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Existence of Gibbs point processes with stable
infinite range interaction

David Dereudre ' and Thibaut Vasseur 2

November 21, 2019

Abstract

We provide a new proof of the existence of Gibbs point processes with infi-
nite range interactions, based on the compactness of entropy levels. Our main
existence theorem holds under two assumptions. The first one is the standard
stability assumption, which means that the energy of any finite configuration
is super-linear with respect to the number of points. The second assumption
is the so-called intensity regularity, which controls the long range of the inter-
action via the intensity of the process. This assumption is new and introduced
here since it is well adapted to the entropy approach. As a corollary of our
main result we improve the existence results by Ruelle for pairwise interac-
tions [14] by relaxing the superstabilty assumption. Note that our setting is
not reduced to pairwise interaction and can contain infinite range multi-body
counterparts.

Key words: DLR equations, entropy bounds, superstable interaction.

1 Introduction

The Gibbs point processes constitute a large class of point processes with interac-
tion between the points. The interaction can be attractive or repulsive, depending
on geometrical features, whereas the null interaction is associated to the so-called
Poisson point process. The existence of such processes in the infinite volume regime
has a long history and is initially related to the existence of thermodynamic be-
haviours in statistical physics. Now the Gibbs point processes are used in several
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other applied sciences such as material science, astronomy, epidemiology, plant ecol-
ogy, seismology, telecommunications, and others. Therefore their existence in the
infinite volume regime is also relevant for spatial statistics considerations. In the
present paper we give a new proof of the existence of such processes for a large class
of infinite range interactions.

The starting point of the theory is an energy function H defined on the space
of locally finite configurations in R?. In the following, w denotes such a point
configuration and H(w) its energy. Then the finite volume Gibbs measure on a
bounded set A C R? is simply the probability measure

Py = ZLA(EH?T As

where 7 is the Poisson point process in A with intensity one and Z, the nor-
malization constant. The existence of P, is guaranteed by the stability condition
recalled below. The existence of an infinite volume measure, corresponding to the
case “A = R? is not obvious and can not be achieved by the definition above. In
fact, the general strategy is first to obtain a suitable thermodynamic limit for (P,)
when A tends to R? and then derive a good description of the limiting point by the
so-called DLR equations. The first general result in this direction is due to Ruelle
in the seventies [14, 15]. The setting was the pairwise interaction;

H(w)= Y (e —yl),

THAYEW

where the potential ¢ is assumed regular, which means roughly that ¢ is summable
at infinity (ie. [ r? Y ¢(r)|dr < +oo for R > 0 large enough) and superstable:
there exists two constants A > 0 and B > 0 such that for any bounded set A C R¢
large enough and for any finite configuration w in A

A
H > —-B —|w|?
(©) 2 =Bl + g ol

where |w| denotes the number of points in w and A4 the Lebesgue measure on R?.
Under these two assumptions, Ruelle proved the existence of at least one infinite
Gibbs point processes. Similar results has been proved more recently in [10, 11] using
functional analysis tools. In any case the superstability assumption is required. As
a corollary of our main result we improve these existence results in substituting
the superstability assumption by the Stability assumption: there exists a constant
B > 0 such that for any finite configuration w

H(w) > —Blw|.



Let us note that the difference between stable and superstable potential is in
fact weak since any stable potential becomes superstable if a pairwise continuous
non-negative and non-null at origin potential is added. However there exists several
pairwise stable potential which are not superstable. For instance any continuous,
non-negative pairwise potential null at origin is stable without being superstable. Let
us note also that several examples of stable (and non-superstable) energy functions
have introduced recently in stochastic geometry and spatial statistics [1, 5, 13].

A multi-body interaction occurs when the energy function H is decomposed using
potentials on pairs, triplets, quadruplets, k-uplets of points (but not only on pairs).
Our results do not use and do not depend on such decompositions. Therefore our
existence result covers several multi-body interactions, including infinite range cases
(examples are given in Section 3). Let us mention that the finite range multi-body
interaction have been treated in [2]| using the Dobrushin’s criterium.

Our main tool is the compactness of entropy level sets for the local convergence
topology. This tool is particularly efficient for proving the tightness of the sequence
of finite volume Gibbs point processes. It has been used for the first time in [§]
and then a collection of papers followed [3, 5, 6]. Before the present paper, the
entropy strategy has been used only in the setting of finite range or random finite
range interaction. As far as we know, it is the first time that it is applied in the
setting of pure infinite range interaction. Therefore, our main contribution here
was to developed a way to control the decay of the interaction adequately with
the entropy approach. It is the reason why we introduce the Intensity Regular
assumption (see Definition 2.4). It is called Intensity Regular because the decay of
the interaction is controlled via the intensity of the process. This choice is directly
related to the entropy bounds which gives a uniform control of intensities for finite
volume Gibbs processes within the thermodynamic limit. In the setting of pairwise
interaction, our definition is similar to the Regular assumption by Ruelle.

As mentioned before, in the setting of pairwise interaction, the entropy strategy
improves the existence results in relaxing the superstability assumption. However
we lose Ruelle’s estimates which ensures existence of moments of any order and some
exponential and super-exponential moments. The entropy approach only provides
moments of order one. Better estimates have to be obtained by different tools.

In the following Section 2, we introduce the definitions and notations for Gibbs
point processes. Our main existence Theorem is also given. Examples of energy
functions are presented in Section 3. Finally, Section 4 is devoted to the proof of
the theorem.



2 Notations and results

The real d-dimensional space R? is equipped with the usual Euclidean distance ||.||
and its associated Borel o-algebra. Any set A C R? is assumed measurable.

2.1 Finite volume measure
The space of configurations is the set of locally finite subsets of R?
Q={wcR: |JwNA| < oo, VA C R bounded},

where |- | is the cardinal. We denote wNA by wa, the union wUw’ of two configura-
tions by ww’, the space of finite configurations by {2y and the space of configurations
in A C R? by Q4.

Our space is equipped with the sigma field F generated by the counting functions
N, :w s |wal for all A € R? bounded. In our setting, a point process is simply a
probability measure on (€2, F). Note that, with this definition, we identify a point
process with its distribution. We say that the process has a finite intensity if for all
bounded subsets A the expectation Ep[|wal] is finite. If we denote this expectation
w(A) then p is a sigma finite measure on R? called the intensity measure. When
p = i(P)\%, where \? is the Lebesgue measure on R? and i(P) > 0, we simply say
that the point process has intensity ¢(P). We also introduce

B [|w, ]

(= e TG

0< A (A) <400

and we say that a probability measure P has a bounded intensity if £(P) < +oo.
Obviously, if P has a finite intensity ¢(P) then {(P) = i(P).

A point process P is stationary if for all w € RY, P = P o1, ! where 7, is
the translation of vector u. If a stationary point process has a finite intensity then
its intensity measure is proportional to the Lebesgue measure and has the form
p=i(P)\.

The most popular point processes are the Poisson point processes. We consider
here only the homogeneous (or stationary) case where the intensity has the form
i = 2zA%. The process is denoted 7%, or simply 7 if 2 = 1. Recall briefly that 7* is
the only point process in R? with intensity p = i(P)A? such that any two disjoint
regions of space are independent under 7%. See the recent book [12] on the subject.

Let us now define the interaction between the points. We need to introduce an
energy function.

Definition 2.1. An energy function is a measurable function H on the space of
finite configurations §2¢ with values in R U {400} such that:
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- H is non degenerate: H(@) < +00,

- H is hereditary: for all w € Q; and € w then

H(w) < +o00 = H(w\ {z}) < +o0,

- H is stationary: for all w € Q; and u € R?

H(ru(w)) = H(w).

A crucial assumption is the stability of the energy function.

Definition 2.2. An energy function is said to be stable if there exists a constant
B > 0 such that for all w € Qf

H(w) > —Blwl.

The assumption [Stable] is standard and have been treated deeply in the liter-
ature (see for instance Section 3.2 in [15]).
Now we can define the Gibbs point processes in finite volume.

Definition 2.3. Let A be a bounded subset in R?. The Gibbs point process on A
for the stable energy function H is the probability measure on 2, defined by

1
Py (dw) = Z—Ae’H(“)ﬂA(dw)

with the normalization constant Z, = [ e #®)m, (dw) called the partition function.

We can check with the properties of H that P, is well defined (i.e. 0 < Z) <
+00). In comparison with the standard formalism of Gibbs measures in statistical
physics (see [15] for instance), the activity and inverse temperature parameters are
included in the function H here.

2.2 Infinite volume measure

Let us turn now to the definition of Gibbs point processes in the infinite volume
regime. For the following, we choose the convention co — oo = 0. We need to
introduce the local energy which is given by Ha(w) = H(w) — H(wac) for a finite
configuration w € ;. It represents the contribution of energy coming from wa in w
(the difference of energies with and without wa). We need to extend this definition



to an infinite configuration. If (A;);>o is an increasing sequence of subsets in R?
with A; 1 R?, we expect that the following limit exists “l lim HY(w)” where
—+00

HA\ (@) = H(wy,) — Hlwaya) € R U {+00}.

In particular, the difference HY™ (w) — H4 (w) should go to zero as [ goes to infinity.
Our main assumption is a control of the expectation of this difference for point
processes with bounded intensities.

Definition 2.4. An energy function is said intensity regular if for all bounded
subsets A of RY, we can find an increasing sequence of subsets (4A;);>o with A; T R?
and A C Ay, such that for all configuration w

[ HX (w) = Hy(w)] < JwalGa(wae),

where G\ is a non negative measurable function on Qa. such that for any probability
measure P with bounded intensity we have

Ep [Gh(wae)] < o al&(P)),

with @ : R — R, an increasing function and («a;);>¢ a positive summable sequence
(ie. D5 < +00).

From assumption [intensity regular], we have

= +00
D |HN W) — Hy()] < fwal Y Gh(wae),
=0 -0

and we can control the expectation of the second part of the right-hand side

> Ghlwae)

=0

Ep < a(é(P)) ) au < +oc.

Then the local energy is correctly defined for P-almost every configurations w (with
P a probability measure with bounded intensity) by

Ha(w) = H{(w) + ) [HE () — HA(w)] -

In addition, if we introduce the function Cy defined on Qac by
too
Chlwae) = > Gh(wae),
j=l
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then for all configurations w € ) we have the following approximation result

|Ha(w) — HA()] < lwalC (wao) 1)

with EP[CA(wAc ZOéJ

Remark 2.5. Assuming that a is an increasing function in the Defintion 2.4 allows
to control the approximation (1) for a sequence (P,),>; of probability measures.
Indeed, if (P,) has a uniformly bounded intensity (i.e. £(P,) < & for all n > 1),
then the expectation Ep, [C (wac)] is uniformly bounded from above.

We are now able to give the definition of infinite volume Gibbs point processes.

Definition 2.6. A probability measure P on 2 with bounded intensity is a Gibbs
point process for an energy function H, satisfying assumptions [Stable| and [Inten-
sity Regular], if for all bounded subsets A and all bounded measurable functions
f we have

F)P) = [ [ fluyon) e eI (@) Pldo),  (2)
A( Ac)

with the normalization constant Za(wy.) = [ e Haawac)ry (dwly).

The equations (2) for all A and f are called DLR for Dobrushin-Lanford-Ruelle.
To be correctly defined we need to check that 0 < Za(wae) < +oo for P almost all
configuration w. A lower bound can easily be obtained with

Za(wpe) = e Malad)r, (@) = ¢ M(B) > g,

To have an upper bound, we use assumptions [Stable] and [Intensity Regular].
From inequality (1) and assuming that H(wa,a) < +00 we have

Ha(w) > HR (w) — |walCR (wae)
= H(wa,) — H(wapa) — lwalCR (wae)
> —(B + Cj(wae))|wal = Blwapal — H(waga).



Then we obtain

Za(wae)

< exp (Blwagal + H(waga)) /G(Cg(w“HB)'wlA'WA(dwlA)

4o Ad(A)(j(cg(wAcHB)))”
_\d
= exp (B‘WAO\Al —+ H(WA()\A>) Z e A%(A)

n=0
= exp <B|WAO\A| + H(waga) + /\d(A) (e(Cg(wAc)JrB)) _ 1>>

< +00.

n!

If H(wana) = +oo then, by the hereditary property, for all [ > 0 we have
H(wapa) = +o0o and Hi (w) = 0 (according to our convention co — co = 0 given
above), which gives Ha(w) = 0 and Zx(wac) < +00.

Our main result is the following theorem which is proved in Section 4.

Theorem 1. For any energy function H satisfying assumptions [Stable] and [In-
tensity Regular], there exists at least one stationary Gibbs point process P with
finite intensity and locally finite energy (i.e. P(H(wa) < oo, VA C R?, bounded) =

1),

Remark 2.7. (temperedness) Our formalism of Gibbs point processes does not really
need the introduction of tempered configurations as it is done usually [14, 11]. But,
the definition of DLR equations requires a space of good configurations. In our
case, this space is the space of configurations produced by any point processes with
bounded intensity. It is not always obvious to compare with the different definitions
of temperedness mentioned above.

3 Examples

Let us give examples of energy functions satisfying assumptions [Stable] and [In-
tensity Regular| of Theorem 1. Since the assumption [Stable] is studied deeply
in the literature, we focus mainly on interesting examples satisfying assumption [In-
tensity Regular]. In the following, B(z, p) is the ball of center z and radius p, ®
is the Minkowski sum of two sets and c¢q = A\%(B(0,1)).

Finite range interaction. An energy function H has a finite range if there ex-
ists 2 > 0 such that for all finite configurations w € €2; and bounded subset A,
Ha(w) = Ha (WAEBB(O,R))- It is easy to see that a finite range energy function



verifies assumption [Intensity Regular]|, with any increasing sequence of subsets
(A);>0 such that Ag = A @ B(0, R). Therefore in this setting of finite range inter-
action, only the assumption [Stable] is required to ensure the existence of Gibbs
point processes.

Corollary 3.1. For a finite range and stable energy there exists at least one sta-
tionary Gibbs point process with finite intensity and locally finite energy.

This result has been proved previously in [5] (See also [4] for a simpler and
pedagogical proof).

Pairwise interaction An energy function H is pairwise if there exists a symmetric
function ¢ : R? — R U {+o00}, called a potential, such that

Hw= Y oo —y)

{z,y}Cw

We do not assume the finite range property and so the support of ¢ can be un-
bounded. However, we still need an assumption on the long range behaviour of ¢.
The potential ¢ is regular if there exists a decreasing function ¢ : R, — R, such
that [, ¢(r)r?tdr < +oo for some A > 0 and |¢(x)| < ¢(||z||) for all € R%. Let
us show that this energy function satisfies the assumption [Intensity Regular].

Let A be a bounded subset of RY. We choose z € R? and p > 0 such that
A C B(z,p) and we introduce A; = B(z,p+ A +1). We have

{x7y}cwmAl
{zy}nA#o

which gives

HY'(w) = Hpw) =) > dle—y).

TEA YA 1\ Ay

By definition, if z € A and y € Ajq \ A then |z —y|| > A+ 1 and |¢p(z —
y)| < ¥(A+1). Introducing the function G\(wac) = |wa,,\a,|¥(A + 1) we have
[HA (w) = Hy(w)] < |wal Gl (wae) with

Ep [GZA(WAC)} < E(P)YM (A \ ADY(A+1)
<EP)ea((p+A+T1+1D)" = (p+ A+ D) P(A+1)
<E(P)egd(p+ A+1+ 1) p(A+1)



Since f;oo Y(r)ri=tdr < 400 and 1 is decreasing, we have that

S o+ A+1+ 1) (A +1) < +oo.

>0

Hence the energy H satisfies the assumption [Intensity Regular| with a = id and
o) = cdd(p + A +1 + 1)d7177/)(A + l)

Corollary 3.2. For a stable pairwise energy associated to a regular potential,
there exists at least one stationary Gibbs point process with finite intensity and locally
finite energy.

The stability assumption for a pairwise potential is delicate and has been inves-
tigated long time ago. We refer to [15] for several results. Let us mention that a
non-negative potential which is equal to zero in the neighbourhood of zero and posi-
tive outside this neighbourhood is a simple example of a Stable but not Superstable
potential.

Note that the sum of two energy functions satisfying assumption [Intensity
Regular], satisfies the assumption [Intensity Regular] as well. The following
corollary follows.

Corollary 3.3. For a stable energy function, which is the sum of a finite range
energy function and a pairwise energy function associated to a regular potential,
there exists at least one stationary Gibbs point process with finite intensity and locally
finite energy.

Cloud interaction In this last example, we provide an energy function which is
infinite range and not reducible, at any scale, to a pairwise interaction. It is a multi-
body interaction between a germ-grain interaction (see for instance the Quermass
model [3] or the Widom-Rowlinson interaction [16]) and a pairwise interaction. We
call it cloud interaction because each point of the configuration is diluted in a cloud
around itself and the pairwise interaction is integrated on this cloud. Precisely for
any finite configuration w

) =3 [ ote iy

TEW

where L% (w) = U B(z, R) is the cloud produced by the configuration w (R > 0 is a
TEW
fixed parameter) and ¢ : R — RU {oo} is a symmetric function. This energy func-

tion can be viewed as an approximation of the pairwise interaction introduced above.
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Indeed H(w)/R? tends to the pairwise interaction function (times a multiplicative
constant) when R goes to zero.

We assume that there exists a decreasing function ¥ : R, — R, such that
[(r)ri=tdr < +oo and |¢(z)] < ¢(||z||) for all z € R% This ensures that the
energy function is well-defined and satisfies the assumption [Stable] since

H(w)| < || / () dr

Note that H is not superstable. Indeed, it would require that for all w € €4,
H(w) > —Blw| + A|w|?/A(A) with B > 0 and A > 0 which is impossible with the
previous upper-bound of H.

Concerning assumption [Intensity Regular], for A a bounded subset of R?,
the local energy is given by

HZA( ) H WAI H(wAl\A)

=5 [ = 35 [ o vl

TEWA, TEWAN\A WA[\A)
= 2 / (|l — yldy + Z/ (|| — yll)dy
TEWA\A LA (wa ) \LR (wapa) zewp Y L way)

We can find z € R? and p > 0 such that A C B(z,p) and, for the following, we
choose Ay = B(z, p + 2R), which implies that

LR(wa) \ L¥(wapa) = L (wao) \ L (waga) € LE(w).

Using this notation we have

Z/ ||x—y||dy+2/ ol =y

TEWA N\A TEWA

The first term corresponds to the interaction of the points outside of A with the
cloud created by the points in A and the second corresponds to the interaction of
the points in A with the full cloud. We can compute the cost of adding a shell

HY @) - Hy@) = 3 [ olla - yl)dy

:UEwAH_l\Al LA(W
Y / oz — yl)dy

TEwa (wa, NLR(way)

11



If we choose A; = B(z, p+2R+1), for x € wa,, \a, and y € L% (w) or for z € wp
and y € L%(wa,,,) \ L*(wa,) then we have ||z — y|| > A+ [. Then we have

|HA (W) — Hp ()] < (Jwaenad A(LE (W) + |wa ML (wa, ) $(A+1D).
With the union bound we have
A (LE(w)) < |walegR? and X (L (wa, o)) < lwa,na,lcaR?

If we introduce the function Gl (wae) = 2|wa,, \a,|caR4P(A+1) we obtain [HM (w)—
HY (w)] < |walGY (wae) with

Bp [Gy(wa)] < EPX (A \ A)p(A +1)
< E(P)deg(p+ A+ 1+ 1) p(A+1).

Since fA%O Y(r)ri—tdr < 400 and 9 is decreasing it implies

S o+ A+1+ 1) (A +1) < +oo.

1>0
Hence the energy H satisfies assumption [Intensity Regular].

Corollary 3.4. For the cloud interaction, there exists at least one stationary Gibbs
point process with finite intensity and locally finite energy.

4 Proof of the theorem

4.1 Construction of an infinite volume measure

The first step of the proof is to build an accumulation point of a sequence of finite
volume Gibbs measures. Using entropy bounds and the stability of the energy, we
prove the existence of such an accumulation point for the local convergence topology.
This strategy and its tools have been used several time in the literature ([3], [4], [5],
[6]) and we recall here only the main ideas.

For n a positive integer, we denote by A, the set | — n,n]¢. We consider the
sequence of Gibbs measures in finite volume given by

1
P,(dw) = Py, (dw) = Z—e’H(“)mn(dw),
with the normalization constant Z, = [ e #@r, (dw). Since our tension tool will
be defined for stationary measures, we need to modify (P, ),>1. We defined the peri-

odized version PP by the probability measure &) P, oT,,., and the stationnarized
u€eZd
version by
1

PP o 7.
)‘d(An)/An n OT, QU

12
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Definition 4.1. A function f is said local if there exists a bounded set A such that
f is Fa measurable (i.e. for all configurations w in 2, we have f(w) = f(wa)). A
sequence of measures (u,) converges to p for the local convergence topology if for

all bounded local functions f
/ fdpn, — / fdp.
n——+00

Given two probabilities measures p and v on €2, we recall that the relative entropy
of ;1 with respect to v on A is defined as

In(plv) = [log fdus if py < vy and f = 2
+00 otherwise.

Definition 4.2. Let u be a stationary probability measure with finite intensity on
Q). For z > 0 the specific entropy of p with respect to 7* is defined by

I, (p]7) Iy (p]m)
[ Z = 1 n = .
0< 4 (A) <400

For details we refer to Chapter 15 of [7]. The next result, stated in [9], is our
tension tool.

Proposition 4.3. For any z > 0 and ¢ > 0, the set of probability measures
{p stationary with finite intensity, I,(u) < c}
18 compact and sequentially compact for the local convergence topology.

In order to apply this proposition in our case, we need to compute the specific
entropy of the probability measure P5*. Using the affine property of the specific
entropy, it is well known that

1
stay __

What remains is to compute the relative entropy of the Gibbs measure P, with
respect to the Poisson point process 7% on A,

dP,
I (Pulr") = /1Og (W) dP,

Ix, (P,|7%).




The normalization constant can easily be bounded from below
Ly = /G_Hdﬂ' > e~ H @) =AM (An)
Then, using the stability of H, we have
In, (P,|7%) < 20%(A,) + H(@) + /(B —log(2))|w| P (dw).

If we choose z > 0 such that B — log(z) < 0, we have I,(P:*) < z + H(©) for
all n > 1. According to Proposition 4.3 we can exhibit a sub-sequence of (P5%), >4
which converges to a stationary measure P with finite intensity. To simplify the
notations, we can suppose that we have changed the indexation of the sequence
(An)n>1 such that (P5%),~; converges locally to P.

We can prove that P is also an accumulation point of the sequence

_ 1
P, =— P, —Ldu.
M(A,) /A Ty U

See Lemma 3.5 [3] for details.
We need to verify that P has locally finite energy. If A is bounded subset of R,
the event {H(wa) < +o00} is a locall event and

P(H(wa) < 4+0) = lim P,(H(wa) < +00) =1,

n—-+o0o

because by hereditary we have P,(H(wa) = +00) = 0. We deduce, using again
hereditary, that

P (H(wa) < +00,YA C R?, bounded) = P (H(wa,)) < +00,Vn > 1) = 1.

Let us finish this section by giving the crucial property of uniform control of
intensities for the sequence (P,)

Lemma 4.4. We can find & > i(P) such that for all integers n > 1, {(P,) < &.

Proof. We use the entropic inequality [ gdu < I(ulv) + log ( Ik egdl/) to obtain
EP,itan/\nH S [An (Pstah_z) + log (Eﬂz [elwl\”l]) .
Using the expression of the specific entropy as a supremum (3), we have

In, (P|7) < L(P™)X(An) < (2 + H(2))A(An).

14



Under 72, the random variable |wy,| follows a Poisson law of parameter zA%(A,,)
and so

E,: [e“‘“"q = ¢~ () i (Z/\d;ﬂep = exp(zA4(A,) (e — 1)).

p=0
Then we obtain

i(PI)AY(Ay) = Epgallwa, |] < (ze + H(2))X(A,),
and since ¢(P,) < i(P5*?), we deduce the lemma. O

4.2 Some remarks on the local energy

Lemma 4.5. If P is a point process with bounded intensity, then for P almost all
w the following equivalence holds for all 1 > 0

Hp(w) = 400 <= Hi(w) = +oo0.
Proof. Let w be a configuration. With our convention oo — oo = 0 and the intensity
regular assumption, for [ > 1 having H\(w) = +oo implies that H5\'(w) = +oo
and H{"'(w) = +o0o. Then by induction we deduce that for all [ < 1 we have
HY (w) = +oo if and only if HY (w) = +o0.
The local energy is defined by

+o0
Ha(w) = HR(w) + Y [HE (W) — Ha(w)],
=0

and since for a point process P with bounded intensity the second part of the right
hand side is finite we deduce that for P-almost all w, Ha(w) = 400 if and only if
HY (w). O

Lemma 4.5 ensures that the event { Ha(w) = +oo} is local. In particular, the
hard-core part of the energy has to be finite range.

For a finite configuration w € €1y, the sum in the definition of the local energy
Ha(w) is a finite sum, and then Lemma 4.5 also holds. Hence we can write

Ha(w) = Hp(w) = H(wa,) = H(wag) = H(w) — H(wae)

for some [ > 0 (depending on w). Moreover, thank to hereditary of the energy and
our convention oo — 0o = 0, we have for all w €

H(w) = Ha(w) + H(wac).

This equality is useful for proving the DLR equations for finite volume Gibbs mea-
sures.
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4.3 The DLR equation

We prove in this section that the accumulation point P satisfies the DLR equations
stated in Definition 2.6. By a standard monotone class argument we can replace the
class of bounded measurable functions by the class of bounded local functions. Let
f be a bounded local function, A be a bounded measurable subset of RY, we have
to show [ fdP = [ fadP with

1

7HA(w’AuJAc) d /
—— € ™ WA ).

falw) = / F(Whwae)
We fix € > 0.

Step 1. There exists K’ > 0 such that for all £ > K’, we have P(jwa| > k) < &,
this implies that for all £ > K’,

/ fa(w)P(dw) — / Fa (@) jr < P(d)| < [l (4)

The introduction of this indicator function will be usefull in step 4.

Step 2 We approximate fa by flA’k which corresponds to the approximation of
the local energy Ha by HY and a restriction to configurations having less than k
points in A, which means

1 —H (w\wac
Sap(w) = m/f(w/AWAC)e Halvawa )1\w'A|§k7rA<dw/A)a
with the normalization constant Zj ,(wae) = fe‘HlA(w'AwAC)llw,A|§k7rA(dw’A). We

prove that we can find K > K’ and [ (depending on K') such that :

] [ 13z Pl@) — [ Aty <67l 6)

We introduce an event A, such that P(A.) < e. Its precise definition is given
later. We have

\ [ 13z P@) — [ FhuNyn Pl

< » [fa(w) = fa (@)1 <k P(dw) + 2/l fllce. (6)
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We must estimate the approximation error
faw) = far(w)

1 / / L /
= —— | f(Wrwae (e_HA(wA“AC) — e Halwawac)y ) ma(dw
ZA(WAc) ( A ) |y |<E ( A)

Wae) ZlA,k<WAC)

1 1 - wlwae
" (ZA( - )/f<“/AwAc)€ Haa A1 ma (dwly).
Since the difference between the normalization constants is
ZlA,k(WAC) — ZA(UJAc) = / <€_HZA(‘UIAWAC) _ 1|w/A|§ke—HA(w/AUJAC)> WA(dUJ,A),

we obtain the upper-bound

2HfHoo (whwae) —H (W wae
| fa(w) — fAk( ZA (@) /‘ “Hawpwae) _ o Halwawa )1|w'A\§k 7a(dwly)
2||f|| —Ha (w\wac) —HY (Wiwae) /
ZA WAC /‘ alwpwae) _ o= HA(Wawa 1|W'A\§7€7TA(de)
2HfHoo (whwae)
* ey [ sl "

|b—al|+a

Using Lemma 4.5, the inequality |’ — e?| < |b — ale and the approximation

(1) we obtain the upper-bound

eleA (Whwae) _ efHA (Whwae)

Ly i < KCh(wae)eCalac-falawa) — (g)

By combining (7) and (8) we have

(@) = FAr(@)] < 20| Fllo K Ch (wae)eKCh@ae)

2 /
If Hoo> / e Halhwacdly | yma(dw)). (9)

+—

Now we need to control the two terms of the right part of (9). For the second one,
by the dominated convergence theorem, we can find K > K’ such that

1 —Ha(Wpwae) ,
7o waway dw'\)P(dw) <
/ZA(WAc) /e w5 TA(dwp) Pdw) < e

Once K is chosen, we can control the first term. If W : R, — R, is the inverse
function of z — xe” (W is the so-called Lambert function), using Markov’s inequality
we have

KEp[Ch(wac)]
W(e) '

P (ch(w)emﬂw > 5) — P(KCL (wae) > W(e)) <
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As EP[Cl (wac)] goes to zero when [ goes to infinity, we can choose [ (depending on
K) such that

P <KClA(wAc)eKClA(wA“) > €> <e.

Introducing the event A, = {KCh (wae)eCh@ae) > ¢} in (6) and with our choice
of K and [, we have finally the approximation (5).

According to Lemma 4.4, the point processes (P,),>; have uniformly bounded
intensities and, as mentionned in Remark 2.5, the expectations Ep [Ch (wae)] is
bounded from above uniformly in n > 1. Hence [ could be chosen such that for all
n>1

P, <KClA(wAc)eKclA(“’AC) > 5) <eg, (10)

it will be useful later, in Step 4.

Step 3. For n large enough (depending on K and [) we have

‘ [ I e P) = [ sl crcPa(d)

< [[flloce- (11)

It is simply a consequence of the local convergence of the sequence (P,),>1 to P.

Step 4. For all n > 1 we show the approximation

‘/flA,K(w)llwAISKPn<dw) —/fA,K(w)leSKPn(dw) <4flloee,  (12)

where
1 — wlwae
fak(w)= —ZAK(WAC) /f(w'AwAc)e Ha(wawa )1|wlA|SK7rA(dw’A),

with the normalization constant Za g (wae) = [ e*HA(“’/A“’AC)lw <xTa(dwy).
AlS
Similarly to the upper-bounds (7) and (8) we obtain

|fAr (W) = far(w)| < Z2||f||oo

A,K(WAC
l
< 2| [l OaBI KO (wae).

[ o) A s

From our previous choice of K and [ in estimate (10), and using a restriction to a
specific event as in (6), we obtain the approximation (12).
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Step 5. We use the DLR equations for finite volume Gibbs processes to prove that

[ It enPilas) = [ HuePa(da)| < 2sles. (13

Let us introduce AY = {u € A, : 7, '(A) C A,}. Note that if A C Ay and n > k
then A, C A* and (n — k)%/n? < A4(A%)/A4(A,) < 1. We choose n large enough
such that A(A%)/A4(A,) > 1 — ¢, and if we denote

_ 1
Pr=——+— [ Pyor,!
n /\d(/\n)/A ST

*
n

we have the approximation

[ s tisienPuld) = [ faroosen i) < Il
Let us detail the term

/ Farc (@)1 s P ()

1
) /A; / Fax (Tu(@))Lr, s < Poldw)du

: ; ! —Ha (@ Tu(w)ac) /
= T3 i u c WA Tu(W)AC 1 , d
)‘d(An) /; // f(WAT (W)A )ZA’K(TU(Q))AC)G \wAngﬂ-A( OJA)

For uw € A*

n’

than 7 14y 07, ' and that Ha(7,(w)) = H,-1(4)(w), we have

using the fact that 7, (w)ac = 7, (WTJI(A)C)7 that ma has the same law

Zaw(rla) = [0 bner iy, )

= /eHA (T“(w;;l(mwﬁl(mc))l

_ /
= /e RN (wam)“’ri(mc)l

= Z ok (Wi a)e):

OJ/

7;1<A)|<K7TT’:1(A) <dw;‘_1(A))

o |<K7rqul(A)(dw'751(A))
b=
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Then, by a similar calculation, we find

[ a1 gen Pl
1 —H _4 (w’_1 w 1 C)
— f Tu w;_ w7_7 . e T (D) Ty (A) Ty (&)
// (Tl it ))ZTu—l(A),K<(.U o) )

w’
71(A

But we can write the measure in finite volume as

P,(dw) = Zie_Hﬂf(A) (w RO 1<A>c)6_

n

H(“T;1<A>c)

An\ o H(A) (dw A)e )anl(A) (dWTJI(A))’

and integration with respect of the measure =1 will give the normalization
constant (thanks to the indicator function introduce in Step 1). After simplification
we have for the translated P, o 7' with u € A a finite volume DLR equation

/fA,K(Tu(W))lTu(w)A|<KPn(dw)
1 —H(W/_ w7'71 C)
- Z_n//f(T“(w,TJI(A)wTul(A)E))e I TS

Tt (o) (@01 (a0 ) 1 (A1)
- /f(Tu(w))lTu<w>A|gKPn(d“>‘

This DLR type equation is then verified for the mixture P

/fA,K(W)lmgKPZ(dW) = /f(w)legKP;(dw)’

Since we have the approximation

[ 1M erPilae) = [ FMePa(d)] < 1]
we obtain finally (13).
Step 6. We show the last approximation
[ e / ) ()] < 207l (14




Using the local convergence of (P,),>1 to P again, we have, for n large enough

< £ 1l

‘/f(w)lwAISKPn(dw) _/f(w)lwAISKP(dW)

With our choice of K we have P(Jwa| > K) < ¢ and we obtain (14).

Conclusion Gathering approximations (4), (5), (11), (12), (13) and (14), we have

finally
‘/fAdP—/fdP

The inequality is true for every e > 0, this ends the proof of Theorem 1.

< 16][ f| oot
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