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Functional data

Definition [Ferraty and Vieu (2006)] A random variable X is called
functional if it takes values in some infinite dimensional space. An
observation of X is called a functional data.
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Functional data
Model : Stochastic process,

X = {Xt , t ∈ T },

for some (continuous) index set T

Common examples.

I T = [0,T ], T > 0.
Xt ∈ R : univariate functional data
Xt ∈ Rp, p ≥ 2 : multivariate functional data
Xt ∈ {s1, s2, . . .} : categorical functional data

I T = [0,T1]× [0,T2], T1 > 0,T2 > 0.
Xt,s ∈ R : image data

I . . .
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Functional data and the K-L expansion
Xt ∈ R, t ∈ [0,T ]

Hypothesis : L2–continuity.

Xt = µ(t) +
∑
i≥1

ziui (t), ∀t ∈ [0,T ].

Order q approximation : X (q)
t = µ(t) +

∑q
i=1 ziui (t), ∀t ∈ [0,T ].
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Functional data and the K-L expansion
Example

X is the Brownian motion on [0,T ] :

for all k ≥ 1,

uk(t) =

√
2
T

sin(
k − 1
2

π
t

T
),

zk ∼ N (0, λk), λk =
4T 2

(2k − 1)π2

Remark : A homogeneous Poisson process has the same weight
functions uk .
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Functional data and the K-L expansion
Example (cont.)

The OLS criteria for functional linear regression model : an ill posed
problem.

X is the Brownian motion on [0,T ], Y = XT+h, h > 0.
Find β ∈ L2([0,T ]) :

Y =

∫ T

0
β(t)Xtdt + ε

OLS :

β = argmin
α∈L2([0,T ])

E
(
Y −

∫ T

0
Xtα(t)dt

)2

has no solution in L2[0,T ].

β = δT , Ŷ = 〈X , β〉 = XT .
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Functional data and the K-L expansion

Some references :
Deville (1974), Saporta (1981), Ramsay and Silverman (1997, 2002,
2005, 2012), Ferraty and Vieu (2006), Hsing and Eubank (2015) :
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Functional data and images : double K-L expansion

(t, s) ∈ [0,T1]× [0,T2],
Xt,s ∈ R :

Thoracic scanner

Chen and Müller (JASA, 2012) : Modelling repeated functional
observations
Idea : double K-L expansion
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Functional data and images : double K-L expansion :

(t, s) ∈ [0,T1]× [0,T2],
Xt,s ∈ R :

• For each s ∈ [0,T2] :

X (t|s) = µ(t|s) +
∑
k≥1

zk(s)uk(t|s),∀t ∈ [0,T1]

zk(s) =
∑
i≥1

Zk,ivk,i (s).

Reconstruction formula :

X (t|s) = µ(t|s) +
∑
k≥1

∑
i≥1

Zk,ivk,i (s)uk(t|s).

Principal components : Zk,i =⇒ visualisation, clustering, regression.
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Multivariate functional data

~Xt ∈ Rp, ~Xt = (X1,t , . . . ,Xp,t) , t ∈ [0,T ]

K-L expansion and the [C (t, t)]−1 metric (canonical analysis of ~X ) :

λ~u(t) = [C (t, t)]−1
∫ T

0
[C (t, s)]~u(s)ds,

zk =

∫ T

0
〈~Xt − ~µ(t), ~uk(t)〉Rpdt

~Xt = ~µ(t) +
∑
k≥1

zk [C (t, t)]~uk(t).

Saporta (1981).
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Categorical functional data

Set of states : S = {s1, s2, . . . , sK}, K ≥ 2

Xt : Ω→ S.

A path of X on [0,T ] is a sequence of states sij and times points tj :
{(0 = t0, si0), (t1, si1), (t2, si2), . . . , (tp = T , sip )},

11/1



Categorical functional data
An example : Paths of infected patients.

S = {D,C ,T , S},

A path on [0,T = 19] :
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Categorical functional data
An example : Paths of infected patients.

Several paths :

Develop tools for visualisation, clustering and regression (cfda R
package, 2021).

13/1



Categorical functional data analysis
The principal components

Hypothesis : X is continuous in probability.

Deville (1978), Saporta (1981) : find z ∈ L2(Ω) that maximizes∫ T

0
η2(z ;Xt)dt,

with η2(z ;Xt) = var(Et(z))
var(z) and Et(z) = E(z |Xt).

Solution : ∫ T

0
Et(z)dt = λz .

{(λi , zi )}i≥1 such that λ1 ≥ λ2 ≥ . . . ≥ 0 and∫ T

0
Et(zi )dt = λizi .
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Categorical functional data analysis
Optimal encodings of states and principal components

Optimal encoding functions : ax , x ∈ S :

z =

∫ T

0

∑
x∈S

ax(t)1xt dt,

with

∫ T

0

∑
y∈S

px ,y (t, s)ay (s)ds = λax(t)px(t), ∀t ∈ [0,T ], ∀x ∈ S,

where px(t) = P(Xt = x) and px ,y (t, s) = P(Xt = x ,Xs = y).

15/1



Categorical functional data analysis
Two expansion formulas :

1xt = px(t) +
∑
i≥1

zia
x
i (t)px(t), ∀x ∈ S.

and

px ,y (t, s) = px(t)py (s)
∑
i≥1

λia
x
i (t)ayi (s),

∀t, s ∈ [0,T ],∀x , y ∈ S.
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Categorical functional data : the Markov model example
{Xt}t∈[0,T ], Xt : Ω→ S = {1, . . . ,K},

- {αx ∈ R+}x∈S : parameters of sojourn time in each state
- A the infinitesimal generator of X .

Proposition. If (Xt)t∈[0,T ] is stationary with reversible distribution
then the coding functions of its states are solutions of the system :

λ~a′′(t) = A(λA + 2Im)~a(t), ∀t ∈ [0,T ].

If A = B∆B−1, ∆ = diag(δ1, . . . , δm), then

axi (t) = C1,i cos(ωi t) + C2,i sin(ωi t), i ≥ 1, x ∈ S,
with C1,i ,C2,i ∈ R and

ωi :
δ2i − ω2

i

2δiωi
= cotg(ωiT ).
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Categorical functional data : the Markov model example
Two state Markov process

α1 = α, α2 = β, A =

(
−α α
β −β

)
.

π = ( β
α+β ,

α
α+β

λ =
sin(ωT )

ω
,

ω2 − (α + β)2

2ω(α + β)
= cotg(ωT ),


a1(t) =

Cα

cos(ϕ)
cos(ωt + ϕ),

a2(t) = − Cβ

cos(ϕ)
cos(ωt + ϕ),

ϕ ∈
]
−π
2
,
π

2
[
: tg(ϕ) = −α + β

ω
, C ∈ R.
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Categorical functional data : the Markov model example
Two state Markov process : simulation

n= 1000, K = 2 α1 = 2, α2 = 3, π = (0.6, 0.4) :

−0.5

0.0

0.5

1.0

0.0 0.5 1.0 1.5 2.0
Time

a x
(t

)

State

1

2

 harmonic 1

−1.0

−0.5

0.0

0.5

1.0

1.5

0.0 0.5 1.0 1.5 2.0
Time

a x
(t

)

State

1

2

 harmonic 2

−1.0

−0.5

0.0

0.5

1.0

1.5

0.0 0.5 1.0 1.5 2.0
Time

a x
(t

)

State

1

2

 harmonic 3

−1

0

1

0.0 0.5 1.0 1.5 2.0
Time

a x
(t

)

State

1

2

 harmonic 4

0.0

0.2

0.4

0.6

−1 0 1
pc1

de
ns

ity

pc1

0.00

0.25

0.50

0.75

−1.5 −1.0 −0.5 0.0 0.5 1.0
pc2

de
ns

ity

pc2

0.0

0.2

0.4

0.6

0.8

−1.0 −0.5 0.0 0.5 1.0 1.5
pc3

de
ns

ity

pc3

0.0

0.5

1.0

−1.0 −0.5 0.0 0.5 1.0
pc4

de
ns

ity

pc4

encodings ˙ principal components

19/1



Clustering categorical functional data
- Finite mixtures of semi-Markov processes (Cardot et al. (2019)
- Hierarchical clustering on principal components (cfda R

package, 2021).
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Regression with categorical functional data
The linear model

1xt = px(t) +
∑
i≥1

zia
x
i (t)px(t), ∀x ∈ S.

Models for f (X ) = E(Y |X ) :

I Regression on principal components :

E(Y |X ) ≈ E(Y |z1, . . . , zk).

The linear model :

E(Y |z1, . . . , zk) = b0 + b1z1 + . . .+ bkzk

= b0 +

∫ T

0

K∑
x=1

βx(t)1xt dt.

where βx(t) =
∑k

j=1 bja
x
j (t).
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Regression with categorical functional data : kernel methods

Let H be the space whose elements are the paths of X .

Let x , y ∈ H, x = {xt , t ∈ [0,T ]}, y = {yt , t ∈ [0,T ]}.

x(t) =
(
11
x(t), . . . , 1Kx (t)

)
y(t) =

(
11
y (t), . . . , 1Ky (t)

)
The inner product :

〈x , y〉H =

∫ T

0

K∑
i=1

1ix(t)1iy (t)dt.

〈x , y〉H = the length of time within [0,T ] where x and y are in the
same state.

Notice that ‖x‖2 = T .
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Regression with categorical functional data : kernel methods

f(X ) = E(Y |X ) :

I Non-parametric regression and RKHS methods.

f ∈ F = HK, HK is an RKHS with kernel K : H × H → R.

Representer Theorem (Kimeldorf and Wahba (1970), Scölkhopf et al (2001)).
Let {(xi , yi )}ni=1, xi ∈ H, yi ∈ R, n > 0, n ∈ N, λ > 0 and
C : H × R× R −→ R be a convex loss function of third argument. Then, the
solution to the problem : find f̂ ∈ HK to minimize

1
n

n∑
i=1

C
(
xi , yi , f̂ (xi )

)
+ λ‖f̂ ‖2HK

exists, is unique and admits a representation of the form

f̂ (x) =
n∑

i=1

αiK(x , xi ), ∀x ∈ H,

where αi ∈ R, i = 1, . . . , n.
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Regression with categorical functional data : Kernel methods

Example of kernels

Gaussian :

K(x , y) = e
−
‖x − y‖2H

2σ2 , σ > 0,

Polynomial :

K(x , y) = (c + 〈x , y〉H)d , c > 0, d > 0.

and many others !
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