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Categorical functional data

Set of states : S = {s1, s2, . . . , sK}, K ≥ 2

Xt : Ω → S.

A path of X on [0,T ] is a sequence of states sij and times points tj :
{(0 = t0, si0), (t1, si1), (t2, si2), . . . , (tp = T , sip )},
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Categorical functional data
An example : Paths of infected patients.

S = {D,C ,T , S},

• D = patient has no follow-up

• C = patient has a follow-up but no treatment

• T = the patient has a medical follow-up with a treatment but the
infection is not suppressed

• S = the patient has a medical follow-up with a treatment and the
infection is suppressed.

A path on [0, 19] :
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Categorical functional data
An example : Paths of infected patients.

Several paths :

Statistical analysis :dimension reduction for visualisation, clustering
and regression (cfda R package).
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Categorical functional data analysis
Dimension reduction by optimal encoding and principal components

Idea : find z ∈ L2(Ω) that maximizes

∫ T

0
η2(z ;Xt)dt, with η2(z ;Xt) =

var(Et(z))

var(z)
and Et(z) = E(z |Xt).

Solution : ∫ T

0
Et(z)dt = λz .

{(λi , zi )}i≥1 such that λ1 ≥ λ2 ≥ . . . ≥ 0 and∫ T

0
Et(zi )dt = λizi .
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Categorical functional data analysis
Dimension reduction by optimal encoding and principal components

The generating eigen-proces :
Define

ξt = Et(z) = E(z |Xt) =
∑
x∈S

ax(t)1xt , t ∈ [0,T ]

Then, the process {ξt}t∈[0,T ] is such that it maximises the criterion

max

∫ T

0

∫ T

0
Cov(ξtξs)dtds,

under the constraint of unit total variance.

{ξt}t∈[0,T ] is solution to the following eigen-value problem :∫ T

0
EtEsξsds = λξt , t ∈ [0,T ].
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Categorical functional data analysis
Dimension reduction by optimal encoding and principal components

Optimal encoding functions : ax , x ∈ S :

z =

∫ T

0

∑
x∈S

ax(t)1xt dt,

with

∫ T

0

∑
y∈S

px ,y (t, s)ay (s)ds = λax(t)px(t), ∀t ∈ [0,T ], ∀x ∈ S,

where px(t) = P(Xt = x) and px ,y (t, s) = P(Xt = x ,Xs = y).
under the constraint :∫ T

0

∑
x∈S

[ax(t)]2 px(t)dt = 1.
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Categorical functional data analysis
Two expansion formulas

1xt = px(t) +
∑
i≥1

zia
x
i (t)p

x(t), ∀x ∈ S.

and

px ,y (t, s) = px(t)py (s)
∑
i≥1

λia
x
i (t)a

y
i (s), ∀t, s ∈ [0,T ], ∀x , y ∈ S.

8/21



Categorical functional data analysis
Approximation of optimal encoding functions

Let {ϕ1, . . . , ϕm}, ϕi : [0,T ] → R, i = 1, . . . ,m, be a basis of
functions (Fourier, B-splines, monomial, etc.) and for each x ∈ S
consider the approximation :

ax(t) ≈ α(x ,1)ϕ1(t)+α(x ,2)ϕ2(t)+ . . .+α(x ,m)ϕm(t), ∀t ∈ [0,T ],

where αx =
(
α(x ,1), α(x ,2), . . . , α(x ,m)

)′
∈ Rm.

Let α ∈ Rm×K be the column vector obtained by the concatenation
of the vectors {αx}x∈S
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Categorical functional data analysis
Approximation

Then,
Gα = λFα,

under the constraint
α′Fα = 1.
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Categorical functional data analysis
Approximation

▶ G is the covariance matrix of the random variables
{V(x ,i), x ∈ S, i ∈ 1, . . .m}, defined as

V(x ,i) =

∫ T

0
ϕi (t)1xt dt, ∀x ∈ S,

G =
{
G(x ,i),(y ,j) = cov

(
V(x ,i),V(y ,j)

)
, x , y ∈ S, i , j = 1, . . . ,m

}
,

▶ F is defined by

F =
{
F(x ,i),(y ,j) = E

(
U(x ,i),(y ,j)

)
, x , y ∈ S, i , j = 1, . . . ,m

}
,

(1)
where U(x ,i),(y ,j) is the random variable

U(x ,i),(y ,j) =

∫ T

0
ϕi (t)ϕj(t)1xt 1

y
t dt

Remark : The matrices F and G are of size Km × Km.
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Multivariate categorical functional data

Let X = {Xt , t ∈ [0,T ]} be a random process such that

Xt = (X 1
t , . . . ,X

p
t ),

where X 1, . . . ,X p are p categorical functional random variables
such that, for j = 1, . . . , p,

X j = {X j
t , t ∈ [0,T ]},

with X j
t ∈ S j = {s j1, . . . , s

j
Kj
},Kj ≥ 2.
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Multivariate categorical functional data
Example.

Socio-professional (X1) and marital (X2) status.
(p = 2, K1 = 6, K2 = 3).

X can be viewed as a categorical random variable with K =

p∏
j=1

Kj

states,
S = S1 × . . .× Sp

Then, cfda can be applied for reasonable p and Kj ’s !
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Multivariate categorical functional data
Linear approximation of generating eigen-processes

The generating eigen-process associated to X is given by :

ξt = Et(z) = E(z |X 1
t , . . . ,X

p
t )

≈
additive

f1(X
1
t ) + . . . fp(X

p
t )

=
linear

K1∑
i=1

β1
i (t)1X 1

t =s1i
+ . . .+

Kp∑
i=1

βp
i (t)1X p

t =spi

=

p∑
j=1

Kj∑
i=1

βj
i (t)1X j

t=s ji
.
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Multivariate categorical functional data
Linear approximation of generating eigen-processes

Then, the encoding function for state s = (s1
i1
, . . . , spip) ∈ S is given

by :

as(t) =

p∑
j=1

βj
ij
(t), t ∈ [0,T ].

If {ϕ1, . . . , ϕm},

ϕl : [0,T ] → R, l = 1, . . . ,m,

is a basis of functions, then for all j = 1, . . . , p and i = 1, . . . ,Kj ,
consider the approximation :

βj
i (t) ≈

m∑
l=1

α
(j ,i)
l ϕl(t), ∀t ∈ [0,T ].
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Multivariate categorical functional data
Linear approximation of generating eigen-processes

The coefficient vector

α =
(
α
(j ,i)
l

)
j=1:p,i=1:Kj ,l=1:m

is solution of the eigen-vector problem

Gα = λFα,

under the constraint
α′Fα = 1.

where G and F are of size m(K1 + . . .+ Kp)×m(K1 + . . .+ Kp).
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Multivariate categorical functional data
F and G matrices

F and G are indexed by
(j , i , l), (j

′
, i

′
, l

′
) ∈ (1 : p)× (1 : Kj)× (1 : m), with elements

G [(j , i , l), (j
′
, i

′
, l

′
)] = Cov(V

(j ,i)
l ,V

(j
′
,i
′
)

l ′
),

V
(j ,i)
l =

∫ T

0
ϕl(t)1X j

t=s ji
dt,

and

F [(j , i , l), (j
′
, i

′
, l

′
)] = E(U(j ,i ,l),(j ′ ,i ′ ,l ′ )),

U(j ,i ,l),(j ′ ,i ′ ,l ′ )) =

∫ T

0
ϕl(t)ϕl ′ (t)1X j

t=s ji
1
X j

′
t =s j

′

i
′
dt.

Note : F is singular, then F → F + ϵI .
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Multivariate categorical functional data
Numerical example : Two independent Markov processes

X = (X1,X2) :
X1 : K1 = 2, S1 = {1, 2}, λ = (0.5, 1)
X2 : K2 = 2, S2 = {1, 2}, λ = (1, 1)
Approximation : n = 1000, m = 10, {Φi}i=1:m : cubic B-splines.
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Multivariate categorical functional data
Numerical example : Two independent Markov processes
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Multivariate categorical functional data
Numerical example : Two independent Markov processes
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