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Adsorption to a surface, reversible-binding, and trapping are all prevalent scenarios where particles
exhibit “stickiness”. Escape and first-passage times are known to be drastically affected, but detailed
understanding of this phenomenon remains illusive. To tackle this problem, we develop an analytical
approach to the escape of a diffusing particle from a domain of arbitrary shape, size, and surface
reactivity. This is used to elucidate the effect of stickiness on the escape time from a slab domain:
revealing how adsorption and desorption rates affect the mean and variance, thus providing a novel
approach to infer these rates from measurements. Moreover, as any smooth boundary is locally
flat, slab results are leveraged to devise a numerically efficient scheme for simulating the sticky
escape problem in arbitrary domains. This letter thus offers a new starting point for analytical and
numerical studies of stickiness and its role in escape, first-passage, and diffusion-controlled reactions.

Stickiness can drastically alter the completion time of
random processes. A prominent example is the escape
problem, also known as the exit problem, where one con-
siders a particle searching for a hole or another way out
of a compartment with otherwise impenetrable bound-
aries [1-13]. The need to account for stickiness in such
scenarios was already recognized for receptors diffusing
in and out of the postsynaptic density while reversibly
binding to scaffold proteins there [14-16]. Similar issues
arise when considering transport through the nuclear
pore complex [17, 18], the partially reversible trapping of
receptors trafficking in dendrites [19], and the reversible
binding of calcium ions to sensors and buffer molecules
within nerve terminals [20]. Explicit account of sticki-
ness was also required in order to explain the extremely
prolonged survival times of target proteins in a nanos-
tructured on-chip device that was recently fabricated for
selective protein separation using antibody—photoacid-
modified Si nanopillars [21, 22]. As escape and first-
passage times are conceptually equivalent [23-25], stick-
iness is also expected to affect diffusion-controlled reac-
tions, e.g., the time it takes a sticky ligand to find its
receptor on the cell membrane.

Whether the origin of stickiness is physical, chemical
or else, it can be described by the adsorption-desorption
kinetics framework, which was developed over an entire
century of intense research. However, the vast majority
of theoretical works in this context were conducted on
a macroscopic 1D model of a flat surface immersed in
an infinite bulk of adsorbates [26-44]. Recently, a single-
particle description of adsorption kinetics was introduced
[45], and a relation to reversible binding and association-
recombination reactions [20, 46-55] was made. Some au-
thors have also ventured beyond the 1D semi-infinite case
considering different geometries and higher dimensions
[20, 45, 53-58]. Yet, research and results were always
focused on scenarios where all boundaries involved were

FIG. 1: (a) A schematic illustration of a general domain
with an adsorbing (sticky) surface Q.4 (green), a reflecting
surface 0€Qyer (black), and an absorbing surface 9.1, (red),
through which the particle (blue) can escape the domain.

assumed to be adsorbing, thus completely ignoring the
problem of escape via an absorbing boundary. Moreover,
in many real-life scenarios, domain boundaries comprise
of a mixture of reflecting, absorbing, adsorbing, partially
reactive [59-66] and/or gated [67-72] parts, which high-
lights the need in adequate methods of analysis.

In this Letter, we develop a general formalism to treat
the escape problem of a sticky particle diffusing in a do-
main of arbitrary dimension, geometry, and surface reac-
tivity (Fig. 1). We derive the partial differential equa-
tion that governs the escape time distribution for this
general problem, and exemplify its solution for a parti-
cle confined to a slab with one absorbing wall and one
adsorbing wall. In this prototypical example, we show
that the mean escape time is only sensitive to the ra-
tio of adsorption and desorption rates, while its variance
is sensitive to the actual rates, thus allowing their infer-
ence from experimental data of escape time statistics. To



gain physical intuition to the escape problem, we further
present a renewal approach to the slab problem, which we
then leverage to construct an accurate simulation scheme
for the diffusion of a sticky particle in general domains.

The general case.—We consider normal diffusion with
diffusion coefficient D in a d-dimensional domain  C R?
(Fig. 1), whose boundary 9Q = 90Q.p U 0Qaq U Qs
is comprised of three disjoint parts: an absorbing part
0, through which the particle can escape, a reflect-
ing part 0Q.f, and an adsorbing part 0€2,4, allowing for
reversible trapping of the particle (see below). The prop-
agator p(r,t|rg), namely the probability density to find a
particle at point r € () at time ¢ given the initial position
T, satisfies the diffusion equation:

atp(rvt‘TO) = DATp(’I",ﬂ’I"()), (1)

subject to the initial condition p(r,0|rg) = d(r — ry),
and the Dirichlet boundary conditions p(r,t|rg) = 0 for
every r € 0¥,,. Here, A, is the Laplace operator with
respect to r. The propagator determines the probabil-
ity flux density jab(r,t|ro) through a point r € Qb
at time ¢. This, in turn, yields the probability den-
sity function (PDF) of the escape time, Ju,(t|rg) =
faﬂab Jab(Ts, t|70)drs, which is also equal to the proba-
bility flux from the compartment.

The adsorption condition on 9,4 can be formulated
by introducing an auxiliary probability density II(7, t|ro)
of the particle to be adsorbed to point r € 9.4 at time
t. We impose the following two equations for every r €
Oq on the adsorbing surface [45, 54]:

Jad(r,t|ro) = kao(r)p(r,tlro) — ka(r)I(r,tlro), (2a)
OIL(r,t|r0) = Jaa(r,t|70), (2b)

where jaa (7, t|ro) = —DOpp(r, t|rg). Here, 9, is the nor-
mal derivative oriented outwards the domain, k,(r) is
the reactivity of the surface at the point r (character-
izing the rate of adsorption from a thin reactive layer
near the surface), and kq(r) is the desorption rate at
that point. Note that the reflecting part of the boundary
can be viewed as part of the adsorbing surface with zero
reactivity, i.e., we can consistently define Qe C 0Qaq,
such that k4 () = 0 for every r € 0Q,¢;. Equation (S37a)
states that the diffusive flux of particles from the bulk at
each point r € 9,4 is proportional to the reactive flux
on the surface, k,(r)p(r, t|ro), minus the flux of particles
that desorb from the surface. In turn, Eq. (S37b) is a
mass balance equation that simply states that the uptake
of adsorbed particles is given by the diffusive flux. Note
that II(r,0|rg) = 0, since motion starts in the bulk.

The Laplace transform of these two equations allows
one to eliminate II(7,¢|ry), and reduce these equations
to a single Robin-like boundary condition. Summarizing,

the original problem reads in the Laplace domain as

(s = DAM)DP(r,s|rg) = d(r —rp), 7 €Q, (3a)
ﬁ(rv S|TO) = Oa rc 8Qaba (Sb)
Onp(r, s|ro) + qs(r)p(r, slrg) =0, 7 € 0a, (3¢)

where tilde denotes the Laplace transform, p(r, s|rg) =
IS dte p(r,tlrg), and

ka(r)
=) = B+ ka(r)/5) @
is an s-dependent reactivity parameter.

Conventionally the survival probability for the escape
of a particle from a compartment is defined to be the
spatial integral of the propagator over the entire com-
partment, Sy(t|ro) = [, p(r,t|ro)dr. Here we added the
subscript ‘0’, standing for bulk, since survival must also
include the probability to be adsorbed (thus being nei-
ther in the bulk nor escaped). The survival probability
is thus given by

San (t[ro) == Sp(t|ro) + H(t|ro), (5)

where the subscript ‘ab’ stands for the fact that the es-
cape is through 9Q,p, and II(t|rg) = faﬂad (7, tlre)dr
is the overall probability to be adsorbed at t. Taking
the time derivative of Eq. (5), one can rewrite it in
terms of conservation of the probability fluxes: Jp, :=
—0:Sy, = Jap + Jaa, where we used Eq. (S37b). Note
that this relation could also be obtained by integrating
the diffusion equation (1). In the supplemental material
(SM) we derive the partial differential equations govern-
ing the Laplace-transformed probability fluxes Jaq(s|ro)
and Jop,(s|ro) [73]. The latter is given by:

(5 = DAy ) Jan(s|r0) =0, 19 €, (6a)
Jab(slro) =1, 7o € 0ap, (6b)
8n0jab(s|ro) + qs(ro)jab(s|frg) =0, 719€0Naq. (6¢)

Solving this boundary value problem for a given com-
partment  and reactivity parameter gs(r) yields the
Laplace transform of the escape time 7 Jup(s|ro) =
(e=*T). Tts derivatives give the positive-order moments,
(T™) = (=1)™(8" Jap(s|70) ) s—0, while an inverse Laplace
transform yields the PDF of the escape time, Jup(t|7o).
Hence, we provided a general framework for studying the
statistics of the escape time.

Escape from a slab.—We now exemplify the application
of the general formalism to the case of a particle diffusing
in a slab domain between two parallel planes separated
by distance H (Fig. 2). The boundary at z = H is ab-
sorbing, while the boundary at z = 0 is adsorbing with
k, and k4. For the slab domain, Eq. (4) simplifies to
qs = ko/[D(1+kq/s)]. This setting is equivalent to diffu-
sion on the interval (0, H) with adsorbing and absorbing
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FIG. 2: A schematic illustration of a slab domain = R? x
(0, H) C R® with absorbing wall at z = H and adsorbing wall
at z = 0. The particle starts its motions at z = z.

endpoints at 0 and H, and we are interested in getting
the PDF J.,(t|z0) of the escape time from the slab, i.e.,
the first-passage time to H.

In this case, equations (3a)-(3c) for the propagator sim-
plify as r = z, ¢s(r) = ¢s and 9,, = —3, at z = 0. One di-
vides the solution into two restrictions z > zg and z < zg
and further imposes continuity of the densities and the
fluxes at z = zg. This yields:

9(20,8) sinh(a(H—z))
) z > zo,
ﬁ(Z,ﬂZ()) = {sﬂgI}{lzg(Hz )D)Ot (z,s) (7)
Do g 2 < A0
where g(x,s) := acosh(ar) + gssinh (ar) and o =

V/s/D. Since in the one-dimensional case J,p(s|z0) =
DOo.p(z,s|20) .=, we have

g(ZO’ 3)
g(H,s)’ ®)

for the escape time probability density in the Laplace
domain. Note that J,p(s|20) is a solution of Eq. (S5a)
under the boundary conditions in Egs. (S5b)-(6¢), and
we could have bypassed the calculation of the propagator.
The escape time PDF is obtained by inverse Laplace
transforming Eq. (8) (see details in the SM [73]):

jab(s|z0) =

Jab(t|2'0) _ Z 6—5§Dt/H2 % (9)
n=0
2
21})[5” |:ﬁn cos(Bnzo/H) + Bgaﬁzd Sin(ﬁnZO/H)} X
2K/aK/d . K:a/B’IQL !
[+ e et = (L g ) oo

where (,, are the positive solutions of the transcendental
equation Btan(f) = (kq—B?)/ka , With k, = ko H/D and
kq = kqH? /D standing for the dimensionless adsorption
and desorption rate constants.
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FIG. 3: PDF Jan(t|20) of the escape time from the slab do-
main illustrated in Fig. 2. Here, we set H =1, D = 1, and
values for k, and kq are given in the legend. Solid lines (resp.,
dashed lines) are the PDFs for zo = 0.1 (resp., zo = 0.9).
Symbols come from Monte Carlo simulations with 10° parti-
cles (see SM for details [73]).

Figure 3 shows the behavior of J,,(t|29) for different
values of k., kg and zy. Markedly, the rates change
the shape of the PDF at intermediate timescales. The
short-time behavior is determined by “direct trajecto-
ries” going to the absorbing wall (the escape region). One
gets the typical Lévy-Smirnov short-time asymptotics
Jab(t20) ~ (H — zg)e~(H=20)*/(4DD) /\/47 D3 that does
not depend on the adsorption/desorption rates. Con-
versely, the long-time decay is exponential and controlled
by the smallest eigenvalue DB2/H?. To see that this
strongly depends on adsorption kinetics, consider the
asymptotic behavior of the transcendental equation as
B — 0, from which one gets 32 ~ r4/(1 + £,). This ap-
proximation is valid whenever [ is small, i.e., when xq
is small or/and k, is large. Indeed, the adsorbing wall
plays the role of a temporal trap for the particle: when
the particle reaches this wall, it can be easily trapped
but requires long time for release. As a consequence, the
survival probability decays exponentially, with the decay
time T'= H?/(Df2), which can be very large. In the SM
[73], the dependence of Sy on the adsorption-desorption
rates is discussed further.

As the Laplace transform Jyp,(s|20) is the moment gen-
erating function of the escape time, we deduce its mean

H? — 22  K(H - 2)

<T> = 2D + D ) (10)

where K := k,/kq is the equilibrium constant. The first
term in Eq. (S44) corresponds to the mean escape time
from an interval (0, H) with reflecting endpoint 0 and
absorbing endpoint H. In turn, the second term accounts
for adsorption-desorption kinetics.

Renewal Approach.—To gain a deeper understanding
of the above relation, we stress that the escape time 7 is
the sum of the (random) diffusion time 74 on the interval
(0, H) with reflecting endpoint 0, and the total waiting



time in the adsorbed state. Denoting the random number
of adsorption events A and their independent, identically

distributed random durations as 7}, ... ,7;,/\/ , we write
N .
T=Ta+) T (11)
i=1

Taking mean of both sides we have (T) = (Tg)+ (N ) (T,
where (7,,) denotes the mean of 7,i. Comparing this
result with Eq. (S44), we can identify (73) = (H? —
22)/2D and (T,,) = k;*, which gives (N) = k,(H —
20)/D.

In fact, Eq. (11) suggests that the slab case can be
readily analyzed using a renewal approach, where the
distribution of N is given in terms of the splitting prob-
ability £p(z0), namely the probability of escaping the
compartment without any adsorption event, given the
starting position zg. It is thus enough to solve the cor-
responding problem of diffusion in the slab, but with-
out desorption. For example, we can generally write
(NY = (1 —En(20)) /Er(0), which admits the following
interpretation: Starting from zy, there is a probability
1 — Eu(z0) that the particle was adsorbed before escap-
ing such that A/ > 0. If so, the particle will desorb
to position z = 0, from which the probability of escap-
ing before re-adsorbing is given by £ (0). Essentially,
adsorption at the lower boundary is a renewal moment
that will repeat again and again until the particle finally
escapes. We thus have a sequence of trails geometri-
cally distributed with success probability £g(0), and so
the mean number of trials, each corresponding to a re-
adsorption event, is simply 1/£x(0). Indeed, by plugging
En(z0) = (D + kaz0)/(D + ko H), which is the splitting
probability of the problem considered above, we retrieve
(N) =ko(H — 20)/D.

For a more detailed discussion of the renewal approach
see the SM [73]; therein, we generalize the model by al-
lowing for an arbitrary waiting time distribution (¢) in
the adsorbed state, and different spatial dynamics with
general Ty and Ex(zp). We derive generalized formulas
for the PDF, the mean and the variance of the escape
time, and the correlation between the diffusion time and
the total waiting time.

Inference of the adsorption-desorption rates.—While
the mean escape time in Eq. (11) is only sensitive to the
equilibrium constant K, we find that the variance also
carries information on the adsorption-desorption rates
themselves:

4_ 4 3_.,3
Var(T} ~ =2 | 2K U = =)
6D? 3 D?
K?(H?-23)  2K(H — z)

D2 + kqD

kq sensitive

(12)

+

As a consequence, one can infer K = k,/k4 by measur-
ing the mean in Eq. (S44), and then extract k, and kg4
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FIG. 4: Variance of the escape time vs. the equilibrium con-
stant K = kq/kq for different values of kq, with H and D
set to 1. Here, we mimic common experimental conditions
by taking the initial distribution to be uniform. Averag-
ing over the initial position in Eq. (8), and calculating mo-
ments yields: (7,,) = H?/(3D) + KH/(2D) and Var{T,} =
TH*/(45D?) + TKH?/(12D?) + 3H*K?/(4D?) + HK/(kaD)
(solid lines). Symbols come from Monte Carlo simulations
with 107 particles. The black curve represents the fast des-
orption limit (kg — 00), for which the fourth term in Var{7,}
vanishes. The inset shows a successful implementation of the
suggested inference scheme. To come closer to experimental
conditions, we only simulated 10* particles. The relative er-
ror of the inferred kg values is plotted vs. the true kg4s that
were fed into the simulations. All k4 values share the same
K = 0.43, marked by the red strip. Error bars were calculated
by repeating this procedure 10? times. A detailed analysis of
the statistical error can be found in the SM [73].

from the measured variance. In Fig. 4, we plot Var{T,}
vs K for three different values of k;. The subscript ‘u’
denotes re-derivation of Eqgs. (S44) and (12) according
to a uniform distribution of the initial position. It can
be appreciated that, for a wide range of K values, the
variance varies considerably with different values of kg,
thus allowing its inference. The inset demonstrates an
application of this inference scheme on simulated data.
Stmulating an adsorbing boundary.—When thinking of
an adsorbing boundary, one usually imagines a surface
layer of width ¢ <« 1, from which the particle is ad-
sorbed with rate k,/e. A standard Monte Carlo simula-
tion would thus implement such an adsorption event, wait
for a random time, and then re-inject the particle into a
distanced point in the bulk to resume diffusion. How-
ever, this basic scheme misses multiple adsorption events
that may occur between the first desorption moment and
the escape from the layer of width e. Indeed, the fractal
self-similar character of Brownian motion implies that a
Brownian path released on a smooth boundary bounces
on this boundary infinitely many times before escaping,
and accurate modeling of this dynamics would require
extremely small simulation time steps. If the waiting
time in the adsorbed state was comparable to the time
step, such missed multiple adsorptions would not mat-



ter. However, in many applications, these waiting times
are macroscopically large, and omission of even a single
adsorption event can result in considerable errors.

For this reason, an accurate modeling of the diffusive
dynamics in the presence of an adsorbing boundary is a
challenging problem. We solve it by applying our result
for the escape time from an adsorbing slab where we set
H = e. In other words, as any smooth boundary is locally
flat, the escape time from a thin layer of width e can be
accurately approximated by the escape time from a slab
of the same width. We can thus account for multiple
adsorption events by drawing random times according to
the distribution in Eq. (9), with H = €. In the SM we
exploit insight from the renewal approach to show how
this can be done efficiently via a simpler algorithm that
is approximate yet highly accurate [73]. This opens the
door for accurate simulations of diffusion with adsorbing
boundaries in general domains and arbitrary smoothly
varying adsorption-desorption rates.

Outlook.—When coming to solve the escape problem
for a sticky particle, researchers have so far resorted to
simplifying assumptions [15-17, 21]. Here, we tackled
this problem rigorously, providing a general framework,
and demonstrating its applicability using the paradig-
matic problem of escape from a sticky slab domain. From
an analytical perspective, this is clearly just the tip of the
iceberg. In the SM, we solve a related problem of escape
from a sticky spherical shell [73], and other cases of in-
terest will be analyzed elsewhere.

Our analysis revealed that adsorption and desorption
rates, which may be very hard to measure directly, can
instead be inferred from the mean and variance of the
escape time. This opens the door for the design of ex-
perimental setups for this purpose. For example, in a
spin-off on fluorescence recovery after photobleaching,
one can imagine fluorescent particles in a virtual slab,
where a strong laser photobleaches fluorescence above
height H. The normalized signal from the remaining
particles amounts to the survival probability and can
thus be used to extract the mean and variance of the
escape time. Similarly, one can think of nuclear mag-
netic resonance experiments, in which a surface at height
H causes strong relaxation that kills the transverse mag-
netization of the nuclei. These and other methods, e.g.,
single-particle tracking, can now be coupled with the re-
sults reported herein to offer new and promising ways for
probing molecular interactions.
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DERIVATION OF THE PARTIAL DIFFERENTIAL EQUATION AND BOUNDARY CONDITIONS
GOVERNING J,(s|ro)

We can write the backward diffusion equation corresponding to Eq. (3a) of the main text, and further note that it
implies a time reversal symmetry that allows us to rewrite the boundary conditions accordingly:

(s = DAy )p(r,s|ro) = 6(r — o), 70 € Q, (Sla)
ﬁ(’l", $|'l"()) = 07 T € Qabv (Slb)
OnoD(7, 8|70) + qs(10)D(7r, 8|10) =0, 70 € Qag, (Slc)

where 0,,, is the normal derivative with respect to the starting point r(. Integrating over r € {} we obtain

(8 - DATo)gb(S|r0) = la To € Q) (SZa‘)
Sb(s|’f’0) =0, 7r9€ Qab7 (SQb)
OnoS(5|70) + qs(10)Sp(sr0) = 0, 70 € Qaq. (S2¢)

It is convenient to search the solution in the form Jy(s|rg) = 1 — sS,(s|70), where the new function satisfies the
homogeneous modified Helmholtz equation:

(s — DA Jy(s|ro) =0, 79 €Q, (S3a)
Jo(slro) =1, 79 € Quay,, (S3b)
anojb(s‘rO) + qs(TO)jb(5|r0) = qs(TO)a To € Qad- (S3C)

Note that by defining Jup(s|70) = 1 — 5Sa3(s|ro) and using the definition in Eq. (5) of the main text we obtain
Jy = Jup, + sl = Jup, + Jaq. This relation simply asserts that the overall probability flux in the compartment is the
sum of the probability flux to the adsorbing boundary 2,q and the probability flux the absorbing boundary Q..
From the linearity of Eq. (S3a) it is clear that J, can be written as a sum of two functions, each obeying the same
system of equations, but with one of the boundary conditions replaced with an homogeneous boundary condition. It
turns out that these functions are exactly jad and jab:

(5 — DApy)Jaa(slmo) =0, 19 €Q, (S4a)
Jaa(sT0) =0, T € Qap, (S4b)
Do Jad (870) + qs(10) Jad (8]70) = ¢s(r0), 70 € Qaa. (S4c)
and
(s — DA Jap(s|m0) =0, 10 €Q, (Sha)
Jan(slro) =1, 7o € Qap, (S5b)
OngJab(sIr0) + 4s(ro) Jan(sm0) =0, g € Qaa, (S5¢)

Let us now supply a more rigorous proof that jab(s|7“0) is governed by Eqs. (Sba)-(S5¢). Note that the propagator
also satisfies the backward diffusion equation of Eq. (Slc)

(s = DA )p(r, s|ro) = 0(r —rg) (1o € Q), (S6a)
p(r,slro) =0 (1o € Qap), (S6b)
Bp(r,s|ro) =0 (1o € Qad), (S6¢)

where the operator B = 0y, + ¢s represents the Robin-like boundary condition. The probability density function of
the escape time is obtained by integrating the probability flux density over the absorbing part:

Jun(slro) = / dr (~Do,p) . (s7)
Qap :Eab("'7sl7‘0)
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The backward equation (S6a) implies that
(s = DAry)Jab(slro) =0 (ro € ), (S8)

because the arrival point 7 belongs to the absorbing boundary (and thus 6(r — 7o) = 0). In addition, one immediately
gets BJa,(s]rg) = 0 from Eq. (S6¢). Finally, one can prove the following boundary condition on the absorbing part:

Jan(slm0) =1 (rg € Qap). (89)

In probabilistic terms, this relation simply states that any particle that starts from the escape region immediately
escapes the domain so that the escape time 7 is zero, and thus Jp(s|ro) = (e757) = 1.

One can also give a formal but rather technical proof. For this purpose, one can multiply Eq. (S8) by p(r, s|ro),
multiply Eq. (S6a) by Jap(s|ro), subtract them and integrate over ro € Q:

jab(s|1°) = / droo(r — ro)jab(5|r0) = /dro {J;b(sro)(s — DA)D(r, srg) — p(r, s|ro) (s — DATO)jab(5|r0)
Q Q

= /dro [;5(7", s|r0)D8n0jab(s|r0) — jab(s\ro)DZ?nUﬁ(r, s|r0)}

oN
_ /dro [ﬁ(r,s|ro)pan0jab(s|ro)—jab(sro)panop(r,sm)}
Q =0

where we used the Green’s second identity and boundary conditions. As a consequence, we get

Jap(s|r) = / dro Jap(s|o) (=D, p(r, s|rg)) - (S10)

Qab

=Jan(70,5|7)

The time reversal symmetry of ordinary diffusion implies that the expression in parentheses is the probability flux
density j.p (70, s|7). Exchanging notations r <+ 7o, one gets

jab(s|r0): /drjab(s|r)5ab(r,s|ro). (S11)
Qa,b

Comparing this expression with Eq. (S7), one sees that jab(s|7“) must be 1 for all » € Q,, (more rigorously, it follows
from the uniqueness of the solution of the modified Helmholtz equation).

INVERSE LAPLACE TRANSFORMATION OF EQ. (8) IN THE MAIN TEXT

We now proceed to invert the Laplace transform of the escape time PDF of Eq. (8) in the main text. The poles
of this function are determined by zeros of the denominator. Setting 3 = iaH, such that s = —32D/H?, we get the
following equation for 8 (and thus for the poles):

Btan(g) = 4= (s12)

Ka

where we introduced dimensionless adsorption and desorption constants x, = k,H/D and kg = kqH?/D.

The left-hand side is a piecewise monotonously increasing function on the intervals (0, 7/2), (7/2, 37 /2), etc, whereas
the right-hand side is monotonously decreasing. There is an infinite set of solutions of this equation that we denote as
Br. The first solution Sy lies on the interval (0,7/2), while the others lie on (7/2 + 7(n —1),7/2 4 wn). In the limit
ks = 0 (no adsorption), the first solution is Sy = 7/2, while the other solutions are /3, = w/2 + 7n; they correspond
to an interval (0, H) with reflecting endpoint 0 and absorbing endpoint H. Clearly, the adsorption mechanism yields
Bo lying between 0 and 7/2. One sees that both the adsorption and desorption rates affect Sy and thus the decay
rate in a non-trivial way. In turn, in the limit k; = 0 (no desorption) and k, — oo, the first solution 5y = 0 should
be excluded, while the others have a simple form /3, = mn; they correspond to an interval (0, H) with two absorbing
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FIG. S1: The first solution fo of Eq. (S12) that determines the smallest eigenvalue 83 /H? of the Laplace operator on the
interval (0, H).

endpoints. If we keep k; = 0 but now set a finite 0 < k, < oo, the solution corresponds to the case of one partially
absorbing endpoint (Robin boundary condition) and one absorbing endpoint.

Figure S1 illustrates the behavior of 42 as a function of the rescaled adsorption and desorption rates k, and r.
When r, — 0 and/or kg — 0o, the left endpoint becomes reflecting, such that 82 ~ 72 /4, as discussed earlier. In the
limit x4 — 0, the left endpoint becomes partially reactive, with the reactivity given by k,. In this case, 82 — 0, but
0 is not the pole of jab(8|20), so that the limiting value should be excluded, and the smallest eigenvalue is actually
given by 3%, which is equal to 72 in the limit x, — 0o, as expected.

To get the inverse Laplace transform of jab(s|20) we proceed to compute its residues at the poles. For this purpose,
we first evaluate

, _ Og(H,s) 0gda H Ko B2 2KkqKd
g(H,s)fo%dS 2D6{cosﬁ<1+ﬁ d) ﬂsmﬁ(l—i-(ﬁ_w)} (S13)

Then, the residues are given by 2mi- g(z0, $,)/g'(H, s»), where s,, = —(32D/H?. Hence, applying the residue theorem,
we get

21
2

1 - .
Jab(t|z0) = — /eStJab(s|20)ds = ZeS"tRessn{Jab(s|zo)}

) 2
_ Z B2 Dt/ g,(j:[ o (ﬁn cos(fnzo/H) + ﬂg b Sln(ﬁnZO/H)) (S14)

which is equivalent to Eq. (9) in the main text.

RENEWAL APPROACH

For an interval, one can implement a renewal approach. In fact, the PDF of the escape time can be written as

t t

Jab (t|20) :jH(t\Zo)+/dt1jo(t1|zo)/dt/1¢(t'1 —t1)ju(t —11]0) (S15)

/dt1j0 t1|Zo /dtﬂﬁ tl —tl /dtg]g tQ—tl‘O /dtg’(ﬂ t2 jH(t—t2|0)
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where jp(t|z0) and jo(t|z9) are the probability fluxes from the bulk at z = H and z = 0, and ¢ (t) is the probability
density of the waiting time in the adsorbed state. We emphasize that these are the fluxes from the bulk, i.e., jo(¢|20)
here does not contain the contribution from desorption (unlike j.q(¢|z0) defined in the main text) — this contribution
is taken care of by (t). Thus, the fluxes from the bulk can be equivalently defined as the fluxes out of an interval
(0, H) with absorbing endpoint at H and partially reactive (k, > 0,kq = 0) endpoint at 0. The first term in Eq.
(S15) represents trajectories that escaped the domain without any adsorption, the second term accounts for a single
adsorption, the third term for two adsorptions, and so on. In Laplace domain, one gets

Jo(s120)(5)]i1 (510)
1= Jn(sl0)d(s)

Jab(8]20) = jr (s]20) + Jo(s]20)0(s)jm (s]0) + ... = ju(s|20) + (S16)

where we summed the geometric series.
For the interval (0, H) with absorbing endpoint at H and a partially reactive (note again, no desorption) endpoint
at 0, one has

a cosh(azp) + ¢gsinh(azg)

acosh(aH) + gsinh(aH)’
gsinh(a(H — 2p))

acosh(aH) + gsinh(aH) ’

Jn(slz0) = (S17)

30(3|Zo) = (S18)

where ao = y/s/D and ¢ = k,/D.
Let us now consider an adsorbing boundary at 0 with exponentially distributed waiting time, ¥ (t) = kqe *at so
that ¢(s) = 1/(1 4 s/kq). Substituting these expressions in Eq. (S16), we retrieve Eq. (8) of the main text.

Mean and variance of the escape time

In the limit s — 0, we get

_‘]TH(S|Z()) ~ gH(Z()) [1 — S<TH(Z())> + 0(82)], (S].g)

Jo(s|20) & Eo(20) [1 = s(To(20)) + O(s)], (520)
where

Er(20) = 1132 , Eo(z0) = (m (S21)

are the splitting probabilities on the endpoints H and 0 (e.g., Eg(zp) is the probability of absorption on the endpoint
H; evidently, Ex(20) + £o(20) = 1), and where

H — 2
(T (20)) = GD(1+qH)(§+qZO) 3(H + z0) + q(H + 20)* + 2qHz0 + ¢*Hzo(H + =) |, (S22)
2H? + 2H 2H?qzg — 2§ — 23qH
(To(z0)) = = =0t o0 120 % = %00 (523)

6D(1+ qH)

are the conditional mean absorption times to the endpoints 0 and H, respectively (e.g., (Ta(20)) is the MFPT to the
endpoint H, which is conditioned by the arrival onto this endpoint). Note that the conditional form is necessary here
because jg(t|20) is not normalized to 1 since the particle may be absorbed on the endpoint 0. Substituting these
expansions into Eq. (S16), we get

o(20)(1 = (To(20))8)€m (0)(1 = T (0)s)
(14 (Tw)s) = E(0)(1 = To(0)s)

Jan(s]20) ~ Em(20)(1 — (T (20))s) + (524)

where we used () =1-15(Tw) +O(s?), and (T,,) is the mean waiting time in the adsorbed state. Using 1 —&(0) =
Ex(0), we then get Jup(s|20) = 1 — (T (20))s + O(s?), with

(Tw) + &0(0)To(0)
Er(0)

(T(z0)) = (6H<ZO><TH<ZO>> i eo<zO><To<zo>>) T &(z0) [TH«)) T (525)
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The first term is the (unconditional) mean escape time from an interval (0, H) with absorbing endpoint at H and
partially reactive (k, > 0, ks = 0) endpoint at 0. This is equal to

Ein(20) Tia(z0) + (o) (o)) = o EHUT=0) T80 )

=, (526)

and note that one recovers the results for a fully reflecting and fully absorbing boundaries at z = 0 by setting
Eo(z0) = 0 and &(z0) = & 72, respectively. As a consequence, we have

222 2 -
(T(0)) = 5220 4 £0(z0) [TH@ T io(%o))To(O)}
_ 5 (Tw) , €a(0)TH(0) + & (0)To(0) _ H?
= o3 ) [T 4 1O SO0 2]
=0
_ -z (To)
= TO + go(Zo)gH(O), (S27)

————
=q(H—20)(Tw)

where in going from the first to second line we used Eq. (S26). Thus, despite the complexity of the general relation
(S25), most contributions compensate each other, yielding a remarkably simple expression:

H2 _ 2’2
(T) = (T(20)) = TO +q(H — 20)(Tw), (S28)

where ¢ = k,/D. The first term is the MFPT from an interval (0, H) with absorbing endpoint at H and reflecting
endpoint at 0. In turn, the second term incorporates all contributions from the adsorption/desorption events. The
proportionality of this term to (7,,) suggests it can be interpreted as the mean cumulative waiting time in the adsorbed
state, whereas the first term is the mean cumulative diffusion time in the bulk.

To justify this interpretation, let us examine a random trajectory of a particle that started from zy and arrived onto
the endpoint H. As previously, one can distinguish two cases by whether the diffusing particle has or has not been
adsorbed on the endpoint 0 before the escape. In the second case, there is no waiting time, and the only contribution
comes from the diffusion time. We therefore focus on the first case where the particle has been adsorbed (at least
once) on 0 before escaping the interval. Between the first adsorption on 0 and the escape from the interval through the
endpoint H, the particle experienced multiple reflections from the endpoint 0. After a number of reflections, it may
be re-adsorbed, spend some time on 0, be desorbed, and so on. However, if we cut off all the waiting periods in the
adsorbed state (we treat them below), the adsorption/desorption mechanism does not affect the diffusive dynamics of
the particle, as if the endpoint 0 was purely reflecting. In other words, if (7,) = 0 (or, in the Markovian setting, for
kq = 00), there is no effect coming from adsorption/desorption, and one retrieves the results for a reflecting boundary.
As a consequence, the diffusion time in the free state is given by the first term in Eq. (S28).

For (T,) # 0, the diffusion time should be complemented by the total waiting time that the particle has spent
in the adsorbed state. According to our derivation, the mean total waiting time is y(20)(Tw)/Em(0). How can one
interpret this relation? First of all, if the particle has escaped without any adsorption, there is no such contribution.
This explains the presence of the splitting probability £y(2¢), i.e., the probability that at least one adsorption occured
before escaping. After each desorption, the particle starts from 0 and can escape the interval with the probability
Emn(0). Let x; denote a Bernoulli random variable, which takes the value 0 (re-adsorption at i-th trial, i.e., failure to
escape) with probability 1 — €y (0) and the value 1 (successful escape) with probability £g(0). As all escape trials are
independent, the number of Bernoulli trials before escape has a geometric distribution, with the mean 1/E5(0). As the
particle spends in each adsorbed state on average (7,) units of time, the total mean waiting time is (2)(Tw)/Em(0),
in agreement with the second term in Eq. (528).

Let us extend the above rational to represent the escape time 7 as the sum of the (random) diffusion time 7y
on the interval (0, H) with reflecting endpoint 0, and the (random) total waiting time 7,q in the adsorbed state:
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T =Ta+ Taa. The latter can be formally defined as

0, with probability £ (20),
71, with probability £(z0)Em (0)1(t),
T2, with probability Ey(z0)(1 — E(0))Em(0)12(t),

£
|

(S29)

Tk, with probability €(20)(1 — Ex(0))* 1€k (0)k(t),

where ¥ (t) = (Y opo...1)(t) is the probability density function of 74, which is defined as a sum of k independent
waiting times (note that 7 = 7). This time is obtained as the k-order convolution of PDF #(t). In other words,
if A is the (random) number of trials before escape, governed by the geometric law with g (0), Taq is equal to Tar
(apart from the value 0, which corresponds to no adsorption with probability £ (2)).

It is important to emphasize that the random variables 73 and A/ (and thus 7,q) are not independent. In fact, one
can intuitively expect that large values of N would correspond to large values of 73 (i.e., more escape trials imply
longer diffusion times). The mean values (7;) and (7.q), whose sum yields the mean escape time, can be computed
independently, despite correlations between T4 and T.q, as we did above. In contrast, correlations affect higher-order
moments and the whole distribution. In particular, the variance of the escape time has three contributions:

Var{T} = Var{73} + Var{Taq} + 2 <<7}7;d> — (7&)(7@@) . (S30)
The first term is well-known:
H4 _ 24
Var{T;} = 6720. (S31)

We compute the mean by direct computation

(Toa) = / dtpdf(t) = (70 (0) 3 (1 — E(0))"! / dtt (1) = (To)Eo(z0) /1 0). ($32)
0 n=1 0
:n<Tw>

To compute variance we use the law of total variance and obtain

Var{Taa} = (N)Var{T,,} + Var{N }{T,)? (S33)
= q(H — 20) Var{To,} + ¢ (H — 20) [1 + ¢(H + 20)] (Tw)* =
= q(H — 20)(T2) + ¢*(H? — 25)(Tw)?,

where in moving to the second line we have plugged in the first two moments of A/, which are derived in detail in Sec.
(see Eq. (S42)).

_ Comparing Eqs. (S30, S31, S33) with the variance of 7, that we obtain directly from the small-s expansion of
Jab(s]20),

4 4 3_ .3
Var{T} = H6 “ 4 29" — z)

— (T + @ (H? = 22)(Tu)? + a(H — 20)(T2), (834)

we conclude that

2q(H° — z))

———(Tw)- S35

In this way, we managed to characterize correlations between the diffusion time 73 and the total waiting time 7,q.
While the mean escape time in Eq. (S28) depends only on ¢(7,), the variance of the escape time in Eq. (S34)

depends on both ¢(7T,,) and ¢(T.2). For the Markovian case (an exponential distribution of the adsorption time), one

has (T,) = 1/kq and (7,2) = 2/k3, that implies separate dependence on k, and k, in the variance:

H* — 2 n K?(H? - 232) n 2K (H3 — 23) n 2K (H — zp)
6.D2 D2 3D2 kqD ’

(TaTaa) — (Ta)(Taa) =

Var{T} = (S36)

where K =k, /kq.
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Splitting probabilities in terms of the Laplace transforms of the fluxes from the bulk

The splitting probability Ex(20) is the probability that a diffusing particle, initially at zq, is absorbed at H, without
adsorbing to the surface at 0 beforehand. The complementary splitting probability y(z¢) is the probability that the
particle is adsorbed at 0 before it manages to escape. Note that £y(zg) accounts for at least one adsorption. Thus,
for the purpose of the calculation of the splitting probabilities, the adsorbing boundary can be safely replaced with a
partially absorbing boundary with reactivity k, (and no desorption). In other words, one only needs the fluxes from
the bulk to get Ex(20) = [;° Ju(t|zo)dt = Ju(s = 0]20) and Ey(z0) = [, Jo(t|20)dt = Jo(s = 0]29). Note that this
result was already used in Egs. (S19)-(S20). We thus see that all the previously derived expressions that contained
splitting probabilities can be written in terms of the Laplace transform Jo(s = 0|z9) and/or Jg (s = 0|z0). In fact, the
renewal approach allows one to express the solution for the problem in a compartment with an adsorbing boundary
in terms of the solution for the simpler problem where the adsorbing boundaries are replaced with partially reactive
boundaries of reactivity k, and a waiting time distribution, 1 (t), in the adsorbed state.

SIMULATING AN ADSORBING BOUNDARY CONDITION

Explanation

Recall the general adsorbing boundary condition given in Eqgs. (2a)-(2b) of the main text. For the one-dimensional
case, we have

Jad(0,t]20) = kap(0,t|20) — kall(t|20), (S37a)
O:11(t]20) = jaa(0,t[20). (S37h)

We show here how a numerical simulation of such a boundary condition can be performed efficiently using insights
from the renewal technique presented in Sec. .

As discussed in Sec. , the splitting probability g (20) is the probability that a diffusing particle, initially at zg, will
be absorbed at H, without adsorbing to the surface at 0 beforehand. The complementary splitting probability £y (zo)
is the probability that the particle is adsorbed at least once before it manages to escape. Let N denote the number
of adsorption events before escape. We thus have:

1+ gz
P{N = = =
W =012} =¢Enlz0) = 1+ o (S38)
and
H—-=z
P{N>0|zo}1P{NO|zo}€g(zo)W (S39)
Markedly, when starting from the adsorbing surface we have
1
W =0120=0}=E:(0) = {7 (340)

We now aim to compute P{N = n | 29}, namely the probability of n > 0 adsorptions events prior to the escape,
given the initial position zg. First, the particle has to be adsorbed once, the probability of which is given by £y(z0).
Immediately after that adsorption event, the particle starts diffusing again, from zy = 0, and has the probability
P{N = 0] zo = 0} to escape without adsorbing for the second time. With the complementary probability the particle
will adsorb again before escape and from this point onward the process is renewed. We thus have a geometrically
distributed process with “success” probability P{N = 0] zo = 0}. Overall we obtain

PIN =n| 2 =0} = & (20)&(0)" 1 EH(0). (S41)
In particular we have
N)=q(H —2), (N?)=q(H~z)(1+2qH). (S42)

Let us now describe the simulation procedure of an adsorbing boundary located at z = 0. We introduce a thin
boundary layer of width e near the endpoint 0. The width should be larger than a typical one-step displacement o
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FIG. S2: Simulation of an adsorbing surface of higher-dimensional domain and of complex morphology: As any smooth
boundary is locally flat, the escape time from a thin layer of width e can be accurately approximated by the escape time from

a slab of the same width.

(say, € = 50). When the particle position z is at a distance smaller than €/2 from the boundary, we consider that
they start to “interact”. As a result of this interaction, the particle may be adsorbed a number of times, before it
escapes the layer of width e (we thus consider the escape problem with H = ¢).

The escape time distribution is given exactly in Eq. (9) of the main text, but drawing random times from this
bulky expression can prove numerically taxing. Instead, we suggest an alternative algorithm that reproduces the
results with excellent precision and can be easily generalized. This alternative algorithm is based on the realization
that in the limit ¢ < 1 fluctuations in the escape time from the boundary layer are mostly due to fluctuations in
the time spent in the adsorbed state. Thus, it is enough to retain only the effect of fluctuations in the waiting times
Tr ... ,7;)N. Indeed, by setting H = € in Eq. (S34) and taking this limit we are left only with the last two terms,
which are equal to Var{T,q}.

First, one performs a Bernoulli trial to decide whether N/ = 0 (with probability &.(z) = (1 + gz)/(1 + ge)) or
N > 0. In the former case, the particle is relocated to a new position z = ¢, while the time counter is incremented by
(e2—22)/(2D), i.e., the mean time needed to escape the interval (0, €) with reflecting endpoint 0 and absorbing endpoint
€. In turn, in the latter case, we generate the random number N' = n of adsorptions from the geometric distribution

E(0)"~LE.(0) for n = 1,2, .... The particle is again relocated at z = ¢, while the time counter is incremented by
2_ 2 N
€ —z ;
TR Z T, (543)
i=1
where T}, ..., 7;{\/ are independent waiting times generated from the exponential law with the rate k; in accordance

with the first-order desorption kinetics described by the last term in Eq. (S37a). Note that Eq. (S43) captures the
mean escape time from the boundary layer exactly. It also captures the variance of the escape time to second order
in the layer’s width €, with errors being O(e?). A generalization for non-exponential waiting times is trivial: one has
to generate T.! according to the given probability density 1 (t).

As any smooth boundary is locally flat, we can use the above procedure when simulating higher-dimensional
domains. All we have to do is make sure that the simulation step size is small enough such that the surface can be
locally approximated as a flat surface. Then, a thin subsurface layer of width € can be approximated by a slab of

length e. This is illustrated in Fig. (S2).

An example Matlab code

Below we supply an example Matlab code for simulating the escape of a diffusing particle from an interval with an
adsorbing boundary at 0, and an absorbing boundary at H (see Fig. 2 of the main text). The simulation output is
the escape time. In fact, we have used this code to simulate data shown in Fig. 3 and Fig. 4 of the main text. Green
text denotes commentary, as we supply a short explanation of each simulation step. Note that we do not claim that

the following code is of optimal performance.
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function escape = ExampleFunction(ka, kd, H, D, z0,epsilon, dt,tmax)
escape=0; counter=0; %Define escape time and counter.
z=20; %The location is set to the initial location.
while 1 %Endless loop unless break command is performed.
dz=sqrt(2*D*dt)*randn(); z=z+dz; %Random step of a free diffusing particle.
if z < epsilon/2 %When the particle position z is closer to the boundary than €/2.
Bl=rand(); %Generate a random number between 0 and 1.
pesc = (1 + ka*z/D)/(1 4+ ka*epsilon/D); %The splitting probability £.(z).
B=(B1 < pesc); %Boolean: 1 if the particle first cross e and 0 if the particle first adsorb.
teps = (epsilonA2 - zA2)/(2*D); %Time that is added to the counter later in both cases.
z=epsilon; % The particle is relocated to e.
if B==0 %If the particle adsorbed before crossing e.
Nads = 1 + geornd(1/(1+ka*epsilon/D),1); %Number of adsorption events.

counter = counter + teps + sum(exprnd(1/kd,1,Nads)); %Update the time counter by the adsorbed
Y%time+time needed to diffuse a distance e.

else %If crossed e without first adsorbing.
counter = counter + teps; %Update the time counter by the time needed to diffuse a distance e.

end

end

if counter>tmax
escape=tmax; %In case simulation power is limited. It is best to set tmax=inf.
break;

elseif z>H
escape=counter; %Save escape time and break.
break;

end

counter=counter+dt; %Move time step forward.

end
end
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ESTIMATION OF THE STATISTICAL ERROR IN THE INFERENCE OF THE DESORPTION RATE

We can write our expressions for the mean and variance of the escape time 7T as
w:=(T)=A+ BK, (S44)
0% :=Var{T} = a+bK + cK* + dK /kq, (S45)

where A, B, a, b, ¢, d are explicitly known constants, see Egs. (10) and (12) of the main text for the delta-function
initial condition, and the expressions given in the caption of Fig. 4 for the uniform initial condition. For completeness,
let us cite the latter here again: (7,) = H?/(3D) + KH/(2D) and Var{T,} = TH*/(45D?) + TKH3/(12D?) +
3H?K?/(4D?) + HK/(kyD), where the subscript ‘u’ denotes re-derivation of Eqs. (10) and (12) of the main text
according to a uniform initial distribution. Importantly, for both the delta-function and the uniform initial conditions
the mean and variance follow the general form in Eqs. (S44) and (S45).

For the inference procedure, we replace the exact mean and variance by its empirical estimates from N measured
escape times Tq,..., Tn:

1 Y 1 & 2
leﬁnz::lﬁu TQZNT;(%_Tl) : (846)
In other words, we express:
T — A dK
K= kg = 4
B ' T Th,—a—-bK —cK?’ (847)

which are now random variables due to fluctuations (statistical noise) in the empirical estimates 77 and T». Since the
fluctuations of the empirical mean T; are given by standard deviation, AT} = o/v/' N, one has

ATl g
AK = —=——. 548
B - BUN (S48)

The fluctuations of T are given by the standard formula from statistics,
ATy = P4 _ TN =8 Vi o (S49)
2 N N(N-1) VN

where 1y = ((T — p)*) is the fourth central moment of the escape time 7.
Using the standard formulas for estimating the errors of measured quantities, we have

AAK dK(ATs + bAK + 2¢KAK)
Akg = S5
4T T, —a—bK — cK2 (Ty —a — bK — cK2)2 (850)
from which
Aky _ AK ATy + (b+20K)AK
ke K dK ¢
1 o ps —o*+ (b+2cK)o/B

= —| — . 1
~ <KB + K kq (S51)

First, we note that the relative error in the estimation of the desorption rate k; decreases as 1/ VN, as expected.
Let us now inspect the coefficient in front of this factor. For fixed K, in the limit ky — 0 the first term diverges
according to Eq. (S45) as o o< 1/y/kg, yielding large relative error in the estimation of k4 (note that the absolute
error Aky vanishes as v/kq in the limit k; — 0). Finding the behavior of the second term in Eq. (S51) requires
the computation of py4 to know its dependence on K and ky. This computation is feasible but rather tedious and is
actually unnecessary. In fact, this term can only degrade the quality of the estimation and thus it does not alter the
above conclusion: the relative error of k4 increases in the limit kg — 0.

Away from this limit, the relative error exhibits non-monotonous behavior. To show this we present a contour plot
of the relative error as function of K and k4, see Fig. S3. For instance, if K is fixed, the ratio Aky/kq increases in
both limits k; — 0 and k; — oo but reaches a minimum at an intermediate value of ky. Figure S3 can thus be used a
guide for designing inference techniques, as it gives a theoretical estimation for the accuracy of the results in different
regimes of the parameters space. Note that in making this figure we have assumed a uniform initial distribution and
set H and D to 1. It can be thus seen as complementary to Fig. 4 of the main text.



S12

1
3

ka

0.260

0.01 0.050.10 0.50 1 5 10 0.104

K

FIG. S3: A contour plot of the estimated relative statistical error in the inference of k4 vs. the imposed values of K and kg,
according to Eq. (S51). H and D were set to 1 and a uniform initial distribution was assumed. This plot presents the case
where the mean and variance are calculated from a sample of 10* escape times. The fourth central moment 4 of the escape
time was found for the parameters at hand, using the fact that the Laplace transform in Eq. (8) of the main text is the moment
generating function. A general expression is computable, but it is very cumbersome and is thus not given here explicitly (it is
numerically advantageous to plug the values of D and H in Eq. (8) of the main text before computing the moments, to avoid
extremely long expressions).

DIFFUSION IN A SHELL WITH AN ADSORBING INNER SPHERE AND AN ABSORBING OUTER
SPHERE

To give another example of an explicit computation of the probability density of the escape time, we also consider
diffusion between concentric circles or spheres of radii Ry < Ra, such that one of them is absorbing and the other is
adsorbing. The spherical symmetry renders this problem effectively one-dimensional, and it can thus be solved in a
very similar way to the escape problem from the interval, i.e., by solving the corresponding version of Eqgs. (6a)-(6¢)
in the main text. For instance, let us consider a three-dimensional setting and assume that the inner boundary is
adsorbing and the outer is absorbing. In this case, one still has Juy(s|ro) = g(ro, s)/g(Ra, s), where

Va/Deosh [/s/D(r — R)| (g +1/Ry)sinh [\/s/Dlr - Ry)]

g(T,S) = ” + , .

The poles are determined by the condition g(Rz,s) = 0. Setting s = —DB?/(Ry — R1)?, the equation g(Ra,s) = 0
reads

Rq Rz — Rl

mg(}%ms) = Bcos(B) + (1 = ra] + 7 > sin(f),

with g = ko(R2 — R1)/D and kg = kq(Ro — R1)?/D. This can also be be written as

B Kaq Ry — Ry
tan() _(1 NI ) ) (852)

The left-hand side decreases piecewise monotonously on the intervals (0, 7), (m, 27), etc., whereas the right-hand side
increases piecewise monotonously on (0, \/kq) and (\/kq, +00). One can therefore check that there is a single solution
on each interval (7n,m(n + 1)) denoted as f3,. In turn, there are two solutions on the interval that contains /kq,
except if \/kq = mk. These solutions determine the poles s, = —DS2/(Ry — R1)?. For evaluating the residues, one

finds
dg(Rz, S) RQ — R1 R2 — R1 KRa 2I€al’€d .
7 |s=s =~ 35 o 1 n 1 T hoNo n n .
e~ () L (e - LELY

0=




As a consequence, one gets

i g (r,—DB2/(Ry — R1)?) ¢~ DB/ (Ra=R1)*

dg(R2,s) |
ds §=8n

J(tlr) =

n=0

where

i3y, cos [Bn(r — R1)/(Ra — Ry)]

o =D (e o) = Lol T

N (ka0 /(1 = Ka/B2) + (Ry — R1)/Ry] isin[Bn(r — R1)/(Ry — Ry)] .

T(Rz — Rl)
In two dimensions, one has
g(r,s) = [quo 1V$/D)++/s/DK; (R \/S/D:| o(rv/s/D)
— {qslo s/D) —+/s/DI(R \/s/D)} Ko(ry/s/D),

where and Ip(+) and Ko(-) are the modified Bessel functions of the first and second kind of order 0.

tations can be performed.
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(S53)

(S54)

(S55)

Similar compu-
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