)T} vec (271/2L5271/2)
1

T
= —1/21, . »—1/2 T -1/2 —1/2
vec (2 > ) HEED) (Ik2 + Ko + vee (I ) vee(I,) )vec (2 LS ) :

using Lemma B.4. Application of property (B.32) and the fact that vec(A)Tvec(B) = tr(AB),
yields

vee(S 1L 21 vec (EO,I,C [uTE’1/2LSE’1/2u21/2uuTEl/2])
1

= f g LT L) (3L (3 L))

It follows that the first term on the right hand side of (B.35) leads to a first term in OAg ;(§p)/00s,
which is equal to

Eo,1, [u'(|2]])]|z]]
2(k +2)

(Ztr(E_leE_lLs) + tr(z—le)tr(z—lLs)). (B.36)

The second term on the right hand side of (B.35) is equal to

!
Eo.1, {” (HZH)ZT21/2L521/2Z2]

2||z||
g _
= ]Eovlk w EO,Ik [uTz*1/2Lszfl/2u:| »
- , . T
= Eo 1, w vec (2_1/2L32_1/2) vec (EO,Ik [uuT]) by
- , Z T 1
=Eo1, w vec (2—1/2L82—1/2) vec (ka) D

_ Eox, [v'(IIz]) 2]
2k

tr (£7'Ly) X,

using Lemma B.4. This leads to a second term in 0Ag ;(€p)/00s, which is equal to
]E /
i [UQ(]!ZH)HZMU (E_lLS) vec (E_leE_l)Tvec(E)
_ Eox, [v'(/[2]])[2]]]

= o tr (7'L,) tr (27'Ly) .

The third term on the right hand side of (B.35) leads to a third term in dAg j(£p)/06,, which is
equal to

(B.37)

Eo 1, [v(||z]])] vec (E_leE_l)Tvec(Ls) =Eo, [v(||z])] tr (Z7'L;=7'Ly) . (B.38)
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We conclude that OAg ;(£p)/00s consists of three terms given in (B.36), (B.37) and (B.38). This
means that OAg j(€p)/005 has a term tr(X~'L;X71L,) with coefficient

Eo.r, [« (|lzl]) 2]
(k+2)

+ Eor, [v(llz])] = 7,

and a term tr(X'Ly)tr(X7'L;) with coefficient

Eox, [u'(lzl)]2]°]  Eo,x, [v'(l2l])]2]]
2(k + 2) 2k

= =72

where 71 and 7 are defined in (8.5), and where we use that u'(s)s® = p’(s)s? — p’(s)s and
v(s) = p'(s)s — p(s) + bp. Finally, from the definition of L in (7.9) it follows that the ! x [ matrix
with entries

Yt (ETLETIL,) — etr(B L) tr(2 L)
= yyvee(L;)” (2*1/2 ® 2*1/2) (2*1/2 ® 2*1/2) vec(Ly)

— yavec(L;)T (2_1/2 ® 2_1/2) vec(Iy)vec(I;) T (2_1/2 ® 2_1/2) vec(Ly)
=nLT (T @ 7! L — yavec(L;) vee(Z ™ vee(E71) T vec(Ly),

is the matrix
LT (7' @ 27N L — L vec(E ) vec(Z7) L.

This proves the lemma. O

Lemma B.5. Suppose that p satisfies (R3)-(R4). Let v1 and o defined in (8.5) and suppose that
y1 > 0. Then the inverse of OAg(&(P))/00T exists and is given by

a(LT (z ez L) R

—1
+ b(LT (='ex L) LT vec(Z )vec(Z™HTL (LT (='ex™ L)

where a = 1/v1 and b= ya /(71 (71 — ky2)).
Proof. Together with Lemma 2, first write

9o (£(P))

gt = »1LT (2 @27 L — L vee(E 7 vece(E™1)TL

=vETE — ’YQETVQC(Ik)VGC(Ik)TE7

where E = (2792 ® £71/2) L. Since V(8(P)) = X, by definition of L, it follows that for 8(P) =
01,...,0)7,

! l
LO(P) = Z jvec(L;) = vec Z 0;L; | = vec(X).
Jj=1 Jj=1
This means that
EQ(P) = (2—1/2 ® 2—1/2) LO(P) = (2—1/2 ® 2—1/2) vee(S) = vee(T). (B.39)
Since L has full rank, also E has full rank. This means that (ETE)~! exists, and satisfies

(ETE)'ETvec(I;) = 6(P). (B.40)
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Now, write

ETE — yE vec(Iy)vec(I;)TE
= <711k - 'yQETvec(Ik)vec(Ik)TE(ETE)1) (ETE).
When we multiply the first matrix from the left with a matrix of the same type,

<aIk + bETvec(Ik)vec(Ik)TE(ETE)1)
(B.41)
(’lek. — 'yQETvec(Ik)vec(Ik)TE(ETE)_1> ,

then we find four terms. A term I with coefficient avy;, two terms
Evec(Iy)vec(I) TE(ETE) !,
with coefficient —avy, + b7y, and the term
ETvec(I)vec(I) TE(ETE) ' E  vec (I )vec(Iy) TE(ETE) 7!
with coefficient —bvy,. Consider the scalar valued inner product in the middle
vec(I) "E(ETE) 'ET vec(I},) = vec(Ir)"E 8(P) = vec(I;) vec(Iy) = k, (B.42)
by application of (B.40) and then (B.39). It follows that the term with coefficient —bvys reduces

to
EE vec(I))vec(I) "E(ETE) 1.
Hence the matrix product in (B.41) is equal to
a1 + (—aye + byp — kbyo)ET vec(Iy)vec(I) TE(ETE) ! (B.43)

When we multiply the same matrix from the right,
<711k - 72ETvec(Ik)vec(Ik)TE(ETE)1) (alk + bETvec(Ik)vec(Ik)TE(ETE)1> ,

we find the same result (B.43). This matrix is equal to Iy if and only if ay; = 1 and —ays 4+ by1 —
kby, = 0, or equivalently

a=1/m
ays Yo (B.44)
n—ky  mn k)
where we use that 1 > 0 and v1 — kv2 = Eo 1, [0/(]|2]))] /2 > 0, due to (R3)-(R4). We conclude
that the inverse of v1I — voEvec(Iy)vec(Iy)TE(ETE) ™! exists and is equal to
aIy, + bE vec(I,)vec(I) TE(ETE) !

with @ and b given in (B.44). Hence, the inverse of the matrix v ETE — v Evec(I), )vec(I;)TE is
equal to

-1
(ETE> B (MIk - fygETvec(Ik)vec(Ik)TE(ETE)1)

(ETE) o (aIk n bETvec(Ik)vec(Ik)TE(ETE)_1>

= a(ETE)™! + b(ETE) 'ETvec(I;)vec(I;) TE(ETE) L.
After inserting E = (2_1/2 ® 2_1/2) L, this finishes the proof. O
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Proof of Corollary 5

Proof. Since p is strictly increasing on [0, ¢ol, the function u(s) = p'(s)/s > 0, for 0 < s < ¢p and
zero for s > ¢y. This means that
1

1\ Pzl 1, "
= _ - o > *
a=Eor, [(1 k> 2 TR (lzl)] = +Eox, [p"(lz])] >0

Furthermore, since X has full rank, the inverse of E [XTE_1X] exists. It follows that the matrix
OAg(&(P))/0B in (8.3) is non-singular. According to Lemma B.5, also 9Ag(£(P))/00 is non-
singular. Together, with Lemma B.3 and Lemma 2, we conclude that 9A/9€ is continuously
differentiable with a non-singular derivative at &(P), so that Theorem 5 applies. Together with
Lemma 2, this implies that

tF(s0,8.7) =~ (P25 ) walsn,60)
= “(ZO) (E [XTE*X])‘1 XIZ " (yo — XoB)

where d3 = (yo—Xo8)TZ ! (yo—Xo3). From Theorem 5, together with Lemma 2, it also follows
that

IF(s0,0, P) = — (8/\.9((;9(13))>_ Wo(so,&(P))

_ <3A9(§(P))>1 L7(2 @3 )x

00
x vec (ku(do)(yo — XoB)(yo — XoB)" — v(do)X) (B.45)
= ) (P2 ) LT (m 6 3 v (30— Xo) 3o - X))

—v(dp) ((’M%}%(P))) ) LT(Z7' @ 27 Hvec(D).

Consider the first term on the right hand side of (B.45). We have that

(=227 ?)vee ((yo — X0B)(yo — XoB)")
= vec (2_1/2()’0 — Xo0B)(yo — Xoﬂ)TE_m)

and from Lemma B.5,

(aAGéi(P))>_ LT(E—l/Q ® 2—1/2)

= a(ETE)'ET + o(ETE) 'ETvec(I;)vec(I) "E(ETE) 'ET,

(B.46)

where E = (2712 @ ~Y/2)L. This implies
(8Ae(£(P))
00
= a(ETE) ' E vee (£71/2(yo — XoB) (yo — XoB8)=1/2)
+ b(ETE) 'E T vec(I ) vec(I) TE(ETE) ' ET x
x vee (£712(yo — XoB) (o — XoB)=71/2).

)_ LY(Z7!' @ 27 )vec ((yo — XoB)(yo — XoB)")
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The first term on the right hand side is equal to
a(LT(z-l ® 2—1)L)) TLT(m2 g w125
x vee (£712(y0 — XoB) (yo — XoB)TE1/2)
and, with (B.39) and (B.40), the second term on the right hand side is equal to
bO(P)O(P) E vee (£71/2(yo — XoB)(yo — XoB) /%)
= bO(P)vec(L,)vee (EY/2(yo — XoB)(yo — XoB) B 1/2)
= bO(P)tr (E_W(YO — XoB)(yo — Xoﬂ)Tz_l/Q)
= bd30(P).

It follows that the first term on the right hand side of (B.45) is equal to
~1
aku(d0)<LT(2_1 ® z—l)L)) LT (X202 1/2)x

X vec (2_1/2(}’0 — XoB)(yo — Xoﬂ)Tz_1/2)
+ bku(do)d30(P).
Next consider the second term on the right hand side of (B.45). We have that
(=712 @ 7Y 2)vee(E) = vec(I},),
and with (B.46), together with (B.39) and (B.40),
(8A"é%(P)) ) B LT(57' @ Z7")vec(D)
= a(ETE)'Elvec (Iy) + b(ETE) 'ET vec(Iy )vec(I) "E(ETE) ' E  vec (I,)
= af(P) + bO(P)vec(I;) "E(ETE) ' E  vec (I,)
= aB(P) + bO(P)vec(I,)"EO(P)
a@(P) + b0 (P)vec(I;) vec(I},)
= (a+ bk)0(P).

It follows that the second term on the right hand side of (B.45) is equal to
—v(dp)(a + bk)B(P).
Putting things together, we find that IF(sg, 8, P) is equal to
—1
aku(d0)<LT(2’1 ® zfl)L)) LT (212 @ 21/2)x
x vee (2712(yo — Xof)(yo — XoB)T%1/2)
+ (bku(do)d3 — av(dg) — bkv(dy))@(P).

Since v(dp) = u(do)d3 — p(do) + by, we have that

_ v(do) k2
bku(do)d3 — av(dy) — bkv(dy) = — ( ) (p(do) — b0)>
_u(do)d§ (1 ko B
T (71 T - lwz)) (p(do) = bo)
__ uldo)dg n p(do) — bo
Al 7 — ke
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We conclude that IF(sg, 8, P) is given by

R (757 @ 500)) T L vee (87 (vo — XoB) (0~ Xo)TS )

!
2 _
n (_U(do)do n p(do) bo) o(P).
ge! T — kY2

This proves the corollary. O

B.5 Proofs of Section 9
As preparation we first establish the following lemma, which is similar to Lemma 22 in [21].

Lemma B.6. Let p(-) be a real-valued function of bounded variation on R*. The class of all
functions on RP of the form

s=(y,X) — p(||A(y — XB)|)

with A ranging over all k X k matrices and B ranging over R?, has polynomial discrimination.

Proof. Consider the class of functions

ga.p(s,t) = [|Aly = XB)|* = p~ ' (1)*.

According to Lemma 18 in [21], it suffices to show that the functions ga g(-,-) span a finite-
dimensional vector space. In order to do so, write

ko k
|Aly = XB)I” =3 D (ATA)i(y — XB)ily — XB),
i=1 j=1
E ok k q q
= Z Z Z QisAsj (yz - Z xirﬂr) <y] - Z xjwﬁw)
=1 j=1 s=1 r=1 w=1
This is a polynomial in s = (y1,. .., Yk, T11, - - -, Thq), With coefficients in R. This means that the

class of functions ga g(s,t) = [|A(y —XB)||> — p~*(t)? forms a finite dimensional vector space. [
A useful first step is the following lemma.

Lemma B.7. Let u: R — R be a function of bounded variation. Let s = (y,X) = (s1,...,8p) €
RP, and define

9(s.B. V) = u(|[V"2(y = XB)[l) for B €R"V € PDS(k).
Consider the classes of functions

F={g(s,8,V):B€RLV € PDS(k)},
Fa={9(s,8,V)sa:g €T},
]:ab = {g(saﬂvv)sasb NS ]:}a

fora,b=1,...,p. Denote by G, G,, and G, the corresponding classes of graphs of the functions
in F, Fq, and Fgup, respectively. Then G, G,, and Gup, all have polynomial discrimination for
a,b=1,...,p.

Proof. Because the function u(-) is of bounded variation, it follows from Lemma B.6 that the
class G has polynomial discrimination. To show the same for the class G,, suppose that G, is not
of polynomial discrimination. This means that for every integer N there exists a set V C RP*! of N
points, such that all subsets of V' can be written as D,NV for some D, € G,. Let V = {vy,...,vn},
where v; = (s;,¢;), for i =1,..., N. Then for every (s,t) € V with s = (s1,..., Sa,- -, Sp), it must
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hold that s, # 0, otherwise this point cannot be separated from the other points by an element
of the class G,. Define the set V, = {(s,t/s,) : (s,t) € V'}. Note that for D, € G,, we have

(s,t)eDy & 0<t<g(s,B,V)sqorg(s,B,V)s, <t<0

t t
e OS;SQ(S,ﬁ,V) Org(S,B,V)SSfSO

a a

& (s, t/sq) € D,

where D € G. This implies that every subset of V, can be written as D NV,, for some D € G.
However, this is in contradiction with the fact that G has polynomial discrimination. We conclude
that also G, has polynomial discrimination. A similar argument yields that G,;, has polynomial
discrimination. O

Lemma B.7 is comparable to Lemma 3 in [18], for similar classes of functions built from
functions g(y,t,C) = u(]|[C~'/2(y — t)||), where t € R* and C € PDS(k). With Lemma B.7
we can establish suitable bounds on the third term of (9.2). This is provided by the following
key lemma. Once having established Lemma B.8, asymptotic normality can be derived easily
from (9.2).

Lemma B.8. Let ¥ = (¥g,Uy) be defined in (7.5) and let &, = £&P,) and Ep = &(P) be
the solutions to minimization problems (3.1) and (3.5). Suppose that p satisfies (R1)-(R4), such
that u(s) is of bounded variation, and suppose that V satisfies (V4). Suppose that &, — €p, in
probability, and that E||s|?> < co. Then

[ (¥ls.60) = WGs.0)) A~ PYs) = 0p(1/ V). (B.47)
Proof. First write Wg ;(s,&) = ¥ ;(s,&) — U3 ;(s,§), for j =1,...,1, where

Uy i(s,€) = u(d)(y — XB)'V'H,V ! (y — XB)

(5.8 =t (VUG o) o) (B45)
where H; and d = d(s, ) are defined in (7.3) and (5.1). Tt suffices to show that
[ (Bals.€0) ~ Was,£)) d®, = PYs) = on(1/ i) (B.49)
[ (Vas(5.80) = Was(s.600) dB2 = P)5) = on(1/V), (B.50)
[ (Vay5.60) — a8 A = P)s) = on(1/V). (B.51)

forj=1,...,L
To obtain (B.51), first write M,, = V(6,,)"! and Mp = V(0p)~!, so that M,, — Mp, in
probability, according to condition (V1). Decompose as follows

Ws3i(s,€n) — V3,5(s,&p)

= o (M P8 ) plats, ) ~ ptats, ) B2
o (v S ) (v ) b s ) o),

After integration with respect to P,, — P, the first term on the right hand side of (B.52) becomes

o (v P52 ) [ oG5, 60) = plals.€0))) P — PG (B.53)
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where with (V4),

tr (Mnlava(;")) — tr <M;18\§£’J)> (B.54)

in probability. Furthermore, note that all functions p(d(-, £)), for & € R? x R! are members of the
class
F={olIv-"2(y - XB)|): B R1,V € PDS(k) }

From (R1)-(R2) it follows that the function p is of bounded variation (being the sum of two
monotone functions). According to Lemma B.7, the class G, consisting of subgraphs of functions
in the class F, has polynomial discrimination. Moreover, the class F has a constant envelope.
Then as a result of the empirical process theory developed in Pollard [23] (e.g., see Theorem 1
n [18)]), it follows that for every ¢ > 0,

sup /n -0

f1,f2€[0]

(fi(s) = fa(s)) (P — P)(s)

in probability, where

[0] = {(f17f2) : f1, f2 € F and /(f1 — f2)?dP < 62}.

Because &,, — £p in probability one, the pair of functions f1(s) = p(d(s, &,) and fa(s) = p(d(s, €p)
are in the set [d], for sufficiently large n, with probability tending to one. It follows that

V| [ (p(d(s,&:) — pld(s, €p)) (P, — P)(s)
(B.55)
< sup V| [ (fi(s) = fa(s)) d(Pn — P)(s)| — O,
f1,f2€d]

in probability. Together with the fact that tr(M 59V (6p)/86;) is bounded, this proves that (B.53)
is of the order op(1/y/n). For the second term on the right hand side of (B.52), we have that
according to the central limit theorem

/(p(d(s’gP)) - bO) d(Pn - P)(S) = Op(l/\/ﬁ)

Together with (B.54) this implies that, after integration with respect to P,, — P, the second term
on the right hand side of (B.52) is of the order op(1/4/n). This proves (B.51).
To obtain (B.49), decompose as follows

\I,ﬁ(sngL) - \II,@(S7£P)
= {u(d(s, &) XM,y — u(d(s, gp))XTMpy} (B.56)
- {u(d(s, €.)) XM, X3, — u(d(s, gp))XTMPXﬁP}.

We will treat both terms on the right hand side separately. For the first term on the right hand
side of (B.56), we write

{uld(s. €.)) — u(d(s. €r)) XMy + u(d(s, €p) X" (M, — Mp)y. (B.57)

First consider the first term in (B.57). We consider each single element of the vector X7 M,y € RY
separately. For i =1, ..., ¢ fixed, write

k k
XTMny Z-r]z ny Zx]zzmn jsYs = szjiysmn,j&
s=

j=1s=1
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Hence, after integration with respect to P, — P, the i-th component of the first term in (B.57) can
be written as a finite sum with summands

/ (u(d(sv 671)) - u(d(s, £P)))xjiys d(Pn - P)(S)mn,js»
fori=1,...,qand j,s € {1,..., k} fixed, where m,, ;s — mp ;s, Because u is of bounded variation

and since s = (y, X) = (y1,.- -, Y&, T11, - - - , Thq), all functions u(d(s, §))x;iys, for £ € R? x R!, are
members of the class

Fop = {u(||V_1/2(y —XB)|)sasy : BERLV € PDS(kz)} .

According to Lemma B.7, the corresponding class of subgraphs has polynomial discrimination, so
similar to (B.55) it follows that for each i = 1,...,q and j,s € {1,...,k} fixed,

[ (utd(s.€) - utd(s, &) ). (B, ~ P)(s) = op(n™ ),
which means that
/ {uld(s, €.)) — u(d(s. €r)) X Mpy d(P,, — P)(s) = op(n~'/?). (B.58)
Next, consider the second term on the right hand side of (B.57). Similar to the first term, after

integration with respect to P,, — P, the i-th component of the second term on the right hand side
of (B.57) can be written as a finite sum of summands

[ utd(s, &)z d(®, ~ PYS) s~ mar ).
fori=1,...,q,and j,s € {1,...,k} fixed. According to the central limit theorem, the integral is

of the order Op(n_l/2)7 and since my, js — Mmp s, in probability, it follows that the product is of
the order op(n~'/2). We conclude that

/ w(d(s, £0))XT (M, — Mp)y d(P, — P)(s) = op(n=1/2). (B.59)

Putting together (B.58) and (B.59), it follows for the first term on the right hand side of (B.56)
that

/ {u(d(57 £n))XTMny - u(d(s7€P))XTMPY} d(P, — P)(s) = OP(nil/Q)' (B.60)
For the second term on the right hand side of (B.56), we write
u(d(s, &)X M, X8, — u(d(s, €)X " MpXBp
— (uld(s, &) — uld(s, €p)) ) XM, X8, (B.61)
+u(d(s, €p) (XTMnXﬂn _ XTMpXﬂp).

Consider the first term on the right hand side of (B.61). For i = 1,..., ¢ fixed, write

k k k
()(’111\/1:77,)(ﬁ}n)z = Z sz(MnXﬂn)j = Z Tji Zmn,js(xﬂn)s
j=1 =1

Jj=1
k k k k k
= E Tji E Mn,js § xstﬁn,t = § E E xjixstmn,jsﬁn,t~
=1 =1 t=1 j=1s=1t=1
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We see that, after integration with respect to P,, — P, the i-th component of the first term on the
right hand side of (B.61) can be written as a finite summation of summands

[ (uld(s.0)) ~ u(ds. €0 )si.1 AP = PS50

fori=1,...,qand s,t,j € {1,...,k}, where m,, js = mp;s and B, — Bp:, in probability. All
functions u(d(s, €))z;ys, for & € R7 x R', are members of the class

Far = {ullV2(y = XB)|)sas : 8 € R1,V € PDS() |,

and w is of bounded variation. According to Lemma B.7, the corresponding class of subgraphs
has polynomial discrimination, so similar to (B.55) it follows that

/ (u(d(sfn)) _ u(d(s,ép)))xjixst d(P, — P)(s) = op(n~1/2),
which means that
/ (uld(s, &) = u(d(s,€p)) ) XM, XB, d(P, — P)(s) = op(n~"/?). (B.62)

Next, consider the second term on the right hand side of (B.61). We then have to deal with
summands of the form

/ w(d(s,€0))25551 AP — P)(S) (M 3oBrt — mpyBpe),

for ¢ = 1,...,q, and s,t,j € {1,...,k}, where m, ;s — mp,s and B, — Bp;, in probabil-
ity. According to the central limit theorem, the integral is of the order Op(n’l/ 2). Because,
My, isPnt — MpisBp+, in probability, it follows that the product is of the order 0p(n_1/2). We
conclude,

/u(d(s, &p) (XTMnXﬁn - XTMPXBP) d(P,, — P)(s) = op(n~"/2). (B.63)

Putting together (B.60) and (B.63), proves (B.49)
Finally, consider U5 ; in (B.48), with H; defined (7.3). Write

M, =V(0,) 'H;(0,)V(0,)""
Mp =V (0p) 'H;(0p)V(0p) ",

so that M,, — Mp, in probability, according to condition (V4). Decompose ¥s ;(s,&,) —
Uy (s, €p) as follows

{u(d(s7 £n)) - u(d(57 £P))}<y - Xﬁn)TMn<y - Xﬁn) (B 64)
+u(d(s,€p){ (v — XBn) "My ~ XB,) — (y — XBp)"Mp(y — XBp) }. |

The first term in (B.64), can be written as the trace of the matrix

{u(d(s,€.)) — u(d(s, €2) by = XBo)(y ~ XB,) "M,

where 3, — Bp and M,, — Mp, in probability. As before, we consider each single entry of this
k x k matrix. The (i, j)-th element of (y — X3,)(y — X3,)7 is equal to

k k
(Y = XBn)ily — XBn)j = iy — Zyjl’isﬂn,s - Z Yi%jt Pt

s=1 t=1

k k
+ Z Z xis-rjtﬁmsﬁn,t-

s=1t=1

(B.65)
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We see that the (4, j)-th entry of

{u(d(s,€.)) — u(d(s, &)}y = XBo)(y — XB,)"

is a combination of four summations. The last of these summations arising from (B.65), after
integration with respect to P,, — P, has summands

[ (u6d(s.€.) ~ uld(s, &) )ty A = P)(S) B

where B, sBnt — BpsBpt, in probability. All functions u(d(s,€))z;ys, for & € RY x R!, are
members of the class

Far = {ulIV"12(y = XB)|)sass : B € R1,V € PDS(k) }

where v is of bounded variation According to Lemma B.7, the corresponding class of subgraphs
has polynomial discrimination, so similar to (B.55) it follows that

/ {uld(s,€.)) = u(d(s, €p)) briswjo d(Br = P)(5) = op(n™"/2).

The other three summations that arise from the right hand side of (B.65) can be handled in the
same way. It follows, that for each ¢,5 € {1,...,k} fixed,

[ {utdts. )~ utdls. €00}~ XBo)ily = XBu); Ao — Ps) = ol 12,
which means that
[ {utdts, &) - uld(s.60) } 5 = XB.) (3 = XBo) M, d(B — P(s) = 0p(n” 1)

After taking traces, we conclude that
/ {u(d(sa gn)) - u(d(sa éP))}(y - Xﬁn)TMn(y - Xﬁn) d(]P)n - P)(S) = OP(n_l/Q)' (B66)

Next, consider the second term on the right hand side of (B.64). First, note that

E k E K k
(y — Xﬁ)TM(y -XpB) = Z Zyiyjmij + Z Zyz Zﬂﬂjsﬂsmig‘

=1 j—1 i=1j=1 s=1
koK k kK ok k k

+ E E Yj E Tt Bemij + E E E Tis 5t Bs iy .
i=1 =1 =1 i=1 j—1 s=1 t—1

This means that

(y = XBn) "ML (y — XB,) — (y = XBp) " Mp(y — XBp)

kok kok ok
=D >y (i —meg) + > Y Yy (Buemng — Brsme;)

i=1 j=1 i=1 j=1s=1
kK k k
(B.67)
+ Z Z Z YiTit (Bn.tMn,ij — Bpiemp,ij)
=1 j=1 t=1

k k k k
Y YIS wiawji (BusBiminij — BpsBramp;) -

i=1 j=1s=1 t=1
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We see that the (4, j)-th entry of

u(d(s, &) {(y = XB) M (y — XBn) — (y — XBp) "Mp(y — XBp) }

can be written as the combination of four summations. The last of the summations arising
from (B.67), after integration with respect to P, — P, has summands

/u(d(sv sP))xisxjt d(]Pn - P) (S) (ﬁn,sﬂn,tmn,ij - ﬁP,sﬁP,th,ij) )

where B, sfniMni; — BpsBpimpi;, in probability. According to the central limit theorem,
the integral is of the order Op(n~1/2), whereas the second term tends to zero. All functions
u(d(s, &))xiszjt, for € € R7 x R!, are members of the class

Far = {u([V"12(y = XB)|)sasy : B € BRI,V € PDS(k) |,

where u is of bounded variation According to Lemma B.7, the corresponding class of subgraphs
has polynomial discrimination, so similar to (B.55) it follows that

/ w(d(s, €9)) 25551 AP — P)(S) (BrosBoinss — BrsBramps;) = op(n~2).

The other three summations that arise from the right hand side of (B.67) can be handled in the
same way, so that

[ utdis. &) {(y - X8)TMu(y = XB,) - (v ~ XBe) Me(y ~ XBr)} d(P, ~ P)(s)

= op(n~1/?).

(B.68)

Putting together (B.66) and (B.68), proves (B.50) for each j = 1,...,l. This finishes the proof of
Lemma B.8. U

Proof of Corollary 6

Proof. As in the proof of Corollary 5, it follows that dA/J€ is continuously differentiable with a
non-singular derivative at £(P), so that Theorem 6 applies. According to Theorem 6 and Lemma 2,
it follows that \/n(B, — B(P)) is asymptotically normal with mean zero and covariance matrix

% (B [XTS'X]) " E [Us(s, £p)Ups(s, £p)7] (B [XTE'X]) ™

1

where ¥g is defined in (7.10). We find that
E[Wa(s,€r)Uals,€p)"] = E [XTE [u(d)?S (v - )y - w5 '|X] X],

where d?> = (y — u)"S " (y — p) and u(s) = p'(s)/s. As before, with z = Z~/2(y — pu) and
u = z/||z||, according to Lemma B.4, the inner conditional expectation can be written as

o1, [u(llzl)?||z]]

»-1
k

S %Eoy, [u(llzll)*|2]*] Eo,x, [uu”] =72 =

This implies that the asymptotic covariance of v/n(3, — B(P)) is given by

Eo, [p'(Il])*]

ZE (g (xrsox)
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Again, according to Theorem 6 and Lemma 2, it follows that /n(6,, — @(P)) is asymptotically
normal with mean zero and covariance matrix

<8A9((§9(P))) B E {vec (Wo(s,€p)) vec (To(s, SP))T} <3A9£(9£0(p))> -1

where Uy is defined in (7.10). We have
E [Vec (Wo(s, Ep)) vec (\Ifg(s,gp))ﬂ
— ETE {Vec (2—1/2@\,(5, gp)z:—l/?) vec (2—1/2\va(s, gp)z:—m)T] E
where Uy is defined in (7.8) and E = (272 @ £7/?) L and
E {Vec (2—1/2%(s,§p)2—1/2) vec (2—1/2@9(5,513)2—1/2)1
= K*Eox, [u(ll2]))?12]*] oy, [vee (wa”) vec (uu”)”]
~ Koy, [u(llzl)v(|z)I|2]%] Eo, [vec (wu”) vec (1)
— kEo 1, [u(llz])v(]lz])]2?] Eo 1, {vec (Ii) vec (uuT)T]
+Eo 1, [v(||z||)2} Eo 1, [Vec (Ij) vec (Ik)T} )

From Lemma B.4, the first term on the right hand side is equal to

kEo 1, [u(lz)?]|z"]
k+2

(Ikg + K i+ Vec(Ik)vec(Ik)T) .
This leads to one term Iz + Ky ; with coeflicient

kEo 1, [u(llzl)?||z]
ke + 2

and using that, according to Lemma B.4, Eo 1, [uu”] = (1/k)Ix, we find a second term vec(I,)vec(I;)T
with coefficient

kEo,x, [u(|2[])*||z*]
k+2

= 2Bo 1, [u(z])v(llz])l|z]*] + Eox, [v(lzll)*] -

Since v(s) = u(s)s? — p(s) + bo, we have that

k
Et+2t

(525" = 2u()u()5* + 0(s)? = — ()5 + (pls) — bo)*

This means that
T
E {vec (2*1/2\119(5,513)2*1/2) vec (2*1/2\1/9(&513)2*1/2) }

= 51 (IkQ —+ Kk,k) + 52V6C(Ik)V6C(Ik)T

where
5 MEox, [u(]|z]))?| 2] ]
1=
k42
2
b2 = — 5 Eou, [ullzl)?211*) + Eou, [(o(lz]) — bo)?] (5.69)

=~ 251+ o, [(p(lel) 0’
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Since, Ky x(E71/2 @ 271/2) = (2712 @ £71/2)K; 1, together with (B.32), this implies that
E [Vec (To(s,&p)) vec (‘I’g(s,ﬁp))T} =ET” (61 (Ip2 + Kp ) + 62vec(I;€)vec(Ik)T) E
= 25,ETE + 6,E vec(I; )vec(I;) TE.

Furthermore, according to Lemma B.5,

<5A9§)(P))) o a(ETE)~" + b(ETE) "B vec(I;)vec(I;) E(ETE) !,

with a and b defined in (B.44). By application of (B.39), (B.40), and (B.42), we find that

= 24611y, + (ady 4 2081 + bkdy) (ETE) 'ET vec(Iy)vec(I;)TE
and

(EM"((?%(P))> - E [vec (Po(s,&p)) vec (‘I’e(s’gp))ﬂ (

=201 (ETE)™! + 0o(ETE) 'E vec(Iy)vec(I) "E(ETE) !
=20, (ETE)™! + 00,0(P)0(P)”

ammm»l
00

where

g1 = (1261
o9 = 2b(2a + kb)6; + (a + kb)*5,.

When we insert the expressions for d;, d2, a, and b given in (B.69) and (B.44), then we find

k(k +2)Eo.x, [u(lz])?]2]|"]
(Eo,z, [0 (Ilzl])l|zl|2 + (k + 1)’ (Iz]) 12]])*
2, 4Box [(p(|zl]) — bo)’]

TR Eox, W (el

By substituting E = (£71/2 @ X~1/2) L, we find that the limiting covariance of \/n(6,, — 8(P))
is given by

g1 =

2, (LT (Z'ax ) L) "4 0s0(P)O(P)T

This finishes the proof. O

o4



	1 Introduction
	2 Balanced models with structured covariances
	3 Definitions
	3.1 S-estimator
	3.2 S-functional

	4 Existence
	5 Continuity and consistency
	6 Global robustness: the breakdown point
	7 Score equations
	7.1 General covariance structures
	7.2 Linear covariance structures

	8 Local robustness: the influence function
	8.1 The general case
	8.2 Elliptically contoured densities

	9 Asymptotic normality
	9.1 General case
	9.2 Elliptically contoured densities

	10 Simulation and data example
	A Proofs and technical lemmas
	B Supplemental Material
	B.1 Proofs of Section 4
	B.2 Proofs of Section 5
	B.3 Proofs for Section 6
	B.4 Proofs for Section 8
	B.5 Proofs of Section 9


