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Strichartz estimates for geophysical fluid equations using
Fourier restriction theory

CORENTIN GENTIL' COME TABARY'

January 2024

Abstract

We prove Strichartz estimates for the semigroups associated to stratified and/or rotating
inviscid geophysical fluids using Fourier restriction theory. We prove new results for rotating
stratified fluids, and recover results from [16] for rotation only, and from [17] for stratification
only. Our restriction estimates are obtained by the slicing method [20], which relies on
the well-known Tomas-Stein theorem for 2-dimensional spheres. To our knowledge, such
a method has never been used in this setting. Moreover, when the fluid is stratified, our
approach yields sharp estimates, showing that the slicing method captures all the available
curvature of the surfaces of interest.

1 Introduction

1.1 Main result

The primitive system describes the motion of incompressible geophysical fluids accounting
for both the Earth’s rotation and the stratification of the fluid [5] [12] [21]. We consider in
this paper its inviscid limit:

Ou+ (u-Viu+elesAu+ FleTlhes = —e'Vp
00+ (u-V)0— Fle7luz = 0 (1)
Veu = 0

(u|t=(]79’t=0) = (u[)?eo)a

Here u = (uy,us, uz)T is the fluid velocity, p the pressure, and 6 the temperature. The effects
of stratification and rotation are quantified respectively by the physical Froude number e F',
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comparing the advection term to the gravitational forces exerted on the fluid, and the Rossby
number ¢, characterizing the importance of rotation over advection. We follow the notations
of [5] and call F' the Froude number in the sequel.

The above system exhibits a dispersive behaviour closely related to the semigroup gener-
ated by the fluid rotation and stratification, which is defined by the oscillatory integral:

et Wy (tx) e [ e g6 de, (2)

where ¢ is the Fourier transform of g, and the phase is given by

pF(f) - l|f’||g| ) |f|F = |(§1,§27F§3)|~

The expression of this operator and its connection with the primitive system are derived in
Section 3.1. The main results of this paper are the following Strichartz estimates:

Theorem 1 There exists a universal constant C' > 0 such that the following homogeneous
Strichartz estimate holds for all g € H*(R?):

M=

1 F
Illzsrs < C€GHHQHH (3)

’|€i§ith(D)

Moreover, for all f € L%H;, the following inhomogeneous estimate holds:

<Ot P
6

t
+Li(t—t")pp (D N g4/
e t)dt
/0 () LSLS (F — 1)%

[RAIYFYE (4)

The estimate is sharp, in the following sense:
Proposition 1 Let p, ¢ > 2, and s € R. If the following estimate

Heiéith(D)

holds for all g € H*, then necessarily p, q and s must satisfy the scaling conditions:

2+1<1 p 3(1 1) ©)
-+ -< - an s=95l=z——).
p q 2 2 q

Moreover, one cannot find an estimate of the type of with an LY L2 norm on the left-hand
side, and an L! norm on the right-hand side, with p,q,r € (2, 00), justifying the resort to
Sobolev regularity of the initial data.

The proof we give of Theorem (1| resorts to restriction theory, and more specifically to the
slicing method [20], therefore it differs from the dispersive approach of [10], [5], [16] and [17].
A more in-depth comparison to the literature is made in Section 1.5. In Section 1.6 we apply
the slicing method to other geophysical systems to recover already known estimates but with
this new approach.



1.2 Strichartz estimates

Over the last decades, Strichartz estimates have become a staple in the analysis of evo-
lution partial differential equations, see for instance [4], [11], [23] and the references therein.
Indeed, such estimates have proved to be a key tool in the derivation of the well-posedness
of many systems, as the wave or the Schrodinger equation.

Considering a linear evolution PDE, a Strichartz estimate is a bound for the space-time
norm of the solution u by the norm of the initial datum ug, that is to say an inequality of
the type

lullzprs < Clluollzy,

where [[ul|zrzg is the standard Lebesgue space-time norm on L”(R, LY(R%)), and p, g, r satisfy
some scaling condition.

Strichartz inequalities are commonly obtained using the dispersive nature of the equation.
The linear Schrédinger equation provides an explicit setting to illustrate the derivation and
application of Strichartz estimates. Consider the system

{ i0u+ Au=0, for (t,z) € Rt x R? (7)

u‘t:O = Ug,

to which the solution is, for ¢ > 0,
(1) = e (8)
u(t, ) = e Ug.
(4mit)? ’

Young’s inequality applied to this explicit formula leads to the following dispersive esti-
mate:

u(t, ) Lo ey < C

ol
(47rt)% U0 || LL(RY) s
for £ > 0. This inequality expresses that, even though the total mass ||uol|z2ge is conserved
by the Schrodinger semigroup, the propagation at different speeds of different frequency
modes leads to a decay in LY° norm.

The TT* argument (which states that the continuity of an operator 1" is equivalent to
that of its dual T* or of the operator 7™, see |11], [13], [15]) allows one to convert a disper-
sive inequality into a Strichartz estimate (see Chapter 8 in |4] on Strichartz estimates and
applications to semilinear dispersive equations). For the homogeneous Schrodinger equation
, it writes:

lullpory < Clluollze,
with ¢ € (2, 00| and r satisfying the scaling condition:

2 d d

¢ Tr=2 ®)

Such a scaling stems directly from the equation itself: indeed, if u is a solution of the
Schrédinger equation, then uy = u(A?-,\ -) also solves with suitably rescaled initial

3



condition. Thereby, it is easy to see that the condition on the exponents translates the
necessity of the Strichartz estimate to be scale invariant as well.

One of the applications of such estimates is the proof of existence of solutions in inhomo-
geneous settings, see the reference article [15]. Indeed, provided a forcing term f € L?/L;/
with (¢, ') the dual exponents of (g, r) satisfying (9)), there exists a solution u to the equation

i0wu + Au = f, for (t,z) € RT x R?
U|t:0 = 0,

which verifies the following inhomogeneous Strichartz estimate for any pair (p,s), again
satisfying (9):
llzes < CIFlLy gy

Inhomogeneous estimates in turn offer ways to treat nonlinear problems, as it is done in [11]
for the nonlinearity f = +ul|u[P~!, by fixed points arguments.

The application of Strichartz estimates to the particular study of geophysical fluids will
be overviewed in Section 1.5 of this introduction.

1.3 Restriction theory

For any function f in the Lebesgue space L'(R?), its Fourier transform f , defined for
£ €RY as

&) = [, e flaydr,

is continuous, so the restriction of f to any surface of R? is well defined. If f is not integrable
but only lies in some L” space, its Fourier transform can still be defined and the Hausdorft-

Young inequality implies that if 1 < p < 2, then f is in the dual space L” , where % + z% =

1. Thus f is only defined almost everywhere, and it is not clear whether it is possible to
meaningfully restrict f to a hypersurface S of RY, since S is a set of measure zero. The
restriction problem asks for which exponents p and ¢ a restriction estimate of the form

1£1s)l asdo) < CIF Nl poray

holds for all functions f in the Schwartz class S(R?), where do is a measure on S. Such
estimates indeed allow one to define the restriction of the Fourier transform f — f ls as a
bounded operator from LP(R%) to L%(S,do).

Tomas and Stein discovered [22], [26] that this is possible for surfaces which are "suffi-
ciently curved', a result that is now known as the Tomas-Stein theorem:

Theorem 2 ([22], [26]) Let d > 2 and py = 2%1;1)‘ Let S be a smooth and compact hyper-

surface in R? endowed with a smooth measure do. Suppose S has non vanishing Gaussian
curvature at every point. Then for all p € [1,po], there exists a positive constant C such that

for any f € S(R?):

115l z2(s,d0) < Cll Nl ocrey-
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The canonical example of such a surface is the sphere S¥!' of RY. When the hypothesis
of curvature and compactness is weakened, obtaining restriction estimates does not become
impossible, but the range of possible exponents usually gets smaller, as we will illustrate with
the surfaces considered in this paper. A first step towards understanding the necessity of
curvature is to consider a simple counter-example (found for instance in [25]) preventing any
non-trivial restriction estimate on a hyperplane (endowed with the natural surface measure):
consider ¢ € S(R4"!) a Schwartz function, and define h : R? +— C by:

h(z) = o) r= (2, 1q).

J1+ a2

Then h belongs to every LP space for p > 1, but its Fourier transform is not well defined on
the hyperplane £; = 0, or even on any bounded subset of this hyperplane. Curvature is thus
mandatory to obtain restriction estimates.

However, lack of compactness can sometimes be dealt with using scaling arguments,
provided the surface possesses some symmetry. It is for instance the case of the paraboloid

P={(&[¢), EeRT} CRY,

which is non-compact but still belongs to the class of surfaces for which the Tomas-Stein
theorem stated above applies. The two main reasons for this are the fact that the paraboloid
is strongly symmetric, and the scaling satisfied by the paraboloid. Indeed, if we stretch the
space by a factor A > 0 on the first d —1 coordinates and by a factor A? in the last coordinate,
the paraboloid P remains unchanged.

In this paper, we will exclusively work with non-compact surfaces, so none of them satisfy
the Tomas-Stein theorem. We will therefore be led to consider spaces with more sophisticated
measures.

Restriction theory has many applications to other topics, from number theory to the
Bochner-Riesz and Kakeya conjectures [25], but our point of interest here is its connection to
Strichartz estimates. Indeed, it provides a pathway to prove Strichartz inequalities without
relying on the dispersive estimate we presented above.

As it was shown by Strichartz in [23], solutions to linear PDEs can be written as Fourier
transforms on surfaces. Let us consider this time the free wave equation

{ O2u(t,z) — Au(t,z) = 0, for (t,z) € RT x R4

10
uli=o = f and  Owuli—o = g. (10)

Resolution in Fourier space gives a representation formula for the solution:

u(t,z) = / LTy (€)dE + / e ey (€)de,
3

3

where v4(§) = ;( f' (&) £ i%ﬁ) From this formula, one could apply the stationary phase

argument and obtain a dispersive estimate, similar to the one obtained directly from ({]
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in the case of the Schrodinger equation. Details of this approach can be found in [4] and
references therein.

The solution can thus be seen as the sum of two inverse Fourier transforms, each one on
a cone Cx = {¢ = (£[¢],€), € € R?}. Indeed, this can be rewritten as

ult,w) = [0 50 du(Q)+ [ 5 (Q) dul().

by introducing the pullback of 4 onto the cone by the canonical projection (£[£[,&) — &,
that is 44 (£[€[,€) = v+(§). The measure du(=£(¢],&) = d¢ is as well the pullback of the
Lebesgue measure. Written this way, this inverse Fourier transform on the cone is exactly
the dual of the restriction operator f ~— f lc. applied to 4+ (justifying why such inverse
Fourier transforms are referred to as extension operators).

This is the connection inciting our resort to restriction theory: indeed, suppose that we
have the following restriction estimate on the cone:

LQ(Ci7 d’u) S C||U||LP0(Rd+1)’

A~ _1
Dle. 1€]72]

2(d+1)

i~ In its dual form, it writes, for w € L*(Cs, dp):

where py =

—_ _1
|7 (gl 7w dp) < Cllwllz2 ey

LP0 (RéH)

Taking w = 7. |¢|2 in the above inequality and using that

—1
pecwam = 8 < € (1 b ey + 19054y )

to bound the right-hand side, we obtain the Strichartz estimate

H%:H%

< € (118 gy + 191 )

Hence, through fairly simple rewriting of the representation formula, the obtention of
the Strichartz estimate above reduces to a restriction estimate on a conic surface. Although
the surfaces will be significantly more complex, the same reasoning will hold in the study of
geophysical fluids, and it is at the core of our approach.

1.4 Geophysical fluids

In this article, we study systems of PDEs governing the motion of geophysical fluids.
These equations arise naturally as soon as one takes into account the scales relevant to the
study of the atmosphere or the ocean: careful modeling choices must be carried out to include
adequate forcing terms and dimensionless numbers correctly reflecting the real contribution



of each term. Taking the example of the ocean, its behaviour can be described by the
incompressible Navier-Stokes equations with additional forces, that is

. — - _1 _
du+u-Vu+QANu—vAu pr g (1)
Veu = 0

where u is a 3D vector field standing for the fluid velocity, p is the pressure, p the fluid
density, and v the diffusive parameter. The two exterior forces are the gravitational force
and the Coriolis force caused by Earth’s rotation, namely g the gravity field, and € the
rotation speed of the referential.

And yet, as mentioned above, this universal equation is never the one implemented in
practice in the climate models. Indeed, there are many physically meaningful approximations
that reduce the complexity of System (|11]), such as the hydrostatic approximation which is
used in most climate models (see [21]).

Another example is the importance of the Coriolis force. For the time scale of the large
oceanic circulation, a characteristic displacement of 10? km takes approximately 10% days at
lem/s (the characteristic speed of ocean currents), that means that the Earth has rotated a
hundred times during this displacement. Therefore, the rotation term can be considered to
be a penalisation term, that is to say the contribution of this term is so overwhelming that
the solution must lie in the kernel of the associated operator. It leads to a rigorous proof of
the Taylor-Proudman theorem ([7]), which was already well-known by physicists (see [21]).

Roughly speaking, it states that a fast rotating fluid has a horizontal speed independent
of the vertical coordinate and no vertical speed.

Many physical considerations must be taken into account to derive from the Navier-Stokes
equation a system more suited to the description of the oceans or the atmosphere at large
scales. The penalisation of the rotation term is one of them, but we could also mention the
aspect ratio, and the effect of the density governed by the temperature, the pressure for the
air and the salinity for the ocean, that will give birth to a strong stratification with different
associated effects. In particular, Sections 3 and 4 will be devoted to stratified fluids.

1.5 Standard method for geophysical fluid equations

The study of the incompressible Navier-Stokes equations heavily relies on energy esti-
mates, which express the physical reality of conservation of the total energy of the fluid.
Weak solutions (in the sense of Leray [18]) exhibit non-increasing —rather than constant—
energy, and such estimates are key to prove existence of Leray solutions. Geophysical fluids
typically obey the Navier-Stokes equations with additional terms describing the aforemen-
tioned physical effects of rotation and fluid stratification. To illustrate our discussion, consider
the simpler example of the Navier-Stokes system for rotating fluids:

8tu+u-Vu—VAu+63/\u = —Vp
€
u(0,) = wup.



Here, u is the velocity field, p the pressure, and % is the rotation speed directed along the
x3-axis, appearing in front of the Coriolis force e3 Au. Geophysical terms are skew-symmetric,
entailing that they cancel out in energy estimates (see the discussion in [8]). On the one hand,
this means energy is still conserved so the results on Leray solutions can be easily transposed
to the case of geophysical systems. On the other hand, the energy estimates completely fail
to capture the additional regularity offered by these terms. The goal of this subsection is to
present how geophysical fluids are approached from a mathematical viewpoint and how new
and enhanced results can be proved compared to the Navier-Stokes system.

The usual approach is to get rid of the unknown pressure by applying the Leray projector
P on divergence-free vector fields, and to treat the non-linear advection u - Vu as an exterior
bulk force (as it was originally done by Fujita and Kato [14] for the Navier-Stokes equation,
and in [7] for System ((12). The first equation of becomes:

es \u

Oru —vAu+P = —Pu-Vu (13)

€

Duhamel’s formula makes the above equation formally equivalent to the following mild for-
mulation:

t
u(t) = S(t)uo — / S(t — )P u(t) - Vu(t')dt, (14)
0
where S(t) is the semigroup generated by the linear homogeneous equation:
A
O =vAv — pEnY (15)
€

The mild formulation is used as a fixed point equation which is solved using the con-
traction mapping principle.

Building the contraction map in a suitable space requires estimates for the homogeneous
and inhomogeneous terms in the right-hand side of (14). In the case of Navier-Stokes, S(t) is
reduced to the heat semigroup and existence can only be proved locally or for small enough
initial conditions. However, in our case of interest, the semigroup involves the additional
geophysical terms. The central feature of these terms is their dispersive nature, meaning that
different frequency modes travel at different speeds, effectively spreading out and regularizing
the solution. In [1], [2], [7], the authors made use of the additional regularity provided by
rotation to predict the behaviour of the solutions for high rotation speeds. It was proved that
for e sufficiently small, the solution of converges towards the solution of the classical
two-dimensional Navier-Stokes equation, see Theorems 5.6 and 5.7 in [7]: this corresponds
to the aforementioned Taylor-Proudman Theorem.

The inviscid case v = 0 is of particular interest because S(t) is then only generated by the
geophysical terms. In lack of the well-known regularizing behaviour of the heat semigroup,
capturing all the regularity provided by the geophysical semigroup is crucial. Koh, Lee and
Takada [16] have derived sharp Strichartz estimates for the semigroup associated to the
Coriolis force alone, which are used to prove long-time existence of solutions provided the
rotation is sufficiently fast. In [24], an analog result to the Taylor-Proudman Theorem was

8



shown for the inviscid Boussinesq system, another geophysically relevant equation that will
be studied in this paper. It is made possible by sharp Strichartz estimates for the semigroup
associated to fluid stratification.

The Strichartz estimates for the geophysical semigroups are obtained in the literature by
relying on a dispersive inequality

[1S@)ullree < CQ A+ [E) 7 [ullzy, (16)

for some o > 0, which is then used in a 7™ argument. The dispersive estimates themselves
are obtained by the stationary phase method (see Section 5, Theorem 5.3 from [7]) or by
Littman’s theorem [19]. It relies on the expression of the semigroup as an oscillatory integral:

(S(tu)(e) = [ = Oa(g)de,
where p(&) is the dispersion relation associated to the geophysical term. For the Coriolis
force (including the Leray projector), p(§) = % It is homogeneous of degree 0, which, by
the Littlewood-Paley decomposition, allows one to only consider the localized frequency case
r < || < R. Since p is smooth on this annulus, the Littman theorem directly applies and
immediately provides [16| after computing the rank of the Hessian matrix of p. However, for
the case of the Boussinesq system, the dispersion relation is p(§) = % where &, = (£1,&).
It is still of degree 0, but not smooth on the domain r < || < R, so the stationary phase or
Littman’s theorem do not apply directly. In [17] the authors manage to circumvent the lack
of smoothness with a careful cut-out of the singularities using dyadic decomposition, leading
to quite technical computations.

In this paper, we prove Strichartz inequalities for geophysical fluids without resorting
to a dispersive estimate. Our method instead relies on a Fourier restriction estimate on the
surface {&,p(§)}, which by duality provides a Strichartz estimate. The proof of the restriction
estimate relies on the slicing method [20], and takes place in the framework of measurable
functions, for which the singular sets are of zero Lebesque measure and are thus easily dealt
with. This avoids the technicalities involved by possible lack of smoothness in the otherwise
very similar dispersion relations. To the authors’ knowledge, restriction theory has never
been used before to prove Strichartz estimates related to geophysical fluid equations. From
this stems our main result, which is the sharp Strichartz estimate for the primitive system.
This new method also allows us to recover Strichartz estimates for the Fuler equations in a
rotating framework (which were obtained in [10] following the standard approach described
above) and the inviscid stably stratified Boussinesq system (treated in [17], [24]).

1.6 Further results

In this section, we present the two systems obtained when considering either fluid strat-
ification or rotation alone. The associated semigroups have already been studied ([24], [16],
[17]) with dispersive methods. The Strichartz estimates below were thus already shown in



the aforementioned articles, and what we wish to highlight is how our restriction theory
approach provides a new way to recover these estimates.

The stably stratified inviscid Boussinesq system formally corresponds to the primitive
system without rotation. However, for physical considerations, it is more commonly written
as follows:

Ou+ (u-Viu = —Vp+ les
ate + (u : V)(9 = —NQU3
Veu = 0 (17)

uli—g = u® and 6= = 6°,
by introducing N > 0 the Brunt-Véiséléd frequency (to exactly recover the primitive system,
one can consider the change of variable § = —N ~16). This system describes the evolution of
velocity, pressure, and temperature around a motionless equilibrium state, and its obtention
from the general Navier Stokes system with an exterior force is presented in Section 4.1. In
the absence of rotation, the system still showcases dispersive phenomena, this time related
to the semigroup for stratification alone:

| Dp | [€n

S () [ (o) de, (18)
R
where &, = (£1,&2). Restriction theory yields the following Strichartz inequalities for this
semigroup which were already obtained in [17],[24] using dispersive estimates:
Theorem 3 There exists a universal constant C'° > 0 such that the following Strichartz
estimate holds for all g € H'(R3):
it Dl _1
1€ T gllzors < CN 75| Igll - (19)

Moreover, for all f € L%Hl, we have
/t e:ti(t—t’)‘lDTf“lf(t/)dt/
0

The homogeneous estimate is sharp, because the same scaling condition on the exponents
@ holds for the Boussinesq equations. This result, which is the equivalent of Proposition
has been shown in [17].

Secondly, we consider inviscid fluids subject only to the Coriolis force, which yields the
Fuler equations in a rotational framework:

1
< ONTs[| fllpym- (20)
LSLS

A
o+ u-Vu+ e U+Vp —
uw(0,-) = wup.
The dispersion is provided by the semigroup associated to the fluid rotation alone:
.. D . T
e Plg : (ta) — [ e g(6)de. (22)
R

Restriction theory provides the following Strichartz estimates:

10



Theorem 4 There exists a universal constant C' > 0 such that the following Strichartz
estimate holds for all g € H'(R?):

it 23 1
e Pl gl s < Cesllgll . (23)

Moreover, for all f € L%Hl, we have

D

t .. D
/ 6iz(t*t )ﬁf(t/)dtl
0

< Ot || fll - (24)
L?Lg tTx

The estimate is not sharp in this case, as it was shown in [16] that the optimal range of
exponents in this case is %+% < % The lack of sharpness in this particular case can be easily
tracked down in our method and is discussed in Section 5.3. We will explain how to obtain,
still resorting to restriction theory, the improved estimate

D3

+i 1
e ™ gl pors < Ce5 gl

in which the exponents are the optimal ones but the time and space norms are reversed in
comparison to usual Strichartz estimates.

Remark 1 Evolution PDEs are usually thought of as being solved for ¢ € (0, 00), from an
initial condition at time ¢ = 0. However, the equations at play here are time reversible, mean-
ing they admit solutions for ¢ € R. Therefore the Lebesgue norms in time in our estimates
can be taken over R. This is because of the absence of viscous forces, usually exploited for
its additional decay of the solutions through the well-known regularizing properties of the
heat semigroup (as it is considered in [5], [7], [16] and [17]).

Remark 2 We consider inviscid fluids throughout this paper, but the previous systems could
all write with additional viscous forces —vAwu and heat diffusion —xA# in the left-hand side
of equations. These terms are proportional to the identity in Fourier space (provided v = k&,
an assumption often made), which makes them commute with the rotation and stratification.
Hence, they can be treated separately and our results can be extended to the viscous case,
which is in general easier thanks to the regularizing behavior of the heat semi-group.

1.7 Layout and Notations

Layout. The article is organized as follows. In Section 2, we illustrate the general
method of proof for restriction theorems on surfaces of R? by slicing them into surfaces in
R1, by deriving the cone restriction theorem from the Tomas-Stein theorem applied to its
spherical slices, a method initially developed in [20]. In Section 3, we prove Theorem (1| on
the primitive equations. Theorem [3| on the Boussinesq system is proved in Section 4, and
Theorem 4] on the Euler equations in a rotational framework in Section 5. Finally, we prove
in Appendix how to obtain the inhomogeneous estimates (resp. , and ) from the

homogeneous ones (resp. (3), and (23)).
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Notations. Throughout this article, we will denote by dog the surface measure on the
sphere S% ' C R? of radius R, defined by

dog(A) =d\{ta:a € A0 <t <1})

for any measurable subset A C S?{l, with d\ being the Lebesgue measure on R

If p € [1,4+00], its Lebesgue dual exponent will be denoted p/, such that % + z% =1.

The Fourier transform of any function f will be denoted f , and the inverse Fourier
transform will be written F~!. Moreover, the partial Fourier transform of f in the last
coordinate will be denoted f(z, p), such that:

N

flaup) = [ 0 flaman) dogsa.

Finally, in the computations, C' will be a positive constant independent of the physical
parameters, that may vary from line to line.

2 On the slicing method

The techniques developed in the literature to prove restriction estimates often make use
of subtle harmonic analysis arguments as the surfaces become increasingly complex. In
particular, curvature has been understood to play a key role, as lack of curvature always
entails a loss in the exponents of the estimates: it can be seen through the simple fact that
restriction estimates for surfaces with vanishing Gaussian curvature are out of reach of the
usual Tomas-Stein theorem. However, in explicit cases, one can sometimes identify a d-
dimensional surface of interest as a combination of (d — 1)-dimensional surfaces with better
properties. A canonical example is the relation between the cone in R%*! and the sphere in
R? [20]: horizontally slicing the cone yields spheres of increasing radius, and moreover those
spheres encompass all the curvature of the initial cone, so one does not expect additional
contribution from the vertical stacking of the spheres. Indeed, the numerology agrees and
the sharp results for the cone can easily be retrieved by slicing it in spheres and applying
the Tomas Stein theorem. To the authors’ knowledge, this slicing method was only formally
used to show the connection between the sphere and the cone quite recently [20]. Since our
framework for the slicing method is a bit different, and because it is central to this paper,
we showcase the cone restriction theory and its proof below.

The restriction estimate for the cone is the following:

Theorem 5 ([23]) Let d > 2 and consider the cone C = {(£,]¢]), € € R} € R endowed
with surface measure do(€,|€|) = %. For po = 291 there exists a constant C > 0 such that

e d+3 7’
for any function f € S(RIH1):

||f’CHL2(C,do) < C||f||Lpo(Rd+1).

12



As stated above, the proof by the slicing method requires an extension of Theorem 1 to
spheres of varying radius, which is given by the following lemma. Its proof is a simple scaling
argument left to the reader.

Lemma 1 Let SdR_l be the sphere of radius R > 0 included in R?, endowed with the surface
measure dog (not normalized, so that dop(SE*) oc R*'). Then there ewists a constant
C > 0 (independent of R) such that for any function f € S(R?), one has:

1F 1| 2 st oy < CRENS Nl oo o)

1 d—1

witha:% = 3diD)-

The slicing method will make use of this lemma to prove Theorem 5. As stated above, this
proof is slightly different than what was done in [20] because we directly prove the restriction
estimate rather than its dual extension estimate.

ProoOF (THEOREM 5) Consider f € S(R4!). The first step to prove the theorem stated
above is to write || f|c|| r2(c,as) @s an integral over spheres, using polar coordinates. We have:

T e
1flellz2 a0y = /Rd I3

o0 A d
S A ECUITAGES

F(& gD

with Sﬁ‘l the sphere of radius p, and do, the measure on Sg_l as in Lemma 1.
Now, we want to use the Tomas-Stein theorem on the sphere of radius p, that is to say
apply Lemma 1. It yields:

+00 “ dp +o0 R o % dp
/0 /s;l—l \f(fap)|2d0p(5)? < C/O (/Rd |f(z,p)]| dm) =

with f (x, p) the partial Fourier transform of f in the last coordinate, that is:

\

f(z,p) :/Reimdﬂpf(xaxcHl)dderl- (25)

At this point, since pg < 2, we can use the Minkowski inequality:

e ; O dp ooy dp 7 %
[ (L) <o [ ([T e opt) a)”

We recognize on the right-hand side a piece of the homogeneous Sobolev norm of f(z,-):

SN d %
([T ienr ) < 1w
P
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where

£ M = [ 1 Ploas)

with s = —% + a. Now, by the dual Sobolev embedding, we find exactly

1 (@, )l gy < ClF (@, )| vo -
Indeed, s = — g7 and § — p% = %ﬁr‘ig?’) = s since o = p—l,. Finally,
0

pPo 2 o 2
400 9 dp 2 1) - PQ i)
(L[ e t) ae)™ <o (L) e
< C||f||%PO(Rd+1)’

which concludes the proof.

The method was showcased here in its simplest form, but can and will be extended to
the more complex surfaces that appear in the Fourier analysis of geophysical equations. The
Strichartz estimates of interest in this article will be derived using this method. Compared
to the classical dispersive approach described above, it is shorter and better suited to the
Lebesgue setting of measurable functions than the Littman theorem that requires the careful
removal of non-smooth singularities of the surface. The cost of this method is that we obtain
a smaller range of exponents after interpolation of the estimate obtained through restriction
with energy conservation.

As can be seen in the proof above, the Sobolev weights that appear after applying the
Tomas-Stein theorem to the slice are a testimony of the sharpness of the result: it exactly
yields the corresponding 1-dimensional Sobolev embedding (that is to say, giving the desired
LP norm). In the geophysical cases, several Sobolev weights centered on different points of
the surface appear, that sometimes do not match and must be bluntly bounded. Since every
other inequality used in the proofs is sharp, it is easy to relate the sharpness of the final
result to the loss in the Sobolev weights or not.

3 The Primitive System

3.1 Linear analysis

The primitive system , used for instance in climate models to describe the ocean
motion, describes the effects of the rotation of the Earth, the buoyancy, and the stratification
on the fluid. These effects appear in the equations through linear terms that can be combined
into a skew-symmetric matrix operator: letting U = (uy, us, us, Q)T, we can rewrite the first
two equations of as follows:

1 1
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where A is the skew-symmetric matrix

0 -1 0 0

1 0 0 0
A= 0 0 0 Ft

0 0 —F1' 0

The operator A disappears in energy estimates, however it still exhibits a dispersive
nature that can be encapsulated in Strichartz estimates. We begin with a linear analysis of
this operator to make the connection with the semigroup in Theorem (1| apparent.

We denote by P the Leray projector onto divergence-free vector fields. We allow ourselves
to also use IP for its extension to 4-dimensional vectors, such that PU = (Pu,6)”. Applying
the Leray projector on to eliminate the pressure p yields:

U +Pu- VYU + iIP’AU 0. (27)

As explained in Section 1.5, the treatment of the full non-linear problem first relies on the
study of the homogeneous linear equation:

1

and the semigroup S(t) it generates. In Fourier space, by plugging in the expression of the
Leray projector, a direct matrix product gives:

_PAU = AU
where

ISt &+ 63 0 §1&3

€12 I35 FIE?

G4+E L6 0 283

A= €[? €17 I
of &5 | _8+8
1€]? €2 ) FlgP?

0 0 I 0

We only need to study PA on the subspace of divergence-free vector fields, that is, study A
on the subspace of vectors orthogonal to (&1, &,,&3,0)T. A computation of the eigenelements
of A in this subspace gives the following three eigenvalues:

{0, +ipr (&)}

where we recall that

_ Klr

pr(§) = Fle| Elr = [(&1, &, Fés))|

15



The corresponding eigenvectors ag, as, a_ are orthogonal, which can be deduced from
their explicit expression (that has otherwise no use, so we omit to give it here). This allows
us to decompose the semigroup S(t) using its action on the different eigenvectors in the
following manner:

S(t)Uy = gitepr(D) F-1 <(U0 : a+)a+>
—|— e_it%pF(D)F_l ((ﬁo . a)a)

+ F ((UO : ao)a0>.

The component along ag of Uy, which is trivially propagated, is called the quasigeostrophic
part. The other two components are referred to as the oscillatory parts and are the ones
subject to dispersion. This is why we are interested in the semigroup etitzpr (D) which
propagates an initial data g as:

eHitior(D) g . (t,2) —> /RS M EEIPE©) g de.

Now that the connection with the primitive system has been made explicit, we prove the
Strichartz estimate for this semigroup.

3.2 Proof of Theorem

We can set ¢ = 1, since the estimates on the semigroup generated by éIP’A for any € can
be derived by rescaling time by ¢ (this rescaling explains the dependence in ¢ of the constant
in Theorem . Our first goal is to reduce the proof of the Strichartz estimate to a Fourier
restriction estimate on the surface

Mp={¢=(&pr(€) £ €R*} C R

We endow Mp with the surface measure do(¢) = %. Denoting §(&,pr(€)) = §(&) the
projection onto the surface of the Fourier transform of g € S (R3), the map g + § is an
isometry between spaces H!(R?) — L?*(Mp,do). Using this isometry, the Strichartz estimate

we seek thus rewrites as the continuity of the following extension operator:
L*(Myp, do) 3 §—s <(t,:)s) - / ei(x’t)'cg(g)da(()) € LS(RY). (29)
Mp
The continuity of this operator is equivalent to the continuity of the dual restriction operator

f = flm between L3 (RY) — LM, do), moreover the two share the same operator norm.
The Strichartz estimate we seek hence results from the following restriction estimate:

16



Lemma 2 Consider the surface Mg endowed with the measure do (&, pr(§)) = g—li and with
F € (1,00). There exists a constant C' > 0 such that for any f € S(R?),

F3

1F e |l 22 o) < Cm”ﬂh%(w

We will adapt the slicing method of the previous section: indeed, notice that the level
sets of My are cones of varying opening angles. Our goal is thus to write the L? norm of
flam as an integral over all level sets and apply a suitable restriction theorem at each level.
We thus need to extend Theorem 5 into a corollary for cones of arbitrary angle:

Corollary 1 Let C, := {(&, pl¢]), & € R?*} be a cone in R®, with surface measure do, = %.
Then, for any function f € S(R?), one has:

A _1
Hf|cp||L2(Cp,dop) < Clp|~5] Hf”L%(RS)'

This is directly deduced from the case p = 1 by rescaling correctly f in the third variable,
with £ simply being the py exponent in Theorem 2 for cones in R®. We use this to prove
Lemma 2.

Proor (LEMMA 2) We proceed by successively bounding the left-hand side,

A A 2 d¢
I bate scanan = [, [F €pr@)] g
We can split the integral defining Hf|7g QLQ(Rd ) over the &5 > 0 and &3 < 0 domains. We
A

can restrict our computations to one half of this surface, say & > 0, because the other is
identical. It does not change the result (up to doubling a constant) by symmetry of Mp.
Let &, = (&1,&2). The first step is to perform the change of variable from &3 to

_ Lle

K :pF(é) = m

in order to slice the surface in level sets of constant . We use for this the following identities:

/1,2 _ 2

€3 1= 2 1€l
1—-F2

dSs = 1 2\5 (/2 23

(1 —p?)2(p* — F72)2

1—F2
2 2
and [§|° = [&| <1—A02>

|€h| d”?

17



Plugging in these three relations yields
2
RZ, xR, 'Fle| |§|2

2
- ] | |
_/ /2 <£h’ﬁ [l ”) ﬁﬂ(l—lf)‘?(/f—F‘?)‘i dp.
R > &

For any given p the integral in d§, is an L? norm of a Fourier transform on a cone, so we

can apply Corollary 1 with p = 4/ “21__5 - 2, letting p = g. This transforms back to physical

space the first three coordinates of f and we obtain a bound involving an LP norm of f (the
partial Fourier transform of f in the fourth coordinate):

.

33

P

; den i b )
f(ffup’thM) &l <Cps (/R‘g |f(x, 1) dx) .

Using this estimate as well as keeping track of the u terms in p, one gets

Joih

m\»—t

2
d !
<fh>ﬂ|€h| M)’ G p(l—p®) 2 (p* = F72)72 du

[n]

o:\»-x

1 N % 2
¢/ (/R& If(%u)lpdx) p(l— )75 (p? — F~2)75dp.

The Minkowski inequality turns the L2 LP norm into a L? L2 norm:

/pl—l </1R3 #z, M)I”d:c> Zu(l )
S(@<ﬁ¥mﬂwwﬂﬂﬁ%W—Fﬂ%wymy.

To conclude, it is enough to prove that

(1 — F~2)"3dp (30)

wl—=

1 N 1 _o\—2
[ 1Pt = p) 7 = F2) " < Crll £ )[ue

To do so, we shall split the above integral around the singularities at F L and 1, and
make sure we can use the Sobolev embedding L3 (R) < H~3(R) for each integral piece. We
thus write

Fly1 1

LN 1 o2 p)
/ |f(a, ) Ppu(l — p?) 75 (0 = F7%)5dp = SHE N S
F—l F—l 5
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L)

For the first integral piece (with p € [F'~ , the weight in u satisfies:

F

(1l _NQ)_%(MQ — F7?) 5 < C’m(p— F—l)—é

and this is exactly the exponent 2s we seek for a Sobolev weight with s = —%. This means

we can bound the first integral piece by || f (x,-) ”ir . Remark that we could not do better

in view of the weight in u: the optimal exponent naturally appears in the computation. This
optimality is a testimony of the sharpness of the result, which will be formally proved with
Proposition 1.

For the second integral piece (with p € |

ponent 25 = —g rather than —2. We have to bluntly bound |1 — p|73 < |1 — u|73 to
recover the desired Sobolev weight. This might seem brutal but cannot be avoided since
the singularity at F'~! already prevented to have a better (greater) exponent than —%. We
make use of this room to have a better dependency in F', an we shall use the inequality

1
3

(p—F1) 5 < <FF1> (1 — p)~3. It yields

FZ41 1), the singularity at 1 exhibits an ex-

0«\[\3

2 1 2 2 F 8
p(l—p®) 3 = F )5 <Cl=—] (1—p)"
F-1
Once again it is the desired Sobolev weight and we can bound this second 1ntegral piece by the

Sobolev norm || f(z, -)||? i) The aforementioned Sobolev embedding L5 (R) — H~3(R)

used in the last coordinate then gives

F

m”f(l’y ')||2LP(R)'

1 . ) )
o) Pu = ) = FRdp < O

Plugging this in concludes the proof of both Lemma 2 and the homogeneous estimate
(B) of Theorem [1
In order to have the inhomogeneous estimate , we simply apply Lemma 5 stated in the
1

Appendix, with p=¢ =6, s =1, and Cy = Ces (F . This is immediate, as the semigroup

)o

considered satisfies all the hypothesis, concluding the proof of Theorem [1]

Remark 3 The fact that the estimates blow up as F' — 1 is very intuitive : the surface
then becomes the hyperplane {£, = 1}, for which no restriction estimate holds, as seen in
the introduction. We refer to [§] for a study of the primitive equations in the case F = 1
with viscosity.

3.3 Sharpness: proof of Proposition 1

We now show the sharpness of Theorem [I] by proving Proposition 1.
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PROOF (PROPOSITION The proof is based on [17] where the Boussinesq system was
treated. Let p, ¢,> 0, and s € R, and assume the Strichartz estimate holds. We
can assume without loss of generality that ¢ = 1. Let R > 0 with no assumption on its size,
and 0 <9 < 1.

Consider a set of frequencies with small &;5:

Asr = {f eR? | |&],|&] € (?,R) and |&] € (5;%,(5}%)}.

Define the function gs g such that its Fourier transform is the following characteristic function:

(1 £ M
BEZN 0 if £ & Asg,

Fix a N that will be taken larger enough later, and consider the following set in physical
space:

11
_ 3
Lé,R,N = {<t7$) cER xR , |$1|, |ZL’2| S (72NR77NR)7
11 11
sl € Gror vor) 11 € Gage: N52)}'

We evaluate the norm of g5z and of e*#(P)g The initial data can be evaluated as so:
g5l = | 1957 [€]7*d€
R3

= [ e
As R
~ R3x § x R*.

where a ~ b means that there exists some universal constant C' > 0 such that C~1b < a < Cb.

On the other hand, notice that for any (t,z) € R x R? we can change the phase in the
semigroup by any amount independent of £. We rotate it by —%, because the singularity at
F~!in the proof of Theorem |1| was the one that saturated the inequalities. Hence we have:

|eiZtPF(D)

957R(t,x)| = /]RS 6iz-§+ith(§)g67R(£)d£‘ —

/ eixfﬂt(pF(&)—%)dg :
As.r

where we have also used the definition of gs g.
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Now, we use the following expansion of the phase:

L [lr 1
pF(é)_f_W_F

_Jélr — I8
Fle]
e e
FIEN(ER + D)
(-8

Flgf?

2
~ 67,

with the last inequality holding for & € Asp (and the constant of the ~ depending on F').
Therefore, for (t,z) € Ls gy, by construction we have

1

i€+ it(pe(€) — )| S 1

so that ¢@&t+it®r©=%) ~ 1 which in turn yields for N large enough (but independent of &
and R),

ix-E—4-i _ 1y
/Rs eit-Etit(pr(€) F)gé,R(f)df ~ |As.p| =~ R35.
Therefore, the Lebesgue space-time norm is bounded by below by considering only L g n:

+itpp( +itpr(

D)ga,RHLng(Ls,R,N)

> COyR3 X R0 0 x 0 ».

e D)gé,RHLng(R‘l) > e

Taking g = gsr in the Strichartz estimate [, and plugging in the estimates of the norm,
we find:

R x R™a67 1 x 670 < Ox e Pgs pll oy < Clgsrll s < RE205. (31)

As R can be both very large and very small, it imposes the well-known equality of Sobolev
embeddings in 3 dimensions s = 3(3 — %) Letting 0 — 0 implies 5 — % — % > 0, which is the
other desired inequality.

Remark 4 We mentioned in the introduction that we cannot have a Lebesgue regularity for
the initial data if p,q,r > 2.
Indeed, assume an inequality of the type

Ly
le== P Pg| 1o g < Cllgllr; %

holds for all g € L. Then, using a Sobolev embedding, this would imply inequality [5| with
s=3(3—1).
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However, we have seen that if this is true, the only admissible Sobolev exponent is the s
associated to q. Therefore, r = ¢, and the inequality writes
=2 Pg]l g1y < Cllgllss.
Denote by f(t,z) := et:itr(D) g and assume g € S (R?) to avoid any regularity consideration.
The above inequality implies that f(¢,-) € L% for all ¢, meaning we can plug instead of g
any f(t,) on the right-hand side, and this does not impact the left-hand side as t € R (by
time-reversibility of the semigroup, see Remark 1). Yet, | f(¢,-)|/z2 must take arbitrarily
small values to ensure the time integrability, so we can force || f|[r 2 = 0, which would imply
g=0.

4 Stably stratified Boussinesq system

4.1 Derivation of the system and linear analysis

This section focuses on the stably stratified Boussinesq equations and the proof of The-
orem [3| The general Boussinesq system governs the motion and convection of a 3D incom-
pressible fluid — here considered inviscid, see Remark 4 — and writes:

Ou+ (u-Viu = —Vp+Te;
oT+w-V)T = 0
Veuw = 0 (33)
O

Uly—o = and T)j—o = T°.

It is well-known that this system can describe classical phenomena such as Rayleigh-Bénard
convection, which essentially corresponds to the fact that cold air or cold water tends to
go below hot air or hot water. The motion of the oceans is also closely linked to this
system, since the temperature is non-homogeneous on the Earth, and convection linked to
temperature differences are some of the key characteristics of both oceans and atmosphere.

The above system admits a motionless equilibrium solution, with stratified temperature
and pressure:

Ug = 0
Teq = axrs+ b (34)
Peq = 9:1:52)) + bxs + c,

where a, b, ¢ € R. If the fluid is stable, we shall have 2 eq = a := N? > 0, an hypothesis that
we make in the sequel. It simply means that the hotter layers of fluid are above the denser
cold layers.

Remark 5 Assuming hydrostatic balance (u = 0) in reduces the equations to Vp = Tles,
which imposes that the pressure p and hence the temperature 7" depend only on z3, but
does not further prescribe their values. The temperature T is chosen as an affine function
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because if one had taken into account heat diffusivity, then a steady-state equilibrium should
additionally have satisfied AT = 0. This choice remains the common explicit solution around
which perturbations are considered even in the inviscid case (see [27], whose approach is also
reproduced in [17], [24]).

Setting § =T — T, and ¢ = p — peg, We can write the equations for perturbations around
this equilibrium state as follows:

u+ (u-Viu = —=Vq-+ Oes
0+ (u-V)) = —N2u
t | \V4 )u = 0 ’ (35)
Uli—o = u® and O|—g = 6°.

This is how we obtain the inviscid Boussinesq system for a stably stratified fluid. We can
merge velocity and temperature in a single 4-dimensional vector U = (u, %)T. Then, setting

000 O
=100 0 21
001 0
the first two equations of System write
U+ (u-V)U+ NJU = —(Vp,0). (36)

Once again, the geophysical effects are concentrated in the skew-symmetric term NJU, which
vanishes in energy estimates but exhibits a dispersive nature that can be encapsulated in a
Strichartz estimate. Applying the Leray projector P onto divergence-free fields gets rid of
the pressure, and the linear equation writes

8,U + NPJPU = 0 (37)

Here we have used that PJU = PJPU since u is already divergence-free, which preserves the
skew-symmetry of the operator.

We now perform the linear analysis of the operator PJP. The process is very similar to the
previous section. We study its Fourier expression PJIP on the subspace of vectors orthogonal
to (€1, &, &3,0)T because of the divergence-free condition on u. A direct computation from
the matrix expression shows that the eigenfrequencies of PJP on this subspace are

{iz R

The associated eigenvectors a,a_, ag are explicitly computed in [17] but their exact expres-
sion is not of much use in our analysis. Their orthogonality allows to write the semigroup
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S(t) generated by NPJP as:
1D .
S(H)Uy = ™V f F1 ((Uo : a+)a+>
1Dy .
+ e N F ((UO : a)a)

+ F! ((UO : ao)a0>.

We find once again the existence of an oscillatory component (along ai) and a quasi-
geostmphz’c component (along ag). We now derive the Strichartz estimate for the semigroup

D
¢FNTBE | that is the proof of Theorem

4.2 Proof of Theorem

We once again set N = 1 since the general case is directly retrieved by scaling the time
variable. The proof of the inhomogeneous estimate is again a direct consequence of Lemma 5
once the homogeneous estimate is proven, so we will not give further details. The exact same
reasoning as in the beginning of Section 3.2 reduces the proof of the homogeneous Strichartz

,|Dy |
estimate for ¢ P to the proof of a restriction estimate, this time on the surface R € R*
defined by

1]

R = {(&, &, E)’ £ = (&,&) € R}

Theorem [3] is hence a consequence of the following continuity estimate for the operator
f e flr:

Lemma 3 There exists a constant C > 0 such that for any f € S(R*), one has

1 1=lle2aam) < CIFI LS gy

PROOF We rely on the slicing method, similarly to what was done in Section 3. We want to
slice the integral defining the L? norm on R into partial integrals on the level sets of R, which
are once again cones of various angles. We can restrict our computations to one half of this
surface, say &3 > 0. The other half, ¢35 < 0, is identical. Therefore, we set a = lfg'l and change
the &3 variable, with the map & € (0,00) — « € (0,1) being one-to-one. Straightforward

computations give the identities

Vi- o ¢ s
&= ———l&l, dés = —ag’\/ﬂTda and  [¢2 = 042’

Noticing that 0 < a < 1, the change of variable yields

L M)

€nl V1 —a?
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Now, we notice that for a given level «, the integral over &, is the integral on a cone of angle

vl—a® Therefore, we can apply Corollary 1 with p = 7”;“2 It yields

2 1
1 . » (/1 —a2\ 3 1
v SC L] @ @) . dar,
L2(R,dp) 0 R3 « V1—a?

with p = g, and f being the partial Fourier transform of f with respect to the o coordinate.
Then, using Minskowski inequality to bound the L2 L2 norm by an LEL? norm, we have
the following bound

A

flr

e <[ [, ([ - liapa) ) 58)

Now, we can split the following integral to isolate the singular values @ = 0 and o = 1.

1 1 2 s % 1
/a§(1—a2)*§yf(x,a)12da:/ +/
0 0 %

We study the Sobolev weights in « in each piece, as we did in the proof of Theorem [I} For
1 2

the first integral piece, we apply a blunt bound on the weight a3 < a~3 to bound the first

integral by the Sobolev norm || f(z, -) . The second integral, however, already has the

A

flr

2

iy The eond e
desired Sobolev weight: since (1 —a?)™3 = (1 —a)~3(1 + a)~5 the weight at o = 1 behaves
like a —% exponent ; and we can sharply bound this by the Sobolev norm || f(z, )

We thus have

[
H 3(R)
1 .
[ b1 - o) H1(w.0)fda < Cll (e,
0
and the dual Sobolev embedding LP(R) < H~3(R) combined with directly leads to

[71R]| o gy < Ol Moy

||2'7l )
H™3(R)

2

which concludes the proof.

5 Euler equation in a rotational framework

5.1 Linear analysis

In this part, we aim at proving Theorem [ stated in the introduction. To describe the
behaviour of non-viscous rotating fluids, the natural system to look at is the following, which
is just the Euler equation with an additional rotation term, written as in the introduction.
Let us rewrite this system for more clarity:

A\
@u—l—u-Vu—l—eS u+Vp =0
Veu = 0
u(0,:) = wuy,
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where u is the velocity, p the pressure and ¢ is the Rossby number (hence % is proportional
to the rotation speed). This system is the same as the one studied in [16], and similar to [6]
and [7] but here there is no viscosity. As explained in the introduction, viscosity enables one
to prove fruitful Strichartz estimates that in turn grant the Taylor-Proudman theorem.

There are two main difficulties in System : the pressure, and the advection term.
As we explained in the previous sections, the classical method to get rid of the unknown
pressure field is to apply the Leray projector P onto divergence-free vector fields, resulting in
the following equations:

es N\ u

)= —P (u-Vu)

@u—l—]P’(
divu=0.

The nonlinear term is treated as usual as a forcing term, which leads us to study the
semigroup S(t) associated to the linear equation :

es \Nu

€

Strichartz estimates for this semigroup were proved in [9] and [16]. They were in turn used
to prove long-time existence of solutions to the Euler equations in the rotational framework.
The viscous case was treated in |7] using the Coriolis force to obtain a dispersive estimate.
The proof in |9] adapts those arguments to the non-viscous case, and improves on them by
resorting to the Riesz-Thorin theorem ; whereas in [16] a slightly more precise study is made
to obtain sharp results.

Our goal here is to obtain estimates through a global restriction theorem on a suitable
surface. To do so, we first need to write the solution of as an inverse Fourier transform.
We once again consider the case ¢ = 1, as the general case can be easily recovered by a
change of variables. We write the equation in Fourier space, which gives the linear ODE:

atﬁ<t7 5) = A(£)€L<t7 f)a

where A(§) is a matrix given by A(§)X = £3|§/|\2X , with eigenvalues 0 and iz’%. The associated

eigenvector to the eigenvalue 0 is eg(§) = El‘f , and the other two eigenvectors (computed in
[7]) are

e1a(€) = (61 T ial€], 0y £ i1 |€], — 1),

V2[¢] |&]
where gh = (51, fg)
Using that u is divergence free, we infer that ug has no component on ey. By projecting
uo(&) onto the two other eigenspaces, the semigroup S(¢) can be written in terms of the

. +it 23
semigroups e~ Pl defined as:

.. D . 3
e Plg: (ta) — [ e G(6)de. (40)
R
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Remark that this time there is no equivalent of a quasigeostrophic part that would be triv-
ially propagated, and all components of i, are subject to dispersion. Now that we have
identified the semigroup at play, we can obtain Strichartz estimates for the linear system
using restriction theory.

5.2 Proof of Theorem

The inhomogeneous estimate of Theorem [ is a direct consequence of Lemma 5 once

again, so we will only give details for the proof of the homogeneous inequality.

+it 2

.. . +=3 . . .
The explicit formula for the semigroup e Pl involves an inverse Fourier transform on

the surface
M = {( E’|> §GR3}CR4.

Strichartz estimates for this semigroup stem from a restriction theorem on the surface M,
simply by using its dual statement, as it was done in the previous sections. Such a restriction
estimate is given by the following lemma.

Lemma 4 Consider the surface M endowed with the measure

dg< 53) _ A€
e 1EP
There exists a constant C > 0 such that for any f € S(R*), one has

£ amllzzamtaoy < ClAN g sy

PRrROOF Consider f € S(R*) and set &, := (£1,&2). We begin by writing HﬂMHLQ (M,do) @S

an integral over all level sets by changing the &3 variable, letting u = é‘ (with &, fixed).

By straightforward computations, we have the identities déz = |&,|(1 — p?)~ Edu and || =

&l
, which yield:
VAT

2

(gha 537 ’5‘72d£hd£3
2dg, 1

—/ fy [Pt r=mten u)‘ e T

We see that at a given level pu, the mtegral over &, is simply a squared L? norm on a cone
i

V1= p?

=)

A1l At o) =

€]

with the appropriate measure We can apply Corollary 1 with p = to get

&
1l

1
7 2
slanan < [ ( [,

2
. p P _1 _1
fa ) dx) il ™5 (L= )5 dp
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with p = g, and f (z,p) the Fourier transform of f in the last coordinate x, as defined in

(25).-
As before, we now bound the LZLQ norm by a L’;Li norm using the Minkowski inequality.
We are left with

2

A~ 1 2 1 1 g p
alisanan < €( [, ([ [l b3 a=sm3an) ac)

We now want to use Sobolev embeddings for the inner integral to bound it by a L? norm.
Note that we have three singularities in 4 = —1, 0, 1, however near each of those points the
term |p|73(1 — p2)~3 = |pu|73(1 — p)"3(1 + )~ 3 behaves like a simple Sobolev weight. We
make use of this by splitting the integral in three:

1, 2 1 1 *% % 1
/]ﬂ@mMMsﬂ—ﬁ)mu:/ m+/lm+ﬁ““
-1 -1 -2 3
Let us bound the last term, the others being dealt with identically: we simply use that,

for £ < p <1, we have lul75(1 — p)"3(1 + p)"3 < C(1 — p)~3. This yields, making an
appropriate change of variables:

[l b= ) han < /1 il (= )b

_0/%

The Sobolev exponent we seek is s = —3, to exploit that L? is embedded in H*(R). Since

< 2 1
f(z, 1—V v sdv.

lv] < 1, we can bound v~ 5 by 173, Unhke the previous sections, at all the singularities of

the surface, we are forced to apply a very blunt bound. Whereas the slicing method could
capture optimal results for Theorems [I| and |3 we must lose the sharpness with this surface.
What happens if we avoid using this blunt bound is discussed in Section 5.3. Continuing
with the proof and using this bound anyway, we get

1
/1
2

1
2

2
v 3dy

\x 1—1/)‘2

Faaf 13— ) Hdu < € [*[H
gcé;@g—mfw%w
< C|f(z, ')H%P(R)

The same bound holds for the two other terms, so that the whole integral over p is controlled
by [|f (2, )75 (), Which in turns yields

P

I silanior < ([, (150 )oe) o)
= Clpquny

This concludes the proof of Lemma 4, and therefore Theorem [4

28



5.3 Discussion of the sharpness

Let us discuss the optimality of the result. The Strichartz inequalities obtained for the
Euler equations using the slicing method are not sharp. More precisely, the optimal range of
estimates obtained in [16] is

it D3
Heleuo”L;’(R,L;(Rd)) < O||u0||H%—%(Rd)v

for any (q,r) # (2,00) such that % + % < % Our technique only allows us to obtain, after
interpolation with energy conservation, the range % + % < %, for ¢ > 6.

However, it is easy to identify where the sharpness is lost in the obtention of Theorem [
as mentioned in the proof, we used an unnecessarily blunt bound V73 < V_%, because the
Sobolev embedding L5 (R) < H~3(R) is the one that provides a bound by an L% norm in
the last coordinate, so that we obtain in the end the desired L% norm on the whole space R%.
For the primitive system and Boussinesq equation, one of the singularity naturally exhibits
the correct Sobolev weight, and this is why the results are sharp. However, in this case, the
bound makes us ignore some of the curvature of the surface in the vertical direction, which
could be used to improve the exponents. To avoid this, we could have kept the term 1/’%,
and instead use the Sobolev embedding L2 (R) < H~s(R). However, at the end, we would
have got the following restriction result involving anisotropic Lebesgue norms:

(41)

njw

A < '
||f|M||L2(M,d0) = C“fHLg(Ri’»l,w,xB’L (Rey))

D3

In terms of estimates for the semigroup "0l it writes

it% <C .
e UOHLQL? = HUOHHl(RS)'

This is not really a Strichartz estimate, we would have wished for a L} LS norm instead, but
to our knowledge there is no way around this issue (see [3] where the same phenomenon
occurs). We know thanks to [16] that

it% .
e UOHL%LQ < CHuOHHl(R?’)

holds and is sharp, so our result with inverted norms is just slightly weaker than ideal.

A way to try and obtain a sharp Strichartz estimate would be to aim for the same
exponents in time and space (so that their order does not matter). This would be the
following estimate

it
le™PTugl|pazs < CHUOHH%(Rs)

from [16]. Those exponents are too strong to be achieved using cone restriction theorems

applied to the level sets, since this would require Theorem 2 but with py = % in dimension
d = 2 which is not possible, see [25], which showcases a limit of the slicing method.
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Remark 6 As a final remark, one way to understand the origin of the difference between
the primitive and Boussinesq systems and the rotating Euler equations is as follows: the
Euler equations in a rotational framework can be seen as the F' — oo limit of the Primitive
system, since they do not consider the external Earth gravity field. This limit-case point
of view translates one-to-one to the singularities appearing in the last integral in the proofs
of Theorem [1] and [4; since plugging F~! = 0 in the integrand at the end of the proof of
Theorem , which us p(1 — ,ug)*%(uz —F _2)*§, yields exactly the integrand in Theorem ,
,u_%(l — u2)_%. The exponent at the singularity 0 in the setting of rotating Euler equations
can hence be seen as the combination of two contributions: an intrinsic p term at 0 —which
also appears in the Boussinesq and Primitive systems— and the singularity at F~! that
merges with the former term in the F© — oo limit. The divergence diminishes from a —%
exponent to —%, hence the possibility of improving the Strichartz estimate.
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Appendix

We prove for the convenience of the reader the following lemma, used to obtain the
inhomogeneous Strichartz estimates.

Lemma 5 Consider the abstract system

ou+Au = ¢
ot =y (42

Assume that the semigroup associated to the first equation of satisfies the homogeneous
estimate :

leellspzg < Colu

for any u® in H*. Assume also that (e*t)* = e=4*.
Then, the solution of the inhomogeneous problem with vanishing initial data, which writes

t ’
vt / ALt at
0

satisfies the inequality
[0llzr2s < Collell s

PrROOF Denote By = {h € S, ||h]|,»,+ < 1} the set of Schwartz functions in the unit ball
+ Lz
of the dual space of L} LY, and denote S(¢) the semigroup e?t. Let

v= [ XS = E)e(t)at,

1 if ¢ € (0,¢)

D,q ] ]
0 otherwise Let h € By?. Standard computations give

where x(t,t') = {

/ oh dtdz = / (t — ) o(tVR(t)dt dtda
RtXRS RtXRB

_/R/ ( Yo(t')|h(t )) dt'dt

L2

—@/( <muww)ww

L2

-/ t/ <5( )| / £)h(t )dt) dt'.

L2

Now, notice that if we set

u o = S’

)

T:{Hs — LYLY
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the dual operator of T' is

. Ly — H
h — / S(—t)h(t)dt
R

and its operator norm is also bounded by Cj. Therefore, since the L? scalar product is equal
to the duality bracket for homogeneous Sobolev spaces, we have

J

By continuity of 7™ and since the semigroup S' is unitary on homogeneous Sobolev spaces, it

yields
/ ok didz g/ ()]
Ry XR% Ry

Now, as [[x(-, &) oo < ||Bll;» e < 1, we have the desired inequality

(SCORO [ SContetmnan) ar < [ ISR AT O -t

!

L

Hs X(? t/>h’||Lp/Lq/dt/.

/RR vk dtdz < ||oll e

which concludes the proof by dual characterization of the norm |[v||r .
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