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We give the definition of left/right Post-Lie algebras and left/right Post-Hopf algebras and establish a link between those objects. We get a Cartier-Quillen-Milnor-Moore theorem for Post-Hopf algebras. We give another description for free Post-Lie algebras and a description for Post-Lie algebras obtained from an associative product.

Introduction

Understanding Lie algebras is a difficult topic as we can see in the book [START_REF] Reutenauer | Free Lie algebras[END_REF]. Having more structure on a Lie algebra makes its study easier. For examples, Poisson algebras, Pre-Lie algebras and Post-Lie algebras have more structure than just a Lie algebra. In this paper, we will focus on the Post-Lie case.

The notion of Post-Lie algebras was introduced at first in the appendix of [START_REF] Vallette | Homology of generalized partition posets[END_REF] in 2006 as the Koszul dual of the commutative trialgebra operad. One issue with Post-Lie algebras is there exist two notions of Post-Lie algebras: right Post-Lie and left Post-Lie. They are mentioned respectively in [START_REF] Ebrahimi-Fard | On the Lie enveloping algebra of a post-Lie algebra[END_REF][START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF] and in [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF]. Here is the definition 2.18: Definition 2.18 (left Post-Lie algebras). A left Post-Lie algebra is a triple (h, [, ], ◁) where (h, [, ]) is a Lie algebra and ◁ : h ⊗ h → h is a map such that for all x, y, z ∈ h:

x ◁ [y, z] = [x ◁ y, z] + [y, x ◁ z] , [x, y] ◁ z = a ◁ (y, x, z) -a ◁ (x, y, z), = (y ◁ x) ◁ z -y ◁ (x ◁ z) -(x ◁ y) ◁ z + x ◁ (y ◁ z).
If the Lie algebra is abelian, then we find back the definition of left Pre-Lie algebras (see remark 2.4 of [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF]).

The definition of right Post-Lie algebras is given at definition 2.20. Since 2012, Post-Lie algebras are intensively studied for their connections with numerical analysis, see [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF][START_REF] Ebrahimi-Fard | On the Lie enveloping algebra of a post-Lie algebra[END_REF] and the Yang-Baxter equation, see [START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF]. Some works intend to generalize the notion of Post-Lie algebras with Post-groups, for example see [START_REF] Manchon | Free postgroups, post-groups from group actions and post-lie algebras[END_REF].

We make a link between those two notions:

Lemma 2.22. Let (h, [, ] , ◁) be a left Post-Lie algebra. Then (h, [, ] op , ◁ op ) is a right Post-Lie algebra.

This development of Post-Lie algebras motivates us to do an algebraic study of these objects like it was done with Pre-Lie algebras in [START_REF] Oudom | On the Lie enveloping algebra of a pre-Lie algebra[END_REF]. From the structure of Post-Lie algebras arose the notion of Post-Hopf algebras, see [START_REF] Ebrahimi-Fard | On the Lie enveloping algebra of a post-Lie algebra[END_REF][START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF]. As there are two notions of Post-Lie algebras, there are two notions of Post-Hopf algebras. We connect those two notions with an extra condition of cocommutativity or connectivity of the coradical filtration in the bialgebra: Proposition 3.5. Let (H, •, 1, ∆, ε, ◁) be a left Post-Hopf algebra and suppose that ∆ is cocommutative or H is connected as a coalgebra. Then, (H, • op , 1, ∆ cop , ε, ◁ op ) is a right Post-Hopf algebra.

A Post-Lie algebra appears naturally from a Post-Hopf algebra as theorem 2.7 from [START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF] states: Theorem 2.27. Let (H, ▷) be a right (respectively left) Post-Hopf algebra. Then, (Prim(H), [, ] , ▷) is a right (respectively left) Post-Lie algebra.

In Hopf algebra theory, one of the most known theorem is the Cartier-Quillen-Milnor-Moore theorem. It was first introduced in [START_REF] Milnor | On the structure of Hopf algebras[END_REF][START_REF] May | Some remarks on the structure of Hopf algebras[END_REF]. To understand well those objects, we want to get back somehow a similar theorem in our context. So, we introduce a right Post-Hopf structure over the enveloping algebra of a Post-Lie algebra (mimicking [START_REF] Oudom | On the Lie enveloping algebra of a pre-Lie algebra[END_REF]) according to [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF]: Theorem 2.29. Let (h, * ) be a right Post-Lie algebra. Its magmatic product can be uniquely extended to U(h) such that for all f, g, h ∈ U(h), y ∈ h :

• ε(f * g) = ε(f )ε(g); • ∆(f * g) = ∆(f ) * ∆(g); • f * 1 = f ; • 1 * f = ε(f )1;
• f * (gy) = (f * g) * y -f * (g * y);

• (f g) * h = f * h (1) g * h (2) ;

• (f * g) * h = f * g * h (1) h (2) , where ∆ is the usual coproduct of U(h).

Using this structure, we get a Cartier-Quillen-Milnor-Moore theorem in the Post-Hopf case:

Corollary 3.15 (Cartier-Quillen-Milnor-Moore for Post-Hopf algebras). Suppose char(K) = 0 and let (H, ◁) be a cocommutative connected (as a coalgebra) Post-Hopf algebra. Then, (H, ◁) is isomorphic to the Post-Hopf algebra (U(Prim(H)), ◁) built in theorem 2.29.

We also prove a graded version, see corollary 3.21. This gives us a tool to add more structure to a Lie algebra when we are studying some particular Hopf algebras. Therefore, it gives us more chance to generate the primitives of a Hopf algebra. Some results of [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF] implies:

Corollary 4.4. Let V be a vector space. The free magmatic algebra generated by V is denoted by Mag(V ). Then, Prim (T (Mag(V ))) is the free Post-Lie algebra generated by V where the magmatic product is extended to T (Mag(V )) as in theorem 2.29.

For any Hopf algebra H, we put H + := ker(ε) where ε is the counit of H. For instance,

T (V ) + = +∞ n=1
V ⊗n . Applying the Cartier-Quillen-Milnor-Moore theorem to the particular cases of the Post-Hopf algebras T (Mag(V )) and T (T (V ) + ), one has:

T (Mag(V )) ≈ U(Prim(T (Mag(V )))) and T (T (V ) + ) ≈ U(Prim(T (T (V ) + ))).

We describe the Post-Lie operations over these two Post-Lie algebras. Note that we can interpret an element of Mag(V ) as a planar rooted binary tree whose leaves are decorated by elements of V . The set of such trees is denoted by PRBTDL(V ). So, an element of T (Mag(V )) can be seen as a forest of such trees. For instance, we can identify: With this interpretation, the magmatic product becomes the grafting operator ∨ for planar trees. Firstly, we describe the first structure with an action of the symmetric groups build with levelled trees introduced in [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF]. For this purpose, we define:

F ↶ S = (((F * S 1 ) * S 2 ) * . . . ) * S n .

In other words, F ↶ S is the sum of all the possible consecutive right grafts of S 1 , S 2 , . . . , S n . Definition 4.12 (levelled planar trees). A levelled planar tree is a couple (t, f ) where t is a planar tree (with edges oriented to the leaves) and f is map from Vert(t), the set of vertices of t, to N \ {0} such that f (x) < f (y) for x, y ∈ Vert(t) if there exists a path from x to y. Such a map f is called a node decoration.

We denote this set LPT. For any element T = (t, f ) ∈ LPT, we put lab(T ) = f (Vert(t)).

Then, we can map to any element σ of the symmetric group a sentence s(σ) over the alphabet N * called its normal form (it represents the decomposition of σ as a product of cycles). For more details see definitions 4.15 and 4.16. Definition 4.17. We define a map φ : W → LPT by induction on n the length of words by:

φ(0) = |, ∀n ∈ N \ {0}, ∀w ∈ W n , φ(w) = φ(w ′ ) ∨ min(w) φ(w ′′ ),
where w = w ′ min(w) w ′′ with w ′ , w ′′ ∈ W. .

Then, we introduce: Definition 4.18. Let n ≥ 1, T 1 , . . . , T n ∈ PRBTDL(V ). Put F = T 1 . . . T n ∈ FDL(V ). Let T be a levelled planar tree with lab(T ) = 2, n , we build B(F, T ) ∈ PRBTDL(V ) the tree made by grafting T 1 to the leftmost leaf of T and for any i ∈ 2, n , grafting T i to the closest leaf on the right of the node labelled by i. So it defines a map:

B : {(F, T ) | T ∈ LPT, lab(T ) = 2, n , F ∈ FDL(V ), |F | = n} → PRBT (F, T ) → B(F, T ).
See examples 4.8 for more details.

Notation 1.1. Let F = T 1 . . . T n ∈ FDL(V ), let I ⊆ 1, n and put I = {i 1 < • • • < i l } with l = |I|. We define F I = T i1 . . . T i l .
Then, for any F = T 1 . . . T n a forest composed of trees whose leaves are decorated by an element of a vector space V , we introduce in proposition 4.20 the map:

Φ n (F ) : S n → F(F ) σ = σ 1 . . . σ k → B (F O1 , φ(τ 1 )) . . . B (F Or , φ(τ r )) ,
where σ 1 . . . σ k is the decomposition of σ into a product of cycles with disjoint support, (O i ) i∈ 1,r is the collection of the orbits of σ and (τ i ) i∈ 1,r is a family of well-chosen words. See proposition 4.20 for more details.

Then, after proving the intermediate proposition 4.10 using multisets, we reach:

Corollary 4.21. Let F, F ′ be two elements of FDL(V ) and F ′ has k trees. Then:

F * F ′ = σ∈S k (-1) O(σ)+k F ↶ Φ k (F ′ ) (σ),
where O(σ) is the number of orbits of σ.

Secondly, the simpler second structure is based on words and is given by: 

S * W = f : 1,k → 1,n S 1 * W f -1 ({1}) | . . . | S n * W f -1 ({n}) .

Document structure

This document is organised as follow:

1. In the first section, we give the basic definitions and a short introduction to multisets. Then, we introduce the definitions of right/left Post-Lie, Post-Hopf algebras and the basic results about them.

2. The second section talks about adapting the Cartier-Quillen-Milnor-Moore theorem in the Post-Hopf context. We find back two versions of this theorem.

3. The last section gives two applications of this theorem. It allows us to say more things about some Lie algebras of primitives elements. We give a combinatorial description of the Post-Lie operation in both cases and we make a link with the one given in [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF].
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Left and Right Post-Lie and Post-Hopf

Notations and reminders

The base field is K, a commutative field of characteristic zero. Any vector space or algebra will be taken over K.

Classical reminders

Definition 2.1. Let V be a vector space. We denote by Hom(V ) the space of linear maps from V to V . This space is an algebra for the composition product •.

Definition 2.2 (opposite and coopposite

). Let V be any vector space and consider:

τ : V ⊗ V → V ⊗ V x ⊗ y → y ⊗ x
We consider two linear maps f :

V ⊗ V → V to g : V → V ⊗ V.
We define the opposite map of f and the coopposite map of g respectively denoted by f op and g cop by:

f op := f • τ and g cop := τ • g. Notation 2.1.
Let H be any bialgebra of unit 1. We denote by H + its augmentation ideal, that is to say the kernel of its counit ε. We define a projection from H to H + :

ρ : H → H + x → x -ε(x)1.
Definition 2.3. Let H be a bialgebra of unit 1 and denote its coproduct by ∆. We put for any

x ∈ H + : ∆(x) = ∆(x) -1 ⊗ x -x ⊗ 1.
and ∆(1) = 0. Then, ∆ is coassociative and ∆(H) ⊆ H + ⊗ H + . We use the two Sweedler's notations, omitting the summation symbol:

∆(x) = x (1) ⊗ x (2) , ∆(x) = x ′ ⊗ x ′′ .
Notation 2.2. We define for any k ∈ N:

∆ (k) =        Id if k = 0, ∆ if k = 1, ∆ ⊗ Id ⊗k-1 • ∆ (k-1) otherwise, ∆(k) =        ρ if k = 0, ∆ if k = 1, ∆ ⊗ Id ⊗k-1 • ∆(k-1) otherwise.
Definition 2.4 (graded vector space). Let V be a vector space. We say V is graded if there

exists a sequence (V n ) n∈N of finite dimensional subspaces of V such that V = +∞ n=0 V n .
We say an element v ∈ V , is homogeneous if there exists n ∈ N such that v ∈ V n . For any non-zero homogeneous element v of V , we denote deg(v) this integer n. Definition 2.5 (graded algebra). Let (A, m, 1) be an unitary algebra. We say A is graded if there exists a grading (A n ) n∈N such that:

∀(i, j) ∈ N 2 , m(A i ⊗ A j ) ⊆ A i+j .
We say that an algebra A graded by (A n ) n∈N is connected if and only if A 0 = K1. Definition 2.6. Let h be a Lie algebra. We say h is graded if there exists a grading (h n ) n∈N such that:

∀(i, j) ∈ N 2 , [h i , h j ] ⊆ h i+j .
Notation 2.3. Let V be any vector space, we put V ⊗0 = K • 1 where 1 is the empty word over the alphabet V .

We recall that for any vector space V , T (V ) denotes the tensor bialgebra with the concatenation product and its coproduct is given for any element v ∈ V by:

∆(v) = 1 ⊗ v + v ⊗ 1.
Definition 2.7. Let (h, [, ]) be a Lie algebra. The enveloping algebra of h is:

U(h) := T (h) ⧸ I where I = ⟨xy -yx -[x, y] | x, y ∈ h⟩.
Definition 2.8. Let (h, [, ]) be a graded Lie algebra. We define for any word f = f 1 . . . f k ∈ T (h) where the f i 's are all homogeneous:

deg(f ) = k i=1 deg(f i ), deg(1) = 0.
We say that an element of T (h) is homogeneous if it can be written as a linear combination of elements of degree exactly n for one n ∈ N. Let n ∈ N, we denote by T (h) n the vector space of homogeneous elements of degree n. Actually, T (h) is a graded algebra for the graduation (T (h) n ) n∈N . As I is an homogeneous ideal of T (h), U(h) inherits the grading of T (h). Moreover U(h) and T (h) are connected if and only if h 0 = (0).

Here, we define a second grading for T (h). This one does not use the fact that h is a graded Lie algebra: Definition 2.9. Let h be a Lie algebra and k ∈ N. We define T (h

) k := h ⊗k . Note that T (h) k may not be finite-dimensional. Let (k, n) ∈ N × N. Put: T (h) k n = T (h) k ∩ T (h) n ,
Then:

T (h) 0 n = (1) if n = 0 (0) otherwise.
Moreover, when h is graded Lie algebra, T (h) k n (k,n)∈N 2 is a double grading of T (h). That is to say for all k, n, l, m ∈ N:

• T (h) k n is finite-dimensional; • T (h) k n • T (h) l m ⊆ T (h) k+l n+m ; • ∆ T (h) k n ⊆ k l=1 n m=1 T (h) l m ⊗ T (h) k-l n-m .
Remark 2.1. Let h be a graded Lie algebra. With these notations, for any k ∈ N,

h k = T (h) 1 k . Moreover, if h is a graded Lie algebra such that h 0 = (0), then for all k > n, T (h) k n = (0).
Definition 2.10 (Set of planar binary trees). We define PRBT the set of planar rooted binary trees with an adjunction of one element | which is an element with one leaf. We decompose this set with PRBT = n∈N PRBT n where PRBT n is the subset of PRBT containing trees with exactly n + 1 leaves. Note that we will not represent explicitly the nodes of the trees of PRBT as they are always at an intersection of two edges. We denote K PRBT the K-vector space generated by PRBT. It is a graded vector space with (K PRBT n ) n∈N .

Example 2.1. For instance: and T 2 = |, then:

PRBT 0 = {|}, PRBT 1 = , PRBT 2 =    ,    .
T 1 ∨ T 2 = , T 2 ∨ T 1 = .
Remark 2.2. Considering those notations, for any couple (T 1 , T 2 ) ∈ PRBT 2 :

Vert(T 1 ∨ T 2 ) = Vert(T 1 ) ⊔ Vert(T 2 ) ⊔ {r}
where r is the root of T 1 ∨ T 2 .

Notation 2.5 (non-binary trees). We put NBT the set of planar non-binary rooted trees. For any integer n ∈ N, we denote NBT n the set of planar non-binary rooted trees with exactly n + 1 nodes. We denote K NBT the K-vector space generated by NBT. It is a graded vector space with (K NBT n ) n∈N .

In this context, as trees are no longer binary, this is compulsory to represent the nodes of trees with black dots.

Examples 2.3. For instance:

NBT 0 = { }, NBT 1 = { } , NBT 2 =
, ,

NBT 3 = , , , , .
Definition 2.12 (free magmatic algebra). Let X be a set and K be a field. We denote by Mag(X) the free magmatic K-algebra generated by X. One can see elements of Mag(X) as a non-associative word with retained parenthesis.

Example 2.4. Let X = {x, y}. Here are some examples of elements of Mag(X):

x, y, (xy), x(xy), (xx)y, ((x(xy))y)y.

A short introduction to multisets Definition 2.13 (Multiset).

A multiset E is a couple (E, m) where E is a set that we will call the base set of E and m a map from E to N called multiplicity. We call m -1 (N \ {0}) the support of E. We denote by supp(E) the support of the multiset E. We define the cardinality |E| of E := (E, m) by:

|E| := x∈E m(x) = x∈supp(E) m(x).
We say that the multiset E is finite if |E| is finite. Traditionally, multisets are denoted between double brackets and an element x of E appears as many times as m(x). We do not mind of the order in which those elements appear.

Examples 2.5. Here are some examples of multisets:

• We define the following multiset ( 1, 3 , m) where m(x) = x for all x ∈ 1, 3 . Then, this multiset can be represented by: {{1, 2, 2, 3, 3, 3}} or by {{1, 3, 2, 3, 2, 3}} .

• A set E is identified to a multiset E = (E, m) where m is a constant application equal to 1. So, denoting E = {x 1 , . . . , x n } where n is a non-negative integer and x i ̸ = x j for any i ̸ = j, we identify {x 1 , . . . , x n } and {{x 1 , . . . , x n }} .

Remark 2.3. One can identify a finite multiset with a finite sequence where we can permute the order of the elements of this sequence.

Notation 2.6. For any multiset E, we denote by X E the base set of E and m E the multiplicity of this multiset. When we write x ∈ E, it will mean x ∈ X E .

Definition 2.14. Let E and F be two sets, f : E → N and g : F → N two maps. We define the following map:

f ∪ g :          E ∪ F → N x →      f (x) if x ∈ E and x / ∈ F, g(x) if x ∈ F and x / ∈ E, f (x) + g(x) if x ∈ E ∩ F.
Let E = (E, m E ) and F = (F, m F ) be two multisets. We define the union of these two multisets, denoted by E ∪ F, as the multiset

(E ∪ F, m E ∪ m F ). Remark 2.4. Notice that supp (E ∪ F) = supp(E) ∪ supp(F).
Example 2.6. Consider E = {{ , , , 2, 3, 4, 4}} and F = , , 4, 4, 2 , we get:

E ∪ F = , , , , 2, 2, 3, 4, 4, 4, 4, . 
Definition 2.15 (Direct image of a multiset). Let E = (E, m E ) and F = (F, m F ) be two multisets, E ′ = (E ′ , m E ′ ) ⊆ E and f : E → F be a map. We define the multiset f (E ′ ) by:

X f (E ′ ) := f (E ′ ) ∀x ∈ f (E ′ ), m f (E ′ ) (x) := y∈f -1 ({x}) m E ′ (y).
We will say that a surjective map f :

E → F is a multiset surjection from E to F if f (E) = F.
Lemma 2.16. Let E = (E, m E ) and F = (F, m F ) be two multisets, f : E → F be a multiset surjection from E to F and let M be a Z-module and λ : F → M be any map. Then, in M :

x∈E m E (x)λ(f (x)) = y∈F m F (y)λ(y).
Proof. One decomposes as a disjoint union E = y∈F f -1 ({y}). Therefore, as f (E) = F:

x∈E m E (x)λ(f (x)) = y∈F x∈f -1 ({y}) m E (x)λ(f (x)) = y∈F   x∈f -1 ({y}) m E (x)   λ(y) = y∈F m F (y)λ(y).

Definitions

Definition 2.17 (associator). Let V be a vector space. Let * : V ⊗ V → V be a linear map. We define the associator for * for all x, y, z ∈ V :

a * (x, y, z) = (x * y) * z -x * (y * z).
Note that * is associative if and only if for any x, y, z ∈ V, a * (x, y, z) = 0.

We first introduce the different notions of Post-Lie and Post-Hopf algebras. The following definition can be found in [START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF] and [START_REF] Ebrahimi-Fard | On the Lie enveloping algebra of a post-Lie algebra[END_REF] respectively at the beginning of section 2 and at definition 2.1: Definition 2.18 (left Post-Lie algebras). A left Post-Lie algebra is a triple (h, [, ], ◁) where (h, [, ]) is a Lie algebra and ◁ : h ⊗ h → h is a map satisfying two properties such that for all x, y, z ∈ h:

x ◁ [y, z] = [x ◁ y, z] + [y, x ◁ z] , (1) 
[x, y] ◁ z = a ◁ (y, x, z) -a ◁ (x, y, z) (2) = (y ◁ x) ◁ z -y ◁ (x ◁ z) -(x ◁ y) ◁ z + x ◁ (y ◁ z).
If the Lie algebra is abelian, then we find back the definition of left Pre-Lie algebras (see remark 2.4 of [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF]).

Definition 2.19 (left Pre-Lie algebras). Let V be a vector space with a map • : V ⊗ V → V such that for any x, y, z ∈ V :

a • (x, y, z) = (x • y) • z -x • (y • z) = (y • x) • z -y • (x • z) = a • (y, x, z).
Then, we call (V, •) a left Pre-Lie algebra.

This definition of Post-Lie algebras is the one in [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF] ) is a Lie algebra and ▷ : h ⊗ h → h is a map satisfying for all x, y, z ∈ h:

x ▷ [y, z] = a ▷ (x, y, z) -a ▷ (x, z, y) (3) = (x ▷ y) ▷ z -x ▷ (y ▷ z) -(x ▷ z) ▷ y + x ▷ (z ▷ y), [x, y] ▷ z = [x ▷ z, y] + [x, y ▷ z] . ( 4 
)
If the Lie algebra is abelian, then we find back the definition of right Pre-Lie algebras.

Definition 2.21 (right Pre-Lie algebras). Let V be a vector space with a map • : V ⊗ V → V such that for any x, y, z ∈ V :

a • (x, y, z) = (x • y) • z -x • (y • z) = (x • z) • y -x • (z • y) = a • (x, z, y).
Then, we call (V, •) a right Pre-Lie algebra.

Remark 2.5. Moreover, in both cases, each of these algebras can be endowed with a second Lie bracket denoted by {, } defined for all x, y ∈ h by:

{x, y} := [x, y] + x * y -y * x.
where * is either ◁ or ▷.

Here is the link between left Post-Lie algebras and right Post-Lie algebras:

Lemma 2.22. Let (h, [, ] , ◁) be a left Post-Lie algebra. Then (h, [, ] op , ◁ op ) is a right Post-Lie algebra.
Proof. One just needs to check (3) and (4). Let x, y, z be three elements of h. Then, using [START_REF] Ebrahimi-Fard | On the Lie enveloping algebra of a post-Lie algebra[END_REF] with ◁, we get:

x ◁ op [y, z] op = -[y, z] ◁ x = -a ◁ (z, y, x) + a ◁ (y, z, x).
But, for all (u, v, w) ∈ h 3 :

a ◁ (u, v, w) = (u ◁ v) ◁ w -u ◁ (v ◁ w) = w ◁ op (v ◁ op u) -(w ◁ op v) ◁ op u = -a ◁ op (w, v, u).
So, we obtain:

x ◁ op [y, z] op = a ◁ op (x, y, z) -a ◁ op (x, z, y).
This proves relation (3). Finally, using the relation ( 1) with ◁, we get:

[x, y] op ◁ op z = -z ◁ [x, y] = -[z ◁ x, y] -[x, z ◁ y] = [x ◁ op z, y] op + [x, y ◁ op z] op .
This proves the lemma as the relation ( 4) is fulfilled. For left Post-Hopf algebras, here is the definition of [START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF] at definition 2.1:

Definition 2.23 (left Post-Hopf algebras). A left Post-Hopf algebra is a 6-tuple (H, •, 1, ∆, ε, ◁) such that (H, •, 1, ∆, ε
) is a Hopf algebra and ◁ : H ⊗ H → H is a coalgebra morphism satisfying the following equalities for all x, y, z ∈ H:

x ◁ (y • z) = x (1) ◁ y • x (2) ◁ z , ( 5 
) x ◁ (y ◁ z) = x (1) • x (2) ◁ y ◁ z, ( 6 
)
and such that the left multiplication α ◁ : H → Hom(H) defined for every x ∈ H by:

α ◁ (x) : H → H y → x ◁ y,
is invertible in the convolution algebra Hom(H, Hom(H)). In other words, there exists β ∈ Hom(H, Hom(H)) such that for all x ∈ H :

α ◁ x (1) • β x (2) = β x (1) • α ◁ x (2) = ε(x) Id H . When (H, •) is commutative, we will call (H, •, 1, ∆, ε, ◁) a left Pre-Hopf algebra.
Here is the definition of right Post-Hopf algebras (motivated by proposition 1 and lemma 1 from [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF]): Definition 2.24 (right Post-Hopf algebras). A right Post-Hopf algebra is a 6-tuple (H, •, 1, ∆, ε, ▷) such that (H, •, 1, ∆, ε) is a Hopf algebra and ▷ : H ⊗ H → H is a coalgebra morphism satisfying the following equalities for all x, y, z ∈ H:

(x • y) ▷ z = x ▷ z (1) • y ▷ z (2) , (7) 
(x ▷ y) ▷ z = x ▷ y ▷ z (1)
• z (2) . [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF] and such that the right multiplication γ ▷ : H → Hom(H) defined for every x ∈ H by:

γ ▷ (x) : H → H y → y ▷ x.
is invertible in the convolution algebra Hom(H, Hom(H)). In other words, there exists β ∈ Hom(H, Hom(H)) such that for all x ∈ H :

γ ▷ x (1) • β x (2) = β x (1) • γ ▷ x (2) = ε(x) Id H .
When (H, •) is commutative, we will call (H, •, 1, ∆, ε, ◁) a right Pre-Hopf algebra.

Definition 2.25 (Post-Hopf morphism).

A morphism of left or right Post-Hopf algebras from (H, ◁) to (H ′ , ◁ ′ ) is a Hopf algebra morphism g : H → H ′ such that for all x, y ∈ H:

g(x ◁ y) = g(x) ◁ ′ g(y).
According to lemma 2.3 and theorem 2.7 of [START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF], we have these two results with their proofs adapted for the right case: Lemma 2.26. Let (H, ▷) be a right Post-Hopf algebra. Then, for all x ∈ H we have:

x ▷ 1 = x, 1 ▷ x = ε(x)1.
Proof. Let x ∈ H. Using the fact that ▷ is a coalgebra morphism, the antipode S is the inverse of Id in the convolution algebra Hom(H, H) and ( 7), we get: 1). Moreover, using relation [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF], we obtain: Proof. We only prove the theorem for right Post-Hopf algebras as the proof for left Post-Hopf algebras is analogous. It is well known that the Lie bracket over Prim(H) is:

1 ▷ x = 1 ▷ x (1) ε 1 ▷ x (2) = 1 ▷ x (1) 1 ▷ x (2) S 1 ▷ x (3) = (1 • 1) ▷ x (1) S 1 ▷ x (2) = 1 ▷ x (1) S 1 ▷ x (2) = ε (1 ▷ x) 1 = ε(x)1. Note that γ ▷ (1) is invertible as β(1) • γ ▷ (1) = Id H = γ ▷ (1) • β(
γ ▷ (1) 2 (x) = (x ▷ 1) ▷ 1 = x ▷ (1 ▷ 1). But, as 1 ▷ x = ε(x)1, we get 1 ▷ 1 = 1 so γ ▷ (1) 2 = γ ▷ (1). So γ ▷ (1) = Id
[x, y] = x • y -y • x.
We only need to check that ▷ makes (Prim(H), [, ] , ▷) a right Post-Lie algebra. Let x, y, z be three elements of Prim(H). We check x ▷ y ∈ Prim(H). Using the fact that ▷ is a coalgebra morphism and lemma 2.26, we have:

∆(x ▷ y) = ∆(x) ▷ ∆(y) = (x ⊗ 1 + 1 ⊗ x) ▷ (y ⊗ 1 + 1 ⊗ y) = x ▷ y ⊗ 1 ▷ 1 + x ▷ 1 ⊗ 1 ▷ y + 1 ▷ y ⊗ x ▷ 1 + 1 ▷ 1 ⊗ x ▷ y = x ▷ y ⊗ 1 + 1 ⊗ x ▷ y.
Moreover, formulas [START_REF] Milnor | On the structure of Hopf algebras[END_REF] and (8) become:

(x • y) ▷ z = (x ▷ 1) • (y ▷ z) + (x ▷ z) • (y ▷ 1) = x • (y ▷ z) + (x ▷ z) • y,
and:

(x ▷ y) ▷ z = x ▷ ((y ▷ 1) • z + (y ▷ z) • 1) = x ▷ (y • z + y ▷ z).
Consequently, this implies:

x ▷ (y • z) = (x ▷ y) ▷ z -x ▷ (y ▷ z) = a ▷ (x, y, z). Therefore: x ▷ [y, z] = x ▷ (y • z -z • y) = a ▷ (x, y, z) -a ▷ (x, z, y), [x, y] ▷ z = (x • y -y • x) ▷ z = x • (y ▷ z) + (x ▷ z) • y -y • (x ▷ z) -(y ▷ z) • x = [x ▷ z, y] + [x, y ▷ z] .
So, it ends the proof.

Some properties

In [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF][START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF][START_REF] Ebrahimi-Fard | On the Lie enveloping algebra of a post-Lie algebra[END_REF][START_REF] Tang | Post-hopf algebras, relative rota-baxter operators and solutions of the yang-baxter equation[END_REF], the authors extend the definition of the Post-Lie product of a left\right Post-Lie algebra to its Lie enveloping algebra respectively in proposition 1, proposition 3.7, proposition 3.1 and theorem 2.8. In this paper, we will focus on the right extension of the product. The following result is a summary of lemma 1 and proposition 1 of [3]:

Proposition 2.28. Let V be a vector space and * be a magmatic product on V . Then, * can be uniquely extended to a map T (V ) ⊗2 → T (V ) such that for all f, g, h ∈ T (V ) and x, y ∈ V :

• ε(f * g) = ε(f )ε(g); • ∆(f * g) = ∆(f ) * ∆(g); • f * 1 = f ; • 1 * f = ε(f )1; • f * (gy) = (f * g) * y -f * (g * y); • (f g) * h = f * h (1) g * h (2) ; • (f * g) * h = f * g * h (1) h (2) .
Examples 2.7. For instance, let V be any vector space and v 1 , v 2 , v 3 , v 4 be four elements of V . Then:

(v 1 v 2 ) * v 3 = (v 1 * v 3 )v 2 + v 1 (v 2 * v 3 ), v 1 * (v 2 v 3 ) = (v 1 * v 2 ) * v 3 -v 1 * (v 2 * v 3 ), (v 1 v 2 v 3 ) * v 4 = (v 1 * v 4 )v 2 v 3 + v 1 (v 2 * v 4 ) + v 1 v 2 (v 3 * v 4 ), v 1 * (v 2 v 3 v 4 ) = ((v 1 * v 2 ) * v 3 ) * v 4 -(v 1 * (v 2 * v 3 )) * v 4 -(v 1 * (v 2 * v 4 )) * v 3 + v 1 * ((v 2 * v 4 ) * v 3 ) -(v 1 * v 2 ) * (v 3 * v 4 ) + v 1 * (v 2 * (v 3 * v 4 )).
Moreover in the Post-Lie case, all those properties survive in the quotient space U(h) = T (h) ⧸ I when h is a right Post-Lie algebra. This is proposition 4 from [3]: Theorem 2.29. Let (h, * ) be a right Post-Lie algebra. Its magmatic product can be uniquely extended to U(h) such that for all f, g, h ∈ U(h), y ∈ h: (1) g * h (2) ;

• ε(f * g) = ε(f )ε(g); • ∆(f * g) = ∆(f ) * ∆(g); • f * 1 = f ; • 1 * f = ε(f )1; • f * (gy) = (f * g) * y -f * (g * y); • (f g) * h = f * h
• (f * g) * h = f * g * h (1) h (2) ,
where ∆ is the usual coproduct of U(h).

Remark 2.7. Note these extensions are generalizations of the extension of a Pre-Lie product made in [START_REF] Oudom | On the Lie enveloping algebra of a pre-Lie algebra[END_REF] in proposition 2.7.

Proposition 2.30. Let (H, •, 1, ∆, ε, ◁) be a left Post-Hopf algebra such that ∆ is cocommutative. Then (H, • op , 1, ∆, ε, ◁ op ) is a right Post-Hopf algebra.
Proof. Obviously, ◁ op is still a coalgebra morphism. Moreover, if S is the antipode of (H, •, 1, ∆, ε), then S is also the antipode of (H, • op , 1, ∆ cop , ε). So, by cocommutativity (H, • op , 1, ∆, ε) is also a Hopf algebra. We need to check relations ( 7), [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF] in the algebra (H, • op , 1, ∆, ε, ◁ op ) and the existence of an inverse for the right multiplication in the convolution algebra. Let us denote × = • op . Let x, y, z ∈ H, then from (5):

(x × y) ◁ op z = z ◁ (y • x) = z (1) ◁ y • z (2) ◁ x = x ◁ op z (2) × y ◁ op z (1) , = x ◁ op z (1) × y ◁ op z (2) ,
where the last equality comes from the cocommutativity of H. As a consequence, we get [START_REF] Milnor | On the structure of Hopf algebras[END_REF] for (H, • op , 1, ∆, ε, ◁ op ). We also get (8):

(x ◁ op y) ◁ op z = z ◁ (y ◁ x) = z (1) • z (2) ◁ y ◁ x = x ◁ op y ◁ op z (2) × z (1)
= x ◁ op y ◁ op z (1) × z (2) .

This shows that relation ( 8) is true. In order to end this proof, one just needs to show that the right multiplication γ ◁ op has an inverse in the convolution algebra Hom(H, Hom(H)). This is true as γ ◁ op = α ◁ .

Remark 2.8. Note that the hypothesis "∆ is cocommutative" is important here. Actually, if one coopposes the coproduct, the relations ( 7) and ( 8) are still true but the convolution algebras are modified. For instance, denote ⋆ the product of the convolution algebra Hom(H cop , Hom(H)). Then, saying that γ ◁ op = α ◁ is invertible in this algebra means there exists β ∈ Hom(H, Hom(H)) such that for any x ∈ H:

γ ◁ op ⋆ β(x) = α ◁ x (2) • β x (1) = ε(x)1, β ⋆ γ ◁ op (x) = β x (2) • α ◁ x (1) = ε(x)1.
Otherwise, the hypothesis is:

γ ◁ op * β(x) = α ◁ x (1) • β x (2) = ε(x)1, β * γ ◁ op (x) = β x (1) • α ◁ x (2) = ε(x)1.
Then, the inverse of γ ◁ op may not exist unless we suppose cocommutativity. In this case, it is β.

Remark 2.9. The left Post-Lie structure over primitives of (H,

•, ∆, ◁) is (Prim(H), [, ] , ◁)
whereas for the right Post-Lie structure over primitives of (H,

• op , ∆, ◁ op ) is (Prim(H), [, ] op , ◁ op ).
3 The Cartier-Quillen-Milnor-Moore theorem for Post-Hopf algebras

In this section we will prove the Cartier-Quillen-Milnor-Moore (CQMM) theorem in the context of Post-Hopf and Post-Lie algebras. Therefore, we will suppose for now that the base field K is of characteristic zero. Moreover, we can easily travel from right Post-Hopf/Post-Lie to left Post-Hopf/Post-Lie algebras when we have cocommutativity thanks to proposition 2.30. As a consequence, we will restrict ourselves to the study of right Post-Hopf and right Post-Lie algebras.

Preliminary lemmas and definitions

Definition 3.1 (coradical filtration). Let (C, ∆, ε) be a connected coalgebra, this is a coalgebra such that for any x ∈ C there exists n x ∈ N such that ∆(nx) (x) = 0. We define the coradical filtration of C as the sequence C ≤n n∈N of subspaces of C such that for all n ∈ N:

C ≤n := x ∈ C ∆(n) (x) = 0 = x ∈ C ∃m ≤ n, ∆(m) (x) = 0 .
Note that for any integers m ≤ n, C ≤m ⊆ C ≤n .

Using the coassociativity of ∆, we have this easy lemma: Lemma 3.2. Let (C, ∆, ε) be a connected coalgebra. Then, for all n ∈ N:

• ∆ C ≤n ⊆ n k=0 C ≤k ⊗ C ≤n-k ; • C = C ≤0 ⊕ ker(ε). Remark 3.1.
Let H be a connected (as a coalgebra) bialgebra and consider H ≤n n∈N its coradical filtration. Then, for all m, n ∈ N:

1. m H ≤n ⊗ H ≤m ⊆ H ≤n+m ; 2. ∆ H ≤n ⊆ n m=0 H ≤n-m ⊗ H ≤m ;
3. H ≤0 = (1). Proposition 3.3 (Filtration over U(h)). We put:

U(h) ≤0 := ⟨1⟩.
For any n ∈ N \ {0}, we define:

U(h) ≤n = ⟨{x 1 . . . x k | k ≤ n, ∀i ∈ 1, k , x i ∈ h}⟩ .

Then, U(h) ≤n

n∈N is the coradical filtration of U(h) satisfying remark 3.1. Let f ∈ U(h), we denote len(f ) the smaller integer n such that f ∈ U(h) ≤n . Proposition 3.4. Let H be a bialgebra connected as a coalgebra, endowed with a coalgebra morphism ▷ : H ⊗2 → H such that [START_REF] Milnor | On the structure of Hopf algebras[END_REF] and (8) hold. Then, (H, ▷) is a Post-Hopf algebra.

Proof. We remind that H is a Hopf algebra as it is connected as a coalgebra. So H ≤0 is one dimensional. One only needs to show that the right multiplication γ ▷ is invertible in the convolution algebra (Hom(H, Hom(H)), * ) to end the proof. We build the left inverse β and the right inverse α of γ ▷ by induction over the degree of the coradical filtration n. If n = 0, as H ≤0 = ⟨1⟩. We put β(1) = Id H = α(1). Then:

β * γ ▷ (1) = β(1) • γ ▷ (1).
By lemma 2.26, γ ▷ (1) = Id H so:

β * γ ▷ (1) = ε(1) Id H = Id H and γ ▷ * α(1) = ε(1) Id H = Id H .
Hence, the induction is initialized. Suppose there exists an integer n such that we have defined β and α on H ≤n and for all x ∈ H ≤n , β * γ ▷ (x) = ε(x) Id H = γ ▷ * α(x). Let x ∈ H ≤n+1 . By lemma 3.2, by linearity, we can suppose that ε(x) = 0. Then, we put:

β(x) = -γ ▷ (x) -β(x ′ ) • γ ▷ (x ′′ ) and α(x) = -γ ▷ (x) -γ ▷ (x ′ ) • α(x ′′ ).
As ∆ H ≤n+1 ⊆ n k=1 H ≤k ⊗ H ≤n+1-k , β(x) and α(x) are well-defined. Now:

β * γ ▷ (x) = β(x) • γ ▷ (1) + β(1) • γ ▷ (x) + β(x ′ ) • γ ▷ (x ′′ ) = β(x) + γ ▷ (x) + β(x ′ ) • γ ▷ (x ′′ ) = 0 = ε(x) Id H (x), γ ▷ * α(x) = γ ▷ (x) • α(1) + γ ▷ (1) • α(x) + γ ▷ (x ′ ) • α(x ′′ ) = γ ▷ (x) + α(x) + γ ▷ (x ′ ) • α(x ′′ ) = 0 = ε(x) Id H (x).
Therefore by the induction principle, γ ▷ has a left and right inverse. The convolution algebra is associative, so it implies that the left and right inverse are the same. So γ ▷ is invertible in Hom(H, Hom(H)).

From proposition 2.30 and its proof and proposition 3. Proof. The cocommutative case is proposition 2.30. Suppose now that H is connected as a coalgebra. Then, ◁ op is a morphism for ∆ cop , (H, • op , 1, ∆ cop , ε) is a Hopf algebra and by the proof of proposition 2.30, we know that ( 7) and ( 8) are true. Applying proposition 3.4 ends the proof.

Lemma 3.6. Let (H, m, 1, ∆, ε, ▷) be a connected (as a coalgebra) Post-Hopf algebra. Then, for any n ∈ N:

H ≤n ▷ H ⊆ H ≤n .
Proof. Note that for all x, y two elements of H + , thanks to lemma 2.26 we have:

∆(x ▷ y) = ∆(x ▷ y) -1 ⊗ x ▷ y -x ▷ y ⊗ 1 = 1 ⊗ x + x ⊗ 1 + ∆(x) ▷ 1 ⊗ y + y ⊗ 1 + ∆(y) -1 ⊗ x ▷ y -x ▷ y ⊗ 1 = ∆(x) ▷ ∆(y) + ∆(x) ▷ (1 ⊗ y + y ⊗ 1) = ∆(x) ▷ ∆(y).
Let us prove the lemma by induction over n.

Initialization: for n = 0, the result is obvious by lemma 2.26.

Heredity: suppose there exists n ≥ 0 such that for any

k ≤ n, H ≤k ▷H ⊆ H ≤k . Let x ∈ H ≤n+1 and y ∈ H. If y ∈ ⟨1⟩, then x ▷ y = x ∈ H ≤n+1 . If y ∈ ker(ε), then: ∆(n+1) (x ▷ y) = ∆(n) ⊗ Id • ∆(x ▷ y) = ∆(n) ⊗ Id ∆(x) ▷ ∆(y) .
By construction of the filtration, ∆(x)

⊆ n k=1
H ≤k ⊗ H ≤n+1-k . Therefore, by the induction

hypothesis ∆(x) ▷ ∆(y) ⊆ n k=1 H ≤k ⊗ H ≤n+1-k . So: ∆(n+1) (x ▷ y) = 0.
So it proves that H ≤n+1 ▷ H ⊆ H ≤n+1 . By the induction principle, the lemma is true.

From all those lemmas, we deduce:

Corollary 3.7. Let (h, ▷) be a Post-Lie algebra. Then, (U(h), ▷) is a Post-Hopf algebra.
Proof. One just needs to see that we can apply proposition 3.4. Let us remind that U(h) has a filtration given by U(h) ≤n n∈N . Moreover by theorem 2.29, we see that [START_REF] Milnor | On the structure of Hopf algebras[END_REF] and ( 8) are also true. Therefore, U(h) is a Post-Hopf algebra.

If h is a Pre-Lie algebra, notice U(h) = S(h). Therefore, we get a stronger version of lemma 2.10 from [START_REF] Oudom | On the Lie enveloping algebra of a pre-Lie algebra[END_REF] in the context of Pre-Hopf algebras: Corollary 3.8. Let (h, ▷) be a Pre-Lie algebra. Then, (S(h), ▷) is a Pre-Hopf algebra. Definition 3.9. Let (A, +, ×) be an associative algebra over a field K. Let V be a subspace of A. We denote by ⟨V ⟩ the sub-algebra of A generated by V . Theorem 3.10. Let (h, * ) be a Post-Lie algebra, (A + , •) be a non-unitary associative algebra endowed with a linear map ▷ : A + ⊗ A + → A + and let ϕ : h → A + be a linear map such that for all x, y ∈ h:

ϕ ([x, y]) = ϕ(x)ϕ(y) -ϕ(y)ϕ(x); ϕ(x * y) = ϕ(x) ▷ ϕ(

y).

We put A = ⟨1⟩ ⊕ A + . We extend ▷ by linearity to A for all x ∈ A + by:

     1 ▷ x = 0, x ▷ 1 = x, 1 ▷ 1 = 1.
Assume for all x, y ∈ ⟨Im(ϕ)⟩ , z ∈ Im(ϕ):

(x • y) ▷ z = (x ▷ z) • y + x • (y ▷ z), ( 9 
)
x ▷ (y

• z) = (x ▷ y) ▷ z -x ▷ (y ▷ z). ( 10 
)
Then, there exists an unique algebra morphism Φ : U(h) → A such that Φ| h = ϕ. Moreover, this morphism satisfies for all f, g, h ∈ U(h):

Φ(f * g) = Φ(f ) ▷ Φ(g), (11) 
(Φ(f ) • Φ(g)) ▷ Φ(h) = Φ (f ) ▷ Φ h (1) • Φ(g) ▷ Φ h (2) , ( 12 
) (Φ(f ) ▷ Φ(g)) ▷ Φ(h) = Φ(f ) ▷ Φ(g) ▷ Φ h (1) • Φ h (2) , ( 13 
)
where ▷ : U(h) ⊗2 → U(h) is the extension defined in theorem 2.29.

Here we will prove a technical lemma before proving theorem 3.10:

Lemma 3.11. Let n ∈ N, n ≥ 2.
Let Φ : U(h) → A be the algebra morphism given above (satisfying (9) and (10)) and assume for any f, g ∈ U(h) ≤n :

Φ(f * g) = Φ(f ) ▷ Φ(g). ( 14 
)
Then, for all f, g ∈ U(h) ≤n and f 0 ∈ h:

Φ(f f 0 ) ▷ Φ(g) = Φ(f ) ▷ Φ g (1)
• Φ(f 0 ) ▷ Φ g (2) .

Proof of lemma 3.11. Let f ∈ U(h) ≤n . We proceed by induction on len(g). We put r = len(g).

We initialize the induction with r = 0. Then g = 1, so the result of this lemma is true.

For the heredity, suppose there exist an integer 0 ≤ r < n such that the conclusion of the lemma is true. Let g ∈ U(h) such that len(g) = r + 1. By linearity and the induction hypothesis, we can suppose that g is an element of h ⊗r+1 . Then, there exist g 0 ∈ h and g ′ ∈ U(h) ≤r such that g = g ′ g 0 . So, using [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF] and the induction hypothesis we get:

Φ(f f 0 ) ▷ Φ (g ′ g 0 ) =Φ(f f 0 ) ▷ (Φ (g ′ ) Φ(g 0 )) = (Φ(f f 0 ) ▷ Φ (g ′ )) ▷ Φ(g 0 ) -Φ(f f 0 ) ▷ (Φ (g ′ ) ▷ Φ(g 0 )) = Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) ▷ Φ(g 0 ) -Φ(f f 0 ) ▷ (Φ(g ′ ) ▷ Φ(g 0 ))
Moreover, using the lemma hypothesis ( 14), we get Φ(f )

▷ Φ g ′ (1) = Φ f * g ′ (1) ∈ ⟨Im(ϕ)⟩.
So, by [START_REF] Oudom | On the Lie enveloping algebra of a pre-Lie algebra[END_REF], the first term is:

Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) ▷ Φ(g 0 ) = Φ(f ) ▷ Φ g ′ (1) ▷ Φ(g 0 ) • Φ(f 0 ) ▷ Φ g ′ (2) + Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2)
▷ Φ(g 0 ) .

By hypothesis ( 14), we deal with the last term:

Φ (g ′ ) ▷ Φ(g 0 ) = Φ(g ′ * g 0 ),
where g ′ * g 0 ∈ U(h) ≤r by lemma 3.6. So using the induction hypothesis, one has:

Φ(f f 0 ) ▷ (Φ(g ′ ) ▷ Φ(g 0 )) = Φ(f ) ▷ Φ (g ′ * g 0 ) (1) 
•

Φ(f 0 ) ▷ Φ (g ′ * g 0 ) (2) 
.

By theorem 2.29, we have that ∆ is a morphism for * . As a consequence:

Φ(f f 0 ) ▷ (Φ(g ′ ) ▷ Φ(g 0 )) = Φ(f ) ▷ Φ g ′ (1) * g 0 (1) • Φ(f 0 ) ▷ Φ g ′ (2) * g 0 (2) = Φ(f ) ▷ Φ g ′ (1) ▷ Φ g 0 (1) • Φ(f 0 ) ▷ Φ g ′ (2) ▷ Φ g 0 (2) = Φ(f ) ▷ Φ g ′ (1) ▷ Φ (g 0 ) • Φ(f 0 ) ▷ Φ g ′ (2) + Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) ▷ Φ (g 0 ) ,
where we used the hypothesis (14) (as r < n) for the second equality. Putting things together, we have:

Φ(f f 0 ) ▷ Φ(g ′ g 0 ) = Φ(f ) ▷ Φ g ′ (1) ▷ Φ(g 0 ) • Φ(f 0 ) ▷ Φ g ′ (2) + Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) ▷ Φ(g 0 ) -Φ(f ) ▷ Φ g ′ (1) ▷ Φ (g 0 ) • Φ(f 0 ) ▷ Φ g ′ (2) -Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) ▷ Φ (g 0 )
Finally, as we supposed [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF], the highlighted terms simplify:

Φ(f f 0 ) ▷ Φ(g ′ g 0 ) = Φ(f ) ▷ Φ g ′ (1) • Φ(g 0 ) • Φ(g 0 ) ▷ Φ g ′ (2) + Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) • Φ(g 0 ) = Φ(f ) ▷ Φ g ′ (1) g 0 • Φ(g 0 ) ▷ Φ g ′ (2) + Φ(f ) ▷ Φ g ′ (1) • Φ(f 0 ) ▷ Φ g ′ (2) g 0
As g 0 ∈ h and ∆ is a morphism, one gets:

∆(g) = ∆(g ′ g 0 ) = ∆(g ′ )∆(g 0 ) = g ′ (1) ⊗ g ′ (2) g 0 + g ′ (1) g 0 ⊗ g ′ (2) .
As a consequence:

Φ(f f 0 ) ▷ Φ(g) = Φ(f ′ ) ▷ Φ g (1) • Φ(f 0 ) ▷ Φ g (2)
This proves the induction hypothesis for the rank r + 1. Therefore by the induction principle, the lemma is true for all r ≤ n.

Proof of theorem 3.10. The only thing to do is to prove ( 11), ( 12) and ( 13) as the first part of the proposition comes from the universal property of enveloping algebras. To prove this result, it is enough to prove [START_REF] Reutenauer | Free Lie algebras[END_REF]. In fact, suppose [START_REF] Reutenauer | Free Lie algebras[END_REF] is true. Let f, g, h be elements of U(h), then by construction of * over U(h):

(Φ(f ) • Φ(g)) ▷ Φ(h) = Φ((f g) * h) = Φ f * h (1) g * h (2)
= Φ f * h (1) • Φ g * h (2) = Φ (f ) ▷ Φ h (1) • Φ(g) ▷ Φ h (2) .

Moreover:

(Φ(f ) ▷ Φ(g)) ▷ Φ(h) = Φ ((f * g) * h) = Φ f * g * h (1) h (2)
= Φ(f ) ▷ Φ(g) ▷ Φ h (1) • Φ h (2) .

To prove [START_REF] Reutenauer | Free Lie algebras[END_REF], we proceed by an induction over n = max(len(f ), len(g)). By linearity of Φ, it is enough to prove this for words over h. We initialize the induction with n = 1. By definition of ▷ extended to A and the relations in theorem 2.29 defining * with units in U(h), we conclude that ( 11) is true whenever f or g are equal to 1. If f and g are both elements of h:

Φ(f * g) = ϕ(f * g) = ϕ(f ) ▷ ϕ(g) = Φ(f ) ▷ Φ(g).
We will now prove the heredity. Assume there exists n ≥ 1 such that for all f, g ∈ U(h) ≤n . Then:

Φ(f * g) = Φ(f ) ▷ Φ(g).
Let us consider (f, g) ∈ U(h) 2 such that max(len(f ), len(g)) = n + 1. Case 1: len(f ) ≤ n and len(g) = n + 1.

Then, up to terms with smaller degrees, there exists g ′ ∈ h ⊗n and g 0 ∈ h such that g = g ′ g 0 . So, using the construction of * detailed in theorem 2.29 and the induction hypothesis, one has:

Φ(f * g) = Φ (f * (g ′ g 0 )) = Φ ((f * g ′ ) * g 0 -f * (g ′ * g 0 )) = (Φ(f ) ▷ Φ(g ′ )) ▷ Φ(g 0 ) -Φ(f ) ▷ (Φ(g ′ ) ▷ Φ(g 0 )) .
By hypothesis [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF], we obtain:

Φ(f * g) = Φ(f ) ▷ (Φ (g ′ ) • Φ(g 0 )) = Φ(f ) ▷ Φ(g).
Case 2: len(f ) = n + 1 and len(g) ≤ n. Hence, up to terms with smaller degrees, there exists f 0 ∈ h and f ′ ∈ h ⊗n such that f = f ′ f 0 . Then, by theorem 2.29 and the induction hypothesis: (1) f 0 * g (2) = Φ(f ′ ) ▷ Φ g (1) • Φ(f 0 ) ▷ Φ g (2) .

Φ(f * g) = Φ ((f ′ f 0 ) * g) = Φ f ′ * g
Here, lemma 3.11 applies as ( 14) is our induction hypothesis. As a consequence: (1) • Φ(f 0 ) ▷ Φ g (2) . So it proves Φ(f * g) = Φ(f ) ▷ Φ(g). So the heredity is complete in this case.

Φ(f ′ f 0 ) ▷ Φ(g) = Φ(f ′ ) ▷ Φ g
Case 3: len(f ) = len(g) = n + 1. Thus, there exist g 0 ∈ h and g ′ ∈ h ⊗n such that g = g ′ g 0 . Consequently:

Φ(f * g) = Φ(f * g ′ g 0 ) = Φ ((f * g ′ ) * g 0 -f * (g ′ * g 0 )) = Φ((f * g ′ ) * g 0 ) -Φ(f * (g ′ * g 0 )).
However, by lemma 3.6, we know f * g ′ ∈ U(h) ≤n+1 , g ′ * g 0 ∈ U(h) ≤n where g 0 ∈ h and f ∈ U(h) ≤n+1 . As a consequence, by respectively case 1 and case 2, we have:

Φ((f * g ′ ) * g 0 ) = (Φ(f ) ▷ Φ(g ′ )) ▷ Φ(g 0 ), Φ(f * (g ′ * g 0 )) = Φ(f ) ▷ (Φ(g ′ ) ▷ Φ(g 0 )).
So, by [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF], Φ(f * g) = Φ(f ) ▷ Φ(g). Therefore we have proved [START_REF] Reutenauer | Free Lie algebras[END_REF]. So the theorem is true by the induction principle.

Then, we just give some classical lemmas useful to prove Cartier-Quillen-Milnor-Moore theorem in the classic case. Lemma 3.12. Let H be a bialgebra and n ∈ N. For all (v 1 , . . . , v n ) ∈ Prim(H) n , we have:

∆(n-1) (v 1 • . . . • v n ) = σ∈Sn v σ(1) ⊗ • • • ⊗ v σ(n) . Moreover, if k ≥ n, ∆(k) (v 1 • . . . • v n ) = 0.
Lemma 3.13. Let H be a bialgebra and let x ∈ H such that ∆(n) (x) = 0. Then: ∆(n-1) (x) ∈ Prim(H) ⊗n . Lemma 3.14. Let H be a connected (as a coalgebra) bialgebra such that I be a coideal such that I ̸ = (0). Then, I contains some primitive elements of H. This proof is quite similar to the classic Cartier-Quillen-Milnor-Moore theorem where we use the coradical filtration. One may try to get the best version of it, appearing at theorem 4.5.1 in [START_REF] Cartier | Classical Hopf algebras and their applications[END_REF], in the case of Post-Hopf algebras.

The

Proof. First, we show that H is generated by its primitive elements. Let H ′ be the sub-bialgebra of H generated by Prim(H). Let x ∈ H \ {0}. As H is connected as a coalgebra, for k = deg(x), we have ∆(k) (x) = 0. We show by induction on deg(

x) that x ∈ H ′ . If deg(x) = 0, as ∆(0) (x) = x-ε(x)1 then x ∈ K, so x ∈ H ′ . If deg(x) = 1 then x is primitive, so x ∈ H ′ . If n = deg(x) > 1,
then by lemma 3.13, we can write:

∆(n-1) (x) = i x (i) 1 ⊗ • • • ⊗ x (i) n ,
where for all m ∈ 1, n and i, x

(i) m ∈ Prim(H).
As H is cocommutative, the coproduct is invariant under the action of any element of the symmetric group. As a consequence, as char(K) = 0:

∆(n-1) (x) = 1 n! σ∈Sn i x (i) σ(1) ⊗ • • • ⊗ x (i) σ(n) .
By lemma 3.12:

∆(n-1) (x) = ∆(n-1) 1 n! i x (i) 1 • . . . • x (i) n .
Then:

deg x - 1 n! i x (i) 1 • . . . • x (i) n < n
So by the induction hypothesis, x ∈ H ′ as i 

x (i) 1 • . . . • x (i) n ∈ H ′ .
ϕ([x, y]) = xy -yx = ϕ(x)ϕ(y) -ϕ(y)ϕ(x), ϕ(x ▷ y) = x ▷ y.
Moreover ϕ satisfies ( 9) and (10) as any element in Im(ϕ) is primitive and H is a Post-Hopf algebra. So, applying theorem 3.10, there exists a unique algebra morphism Φ : U(Prim(H)) → H satisfying Φ| Prim(H) = ϕ, (11), ( 12) and [START_REF] Vallette | Homology of generalized partition posets[END_REF]. However, Φ is also a coalgebra morphism as it sends primitive elements of U(Prim(H)) on primitives elements of H and for all n ∈ N, Φ H ≤n ⊆ H ≤n . Therefore, Im(Φ) is a sub-Post-Hopf algebra of H as ( 12) and ( 13) become the relations [START_REF] Milnor | On the structure of Hopf algebras[END_REF] and [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF]. The existence of an inverse for the multiplication in the convolution algebra is straightforward as Im(Φ) is connected as a coalgebra.

Note that Im(Φ) contains the algebra generated by Prim(H). So Im(Φ) = H. Now, let us suppose that Φ is not injective. Therefore, its kernel is a non-empty coideal in a connected bialgebra. Therefore by lemma 3.14, ker(Φ) contains primitive elements. So ϕ can not be injective. This gives a contradiction.

Thus, Φ is an isomorphism of Post-Hopf algebras.

In the particular case where the Lie bracket is 0, one gets:

Corollary 3.16 (Cartier-Quillen-Milnor-Moore for cocommutative Pre-Hopf algebras). Suppose char(K) = 0 and let (H, ▷) be a cocommutative connected (as a coalgebra) Pre-Hopf algebra.

Then (H, ▷) is isomorphic to the Pre-Hopf algebra (S(Prim(H)), ▷) built in 2.29.

As a consequence, we get theorem 2.12 of [START_REF] Oudom | On the Lie enveloping algebra of a pre-Lie algebra[END_REF] (with the additional hypothesis char(K) = 0) with an isomorphism of Pre-Hopf algebra as Prim(S(h)) = h for h a Pre-Lie algebra.

A graded version

Preliminary lemmas and definitions

Definition 3.17 (graded Post-Hopf algebras). Let (H, ◁) be a Post-Hopf algebra. We say that it is graded if there exists a sequence of finite dimensional subspaces (H n ) n∈N such that:

H = n∈N H n ,
and (H, m, 1, ∆, ε) is a graded bialgebra and for all m, n ∈ N:

H n ◁ H m ⊆ H n+m .
We say that this gradation is connected when H 0 is of dimension 1.

Remark 3.2.

Let H be a connected graded Hopf algebra. Then, for any (n, m) ∈ N 2 the following properties are satisfied:

1. H 0 = (1); 2. m (H n ⊗ H m ) ⊆ H n+m ; 3. ∆ (H n ) ⊆ n m=0 H n-m ⊗ H m .
Lemma 3.18. Let h be a graded Post-Lie algebra such that h 0 = (0). Then:

∀(n, m, k) ∈ N 3 , T (h) k n * T (h) m ⊆ T (h) k n+m .
Proof. In all this proof, we use intensively proposition 2.28. We will prove by induction over l the following property:

∀(n, m, k, l) ∈ N 3 , T (h) k n * T (h) l m ⊆ T (h) k n+m
Initialization: for l = 0 it is obvious. For l = 1, one needs to show:

∀(n, m) ∈ N 2 , ∀k ∈ N, T (h) k n * h m ⊆ T (h) k n+m .
There, we use an induction over k. For k = 0, it is obvious as T (h) 0 = (1). For k = 1, as h 0 = (0), for any n ∈ N, T (h) 1 n = h n . So, we need to prove:

∀(n, m) ∈ N 2 , h n * h m ⊆ h n+m .
This is true as h is supposed to be a graded Post-Lie algebra. Now, we suppose there exists 1 ≥ k such that for all k ′ ≤ k, we have:

∀(n, m) ∈ N 2 , T (h) k ′ n * h m ⊆ T (h) k ′ n+m . (IH1) Let (n, m) ∈ N 2 .
We prove a similar result for k + 1. As h 0 = (0), we can suppose

k + 1 ≤ n otherwise T (h) k+1 n is (0). Let f ∈ T (h) k+1 n
and h ∈ h m . Then, by linearity, we can suppose f is a word. Then, there exist

f ′ ∈ T (h) k n ′ and f 0 ∈ h n ′′ such that f = f ′ f 0 where n = n ′ + n ′′ with 1 ≤ n ′ and 1 ≤ n ′′ . So, by construction: f * h = (f ′ f 0 ) * h = (f ′ * h)f 0 + f ′ (f 0 * h).

By the induction hypothesis (IH1), we have f

′ * h ∈ T (h) k n ′ +m and f 0 * h ∈ h n ′′ +m . Consequently: f * h = (f ′ * h)f 0 ∈T (h) k+1 n+m + f ′ (f 0 * h) ∈T (h) k+1 n+m
So the induction is initialized.

Heredity: suppose there exists 1 ≤ l such that for all l ′ ≤ l:

∀(n, m) ∈ N 2 , ∀k ∈ N, T (h) k n * T (h) l ′ m ⊆ T (h) k n+m . (IH2)
We prove this result for l + 1. Let (n, m, k) ∈ N 3 , f ∈ T (h) k n and g ∈ T (h) l+1 m . Then, by linearity, we can suppose g is a word. Put g = g ′ g 0 where g ′ ∈ T (h) l m ′ and g 0 ∈ h m ′′ where 1 ≤ m ′ , 1 ≤ m ′′ and m = m ′ + m ′′ . Consequently:

f * g = f * (g ′ g 0 ) = (f * g ′ ) * g 0 -f * (g ′ * g 0 ).
By the induction hypothesis (IH2), f * g ′ ∈ T (h) k n+m ′ and g ′ * g 0 ∈ T (h) l n+m ′′ . So, using once more (IH2):

f * g = (f * g ′ ) * g 0 ∈T (h) k n+m -f * (g ′ * g 0 ) ∈T (h) k n+m .
As a consequence of 3.18, we have: Lemma 3.19. Let h be a graded Post-Lie algebra such that h 0 = (0). Then:

∀(n, m, k) ∈ N 3 , U(h) ≤k n * U(h) m ⊆ U(h) ≤k n+m .
Proof. This lemma is a consequence of taking the quotient of T (h) by I. This ideal is homogeneous for the grading by the sum of the degrees of letters. But this not the case for the length of letters, which becomes a filtration. The lemma 3.19 and the corollary 3.7 implies: Corollary 3.20. Let (h, [, ] , ▷) be a graded Post-Lie algebra. Then, (U(h), ▷) is a Post-Hopf algebra where ▷ is the extension of theorem 2.29 and the gradation is given by (U(h) n ) n∈N .

The theorem

We deduce a graded version of corollary 3.15: Corollary 3.21 (Cartier-Quillen-Milnor-Moore for graded Post-Hopf algebras). Suppose char(K) = 0 and let (H, ◁) be a cocommutative connected graded Post-Hopf algebra. Then, (H, ◁) is isomorphic to the graded Post-Hopf algebra (U(Prim(H)), ◁) built in 2.29.

Proof. The proof is the same as the one of corollary 3.15. To adapt it to the graded case, one just needs to notice that Φ is also a homogeneous morphism of degree 0 for the gradations.

Applications

We have: Proposition 4.1. Let (V, * ) be a graded magmatic algebra with V 0 = (0). Then, (T (V ), •, 1, ∆, ε, * ) is a cocommutative connected and graded right Post-Hopf algebra, using the extension of * in proposition 2.28. Proof. By proposition 2.28, we know that * is a coalgebra morphism and ( 7) and ( 8) hold. We graduate T (V ) with (T (V ) n ) n∈N similarly as in definition 2.8. As V 0 = (0), dim(T (V ) 0 ) = 1. By lemma 3.18, all the hypotheses of proposition 3.4 are satisfied. So the proposition is true.

Applying the Cartier-Quillen-Milnor-Moore theorem 3.21 in the Post-Hopf case, one gets the graded Post-Hopf isomorphism:

T (V ) ≈ U(Prim(T (V )))
where Prim(T (V )) is endowed with its graded Post-Lie structure. We want to know more about the Post-Lie structure of Prim(T (V )). We already know: Proposition 4.2. Let V be any vector space. Denote by Lie(V ) the free Lie algebra generated by V . Then Prim(T (V )) and Lie(V ) are isomorphic as Lie algebras.

For the sake of completeness, let us give a proof of this classical result given in [START_REF] Reutenauer | Free Lie algebras[END_REF].

Proof when char(K) = 0. To prove this, we show that Prim(T (V )) satisfies the universal property for free objects. Let g be a Lie algebra and V be a vector space. Let φ : V → g be a linear map. Consider i the inclusion of g into U(g) and j the inclusion of V into T (V ). By the universal property of T (V ) there exists a unique algebra morphism Φ : T (V ) → U(g) such that diagram 1a commutes.

Figure 1: Some diagrams

V g T (V ) U(g) φ j i Φ (a) Diagram 1 Prim(T (V )) Prim(U(g)) = g V g Φ| Prim(T (V )) φ (b) Diagram 2 By construction Φ| V = Φ • j = i • φ. So Φ(V ) ⊆ g.
As char(K) = 0, one has Prim(U(g)) = g. Hence, Φ sends the generators of T (V ) onto primitive elements of U(g). Moreover, as V ⊆ Prim(T (V )), we deduce that Φ is a Hopf algebra morphism. Then, we get diagram 1b. Consequently, Prim(T (V )) satisfies the universal property of free algebras. So Prim(T (V )) is isomorphic to Lie(V ).

As a consequence, theorem 2 from [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF] gives: Theorem 4.3. Let (V, * ) be a magmatic algebra and let (L, {, }, ⋆) be a Post-Lie algebra. Let φ : (V, * ) → (L, ⋆) be a morphism of magmatic algebras. There exists a unique morphism of Post-Lie algebras Φ : Prim(T (V )) → L extending φ.

Proof. We just replaced Lie(V ) by Prim(T (V )) in the statement of theorem 2 in [START_REF] Foissy | Extension of the product of a post-Lie algebra and application to the SISO feedback transformation group[END_REF].

This has for consequence (see corollary 1 from [3]):

Corollary 4.4. Let X be a set. The free magmatic algebra generated by X is denoted by Mag(X). Then, Prim (T (Mag(X))) is the free Post-Lie algebra generated by X.

Descriptions of the free Post-Lie case

Let X be a set.

A description through trees

Definition 4.5 (trees with decorated leaves). Let X be a set. A tree with decorated leaves is a couple (T, f ) where T is an element of PRBT and f : Leaf(T ) → X. We denote the set composed of those objects by PRBTDL(X).

We denote the set of planar forests of such trees by FDL(X).

We know that the free Post-Lie algebra generated by X is given by words over Mag(X) where any element of Mag(X) can be seen as an element of PRBTDL(X). Denote * the magmatic product over Mag(X). For instance, we will respectively identify for any a, b, c, d ∈ X, Therefore, an element of T (Mag(X)) can be seen as a linear combination of forests whose leaves are decorated by elements of X. In other words, T (Mag(X)) is identified to K FDL(X). A natural question is: "What is the behaviour of the * product extended to T (Mag(X)) by proposition 2.28?" The product of T (Mag(X)) is the concatenation of trees and * is such that for any couple of (T 1 , T 2 ) ∈ PRBTDL(X) we have:

T 1 * T 2 = T 1 ∨ T 2 .
The coproduct of this set of binary forests is the unshuffle coproduct.

In order to describe more precisely the product * for trees, we need the following lemma:

Lemma 4.6. Let n ∈ N * , F = T 1 . . . T n ∈ FDL(X)
and T ∈ PRBTDL(X). Then:

F * T = n i=1 T 1 . . . (T i * T ) . . . T n .
In other words, F * T is the sum of all the possible right grafts of T on the forest F .

Proof. We proceed by induction on n the number of trees in the forests F . If n = 1, then F is a tree and the result is obvious. Suppose the result of the lemma is true for all 1 ≤ n ′ ≤ n. Let F = T 1 . . . T n+1 be a forest composed of n + 1 trees. Then, by definition of the extension of * from proposition 2.28, the fact that T is primitive and the induction hypothesis:

F * T = (T 1 . . . T k T k+1 ) * T = (T 1 . . . T k * T )T k+1 + T 1 . . . T k (T k+1 * T ) = k i=1 T 1 . . . (T i * T ) . . . T k + T 1 . . . T k (T k+1 * T ).
So it proves the lemma by the induction principle.

We also introduce the following notation and definition: 

= F 1 . . . F k ∈ FDL(X) of length k ∈ N * .
For each of these forests, we define by induction over n:

If n = 1, F ↶ S = k i=1 F 1 . . . (F i ∨ S) . . . F k , otherwise, F ↶ S = (F ↶ S ′ ) * S n ,
where

S ′ = S 1 . . . S n-1 .
Remark 4.1. With these notations, we have for any T ∈ PRBTDL(X), (F, S) ∈ FDL(X) 2 :

F ↶ (ST ) = (F ↶ S) * T.
Example 4.1. For instance, for a, b, c, d, e, f, g, h, i ∈ X: 

b a c d e ↶     f g h j i     =     b a c d e ↶ f g h     * j i =      a b f g h c d e + b a c d e f g h      ↶ j i = a b f g h i j c d e
F ↶ S = (((F * S 1 ) * S 2 ) * . . . ) * S n .
In other words, F ↶ S is the sum of all the possible consecutive right grafts of S 1 , S 2 , . . . , S n .

Proof. The proof is an easy induction.

With the definition 2.13, we define: Definition 4.9. We define a multiset of elements of FDL(X), for any trees T 1 , . . . , T k , T k+1 by: 

F (T 1 ) = {{T 1 }} , F (T 1 . . . T k T k+1 ) = S∈F (T1...T k ) m F (T1...T k ) (S) r=1 {{ST k+1 }} k i=1 F (T 1 . . . (T i ∨ T k+1 ) . . . T k ) .
F (T 1 T 2 ) =       T 1 T 2 , T2 T1       , F (T 1 T 2 T 3 ) =               T 1 T 2 T 3 , T2 T1 T 3 , T 1 T3 T2 , T3 T1 T 2 , T1 T3 T2 , T1 T2 T3               . Remark 4.3. Let a ∈ X. For example, consider T 1 = a a and T 2 = T 3 = a . Then, if F(T 1 T 2 T 3 ) was just a set, one would obtain for F(T 1 T 2 T 3 ) :      a a a a , a a a a , a a a a , a a a a , a a a a      One occurrence of
∀T 1 , . . . , T n ∈ PRBTDL(X), |F(T 1 . . . T n )| = n!.
Hence, there exists a multiset surjection between this set and the n-th symmetric group S n .

We give a combinatorial interpretation of the Post-Lie product for the free Post-Lie algebra: Proposition 4.10. Let F and F ′ be two elements of FDL(X). Then:

F * F ′ = S∈F (F ′ ) (-1) l(S)+l(F ′ ) m F (F ′ ) (S) F ↶ S.
Proof. Let F ∈ FDL(X). We prove this result by induction over k = l(F ′ ). If k = 1, then the formula we need to prove is the one in lemma 4.6. So the induction is initialized.

For heredity, suppose that there exists 1 ≤ k such that for any forest F ′ such that l(F ′ ) ≤ k, we have the proposition. Consider T 1 , . . . , T k+1 a family of k + 1 binary trees of PRBTDL(X). Then, using the construction of * from proposition 2.28, lemma 4.6 and the induction hypothesis, we get:

F * (T 1 . . . T k T k+1 ) =(F * T 1 . . . T k ) * T k+1 -F * (T 1 . . . T k * T k+1 ) =   S∈F (T1...T k ) (-1) |S|+k m F (T1...T k ) (S) F ↶ S   * T k+1 -F * k i=1 T 1 . . . (T i * T k+1 ) . . . T k =   S∈F (T1...T k ) (-1) |S|+k m F (T1...T k ) (S) F ↶ (ST k+1 )   - k i=1 S ′ ∈F (T1...(Ti∨T k+1 )...T k ) (-1) l(S ′ )+k m F (T1...(Ti∨T k+1 )...T k ) (S ′ ) F ↶ S ′ .
By definition of F(T 1 . . . T k+1 ), we have:

F * (T 1 . . . T k T k+1 ) = S∈F (T1...T k T k+1 ) (-1) l(S)+k+1 m F (T1...T k T k+1 ) (S) F ↶ S.
By the induction principle, this ends the proof.

To make the formula as explicit as possible, we need to describe F(F ) precisely. In this aim, we introduce levelled planar trees. Definition 4.11 (node decoration). Let t be a tree. We denote Vert(t) the set of vertices of t. We call a node decoration of t any map f : Vert(t) → N \ {0}. Definition 4.12 (levelled planar trees). A levelled planar tree is a couple (t, f ) where t is a planar tree (with edges oriented to the leaves) and f is a node decoration of t such that for any x, y ∈ Vert(t), f (x) < f (y) if there exists a path from x to y.

We denote this set LPT. For any element T = (t, f ) ∈ LPT, we put lab(T ) = f (Vert(t)).

Remark 4.5. This definition is a slightly modified version of definition 35 in [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF]. To get it back, one needs to normalize the labels on the nodes of the trees.

We can extend the definition of the map ∨ defined at definition 2.11: Definition 4.13 (grafting operator for trees with node decorations). Let T 1 = (t 1 , f ) and T 2 = (t 2 , g) be two trees with node decorations. Let n ∈ N \ {0}. We define ∨ n the grafting operator for trees with node decorations by:

T 1 ∨ n T 2 := (t 1 ∨ t 2 , h),
where h satisfies h| Vert(t1) = f, h| Vert(t2) = g and h(r) = n for r the root of t 1 ∨ t 2 . , then:

T 1 ∨ 3 T 2 = 3 1 2 , T 2 ∨ 3 T 1 = 3 2 1 , T 2 ∨ 2 T 1 = 2 2 1
.

Our aim is to establish a link for any forest F between the set F(F ) and the symmetric groups.

Making the link with the symmetric groups Notation 4.2. Let n ∈ N and σ ∈ S n . We put O(σ) the number of orbits of its action over 1, n . For instance, O Id 1,n = n and if τ is a transposition, then O (τ ) = n -1. We also put Supp(σ) the support of σ.

Definition 4.14 (inductive limit of the symmetric groups). For any n ∈ N \ {0}, we denote by S n the n-th symmetric group. We define the inductive group system (S n , f m n ) n∈N * ,m≥n defined by:

f n n = Id Sn and f m n :        S n → S m σ → f m n (σ) :    1, m → 1, m x ∈ 1, n → σ(x) x ∈ n + 1, m → x.
We put S := lim -→ S n the inductive limit of this inductive group system. Its unit is Id. The group S can be identified to the subgroup of the group of bijections of N \ {0}, whose elements have a finite support. Remark 4.6. We still have the decomposition of an element of S as a product of cycles with disjoint support. Example 4.4 (Decomposition as a product of cycles). For example, τ = (3 6 4)(1 5) is a decomposition of a permutation of S 7 (or S) as a product of cycles with disjoint support. Definition 4.15. We define W := (N \ {0}) ⋆ the set of words over the alphabet N \ {0}. We define W ⊆ W the subset of words without repetitions of letters. We denote by 0 the empty word of W.

For any n ∈ N, we put W n the subset of W containing words of length exactly n. Elements of T (W) will be called sentences. This space is endowed with the associative product, denoted by |, that concatenates two sentences. Its unit is 0.

We define S ⊆ T (W) the set of sentences such that every letter of N \ {0} appears at most once. The space S is called the space of sentences without repetitions over W.

A sentence s is called packed if for any n ∈ N \ {0} appearing in s, every m < n appears in s. We define PS the subset of S such that its elements are packed.

Examples 4.5. The words 12345 and 36789 belong to W but 256312 does not.

The sentence 123|546 belongs to both PS and S meanwhile 125|347 belongs to S but not to PS and 156|2341 belongs to none of them.

Note there exists β ′ : W → S that sends the word w to the element of S described by (w) with the usual notations. In other words, for any w = w 1 . . . w n with n ≥ 2, β ′ (w) is the element of S such that for any i ∈ 1, n -1 :

β ′ (w i ) = w i+1 and β ′ (w n ) = w 1 .
Moreover, for any n ∈ N \ {0}, β ′ (n) = Id and β ′ (0) = Id. 

(i) = i if i ̸ = 1, 2, 5, 6.
Here is a map between PS and S:

β : PS → S S = W 1 | . . . |W k → β ′ (W 1 ) • • • • • β ′ (W k ),
Moreover, remark that there exists a section s to β:

PS S. β s
To build such a section, one needs to choose a form for the preimages of cycles. Let c be a cycle of S, we put s ′ (c) the preimage of c for β ′ such that its first letter is the smallest. Then, we extend s ′ to a map s defined by:

s : S → PS σ = σ 1 . . . σ k → s ′ (σ i1 )| . . . |s ′ (σ i k )
where σ 1 . . . σ k is the decomposition into a product of cycles with disjoint support of σ such that:

min (s ′ (σ i1 )) < • • • < min (s ′ (σ i k )) .
Then, s • β = Id PS and β • s = Id S . Definition 4.16 (normal form of a permutation). With usual notations, we can identify a permutation σ with many elements of PS. We define the normal form of σ as s(σ) ∈ PS.

A link between F(F ) and symmetric groups. We now define an analogous of a map defined in remark 40 of [START_REF] Palacios | Weak Bruhat order on the set of faces of the permutohedron and the associahedron[END_REF]: Definition 4.17. We define a map φ : W → LPT by induction on n the length of words by:

φ(0) = |, ∀n ∈ N \ {0}, ∀w ∈ W n , φ(w) = φ(w ′ ) ∨ min(w) φ(w ′′ ),
where w = w ′ min(w) w ′′ with w ′ , w ′′ ∈ W.

Examples 4.7. For instance:

φ(1 2 4 5 3) = φ(0) ∨ 1 φ(2 4 5 3) = | ∨ 1 (| ∨ 2 φ(4 5 3)) = | ∨ 1 (| ∨ 2 (φ(4 5) ∨ 3 |)) = | ∨ 1 (| ∨ 2 ((| ∨ 4 φ(5)) ∨ 3 |)) = | ∨ 1 (| ∨ 2 ((| ∨ 4 (| ∨ 5 |)) ∨ 3 |)) = 1 4 5 2 3
.

With these constructions we can obtain some trees of the shape of the ones in definition 4.9:

Definition 4.18. Let n ≥ 1, T 1 , . . . , T n ∈ PRBTDL(X). Put F = T 1 . . . T n ∈ FDL(X). Let T be a levelled planar tree with lab(T ) = 2, n , we build B(F, T ) ∈ PRBTDL(X) the tree made by grafting T 1 to the leftmost leaf of T and for any i ∈ 2, n , grafting T i to the closest leaf on the right of the node labelled by i. So it defines a map:

B : {(F, T ) | T ∈ LPT, lab(T ) = 2, n , F ∈ FDL(X), l(F ) = n} → PRBT (F, T ) → B(F, T ).
Examples 4.8. Let T 1 , T 2 and T 3 be trees. Then:

B (T 1 , |) = T 1 , B T 1 T 2 , 2 = T2 T1 , B   T 1 T 2 T 3 , 2 3   = T1 T2 T3 , B   T 1 T 2 T 3 , 2 3   = T1 T3 T2 . Notation 4.3. Let F = T 1 . . . T n ∈ FDL(X), let I ⊆ 1, n and put I = {i 1 < • • • < i l } with l = |I|. We define F I = T i1 . . . T i l .
We introduce some notations: .

With those notations, we are now able to prove: Proposition 4.20. Let X be a set, n ∈ N \ {0} and F = F 1 . . . F n ∈ FDL(X). We introduce the map:

Φ n (F ) : S n → F(F ) σ = σ 1 . . . σ k → B (F O1 , φ(τ 1 )) . . . B (F Or , φ(τ r )) ,
where:

• σ 1 . . . σ k is the cycle decomposition of σ such that for any i < j, min(σ i ) < min(σ j );

• there are r orbits of σ, denoted O 1 , . . . , O r , such that i < j ⇐⇒ min(O i ) < min(O j );

• for all s ∈ 1, r , if there exists i ∈ 1, k , O s = Supp(σ i ), otherwise s(σ i ) = min(σ i )τ s , else τ s = |.
Then, Φ n is a multiset surjection (see definition 2.15).

Proof. Let n ∈ N. We already know that |F(F )| = n! = |S n | for any forest F of length n. We prove by induction that for any r ≤ n, for any forest F of length r, Φ r (F ) is a multiset surjection. We initialize this induction with r = 1. Then, F = T with T ∈ PRBTDL(X). Then Φ 1 (T ) : S 1 → {T }. So Φ 1 (T ) is a surjective map and m F (T ) (Φ 1 (T )(Id)) = m Φ1(T )(S1) (Id).

We now prove the heredity of the induction. Suppose there exists 1 ≤ r < n such that for any forest F of length r, Φ r (F ) is a multiset surjection. Let F = F 1 . . . F r+1 = F ′ F r+1 ∈ FDL(X). Let us prove Φ r+1 (F ) is also a multiset surjection. We recall that as a multiset:

F (F ) = RConc(F r+1 )(F (F ′ )) r i=1 F(F 1 . . . F i ∨ F r+1 . . . F r ).
Moreover, notice there exist maps:

f r+1 r = i :          S r → S r+1 σ → τ :      1, r + 1 → 1, r + 1 n → r + 1 if n = r + 1, σ(n) otherwise. ∀j ∈ 1, r , Ins (j,j r+1) :        S r → S r+1 σ → τ :    j → r + 1, r + 1 → σ(j), s → σ(s).
Remark that all the images of these maps are disjoint:

S r+1 = i(S r ) r j=1
Ins (j,j r+1) (S r ).

Therefore, as multisets:

Φ r+1 (F )(S r+1 ) = Φ r+1 (F ) • i(S r ) r j=1 Φ r+1 (F ) • Ins (j,j r+1) (S r ),
where:

Φ r+1 (F ) • i = RConc(F r+1 ) • Φ r (F ′ ) .
So, by induction hypothesis, we have the multiset equality:

Φ r+1 (F ) • i(S r ) = RConc(F r+1 ) (F (F ′ )) .
Moreover, for all j ∈ 1, r , using the induction hypothesis we have the multiset equality:

Φ r+1 (F ) • Ins (j,j r+1) (S r ) = F(F 1 . . . F j ∨ F r+1 . . . F r ). (15) 
Consequently, the have the multiset equality:

Φ r+1 (F )(S r+1 ) = F ∈F (F ′ ) {{F F r+1 }} r j=1 F(F 1 . . . F j ∨ F r+1 . . . F r ) = F(F ).
By definition of F(F 1 . . . F r+1 ), we find Φ r+1 is a multiset surjection. By the induction principle, it ends the proof.

From all those results, we obtain:

Corollary 4.21. Let X be a set. Let F, F ′ be two elements of FDL(X) with l(F ′ ) = k. Then:

F * F ′ = σ∈S k (-1) O(σ)+k F ↶ Φ k (F ′ ) (σ).
Proof. Let F and F ′ be two elements of FDL(X) and put l(F ′ ) = k. Put M = FDL(X), it is a Z-module as char(K) = 0. Consider the two multisets F(F ′ ) and S k , then by proposition 4.20, Φ k (F ′ ) : S k → F(F ′ ) is a multiset surjection. Consider the map:

λ F,F ′ : F(F ′ ) → FDL(X) S → (-1) l(S)+l(F ′ ) F ↶ S.
Therefore, by lemma 2.16, one has for any:

S∈F (F ′ ) m F (F ′ ) (S)λ F,F ′ (S) = σ∈S k m S k (σ)λ F,F ′ (Φ k (F ′ )(σ)).
Noticing that for any σ ∈ S k , l(Φ k (F ′ )(σ)) = O(σ) achieves the proof.

By the Cartier-Quillen-Milnor-Moore theorem, we already knew that U(Prim(T (Mag(X)))) is isomorphic to T (Mag(X)). Therefore, it endows L = Prim(T (Mag(X))) with an additional map * : L ⊗ L → L defined as in corollary 4.21. If one only considers Prim(T (Mag(X)) as a free Lie algebra, its generators set is T (Mag(X)) whereas considering it as a Post-Lie algebra, its generators set is just X. So it simplifies the search of primitives elements in this case.

Another description of the free Post-Lie algebra

Another description of the free left Post-Lie algebra was given in [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF] at section 3.1. We recall this description here. Definition 4.22. We endow NBT with the magmatic Butcher product denoted by ⋆ defined for any couple of trees (τ 1 , τ 2 ) by: τ 1 ⋆ τ 2 = the tree where the root of τ 1 is grafted on the left part of the root of τ 2 .

Then, Mag( ) = (K NBT, ⋆). Example 4.10. For instance:

= ( ⋆ ) ⋆ (( ⋆ ( ⋆ ( ⋆ ))) ⋆ ) .
The left Post-Lie product ◁ is defined for any pair of trees (τ 1 , τ 2 ) ∈ NBT 2 :

τ 1 ◁ τ 2 =
grafts on the left to all the nodes of τ 1 of τ 2 .

Note that for any τ ∈ NBT, τ ◁ = τ ⋆ . As established in proposition 3.1 and theorem 3.2 of [2]: Proposition 4.23. We extend the definition of ▷ over Lie(NBT) for any x, y, z by:

x ◁ [y, z] = [x ◁ y, z] + [y, x ◁ z] , [x, y] ◁ z = a ◁ (y, x, z) -a ◁ (x, y, z).
Then (Lie(NBT), [, ], ▷) is the free left Post-Lie algebra generated by one element.

We now consider the free Lie algebra Lie(Mag( )) with its right Post-Hopf structure. As mentioned in proposition 4.2, this space is isomorphic to Prim(T (Mag( ))). Therefore, the Lie bracket of Lie(Mag( )) is the commutator of the concatenation product of T (Mag( )).

By unicity up to isomorphism of the free Lie algebras, we deduce that Lie(NBT) and Prim(T (Mag( ))) are isomorphic as Lie algebras. Note that the second space can be endowed with the structure given in section 4.1. We explicit an isomorphism between the right Post-Lie algebra arising from Lie(NBT) and Prim(T (Mag( ))). Proof. From proposition 4.23 and opposing the left Post-Lie structure, we deduce that Lie(NBT) with its right Post-Lie structure is also free. In the following, we only consider Lie(NBT) with its right Post-Lie structure. Firstly, we show that φ is a magmatic morphism. Let T 1 and T 2 be planar binary trees. Then:

φ(T 1 * T 2 ) = φ(T 1 ∨ T 2 ) = φ(T 1 ) ⋆ φ(T 2 ).
So, this is a magmatic algebra morphism.

Secondly, notice that for any n ∈ N, φ is a graded map with respect to K PRBT n and K NBT n , where the first set is graded by the number of leaves plus 1 and the second one by the number of nodes plus 1. For any n ∈ N, each of these two sets have a(n) elements where a(n) the n-th Catalan number (see [START_REF] Sloane | The on-line encyclopedia of integers sequences[END_REF]). Therefore, to prove that φ is bijective, one only needs to show it is surjective.

We will prove by induction on n that φ(K PRBT n ) = K NBT n . For n = 0, this is clear as PRBT 0 = {|} and NBT 0 = { }. Contracting the only edge of the root of |, we get φ(|) = . For n = 1, NBT 1 = { } and PRBT 1 = . Contracting the rightmost edge of , we obtain φ = .

For heredity, suppose there exists an integer 1 < n such that for all n ′ ≤ n, φ(K

PRBT n ′ ) = K NBT n ′ . Let us prove that φ(K PRBT n+1 ) = K NBT n+1 . Let τ ∈ NBT n+1 . Then, there exist n 1 , n 2 ∈ N\{0}, n = n 1 +n 2 , τ 1 ∈ NBT n1 and τ 2 ∈ NBT n2 such that: τ = τ 1 ⋆ τ 2 .
Then by the induction hypothesis, there exist T 1 ∈ PRBT n1 , T 2 ∈ PRBT n2 such that φ(T 1 ) = τ 1 and φ(T 2 ) = τ 2 . Moreover, as we have proved that φ is a magmatic algebra morphism one has:

τ = φ(T 1 ) ⋆ φ(T 2 ) = φ(T 1 * T 2 ).
So we have proved that φ(K PRBT n ) = K NBT n for all n ∈ N \ {0}. So, φ is a bijection from K PRBT n to K NBT n for dimension reasons. Consequently, φ is bijective. Finally, using the universal properties of right Post-Lie algebras, we obtain Φ and Φ ′ two right Post-Lie morphisms such that the diagrams 2a and 2b in figure 2 commute. But concatenating In fact, it is associative, because it is the Grossman-Larson product for forests, see [START_REF] Grossman | Hopf-algebraic structure of families of trees[END_REF] for more details.

Extension of an associative product over V

Here, we will consider that (V, * ) is no longer a magmatic algebra but is an associative algebra.

For sake of simplicity, we will suppose that this associative algebra is (T (V ) + , * ) where V is a vector space and * is the concatenation product of T (V ) and T (V ) + is the augmentation ideal of T (V ). This space is graded by the length of words. By proposition 4.1, it shows that (T (T (V ) + ), •, 1, ∆, ε, * ) is a Post-Hopf algebra. We are now interested in describing the extension of the * product to T (T (V ) + ). The space T (T (V ) + ) is the set of sentences over V . We will denote the product of T (T (V ) + ) by |.

Applying the Cartier-Quillen-Milnor-Moore theorem in the Post-Hopf case, one gets:

T (T (V + )) ≈ U(Prim(T (T (V ) + ))).

One gets in a similar way as lemma 4.6: So, by the induction principle, we just proved that for any S ∈ T (V ) + and any W ∈ T (T (V ) + ) + , the formula of the proposition is true. So the initialization is complete.

Heredity: suppose there exists an integer n ≥ 1 such that for any S, W ∈ T (T (V ) + ) + with S having at most n words, we get: 

S * W = f : 1,k → 1,n S 1 * W f -1 ( 
S 1 * W f -1 ({1}) | . . . | S n * W f -1 ({n}) | (S n+1 * W i ) = (S ′ * W ) |S n+1 + k i=1 f : 1,k → 1,n+1 f (i)=n+1 S 1 * W f -1 ({1}) | . . . | S n+1 * W f -1 ({n+1}) = (S ′ * W ) |S n+1 + f : 1,k → 1,n+1 f -1 ({n+1})̸ =∅ S 1 * W f -1 ({1}) | . . . | S n+1 * W f -1 ({n+1}) = f : 1,k → 1,n+1 S 1 * W f -1 ({1}) | . . . | S n * W f -1 ({n}) | S n+1 * W f -1 ({n+1}) .
By the induction principle, this ends the proof.

Remark 4.9. Note that exchanging the letters of the right sentence does not change the result.

Then, it endows H = Prim(T (T (V ) + )) with an additional map H ⊗ H → H as in proposition 4.26. Therefore, it is a bit easier to find some primitives elements in those algebras. Actually, if one considers Prim(T (T (V ) + )) only as a Lie algebra its set of generators is T (V ) + whereas considering it as a Post-Lie algebra reduces this set to V .

Conclusion

We made a link between the notions of left/right Post-Lie algebras and under some hypotheses, we linked left and right Post-Hopf algebras. We proved theorem 3.10, a Cartier-Quillen-Milnor-Moore theorem version for right Post-Hopf algebras. It enables us to build isomorphisms between enveloping algebras for Post-Lie algebras and some Post-Hopf algebras. But can we recover the stronger version from theorem 4.5.1 of [START_REF] Cartier | Classical Hopf algebras and their applications[END_REF] in the Post-Hopf case? In this aim, one should deal with the group like elements in the Hopf algebra.

Applying the theorem, we endow the space of primitives with a right Post-Lie structure. In the last section, we studied some particular cases to understand more precisely Prim(T (Mag(V ))) and Prim(T (T (V ) + )). In these cases, we endowed this Lie algebra with a right Post-Lie structure, so it gives a new tool to produce primitive elements of an Hopf algebra. Those operations are described precisely over trees or words. But is there other applications of the Cartier-Quillen-Milnor-Moore theorem in the Post-Hopf case? We also made a link between the description of the free left Post-Lie algebra described in [START_REF] Hans | On post-Lie algebras, Lie-Butcher series and moving frames[END_REF] and the one described in proposition 4.24.

Moreover, one can investigate the following questions:

1. Is there a way to get an analogous of proposition 3.5 without any hypothesis?

2. What should be the applications of the Cartier-Quillen-Milnor-Moore theorem in the Post-Hopf case in other fields of mathematics?
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  Lie algebra and consider H as an associative algebra endowed with a linear map ▷ : H ⊗ H → H. We put ϕ : Prim(H) → H the injection of Prim(H) into H. The map ϕ satisfies for any x, y ∈ Prim(H):

Consequently, this proves that H is generated by its primitives elements. Let us remind that by theorem 2.27, (Prim(H), [, ], ▷) is a Post-

3. In this paper, we did not talk about the subadjacent Hopf algebra hidden in a Post-Hopf algebra like at theorem 1 from [3] or at theorem 2.4 from [14]. Is there a way to improve our results using this notion?