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Fully well-balanced entropy stable Godunov numerical schemes for
the Shallow Water equations with the topography source term.

Ludovic Martaud? Christophe Berthon'

January 15, 2024

Abstract

This work concerns the design of well-balanced entropy stable numerical schemes for the Shallow
Water equations. The fully discrete entropy inequality is reached with a local condition incorporated
in the scheme design. The source term is discretized to preserve the steady states and the entropy
stability. The method yields explicit schemes. We illustrate the schemes relevancy with several tests
cases in the wet and dry areas.

Keywords. Shallow Water equations, Finite Volume Schemes, Discrete Entropy Stability, Well-
Balanced Schemes

Math. classification

1 Introduction

The present work is devoted to the numerical approximation of the weak solutions of the Shallow
Water equations with the topography source term in one space dimension given by

h hu 0
0 () 0 (i Uiz e) = () 0

This model governs the water height h > 0 and the velocity u € R of a fluid which is defined as follows
(see |5, [41] for the details):

(hw)/n, ifh > 0,
u =
0, otherwise.

The gravitation constant is ¢ > 0 and z : R — R is a given time independent smooth topog-
raphy function. The unknown state vector w = (h,hu)T is assumed to be in the convex set
Q = {(h,hu) e R*|h > 0,hu € R}. We consider wy : R — Q a given measurable function of L, (R)
as initial condition of w at time t = 0 and we study the following Cauchy problem:

{ Opw + 0y f(w) = S(w)dpz, z€R, t>0, (1.1)

w(z,t=0) = wy(z), =x€R,

where f(w) = (hu, hu® + gh?/2)T, S(w) = (0, —gh)T. For the sake of clarity, we introduce w =
(h, hu, )T which takes its values in the convex set 2 defined by

Q= {(h,hu,2) €ER*|h>0,hu €R,z €R}.
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In the flat regions (i.e 9,z = 0), it is well-known that the homogeneous Shallow Water system is
endowed with the following entropy inequality

with n(w) = hu®/2 + gh?/2, G(w) = hu®/2 + gh*u. A generic z function modifies the above inequality
with the term —ghud,z in its right hand side. As a consequence, the entropy inequality associated to
Shallow Water system (|1.1)) now reads

on(w) + 0,G(w) < —ghudyz. (1.2)

According [12] (for instance, see also [2I]) and since 0z = 0, the inequality (L.2) reformulates equiva-
lently as a conservative form given by

Oy (n(w) + ghz) + 0y <G(w) + g(hu)z) <0.

Let us set o )2 2 o )3
S gn- Al (hu)” R A
n(w) = 57, + 5 +ghz, G(w) 57,2 + g(hu)(h+2), Vw €, (1.3)
so that the above entropy inequality is equivalent to
dei(w) + 9, G(w) < 0. (1.4)

Therefore, the presence of the source term S(w)d,z in the system modifies the entropy inequality
On(w) + 0;G(w) < 0 into an other conservative entropy equality that includes a contribution of the
topography function.

In addition, the presence of the source term S(w)d,z involves the existence of non-trivial stationary

solutions that satisfy
2

hu = cst, %—i—g(h—i—z) = cst. (1.5)

Among these steady states, a special attention is paid to the lake at rest (for instance, see [111 22} [34]
37, 138, [43], [46]) which is given by
u=0, h-+z=cst. (1.6)
From a numerical point of view, the solutions of the Shallow Water system (|1.1)) are approximated
on uniform space meshes (7, 1)icz in R of constant size Az > 0. Thus, the equality z,, 1 =z, 1 +Ax
2 2 2

holds for all ¢ € Z. Uniform meshes in time (t"),en in [0, 4+00) of constant size At > 0 are also
considered and they satisfy "1 = " + At for all n in N. At the initial datum t° = 0, the initial

condition wy and the given regular function z are discretized with a sequence ((w?, zl))z ez 0 Q such
that | [%a
(w0, )T = / "2 (0, 2) (@) de, Vi € Z. (1.7)
Ax f, )
T2

The sequence ((w?,zi)T)i ¢z, define a piecewise constant approximation of (w(-,t = O),z)T. As a
consequence, a numerical approximation of w(-,#"*1) is entirely defined by a numerical scheme that
gives the updated sequence (w?“)iez from the sequence (w]");ecz. However, a suitable updated sequence
(w?“)iez has to satisfy some properties. In order to give this properties and for the sake of clarity,
the notation ] = (w}, )T is now considered but we emphasize z; is a given quantity.

At first, the sequence (uﬁ?“)iez has to be well-balanced that means it exactly preserves stationary

solutions. In the one hand, the well-balanced property for the lake at rest (1.6) writes

ul =0, h' 4+ z; = cst, then, w"™ =w?, VieZ. (1.8)

3 3

Several schemes satisfying this property have been proposed during the two last decays (for instance,
see |11}, 22], [34], 37, [38], [43] [46]). In the other hand, the well-balanced property for the moving equilibria
(1.5]) is given by

n\2
(hu)} = cst, (“22)

+ g(h* + 2) = cst, then, w]™' =wl, VieZ, (1.9)



and a such property is satisfied by the schemes described in [16] 25] [35] [41] for instance.

In addition to a well-balanced property, the sequence (d)nﬂ)iez has to verify a discrete entropy

)

inequality. Denoting Qi+1/2 a consistent approximation of G defining in (1.3]), such an inequality writes

A@PY) — () Yirt Y91
+ <0,
At Ax

Vi € Z. (1.10)

In the flat regions (i.e 0,z = 0), several schemes verifying the discrete entropy inequality have
already been introduced [23], 24] 28, 29| [30} 31, B3]. In the present work, we focus on Godunov type
scheme based on approximate Riemann solver made of two intermediate constant states (see [28] for
details). Considering the well-known Euler equations, the fully discrete entropy inequality can
be established for the HLLC scheme [45] or equivalently, for the Suliciu relaxation schemes |7}, 12} [18].
Let us underline Section b.ii in [28] that presents an alternative to derive an entropy satisfying Godunov
type scheme with two intermediate constant states.

For a generic function z (i.e 9,z # 0), the design of a well-balanced scheme that satisfies a discrete
entropy inequality turn out to be very challenging. Both properties are satisfied by some Godunov
schemes [I}, 2, 6], 17, 27, [36], 47] or a relaxation well-balanced for the lake at rest scheme [12], but all of
theses schemes need to solve a set of non linear equation for each cells of the mesh and for each time
iterations. These non linear equations are not used to define the lake at rest well-balanced schemes
in [4, 5] nor to define the moving equilibria well-balanced schemes in [8, @, 10]. However, the
fully discrete entropy estimations proposed in these works contain an error term of the form O(Az?)
such that

- gi_l

) i) | ey =9t _ oop o

At + Az

The error term O(Az?) does not occur in the works of [20, 32] but the proposed well-balanced schemes
satisfied a global version of the entropy inequality that writes >, N(@) ) Az < (@) Az where
tV, 9 respectively denote the final and the initial time of the simulation.

In this work, we propose to design numerical schemes approximating the weak solutions of the
system and that ensure the weak consistency of the scheme and the discrete entropy inequality
(1.10). These schemes also satisfy the well-balanced property. More precisely, we consider schemes
written under the following from

N

At , - R .
wit! = wp — E(f(w;‘, W) — F(@f g, o)) + —=— (5P + 85" ,), Vi€l (1.11)

where F : (Q)2 — R? stands for the numerical flux and S’Zrl s

denotes a consistent approximation of
the source term (0, —ghu)1 0, 2.

The paper is organized as follows. In Section [2| we reformulate the numerical scheme under
the Godunov type schemes form then we give sufficient conditions to obtain the weak consistency, the
discrete entropy inequality and the well-balanced property. The two first sufficient conditions
are used in Section [3| to define an approximate Riemann solver made of two intermediate constant
states. This approximate Riemann solver is governed by under-determined equations that ensure the
consistency and the discrete entropy stability . Theses equations are completed in Section [4] to
obtain consistent, entropic schemes in the case of z = cste then Sections 5| and [6] propose other closures
in order to define consistent, entropic, well-balanced schemes for the lac at rest then for the moving

equilibria (|1.5)). In Section |7 numerical tests are carried out to illustrate our numerical schemes.

2 Consistent, well-balanced, entropy stable Godunov type scheme for
the Shallow Water equations

In this section, we establish an equivalent reformulation of the numerical scheme (1.11) under
the form of a Godunov type scheme. Namely, considering a given approximate Riemann solver w :



R x ()% = Q, a Godunov type scheme writes

Az

0
witt = Ala;/o ’ w(z/at, Wi g, W) dr + Alcc/ w(z/at, Wy, iy, ) de, Vi€ Z. (2.1)
According to the above formulation, the sequence (w““)zez is given by the L? projection of the sequence
(w(-, Wi, Wi ))icz that is a set of approximate juxtaposed Riemann solvers without interaction, This
non interaction is ensured by a restriction on the time step At > 0 also called the non interaction CFL
condition. In the sequel, such a CFL condition is assumed satisfied.
The following lemma precises the definition of an approximate Riemann solver w : R X (Q)2 —Q
then shows the equivalence between the numerical scheme and the Godunov type scheme .

Lemma 2.1 (Equivalent reformulation of the numerical scheme (1.11))). Let consider W = (w, 2)T in
Q, a function §: (Q)2 — R such that

3(w,w) = —gh, Y eQ,

)icz a sequence of R? that writes

and (S’Z—l/z

n o _ 0 Ri+1 — % .
Sz+2 (8(11) 'UJH_1)> Ay Vi € Z, (2.2)

where (z;)icz is defined in . Let also consider a Godunov type scheme ( . defined by an approz-
imate Riemann solver w : R X (Q) — Q that satisfies W(-,w,w) = w and that satisfies in addition the
following consistency integral relation:

Az

1 2 AN AT wZn—i_wln-l-l At n n an
s /_Az W (#/at, @f, wF, ) do = - A—w(f(wiﬂ) — f(w})) + AtSH%. (2.3)

The Godunov type scheme is equivalent to the numerical scheme i which the numerical
fluz function F : (Q) — R2 is given by

fwi) + f@d) Az, S T .
5 —4At(wz‘+1—wi)+2m/0 (/A Wity ) de

]:—(w w1+1) =

) (2.4)

0
~ ong [, B/ 0 do
T2

Proof. Since a CFL condition holds, the integral formulation of a Godunov type scheme ({2.1)) can be
rewritten as follows:

Az
1 o 1 5
wht = m/_mw(x/m,w?,wﬁ_l) dx+m/ w(7/at, wly, wl) dz
1 e 1 Az
2 7 ~
+ M/_%acw(x/Ataw?—hw?) d.’B—f‘m _%w(ﬂﬁ/m,w?,w;ﬂrl) dx

1 ’ 0 n n 1 z 7y n n
= 9ag | a PO/Anwwd) de =g | (/s ] wiky) de
T2

Using the integral consistency relation (2.3]), the above equality re-writes

1 1[5
wszrl - 2A5L‘/_ (x/At Wi ’wH‘l) dr + -— IATL / w(x/Atawzn—law;'n) dx
1 w?_l + ’LU;L At n n O
g (PR - 2 () - i) + A5,y
1 rwi +wi At " .
3 (% T Ax (fwiy) = f(w])) + AtS )

Ax

1 0 Az
_ m/mw(x/m,w?l,w?) dx_m/o * d(w/an wh, wly) da.
T2



Considering the formulation of the numerical flux function F given by (12.4]) in the above equality, we
deduce the formulation of the numerical scheme given by ((1.11). Since the converse is direct, that
concludes the proof. ]

The literature [9), 12l [37] devoted to the numerical approximation of the weak solutions of the
Shallow Water system ([1.1)) gives several definitions of the weak consistency for the discrete source
term (S, /2)1-62. The definition (2.2)) is proposed in this work because it is a sufficient condition to the
definition suggested in [12, Eq 4.17] and it degenerates toward the usual definition [28] if the sequence
(zi)iez is locally constant.

The sequence (S}, /Z)z’eZ is used in the consistency integral relation (2.3) that defines a suitable

approximate Riemann solver w : R x (Q)2 — . Therefore, a Godunov type scheme is entirely
defined by the given of a such approximate Riemann solver. As both numerical schemes and
are equivalent, only the integral form given by will be used in the rest of this work. This integral
form is very useful to show the well-balanced property that is now defined for the sake of completeness.

Definition 2.1 (Local equilibrium and well-balanced scheme for the Shallow Water equations (1.1])).
Consider the Shallow Water equations (1.1) endowed with the notation

2
B(w) = %+g(h+z), Vi € 9.

At the datum t", let also consider W' and Wi ; two constants states in Q respectively being on the left

and on the right of the interface x; 1.
2

i) The two states Wi and Wi, define a local moving equilibrium if

i = higul,  B(@)) = B(df,). (2.5)
ii) The two states W;' and Wy, define a local lake at rest equilibrium if

wy =ug =0, hi'+z=hi' + zig1. (2.6)

ii1) A numerical scheme is well-balanced for the moving equilibrium (1.5) if it exactly preserves a
sequence (W}');cz that satisfies, at each interfaces of the mesh, a local moving equilibrium (2.5)).
This property writes

n n
hit quiq,

R
ifVieZ { ! thenw?Jrl:w?, Vi € Z.

B(wi') = B(w,),
A numerical scheme is well-balanced for the lake at rest (1.6) if it exactly preserves a sequence
(W])icz that satisfies, at each interfaces of the mesh, a local lake at rest equilibrium (2.6). This

property writes

n _ n —
ui = uiy =0,

ifVieZ { then wf“ =w)', Vi e Z.

hi 4z = hi'y + zit1,

According to the above definitions, if a local equilibrium or holds then the hu continuity
is ensured for all (2, z;11) in (R)2. In the case z; = 211, the continuity of h is also ensured for the
discrete lake at rest . In this work, in the case z; = z;41, the continuity of A in the local moving
equilibrium is also assumed. This assumption writes

Zi = Zi41
if hPu? = hP o ul,, then hl =hQ . (2.7)
B(w}) = B},),

5



Lemma i1) given in the Appendix |[A| shows that the smooth stationary solutions of the Shallow
Water system satisfy a continuous analogous of the equalities . Theses equalities formally
mean if the given function z is locally constant then the smooth stationary solutions of the Shallow
Water system are constant.

Using Definition a sufficient condition to the well-balanced property is reachable. This condition
is used in [9, [40], 41] for instance and we detail it in this work for the sake of completeness. The well-
balanced property is also completed in the following lemma with a sufficient condition to the discrete
entropy inequality that is the main originality of this work.

Lemma 2.2 (Consistent, well-balanced, entropy stable Godunov type scheme for the Shallow Water
equations (1.1))). Consider the functions n,G : Q — R respectively defined by

hu? h? hu?
n(w) = % toy, Glw) = % + ghu. (2.8)

N

Let also consider (Sgl_i_l/g)iez a sequence of R? and an approzimate Riemann solver w : R x (Q)2 — Q

receptively satisfying the consistency definitions (2.2]) and the consistency integral relation (2.3). Let
denote .7-"[;1/2 the numerical fluz of the variable h given by the first component of F (W}, W}, ) defined
in (2.4). Assume a CFL condition of non interaction holds.

i) If the approximate Riemann solver satisfies the consistency integral relation

Ax
1 2 o w; + w;' At n n An .
A:c/m w(r/at, Wi wilh,) de = % - E(f(wiﬂ) = f(wi)) + AtSH%? Vi € Z, (2.9)
2

then the Godunov type scheme (2.1)) is consistent with the Shallow Water system (|1.1]).
i1) If the approzimate Riemann solver satisfies the inequality

Az

1 2 ~ AN AN
Ax/ n(w(x/Atvwi awi+1)) dr <

_ Az
2

At

n(wi') +n(wiy,) At . . .
- (G(wiJrl) - G(w; )) - 95(2‘”1 - Zi)fi}:_%, VieZ, (2.10)

2 Az

then the Godunov type scheme (2.1)) verifies a discrete entropy for the couple (ﬁ,é) defined in
(1.3). This inequality writes

a(art) —iep) | Giry ~ Gieg .
L v < Z 2.11
At * Ax <0, vieZ, (2.11)
with,
5 G(w:ﬁrl) + G(w’L ) ho R+l T 2 Az n n
gi—l—% — 9 + J—"+é 92 - ANt (n(wz+1) n(wz ))
Ax 0 (212)

1 2 ~ AN AT 1 7 YN (]
+ 2At/0 n(w(ﬂﬁ/At,wi ,wiH)) dx — 2At/A2m n(w(ac/m,wi ,wiH)) dzx.

ii1) If the approzimate Riemann solver satisfies

w;  ifx <0
w(/at, W, o ) =< ! ’ Vi € Z, 2.13
¢/ i W) {wﬁrl otherwise, ( )

N

as soon as the sequence (W}');ez verifies, at each interface of the mesh, a local moving equilibrium

(2.5) (resp. a local lake at rest equilibrium (2.6)) then the Godunov type scheme ([2.1)) is well-
balanced for the moving equilibrium (resp. for the lake at rest).



Proof. For the statement i), according to the definition of Sn . given by (2.2) and since the function

i+1/2
z is regular, S” i1/, est consistent with (0, —ghd,2)T. In addition, we have

~

S, ) =0, Vi e Q. (2.14)
As a consequence, an approximate Riemann solver that verifies the consistency integral relation ([2.9))
defines a consistent scheme.

For the statement i), let consider the function w +— n(w) defined by (2.8)). This function is convex
and it satisfies the conditions described in [42]. Hence, the Jensen inequality applied to the Godunov

type scheme ([2.1) gives

n(w; ™) <
1[0 4e
2Ax/ (@ (#/an a0} iy y)) do + 2Am/0 n(w(z/at, j,, w7)) do
1 > ~ . 1 Az . .
+ 2Alﬂ/%mn(w( [, Wiy, 7)) da + M/A;n(w(m/m,wz L)) d
L[ 1Y
_2A95/A21 (@ (x/at, w7y, ")) dx—m/[) n(w(z/at, @}, @jy,)) do

Using the inequality (2.10) in the above inequality, we have

n(wi™) <
I 1%
m/ A T](ﬁ)(x/At,ﬁ)?,’Lf);L_‘_l)) dz + 2A£L’/ (ZZ)(CC/At wz 1, W n)) dz
-5

Ln(wiy) +n(wi’) At n n At .

+ 5( 9 - Fx (G(w ) - G(wz—l)) - Fxg(zi - 2241)]:7;7%) (2.15)
Lonwi) +n(wiy) At oo oy At )

+ 5( 2 Ax (G(wiH) - G(w; )) - EQ(%H - Zz)]:H%)

1 ’ ~ X ~m 1 El - “n Am
QA[E/;A;L n(w(x/At’wi—17wi )) dl’ - QA.Z' /0 n(w(x/At7wz 7wi+1)) dl’

Since there is no contribution of the source therm S(w) in the first equation of the Shallow Water
system ((1.1)), the numerical scheme for the variable h writes

At
+1 _ h h
h;l hn_f(fz-i-l_f %
Multiplying the equation (2.16)) by gz; then adding the result to the inequality (2.15)), we obtain an
inequality of the form

), Viel. (2.16)

~

n(with) + gh Tz < np(wl) + ghlzi — (Q G,

2

), VieZ,

D=

with G, i+l given by (2.12)). Since the equality (@) = n(w) + ghz is obvious and since the function z

does not depend on the time, this last inequality rewrites under the form of (2.11] Before to conclude
the proof of the statement ii), we have to show that the quantity gz +1 given by is consistent

with G defined in .

Considering the consistency equality w(-,w,w) = w and the consistency of the numerical flux F h+ 1
2

we have

Gy = CTCM) L, w)z — BE ((w) — n(w))



Az

1 2 ~ o d 1 0 3 o d
- 2At/0 n(@(#/at, b, w)) dz — 2At/_A21 n(w(z/at, b, ) dz,
=G h 1 % q 1 0 1
= Gl + gtz + 55 [ )@= g [ ot a

= G(w) + g(hu)z.

As a direct computing gives G() = G(w) + g(hu)z, the above equality achieves to show the statement
i).

Finally, for the statement #ii), let assume the sequence (!');ez is such that a local equilibrium
is satisfied at each interface of the mesh. In this case, using the condition (2.13]) in a Godunov type

scheme ([2.1)), we have

Az
- 1/ ’ w(z/At, Wi 1, W d:n—{—/ w(z/At, Wy, Wiy, ) dz,
7 Aa: 0 1— Az 7 i+
1 [Z 1 [0
= w;.

According to Definition [2.1}4i7), this last equality gives the well-balanced property that concludes the
proof. O

Slnce the entropy w — 7(w) deﬁned in ( is not convex, the proof of the discrete entropy inequality
uses the sufficient condition and the equality - 2.16)) that arises from the numerical scheme.
This proof is quite similar to a computation described in [I2] Section 4.4] but the originality of this work
is the definition of the inequality . This inequality ensures the discrete entropy stability
and it is now associated to the consistency integral relation to define an approximate Riemann
solver made of two intermediate symmetric constant states.

3 Consistent, entropy stable two states approximate Riemann solver
for the Shallow Water equations

For the sake of clarity and in order to define an approximate Riemann solver made of two interme-
diate symmetric constant states, the following notations are considered:

(wi,2i) = (wr, 20) = dr, (why, Zi41) = (WR, 2R) = WR, 811 = SLR- (3.1)

Then, with a real A > 0, a CFL condition is given by the inequalities

AAt 1
and Am (3.2)

ghg

A > max ‘ua
ac{L,R}

In the sequel, the above inequalities are assumed satisfied. As a consequence, an approximate Riemann
solver denoted (-, 1wy, wg) : R — R? and made of two intermediate symmetric constant states writes

( .
f —<
wyr, 1 At =\,
w(x/At, Wy, wR) = (3.3)
oif — <A
wp if 0< A <
T
if A
WR 1 < — At




The intermediate states w} and wj, that define the approximate Riemann solver (3.3) have to be
determined and they write

wg, = (hg, hguy) . Vo€ {L, R}
An approximate Riemann solver of the form (3.3) is now defined with the consistency integral relation

(2.9) and an additional relation obtained with the equality case in the inequality (2.10]). The following
lemme gives the equations satisfied by w} and w.

Lemma 3.1. Consider wy, wgr two constant states being in the interior of Q, Srr a consistent dis-
cretization of ﬁffg@(—gh@mz) dx in the sens of Definition (2.2) and w(-,wr,wg) : R — R? an

approximate Riemann solver of the form (3.3)). Let also consider the couples (1, é) and (n, Q) respec-
tively given by (1.3)), (2.8). Assume the CFL condition (3.2)) holds and consider

WL — (RHLL (7 ) HLL)T _ R "2’ wL f(wR)Z_)\f(wL) € R, (3.4a)
Ai
RHLLGHLL _ (ppy yHLL o ZiLR € R, (3.4b)
GHUL = (RHLL pHLLGHLL AL 42‘ ZR)T € R, (3.4c)
G -G

L — n(wg) +n(wr) _ (wr) (wr) cR, (3.4d)

2 2
AHLL — N(wr) +n(wr) _ G(wr) — G(Wr) cR. (3.4¢)

2 2

The following equalities
1 % ~ N ~ . wi, + WR At N T
Ao [, @/t i) de = =E = = S (f(wn) ~ fwr)) + AL (0,32r)", (3.5a)
Az ’
1 2 - A
Az / N n(w(z/At, b, wR)) do =
e (3.5b)
n(we) +n(we) At _ A
5 A, (Gwr) = Gwr)) =g (2r = 20)F L,
are equivalent to
hs + h3
L;L R _ pHLL (3.6a)
b _ oo, (3.60)
h* h* * * g * * A A7 g

8hLHL}E(UR —up)® + g(hR —h} +zr — 20)” = § — (@) + g(ZR —z1)% (3.6¢)

Before to prove the above lemma, we empathize the quantity RHFaHY given by ([3.4D) depends on
the free parameter S;r. This parameter has to satisfy the consistency condition described in (2.2]) and
some admissible choices will be given in the sequel sections. Lemma [3.1]is now proved.

Proof of Lemma[3.1 At first, we show that the system (3.5) implies the system (3.6). As a CFL

condition holds and noting v = AMt/Agz, the left hand side of the equation (3.5a)) is equivalent to
1[5

?x _% w (x/At, QIJL, II/R) dx

Ax

1 o)A 1 /0 1 A 1[5
Aﬁ/%’” o x+A$/mtwL x+A$/o YRR aar
= (—v+12)wr +vw; +vwp + (Y2 — v)wg.

9



As a consequence the equation (3.5a)) equivalently rewrites

wp +wr  f(wr) — f(wr)

(=v o+ Y2)wp + vwp + vk + (Y2 = vywg = =5 — v e (0, A58/, 0)

Writing the above equation component by component then dividing both sides by 2v, we deduce the

equations (3.6a)-(3.6b)).
Now, we have to rewrite the equation (3.5b)). Developing the integral of the left hand side of (3.5b))
and using once again the notation v = At/Az, we have

Az

L /2 0 (@ (/A g, p)) da

Ar | 2
2
Az

1 —AAt 1 0 At 1 Ar
Az /_AZI n(wr) dz + Am/mtn(w) r + Ax/o n(wg) dor + s /)\At n(wg) dz,

= (—v+12)n(wr) +vn(wy) +vn(wg) + (12 — v)n(wr).

With the above equality, the equation (3.5b)) is equivalent to

(=v 4+ Y2)n(wr) + vn(wr) + vn(wr) + (/2 = v)n(wr) =

n(we) ‘;U(MR) _,G(wr) ; G(wr) g8 ; L

Multiplying this last equality by 1/(2v) > 0 and using the quantity n''" defined in (3.4d)), we obtain a
new equivalent form of the equation (3.5b]) which is given by

n(wy) +n(w) 2R — 2L
b =gt g FLr: (3.7)
2 2
In order to rewrite the numerical flux F7 5, the notation [-] = - — -1, is now considered. According to

the approximate Riemann solver (3.3]), this quantity writes

As a consequence, and using the definition of A given by (3.4a)), we have

P I T U

[Z] [h*] + thR + thL _ ZL + ZR hHLL . [hUZ]
4 2 2 2\

Now, considering the above equality and the quantity #“" given by (3.4€) in the equation (3.7), then
developing n(w}) and n(w}y,), we deduce
hp(uR)? + B (ug)?
4

hp)? + (h)? " p ALt
(h1) (hg) +Q[z][h ] ZUHLL—Q%hHLL- (3.8)

t9 1 1

Moreover, applying the square function on both sides of the equation (3.6al) then multiplying the result
by 9/2, we have

9« * g
g(hL +hy)? = §(hHLL)2‘

Therefore, subtracting the above equation to the equation ({3.8]), we deduce

h*u*2+h*u*2 gy g . R g 21 + z
UL UG | Sy S = 0 - G2 - T (3)



The next step consists to rewrite the quantity h} (u})? 4+ hj(u})? in order to show that the equation

(3.9) is equivalent to

RN g, 9y . L
e gl I = T = @), (3.10)

According to the definition of w™™ given by (3.4al), a direct computation shows that A1 writes
h h
PV = S8 (1 = unfa) 4+ = (14 w/). (3.11)

Since the CFL condition ([3.2)) holds and since wy, and wg are in the interior of Q, the above equality
leads to hH > 0. As a consequence, and using the equations (3.6al)-(3.6b), the following computation
holds
hi(up)? + Wp(up)? hi(up)? + Mp(up)® hi + hy
4 4 2hHLL 2
(hpup)? + 2hjuj hpuy + (hpuf)? + hihy [u']?
SHHLL ’

(3.12)

1 Tul A hhuRN2 Ry R [ut)?
~ 2hFIL ( 2 ) 8hHLL
(hHLLaHLL)Z h*Lh}iZ[u*P
o HLL SHHLL
Considering the above result in the equation (3.9), we eventually deduce that the equation (3.5b]) is
equivalent to the equation (3.10). Adding 9[°/8 on both sides of the equation (3.10), we deduce the
equation (3.6c|) that shows that the system (3.5 implies the system (3.6). The converse is a direct
consequence of the above computations. O

The results of the above lemma are given with @y, and @ in the interior of { that formally means
hr > 0 and hr > 0. The cases hy, or hr closed to zero concern the transitions dry-wet and they
need a specific treatment [5, 39, 41]. Indeed, the quantity 4" given by is defined up to a
multiplication by A, Since AMME is null if and only if Ay, = 0 and hp = 0 (see the equation ),
the admitted convention in [5, 39, [41] requires to define 4" in R as follows:

0, if hy =0 and hg =0,
~HLL __
@S0 (R 4 Acsion , (3.13)
L HLL , otherwise.

Form a general point of view, the dry-wet transitions will be treated but they are not the main interest
of this work. As a consequence, and for the clarity, the intermediate results are given with @y, and wg
in the interior of (2. In this case, both definitions and are equivalent.

The equations are chosen in this work because, according to Lemma i)-i1), they are suffi-
cient conditions to the consistency and to the discrete entropy stability of the Godunov type scheme.
Starting with the equations , Lemma gives a system of three equations (3.6)) composed of four
unknown hj, h, u}, up and one parameter 51,z. As a consequence, the system that defines wy
and w¥, is under-determined.

In particular, the parameter $rx is used in the quantity HMY — H(wHt) + 9(zr—22)?/s that defines
the right hand side of the quadratic equation . It is clear that the well-posed property of this
quadratic equation requires the inequality

2
ZR— 2
AL (pHLy 9(zr - L) > 0. (3.14)
At this point, the above inequality can not be proved yet but some properties are now given.

Lemma 3.2 (Properties of AL — A (wHEY) 4 g(zr—21) /8) Consider wr,, wgr two constant states being

in the interior of ). Let also consider the couples (7, G) and (n, G) respectively given by ., [2-8)
and the quantities (W AHLL) - (UL pHELY gefined in . Assume the CFL condition ) holds.

The following statements are verified.
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i) For all given quantity Spr, the following estimate is satisfied:

M — (@) + (e — 21)? =

hrhr(ur —ur)? L9
4(hL + hR) 8

(hg — hr + zr — ZL)2

— 2hrhr(h —h h h Azs 1
_ (ur—wug)*hgrhr(hpur — hrur)  hpug + hrug (g(ZR—ZL)+ xSLR)JrO(Q).

4)\(hL + hR)2 4\ hHLL
(3.15)
i) If SpR is consistent with 1 IAZ,Z (—ghd,z) dx in the sens of Definition (2.2)) then
. A g
(nHLL — (@M + g(ZR _ ZL)2> = gL g (HLL), (3.16)
L=ZR
In addition, there exists A > 0 large enough such that
I — p(wt) > 0. (3.17)
PTO(I){fLLFor the statement 7), using the notation [] = -g — -1, then developing the quantities a1t AHLL,
(") defined in (3.4)), we deduce
R 2
R A g . (hu) T 4 Awsir /oy g ZL+ 2R | 9
nHLL _ n(wHLL) + g[Z]Z — ,)7HLL _ ( SHITTE ) _ 5(hHLL>2 _ thLL 5 + §[2]2
— LD +ghLZL "2‘ hrzr g[h;f\z] — p(wHE) — gpHLL 2L 42‘ 2R
_ (hu)HLL AI§LR _ 1 Al'gLR 2 + g[z]2
hHLL 2\ ShHLL A 87
g g
= - (W) + S AR+ g[ZF
g (hu)HLL AﬂféLR 1 AﬂféLR
- ﬁ[z] (hLuL + hRuR) ~ T RHLL 2\  ShHLL \
(3.18)

At this point, the right hand side of the above equality will be developed considering A goes to infinity.
Let denote ¢ = hu and developing the quantities w™" and nHM respectively given by (3.4a))-(3.4d)),
we have at first

2 2 2 2 HLL)?2
HLLy _ 9L ap  9(hi+hy) [G] g g\ (k) )
)= thy g T 4 on s \mtho = 2K HLL (3.19)

= n(w

2
Now, it is necessary to develop the quantity ((hU)HLL) /(2hHLL) in the above equality. Using the definition
of KM and (hu)ME given by (3.4a)), we have

(Rt — L F R Lo e (3.20a)
2 2\
1 1
= . 3.20b)
2pHLL ld] (
(he + hr) (1 N )‘(hR(ﬂ‘hL)>
Considering the square of (hu)" in the equality (3.20a]) and interpreting the quantity 1/ ( Wihw)
as a geometric series, we respectively deduce
+ 1
((hu)HlL)? = (RN 2 () 4 gg) [hu? + h2] +0( (3.21a)
2 2\ /\
1 [4] ( 1 )
— =1+ +0( 5. (3.21b)
[q] 2
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2
As a consequence, using the two above equalities to develop the quantity ((’W)HLL) /(2hHLL) then con-
sidering the result in n'™M — p(wHH) given by (3.19), we have

2 2 2
HLL HLL qr 9 (9L +4qr) g2 Gl g [q]
- - - I -y I, 1)@
e T Tl Ty Ba-1 L Bty W A Sl
(e tar)ld) | (rtan)he® + 807 (1
AN(hr, + hR)2 2A(hr, + hR) A2 )7
_ hrhr[u)? g[ 2 [u2hrhr(hrug — hpur) o 1
A(hr, +hg) 8 AN(h, + hR)? A2 )

With the two equalities (3.20)), it is also possible to develop (hu)"""/pHLL and 1/RHLL in the equation
(3.18) then using the above estimate in the result, we eventually deduce

ﬁHLL _ ﬁ(wHLL) + g[z

8]2

heholl® It of? - [ hihs (hiin — hur) _ hrus & haup <9[z] A““*) +0 (1) ,

4(hr, + hg) AN(hp + hg)? 4\ hHLL A2
that achieves to show the statement 7).
For the statement 7), if §pr is consistent then $pr|.,=., = 0 and the equality (3.16|) is a direct
consequence of the computation (3.18]). For the inequality (3.17]), in the case of z;, = zg, and since Spr
is consistent, the estimate (3.15)) reads

« N g
(71 — @) + (o 2)?)| = g gt
ZL=2R
hrhr[u]? 9,19 1
= ————+=h ol=].
4(hL+hR)+8[] + A

As a consequence, as soon as [u] # 0 or [h] # 0, there exists A > 0 large enough such that the inequality
(3.17) holds. In the case of [u] = 0 and [h] = 0, a direct computation gives n — n(wHlt) = 0.
Therefore, the inequality can be always enforced that concludes the proof. O

The statement ¢) of the above lemme highlights the role of the parameter S§pr in the inequality
(3.14). The choice of this parameter has to be motivated for the consistency but also to enforce the
inequality in the case uy, = ug and hy + z;, = hr + 2g.

In the case z;, = zg, the consistency imposes g = 0 and the left hand side of the inequality
degenerates to n''l — n(wHt). The inequality nMt — n(wHt) > 0 is proved in Lemma [3.2}41)
with algebraic computations but this inequality is a direct consequence of the entropy stability of the
standard HLL solver [28]. Therefore, the inequality n™ —n(w™") > 0 holds under the standard CFL
condition and consequently, if z;, = zg then the system is well-posed. This system is so used
at first to define an approximate Riemann solver for the Shallow Water equations in the flat
regions characterized by z = cste.

4 A consistent, entropy stable numerical scheme in the flat regions
(z = cste)

This section concerns the design of an approximate Riemann solver (3.3) defined by the system
(3.6) and for the case z = cste. In the case z, = zg, SLr = 0 and the system (3.6) reads

h% + R
% _ pHLL, (4.1a)
WLQ%UR _ pHLL,HLL, (4.1b)
hEhE (uh, — ut )2 + Q(h* — h* )2 = pHbL _ (wHLL) (4.1c)
gpHLL \UR — UL) T gltr = L) =1 K ’ '
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where wHME | pHEL are respectively given by (3.4a), (3.4d) and with

0, ithzoanth:O,
L = (hu) L .
TLHLL otherwise.

Since the system (4.1)) is under-determined, we propose to complete it with the continuity of u in the
intermediate states of the solver (3.3). Such continuity writes

up, = up, (4.2)

and it has already proposed in [45] for the HLLC scheme for instance. The next lemma deals with the
solutions of the system (4.1)) completed with the equation u} = u}.

Lemma 4.1 (Entropic approximate Riemann solver for the homogeneous Shallow Water equations).
Consider wr,, wgr being two constant states in the interior of  (hy, > 0,hr > 0). Consider a Godunov
type scheme that approximates the solution of the homogeneous Shallow Water equations and
defined by an approzvimate Riemann solver w(-,wr,wg) : R — R? of the form . Assume the CFL
condition holds. If the intermediate states wy, wy of the solver are defined by the system ,
then, there exists two formulations for wi and wy. They are given by

0 =ty = (4.3a)
. 2

R, = RHLL 4+ \/g (L — p(wHLLY), (4.3b)
. 2

By = pHLL £ \/g (L — gy (wHLLY). (4.3¢)

A Godunov type scheme ([2.1)) associated to one of the two above approrimate Riemann solvers
i) is consistent with the homogeneous Shallow Water equations given by (1.1) with z = cste,

i1) satisfies a discrete entropy inequality for the couple (n, G) defined in (2.8). The entropy numerical
fluz of this entropy inequality is given by (2.12) evaluated with z = cste.

In the definitions (4.3), both symbols + and F that mean + or — but they are self-dependent. If + is
positive (resp. negative) then F is negative (resp. positive). This notation will be kept in the sequel.
The proof of Lemma [4.1] is given below.

Proof of Lemma[f.1 At first, we show that the definitions (4.3)) are the solutions of the system (4.1]),
(4.2). Since u} = u}, denoting u* = uj = uj, the equation (4.1b)) associated to (4.1a)) gives
pHLL, HLL _ hpup + hrug
2 )
h} +hy
2
= pHRLyx, (4.4)

As wr, and wg are in the interior of €, we have R > 0. Multiplying the above equation by 1/aHLL,
we deduce the result (4.3a) about u} and uj. Now, we prove the formulations of h}, h} given by

(4.3c)-(4.3b)). Since the equality uj = u}, holds, the equation (4.1c) reads
%(h}ﬁ% _ h2)2 — pHLL _ n(wHLL)'

According to Lemma the inequality nttl — n(wHLL) > 0 is ensured as soon as A > 0 is large
enough. As a consequence the above equation is well-posed and applying the root-square on both sides,
we deduce

iy — B, = /8 (i) .
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Using the above result in the consistency equation , we deduce the results — about h¥,
h.

Concerning the consistency property i), the definitions lead to w(-, w,w) = w. As the solver
satisfies the integral consistency relation under the form —4.1b (see Lemma for details), a
Godunov type scheme defined by is consistent.

Eventually, the discrete entropy inequality i) is a direct consequence of the equation as
established in Lemma that concludes the proof. O

The intermediate heights (A}, )aeir,r) of are always well defined thanks to the HLL scheme
property [28] that writes nH —n(wH) > 0. But, the schemes of Lemmado not necessary preserve
the convex set 2. As a consequence, we couple the solver to a procedure described in [4I] that
ensures a conservative preservation of the convex set {2 near the dry areas in which Ay, or hr are closed
to zero.

Lemma 4.2 (Robust and entropic approximate Riemann solver for the homogeneous Shallow Water
equations). Consider wr,, wr being two constant states of 2. Consider a Godunov type scheme that
approzimates the solution of the homogeneous Shallow Water equations and defined by an approximate
Riemann solver w(-,wr,, wr) : R — R? of the form (3.3). Assume the CFL condition holds. Let
also consider the quantities w™, Y respectively given by , and let denote

~ 2 ~ 2
h*R _ hHLL + \/g (nHLL N T](wHLL)), h*L _ hHLL == \/g (77HLL _ T](wHLL)). (45)
If the intermediate states wy, wy of the approrimate Riemann solver write
up =up = ultl
* : 7% HLL
hr = min (max (hR, 0),2h ), (4.6)
h} = min (max (l;i, 0) , 2hHLL),

then we have

i) A Godunov type scheme (2.1) associated to a such solver is consistent with the homogeneous
Shallow Water equations given by (1.1)) with z = cste and it preserves the convez set §Q.

i1) If ;L\i > 0 and ffz\}‘; > 0 then a Godunov type scheme (2.1)) associated to a such solver satisfies a
discrete entropy inequality for the couple (n,G) defined in (2.8)). The entropy numerical flux of
this entropy inequality is given by (2.12) evaluated with z = cste.

Proof. At first, if ;L\i and ]fl\é given by are both strictly positive then coincides with .
In this case, the consistency has already shown in Lemma . If the quantity i/z\i given by is
such that Ei < 0 then the procedure min(max(-,-),-) imposes hi = 0 and h} = 2hHLE > 0. As a
consequence, the consistency equation h} + hj = 2hHLL holds. Since a similar computation can be
done in the case f/L\é < 0,we deduce the consistency of the statement 7).

For the preservation of the domain (2, it is sufficient to prove that A} > 0 and h% > 0 but according
to the definitions , these inequalities always hold.

Finally, if the quantities th and f?;; given by are both strictly positive then (4.6)) coincides
with and in this case, the discrete entropy inequality is shown in Lemma that achieves the
proof. ]

The positiveness procedure min(max(+, ), -) described in (4.6 ensures the robustness in the regions
near the dry areas. This procedure still ensures the consistency relation (4.1a)) when h} < 0 or A}, <0
but it not necessary ensures the entropy condition (4.1c). As a consequence, the discrete entropy
stability might be locally lost in the regions close to dry areas. In the next section, we extend the
design principles described in this section to the case where the bottom topography works.
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5 A well-balanced entropy stable numerical scheme for the lake at
rest

In this section, we consider the Shallow Water equations for an arbitrary smooth given function
z : R — R. The aim is to design a consistent, entropic and well-balanced scheme for the lake at rest .
In this regard, we propose to define an approximate Riemann solver with the under-determined
system completed as follows:

uy, = up, (5.1a)
SWBAR _ HLL?R — %L g hpup + hrug (zr — 21.)?
SLR = SLR —gh Az \ pHLL  pHLL Ar (5.1b)
sWBAR

where the notation 8;'7*" means Well-Balanced At Rest. This notation is defined in order to distinguish
AWBAR given by - ) from a generic discretization Spg.

Accordlng to Lemma [2 -, the under-determined system is a sufficient condition to the consis-
tency and to the discrete entropy inequality for the couple (7, G) defined in . The closure
is sufficient to obtain the well-balanced property for the lake at rest . Before to prove this
property, we show the existence of the solutions of the system , .

Lemma 5.1. Consider iy, wgr two constant states being in the interior on and (-, Wr,wr) : R — R?
an approzimate Riemann solver of the form (3.3)). There exists A\ > 0 large enough such that if the
CFL condition (3.2)) holds and if the solvers intermediate states denoted wj and wy, are defined by the

system (3.6), (5.1)) then the two possible formulations for wj and wj, are
uh = uh = ot (5.2a)

—(zp —21) £ 8(77HLL*77(H3HLL)) + (zp — 21)2
iy = v R v 5 ot Ger = 2)” (5.2b)

pHLE —(zr—z) + \/S(ﬁHLL_ﬁ(ﬁ’HLL))/g + (2r — 21)?

I
L 2

(5.2¢)

A Godunov type scheme ([2.1)) defined by such an approximate Riemann solver
i) is consistent with the Shallow Water equations (|1.1)),

i1) satisfies a discrete entropy inequality - for the couple (1, G) defined in (1.3). The numerical
entropy flux G of this inequality is given by (2.12 -

Proof. At first, we have to show that the definitions (5.2)) are the solutions of the system (3.6)), (5.1]).
We show below the equalities u} = up = = gHLL,

As u} = uj, let denote u* = uj = uj. The equation (3.6b|) associated to (3.6a)) gives

pHLLGHLL _ Ppup + hipup
2 )

B+ b

2 Y

= pHELyx, (5.3)

Since wy, and wg are in the interior of Q, the inequality AHM > 0 holds. Therefore, multiplying the

equation (.3]) by 1/rHLL we deduce the result (5.2al).
Then, in order to show the formulation of h}, and h} given by (5.2b))-(5.2c), we have to study the

equation (3.6c). Using the equality u} = u}, and the notation [-] = -p — -1, this equation reads
2l 42 = — @) + 2P (5.4)
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Since the above equation is quadratic, it is now necessary to show that its right hand side is positive.
To show this sign, we consider at first the case [z] = 0. In this case, since SWP]?AR

the CFL condition (3.2)) holds, Lemma [3.2}i7) gives

(ﬁHLL _ ﬁ(wHLL) i g[z]Q)

is consistent and since

— L _ p(HEL) >,

[z]=0
In the case, [z] # 0, Lemma i) gives the following estimate for all 5z p:

A s 9
nHLL _ U(wHLL) + 7[2]2

hrhy[u]?
4(hL + hR)

2 B .
%[h—i— ] [ ] thL(hLUR hRUL) hrur, + hpup (g[z] n AxSLR> 0 ( 1 ) .

AN(h + hR)? a D) RHLL A2
(5.5)

Therefore, if [u] # 0 or [h + z] # 0 then there exists A > 0 large enough such that the inequality
AL — () 4 gl=)?/s > 0 is satisfied. However, a particular attention has to be paid for the cases
[u] = 0 and [h + z] = 0. For these particular cases, noting v = uz, = ug and using the definition of
§XV}]§AR given by , we have

Azr §WBAR

(o) + 22 oy, = vt

[h+2]=0 (hHLL)3

— 93 JG(h + hr) Bulz]? 4+ O <i) .

ulz)?,

Considering the above equality in the estimate (5.5)), we deduce

(hL + hR)u A:CAWBAR

1
o o Gt SRy (1)
o, e (e R [,uz]:) v

[ 2 2[2)? 1
= = U 12 +0
h L+ h R A )\2
(5.6)
According to the above equation, if u # 0, there exists once again A > 0 large enough such that the

inequality A — (@M 4 9lz%/s > 0 holds for the cases [h + 2] = 0 and uy, = ug # 0. Before to
conclude, we have to consider the case [h + z] = 0 and uz, = ur = 0 which defines a local equilibrium

<7¢}HLL _ ﬁ(wHLL) i %[2]2)

for the lake at rest . In this last case, a direct computation using w"“" and SWBAR respectively
defined in and in gives
HLL hL + hR
h ur,=ur=0, = 2 ?
[h+2z]=0
hyp +hgr zr — 2
sWBAR L R <R L
SLR =up=0, — 9 ) 5.7
el 2 Az &1)
pHLLAHLLY 9 poy 9 g, =L (hy + hp)h =0.
( ) u[thrz;?:_oo, 4)\[ ] 4)\( L+ hg)[Z] 4)\( L+ hr)[h+ 2]

Considering the three above equations in the quantity 7" — (@) 4+ gl21*/s, we obtain

CHLL  a/~HLLy | 9.2 hrhr|u)? L9
( (@) + £[:1?) =m0 = Ty 5 h) sl (5.8)

Therefore, there always exists A > 0 large enough such that the following inequality is verified:

2

~ N y4
HLL HLL) + 9[

i =W > 0. (5.9)
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As a consequence, the quadratic equation (5.4)) is well-posed and we deduce

[h* + 2] = i\/ 8 (M —A(w)) /g + [2]2.

Associating the above equation to the equation (3.6a)), we deduce the quantities h},, h} respectively

given by (5:25)-(5:29).
sWBAR

Concerning the statements i) and i), $;p is consistent and a direct computation shows
w(-,w,w) = w. In addition, as the intermediate states are defined by the system , Lemma
ensures that the approximate Riemann solver verifies the consistency integral relation and the
inequality . Therefore, the consistency of the Godunov type scheme ¢) and the discrete entropy
stability i) are direct consequences of Lemma that concludes the proof. O

According to the above proof, the consistent discretization §‘LN1]%3AR given by (5.1b)) leads to the
following equalities:

aHLL

. Lo 9
— HIL (nHLL — (@) 4 §[z]2)

[2]=0 =0 T U

As a consequence, the formulations degenerate toward when z; = zr. The approximate
Riemann solvers of Lemma [5.1] are so the direct extensions of the solvers presented in Section [ for the
particular case z = cste.

The explicit formulations of w} and w}, given by entirely define an approximate Riemann
solver . Nevertheless, it is necessary to complete these formulations by limitation techniques that
ensure the robustness for the dry-wet transitions in which hy or hr are closed to zero. A limitation
technique is given in the following theorem that also establishes the well-balanced property for the lake
at rest.

Theorem 5.1 (Robust, entropic, well-balanced Godunov type scheme for the lake at rest). Consider
Wy, W two constant states of Q and W(-, 0, wR) : R — R? an approzvimate Riemann solver of the
form . Assume A > 0 is such that the CFL condition holds and such that the system ,
admz’/tvreg\l:s solutions. Let also consider the quantities W™t HH defined in — and the

quantity (b, h%) in R? such that

—(2r —21) £ \/8(’7HLL*’7WHLL))/9 + (2r — 21)?

hy, = hHEE 4 5 , (5.10a)

_ (2R — 21) + /S(AL—A@TL)) o 4 (2p — 27)2

B = R Cr=z) % 5 fo (ar = 2L)" (5.10b)

If 1 r verifies
( 0, if h =0 and hgr = 0,
9h2R/27 if hpur =0 and hy =0 and hg + zr < zr,
ArsSpp = — ght /2, if hpurp, =0 and hg =0 and h + 21, < 2R, (5.11)
—g(hL—i—hR)(zR—zL)/Z, ifhy =0 or hg =0,
AxéXVI%BAR, otherwise,
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with §XV}]§AR defined in (5.1b) and if the solver intermediate states denoted wy and wy write
(0,0,0,0)T,  if hy =0 and hg =0,

(0,0,2nFM GHMNT e by — 0 and hyg > 0,

. (2R aHM 0.0) Y, if By, > 0 and hg =0,
L
Z*L = min (max (i;i, O), QhHLL> (5.12)
R
U}Fz GHLL
, otherwise,

min < max (ITL\}*;, 0) , 2hHLL>

ﬂHLL

then a Godunov type scheme ([2.1)) defined by such an approximate Riemann solver

i) is consistent with the Shallow Water equations (|1.1)),

ii) preserves the convex set ), i.e: if (W!)iez C Q then, (W' )iz C Q,

(2

1i1) s robust for the dry-wet transitions,

(A%

)
)
) is well-balanced for the lake at rest .

In addition, Z‘fffb\i > 0 and ffé > 0 then a Godunov type scheme ([2.1)) associated to such an approximate

Riemann solver satisfies a discrete entropy inequality (2.11)) for the couple (7, G’) defined in (1.3). The
entropy numerical flur G of this inequality is given by (2.12]).

The well-balanced property and the discrete entropy inequality detailed in the above theorem are
also given in [I2] with a relaxation scheme that needs to solve a cubic equation. The result of Theorem
[5.1] overcomes this constrain and his main originality arises from the explicit solving of a quadratic
equation. This explicit solving gives two numerical schemes distinguished with the symbol + in the
definitions (5.12). Both schemes are entropic, well-balanced for the lake at rest and preserves the set
Q) thank to the limitation techniques min(max(-,-), ). However, if these limitations work, the system
is no longer necessary verified and consequently, the entropy stability might be locally lost in the
dry-wet transitions.

These transitions are also treated with the several cases in the equalities and . According
to [39, Section 3.1.2.4], theses equalities are robust but it is clear that they are not continuous with the
numerical scheme defined in Lemma [5.71

Next to this remarks, we now prove Theorem

Proof of Theorem[5.1] Concerning ), the consistency has only to be proved in the wet regions. There-
fore, if ;L\i and ffz\fz given by are both strictly positive then the formulations coincide with
the formulations . In this case, the consistency is shown in Lemma ﬂ If lfl\i < 0 or ]fl\]*; <0,
then the limitations techniques min(max(-,-),-) work but, in this case, the proof of Lemma shows
that the consistency integral relation is preserved. As a consequence, we deduce the consistency of the
numerical scheme.

For the preservation of the convex set Q given by i), it is sufficient to show h7 > 0 and h} > 0
but, according to (5.12)), these inequalities are ensured.

Concerning i4i) and according to [39, Section 3.1.2.4|, the formulations given in for $pr and
in for the states w}, wy ensure the robustness of the scheme in wet-dry transitions.

For the well-balanced property iv), and according to Lemma , it is sufficient to show that if Wy,
and wpr define a local lake at rest equilibrium then w} = wr and wj = wg. Using the notation
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[] =-r— -1, if W, and Wwg define a local equilibrium (2.6 then u;, = ur =0, [h+ 2] = 0 and 51, w},

w}, are respectively given by (5.1b)), (5.2)).

As up = up = GHML the first aim is to show that a4 = 0. If the local lake at rest equilibrium
(2.6 holds then Lemma gives hHMEGHEL — 0 As a consequence, we have

HLL ~HLL
0= (R 0) ) —upons (5.13)
[h+2z]=0
— hHLL ~HLL
- uL:uR:O, ur=ur=0,’
[h+z]:0 [h—‘,—z]:()

h h
L "2‘ R HLL

ur=ur=0,"
[h+2]=0

According to the above equation, when the local lake at rest equilibrium ([2.6) holds 4 GHEL = 0 that
implies u} = upx = 0.

Now, we prove the equahtles h} = hr et h; = hg. When the local lake at rest equilibrium (|2
holds, Lemma [5.1] . gives in the equality L — 77( HLLY 4 gl2]*/8 = 0. Associating this equahty to
the formulations of h},, h} respectlvely given by (5.2b)) and , we obtain

B _ hL+hR—[z]_hL+hR+[h]_h

Rlup=ur=0, — 2 - 2 — 'R,
[h+2]=0

B _ hL—FhR—i-[Z]_hL-i-hR—[h]_h

L|up=ur=0, — 2 - 2 — L.
[h+2]=0

Both above results conclude the proof of the well-balanced d property w)

Flnally, for the discrete entropy inequality, if h* and hg given by (5.10) are both strictly positive
then (5.12)) coincide with ([5.2) . In this case, the dlscrete entropy 1nequahty is a direct consequence of the
approximate Riemann solver definition and this inequality is shown in Lemma i1), that concludes
the proof. O

The schemes of Theorem are designed from the system (3.6) closed by the equations (/5.1).
An other closure is now presented in order to define an entropic well-balanced scheme for the moving
equilibria.

6 A fully well-balanced entropy stable numerical scheme for the gen-
eral equilibrium

In this section, a closure of the system is proposed in order to reach a well-balanced property
for the moving equilibria . Since the under-determined system ensures the consistency and
the discrete entropy inequality , this section concerns an entropic fully well-balanced scheme.

All the notations used in Section [4| and [5| are still used and in particular [-] = g — -1. These
notations are completed by

s _ (1) S Bloo) — Bla
B() = “S5 +glh+2), B] = Blar) - Bi).

Considering the above definitions, the local moving equilibrium ({2.5)) now reads
hLuL = hRuR, and B(’lf)L) = B(@R) (6.1)
In addition, for all quantity X, if the above local equilibrium holds then X is denoted X% that writes

X|ig=oti=o = X
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Since the local moving equilibrium (6.1]) imposes hpur, = hrug, the notation ¢°? in R is now defined
as follows:
(hpur)® = (hrugr)®™ = ¢°%.

Finally, h denotes the arithmetic mean of hy and hp that writes h = (hz+hgr)/2 in RY.

Associating these notations to a couple A > 0, At > 0 and to w"" given by , we now define
the reals (1 r, qLr, BLR €t FI%R which take particular values when w; and wg define a local moving
equilibrium . These reals are given by

CLr = [hu]* + h[B)?/g, (6.2a)

0, if (zr =0 and[z] =0,

qLR = i 2 , (6.2b)
mm(hLuL’hR;L r)(g[2]A1) , otherwise,
(glz]At)? + (LR

0, if (rr=0and [ul =0et [h+ 2] =0,

Prr = (hlu])? + ghlh + z]? otherise : (6.2¢)
(hlul)? + ghlh + 22 + Cor’ ’

2
dir
F?, = LR ___ 6.2d
LE™ oh hphHLL (6.2d)

The lemma below gives the properties satisfied by (rr, qrr and FgR.

Lemma 6.1. Consider Wy, Wr two constant states in the interior of Q and X > 0, At > 0 satisfying
the CFL condition (3.2)). Let also consider w' given by (3.4a) and (Lr, qrr, Fig respectively defined
i (6.2a), (6.2b) and (6.2d). The following statements are satisfied.

i) Cor =0 if and only if Wy, wg verify a local equilibrium (6.1)).
i) If [2] # 0 then ¢7% = ¢*4.

iii) If [2] # 0 then (F2R)% = 2%/ (ghyhn(hi+hr)).

Proof. Concerning i), as Wy, wgr are in the interior of Q, the strict inequality h > 0 is satisfied. As a
consequence, (rp is an addition of positive quantities and the result is obvious.

For the statement i7) which concerns a property for a local equilibrium (6.1)), as [z] # 0, the equality
Cz(}% =0 gives

2

eq (min(hLuL,hRuR)(g[z}At)
R T GlRIAD + Crr

Finally, for 4ii), writing the definition of hf given by (3.4al), we obtain

)eq = (min(hLuL, hRuR))eq = ¢°L

2 2\ 2

Using the above equation and the statement #i) in the definition of F7 given by (6.2d)), we deduce the
result that achieves the proof. ]

Considering the definitions (6.2)), the proposed closure of the system (3.6]) is the following:

2
* * * * q * *
hrhi (up — UL)2 = h}f]fL (hr — hL)zv (6.3a)

. .FWB _ .WBAR ghFip (hg —hr)? hrur + hrug (2r — 21)?
StR=35Lr = Spr P8 R<4thR Ar +4/9 (WLL)2 A ), (6.3b)
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The solving of the system (3.6]), (6.3]) is detailed in the above lemma which uses the usual symbols +
that mean + or —. Two independent symbols 41 and +4 are necessary and the second one is completed
by Fo such that if £9 is positive (resp. negative) then F is negative (resp. positive).

Lemma 6.2. Consider Wy, wr two constant states in the interior on and (-, 0, W) : R — R? an
approzimate Riemann solver . There exists A > 0 large enough and At > 0 small enough such
that if the CFL condition is satisfied and if the solver intermediate states denoted wi and wy, are
defined by the system , then two formulations for h} and h}, are possible. Considering the
quantities WY and HHYY defined in -, these formulations are

7]

hy = pHLL _ R (6.4a)
h*
A [2] (6.4b)
_ 8 AHLL HLL _ 2
with, [W*] = — (fiF'ZL) 4,20 : Zﬁ;" ) 4 Ler jL)Q. (6.4c)
LR g +IrR (L+Fig)

In addition, if the above quantities hy and h} are strictly positive then the quantities u; and up
respectively write

* ~HLL qLr[M] h}K%
_ 6.5
L= e T n (6.5a)
h* h*
o gLy, LRlV] (6.5b)

o 2RHLL TR

Finally, a Godunov type scheme (2.1)) defined by such an approzimate Riemann solver
i) is consistent with the Shallow Water equations (|1.1)),

i1) satisfies a discrete entropy inequality (2.11] - ) for the couple (1, ) defined in (1.3). The numerical
entropy fluz G of this inequality is given by -

The symbols +; and +4 respectively used in and in may be interpreted as free parameters
that will be fixed in the sequel to guarantee the well- balanced property.

The well-balanced property will be also reached with (6.3b]) in which the notation SE\AYB means Fully
Well-Balanced. This notation is deﬁned in order to dlstlngulsh SWBAR given by - ) from a generic
discretization §pr. According to (| , §1}:\1§B is defined as a correction of the quantity SWBAR given
by and this property will be used in the sequel.

Before to prove Lemma it is now necessary to give two intermediate results. The first one

concerns the quantity $Y'WE defined in (6-3b).

Lemma 6.3 (Property of SFWB) Consider Wy, Wr two constant states in the interior of Q. If the

CFL condition ) holds and if Spp = SE}%VB in the formulation of KMo given by (3.41) then

Aast“B eq
HLL ~HLL\eq _ HLL _ eq
(AR ) = ((hu) + ) ) = ¢*.

Proof. The proof is led by three exhaustive cases given by
) 2] =0,
i1) [2] #0 et ¢*1 =0,
iii) [z] # 0 et ¢°1 # 0.
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In the case i), and according to the definition (6.3b)), we have §E\;¥B = 0. In addition, and ac-
cording the hypothesis (2.7)), a local equilibrium defined by [z] = 0 necessary verifies Wy = wg. As a

consequence, using the definition of KHM-GHLL given by (3.4D)), we have
HLL ~HLL HLL
(M| = () T,

(hpur)®t + (hrug)®d [hu2 + 9h2/2]eq

2 2\ ’

= qeq‘
As the above equality gives the expected result, we now consider the second case of the proof.

The case i) is defined by [z] # 0 and ¢°? = 0. In this case, a direct computation shows that
the local moving equilibrium degenerates toward the local lake at rest equilibrium that writes
ur, =up = 0 and [h + 2] = 0. But, according to the definition of Bz given by (6.2d), if the local lake
at rest equilibrium occurs then Brr = 0. Therefore, using the equation , we have for the case 1)

_ hr + hgr zr — 21,
gea=0 ~ 9 2 Ax

As a consequence, arguing the result (5.13) of Theorem z'v), we deduce hHMgHML — 0 and since
RHLL > 0, this last equality concludes the second case.
Let consider now the case iii) defined by [z] # 0 and ¢°d # 0. Since wy, and wg define a local

moving equilibrium (6.1)) with ¢®? # 0, usual computations that use (6.2c|) and (6.1]) show

_(g*)?
2h2 h%,

(gFWB)eq

o _ (§WBAR)eq

qeq:() - LR

Brilgazo =1 and [h%] + glh + 2] = 0.

Using both above result and the equality (F75)%9 = 2(a°Y)?/(ghphr(hr+hg)) given by Lemma i), we
have

hr +h hr +h
~FWB\e _ L R 9r,131L R 2
(AZSLR )0 = 975 I+ glA] Tnohn [LRlgazor
hi+h R? [h?)(q")?
B YN i i
2 4 thR(hL+hR)
B hp +hr ,  glh® [h+2]
B g 2 [Z]+ 2 hL—i—hR'

Writing the above equation in the definition of AHM-GHIL given by (3.4D]), we deduce

( pHLL ,&HLL)eq

q°97#0
(hHLLuHLL i Aﬁg‘gB)eq
2\ q°9#0’
_ g 1 (__(¢ﬂ)%hﬂ
2(hy + hr)A hrhr,
eq  9lh+7]
N(hp + hi)

g —(hp +hg)*[2] + [h]?[h + 2]
4\ hr + hr ’

+ 9(he + hp)[h]) +
(~4hihr + (he + he)? = [B]),

= qeq'
The above equality achieves the proof. ]

The second useful intermediate result for Lemma [6.2] is an inequality that defines a necessary and
sufficient condition to the existence of reals h} and h}, satisfying the system (3.6, (6.3).

Lemma 6.4. Consider Wy, wr two constant states in the interior on. There exists A > 0 large enough
and At > 0 small enough such that if CFL condition ([3.2) holds and if g = 85 W2 in the formulation
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of WHLLGHLL given by (3.4D) then, considering the quantities WMt gAML and Ff R respectively defined
in (3.4d)), (3.4¢€),(6.2d)), the following inequality is satisfied:

~HLL ~
’r] —_

n(wHLL) + g[Z]Q o g[z]2 FzR > 0. (66)

8 8 1+F7,
Proof. The proof is led by three exhaustive cases given by
i) [z] =0,
i) [z] #0et (Lr =0,
iii) [2] # 0 et (Lr # 0.

Let consider at first the case i) defined by [2] = 0. Using on the one hand the definition (6.2b]), we
have qr.r = 0 and using on the other hand the equation ([6.3b|), we obtain §E\}¥B = 0. As a consequence,

in the case [z] = 0, we deduce FgR = 0 and @ = ML Using both last equalities, an analogous

computation to (3.18)) gives

“HLL _ ~¢~HLL\ , 97112 gl2> Figp )

8 [2]=0

~ o (RTRRAMER)? _9,HLLN2 | (9 _ hpur + hrug
=7 2RHLL =0 Q(h ) +—<4[4(Uﬂ A )>[4:0
— L HLL),

Since the CFL condition ([3.2)) is satisfied, the inequality nft — n(wHLL) > 0 is ensured (see Lemma
[3.2}ii) for details).

The case i) is defined by [z] # 0 and (g = 0. As (zr = 0, W, and Wy, define a local moving

equilibrium (6.1)) and in this case, a direct computation shows G(ig) —G(wr) = [B]¢°® = 0. According
to Lemma the equality (AHMLaHIE)ed = ged js also verified. As a consequence, we have

Giwg)* — G(iby)™

(FHLL)ea _ jy(pHLLyea — n(wg)®d + n(wr)* n -

K 2
- <<hH2LI];§;{II:L>2)eq - (g(hHQLL)2)eq (e 21 —;— zR7
O
1 \hp
~ (¢*)?* g(hr + hg)?
hi +hg 8

_(¢*9%hehr [1]7 | g g
74(hL7—i—LhRI; [] +§[h]2+1[2][h]7

g(hLzL + thR) —

1 92 52y, 9
+ E) + 203+ h3) + 5 (hezs + hazr)

— %(hL + hR)(ZL + ZR).

h

= S (L (2 ) [ + ][]

Using the above equation, we obtain

g2 P2\ eq 2)?
(ﬁHLL B ﬁ(wHLL) I %[z]z B 9[8] 1}?}%}2) - %(1 + (FfR)eq)[hP + %[h][z] + gl n ([-F]%R)eq?
_ g9 1+ (F2 )eq[h] + [Z] 2 >0
gl . 1+ (FgR)eq>
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Finally, the last case i) is such that [z] # and for couples w; and wy that not define a local
moving equilibrium (6.1). This last case writes [z] # 0 and (Lr # 0 and Lemma i) gives the
following estimate:

. A g
nHLL _ n(wHLL) + §[2]2 —

hrhr[u)? g o [uhghr(hpug — hrur)  hrup + hrug AzSpR 1
_DRELIZL L Iyp _ _ Z°LR —
Iy +hpy Tt ANhp + hp)? AN (9[2] AL ) O

As soon as [u] # 0 or [h+2z] # 0, there exists A > 0 large enough such that the following strict inequality
is satisfied

2
. o z
nHLL . n(wHLL) + 9[8] > 0. (6.8)
For the particular cases [u] = 0 and [h + z] = 0, the following equations are verified:
BLrl p=o, =0, LR |s=0=31%

[h+2]=0

Therefore, when [u] = 0 and [h + z] = 0, the definition of Spr given by commute §5WE to
§XV}]§AR. As a consequence, the existence of the strict inequality for these particular cases is
related to the proof of Lemma that concerns the estimate (6.7) with spp = §XV}§AR. But, according
to the computations and detailed in this lemma, the strict inequality can be held
except for the case where wy, and wg define a local lake at rest equilibrium . Since, the lake at
rest is a moving equilibrium with a null velocity, it has already been treated in the case ii). As a
consequence, the strict inequality can always be ensured for this case ii). In addition, according
to the definitions , and as (rp # 0, F g R is porpotionnal to At*. Therefore, if the strict
inequality is verified, the large inequality can be held with At > 0 such that

HiL aoeHny | 9r2 < 912 FER
- 22 > 28 “LR
We deduce the expected result for this last case that concludes the proof. O

With both above lemma, Lemma [6.2]is now proved.

Proof of Lemma[6.3 At first, we show that the formulations (6.4)-(6.5) are solutions of the system

(3.6), (6.3). Using the equation (6.3a)) in the equation (3.6d) and according to the definition of F? R
given by (6.2d)), we deduce the two following equations satisfied by h} and h}:

h* + h*%
L"Q‘ R _ pHLL (6.9a)
g * g * A Al oA
g(l + Fip)[h*]* + Z[Z][h ] = A — (@Mt (6.9b)

Now, we have to show that the above quadratic equation is well-posed. Dividing this quadratic equation
on both sides by 9/8(1+F2,) then adding [2]*/(1+F2,)2, we obtain

(1] +

(2] )2 8t — (@) [2]?
1+ F2, g 1+ F?, (1+F?p)%

_ #(AHLL s

P 2 2
~ g(1+ F2p,) @) + I 122 - g’ _Fin )

8 8 1+F7,/)

According to Lemma if A\ (resp. At) is large (resp. small) enough then the right hand side of
the above equation is positive As a consequence, if A and At are well-chosen, the previous equation
is well-posed and a direct computation leads to the formulation of [h*] given by (6.4c|). Coupling the
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formulation of [h*] = h}, — h} to the equation (6.9a), we deduce the quantities h} and hj, respectively

given by (6-1a),(6.10).
Since the quantities h}; et h} are known and since they are assumed to be strictly positive, the
equation ((6.3a) re-writes
* dLR [h*]
[u*] =+ . (6.10)
Vhrhgr \/h} R},

Using the above equation and the equation (6.9a]) in the relation (hjuj+hjug)/2 = HHELGHEL e obtain

- % %
pHLL HLL _ hpup + hipup

2 )
_ MRy g (R[]
2 2 4

2 NIV
The above equation associated to the equalities (6.10]) and yields

* *12
uwh = GHLL qLr[h] - qrr[h’]
R 2\/hphrhihyy  AWML/hphg /IR
— gHLL 4 qLr[h] ( . [h*] )
2/hphrhjhy, 2pHLL 77
— gHLL qrr[h"] hi

NI

This last equality gives the formulation of u} presented in . Since the formulation of u}
can be derived from an analogous computation, this achieves to show —.

Concerning the statements i) and i), §1}:\]]¥B is consistent and a direct computation shows
w(-,w,w) = w. In addition, as the intermediate states are defined by the system , Lemma
ensures that the approximate Riemann solver verifies the consistency integral relation and the
inequality . Therefore, the consistency of the Godunov type scheme ¢) and the discrete entropy

stability i) are direct consequences of Lemma that concludes the proof. O

The equation decomposes the equations that define w} and w¥ into two system respectively
given by and by , . Each of this system is made of a linear equation and a quadratic
equation.

If the implicit condition that restricts the couple (A, At) is satisfied then the first quadratic
equation is well-posed. The well-posed property of the second quadratic equation is
obtained form the assumption that the quantities h} and h¥ given by are strictly positive. If this
assumption is not satisfied then the inequalities h7 > 0 and h% > 0 can be imposed with a limitation
technique. As a consequence, the system , always admit solutions.

According to the formulations —, these solutions are not unique and they depend on the
choices of the symbols +1 and £5. The selection of one solution has to be done according to the
well-balanced property.

In order to satisfy this property, +2 has to be negative (that imposes Fo positive) and a direct
computing shows that the choice of 1 has to be done according a condition obtained when wy, and
wp define a local equilibrium . This condition formally writes

+1% = sign((1+ (F£p)*Y)[h] + [2]).
As a consequence, a simple formulation for the symbol +; is given by

+1 = sign((1+ (Fig))[h] + [2])-

26



The above formulation is considered in the equality (6.13]) but others choices are possible. This for-
mulation leads to an expression of (h},uy)ae(r,ry that is detailed in the below theorem in which a
limitation procedure is also given.

Theorem 6.1 (Robust, entropic, well-balanced Godunov type scheme for all regular equilibrium).
Consider Wy, Wr two constant states on and (-, 0, W) : R — R? an approvimate Riemann solver
of the form . Assume A > 0 and At > 0 are such that the CFL condition holds and such that
the system , admits reals solutions. Let also consider the quantities wHY, aHML g; b and

F? . respectively defined in (3:4d), (3-4¢) (6:2B), (6:2d) and the quantities (b, u%, b, uk) in R such
that

hy = pHEE [112] (6.12a)
> _ »HLL qrr[h’] hr
* = _ALRC ] TR 6.12b
YL S R T R \ T (6.12b)
— h*
A [2] (6.12c)
¥ ~HLL qLr(P"] hi
¥ _ _ L. 6.12d
R T oy e L (6120
with
(2R —2L) | . 2 8 HLL — f(wHEL) - (2r — 21)?
h| = ———2 1+ Fip)lh - . 6.13
Let consider in addition Spr under the form
( 0, ithZO anthzo,
gh%/Q7 if hpug =0 and hy =0 and hg + zg < 2y,
AzxSrp = —gh%/Q, if hpur, =0 and hg =0 and hy + z1, < zg, (6.14)
—g(he +hr)(zr —2)/2, if hpy =0 or hg =0,
AzsTWB, otherwise,

with §E}¥B defined by (6.3b)). For e > 0, assume the solver intermediate states denoted wj and w¥
write

( (0,0,0,0)T, if hi, =0 and hr = 0,
(0,0, 251 I T, if h, =0 and hy > 0,
53 (2n™E M 0, 0) ", if hy >0 and hy = 0,
u¥ —
h£ = min <max (hz, 5), opHLL _ 5) (6.15)
up ~
YL , otherwise.
min (max (h}‘%, 8), 2pHLL _ 6>
up

A Godunov type scheme (2.1) defined by such an approximate Riemann solver
i) is consistent with the Shallow Water equations (|1.1),
i1) preserves the convex set Q, e if (W)iez C Q then, (12}?“)162 cQ,

iit) is robust for the dry-wet transitions,
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iv) is well-balanced for all moving regular equilibrium (1.5)).

In addition, ifﬁi > 0 and f/L\}k; > 0 then a Godunov type scheme ([2.1)) associated to such an approximate

Riemann solver satisfies a discrete entropy inequality (2.11)) for the couple (1, G) defined in (1.3). The
entropy numerical flur G of this inequality is given by (2.12)).

Proof. Concerning i), the consistency has only to be proved in the wet regions. Therefore, if f/L\i and

}?}k; given by (|6.12al), (6.12c|) are both strictly positive then D coincide with (6.12). In this case,

the consistency is shown in Lemma z) If h; < 0 or h; < 0, then the limitation techniques
min(max(-,-),-) work and an analogous computation to one done in Lemma i) shows that these
procedures preserve the consistency integral relation for all € > 0 small enough. As a consequence, we
deduce the consistency of the statement 7).

For the statement i) related to the preservation of the convex set Q, it is sufficient to prove the
inequalities A7 > 0 and h} > 0 but according to , these inequalities are obviously ensured for
€ > 0 small enough.

Concerning iii) and according to [39) Section 3.1.2.4], the formulations given in for $;p and
in for the states w}, wy ensure the robustness of the scheme in wet-dry transitions.

For the well-balanced property iv), according to Lemma it is sufficient to show that if w; and
wp define a local moving equilibrium then w; = wr and wj = wg. In the case of a such local

equilibrium, 57r, w} and wj are given by (6.3b), (6.12) and the proof of Lemma yields

hp +hr
hHLL eq(nHLLyeq _ ~HLL\yeq _ edq.
(e ity — ML RR Gty _
Denoting [-] = -r — -1 and according to the proof of Lemma [6.4}7), the above equation infers

g 2 e 2 HLL  aooHLLy , 92 912 Fip \e@
g (14 (F2)~h = - A P of . 7
ST e (1 R+ ) = (3 ™) + G - £ )
_ (,fIHLL)eq _ ﬁ(wHLL)eq N g [Z]
N 14 (F?p)ea 81+ (F2p)ea

Using this last formulation in (6.13)), we deduce that [h*]°? verifies

e =
[Z] . eq [8 (f’HLL)eq _ ﬁ(wHLL)eq [2}2
RN AT (sien((+ (FERIN + [2])) \/g 1+ (F2,)ed (1 + (F2 )’
z 2.)e z
= - H([F]%R)eq + sign((l + (FgR)eq)[h] + [Z]) ‘((1 —i_‘l(iLé%f)‘ng)[}:j‘—’_ [ ]la
_ 4 O+ FRR) R + 2]
1+ (F?p)ea ’
= [h].
(6.16)
Associating the above equality to the definitions , , we eventually have (h} )% = h, for
all o« € {L, R}.

Now, we have to show the equalities
¢* = (hp)*(u)* = (h1)**(uL)*.

Since the result (h})®d = h, has been shown, the above equalities are equivalent to (u},)®d = ¢*!/n, for
all @ € {L, R}. According to Lemma q7 5 = ¢°1 but using this result in the equality (h%)®d = haq,
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we have
qpRlh*]* (hj)ed

Q(hHLL)eq /thR (hz)eq’

2¢° q*i[h]
hr + hg (hL—i-hR)hL’

2hr, + [h]
(hy + hg)hy’
g
" =
As a similar computation gives (u})°? = ug, we deduce the well-balanced property.

Concerning the discrete entropy inequality, if ;L\i and l?é respectively given by (/6.12a]), (6.12c])
are both strictly positive then the formulations (6.15)) coincide with (6.12)). In this case, the discrete
entropy inequality is a direct consequence of the Riemann solver definition and this inequality is shown
in Lemma [6.2] that concludes the proof. O

(up)s = (@)=t

— eq

Uf,.

The dry-wet transitions in the above theorem are done with several cases in the formulations (6.14])
and . These case distinctions are robust (see [39) Section 3.1.2.4]) but their formulations are not
continue with the numerical scheme defined in Lemma [6.2]

The limitation technique min(max(-, -), -) used in is an e-parametrized version of the procedure
defined in Sections E| and o} The parameter € > 0 guarantees the strict inequalities h7 > 0 and hj > 0
that are essential for the system (3.6), (see Lemma [6.2).

However, the limit case ¢ = 0 is usually considered in the literature [40} [4T]. This limit case can be
simply treated in Theorem’s scheme because the approximate Riemann solver only needs the
programming of h}, h}, and hjuy, hpup. But, if A7 > 0 and h}, > 0 in the definitions , then

% % _ 1% ~HLL QLR[h*] h*Lh*R % % __ 1% ~HLL QLR[h*] h*th%
LuL = hLu + QhHLL thR, hRUR = hRU — QhHLL thR (617)

Since both above formulations are continue when h; — 0 or h; — 0, the programming of Theorem’s
scheme can be done with the quantities h} and h}, considering the formal limit ¢ = 0 in @D then
with h7uj and hpup, given by . Finally, if the limitation techniques work, the system ED is not
necessary verified and consequently, the discrete entropy stability might be locally lost in this case.

Theorem shows the existence of an entropic well-balanced numerical scheme for the the moving
equilibrium. This scheme generalizes the entropic well-balanced scheme for the lake at rest established
in Theorem because a direct computation infers if g, g = 0 then the formulations degenerate
toward . As a consequence, Theorem unifies the numerical schemes introduced in Theorem
(well-balanced for the lake at rest) and in Lemma (z = cste).

The next section is devoted to the numerical experiments.

7 Numerical results

For all test cases, we fix g = 9.81. The subsection concerns the flat regions and we focus on the
schemes given by Lemma [4.2] In the subsection we illustrate the entropy stable schemes that
are only well balanced for the lake at rest . Finally, the numerical tests of the subsection deal
with the fully well-balanced entropy stable scheme described in Theorem

7.1 Two states entropy stable approximate Riemann solvers in the flat regions

In this section, we consider the two schemes described in Lemmal[4.1] and their limited versions given
by Lemma [£.2] For all interfaces having the states wy, wg on its either sides, the numerical artificial
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viscosity A > 0 and the time step At > 0 are taken equals to

AAL
“~ - =

A= =
max D Ay S

ace{L,R}

Ug T v/ gha

(L, R). (7.1)

The results are compared to the Suliciu relaxation scheme and to the solver proposed in [28], Section b.ii|.
The two constants C; and Cy required for the scheme [28, Section b.ii| are fixed to C; = Co = 1077,

At first, we illustrate the influence of the choice of the intermediate states h* given by Lemma (4.1
In this regard, we set

By, = hHLL+\/%(77HLL_n(wHLL))’

ECl .

Wy = RHLL \/g (HLL — g (wHLLY).

B, = RHLL \/% (L (L)) (7.2)
ECQ .

By = RHLL 4 \/g (ML — gy (wHLLY).

EC3 : random(ECq, ECy),

with wHlE | pHEL given by (3.4a)-(3.4d]) and where random (ECy, EC3) denotes a random choice between
the two configurations ECy, ECs. The domain [—1, 1] is discretized with 400 cells and we consider the
following initial condition:

3 ifx<0.5,

ho(x) = . ug(z) = 0. (7.3)

1 otherwise,
We impose homogeneous Neumann boundary conditions on both sides. The exact solution consists in
a rarefaction wave and a shock wave. The final time is 0.1. Figure [I] shows the compared results.

3 ‘ 2.5
EC, .
ECy o 9
2.5 EC3 -
Exact
1.5
h 2 U
1 [
1.5 . 05 -
1 | | s 0
-1 -0.5 0 0.5 1 -1 1
x
3.5 ‘ 2.5
EC; .
3 Relax D 9
25 + 1.5
h U
2 1L
1.5 0.5 +
:
1 ‘ ‘ ! 0
-1 -0.5 0 0.5 1 -1 1
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Figure 1: Numerical results at time 0.1 for the initial condition (7.3), with the legend (EC;);cq1,23):
Lemma’s solvers with the configurations (7.2)), Relax: Suliciu relaxation scheme and HLLSE: solver
[28, Section b.ii|.

The three configurations (Eci)ie{1,2,3} provide very close results. As a consequence, we only keep the
EC3 configuration. The second numerical test concerns the role of the limitation techniques for the dry
areas described in Lemma The domain [—1,1] is discretized with 400 cells and we consider the
following initial condition:

10 if z < 0.5,

0 otherwise.

ho(z) = 0.1,  wo(z) = { (7.4)

We lay down homogeneous Neumann boundary conditions on both sides. The exact solution is com-
posed of two strong shock waves near dry areas. The CFL condition is given by (7.1). The final time
is 0.1. Figure [2] displays the results.

1 ‘ 12
ECs . ‘
Relax  »© j 10 ; ; .
0.75 tHLLSE - : : ‘ i
Exact ak 8
; ; bid 6 %
h 0.5 U
1 9
o L EC3 ° W
0.25 N K 2 Relax = A
‘ ‘ gk 0 FHLLSE
‘ ‘ Exact
0 | | | _2 | | |
-1 —0.5 0 0.5 1 -1 —0.5 0 0.5 1
x T

Figure 2: Numerical results at time 0.1 for the initial condition (|7.4)), with the legend EC3: Lemma’s
solvers, Relax: Suliciu relaxation and HLLSE: solver [28, Section b.ii|.

We observe a very good agreement with the exact solution. Without the conservative limitations
techniques used in Lemma this problem can not be carried out with the solvers of Lemma [4.1]

7.2 Well-balanced two states entropy stable approximate Riemann solvers

In this section, we consider Theorem’s schemes For these solvers, the numerical artificial
viscosity A > 0 has to be selected to ensure the existence of solutions of the system —. We
adopt the following selection procedure. Starting from the equation , we increase A until the system
— admits solutions. The time step At > 0 is then selected according to the standard CFL
condition %ﬁt < % To run the following simulations, we select randomly one of two solvers defined in
Theorem and we compare the results to the standard hydro-static reconstruction [3] coupled to the
standard Rusanov numerical flux [44].

The first experiment is devoted to a flow at rest with emerging bottom as introduced in [22]. The
space domain [0, 25] is discretized with 400 cells. The initial condition and the topography are given
by

ho(z) = max (0.15 — z(z),0),  wg(z) =0, with 2z(x)=max(0,0.2—0.05(z —10)?).  (7.5)

We prescribe periodic boundary conditions. The exact solution is a lake at rest equilibrium (1.6). The
final time is 100. Figure [3] shows the results.

31



: ] Errors on (h, hu) for the lake at rest.
0.15 — ) h
L L? L>
h+z 01 f WBEC | 1.69E-21 4.79B-21 2.29E-41
HR 6.55E-18 8.44E-18 1.25E-17
HR - hu
0.05 - BERWBEC , - iie -
Exact
P WBEC | 9.88E-20 3.43E-20 1.14E-22
0 ‘ ‘ ‘ HR 3.17E-17  2.52E-17 3.07E-17
0 5 10 15 20 25
x

Figure 3: On the left: numerical results at time 100.0 for the lake at rest problem with the legend
WBEC: entropic well-balanced solvers for the lake at rest given by Theorem [5.I, HR: hydro-static
reconstruction [3] with Rusanov numerical flux [44]. On the right: errors between the exact and the
numerical solutions at time 100.0 for the variables h, hu.

Thanks to the well-balanced property and to the transition toward dry areas, the steady state at rest
is preserved up to the machine precision.

The second numerical experiment concerns the three Goutal and Maurel’s test cases [20]. For these
three experiments, the space domain [0, 25] is discretized with 400 cells. Using the superscript GM,
GMjy and GM3 to denote each problems, the initial conditions are

hg™M () = hOMr, (hu)§™k () = ¢OMr, VK € {1,2,3}, (7.6)

where (hGMk)ke{l,Zg} and (qGMk)kE{LZg} are given in Table . The bottom topography z is given by
. On the left boundary, the water height satisfies a homogeneous Neumann condition and the
discharge ¢ = hu is set to (qGMk)ke{Lgﬁ}. On the right boundary, the water height is set to ASMr when
the flow is sub-critical and a homogeneous Neumann boundary condition is prescribed otherwise. The
discharge follows a homogeneous Neumann boundary condition.

Parameters used for the Goutal and Maurel test cases.
GM; GMs GM;3

Final time 500 125 1000

Initial height hGMx 2 0.66 0.33

Boundary discharge ¢“M+ 442 1.53 0.18

Table 1: Final times, initial values and boundary conditions for the Goutal and Maurel’s test cases

Such initial and boundary conditions provide a transient state followed by a steady state made of
an uniform discharge. For GM; and GM,, this steady state is continuous whereas GMgz involves a
stationary shock. The final times are given in the Table[Il The exact solutions are computed with the
software SWASHES [19] and Figure 4] shows the compared results.
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Figure 4: Numerical results for the Goutal and Maurel’s problems ([7.6) on a mesh composed of 400
cells. The legend is WBEC: entropic well-balanced solvers for the lake at rest given by Theorem [5.1]
HR: hydro-static reconstruction [3] with the standard Rusanov numerical flux [44].

The results are corrects but the free surface h 4+ z may be misplaced: it is particularly obvious for
the GMsy problem. For the GMj3 problem, the free surface is undervalued before the stationary shock
wave and it is sharp after. Despite the fully discrete entropy stability verified by the Theorem’s
schemes, the numerical solutions may converge to a non admissible weak solution. Such wrong arbitrary
convergences have already been observed [13, 15, I7]. In addition, the schemes of Theorem produce
some spurious oscillations for the variable hu. For these three test cases, the standard hydro-static
reconstruction [3] coupled to the Rusanov numerical flux [44] is more relevant.

The last test case of this section is devoted to the break dam problem as described in [41]. The
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domain [—1, 1] is discretized with 400 cells. We consider the following initial condition and topography:

3 ifx<0, 1
ho(z) +2(z) =4 ° "0 wo(z) =0, with, z(z) = > cos?(mx). (7.7)
1 otherwise, 2

We prescribe homogeneous Neumann boundary conditions on both boundaries. The final time is 0.1.
A reference solution is computed with the standard HLL scheme [28] on a fine grid made of 50 000 cells.
Figure [5] displays the results.

3 -~ HR = -
WBEC - 3 "WBEC
Ref ———
z
2 = | 2
h+z % U

1 ; 1

0 ‘ ‘ 0

-1 —0.5 0 0.5 1 -1 1

X X

Figure 5: Numerical results at time 0.1 for the break dam problem ((7.7) on a mesh made of 400 cells
with the legend WBEC: Theorem’s solvers, HR: hydro-static reconstruction [3] with the Rusanov
numerical flux [44].

We observe a very good agreement to the reference solution. The shock waves is sharper with the
schemes detailed in Theorem [5.1]

7.3 Fully well-balanced two states entropy approximate stable Riemann solvers

In this section, we consider the fully well-balanced entropy stable scheme defined in Theorem
For this scheme, the numerical artificial viscosity A > 0 and the time step At > 0 have to be selected to
guarantee the existence solutions of the system (3.6)-(6.3)). To select a such couple, we initialize A > 0
with the value given by the equation (7.1)) and we set At > 0 according to % = % Then, we increase
A and we decrease At until the system (3.6)-(6.3) admits solutions. For the sign function required in
the equation (6.13)) we use the following regularized version:

ign(r) d (7.8)
sign(r) 8/ ———— .
Irl + Cor/(gh)

where (zr and h are defined in (6.2). We compare the Theorem’s scheme to the schemes detailed
in [2I, Section 3.2| and in [14] that will be denoted FMT and BM respectively. The scheme BM is
associated to the standard Rusanov numerical flux [44].

The first test case concerns the fully well-balanced property. We consider the domain [0, 1] dis-
cretized with 400 cells. The initial conditions and the bottom topography verify

up(@) _ - =5 o2
+g(ho + z)(x) = By, with z(z) 5 €O (4mx), (7.9)

(hu)o(z) = qo, 5

where gy = %, By = S—g + 4g. The initial values (hg,up)(x) are computed from the equations with
a Newton method. We lay down periodic boundary conditions on both sides. The exact solution is a
moving steady state . The final time is 1.0. The results are reported in Figure @ We also report
the errors between the numerical and the exact solution for several norms.

34



FMT Exact Errors on (h, hu) for the steady state ((7.9)).
BM @ z h

4 o — T — e FWBEC | 0.00E-00 0.00E-00 0.00E-00

3 BM 2.49E-17 4.41E-17 1.2TE-17

h+z FMT 1.84E-13 2.03E-13  3.28E-13
2 hu

. I % L=

FWBEC | 1.13E-20 8.74E-20 7.64E-39

0 BM 8.58E-17 1.29E-16 9.19E-17

0 02 04 N 06 08 1 FMT 2.87E-13 3.75E-13  4.10E-13

Figure 6: On the left: numerical results at time 1.0 for the steady state problem with the
legend FWBEC: fully well-balanced entropic solver given by Theorem BM: scheme derived in [14]
associated to the Rusanov numerical flux [44], FMT: scheme derived in [2I] Section 3.2|. On the right:
errors between the exact and the numerical solutions at time 1.0 for the variables h, hu.

Thanks to the well-balanced property, the moving equilibrium is preserved up to the machine precision.

Now we repeat the three Goutal and Maurel’s test cases [26] and we refer to Section for the
details of the test cases. Figure[7]shows the results and Tables[8show the errors between the numerical
and the exact solutions for each problems and for several norms.
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Figure 7: Numerical results for the Goutal and Maurel’s problems (7.6) on a mesh composed of 400
cells. The legend is FWBEC: fully well-balanced entropic solver given by Theorem BM: scheme
derived in [14] associated to the Rusanov numerical flux [44].

Despite our efforts, we was not able to run these three problems with the scheme FMT. Theorem’s
scheme generates spurious oscillations, in particular for the variable hu. Nevertheless, the wrong
convergences observed for the GMy, GMj3 problems with the schemes derived in Theorem [5.1]and tested
in Section do not occur with the fully well-balanced scheme in Figure [7] However, the free surface
for the GM; problem is once again slightly misplaced.

Errors on (h, hu) for the GM; problem. Errors on (h, hu) for the GMy problem.
h h
Lt L’ L LI L2 L
FWBEC | 3.86E-02 1.41E-02 2.00E-04 FWBEC | 9.35E-02 2.13E-02 4.46E-03
BM 1.91E-15 4.16E-16 6.11E-17 BM 9.06E-03 2.37E-03 5.12E-04
hu hu
It L2 Lee 1 L2 Lee
FWBEC | 3.77E-02 2.10E-02 4.439E-04 FWBEC | 4.89E-02 3.53E-02 1.25E-03
BM 7.29E-15 1.49E-15 2.91E-16 BM 7.78E-05 3.38E-05 4.33E-08

Errors on (h, hu) for the GM3 problem.

h
T 2 L>®
FWBEC | 4.28E-02 5.11E-02 2.62E-03
BM 8.23E-03 2.20E-02 4.86E-04
hu
L1 L2 L>®
FWBEC | 2.57E-02 2.00E-02 1.59E-03
BM 4.21E-03 1.15E-02 1.32E-04

Figure 8: Errors between the numerical and the exact solutions for each Goutal and Maurel’s problems
(7.6) and for several norms. The legend is FWBEC: fully well-balanced entropic solver given by Theorem
BM: scheme derived in [I4] coupled to the Rusanov numerical flux [44]

Regardless of its fully well-balanced property, the scheme derived in Theorem does not reach the
exact solution up to the machine precision. This default could be due to the implementation of the
sign function required in the equation . The choice proposed in the equation is a regular
version of the sign function but other versions are possible and each of them could influence the result.
For the three Goutal and Maurel’s problems the BM scheme is more accurate.
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We conclude this section with the break dam problem as done in Section [7:2] The initial condition
and the bottom topography are given by the equations ([7.7). The final time is 0.1 and Figure |§| displays
the results.

FMT Ref ——
BM o z
FWBEC
3
h—+z 9 U
1
0 i i
—1 —-0.5 0 0.5 1 1
X

Figure 9: Numerical results at time 0.1 on a mesh made of 400 cells for the break dam problem ([7.7))
with the legend FWBEC: Theorem’s solver, BM: scheme derived in [I4] associated to the Rusanov
numerical flux [44], FMT: scheme derived in [2I], Section 3.2].

The scheme [21, Section 3.2| generates spurious oscillations near the shock wave and we failed to
achieve better results. The scheme [I4] associated to the Rusanov numerical flux [44] preserves the
initial condition and captures two steady states at rest. For the scheme of Theorem [6.1] we observe a
good agreement to the reference solution.

8 Conclusion

We have presented three explicit entropy stable Godunov type scheme for the Shallow Water equa-
tions. The first one concerns the flat regions, the second scheme is well-balanced for for lake at rest
and the third one is well-balanced for all regular stationary solutions defined by . The discrete
entropy inequality is reached from sufficient conditions used in the scheme design. These conditions
lead to quadratic equations that are always well-posed under restrictions for the artificial viscosity and
for the time step. These restrictions are implicit for the well-balanced schemes.

From a numerical point of view, the scheme devoted to the flat regions provides good results. The
well-balanced schemes yield satisfying results in particular in the presence of shock waves. But, they
may converge to weak solutions made of non admissible stationary contact waves. The study of the
reasons of this wrong convergence should be investigated.
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A Smooth stationary solutions of the Shallow Water system
This appendix concerns the smooth stationary solutions of the Shallow Water equations (|1.1)). The
algebraic equations and a property verified by these solutions are given below.

Lemma A.1 (Smooth stationary solutions of the Shallow Water equations). Consider I a bounded,
closed interval included in R. For a given smooth function z : R — R, let also consider the Shallow
Water equations given by

h q 0
Oy <q> + 0y <qhz N gg2> = <—gh> Opz, V(z,t) € IX]0,+00]. (A1)

The vector (h(z,t), q(x,t))T belongs to 2 a convex set defined by
Q={(h,qg) eR*|h>0,q € R}.

For x — (h(x),q(z)), a smooth stationary solution of the Shallow Water system (A.l)), the following
statements hold.

i) There exists (qo, Bo) in R x R such that for all x in I

q(z) = qo, (A.2a)
q0
— h = Byp. A.2b
s +0(h(w) + 2(2) = By (A.2b)
i1) Considering the above definition of qo in R and the set Jy, C I such that
4
= 11— A.
Iy ={aerii- B0}, (A3
the derivative of h with respect to x satisfies
Oy
Oh = — “’; Yz € Jy. (A.4)
_ 0
L= @



Proof. The stationary functions x — h(x) and x — ¢(z) satisfy the two following equations for all x in
I:

0.q = 0, (A.5a)
2 2
L ghTy
8w<h +Z )_ ghdyz. (A.5b)

For the statement i), and according to the equation (A.5a), the result (A.2a)) is obvious. Using this
result in the equation (A.5b)), the usual derivation rules give

0— ax(q]f? v g2h2) + ghd, 2,

2
— (E)xh)% + ghda(h+ 2),

2
q
= (= (@:h)3% ) + ghda (b +2).

= ho, (zq;i) + ghdy (h + z).

Multiplying the above equation by 1/n > 0, we deduce

2
490 _
am(ThQ +g(h+ 2)) =0,
that concludes the proof of the result (A.2b)) and the proof of the statement 7).
For the statement i), using the usual derivations rules, the equation (A.5b|) also writes for all z in
I
gh®

—ghOyz = 835((28 + 7),

a5

- gh@xh< - ﬁ,)

Dividing the above equation by gh > 0, we have

2
Oz = 8$h< _ g%) (A.6)
Since the above equation is defined on the set Jy, given by (A.3), 1 — 43/gn® # 0 that yields the result
(A.4) and that concludes the proof of the statement 7). O

According to the statement ii) of the above lemma, in stationary states and for x € Jg,, the
derivatives of h is proportional to the derivative of z. As a consequence, if z is locally constant then h
is also constant. In addition, the result establishes that ¢ is also constant in stationary states.
Therefore, for x € J,, the statement i) shows that if z is locally constant then the only smooth
stationary solutions of the system are the constants of (2.

If z ¢ Jg,, the equation is singular. In this case, and as z is a given function, the stationary
equations written under the form of could be ill-posed.
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