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Abstract

This paper investigates the influence of adaptive walks heuristics within
local searches, by studying to what extent a wiser choice among improving
neighbors influences the expected quality of the attained local optima. To
this aim, we specifically focus on hill-climbers and introduce the maximum
expansion pivoting rule, which selects the improving neighbor having the
highest number of improving neighbors. Experiments show that having one
step ahead of information allows for wiser neighbor choices, leading to bet-
ter local optima. As the best improvement climber, a maximum expansion
climber selects a particular search trajectory among all possible first improve-
ment trajectories, however, it significantly increases the expected quality of
the trajectory. On the other hand, the computational overhead makes this
heuristic less valuable when included in an iterated search process, where
repeating fast random hill-climbings from random starting points still al-
lows a better exploration of the search space. This paper, therefore, extends
previous studies on the relative efficiency of hill-climbing pivoting rules, by
focusing on the original maximum expansion selection criterion.

Results suggest that the achievement of good local optima combined with
the use of approximation techniques and problem specificities could lead to
the design of effective advanced metaheuristics that exploit the maximum
expansion principle.
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fitness landscapes, landscape-aware heuristics, combinatorial optimization

1. Introduction

Within the field of metaheuristics, the quantity of so-called original meth-
ods drastically grows since the 90s, especially regarding metaheuristic hy-
bridizations, applications, and definitions of alternative nature-inspired evo-
lutionary or behavioral metaphors. One can sometimes wonder about the
actual contribution of some papers to the community, in particular when the
main motivation is to extend the bestiary of optimization algorithms. Such
metaheuristics are usually classic local search or evolution strategies, that
are often shallowly compared to a small subset of other algorithms without
necessarily identifying the mechanisms that impact the sampling of solutions.
Today, researchers regularly comment on this issue [36, 39, 15, 12, 38, 47] and
grant particular attention to more pragmatic considerations around the scal-
ability of the algorithms, the adaptive parameter tuning, the understanding
of specific search processes and their relevance for tackling problem instances
with identified specificities.

Other papers describe a manner to apply or lightly adapt a metaheuristic
for beating the best-known solutions of a particular recently-introduced prob-
lem, with a reduced analysis of the contribution brought by each mechanism.
However, determining the relevance of the components of metaheuristics is
essential to improve our understanding of their global behavior and to predict
their adaptability to different kinds of problems [48].

More precisely, the scope of this work concerns neighborhood-based search
strategies and the dynamics behind exploitation mechanisms in local search
algorithms. Indeed, designing effective metaheuristics requires a good un-
derstanding of basic operators and their combination for a particular search
or a particular class of problem. Specific experimental studies can provide
general observations, which can be facilitated by abstracting combinatorial
optimization problem instances into fitness landscapes [49].

Naturally, highly multidimensional and combinatorial fitness landscapes
are drastically different from continuous bi- or tri-dimensional surfaces that
usually serve as a visual representation to explain local search and evolution-
ary concepts (as well as exploration/exploitation issues) but are sometimes
misused as a mental visualization to guide the design of metaheuristics.

Wrong intuitions arise from such figures, where the idea of being trapped
in a local area is over-estimated. In general, it is inexact that an intensifica-
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tion local search process can only explore a reduced area around an arbitrary
initial solution. There are often many ways to drive the search toward good
local optima (including global optima) just by using a hill-climbing process
[9]. However, the primary concern while using metaheuristics is usually to
pay attention to the diversification mechanism(s).

Contribution

The general aim of this paper is to study and identify the principles
which enable drive local searches more likely toward better solutions. We
solely focus on hill-climbing processes, often denoted by climber algorithms
(descent, for minimization problems), which correspond to basic iterative im-
provement rules. Although climber-like intensification operators are a cen-
tral component of metaheuristics (including modern and sophisticated ones),
their conceptual choices and appropriateness are rarely discussed (apart from
neighborhood considerations) in comparison to crossover or perturbation op-
erators, and parameter tuning issues.

Given a search space equipped with a neighborhood structure and a fitness
function, the search trajectory of a local search algorithm, and in particular
of a climber, is defined by the neighbor selection strategy, also called pivoting
rule [50]. We investigate how the pivoting rule affects the ability of the search
to reach better local optima. In previous studies [6, 7], we highlighted that
empirical observations often contradict a dominant conception choice while
solving combinatorial problems with metaheuristics, where the local search
strategy generally favors best neighbors. Here, we are looking for a more
precise and general selection criterion.

The question that drives this work is: starting from any point (solution)
of a combinatorial fitness landscape, and by using only local information (fit-
ness values of close solutions), how to move iteratively in a way that describes
an ascending trajectory such that the expected fitness value of the last point
(local optimum) is maximum? In other words, finding a hill-climbing strat-
egy that maximizes the expected quality of the optimum reached. Let us
specify that here we consider a strict definition of climbers, with no neu-
tral moves, perturbations (decreasing moves), or jumps (non-neighboring
moves). Thus, this definition does not include more sophisticated climbing-
based metaheuristics like iterated local search [26], variable neighborhood
search [31], β-hill climbing [3, 4] or late-acceptance hill-climbers [11].

To investigate the underlying question of this work we introduce an alter-
native pivoting rule, called Maximum Expansion (ME) that guides the tra-
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jectory in order to maximize future possibilities of improvement. At each it-
eration, the ME climber selects the improving neighbor which has the largest
number of improving neighbors, therefore reducing the risk of being trapped
early in a local optimum. As highlighted in the experiments, ME is particu-
larly efficient for reaching good local optima. This result provides interesting
information on the properties and behavior of a landscape-aware local search.
However, ME requires the evaluation of a larger neighborhood and is there-
fore computationally more expensive than basic climbing strategies.

Although this study primarily aims at identifying more intelligent search
space trajectory rules, and not (yet) to present more efficient local search
operators to include in metaheuristics, additional experiments focus on find-
ing ways to use the ME principle within faster climbers in order to achieve
tradeoffs between the expected quality of local optima and computational
effort/quantity of information used.

The paper provides experimental comparisons of ME and basic hill-clim-
bing pivoting rules First (ie. random), Best, and Worst improvement, as well
as other natural variants. The experiments have been conducted on pseudo-
boolean fitness functions, from NK and UBQP (Unconstrained Binary Quad-
ratic Problem) problem instances, and permutation-based fitness functions,
from Flow-shop and QAP (Quadratic Assignment Problem) instances. The
empirical analysis includes statistical comparisons of the quality of local op-
tima reached, and the fitness values attained given a fixed budget.

This paper is organized as follows. The next section recalls fundamental
concepts related to fitness landscapes and climbers. It also introduces new
notations and perspectives specifically adapted to the particular issues of
examining search space trajectories. In section 3, we recall previous results
related to climber guidance strategies and present the maximum expansion
pivoting rule. In section 4, experiments on various combinatorial fitness
landscapes assess the ability of this search strategy to reach good-quality
local optima. As high computational budgets are required, we provide in
section 5 a strategy that leads to obtaining interesting tradeoffs between
the number of fitness evaluations needed and the quality of local optima
obtained. This strategy is compared to other ones for a similar budget in
order to highlight and discuss its limitations. In the last section, we discuss
this work and some possible ways forward.
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2. Combinatorial optimization, fitness landscapes

Solving a combinatorial optimization problem consists of determining,
among a discrete set of potential solutions, the optimal solution with respect
to an objective function that assigns an objective value to each solution.
Search spaces are induced by instances of processed problems and are gen-
erally constituted with an exponential number of solutions w.r.t. the size of
instance representation.

Most of the widely studied combinatorial optimization problems are NP-
hard, and polynomial iterative approaches can be used to solve them in an
approximated way, by exploring a subset of solutions of the search space. This
subset leads to a solution determined by the strategy under consideration,
with an objective value as close as possible to the optimal objective value. A
usual technique is to define the subset by navigating through the search space,
w.r.t. a neighborhood relation described by a function that associates a set of
neighboring solutions to each solution of the search space. The neighborhood
relation generally induces a reasonable size, to limit the number of solutions
to evaluate.

Although no restriction is required while defining a neighborhood rela-
tion, it is intuitive to connect solutions that share most of their structural
properties. In most cases, the distance between two solutions should de-
pend upon their differences; the closer a solution is to another in terms of
neighborhood distance, the more they should share similar structures. When
solving a combinatorial optimization problem using local search-based algo-
rithms, we assume that there is a significant level of correlation between the
fitness values of solutions and their structural properties. Otherwise, this
would make any search space exploration by a neighborhood-based strategy
pointless.

2.1. Local search and Hill-climbing

A combinatorial problem instance is determined by a discrete set of so-
lutions X called search space, and an objective function f : X → K ⊆ R.
Solving a combinatorial optimization problem (X , f) in a maximization con-
text consists of determining argmaxx∈X f(x), which is the set of solutions x∗

such that ∀x ∈ X , f(x) 6 f(x∗). In the following, we consider by default
maximization problems, but all definitions and algorithms can naturally be
extended to minimization problems without loss of generality.

5



A local search (LS) algorithm explores the search space by navigating
through a set of solutions w.r.t. a neighborhood relation defined by a func-
tion N : X → 2X , and an evaluation function f : X → K. The neighbor-
hood relation associates a subset of solutions N (x) ⊆ X to each solution
x ∈ X . N is commonly described by the possible outcomes of a particular
transformation which links each solution to a set of neighbors with a similar
structure. The evaluation function associates a scalar value to each solution
x and implies a preference relation between couples of solutions.

Given a search space X with a transition relation T ⊆ X 2 between
solutions, we call topological transition graph the graph (X , T ). If T =
{(x, y), y ∈ N (x)}, then the topological transition graph (X , T ) defined by
the neighborhood function N describes the possible trajectories of a local
search within the search space. Given a topological transition graph, an LS
algorithm is determined by an initial solution, a move policy, and a stop-
ping criterion. A move x → y is an edge (x, y) ∈ T selected by the move
policy. A sequence of s moves x0 → x1, x1 → x2, . . . , xs−1 → xs gives an
LS trajectory (x0, x1, x2, . . . , xs), which is a path in the graph. Note that an
LS process can be viewed as an intelligent way to sample the search space.
A local search trajectory is determined by its pivoting rule (deterministic or
stochastic) which chooses neighboring solutions depending on additional in-
formation, in most cases their evaluation f(·). The relative efficiency between
local search algorithms is then based on their ability to generate trajectories
in a search space that include a solution as best as possible (according to
the objective function f). Algorithm 1 represents a local search process with
such a view.

Algorithm 1 Local search algorithm

1: Choose x ∈ X
2: s← 0
3: xs ← x
4: while stop criterion not reached do
5: Choose x ∈ N (xs)
6: s← s+ 1
7: xs ← x
8: end while
9: Choose x ∈ {x0, . . . , xs}

10: return x
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A hill-climbing algorithm (climber) is a local search that only performs
non deteriorating moves according to an evaluation function, ie. ∀i < s :
f(xi+1) > f(xi) (strict climber), or f(xi+1) > f(xi) (stochastic climber, with
side-walk mechanism). A strict climber determines a trajectory in the graph
(X , T>), with T> = {(x, y), y ∈ N (x), f(y) > f(x)}.

From an initial solution, a first improvement climber randomly walks in
(X , T>) until no move is possible. Indeed a local optimum is a vertex in
(X , T>) with no outgoing edge. Other hill-climbing strategies like best im-
provement or worst improvement choose neighbors according to a preference
relation �, repectively y1 � y2 ↔ f(y1) > f(y2) and y1 � y2 ↔ f(y1) < f(y2),
where y1 and y2 are two improving neighbors of a given solution x. In the
following, for simplicities sake, we consider only symmetric neighborhood re-
lations and thus bidirected (or undirected, depending on the context) topo-
logical transition graphs.

Famous LS metaheuristics like simulated annealing or tabu search use
adaptive information to influence the neighbor choices and thus the trajec-
tories. Such information includes the trajectory length so far, computational
effort or visited solutions memory so that the move strategies are not only de-
termined by objective information. Although these advanced LS techniques
naturally outperform basic searches like climbers, their behavior is based
on explicit diversification aiming to compensate for the lack of efficiency of
guiding strategies.

To study the practical efficiency of neighborhood-based search principles,
we focus on non-contextual neighborhood selection strategies, that is pivoting
rules defined such that the probability of a move x→ y is not affected by any
learning process or search information and only depends on pre-calculable,
external information. In this way, we propose to extend search spaces to
combinatorial fitness landscapes to abstract from the problem of determining
efficient non-contextual neighborhood selection strategies.

2.2. Fitness landscapes

The fundamental concept of fitness landscapes takes its source in theo-
retical biology when Wright provided a visual representation of existing links
between genotype and chances of reproductive success of individuals [49].
One can use such an abstract representation of evolutionary mechanisms
within a genotypic space described by a hypercube whose vertices represent
solutions of a pseudo-boolean problem and edges represent potential muta-
tions. A fitness landscape can then be defined by associating fitness values
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Figure 1: Hypercube of dimension 5 representing the landscape of a bit-string problem with
5 decision variables. Numbers correspond to the decimal values associated to each bitstring
representing a solution. Solutions in the dark grey area correspond to the neighbors of 0
(distance from 0 equals to 1). The grey scale denotes the distance of solutions from 0.

to the hypercube vertices (Figure 1).
From this base, an analogy in soft computing was made between neigh-

borhood searches and evolutionary genetics. A search space corresponds to a
set of acceptable genotypes, a neighborhood relation describes possible muta-
tions, and the objective value or evaluation of a solution refers to the quality
of the phenotype of an individual (adaptation to the environment, chances of
reproductive success, etc.). The triplet (search space, neighborhood relation,
evaluation function) can then be abstracted by a triplet (genotype, mutation,
phenotype/fitness).

More formally, a fitness landscape L can then be defined as a triplet
(X ,N , f) where X , N and f respectively correspond to the aforementioned
search space, neighborhood function, and evaluation function (denoted here
as fitness function). A local optimum of a landscape (X ,N , f) is a solution
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Figure 2: Depiction of a completely smooth landscape (left-hand side) and a particularly
rugged landscape in which fitness are randomly distributed (right-hand side).

x ∈ X such that ∀y ∈ N (x), f(y) 6 f(x). A global optimum is a solution
x ∈ X such that ∀y ∈ X , f(y) 6 f(x). From a landscape L = (X ,N , f),
we note T (L) the topological transition graph (X , {(x, y), y ∈ N (x)}), and
HC(L) the (strict) hill-climbing transition graph, ie. the graph (X , T>) such
that T> = {(x, y), y ∈ N (x), f(y) > f(x)}.

Considering solutions placed depending on their relative genotypic dis-
tance and following the distribution of fitness values, landscapes are described
as more or less rugged. A rugged landscape has more peaks, which are points
of landscapes from which it is impossible to improve individuals with a sin-
gle mutation (i.e. corresponding to the local optima). Figure 2 depicts these
concepts and how they would translate in a continuous space. Note that this
representation is deceptive when it comes to combinatorial spaces but helps
to convey the idea of the climbing difficulty induced by these characteristics.

From an evolutionary point of view, we can easily conceptualize what
makes a combinatorial landscape smooth or rugged. If we consider a hyper-
cube representation and assume that each gene represents a bit, there are
only two possible states, modifiable by a genetic mutation. If the state of a
given gene does not influence the expression of other genes, then any muta-
tion of this gene will have the same effect regardless of the genetic heritage
of the individual. For instance, if mutating the first gene from 0 to 1 gives
a fitness variation of one unit regardless of the rest of the genotype of in-
dividuals, then any evolutionary pressure will naturally set this gene to 1.
This gene would not add any ruggedness to the landscape. Indeed, at any
place in the landscape, an identical mutation of this gene will always have
the same effect, and the improvement potential of the remaining bits will not
change before or after this particular mutation. If every gene is independent,
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then the fitness landscape has no ruggedness and contains only a single local
optimum. In such a landscape, from any initial individual, any ordering of
beneficial mutation application will lead to the individual with the highest
fitness value. However, in most cases, genes are in interaction with some
other genes and the mutation effect of a gene is under the influence of the
value of other genes. The ruggedness of a landscape directly results from this
phenomenon, called epistasis [10]. The more there exist interactions between
genes the less the fitness variation resulting from a gene mutation is directly
associated with the value of this gene.

The combinatorial fitness landscape model of [22, 21] is an appropriate
tool to apprehend the solving of combinatorial optimization problems using
neighborhood search processes, by studying search landscapes [18, 28, 27].
Once defined, such landscapes can be studied independently of the problem,
the solutions representation, the neighborhood relation, or any objective or
evaluation function.

Using fitness landscape abstraction to describe the behavior of neighbor-
hood-based and evolutionary techniques can lead to a better understanding
of the capacity of a strategy to handle specific problem instances. Working
on a more rugged landscape naturally makes the search and the discovery
of good solutions more difficult. However, a highly rugged landscape comes
from a low correlation between genotype and fitness. In this case, one can
often observe large fitness differences between two neighboring genotypes. It
can result from the hardness of the instance, in which it is difficult to find a
strong link between the solution structure and its fitness value. The use of an
inadequate neighborhood relation also leads to this issue. The neighborhood
structure is a key aspect of designing efficient search algorithms but is not
discussed in this paper.

2.3. Fitness Landscapes features

Fitness landscapes can be characterized by many features describing their
dimension, neutrality, and ruggedness. The size and connectivity of a fitness
landscape primarily determine its dimension, which reflects its topological
structure. The size of a landscape is the cardinality of X and naturally
contributes to the difficulty to reach a given point, in particular, the global
optimum, using a sampling strategy. The connectivity of a landscape de-
pends upon N and affects the distance between solutions and the trajectory
possibilities. High connectivity induces small distances between solutions
but leads search strategies to face a huge number of possible moves. Low
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connectivity induces high distances between solutions and a reduced number
of possible moves for search strategies. Classic graph theory metrics and
properties are among possible indicators which can help to characterize the
connectivity of a landscape.

Neutrality appears in fitness landscapes if there is a significant proportion
of neighboring solutions with the same fitness value. This phenomenon can
strongly influence the behavior of search algorithms [37, 46]. However, we
do not consider neutrality in this study on landscapes and strategies, which
helps us to simplify the analysis of the results and identify features that
influence search strategies behavior more clearly.

Ruggedness appears when the effect of one mutation is conditioned by
other solution information and is a direct consequence of the epistasis phe-
nomenon discussed previously. The ruggedness level of landscapes is a pri-
mary characteristic that influences their difficulty to be explored efficiently.
Establishing a precise and formal definition of such a concept, or an accurate
indicator, is not apparent. In many works, the ruggedness of a landscape is
estimated with an autocorrelation measure [30, 5, 24]. [29] distinguishes the
level of variable interdependency, hence the epistasis, and the ruggedness,
only associated with the number and distribution of local optima. However,
we think that it is relevant to directly link the ruggedness indicator of a land-
scape to the number of epistatic interactions. In a hill-climber study context,
sign epistasis is a particularly relevant feature. Sign epistasis occurs when
the presence of a given gene changes the beneficial or deteriorating nature
of a given mutation. High rates of sign epistasis induce a high number of
local optima and increase the probability of quickly meeting a local optimum
during the search process. Since in a hill-climbing context the selection of a
local optimum stops the search process, high rates of sign epistasis increase
the difficulty to reach good local optima. Indeed, a significant number of lo-
cal optima necessarily involves a high level of variable interdependency and
an accurate measure of the difficulty to climb landscapes. Moreover, the
ruggedness of fitness landscapes as a concept is originally presented as the
consequence of epistasis.

In this paper, we use the 1-ruggedness indicator [8] described hereafter
(see also Fig. 3). Let us consider four distinct solutions x, x′, y, and y′

such that {x′, y} ⊆ N (x) ∩ N (y′) and y′ 6∈ N (x). Thus {x, x′, y′, y} forms a
(non-clique) square in the graph T (L). {x, x′, y′, y} describes a sign epistasis
iff (f(x′) > f(x)) 6= (f(y′) > f(y)), ie. (f(x′) − f(x)) × (f(y′) − f(y)) < 0.
The 1-ruggedness of a landscape is the proportion of squares in T (L) which
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Figure 3: Epistasis occurs when the presence of a mutation (↑) affects the effect of another
mutation (→). We observe sign epistasis once a deteriorating mutation becomes beneficial
when occuring after another mutation (right-hand side). Left-hand side: no sign epistasis.

involve sign epistasis. Since in general, it is not conceivable to determine this
proportion accurately, we estimate this 1-ruggedness indicator by sampling
the search space. Note that this definition is restricted to undirected fitness
landscapes (x ∈ N (y) ↔ y ∈ N (x)) but can be extended to non-symmetric
neighborhood functions. In this paper, we focus on a global characterization
of various landscapes.

Another possible way to analyze the topology of fitness landscapes con-
sists of studying their local optima. These studies include works on basins
of attraction [45], local optima networks [32], and saddle points [40]. The
basin of attraction of a local optimum xopt is the set of solutions such that a
given climber starting from each of these solutions return xopt. The study of
these basins and their properties can bring useful information for optimizers
(size, localization). Studying local optima networks consists of constructing
graphs in which vertices are local optima and edges are possible transitions
between them. Saddle points are solutions in the search space that are iden-
tified as key solutions when a simple move can determine if the search will
attain either local optimum.

2.4. Navigating Through Fitness Landscapes

When the topological transition graph of a fitness landscape is strongly
connected, a random walk can potentially reach any solution of the search
space from any starting solution in most cases. This global attainability is
verified with most classical solution representations and neighborhood opera-
tors. For instance, considering an N -dimensional hypercube fitness landscape
L, then T (L) is strongly connected and has N × 2N−1 bidirectional transi-
tions. A first improvement climber on the landscape L is equivalent to a
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random walk on HC(L). In general, HC(L) loses all bidirectional transi-
tions of the associated topological transition graph T (L). However, when
considering a non-neutral landscape with a symmetrical neighborhood, its
associated topological transition graph contains exactly 50% of improving
transitions. In particular, regardless of the defined non-neutral fitness func-
tion f, T (L) and HC(L) contains respectively N ×2N and N ×2N−1 directed
edges (HC(L) is then weakly connected). Climbers are often viewed as inten-
sification mechanisms that are only able to attain a tiny part of the search
space. This vision is inaccurate since hill-climbing transition graphs are half-
dense and potentially still have a high level of connectivity.

In [9], we introduced the coverage rate of a particular solution x, as the
proportion of the search space from which x can be reached by a hill-climbing
process. Experiments on enumerable NK landscapes show that the best so-
lutions (including the global optimum) are generally reachable from a signif-
icant proportion of starting points. This study leads us to think there exist
ways to improve the efficiency of local searches, especially of climbers. For
instance, the definition of alternative pivoting rules could help to increase
the probability to reach better local optima.

3. Maximum Expansion: a climber driven by the expansion score

3.1. Motivations

As stated previously, a pivoting rule is a mechanism that directly influ-
ences the search trajectory of climbers. Among basic pivoting rules, first
and best improvement are widely used within metaheuristics. Recall that
the (random) first improvement pivoting rule consists of choosing the first
improving neighbor encountered at each step of the search (neighbors being
considered in random order), whereas the best improvement pivoting rule
consists of selecting the improving neighbor with the best fitness value at
each step of the search.

One of the advantages of first improvement compared to best improve-
ment is it requires fewer evaluations as it avoids the systematic evaluation
of the whole neighborhood. Note that when using an incremental evaluation
is possible, the difference in computational cost between the two strategies
is less significant. Previous studies [33, 6] investigated the effect of these
two classical pivoting rules on the ability of climbers to reach good quality
local optima w.r.t. some landscape properties. In particular, experiments
on a panel of large fitness landscapes highlighted that first improvement led
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toward better quality local optima than best improvement, except on very
smooth landscapes [6]. The superiority of first improvement over best im-
provement in most landscapes is not a direct consequence of the stochasticity
of the mechanism. Most best-improving steps tend to lead the search toward
close local optima which can be avoided by a more stochastic process. It was
also shown that when first improvement outperforms best improvement, then
worst improvement (selecting the neighbor which brings the smallest fitness
improvement) outperforms first improvement [7], and vice versa. This obser-
vation indicates a correlation between the expected quality of reached local
optima and the relative quality of neighbors selected by the climbing pro-
cess. Combined experimental studies [33, 6, 7] indicate that on homogeneous
randomly generated landscapes, this correlation is positive on highly smooth
and highly rugged landscapes, and negative on mildly rugged landscapes. It
makes sense that on smooth landscapes, the small number of local optima
decreases the necessity to bypass them. Moreover, with a reduced amount
of epistasis, it is more likely that most steep slopes lead toward better local
optima. At each step, the probability of reaching a local optimum is thus
significantly reduced when performing larger steps compared to more rugged
landscapes, allowing a sufficient convergence for the best improvement.

On landscapes with very high ruggedness levels, with no apparent corre-
lation between neighborhood distance and fitness variation, the probability
of reaching higher local optima is increased when the fitness of the solution to
be selected is maximized at each step. Such landscapes have a considerable
proportion of local optima, leading to a faster convergence of hill climbers,
and eventually to favor best improvement moves [33]. However, they do not
reflect the properties of typical search landscapes tackled in academic or real-
life contexts. Such landscapes are not considered in this work since their lack
of structure makes any local search process inefficient.

Although there is some evidence or intuitions to explain the positive/
negative correlations between the quality of a hill-climbing (regarding the
expected fitness of the reached local optima) and its fitness-based pivoting
rule, we present in the following complementary studies aiming to provide a
better understanding of what is driving a climber efficient.

First of all, let us recall that in theory, hill-climbing pivoting rules of max-
imal efficiency exist. Given HC(L), the optimal hill-climbing process consists
of following the smallest path leading to the highest solution reachable from
the current solution. More generally, a similar local search process can be de-
fined from T (L) without the improving moves constraint (leading to an exact
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algorithm if T (L) is strongly connected). However, in most cases, such a rule
cannot be described explicitly and for all landscapes in polynomial time or
space (unless P=NP). In the same way, it is unlikely to define polynomially
a perfect neighborhood which would only connect the global optimum to all
other solutions.

In practice, we seek the best tradeoff between reducing the average num-
ber of possible moves and increasing the coverage rate of the highest local
optima. Indeed, with an intensification strategy, local optima can be avoided
by deleting appropriate edges of the hill-climbing transition graph. The dele-
tion of these edges reduces the coverage rates of some local optima and then
increases the probability to reach other local optima. Then, the goal of an
efficient pivoting rule is mainly to delete edges that drive toward low-quality
local optima.

Of course, the degree of refinement of a non-contextual neighborhood
selection strategy depends on the available quantity of information. We cat-
egorize as first-level, second-level, or l-level pivoting rule a strategy requiring
fitness information of solutions at a maximum distance of 1, 2, or l from the
current solution. First, best and worst improvement are first-level pivoting
rules, while local searches HC2 (Hill-Climber two-step) [44] and VNS (vari-
able neighborhood search [31]) are respectively second and l-level pivoting
rules. However, since HC2 authorizes deteriorating moves, and VNS consid-
ers jumps to non-neighboring solutions (relatively to a fixed neighborhood),
these local searches cannot be considered exactly as climbers within a spe-
cific fitness landscape. In the following, we investigate second-level pivoting
rules for determining relevant information to guide the search towards higher
local optima, by applying improving moves only in a fixed (unvarying) fitness
landscape.

3.2. Description of the Maximum Expansion pivoting rule

As recalled previously, the best improvement hill-climbing strategy tends
to reach good local optima mainly on smooth and small landscapes. Oppo-
sitely, the worst improvement rule enables the search to reach higher local
optima in many cases, especially on more rugged landscapes recognized as dif-
ficult to climb. Such a strategy avoids the search being trapped prematurely
in a local optimum and tends to perform more steps than other classical
pivoting rules.

We intuitively deduced that worst improvement is less likely to be trapped
in low-quality local optima since it keeps more improvement possibilities
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during the search. Since on regular fitness landscapes the fitness of solutions
is correlated with their number of improving neighbors, we investigated if the
dynamics of the worst improvement rule improves the number of remaining
moves or paths. In this case, the relative efficiency of first-level fitness-based
pivoting rules (such as first improvement vs. best improvement) could then
be mainly explained by their ability to keep many search paths accessible.
These previous studies led us to consider a maximum expansion pivoting rule
(ME) which aims at keeping the most improvement possibilities during the
search. ME is guided by the expansion score of solutions, corresponding to
their number of improving neighbors. ME is a second-level pivoting rule
since the expansion score requires the evaluation of an additional level of
neighborhood.

The maximum expansion hill-climbing consists then of selecting, at each
step, the improving neighbor having the highest expansion score (depicted in
Figure 4). Here, we consider two variants. In the first one (MEF, or simply
ME), ties are broken randomly, except once all improving neighbors’ expan-
sion scores are equal to zero. In this case, since all improving neighbors are
local optima, the natural choice consists of choosing the best one (according
to the fitness value). In the second variant (denoted as MEB), the fitness
value is used as a secondary criterion (highest fitness first) to discriminate
solutions of equal expansion score.

Naturally, using ME induces a huge computation cost mostly due to the
evaluation of two levels of neighborhood at each step of the search. However,
let us recall that our focus here is to verify if such a criterion can be more rele-
vant to determine better hill-climbing trajectories than directly fitness-based
criteria. Practically, implementation choices will determine which effort can
be devoted to collecting information that can help guide the search toward
better solutions, to reach an ideal tradeoff between efficiency and compu-
tation cost. Such an approach has been used for the worst improvement
climber which unfortunately requires a high computational effort, but once
approximated can lead to efficient tradeoffs [7].

Table 1 recalls the 5 pivoting rules considered in the experiments reported
in the next section. This table also describes the selection processes, con-
sidering Ix = {y ∈ N (x) : f(y) > f(x)} being the set of strictly improving
neighbors of a solution x. F, B, W, ME, and MEB pivoting rules consist then
in choosing a neighbor within the sets as defined in Table 1. Let us notice
that sets can be empty, and correspond to the end of the climbing process (a
local optimum is attained).
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Figure 4: Depiction of the behavior of B, W and ME from a solution x. Only improving
moves are depicted. F can select any solution from the A1 area.

Table 1: Pivoting rules selection processes.

Pivoting rule Set of selectable solutions
F Ix
B argmaxy∈Ix f(y)
W argminy∈Ix f(y)

ME argmaxy∈Ix #Iy
MEB argmaxz∈E f(z), with E = argmaxy∈Ix #Iy
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Figure 5: Fictive landscape. Vertices represent solutions with their associated fitness
values, edges indicate neighborhood relations (8 neighbors for each solution). Sij refers to
the solution belonging to the ith row and the jth of the figure. Starting from S34 (squared),
improving neighbors are in gray. Fitness of local optima appear underlined and in bold (4
local optima here).

3.3. Numerical Example

Figure 5 represents a portion of a landscape, reporting the fitness values
of 40 solutions, and their neighborhood being represented by solutions con-
nected with edges. In the following, let us consider that the starting solution
is S34 of fitness 10, which has six improving neighbors.

Using the first improvement pivoting rule (F), the move to perform is
selected uniformly at random among the six improving neighbors (S24, S33,
S35, S43, S44, S45).

The best improvement pivoting rule (B) selects S43, which has the best
fitness (17) among all improving neighbors. The next and final step leads to
S42, a local optimum of fitness 18.

The worst improvement pivoting rule (W) selects S24, which has the worst
fitness (11) among improving neighbors. The next steps will reach solutions
S14, S13, S22, S32, S43, and finally the local optimum S42 (fitness 18).

The maximum expansion pivoting rule (ME) selects either S33 or S35,
the two improving neighbors that have the most improving neighbors (five
each). From S33, the next steps are S22, S32, S21, S12, and finally S11 (fitness
20). From S35, the next steps are S46, S36, and finally either S45 or S37 (with
respective fitness of 16 and 17).

The other variant of the maximum expansion pivoting rule (MEB) selects
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S33, since f(S33) > f(S35). Then from S33, the next steps are S22, S32, S21,
S12, and finally S11 (fitness 20).

4. Comparison of the Maximum Expansion with other pivoting
rules

4.1. Experimental protocol

The present experiments are mainly realized on NK landscapes to measure
the ability of climbers to reach good local optima w.r.t. the considered
pivoting rule and the properties (size and ruggedness) of landscapes. The
goal is to assess the capacity of the maximum expansion to attain good local
optima.

The NK landscape model [22] can be used to generate random combina-
torial fitness landscapes with tunable size and ruggedness. The NK model
is widely used in evolutionary optimization to study the behavior of search
methods [2, 35, 14, 25, 1] and in the context of more applied work [17, 16, 13].
An N -size NK landscape L is an N -dimensional hypercube fitness landscape,
ie. with a search space X = {0, 1}N and a neighborhood N which links so-
lutions with a Hamming distance of 1. The properties of NK landscapes are
determined through two parameters N and K. N refers to the length of the
bit string solutions and K ∈ {0, . . . , N − 1} specifies the number of variable
interdependencies, thus the ruggedness of the landscape. An NK function
is based on N pseudo-Boolean sub-functions γi : {0, 1}K+1 → [0, 1]. The
objective function to be maximized is f(x) = 1

N

∑N
i=1 γi(xi, xli1 , . . . , xliK ),

provided that each bit i is linked with K other bits li1, li2, . . . , liK . Setting K
to 0 leads to a completely smooth landscape containing a single local (then
global) optimum. Increasing K induces an increase in the ruggedness levels
of generated landscapes.

We use 28 randomly generated NK landscapes of various log sizes and
variable interdependency levels which are reported in Table 2

Since NK functions naturally induce a specific landscape structure, we
also consider another type of binary landscapes with the same hypercube
topology (bit-flip neighborhood) but using UBQP fitness functions (Un-
constrained Binary Quadratic Programming problem [20]). Two classes of
permutation-based landscapes are also included: QAP (Quadratic Assign-
ment Problem [23] fitness functions, with the neighborhood defined by the
swap operator) and FSP (Flow-shop Scheduling Problem fitness functions,
with the neighborhood defined by the insertion operator) to have a more
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Table 2: Instances parameters for each problem.

Problem #inst. # decision variables other

NK 28 N ∈ {128, 256, 512, 1024} K ∈ {1, 2, 4, 6, 8, 10, 12}
UBQP 24 N ∈ {128, 256, 512, 1024, 2048, 4096} d ∈ {10, 25, 50, 75, 100}
FSP 118 n ∈ {20, 30, 50} m ∈ {5, 10, 15, 20}
QAP 92 n ∈ [12, 64] -

precise view of the behavior of climber variants. UBQP, QAP, and FSP are
well-known academic NP-hard combinatorial optimization problems.

A UBQP instance is composed of an N × N matrix Q of constants qij
which can be positive or negative. A solution is a binary vector x of size
N where xi ∈ {0, 1} corresponds to the i-th element of x. The objective
function to be maximized is f(x) =

∑N
i=1

∑N
j=1 qijxixj. We use a set of 24

instances obtained with the Palubeckis instance generator [34]. Instances
have different sizes and densities reported in Table 2. The density d affects
the percentage of values equal to zero in the matrix Q: d = 0 leads to a
matrix full of zero except on the diagonal whereas a d = 100 leads to a
matrix with no zero (except possibly on the diagonal).

The Flow-shop Scheduling Problem is an NP-complete problem that con-
sists of scheduling n jobs on m machines [19]. Each job Ji is composed of
m consecutive operations (tik, k ∈ {1, ...,m}) with a specific processing time
(pik, k ∈ {1, ...,m}). The k-th operation of a job must be performed on the
k-th machine in a specified order. In the variant under consideration, jobs
must be scheduled in the same order on all machines. The objective function
to be minimized refers to the total completion time, also called makespan:
f(π) = maxi∈{1,...,n}{sim + pim}. sij corresponds to the moment where oper-
ation tij is performed in order to respect job order π ∈ Sn, with Sn the set of
permutations of size n. As landscape fitness functions, we use 118 Taillard
Flow-shop instances [41] with sizes varying from 20 to 50 jobs and 5 to 20
machines.

QAP aims at assigning n facilities to a set of n locations. A distance dij
is specified for each pair (i, j) of locations while a flow frs is given for each
pair (r, s) of facilities. The fitness function to be minimized is the sum of
distances multiplied by the corresponding flows: f(π) =

∑n
i=1

∑n
j=1 dijfπiπj .

πi represents the i-th element of the solution π ∈ Sn, with Sn the set of
permutations of size n. We consider 92 QAP landscapes, using instances
from the QAPLIB of size varying from 12 to 64.
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In this section, we perform two sets of experiments. The first one aims
to assess ME efficiency against classic pivoting rules, while the second one
aims to assess its efficiency against pivoting rules using the same level of
knowledge (two neighborhood levels) to select an improving neighbor. Spe-
cific details regarding each set of experiments are given in the corresponding
section. In both cases, experiments consist of 100 hill-climbing executions
for each couple (pivoting rule, landscape) starting from identical sets of 100
randomly generated initial solutions. This protocol allows us to perform
accurate statistical analysis and reduces the possible stochastic bias result-
ing from random initializations. Note that for each problem, each instance
described in Table 2 corresponds to one landscape. We use a 1-flip neigh-
borhood operator for NK and UBQP instances, the insert operator for FSP,
and the swap operator for QAP, which exchanges two elements that are not
necessarily adjacent.

As the aim of this section is to assess ME ability to attain good local
optima, we only focus on the quality of the local optima reached. Therefore,
on each landscape, we report the average fitness of local optima over 100
runs for each pivoting rule, and the performance rank of each pivoting rule.
The performance rank reported for a given pivoting rule P is equal to 1+D,
where D is the number of pivoting rules that statistically dominate P w.r.t.
a binomial test (p-value < 0.001). Thus, the method ranked 1 is the one
that statistically dominates the most methods, while the method ranked
last is statistically the most dominated. For experiments on FSP and QAP
landscapes, we only report the global average rankings since the 1-ruggedness
indicator originally proposed for binary landscapes is not directly extendable
to permutation-based landscapes.

4.2. Comparison of F, B, W, ME, and MEB

In this first experiment, we compare the five climber variants, all follow-
ing strictly improving trajectories, stopping when a local optimum is reached.
Note that every ME, MEB, best and worst improvement trajectory is a po-
tential first improvement one. We recall that it is not the case of previously
mentioned VNS or HC2 local searches which perform either deteriorating or
2-step moves.

Table 3 reports for each couple (pivoting rule, NK landscape) and Table 4
(pivoting rule, UBQP landscape) the average fitness value of the 100 local
optima reached as well as the performance rank of each pivoting rule.
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Table 3: Statistical comparison of hill-climbing strategies on NK fitness landscapes. Re-
sults are detailed for each instance. The best average fitness for each instance appears in
bold.

Landscape
1-rug.

[F]irst [B]est [W]orst ME MEB

N K rank avg fit. rank avg fit. rank avg fit. rank avg fit. rank avg fit.

N
K

la
n

d
sc

ap
es

(
N
K

)

128 1 0.53 4 0.7020 2 0.7098 5 0.6920 2 0.7093 1 0.7147

128 2 2.40 4 0.7042 3 0.7076 5 0.6990 1 0.7201 1 0.7234

128 4 3.13 3 0.7266 3 0.7251 3 0.7275 1 0.7539 1 0.7542

128 6 5.23 4 0.7176 5 0.7137 3 0.7228 1 0.7432 1 0.7435

128 8 7.38 4 0.7176 5 0.7128 3 0.7223 1 0.7421 1 0.7438

128 10 9.60 3 0.7056 3 0.7058 3 0.7112 1 0.7363 1 0.7366

128 12 11.83 3 0.7011 3 0.6977 3 0.701 1 0.7287 1 0.7275

256 1 0.25 4 0.7016 2 0.7078 5 0.6992 2 0.7081 1 0.7125

256 2 0.65 4 0.7077 3 0.7109 5 0.7011 1 0.7213 1 0.7237

256 4 1.49 3 0.7218 3 0.7209 3 0.7272 1 0.7511 1 0.7504

256 6 2.64 4 0.7264 4 0.7252 3 0.7333 1 0.7524 1 0.7528

256 8 4.06 4 0.7157 4 0.7127 3 0.7261 1 0.7429 1 0.7416

256 10 5.29 4 0.7107 4 0.7079 3 0.7215 1 0.7368 1 0.7365

256 12 6.51 4 0.7066 5 0.7041 3 0.7117 1 0.7303 1 0.7291

512 1 0.12 4 0.6902 2 0.6959 5 0.6845 3 0.6944 1 0.6998

512 2 0.32 4 0.7129 3 0.7173 5 0.7106 2 0.7280 1 0.7311

512 4 0.79 4 0.7214 4 0.7203 3 0.7263 1 0.7460 1 0.7454

512 6 1.39 4 0.7248 5 0.7212 3 0.7318 1 0.7501 1 0.7495

512 8 2.14 4 0.7193 4 0.7165 3 0.7299 1 0.7460 1 0.7447

512 10 2.67 4 0.7139 4 0.7116 3 0.7244 1 0.7381 1 0.7379

512 12 3.55 4 0.7096 5 0.7023 3 0.7187 1 0.7317 1 0.7304

1024 1 0.07 4 0.6969 2 0.7033 5 0.6885 3 0.7014 1 0.7067

1024 2 0.15 4 0.7155 3 0.7192 5 0.7118 2 0.7307 1 0.7349

1024 4 0.39 4 0.7242 4 0.7235 3 0.7300 1 0.7492 1 0.7491

1024 6 0.67 4 0.7240 4 0.7211 3 0.7344 1 0.7501 1 0.7493

1024 8 1.08 4 0.7218 5 0.7175 3 0.7330 1 0.7465 1 0.7459

1024 10 1.40 4 0.7166 5 0.7121 3 0.7266 1 0.7392 1 0.7387

1024 12 1.83 4 0.7111 5 0.7063 3 0.7206 1 0.7323 1 0.7319
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Table 4: Statistical comparison of hill-climbing strategies on UBQP landscapes and
permutation-based fitness landscapes. Results on UBQP landscapes are detailed for each
instance. On permutation-based landscapes, we only report the average performance rank.
The best average fitness for each instance appears in bold.

Landscape
1-rug.

[F]irst [B]est [W]orst ME MEB

N d rank avg fit. rank avg fit. rank avg fit. rank avg fit. rank avg fit.

U
B

Q
P

la
n

d
sc

ap
es

128 25 2.34 3 23398.1 3 23388.9 3 23519.9 1 23730.33 1 23724.9

128 50 3.15 4 32784.6 5 32458.5 3 32913.4 1 33331.97 1 33342.2

128 75 3.59 4 45435.3 5 45282.5 3 45571.5 2 45782.3 1 45754.3

128 100 4.36 4 50104.6 4 49896.8 1 50475.6 1 50559.87 1 50474.5

256 25 1.46 4 69183.4 5 69034.0 3 69518.9 1 69977.5 2 69899.8

256 50 2.13 3 102037.5 3 101866.6 3 102121.2 1 102628.42 1 102635.0

256 75 2.66 4 132076.8 4 131494.5 3 133027.2 2 133273.14 1 133370.9

256 100 2.85 4 144187.0 5 143724.4 3 144817.0 1 145316.5 1 145262.5

512 10 0.58 3 132133.4 3 131881.8 3 131954.0 1 133258.7 1 133362.8

512 50 1.48 4 284049.7 4 283560.3 1 286723.2 1 287135.7 1 286784.0

512 75 1.84 4 361205.4 4 360518.1 3 362802.6 1 363653.7 1 363497.2

512 100 2.26 3 419889.8 5 418458.4 3 421017.2 1 422248.6 1 422114.4

1024 10 0.55 4 350574.0 4 349469.4 3 351940.9 1 352975.3 1 352923.4

1024 50 1.03 4 797468.9 5 795302.1 3 800153.2 1 801953.0 2 801510.5

1024 75 1.14 4 998493.2 5 995156.7 1 1001466.5 1 1001920.6 1 1001766.6

1024 100 1.46 4 1130314.9 5 1127151.2 3 1134202.9 1 1136000.9 1 1136132.8

2048 10 0.29 4 991463.9 5 988944.7 3 994765.6 1 998034.0 1 997796.7

2048 25 0.66 4 1626645.6 5 1623603.0 3 1630519.19 1 1633614.0 2 1632281.3

2048 50 0.87 4 2377355.3 5 2373279.2 3 2382892.94 1 2386536.3 1 2386386.4

2048 100 1.08 4 3058752.1 5 3045996.1 1 3074422.1 1 3074440.5 1 3070783.2

4096 10 0.18 4 2775627.4 4 2771590.4 3 2788231.89 1 2791760.4 2 2790432.0

4096 25 0.35 4 4552524.9 4 4545855.0 1 4568967.64 1 4570193.9 1 4568413.8

4096 50 0.51 4 6470526.6 5 6457299.0 1 6495855.44 1 6495310.9 1 6492171.0

4096 100 0.66 4 9014549.8 5 8997240.0 1 9053431.85 2 9044430.4 2 9039280.8

FSP land. - 3.44 - 3.83 - 3.00 - 1.02 - 1.01 -

QAP land. - 3.17 - 3.22 - 2.94 - 1.03 - 1.02 -
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Results on NK landscapes (Table 3) highlight that fitness maximization
is a useful criterion to guide the search on smooth landscapes. Indeed, best
improvement (B) often reaches better local optima than F, W, and ME on
very smooth landscapes, while MEB statistically dominates B. The expansion
score criterion is also relevant to guide the search on such landscapes, yet the
fitness criterion must be used as a secondary criterion. On landscapes with
a higher number of local optima (more rugged and/or larger), ME mostly
dominates other methods, showing that the expansion score is a relevant
criterion to determine adequate NK landscapes climbing trajectories. On
these landscapes, ME and MEB obtain similar results, since expansion scores
are more diversified, leading to a reduced use of the second criterion.

On UBQP landscapes, ME and MEB are also, in general, the most ef-
fective pivoting rules for reaching higher local optima. Among first-level
pivoting rules, worst improvement is the most efficient. On several UBQP
landscapes, especially the larger ones, a worst improvement climber finds
local optima of quality comparable to ME. Permutation-based landscapes
results (FSP, QAP) (Table 4) confirm the efficiency of ME to attain good
local optima whatever the neighborhood structure or landscape characteris-
tics.

Although these comparisons show that the expansion score is an interest-
ing criterion to guide the search toward good local optima, we keep in mind
that ME uses the neighborhood’s neighbors’ knowledge to select a solution,
contrary to the first-level climbers. The next section compares ME with piv-
oting rules using the same level of knowledge (two levels of neighborhood) to
assess the relevance of the expansion score criterion from a more operational
perspective.

4.3. Extended experiments: second level pivoting rules

Here, we propose to use two pivoting rules derived from classical best and
first improvement but using the knowledge of two levels of neighborhood. The
extended best pivoting rule (noted as Bext) selects the improving neighbor
with the best-improving solution in its neighborhood. The extended first
(Fext) selects an improving neighbor which has at least one improving neigh-
bor. The only difference of Fext compared to a first-level first improvement
climber is that a local optimum cannot be selected if an alternative exists.
Such as ME and MEB, Bext and Fext perform the last step using the best
improvement (when all improving neighbors are local optima). All climbers
ultimately reach a local optimum that indicates the end of the search process.
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Table 5: Statistical comparison of second-level pivoting rules (NK landscapes).

Landscape Fext Bext ME MEB

N K rank avg fit. rank avg fit. rank avg fit. rank avg fit.

N
K

la
n

d
sc

ap
es

128 1 4 0.7047 2 0.7108 2 0.7093 1 0.7147

128 2 4 0.7032 3 0.7084 1 0.7201 1 0.7234

128 4 3 0.7267 3 0.7276 1 0.7539 1 0.7542

128 6 3 0.7157 3 0.7185 1 0.7432 1 0.7435

128 8 3 0.7133 3 0.7139 1 0.7421 1 0.7438

128 10 3 0.7099 3 0.7104 1 0.7363 1 0.7366

128 12 3 0.7016 3 0.7027 1 0.7287 1 0.7275

256 1 4 0.7032 2 0.7086 2 0.7081 1 0.7125

256 2 4 0.7065 3 0.7125 1 0.7213 1 0.7237

256 4 3 0.7222 3 0.7242 1 0.7511 1 0.7504

256 6 3 0.7263 3 0.7264 1 0.7524 1 0.7528

256 8 3 0.7184 3 0.7156 1 0.7429 1 0.7416

256 10 3 0.7118 3 0.7095 1 0.7368 1 0.7365

256 12 3 0.7046 3 0.7034 1 0.7303 1 0.7291

512 1 4 0.6918 2 0.6967 3 0.6944 1 0.6998

512 2 4 0.7148 3 0.7186 2 0.7280 1 0.7311

512 4 3 0.7207 3 0.7218 1 0.7460 1 0.7454

512 6 3 0.7219 3 0.7226 1 0.7501 1 0.7495

512 8 3 0.7194 3 0.7188 1 0.7460 1 0.7447

512 10 3 0.7135 3 0.7111 1 0.7381 1 0.7379

512 12 3 0.7072 3 0.705 1 0.7317 1 0.7304

1024 1 4 0.6982 2 0.7039 3 0.7014 1 0.7067

1024 2 4 0.7168 3 0.7208 2 0.7307 1 0.7349

1024 4 3 0.7237 3 0.7247 1 0.7492 1 0.7491

1024 6 3 0.7235 3 0.7225 1 0.7501 1 0.7493

1024 8 3 0.7206 3 0.7199 1 0.7465 1 0.7459

1024 10 3 0.7146 3 0.7131 1 0.7392 1 0.7387

1024 12 3 0.709 3 0.7074 1 0.7323 1 0.7319
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Table 6: Statistical comparison of second-level pivoting rules (UBQP, FSP, and QAP).

Landscape Fext Bext ME MEB

N d rank avg fit. rank avg fit. rank avg fit. rank avg fit.

U
B

Q
P

la
n

d
sc

ap
es

128 25 3 23421.59 3 23400.4 1 23730.33 1 23724.86

128 50 3 32992.88 3 32725.77 1 33331.97 1 33342.19

128 75 3 45484.38 3 45298.95 1 45782.3 1 45754.33

128 100 3 50202.02 4 49915.75 1 50559.87 2 50474.46

256 25 3 69355.88 3 69048.22 1 69977.5 1 69899.82

256 50 3 102094.19 3 101854.72 1 102628.42 1 102635.03

256 75 3 132599.24 4 131614.81 2 133273.14 1 133370.87

256 100 3 144491.74 4 143805.1 2 145316.47 1 145262.47

512 10 3 132201.41 3 132011.84 1 133258.68 1 133362.84

512 50 3 285219.33 4 283268.66 1 287135.71 1 286783.99

512 75 3 361503.89 3 360814.9 1 363653.65 1 363497.17

512 100 3 420359.44 4 418785.77 1 422248.57 1 422114.42

1024 10 3 350575.43 3 349424.62 1 352975.29 1 352923.39

1024 50 3 797640.26 3 795075.6 1 801952.96 1 801510.47

1024 75 3 998008.74 3 996121.54 1 1001920.6 1 1001766.6

1024 100 3 1131859.5 4 1127576.3 1 1136000.9 1 1136132.8

2048 10 3 992468.08 4 988779.04 1 998033.95 1 997796.65

2048 25 3 1626688 4 1623637.6 1 1633614 1 1632281.3

2048 50 3 2378693.7 4 2373846.9 1 2386536.3 1 2386386.4

2048 100 3 3061028.9 4 3048932.6 1 3074440.5 1 3070783.2

4096 10 3 2777470.3 4 2770370.5 1 2791760.4 1 2790432

4096 25 3 4553630.3 4 4544473.2 1 4570193.9 1 4568413.8

4096 50 3 6473133.6 4 6462722.7 1 6495310.9 1 6492171

4096 100 3 9021410.5 4 9000265.7 1 9044430.4 1 9039280.8

FSP landscapes 3.18 - 2.83 - 1.00 - 1.05 -

QAP landscapes 3.14 - 2.68 - 1.08 - 1.05 -

26



Experimental results on NK landscapes (Table 5) show that ME sta-
tistically outperforms the two other pivoting rules, except on very smooth
landscapes (K = 1). Fext and Bext lead the search toward only slightly better
local optima than classical best and first improvement pivoting rules despite
their additional knowledge.

On UBQP landscapes, ME also outperforms Fext and Bext. Note that Fext

is always statistically equivalent or better than Bext, making their relative
efficiency similar to the one of the original first and best improvement.

Results on permutation-based landscapes (swap/QAP, insert/FSP) (Ta-
ble 6) confirm the superiority of ME to attain good local optima. This
comparison with fitness-based second-level pivoting rules highlights the rele-
vance of the expansion score to guide the search within landscapes of various
structures.

5. Maximum Expansion From a Computational Budget Perspec-
tive

5.1. ME approximation with an expansion score estimator

A central aim of this work is to investigate how neighboring information
can intelligently drive intensification searches toward better areas. The ex-
periments described in the previous section clearly show the impact of the
pivoting rule. In particular, we highlight the relevance of favoring moves to
solutions of higher expansion scores. The only issue remains the computation
cost induced by the evaluation of two levels of neighborhood, which reduces
the interest in incorporating ME within operational metaheuristics. The
number of evaluations of ME relatively to the first improvement is reported
in Table 7 for various landscapes.

Following a previous study on the approximation of the worst improve-
ment principle [7], in this section we propose to approximate the maximum
expansion strategy to seek an adequate balance between computational effort
and search efficiency. The idea is to still use the expansion criterion for choos-
ing improving neighbors, while only evaluating partially the neighborhoods
of solutions.

Therefore, we propose an ME approximated strategy using two param-
eters k and l (k, l ∈ {1, ..., |N |}, |N | being the size of the neighborhood),
which fix the maximum number of improving neighbors to be considered for
each level of neighborhood. The algorithm, denoted as MEl

k works as follows.
First, the neighborhood is evaluated until at most k improving neighbors have
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Table 7: Computational budget of B, W and ME hill-climbers in comparison to a first
improvement (F), on various landscapes. The column #eval indicates the average number
of function evaluations performed by the least consuming one, ie. systematically strategy
F. Then, we report for each strategy the factor between its computational budget and the
F one (×1.0 recalls that F climbings always need fewer evaluations and are thus used here
as a budget reference).

landscape #eval [F]irst [B]est [W]orst ME
NK 128 1 0.7 ×1.0 ×10.3 ×13.6 ×568.3
NK 128 4 0.8 ×1.0 ×5.8 ×38.0 ×819.1
NK 128 12 0.7 ×1.0 ×3.6 ×87.4 ×702.9
NK 256 1 1.6 ×1.0 ×17.6 ×23.9 ×1931.5
NK 256 4 2.0 ×1.0 ×9.3 ×66.3 ×2598.7
NK 256 12 2.0 ×1.0 ×5.2 ×169.6 ×1757.7
NK 512 1 3.6 ×1.0 ×31.3 ×43.7 ×6790.6
NK 512 4 4.8 ×1.0 ×15.5 ×116.0 ×8638.9
NK 512 12 5.4 ×1.0 ×7.3 ×339.5 ×5448.7
NK 1024 1 8.1 ×1.0 ×55.6 ×77.0 ×24185.9
NK 1024 4 11.5 ×1.0 ×26.4 ×205.6 ×29987.9
NK 1024 12 13.8 ×1.0 ×12.2 ×617.4 ×16677.1
UBQP 128 25 1.0 ×1.0 ×7.8 ×59.8 ×816.0
UBQP 256 25 2.7 ×1.0 ×11.7 ×188.8 ×2359.2
UBQP 512 10 6.7 ×1.0 ×20.4 ×242.1 ×7676.1
UBQP 1024 10 17.9 ×1.0 ×30.0 ×845.1 ×21992.4
QAP sko42 5.1 ×1.0 ×6.6 ×232.7 ×25558.9
QAP sko49 7.7 ×1.0 ×6.9 ×281.6 ×38760.7
QAP sko56 10.7 ×1.0 ×8.3 ×407.6 ×62706.5
QAP sko64 15.0 ×1.0 ×8.8 ×498.5 ×97971.5
QAP sko72 21.3 ×1.0 ×9.3 ×600.9 ×130497.7
QAP lipa40a 3.7 ×1.0 ×4.8 ×122.6 ×18214.8
QAP lipa40b 4.5 ×1.0 ×4.3 ×671.2 ×19118.7
QAP lipa60a 9.7 ×1.0 ×6.4 ×262.3 ×69060.8
QAP lipa60b 12.1 ×1.0 ×5.1 ×1883.4 ×58282.3
FSP 20 5 0.9 ×1.0 ×4.1 ×62.8 × 2097.6
FSP 20 20 1.2 ×1.0 ×4.0 ×107.5 × 3076.1
FSP 30 5 1.7 ×1.0 ×5.1 ×125.7 × 7606.3
FSP 30 20 3.1 ×1.0 ×5.1 ×157.0 × 9977.7
FSP 50 5 5.3 ×1.0 ×6.5 ×181.8 × 26067.8
FSP 50 20 9.2 ×1.0 ×7.2 ×227.0 × 42005.7
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been encountered. Parameter k directly affects the number of evaluations per
step since at most k second-level neighborhoods will be evaluated to compute
the expansion scores. Then, neighborhoods of these k improving neighbors
are simultaneously evaluated until a neighbor reaches an expansion score of l.
The first neighbor to reach the expansion score of l is selected. If all improv-
ing neighbors have an expansion score lower than l, then the strategy selects
a neighbor with the highest expansion score. Parameter l reflects the degree
of approximation for determining the solution with the maximum expansion
score.

5.2. Experiments

As for the previous section, experiments are conducted on binary/pseudo-
boolean (NK, UBQP) and permutation-based (QAP, FSP) landscapes. Note
that for the permutation-based problems we only considered a subset of the
instances used in the previous experiments: we used 9 of the largest instances
from the lipa and sko families of the QAPlib, as well as 12 instances from
Taillard. For these, we kept one instance (of id 01) for each couple (n,m).
We compare 32 climbers variants:
• First and best improvement.
• 5 worst improvement variants: Wk, where k ∈ {2, 4, 8, 16, |N |} is the

first-level parameter which fixes the maximum number of improving
neighbors to consider at each iteration (W|N | corresponds to the regular
worst improvement climber).
• 25 maximum expansion variants: MEl

k, with k, l ∈ {2, 4, 8, 16, |N |}
(ME

|N |
|N | is the regular ME climber).

As in our previous set of experiments, we conduct for each couple (land-
scape, method) 100 hill-climbings starting from the same initial set of solu-
tions, leading to 3,200 local optima (not necessarily distinct) per landscape.
All local optima are ranked according to their fitness value.

We obtain as a result a set of 100 ranks per couple (landscape, method).
Figure 6 reports the ranking repartition of runs for two large NK landscapes:
a smooth one (K = 1) and a rugged one (K = 12). Figures 7 and 8 show
for 6 NK and 2 UBQP landscapes the Pareto fronts of tradeoffs between
the expected fitness of local optima and the expected number of evalua-
tions. Figures 9 and 10 show these Pareto fronts for landscapes derived from
state-of-the-art instances of QAP and FSP. Recall that QAP and FSP are
minimization problems, while NK and UBQP are maximization ones.
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Figure 6: Ranking repartition of the local optima found by each hill-climbing variant on
two NK landscapes of size N=1024 (top: K=1 / bottom: K=12).
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Figure 7: Comparative performance of hill-climbing strategies on various NK landscapes.
The log scale x-axis represents the average number of evaluations (×1000), and the y-axis
the average fitness of reached local optima. Methods offering the best tradeoffs between
computation cost and local optima quality are represented by circles and named. ME
approximations are only labeled by their parameters k,l (* means |N |, ie. no expansion
score approximation). We also systematically report classical pivoting rules ([F]irst, [B]est,
[W]orst) and classical ME even if they do not appear in the best quality/cost compromise
front.
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N = 512, d = 100 N = 2048, d = 10

Figure 8: Comparative performance of hill-climbing strategies on UBQP landscapes (see
figure 7 caption).

First, experiments highlight that in general, MEl
k leads to better local

optima than classical pivoting rules on NK landscapes. However, we observe
that on very smooth NK landscapes (K = 1), best improvement (B) is more
efficient. This corroborates Section 3.2 results, considering that here the
approximation study is based on ME and not MEB. Nevertheless, as previ-
ously stated, first and best improvement remain relevant strategies to tackle
such landscapes. Keep in mind that the underlying optimization problems
are not challenging, contrary to more rugged ones. On the remaining land-
scapes, Pareto fronts illustrate that the different ME approximation variants
offer several levels of balance between quality and computational effort, that
is between collected knowledge and guidance relevance.

Let us recall that in ME approximations MEl
k, k tunes the size of the

neighborhood to evaluate (especially during the first steps of the search,
since it limits the number of improving neighbors) and l samples the second
level neighborhood to approximate the k (at most) expansion scores. One
can see that the parameter k is particularly relevant to regulate the balance
between efficiency and computational effort. However, reducing the precision
of the expansion score using parameter l is not counterbalanced by sufficient
computational saving. On larger landscapes, Wk remains efficient when the
evaluation credit is small.

For larger computational budgets, ME
|N |
k are the most efficient variants.

It indicates that approximations should be mainly made in the neighborhood
of current solutions by considering a partial neighborhood when sufficient.
Results also reveal the relevance of the expansion score for selecting solutions,
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since the additional quantity of information brought by the neighborhood
directly affects the guidance ability of the climber.

Pareto fronts are of similar shape on all considered UBQP landscapes.
On such landscapes, the approximations of the maximum expansion do not
appear on the Pareto fronts. Methods resulting from approximations of worst
improvement are systematically on the Pareto fronts, meaning they are more
efficient than the approximation variants of the maximum expansion. These
figures show that the worst improvement requires a high number of eval-
uations. Considering it only evaluates the first level of neighborhood, the
convergence of the worst improvement seems slower than the convergence of
ME, in terms of the number of steps required to reach a local optimum. The
worst improvement strategy seems more efficient to avoid the search being
prematurely trapped into local optima on UBQP landscapes. Approximat-
ing the principle of the worst improvement leads to efficient methods that
outperform the first and best improvement in a significantly reduced num-
ber of evaluations. It also provides different tradeoffs between the quality
of local optima and computational time, better than those provided by the
approximations of the maximum expansion.

On FSP landscapes, approximations of ME and worst improvement offer
numerous tradeoffs between local optima quality and number of evaluations.
When the expansion principle determination is highly approximated, it leads
toward better results than W8 and W16.

On QAP, ME approximations seem efficient on lipa-a landscapes, while
on lipa-b and sko landscapes, approximating the worst improvement climber
appear to be more efficient (ME approximations are rarely among the non-
dominated tradeoffs), as observed on UBQP landscapes.

Depending on the landscapes under consideration, these approximations
of ME can lead toward good tradeoffs between local optima quality and
number of evaluations. However, such pivoting rules still require a higher
number of evaluations than other considered pivoting rules.

5.3. Fitness and expansion correlation

Here, we investigate the correlation between the fitness rank and expan-
sion scores of solutions within the same neighborhood. We conduct this study
to observe whether solutions of lower fitness tend to have a better expansion
score, as the maximum expansion principle was inspired by the tendency of
the worst improvement to avoid prematurely low-quality local optima. More
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Figure 9: Comparative performance of hill-climbing strategies on FSP landscapes of size
j = 30 and with a number of machines m ∈ {5, 10, 15, 20} (see Figure 7 caption for more
details).

precisely, we seek whether this correlation exists for improving solutions in a
neighborhood.

For each fitness landscape considered in the previous section, we studied
the ranks of the neighbors selected by ME at each step of the search. The
notion of rank here refers to the fitness quality of the selected solution among
all improving neighbors.

For a given landscape, we compute σ, the average rate of improving neigh-
bors better than the selected neighbor, during the whole climbing process.
We report the average σ value across 100 climbing processes. At the i-th
step of a climbing process, the rate corresponds to:

σi =
r − 1

|N>| − 1

where N> refers to the set of improving neighbors and r is the rank of the
solution, ranging from 1 (best solution) to |N>| (worst solution). Basically,
we compute, the proportion of the |N>|−1 non-selected improving neighbors
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Figure 10: Comparative performance of hill-climbing strategies on QAP landscapes of
various size from lipa and sko classes (see figure 7 caption).

that have a better fitness value than the solution selected by ME. Note that
when |N>| = 1 the rate cannot be computed, the step is then ignored. This
is not an issue since all pivoting rules select the same unique improving
neighbor.

Results on all landscapes are reported in Figure 11. Let us notice that
for each instance, the standard deviations of the average rates are very low
among the 100 executions while being high when computed within each
climbing process. Thus, we do not report these standard deviations to ease
the readability of the figure 11.

On NK landscapes, the neighbors selected by ME are always on average
among the worst 50% of the improving solutions. The more rugged the
landscapes are, the lower the average rank of the selected neighbors. This
suggests that when ruggedness increase, the correlation between fitness rank
and expansion score increases.

On UBQP landscapes, the average fitness rank of selected improving
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Figure 11: Average rate of improving neighbors with a better fitness than the solutions
selected by ME. Values above than 50% indicate that ME tends to choose less good
neighbors, which suggests a selection policy closer to a worst improvement than a best
improvement.

neighbors is similar across all landscapes and does not seem to adopt a strong
fitness-based policy like best or worst improvement. Across all problems,
these landscapes are the ones with the lowest fitness and expansion score
correlation.

On QAP and FSP landscapes, the average rank of solutions selected by
ME is among the worst 25% of the improving solutions, like on the most
rugged NK landscapes.

Except for UBQP landscapes and smooth NK landscapes, improving
neighbors with the highest expansion score tend to be among the neigh-
bors that improve fitness the least. Note that while the 1-ruggedness scores
of UBQP landscapes and medium rugged NK landscapes are similar, the
first step of autocorrelation1 of UBQP landscapes is similar to those of very

1The first step of autocorrelation ρ(1) is a classic ruggedness indicator. In this work,
we focused on the 1-ruggedness as it is based on sign-epistasis, which particularly makes
sense in the context of climbers.
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smooth NK landscapes [43]. The differences between 1-ruggedness and au-
tocorrelation measures tend to indicate that UBQP landscapes are locally
rugged but globally smooth, as already suggested in [43]. The fitness rank
and expansion score correlation seem to be higher on landscapes shown to
be rugged according to the autocorrelation score.

The negative correlation between fitness and expansion score of improv-
ing neighbors shows similarities in the behavior of ME and W. Paired with
the results of previous sections, this leads to thinking that the worst im-
provement strategy naturally seems to be an effective way of approximating
the maximum expansion principle. Additionally, the results of approximated
pivoting rules convey that W approximations are often among the best trade-
offs between local optima quality and number of evaluations, even more often
than ME approximations. W approximations seem either closer or similar
in principle to ME than ME approximations and require a lower number of
evaluations, leading them to be among the best tradeoffs. This hypothesis
should be investigated further but requires its own dedicated study.

5.4. Limitations and possible ways forward

Results presented in the previous sections show the potential interest in
considering climbers that often reach higher local optima while requiring a
more expensive computational budget. Consequently, the real value of inte-
grating ME or W principle in advanced metaheuristics could be questionable.
Here, we try to partially answer this issue by (1) providing a new set of exper-
iments, and (2) discussing possible ways to integrate the maximum expansion
principle within metaheuristics.

The experiments proposed here aim to evaluate whether the gain in qual-
ity of local optima attained counterbalances the additional computation cost
required by the estimation of expansion scores. To this aim, we compare
three pivoting rules on a fixed computational budget within a random restart
hill-climber framework. When the stopping criterion is reached, the best-
encountered solution is returned. We consider the first improvement (RR-F),
which corresponds to the reference climber, and the variant ME2

2 (RR-ME2
2),

which is the maximum expansion variant requiring the lowest number of eval-
uations. We also include W2 (RR-W2), since a solution with a low fitness is
intuitively more likely to have a high expansion score than a solution with a
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high fitness2. The selection of a solution among the least improving neighbors
tends to favor solutions with high expansion scores. The advantage of such a
pivoting rule is that it requires a smaller computational effort than RR-ME
and its approximations since only one level of neighborhood is used. One
could then consider RR-W2 as an alternative way to approximate RR-MEN

2

and consequently RR-ME.
In the results reported hereafter, the stopping criterion corresponds to

100 million solution evaluations. Let us notice that the statistical results
obtained are very similar if we extend the budget to 200 million solution
evaluations. A synthesis of the results obtained on NK and UBQP land-
scapes is given in Table 8. We only consider these two problems as the
neighborhood size is smaller and thus more favorable to the maximum ex-
pansion principle. Indeed, two levels of neighborhood represent a budget of
O(N2) evaluations on pseudo-boolean problems, and O(n4) evaluations on
permutation problems3.

On NK and UBQP, we observe that RR-ME2
2 is not able to outperform

RR-F, and RR-ME2
2 is not statistically outperformed by RR-F on around

half of the considered landscapes. RR-W2 regularly outperforms RR-F on
several landscapes of both problems.

More precisely, on NK landscapes, RR-ME2
2 is outperformed on less rugged

landscapes while on rugged landscapes (K ∈ {8, 10, 12}), there is no statis-
tically significant difference between strategies, except on larger instances
(N = 1024). The number of hill-climbing iterations, ie. the number of not
necessarily distinct local optima attained for each iterated climber variant,
is reported in tables 9 and 10. Over the same budget, RR-ME2

2 performs
around five times fewer climbings than RR-F on all landscapes, even if the
ratio slightly varies according to N and K. As mentioned above, the sta-

2If we consider a fitness landscape with random fitness values (from a uniform dis-
tribution in [0, 1]), then the expected average expansion score of a solution x equals to
(1− f(x))× |N |, where |N | is the number of neighbors of x. In this case, fitness is nega-
tively correlated with the expansion score. Intuitively, such correlation can be verified on
most landscapes.

3Without considering incremental or multiple evaluations, nor model parameters (K,
d, m), a single evaluation costs respectively O(N) for NK, O(N2) for UBQP, O(n) for
FSP, and O(n2) for QAP. Since the comparisons are performed considering a fixed budget
expressed with the same number of evaluations for all problems, ie. within a black-box
perspective, we point out here the complexity issues which specifically come from the
exploration of the second-level neighborhoods.
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Table 8: Summary of the comparative performance of a random-restart first improvement
hill-climbing (RR-F), a random-restart based on an approximated worst improvement
(RR-W2

2), and a random-restart expansion based hill-climbing (RR-ME2
2), considering

a fixed budget of 100 million evaluations. For each hill-climber on each problem, we
report the number of instances where the climber dominates or is dominated by another
climber. Symbol ”+” for a column A � B means that method A is statistically better
than method B. Symbol ”−” means that B is statistically better than A. Symbol ”∼”
means no significant dominance.

Prob. dom. RR-W2 � RR-F RR-ME2
2 � RR-F RR-W2 � RR-ME2

2

NK
+ 6 0 11
− 8 17 3
∼ 14 11 14

UBQP
+ 7 0 12
− 0 13 0
∼ 17 11 12

Table 9: Number of hill-climbing iterations performed by RR-F (#F) on NK landscapes
for different problem sizes (N), in comparison to RR-W2 (#W) and RR-ME2

2 (#ME).
Allocated budget: 100 million evaluations.

#F Ratio
K N = 128 N = 256 N = 512 N = 1024 #F/#W #F/#ME
1 144153 61859 28122 12295 1.89 4.87
2 134519 57027 24205 10548 2.07 4.91
4 124984 49492 20663 8723 2.25 5.05
6 125918 48339 19244 7871 2.37 5.18
8 129712 48914 18818 7504 2.46 5.30
10 136366 50269 18957 7368 2.54 5.43
12 144484 52162 19330 7335 2.60 5.55
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tistical dominance between the three variants does not change when runs
are performed for twice as many evaluations. A possible explanation of the
difference found on larger landscapes concerns the level of approximation of
RR-ME2

2. Indeed, on larger landscapes, using k = 2 and l = 2 is not suf-
ficient to approximate the ME principle as the number of neighbors |N | is
high, while it requires more budget anyway, limiting the number of restarts.
Moreover, on results already reported in Figure 7, we can see that for unique
climbing, the pivoting rules F, W2, and ME2

2 are among the best tradeoffs
on smaller NK landscapes (N = 512), while it is only the case for F and W2

on large landscapes (N = 1024).
Using the expansion score induces a reduction of the impact of local

ruggedness on climber efficiency. This could explain the fact that RR-ME2
2

is more effective on rugged landscapes. RR-W2 outperforms RR-F on 6
large and rugged landscapes. RR-W2 is statistically outperformed on smooth
landscapes (K ∈ {1, 2}), which was expected since [42] reports that the
worst improvement hill-climbing tends to reach high local optima only on
rugged landscapes. On UBQP landscapes, RR-ME2

2 and RR-F are of similar
efficiency on the smallest instances (N ∈ {128, 256, 512}) whereas RR-ME2

2

is systematically outperformed on the largest instances. RR-W2 is never
statistically outperformed by RR-F on the considered instances. Note that,
RR-W2 statistically outperforms RR-F on most of the largest instances (N ∈
{1024, 2048, 4096}). Such a result leads us to think that while expansion
scores are expensive to compute, it should be interesting to consider methods
that naturally tend to keep improving possibilities during the search. Those
methods could be mostly fitness-based as the worst improvement variants,
or expansion-based at least partially.

These results show that the additional computational cost induced by
directly estimating the expansion score is not sufficiently counterbalanced by
its ability to reach higher local optima, at least on the considered problems.
Note that these results were obtained for a fixed number of evaluations, not

Table 10: Number/ratios of hill-climbing iterations performed by random-restart hill-
climbers on UBQP landscapes. Allocated budget: 100 million evaluations.

N 128 256 512 1024 2048 4096
#F 91816 34479 12850 4762 1760 598

#F/#W 2.49 2.47 2.40 2.41 2.35 2.27
#F/#ME 4.55 4.73 4.88 4.97 5.07 5.08
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for a similar execution time. This experimental design was considered to fa-
cilitate the experimentations (more runs were done simultaneously) and also
to keep the same setting on the two problems. However, on some of these
problems using incremental evaluation is possible for the neighborhoods un-
der consideration. Incremental evaluation is particularly beneficial in the
context of pivoting rules as the maximum expansion and its variants, as it
significantly reduces the computational impact of an evaluation (its com-
plexity). Indeed, in such cases performing more evaluations has a lowered
impact on the overall complexity and duration of an algorithm. This would
make ME more competitive in a hill-climbing context, and could potentially
lead to an increase in the climbing processes within non-strict local search
algorithms relative to other pivoting rules.

Most importantly, this study was done in a black-box context, for which
problem specificities are not taken into account. While we believe this context
was required for a first in-depth study, our findings on the competitiveness of
the maximum expansion principle mostly highlight that using this principle
efficiently is not an easy task. The non-conclusive aspect of it cannot be gen-
eralized to all settings, for example, the way of using the expansion principle
or the problems under consideration. In the first case, the relative efficiency
of pivoting rules, including the maximum expansion, has yet to be studied
in other frameworks. Such frameworks include a hill-climber framework in
which neutral moves are authorized, as well as other neighborhood-based
metaheuristics. In the second case, we believe that the maximum expan-
sion could be beneficial outside of the black-box context. It could be used
efficiently either as an indicator to guide the search or as a pivoting rule,
probably by integrating problem specificities.

6. Conclusion

This paper is part of an effort to improve knowledge about the dynamics
of hill-climbing principles. Indeed, this work was devoted to exploring how
to maintain a better balance between exploration and exploitation within
strict hill-climbing algorithms. In particular, we proposed the maximum
expansion pivoting rule which selects the improving neighbor that has the
highest number of improving neighbors. Unlike classical pivoting rules, ME is
not directly based on fitness values to rank solutions but uses the expansion
score to determine trajectories that we expect to drive more likely toward
higher local optima.
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In the first part of this study, experiments conducted on landscapes de-
rived from four combinatorial optimization problems highlighted that the
expansion principle leads toward better local optima than classic pivoting
rules while a second set of experiments highlighted that its efficiency is not
solely explained by the larger amount of knowledge it uses to select a neigh-
bor. The maximum expansion principle was shown to be a relevant criterion
to guide the search toward better local optima, regardless of the ruggedness
levels of landscapes.

The second part of the study aims to explore the limitations of an expan-
sion-based hill-climbing. In particular, we discuss its high computation cost
and propose a way of approximating this principle to achieve good local
optima while requiring fewer evaluations. This approximation yields good
tradeoffs between local optima quality and computational cost but still re-
quires a higher number of fitness queries than other pivoting rules. At equiv-
alent budget, the random-restart first improvement climber remains, in gen-
eral, the most efficient iterated hill-climbing strategy.

However, we believe that these approximations of the maximum expan-
sion are an interesting way to consider the expansion indicator while conceiv-
ing local search based solving techniques and could be used more efficiently.
For example, the expansion principle could be incorporated directly in search
algorithms in a context where problem specificities and/or incremental eval-
uation are taken into account. Another possibility is to use the expansion
score as an indicator to improve the understanding of search process behavior.
This could be done by investigating the basins of attraction of local optima,
as well as exploring further the correlation between fitness and expansion
score.
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Highlights

• Climbers reach high-quality local optima when guided by the expansion score.
• The ruggedness levels affect the efficiency of classic selection strategies but not of the maximum expansion.
• Approximating the maximum expansion principle significantly reduces the computational cost but remain relevant to achieve good tradeoffs.




