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ARTICLE INFO ABSTRACT

Keywords: A classification is a surjective mapping from a set of objects to a set of categories. A classification aggregation
Aggregation function aggregates every vector of classifications into a single one. We show that every citizen sovereign
I“depe“_de“ce and independent classification aggregation function is essentially a dictatorship. This impossibility implies an
fa;'eg.térlef earlier result of Maniquet and Mongin (2016), who show that every unanimous and independent classification
ndividuals

aggregation function is a dictatorship. The relationship between the two impossibilities is reminiscent to the
relationship between Wilson’s (1972) and Arrow’s (1951) impossibilities in preference aggregation. Moreover,
while the Maniquet-Mongin impossibility rests on the existence of at least three categories, we propose an
alternative proof technique that covers the case of two categories, except when the number of objects is also
two. We also identify all independent and unanimous classification aggregation functions for the case of two

categories and two objects.

1. Introduction

A relatively recent aggregation impossibility in social choice theory
has been established by Maniquet and Mongin (2016) within the con-
text of aggregating classifications. Their model is constructed out of a
finite set of at least three categories, a finite set of objects, and a finite
set of individuals who classify objects into categories. A classification
is a surjective mapping from the set of objects to the set of categories,
i.e. every category has at least one object assigned. The number of
considered objects is no less than the number of available categories,
which allows to assume surjectivity. A classification aggregation func-
tion maps a given vector (or profile) of classifications (one for each
individual) into a single classification.

The model incorporates two other conditions. One is unanimity: if
all individuals make the same classification then the aggregate clas-
sification complies. The other condition, independence, requires an
object to be classified identically by the classification aggregator at
any two classification profiles where every individual classifies this
object identically. The model and its conditions are Arrovian in spirit,
which ends up in an Arrovian impossibility, expressed by Theorem 1
in Maniquet and Mongin (2016): every independent and unanimous
classification aggregation function is a dictatorship. We refer to this
result as the MM (Maniquet and Mongin) impossibility.

We allow the number of categories to be at least two but require
the number of objects to exceed the number of categories. We replace
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unanimity with a weaker condition, namely citizen sovereignty, which
requires that any object can be classified into any category. We prove
that every independent and citizen sovereign classification aggregation
function is essentially a dictatorship. Citizen sovereignty is implied by
unanimity. An essential dictatorship is more general than a dictatorship
but the two concepts are equivalent under unanimity. Thus, our result
implies the MM impossibility within our environment. The case of two
categories and two objects is the only one that escapes both the MM
impossibility and our impossibility. We treat this case separately and
identify all classification aggregation functions that are unanimous and
independent.

Section 2 gives the basic notions and notation. Section 3 presents
the results. Section 4 makes some concluding remarks.

2. Basic notions and notation

We consider a set N = {1,...,n} of individuals with n > 2, a set
P = {p,....p,} of categories with p > 2, and a set X = {x,...,x,,} of
objects with m > p.

We define a classification as a surjective mapping ¢ : X — P and
denote by C C PX the set of classifications. We write ¢ = (c, ...,¢,) €
CV for a classification profile. Given ¢ € CV and x € X, we write
¢, € PN for the vector of categories that object x is put into by each
individual, thus Vi € N, ¢,.(i) = ¢;(x). A classification aggregation function
(CAF) is a mapping « : CN - C.
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Table 1
The behaviour of ap;,; on two classification profiles.
Object ¢ @pryr(€) < apryr(c’)
1 2 3 1 2 3
X p q q p P q q q
y q P q q q q q q
z q q p q q p P p

A CAF « is independent if Vx € X,Ve,c' € CN, ¢
a(e’)(x).

An elementary CAF is a mapping from PN to P. Note that an inde-
pendent CAF a can be expressed as a collection (a,),cy of elementary
CAFs with a,(c,) = a(c)(x).

A CAF a is a dictatorship if there exists d € N such that for all
ceCV,a(c)=c,. Let 7 : P < P denote a permutation of P. A CAF is
essentially a dictatorship if there exists d € N, and a permutation 7 of P
such that for all ¢ € CV, a(c) = woc,. Every dictatorship is essentially a
dictatorship.

A CAF a is unanimous if V¢ € C : a(c,...,c) = c. A CAF « is citizen
sovereign if Yx € X,p € P,3c € CN such that a(c)(x) = p. Unanimity
implies citizen sovereignty.

We illustrate some of these concepts through two examples.

v =cl > ale)x) =

Example 1 (Constant CAF). We define the class of constant CAFs as
the rules that always return the same classification, namely, for any
a in this class, Ve,¢’ € CV, a(c) = a(c’). Note that any such rule is
independent but not unanimous. A

Example 2 (ap;y ). Let N = {1,2,3},X = {x,y,z} and P = {p,q}.
We define ap; g as the CAF that selects the classification that is the
plurality winner, breaking ties according to an exogenous linear order T'
on C. Thus, for ¢ € CN, ap;p(c) = maxy(argmax,cc |{i € N | ¢; = c}|).
One can check that ap;;z is a CAF and is unanimous while not being
essentially a dictatorship.

Let the classification that maps x to p and y, z to ¢ be the maximal
element of 7. Table 1 shows the behaviour of ap;x for two classifi-
cation profiles. We can see that ap;;z does not satisfy independence
as the profiles are the same regarding object x, yet ap;yp(c)(x) #
apryr(c)x). A

Examples 1 and 2 show that the two conditions are logically inde-
pendent.

3. Results

Given j,k € N, let [j, k] = [j, k] n N denote the set of integers from
j to k (with [[j, k] = @ if k < j).

Theorem 1. For m > p > 2, every citizen sovereign and independent CAF
is essentially a dictatorship.

We prove Theorem 1 by conjoining Lemmas 1 and 2 stated and
proven below. We also define a generalization of unanimity that we
need in our proofs: a CAF «a satisfies essential unanimity (EU) if 3z :
P P|VeeC,alc,...,c)=n(c).

Lemma 1. For m > p > 2, every citizen sovereign and independent CAF
satisfies EU.
Proof. Let a = (a,),cx be a CAF that is citizen sovereign and

independent. Define = : P - P as z(p;) = ay (py, ..., p), Vi € [[1,p].
We prove the lemma by showing that x is a bijection over P satisfying
Vpe P,x € X : ay(p, ..., p) = n(p). First, we show that = is a bijection.

For any ¢ € P and any y € X, citizen sovereignty and independence
ensure the existence of k,, € PV such that ay(ky, ) =q.
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Given r € P, we define the classification profile ¢’ as Vi €
[[l,p]],cg('i) = (p;» ..., p;) (note that it does not depend on r) and VI €
[y + 1,m]],c(;]> = k,, - The classification profile ¢” is written in table
form below. For the rest of this proof we will describe profiles using
this form only, to ease readability.

0

object L,...,n ac®)

x) prs-spr w(py)

x;, i €2, p] Pis> -5 Di 7(p;)
x,l€llp+1,ml ky.r r

Observe that each cl(.’), i € N, is surjective as required. As a(c)
must be surjective, and VI € [[p + 1,m] : ax,(cg’)) = ay,(ky,,) = r (by
definition of kx,,r)’ we must have {ay, (cf:‘)),i e [L,pll} 2 P\ {r} and
therefore {z(p;),i € [1,p1} 2 P\ {r}.

As this holds for all r € P, in particular, {z(p;),i € [1,p]} 2 P\ {p,}
and {z(p;),i € [1,pl} 2 P\ {p,}, whence {z(p;),i € [L,p]} = P.
Therefore, z(P) = P, so = is bijective.

Now, considering any i € [1,pll, j € [p + 1,m]l, we prove that
axj(pi,...,p[) = u(p;). Take any r € P \ {z(p;)}, and consider the
classification profile ¢ defined in the following table.

0

object L...,n a(c™®)
X kx[,r r
x, €L pl\{i} pp...op =(pp)
x; Pis e Dj
x,l€llp+1,m] ki r r

Observe that each cjr)(i), | € N, is surjective as required. We have
that VI € [1,pl\ {i}.a, 0) = a, (5. ....p) = 7(p) # 7(p).VI €
I+ L\ {j},a, (c5) = ay(ky,) = r # 7(p), and a, () =
a, (k, ,) =r. Then, we have that {a, (c\"").1 € N\ {j}} = P\ {z(p)},
and as a(c”®) must be surjective, we must have ay, (cgfj)(")) = z(p)).
Therefore, oy, i - p;) = m(py)-

Remains only to prove that considering any i # j € [Lpl:
axj(pi,...,p[) = u(p;). Take any r € P \ {z(p;)}, and consider the
classification profile ¢} defined in the following table.

PRGIN)

object L...,n a(c®®)
X; kxh, r
X; Dis--»Di
x, 1€ML, pI\{i,j}  ppseeespy z(py)
X4l Pjs---sDj #(p;)
x,l€llp+2,m] kx,,r r

Observe that each c?')(i’j), I € N, is surjective as required. By
definition of k, ,, VI € [p + 2.ml.a,(c”) = r # z(p), and
from the previous result, axﬁl(cf(’ﬂ)fl‘j)) = n(p;) # =(p;). Finally, VI €
L. pI\ {0/} oy, (") = 2(p)) # 7(p,). Then, we have {a, (cV"").1 €
N\ {j}} = P\ {#(p))}. By surjectivity of a(c?)), we must have
o (c(r)([,j)) =a,( )= )
XjAEX; = Ux; Pis---5D; _”(pi'

Therefore, we proved that 3z : P < P such that Vi € [1,p].,j €
[1,m]: @, is ... p) = n(p;). Thus, a = (a,)cx satisfies EU. [

Lemma 2. For m > p > 2, every CAF that satisfies independence and EU
is essentially a dictatorship.

Proof. Let a be a CAF that satisfies independence and EU. Consider the
permutation 7 : P < P such thatVp € P,x € X : zn(p) = a,(p, ..., p).
By EU, that permutation exists.
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First, let us show that Vx # y € X,p,q € P,r,r’ € PN :
Vi € N, {r;,r}} = {p.q}] = {a,(r), a, (")} = {z(p), 7(q)}. @

Consider any r,” € PN |Vie N : {r;,r}} = {p.q) (meaning that if
r; = p then r} = g and if r; = q then r} = p). If p = ¢, the claim holds by
definition of z, and if p = 2, p # ¢, the claim holds by considering the
profile ¢, = r and Vz € X\ {x}, ¢, = r’ and using the surjectivity of a(c).
Thus, assume p # g, p > 3. Consider, wlog, that p = p;,q = p,,x = x;
and y = x,. Define the classification profile ¢ as ¢, = r, ¢,, = 7/,
V3gI<p: ¢y, = (s ---spp)and Vp <1 < M, Cy = (Pps ey Dp)-

(4
object 1<k<n a(c)

X4 re

Xy r,
x;,1 €3, pll b z(py)
x;, 1 €llp+1,m] P, 7(p,)

One can check that Vi € N, the resulting ¢; is surjective. By
definition of z.vI € [3.pl.a,(c) = n(p) & {p.ps}, and VI € [[p +
l,m]],axl(c) = #(p,) &€ {n(p)), z(p,)}. Because a(c) must be surjective,
{m(p), m(p2)} = {ay (cx )y, (cy,) )

Now, we show that Vp € P,x € X,3d € N such that vVt € PV,

((d) =p= a, (1) = n(p). (2)

Suppose wlog that p = p; and x = x,. Given any 0 < i < n, define
r,I'e PN asVj e [[l,i]],r;. =p2,l; =p, and Vj € [[i + 1,n]],r;'. =p1,1;'. =
pa-

Define d = min{i € N | a, () = =(p,)} (such a d exists as
., (r") = x(p,) by definition of z), consider any € PN | td) = py,
and let us show that a,, () = n(py).

First observe that by (1), {a,,(r*™"), a,, (“"1)} = {z(p)), 7(p,)}. Also,
@y, (=1 # z(p,): if d > 2 it follows from the minimality of d, and if
d = 1 it follows from @, (15 -, p1) = 7(py) by definition of z. Therefore,
@, (1471 = z(py).

Define a classification ¢’ as c;l =1, c;z =141 = r, V4 < k <
m: C;k = (pmin(k—l,p)’ ’pmin(k—l,p))' ‘
c/
object 1<i<d d d<j<n a()
x4 7 17 1
X P )2 P2 7(py)
X3 P 23 P 7(py)
X,k €[4, p] Pr—1 Dr—1 Dr—1 7(pr_1)
X,k €llp+1,m] P, P, P, 7(p,)

Observe that Vi € N, the resulting ¢/ is surjective. By definition of ,
Vad<k<m: axk(c; ) = Z(Pmin(k—1,))- Because a(c’) must be surjective
and O’Xz(c;z) = O‘X3(cx;).= 7(p,), we obtain a, (¢’ )y =n(p)). .

We have just established (2), we now aim to siqow that d is the same
for all categories, thus, that Vx € X,3d € N | Vt € PV:

a, (1) = n(t(d)). 3

Fixing x € X, and considering any p,q € P, by (2), 3d,.d, €
N | Vt € PN,t(dp) =pA t(dq) =4q = a() = ﬂ(t(dp)) = zr(t(dq)). If
d, # d, (thus g # p), then pick some ¢ such that #(d,) = p and #(d,) = ¢
and obtain the incoherent a, (1) = z(p) and a, (1) = z(q) with z(p) # z(q).
Thus, d ,=d,. This establishes (3).

Now, let us prove that the decisive individuals are equal across
the objects. Picking x # y € X and p # ¢ € P, by (3), 3d,,d, €
N |Vt € PV, a () = #(t(d,)) and a,(t) = n(#(d,)). Define  as tg, =P
and, Vj € N\ {d,},t; = q. Define ¢’ as t’dx =gqgand, Vje N\{dx},t;. =p.
We have a, (1) = z(1(d,)) = z(p) and ay(t’) = n(t’(dy)). Apply (1) to obtain
{a (1), a,(t)} = {x(p), z(q)}. Thus, z(¥'(d))) = n(g), so '(d,) = ¢ which
implies d, = d, (as Vj # d, : 1'(j) = p).

We have shown that 3d € N | Vx € X,Vt € PN : a,(t) = z(t(d)), so
there exists an individual ¢ which is essentially a dictator. []
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Corollary 1. For m > p > 2, every unanimous and independent CAF
a = (a,)cx is a dictatorship.

Proof. Let a be a CAF that satisfies unanimity and independence. Thus,
«a is citizen sovereign and by Theorem 1, « is essentially a dictatorship.
Hence, there exists a permutation = of P and an individual d € N such
that Vx € X,c € CV, we have a,(c) = 7(cy(x)). As a is unanimous, =
must be the identity function. Therefore, Vx € X, ¢ € CNa,(c) = ¢, (x),
so a is a dictatorship. [

We quote below the MM impossibility.

Theorem 2 (Maniquet and Mongin, 2016).
For m > p > 2, every unanimous and independent CAF is a dictatorship.

Combining Theorem 2 and Corollary 1 lead to the following corol-
lary.

Corollary 2. Form > p > 2 and m > 3, every unanimous and independent
CAF is a dictatorship.

The impossibilities we show do not cover the case m = p = 2
where, in fact, there exist unanimous and independent CAFs that are
not essentially dictatorships. To identify these, let X = {x,y} and
P={pq}. Write p=qgand g=p as well as 7 = (r{,...r,) for r € PV.

Proposition 1. Given X = {x,y}, P = {p,q}, and any unanimous
elementary CAF a, : PN — P, an elementary CAF a, : PN — P induces
a unanimous and independent CAF (a,, a,) iff we have a,(r) = a, (r) for all
re PV,

Proof. Let a, be a unanimous elementary CAF for x, thus a,(p, ...,p) =
p and a.(q,...,q) = gq. We define an elementary CAF on y, @, as
follows. For any profile r € PN we have ozy(F) = piffa,(r) = q.
Doing so, x and y are always put in different categories, and surjectivity
is guaranteed. Moreover, by definition, «, satisfies surjectivity and
a,(p,....p) = a;(p,....p) = a,(g,....q) = p so that a,(q,....q) = q by
the same reasoning. Thus, (a,,,) is a unanimous CAF, which is also
independent as both «, and «, can be defined independently.

Finally, given a,, if a, does not satisfy ay(F) = p iff a,(r) = g for all
r € PV, then the CAF (a,,,) fails surjectivity, so there is a unique a,
that makes (a,,a,) a CAF for a given a,. []

4. Concluding remarks

The MM impossibility is the reflection of Arrow’s (1951) impos-
sibility theorem to the classification aggregation problem. Does the
theorem of Wilson (1972) also have such a reflection?' Our Theorem 1
answers affirmatively. As a matter of fact, unanimity plays a minor
role in establishing the MM impossibility, which is essentially a tension
between independence and the surjectivity of classifications.

Our proof technique differs from that of the MM impossibility,
which is proven through ultrafilters where decisive coalitions eventu-
ally shrink to a singleton, namely, the dictator. Our approach follows an
alternative proof technique exploited by Yu (2012), where an individ-
ual who is pivotal at some instance is shown to be pivotal whenever she
has an incentive to change the outcome, thus being the dictator. Our
proof does not only deliver a compact method; it also highlights the

! In the framework of aggregating rankings, Arrow’s impossibility theorem
establishes that unanimity and binary independence (as defined in that setting)
imply dictatorships. Wilson’s theorem highlights the role of binary indepen-
dence by replacing unanimity with the weaker axiom of citizen sovereignty
(again defined differently in that setting) and showing that citizen sovereignty
and binary independence are only compatible with the null rule, dictatorships
and antidictatorships.
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impact of surjectivity and independence. Moreover, the pivotal voter
technique is able to cover the case of two categories that is excluded
by the MM impossibility, although it should be noted that it does not
cover the case m = p.

We recall that the Arrovian impossibility in preference aggregation
is valid for at least three alternatives while it vanishes for the case
of precisely two alternatives, where there are several interesting ag-
gregation rules (see Llamazares (2013) and Ozkes and Sanver (2017),
among others). Given the Arrovian spirit of the classification aggre-
gation model, it is natural to ask whether a similar picture emerges
for the classification aggregation problem. Thus, covering the case
of two categories has its own merit. Our finding presents a rather
different phenomenon compared to the Arrovian aggregation problem
in that the impossibility does not vanish in the case of two categories.
This difference can be explained by contrasting the binary nature of
the Arrovian independence that entails a trivial satisfaction for two
alternatives with the unary nature of the MM independence that makes
this condition still demanding for two categories.

The classification aggregation problem has an interesting connec-
tion to the group identification problem introduced by Kasher and
Rubinstein (1997). In group identification, the individuals are to be
classified into categories, which makes it a classification aggregation
problem where the set of individuals and the set of objects coincide.
With surjectivity, we find ourselves with an almost equivalent of the
MM impossibility which was first shown for two categories by Kasher
and Rubinstein (1997).2 Their proof refers to Rubinstein and Fishburn
(1986) whose Theorem 3 shows for a general setting the dictatoriality
of independent and unanimous aggregators under an assumption that
resembles surjectivity. Nevertheless, this result does not seem to cover
the case of more than two categories.

Another connection of interest, noted by Maniquet and Mongin
(2014), is the possibility to embed the classification aggregation prob-
lem into the judgement aggregation model. An example is the setting
studied by Dokow and Holzman (2010) who consider judgement ag-
gregation with non-binary values. Maniquet and Mongin (2014) use a
theorem from Dokow and Holzman (2010) to prove a different version
of the MM impossibility.> Another example is Dietrich (2015) who
studies judgement aggregation on binary evaluations while adopting
a new version of the independence property. This setting also em-
beds classification aggregation and an equivalent version of the MM
impossibility is proven. Finally, as a further generalization, Endriss
and Grandi (2018) explore a model of graph aggregation where they
obtain an impossibility that entails the MM impossibility. Whether
our impossibility without unanimity prevails in these more general
frameworks remains an open question.

We close by mentioning three possible directions to escape the MM
impossibility. One is to consider domain restrictions. The only research
we know in this direction is Craven (2023) who shows the existence
of a unanimous and independent CAF, i.e., a version of the majority
rule, that is defined over a restricted domain. Another direction is to
do away with the independence condition in search of interesting

2 The qualification “almost” is needed because in Kasher and Rubinstein
(1997) N and X are taken to be the same set, imposing the restriction n = m,
which we do not have. Moreover, although not explicitly stated, they must be
assuming n > 3 because their Theorem 2 does not hold for n = m = 2, as noted
by our Proposition 1.

3 The difference comes from the restriction on the sizes of P and X.
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CAFs. Within the classification aggregation framework, the aggregator
apryr exemplifies a CAF that is unanimous and not independent. A
third direction is to dispense with surjectivity. This has been done in the
context of group identification by Kasher and Rubinstein (1997), who
define the strong liberal rule, whose variations are introduced by Sung
and Dimitrov (2005).*
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