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Chapter 1

Introduction

We are interested in understanding the asymptotic behaviour of the Bergman
kernel (restricted to the diagonal of a projective manifold) of twisted tensor
powers of a positive line bundle. Although C'*° convergence is known in this
case, our approach, mainly following L.Charles [3], can only give C° convergence.
The central result of the paper is Theorem [7] from which we derive asymptotic
Riemann-Roch theorem as an application.

The scheme of the proof (see Section is divided into two parts: an upper
bound and a lower bound. For the upper bound, basically we use mean value
inequality, which is rather elementary. For the lower bound, we apply the ”peak
section” method originated by Tian in his thesis [26]. We illustrate this scheme
again by strengthening a theorem of Liu (see Theorem . The last part is
devoted to asymptotic behavior of tensor powers of a Nakano positive vector
bundle of higher rank (at least when the base manifold is a Riemann surface,
see Theorem .

Notations

Throughout the paper, unless otherwise stated, Greek letters «,f,..., run
through 1,...,r and letters ¢,7,k,l... run through 1,...,n. We use po to
denote the Lebesgue measure on Euclidean spaces. By [n] we mean the set
{1,2,...,n}. The permutation group on [n] is denoted by S,.

We always use column vectors unless otherwise specified. The Landau no-
tation O(a) for matrices means each entry is a usual O(a). For a matrix
A e C™" we put A” := AT. If A is a hermitian positive definite (resp.
semi-positive) matrix, we write A > 0 (resp. A > 0). For a square matrix A,
let p(A) be the spectral radius of A.

Put A"(a) = {#z € C" : |z| < a,i € [n]}, which is an open polydisc. All
hermitian inner product is anti-linear about the second argument. For a complex
manifold M, we write M™ to mean dim¢ M = n. Its holomorphic tangent vector



bundle is denoted by T3, M. For a line bundle L and k € Z, to ease notation we
write L* for L®*. For a vectoc bundle E — M, by abuse of notation, we denote
the smooth sections of E by C*(M, E).
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with the help of Professor Jean-Pierre Demailly, Xieping Wang and Junsheng
Zhang. I thank them for their patient and helpful answers to my questions.



Chapter 2

Preliminaries

We suggest the reader refer to this elementary section only as necessary when
reading the main text.

2.1 Linear Algebra

Proposition 1 (Rayleigh-Ritz). If A € M,(C) is a hermitian matriz, and
x € C",x # 0, we form the Rayleigh quotient R(A,x) = IHHA”” then

zHg 7

A, x) = Apax (A
re2x o B4 2) = dma(4)
18 the maximal eigenvalue of A. Idem for minimum. In particular, if further
A >0, then
A x) = p(A).
xegg;;#oR( ,x) = p(A)

Let V be a finite dimensional complex vector space whose dual is denoted
by V*.

Definition 1 (Conjugate space). The complex conjugate V of V is a complex
vector space satisfying: there is a morphismV — V by v — v that is an R-linear
isomorphism, and (a + ib)v = (a — ib)v for any v € V;a,b € R.

If further V is endowed with a hermitian inner product h, then V — V* by
v — h(-,v) is a C-linear isomorphism. We put

Herm™(V,h) = {A € End(V) : A > 0}.

The partial order on Herm™ (V,h) is defined by: A > B means A — B €
Herm™ (V, h).

Exercise 1. Then V x V — C by (v,u) — h(v,u) is bilinear, so induces a
morphism V @c V — C.



The morphism V- x V — End(V) by (v,a) — A where A(w) = h(w,u)v is
bilinear, so induces a morphism C : V@V — End(V) which is an isomorphism.
For any s € V, C(s ® 5) € Herm™ (V, h).

We have a commutative diagram

Vox e gy
(v,a)—h(v,u)
Tr

C

In virtue of Exercise [l we usually identify V ® V with End(V) without
mentioning the isomorphism C' in between.

Exercise 2. If Ae M,(C) and A >0, v € C", then
A WT Ap > vl

Proof. Let (,) be the standard inner product on C". Then (u,w)s = (Au,w)
defines another inner product. For any u € C"

(A7 T Avu, u) = v Av(A™ u, u) = (v, 0) A (A7 u, A7) 4,
(voflu, u) = vou(v,u) = (u,v)(v,u) = |(u,v)[* = [(A"u,v) 4]
By Cauchy-Schwarz inequality,
(A7 u,v) 4% < (v,0) a(A™ u, A7 ) 4.
Thus we get the desired inequality
(AT Avu, u) > (voflu, u).
O

Definition 2 (linear Bergman kernel). For a linear subspace U C V', we define
B(U,hly) = Y1, e;®é;, where {e1, ..., ey} is an orthonormal basis of (U, h|i).

Linear Bergman kernel is well-defined by the following Exercise.

Exercise 3. 1. For another basis {vy,...,v,} of U,

B = ka ® U Ak,
kil

where A is the inverse of the size n Gram matric G = (h(v;,v;)). In
particular, B is independent of the choice of orthonormal basis.

2. Viewed as a linear operator on 'V, B(U,h|y) : V. — U is the orthogonal
projection. In particular,

B(U, h|y) < B(V,h).



Proof. 1.There is P € GL,,(C) such that (e1,...,e,) = (v1,...,0,)P,
Id = h((e1,...,en)T, (e1,...,en)) = h(PT(v1,...,00)7, (v1,...,v,)P) = PTGP,
then G = P~TP~1 so AT = PP,

B(U,hly) = (e1,...,en) @ (e1,...,en)"
= (v1,...,v,)P®PH(vy, ... v,)"

= Z(PPH)klUk R U

ki
= Z v @ U A,
ki
2. Take an orthonormal basis ey, ...,e, of U and v € V. By definition,

B(U,h|U) = Zei X €;.
i=1
So, B(U,h|y)v = >, h(v,e;)e; is the orthogonal projection of v into U. O

2.2 Complex Geometry and Kahler Geometry

Recall that for a hermitian manifold (M™, k), in local coordinate ¢ = (21, z2....2,) :

U — C", its hermitian metric is determined by g;; = h(%7 %) The ma-
i J

trix (¢™/) is the transpose-inverse of the positive-definite matrix (9:7)- Then
g9 = h(dz*,dz7). Tts fundamental form w = i35k 95d%; A dz) and the volume
form is p = £+

n!

Exercise 4. Locally

p=1i"det(g;;)dz1 AdZ1 - - AN dzy A dZ, = 2" det(g;5)P" po-

Proof.
w™ =" Z Gir Gu -+ - iy jo dziy NdZj, - Ndzg,, NdZ;,
11,J15--50n,Jn
=i" Y €l da)Gin gy - Gingador AdEL - Ndzg AdZy
Tx,Jx €ESn
=nli" Y g1, - Gnj.dz Adz - Adz, A dZ,
J«€Sn
= i"nl(det g;;)dz1 NdZy A\ -+ Ndzy N dZy,.
We get the first equation and the second follows since dz; A dz; = —2idx; A
dyj. O



Definition 3 (Ricci form). Let (M, J) be an hermitian manifold whose Ricci
tensor is noted by Ric, then p(X,Y) = Ric(JX,Y) defines a real 2-form p.

Definition 4 (positive form). A smooth real (1,1) form « on a complex man-
ifold (M, J) is called positive if the symmetric bilinear form (X,Y) — a(X, JY)
for real tangent vectors X, Y is positive definite. A cohomology class in H3x(M;R)
is positive if it can be represented by a closed positive (1,1) form.

Some central objects on which we will concentrate are the following.

Definition 5 (positive line bundle). A holomorphic line bundle L — M s
called positive if its first Chern class c¢1(L) is positive.

Definition 6 (K&hler manifold). On a complex manifold (M, J), a real (1,1)
form w is called Kdhler if w is closed positive and non-degenerate. In that case,
9(X,Y) = w(X,JY) defines a Riemann metric on M and w itself is a symplectic
form on M.

To fix notation, we briefly discuss the following example.

Example 1 (complex projective space). Set theoretically CP" is the space of
all complex line subspaces of C" 1. Using homogeneous coordinates [Zy : -+ - :

Zyn], the standard atlas is {Uy, ..., Uy}, where U; = {Z; # 0} C CP". On U,

the standard local holomorphic coordinate is z; = go fori=1,....n, i.e. a
biholomorphism ¢g : Uy — C™ by [Zo, ..., Zn] — (%, ce %)

Example 2 (tautological line bundle). Let O(—1) be a line bundle on CP™
whose transition function from U; to U; is % Concretely O(—1) = {([I], w) €
CP" x C"™ : w € 1} viewing CP" as the set of lines in C"*1. This line
bundle O(—1) is called the tautological line bundle of CP™. With this point
of view, the standard metric on C"*1 induces a metric = on O(—1). We
call ogt Uy — O(=1) by [Zo : -+ : Zn) = ([Zo: ---: Zn],(l,%,...,g:))
the standard frame of O(—1) over Uy. The local expression of h™' on Uy is
hog' o0 t) =1+ |2

Let O(1) be the dual of O(—1) and more generally set O(k) = O(1)®* for
k € Z. Then h* is a hermitian metric on O(k). Then (O(k),h*) is positive
if and only if k > 0 by Ezample [} We similarly define the standard frame
of € H(U;,0(k)) of O(k) on Uj.

Define a map X : C[Zo, ..., Zy) — H°(CP",0(k)) by P+ sp, where

P(Zo, ... Zn) &
T

7

splu, =

then % is a linear isomorphism. In particular, H°(CP",O(k)) has a basis
{sp:|I| =k, I €N}, s;=%(Z7).

As a result, dim H°(CP",O(k)) = (k+n)

n



Definition 7 (ample and very ample). On a compact complex manifold M, a
line bundle L is called:

1. very ample if there is a projective embedding j : M — CP"™ such that L is
isomorphic to j*O(1);

2. ample if there is m > 1 such that L™ is very ample.
Recall the following famous result.

Theorem 1 (Kodaira). On a compact complex manifold M, a line bundle is
ample if and only if it is positive. If M admits such a line bundle, then M is
projective.

Definition 8 (canonical line bundle). For a complex manifold M™, we denote
Ky o= det(Ty M) = A™OT*M. On a holomorphic chart (U, z1,...,z,), it has
a natural frame dzy N\ -+ Ndz,.

Example 3. The canonical bundle of CP" is O(—n —1).

Proof. Let (Ug, 21,...,2n), (Ur,w1,...,wy,) be the standard charts of CP",
where w, = g—‘f and w; = % for I > 1. Now o9 = dz; A -+ Adz, (resp.o; =
dwy A -+ Adwy,) is a local frame of the canonical bundle on Uy (resp. on Uy).
On UyNUy, 21 = w%, dz = —wl_zdwl and for [ > 1, z; = 1%

widw; — widw,

dz; =
l ’U}%
Then ¢ = —wl_("+1)01 = —(%)("‘H)al. From this transition law, we see that
the canonical bundle is O(—n — 1). O

Definition 9 (Kéhler potential). Let (M,w) be a Kdhler manifold, a local
smooth real-valued function K is called a Kdihler potential for (M,w) if w =
500K

By complex Poincaré lemma, for any Kéahler manifold, locally there is a

Kahler potential.

Definition 10 (K&hler-Einstein manifold). A Kdhler manifold (M,w) is called
Kihler-FEinstein if there is a constant \ such that Ric = Ag or equivalently the
Ricci form p = dw.

If M™ is a K&hler-Einstein manifold: Ric = Ag, then its scalar curvature
scal = gﬁRicﬁ =nA (2.1)

is constant.



Example 4 (Fubini-Study). On a complex projective space CP", the form
wrs = 2mc1(0(1), h) is a Kdhler form, which is called the Fubini-Study form.

It expression on the standard chart (Uy, o) is
" dz; NdZ; 1 - -
ER 7 O adz) A (O zdz)],
k=1 =1

Wrs =1
s [j; L+ (1+]2P
where K = 2log(1 + |2|?) is a Kdhler potential. Its local expression is

_ G(L+e?) - Ziy
Vi T )

z27),

or rather )
V= ——(Id, —

(gL]) 1+‘Z|2( n 1+|Z|2

(1 + |2|?)™™! and its transpose-inverse

from which we derive that det(g;;)
(g7) = (14 [2[*) I dn + 22™), s0 g7 = (1+|2*)(83; + 2:%;)-

So,
, 02

i.e., (CP",wrg) is Kdihler-Einstein. The scalar curvature is n(n + 1).
By Ezercise[]) its volume form
2" pio

ST PFRE

(2.2)

where pg is the pullback of Lebesgue measure along ¢o. The volume of (CP",wrg)

is
on 00 2n—1 2m\"
/ Ho = 2"Area(52”_1)/ r = (2m)
cn (14 |2]2)n L o (1+r2)nti n!
For a hermitian manifold M and f € C?(M), we define the Laplacian by
82
/ (2.3)

Af = 2%:9” 9205,

For a hermitian manifold M, (cf.[27, Section 1.2]) its Chern curvature (cor-

responding to Riemann curvature if M is Kéhler) components are

o 0,0 0
M - = M —_— ),
B = 9B (5 55055 927
orm
_ gt 2.4
9km 82’1 ( )
_ 629z3 pq 6guj 691)3
021,07 0z, 07



Proof. R(0:,05)0 = V,V;0; = Vi(T70m) = 520, 50 Rip = (52 0, 04) =
arT ' '
9km 2, O

They enjoy symmetries below (cf.[25, Exercise 1.21]):
Ri}k[ = Rkjif = Rifk}‘ (2-5)
Define Ry - by R(5f,0,) 52 = ViVe05 — VVid; = R -0, we find that

T
L 73I‘k y
ka.j 0zq
The Ricci curvature components are
- 02 log det(g,= ork,
Ric = g7 RM - = — s _(g“) =ik,
& 8zk82l 6Zj
The scalar curvature is '7_
scal = g”Ricg (2.6)

. If M is Kéahler, then We can define Christoffel symbols by
0 "0
Vo—= I, —,
3% 0z, ; %9z

the symmetry ', =T}, By [25, Lemma 1.19]

. .—69 7 - —_— = 39,
i il kl i il kl
L = _— F—,f = FZ, = _—
ik g azj ’ Ik ik g 62j

and other Christoffel symbols of mixed type vanish. By [25, Example 1.17],

Vo =-) Tkds. (2.7)
J

9z,

Definition 11. For a complex manifold M, the first Chern class of M is defined
to be c1(M) = c1(K};). Given moreover a hermitian form w, its first Chern
form ¢ (M,w) := c1(K3;, h), where h is the induced metric on Kj;.

Theorem 2 (Chern). Let (M,w) be a Kdhler manifold, then its Ricci form
p =2mc1(M,w). In local expression

p = —iddlog det(g;3) = iRicydzy A dz.
In particular, the class [p] is independent of the choice of Kdhler form w.

Proof. Take a holomorphic chart (U, z1, ..., 2,) of M, then K}, has a holomor-
phic frame 0 = 22 A --- A 32-. Then [o]} = det(g;7). Therefore,

p = i00log det(g;;) = 2mey (M, w).

10



Theorem 3 (K-coordinate). [19, Proposition 2.2] Let (M,w) be a Kdhler man-
ifold with w real analytic, then given x € M, there is a unique (up to affine
transformation) local holomorphic coordinate (U; 21, ..., z,) centered in x with a
Kahler potential 2¢ such that in the Taylor expansion of p, all the (0,1), (1,1), (1,1), (I, 0)
terms (I € N) vanish except for (1,1) term which equals to |z|%. If w is only
smooth, then for any A € N, the previous statement still holds with 0 <[ < A.

Remark 1. Tian used this theorem with A =4 in [26, (1.5)].

Exercise 5. [2], Section 7.2, p.132] In that case,
p(2) = a(2) + O(|2]°)

where

1 _
g = |z|2 _ Z Z ngf(p)ZiZjZkZl.
ijkl

Moreover,

det(g;;) =1 — ZRickl-szl +O(|2%).
el

Proof. By Theorem we may find a chart such that (1,1)-term of ¢ is |2|? and
all the other (0,1), (1,1), (1,1), (1,0) terms vanish for 0 <[ < 3. In particular,

1
2 - 5
p=1" =7 > cijmzizizez + O(|2[°)
ijkl
for certain constants c;;1; satisfying symmetries ¢;jr; = ciji = cik;. Then

0%

9i5 = m =05 — ;Cz‘jklzkiz + O(|z|3); (2.8)
%@) =0; (2.9)
32’1'8;2(5321(1)) = 0; (2.10)

%aglgzkazl = —cijr + O(|2]). (2.11)

11



Thus by 1) we find ¢ = R%Ikl—(p). We calculate

det(g;;) = Z €(J)G17, -+ - njn
J=(j1,---1Jn)E€Sn

= )0y = Y Rijui, @)z, 2, + O(27) - (0, Z Gk (P) 2,71, + O(12%))
J

k1,1 niln

= ZE(J)(51j1 an Z Z R MGk A,limzkmzl'm,(sljl e 5m7jm .. '67L7jn + O(|Z|3))
J

m=1 Kk, ,lm
n

1k,

mybm

ZRlck i(p)zez + O(|2]*).

k,l

To avoid confusion, we recall some definitions.

Proposition 2 (Chern connection). For a holomorphic vector bundle E — M

with hermitian metric h® on a complex manifold M , there is a unique connection
V on E which is

1. hermitian: for any s,t € C°(M, E),

d(S,t)hE = (VS,t)hE + (S7 vt)hE
In local expression

0
T%(S,t)hb‘ = (V%S,t)hE +(87V%t)hE

2. compatible with the holomorphic structure: for any smooth field U €
TO*M, s € C®°(M, E), we have

Vus = 0Fs(U).

Definition 12 (Chern curvature). The curvature form RE = ©(E,h¥) of

the Chern curvature given by Proposition |4 is called the Chern curvature of
. E

(E,h¥). Define the first Chern curvature form by ci(E,h¥) = % =

c1(det(E), 4" E)Y and the first Chern class c¢1(E) = [e1(E, h?)] € H25(M;R).

In local expression,

B  hag Ol Oy

@B T 821‘82]' 0z; 62]' '

Note that when E = T, M, we recover last line of (2.4)). Consider the partic-
ular case of a hermitian line bundle (L,h). For a local frame o € H°(U, L),

12



20(log|o|?) is a (1,1)-form on U independent of the choice of s and over vari-
ous U they glue to a global (1, 1)-form, which is exactly the Chern curvature of
(L, h).

Exercise 6. If in addition (M,w) is a hermitian manifold, we recall the Lef-
schetz operator L on A**(T*M)® E by (wA) @ Id and its adjoint A with respect
to the hermitian metric therein induced by w and h¥. Then

(iAR")q.3 = g RE

o,

In particular, when E = T,M and h¥ is the hermitian metric of M, then
Tr(iARY) = scal.

Proof. Take {w;} a smooth orthonormal frame of T, M. Expand it in a local
holomorphic chart (z1,...,2,):

0 0

— ., — )P
821’ aazn) i

(w1, ..., wy) = (

then Id = PTGP, where G = (g;;). Thus G=' = PP s0 gl = Z;’:l Py; Py;.
By [I5, (1.4.32)],

- o = 0
. E _ E(. =\ _ E L L
iARY = ZR (wj, ;) = ZR (Py;j 8%,3] azl)
j=1 Ikl
=Y RG> PyPy) =Y Rig™.
k,l j=1 k,l
We proved the first and the second follows from ([2.6)). O

Proposition 3 (normal coordinate frame). [3, Ch.V, Proposition 12.10] Let
M be a complex manifold and (E,h) a hermitian holomorphic vector bundle of
rank v on M. For any local holomorphic coordinates (z1, 22, ....zn) centered in
p € M, there exists a holomorphic frame vy, ...v,. of E in a neighborhood of p
such that

R¥(p)= Y RZ, . i(p)va @05 @ (dz; A dz)(p), (2.12)
a,,7,l
homv0) = bag = 2 BE )52+ O (213)
=1

Let HY be the Gram matriz (h(va,vgs)). Let

n

HY (2) = (Bap— Y RE ;. 1(0)z71), (2.14)
ji=1

then we can rewrite as H? = HF + O(|z]%).

13



Let M be a hermitian manifold, then there is an induced hermitian metric
on the space of global smooth (p, ¢) forms QP*4(M). Let (E, h) be a holomorphic
hermitian vector bundle on M.

Definition 13 (anti-holomorphic Kodaira-Laplacian). [18, Definition 1.4.9] Let
0F* be the formal adjoint of the Dolbeault operator OF. Define an operator on
the space of smooth forms Q**(M, E) by

OF = (57, 55).
Theorem 4 (Hodge decomposition). [18, Thm 1.4.1] If M is in addition com-
pact, then we have an orthogonal decomposition

COO(M? E) = HO(M7 E) S2) Im(DElcm(M,E))

Moreover, H*(M, E) is a finite dimensional C-vector space.

The following inequality relies on Bochner-Kodaira-Nakano identity.

Theorem 5 (Nakano’s inequality). [13, Theorem 1.4.14] If in addition M is
Kahler, take s € QE”*‘” (M, E) an arbitrary compactly supported smooth E-valued

(p7 q)-form, then
(OFs,s) > ([iR®, Als, s),

where the global scalar product is defined in (1.3.14) loc.cit.

2.3 Stationary phase method

Theorem 6 (Hormander). [I8, Theorem 13.3.2][10}, Theorem 7.7.5] Let U C
R? be an open neighborhood of 0 € R and p, A be smooth functions on U
such that Re(p) > 0 on U. Furthermore, suppose that on supp(A), ¢ has a
unique stationary point at 0 and p(0) = 0. Suppose the Hessian H of ¢ at 0
is nonsingular (i.e., 0 is a non-degenerate critical point of v.) Define a second
order differential operator

and o = @(x) — (x, Hzx)/2. Set

D™ (Ag")(0)

Lj(A<P) = (—l)j m,

0<I<2j
then for each M € Nt let N = M + [d/2], for k € Ry, we have
kole kH . _ _ _
|/UA(I)6 el )MO*[det(g)] V2N TERTIL (AR < C@k M Y sup|ofAl.

j<M |I|<2N,I€Nd

Here the constant C (i) is bounded when ¢ stays in a bounded set in C3N+1,

14



The following result play the same role in the proof of main theorem, but
with integral domain shrinking with the growth of k.

Lemma 1. [T}, Lemma 4.1] Let A be a symmetric function on [n)P x [n]P. Then

I2J),12q,—k|z|?
/ ALz 2|2 o =7"( " An)
og
l21=20% I€[n)P

pln+p+q—1)!
(p+n—1)lkntrta

+0(e™ e k),

>

1,Je[n]?
We collect some consequences of this lemma.

/ ekl 1 = %ﬂ + O(e~ (g k)?) (2.15)
B(o,

logk)
Vk

. _ _kls? T N low 2
Z/B(O logk)Rw%(p)ZiZje M g = (5)"scal(p) + k" + Ofe (logk)*y  (2.16)
7,7 " Vk

2
/B(O et e 1P 0k) (Y RE 5 Dziadetapo = Ok ?) (2.17)
7l

k22 _ . ik (log k)2
L(p logk) e k| ZRg,B,j,[ijllj’O = (ZARE)Q’QW + O(e (log k) ) (218)
’ VE

[ PO + O o = O %) (2.19)
B(o,l"f;)

S REais [y O+ OR = 06T, 220
i,j LAV

where for (2.18) we use Exercise [}

15



Chapter 3

Bergman kernel

Let (M™, g) be a compact hermitian manifold whose volume form is denoted by
i, and P — M be a holomorphic vector bundle with hermitian metric h = h¥.
Endow C*°M, P) a hermitian inner product by

)= [ (stm

Define [|s||? = (s,s). Let L?(M,P) be the completion of (C*°M, P),{,)).
By Theorem {4 H°(M, P) is finite dimensional. Choose an orthonormal ba-
sis (e1, ....,en) of HO(M, P).

Definition 14 (Bergman kernel). For p,q € M the Bergman kernel of P is

N N
H@ﬂ)=§:w@M®@@)=§:%C&NMQ@%fZ%f$

=1

Write
B(p) = (p,p) € End(P,),

where we use the identification given by Ezercise[]

In this mémoire, we are interested only in diagonal values. By Exercise
B(p) € Herm™ (P,, h,). Note that B € C>(M,End(P)). For \ a positive
constant, if we use the metric Ag instead g on M™ (i.e., a constant scaling),
the new volume form is A"y, the new scalar curvature is %al and new Bergman

kernel is A" B.

Exercise 7. Use another hermitian metric h' conformal to h, i.e., there is a real
function f on M such that h/(v,v) = €2/ h(v,v) for any smooth section v of P.
Let B’ be the Bergman kernel of P with respect to h'. If h', h are of the same
Chern curvature form, then f is a constant and the corresponding Bergman
kernels B and B’ coincide. (Note that if P is a line bundle, the conformal
condition is automatic.)

16



Proof. Recall that R(P,h') = 0(h'~! - Oh') = 2(00f)Id + R(P, k), so 90f = 0.
By (2.3), Af = 0. The manifold M being compact, by Stoke’s formula,

/ (FAS + V2 =0.
M

We see that f is a constant. In particular, {e~fe;[i = 1,..., N} is an orthonor-
mal basis of H°(M, P) with respect to h’. For any p € M,

N
B'(p)=> hi(~eTeip)e 7 eilp) =Dyl ei(p))ei(p) = Blp).
i=1 i

Remark 2. If si,...,sy is a basis of H*(M,P), where sg41(p) = -+ =
sn(p) =0, then by E:cercz'se@

B(p) =Y silp) @ 51(p)Au,
k=1

where A is the inverse of the size N Gram matriz ((s;,s;)). This observation
serves as a motivation of the peak section method firstly raised by Tian in [26].
In particular, if furthermore s1(p), ..., sq(p) form an orthonormal basis of P,
then B(p)r = Aix. This approach is taken in [11l, §3].

Example 5. If p € M is a base point of P, i.e., all global sections of P vanish
at p, then clearly B(p) = 0.

Proposition 4. dim H°(M, P) = [,, Tr(B(p)) .

Proof. By Exercise |1}, Tr(B(p)) = Efil le;|?(p). Taking integral

N N
| DB = Y el = 301 = din B0 P)
=1

i=1
O

As an analogue of Exercise [3| (2), we have an interpretation of Bergman
kernel.

Exercise 8. The finite dimensional H°(M, P) being a closed subspace of L*(M, P),
there exists an orthogonal projection (so called Bergman projection)

7 L*(M,P) — H°(M, P).

Then Bergman kernel 11 is the reproducing kernel function of w, i.e., for any
s € L*(M,P),

(m5)(p) = /M T(p, q)s(q)p(q).

17



Proof. We calculate

n

/M (p, q) = /M; s,€:)(@)ei(p)i(q)
z::@z (s,ei) = (ms)(p)-

3

O

We begin with a well-known generalization of [3, Lemma 3.1], which is an
extremal characterization of Bergman kernel.

Lemma 2.
5(p) ® 5(p)

B p) = max
() seHO(M,P)\{0}  |s|?

using the natural partial order of Herm™ (P,, h,).
Proof. Take u € P,

N

N
(B(p)u,u) = (u,ei(p))(es(p), u) = Z [(u, €4(p))|?

i=1

For s € HO(M, P)\ 0, let s = Y2 | A;s; with A € CV \ {0}, then [|s]|? = |A[2.

CBE w).) = 5 (C hto) @ (X, )

- #(Z A (7)) 34 (9). )
|)\|2 (ATAN),
where

A=ww w=((51(p),u),...(sn(p),u)) € C".
Therefore

( s(p) ® 5(p)

max : W):max(w)
seHO(M,P)\0 |||}

s#0 5]
AT AN
max ——5—
AECN\0  |A]?

where we used Proposition O
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3.1 Main Theorem

The setting for Section [3.1] is the following: Let M™ be a projective manifold,
(L,h%) (resp. (E,hF) be a hermitian holomorphic line (resp. vector) bundle
with Chern curvature R” (resp. RF). Assume that M is polarized by L, i.e.,
iRL is the Kihler form of M (so that (L, k%) is positive). Let r be the rank of
E, scal : M — R be the scalar curvature. We state the main result of the paper.

Theorem 7 (main theorem). The Bergman kernel By, of LF ® E has an asymp-
totic expansion

scal

By(p) = (ﬁ)"(fdr + kT [ Idy + iARF)(p)] + O™ ).

2

Corollary 1. There is kg > 1 such that for any k > ko, L* ® E has no base
points.

We recall the following celebrated result.

Theorem 8 (Catlin-Zelditch). [2, Theroem 2J[31, Theorem][T], Theorem 1.1]
The Bergman kernel admits a complete asymptotic expansion

Bi(p) ~ k" (D> a(p)k™),

1>0

where a; are universal polynomials in the curvature of (M,g), R¥ as well as
their successive covariant derivatives at p. FEach a;(p) is a self-adjoint matriz
with respect to h¥. More precisely, for each s, € N, there is a constant C =
C(s,l, M) such that for any p € M,

Br(p) = Y a;j(p)k™ i < Ck™ L.
=0

The convergence of Bergman metrics is one of the motivations for search of
such expansion in the history. As a corollary of this theorem, we recover Tian’s
result ([26, Theorem A, Theorem B], for C? convergence) and Ruan’s result ([19]
for C* convergence). Say Nj = dim H°(M, L*) — 1 and choose an orthonormal
basis {80, - -, Sk.n, } of HO(M, L¥), then when k is large enough, the Kodaira
map ¢y, : M — CPV* by

x> [sko(x) 0 sk, ()]

is a holomorphic embedding. We call %d),jwpg a Bergman mertic of M with
respect to L.

Theorem 9. [25, Corollary 7.5] The set of Bergman metrics is dense in the
set of polarized Kdhler metrics. In fact,

1
H%ﬁwm —wllew = O(k™?).
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An informal proof! By assumption,
kw = ikRY = iRY" = i00log |sr.0|*.

On the open ¢;1(Z0 #0)(C M), si is a frame of L¥. By Example

Ny,
_ } _ B _
drwrs = 1001og(1 + Z |Sk—J|2) =100 log 7’“2 =100 log By, + kw.
= Sk,0 |5k,0|

(This is the content of [25, Lemma 7.3].) By Theorem [7] and Theorem

AR 1
[i001og By |lce = O(E)’

SO
1, 1,...= 1
||%¢/MFS — W = E||Za5’10g3k||cw = O(ﬁ)-

We give a quick application of our main result.

Definition 15 (Euler-Poincaré characteristic). The Fuler-Poincaré character-
istic of E is
X(M,E) = (~1)) dim¢ H’ (M, E).
Jj=0

Theorem 10 (Serre vanishing theorem). [22, n.66, Théoréme 2] There is ko >
1 such that any k > ko, any ¢ >0, HY(M,L* ® E) = 0.

At present we have adequate tools for the famous result below.

Corollary 2 (Asymptotic Riemann-Roch).

k _ k'rk(E) e (L) k" k() s L cGARE n—2
x(M, TFeE) = ©1F /M (L + /M it /MT(AR VO (k"2),

Proof. By Theorem x(M, L*®F) = dim H°(M, L*®E) when k is sufficiently
large. Then Theorem |7| and Proposition 4| gives the result. O

3.1.1 Example

We illustrate Theorem [7| with a concrete example. On (CP",wpgs), L = O(1),
ht = h the one given in Example 2| E = O(l) with h¥ = hl.

By Example , on Uy, (s1,87) = %, where I’ = (41,...,4,) is a trun-
cation of the multi-index I = (ig,...,in). so by (2.2)),

B _ 'zt ogn
(rs = | Grsnn= | G ppEe Ho
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Change variables: z; = rjei‘gi, then pg =ry...rpdry...drpdb; ...do,, By Ex-
ercise[9] when I’ = J',

ZI,’?J/ n n n r21+f
/Cn —(1 n |z|2)"+1+k2 po = 2™(2m) /R" —(1 P RDTESE: dry...dr,
¥

T(1+iy)...T(1+i,)T(1 + i)
T(n+k+1) '

— (2"

When I' # J' we get (s1,s5) =0.

Fix p=1[1:0:---:0] € Up, consider the special multi-index Iy =
(k,0,...,0), then sy(p) = 0 when I # I.

By Remark the Bergman kernel of L*® E = O(k+1) is Bi(p) = |s1,(p)|*A4,
where

(k+1)!

(n+k+0)
So, we find the Bergman kernel of LF @ E

A = (2m)"

(n+k+1)! .
Bk(p):m:(%) (k+n+D(k4+n+1—-1).. (k+1+1)
k n(n+1)

= (%)"(1 + k7Y 5— + nl) + O(k~2)).

Note that the scalar curvature is constant n(n + 1) and iAR® = nl in this case.

Exercise 9. For a real number A > 0, a multi-index I = (iq,...,i,) € N?,
1.
/ et ARG TG)T (b — X k)
e (A2 )P 2n I'(b) ’
where j; = #
2.

Az7
_C Ly =0.
/cw (T[22
when I # J.

Proof. 1. Induction on n. When n =1, is

i /2 Y i
r tan(t) 9 1aicopl o .
—eee = 714 = A * —B —_
/R+ @ 1z /0 (2 cos(nypyp ) <5 (Dt g BUb =)

by r = Atan(t), done.
If true for n — 1. Integrating r,, first, we get

F(jn)r(b_jn)/ ! dr’
IO e R

n—1
+
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where 7' = (r1,...,7p—1) and I’ = (i1, ...,4p—1), then use induction hypothesis
to conclude.
2. Mimic the proof of Exercise [0} O

3.2 Proof of Main Theorem

Once for all, we choose a local frame o of L and a chart around p, ¢ := —2log|o|s
such that ¢ is as in Exercise [0 (cf.[26, (2.2)]); a frame {v1,...,v,} of E as in
Proposition |3 and use notations therein. Let dety = 1 — Ricyj(p)zrZz; given by
Exercise[5] Note that at p,

9ij = 0ij (3.1)

>R} = Riey, (3.2)
J

Z RicY = scal. (3.3)
i

Use our proof below but with higher order approximation of H¥ and ¢,
we can find the coefficient of k"2 in the expansion of By(p) explicitly, cf.[28|
Theorem 4.2].

3.2.1 Upper bound

The goal of this section is to derive an upper bound for Bj.

In each term of ¢4, HE, the power of z and of z are the same. This simple
observation leads to the following vanishing identity, which should be compared
to [26] Lemma 2.2].

Exercise 10. 1. For any multi-index I(# 6) € N 9 a bounded measurable
function on C"™. Assume 1 is rotationally invariant, i.e., ¥ (z) depending
only in |z|. Then

Ye Ml HE detopg = 0. (3.4)
(C’n,
2. Let B C C™ be an open ball centered in 0, and f € H(B) a holomorphic
function with f(0) =0, then

/ e M f(2)HE detopg = 0.
B

Proof. 1.Take \ € C with |A\| = 1 and A/l # 1. Change variable z = Aw. Note
that for the integral domain, 1, 4, HY dets, yo are formally invariant under
this change. Denote the integral on the left of by J. Under the change of
variable, J = A|.J, hence J = 0.

2.We apply 1. Take ¥ to be the characteristic function of B and use the
Taylor expansion of f. O
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Method 1: Tian

The following generalization of [3, Lemma 3.3] will lead to the upper bound
we seek. Note carefully we use this lemma to control the point difference of
smooth and holomoprhic peak sections in Section to avoid applying [3]
Theorem 2.1].

Lemma 3. Notation as in Theorem H Put B = B(n%). For any s €
HY(B,LF o E),

s(p) 0 5(p) < M () [ [sPp,
B
where the matriz

M(E) = (2 1d, + 11 (2

bt ARE 53
5 5 Id, +iAR”) + O((logk)°k™2)).

(See Exercise[f| for A.) Taking trace we get
s < cr [ 15 (35)

All the implicit constants are uniform in p € M and independent of k.

Proof. Put

_3
e—Clogk)°k™?2

(1+ C(logk)3k—%)2

C(k) = =1+ O((logk)°k™2),

Write s = Y0 _, fa(o" ® v,), where f, are holomorphic functions on B. Note
c®5=lo2=e% Let f=(f1,.... )7
The left hand side is

Y fald" @va) @ (O fale* @vs)(p) = FF7 (p)-
a 3

The point-wise norm

52 = L' OE(Y" fu(o* @va). Y fa(o* @ vg)) = e *¢ FTHEF.
a g

The integral on the right J(k) := [ [s]?n = [, e*k“”fTHEfu.
There is a constant C' > 0 such that

—ps < —p+CJ2° (3.6)
HY < (1+Cz[*)H"
2" deto L
— < — 3.8
14+ C)z]3 ~ o (3.8)
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Moreover |z| < % in the domain of integral. Then 1'1)1) result in

J(k) > 2"C(k) / e~ ko1 7T HE fdetop. (3.9)
B

Recall (2.14), when k is large enough, HiE (z) is positive definite at any

z € B(p, mﬁ), a fact used in the inequality 1D Hence

/ e_kmf—THzEJ?detzNo
B

= — =

=/Be‘k“”detz[f(p)THff(p)Jr(f— (p))" Ha(f = f(p))]o (3.10)

> () /B ¢4 HE detoguo) F(p),

where the first equation is from Exercise
We now calculate

/ e " Hy, sdetopio = S(k)0as — Tap(k),
B

where S[(k)( ::] J5 e Ferdetopg and Ty s (k) = [peFes 30, Rg,B,i,j (p)ziz;detapo.
By [3, (5

Stk = (£)"(1- “‘;lkfp) +O(k).

(Note his prep = 2™po.)
Since
e F1dety = e FET (14 2|10 (K)) (1 4 O(2[2)) = e *12F (1 + |2 *O(k)),

n

ka2 _ . m e
Ta,ﬂ(k)Z/Be QA OW) Y RE 5 5570 = (AR )a g +O("72)

4,7
by (ET7) and @T5).
Therefore
A:= Q"C(k;)/ e M HE detopug
B
= C(k)(%ﬂ)"(ldr — k7 (iARF + %l(p)]dr) +0(k™2)) = M(k)~L
(3.11)
We conclude as follows.
M) [ 15 = M@0
> M(k)Q"C(k)/ e*k“"“fTHgfdetguo
B
S (3.12)

> M(k)2"C(k) 7 (o) /B ¢~ 491 HE detapo) [ (0)
= A"WT Ap

> ' = s(p) ® 5(p),
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where the inequalities are from (3.9)),(3.10)) and Exercise O

Method 2: L.Charles

We can prove a weaker version of Lemma [3] using Theorem [6]

Lemma 4. Notation as in Theorem[] Fiz an open neighborhood U of p € M.
There for any s € HO(U, L*),

s(p) @ 5(p) < M(k) /U 15,

Proof. We may shrink U to find a holomorphic chart (21, ..., 2,) over U. There
is @ > 0 such that the ball B(p,a) C U. Take a smooth cutoff function 7 :
R — [0,1] supported in (—a,a) with n = 1 near 0. Define ¢ : M — [0,1] by
¥(z) = n(|z|) for z € U and 9(q) = 0 for ¢ ¢ U. Then ¢ is smooth. Put

90y i= [ wlsPu= [ ve e P
M U
Note that J(k) < [, [s|*. As in (3.9),(3.10), we get

J(k) > 2C(k) T (p)( /U e ke HE detpo) fp).

We calculate with the help of Theorem [f]

0 l .
/Uwe—’WHQEdewo - (%) (Id, — k—l(%mr LiARE) + O(k™2)).

The rest part is similar to that of Lemma [3] which we omit. O

Corollary 3 (upper bound).

n 1
Bi(p) < (5=)" (Id, + k™' [ - 1d, +iAR")(p) + Ok~ 10g” k))

Proof. Combine Lemma [2] and [4] O

3.2.2 Lower bound and peak sections

We derive a Kodaira-Hormander type estimate, which is essential to the con-
struction of peak sections.

Theorem 11. Let O be the Kodaira-Laplacian (see Deﬁm'tion on Q*(M, L*®
E), then there is C > 0 such that any k >0, 0 < g <n,

1. Oy > (kg — C)Id on Q9(M,LF ® E);
2. 05, > (kq — C)Id on Q%9(M, L* @ E),
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where we use L? inner products.

Proof. 1.Since M is compact, there is C = C(M,w,E,h¥) > 0 such that
[iRF Al > —CId. As iR* = w, [iRY,A] = q on Q"9(M, L ® F). Because
RY"®F — kRL 4 RZ, we have
Oy > [iRY"®F A
= k[iR",A] + [iR”, A] (3.13)

where the first line is from Theorem

2. Note that Q™9(M,L* ® E® K;;') = Q%4(M, L* ® E) and the action of
OL*®ESKy" on the left is compatible with the action of O, on the right. Then
2 follow from the 1 using this identification. O

The following theorem is a generalization of [3, Theorem 2.2]. Tt will play
the role of classical J-estimates.

Theorem 12. There is C = C(M,w, E,h") > 0 such that for any s € C>(M, L*®
E) orthogonal to H(M,L* ® E), we have

(k= O)lIs|* < [19s]]*.
Proof. Let C be given by Theorem[II] We may assume k > C. When 1 < ¢ < n,
always on Q%¢(M,L*F @ E), Oy > (kq — C)Id is positive-definite. By a variant
of [25, Theorem 2.13], O, is invertible. B
When ¢ = 1, this fact gives t € Q%'(M, L* ® E) such that Oyt = 0s. As
0,0t = 00yt = 00s = 0,
the fact with ¢ = 2 implies 0t = 0. Therefore,
00"t = Okt = Os,

or equivalently s — 0*t € H°(M, L* ® E) is holomorphic. In particular, (s, —
0*t) = 0 which gives (*) below.

52 = (s,8) 2 (s,87t) = (Bs, ) = (Ot 1)

By Cauchy-Schwarz inequality ||Oxt||[[t]] > (Oxt,t) > (k — C)||t]|?, so ||Oxt]| >
(k= C)||t]|. Now

1951 = IBxtll* > (k — O)[DxtllIt] = (k — C){(Ot, 1) = (k = C)s]]*.
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Method 1: Tian

The following construction is a twisted version of [20, Lemma 1.2].

Fix p € M and a holomorphic chart (U, z1,...,z2,) centered in p, for v a
local section of E on U, we will construct a peak section.

Take a smooth cutoff function n : Ry — [0,1] with n(z) =1 on 2 < 1 and
n(xz) =0 when > 1 and —3 <7’ <0. Let

2%k
log? k

Yr(z) = n( )

for z € U and v¥x(q) = 0 for ¢ € M\ U. Then ¢, : M — [0,1] is a smooth

function. vy, is supported in B(p, \/51‘3}5;) and v =1 on B(p, 1‘3%“).

a . . log k log k
So, Oy, is supported in the annulus % <|z| < \/5% On U,

- k k2> &~
0 = ! ld Q-
v longn(log2k);Z ‘

For each i, |dz;| < C(M) in the annulus. Thus, on M

Y

. k
|0x| < C—logk (3.14)

Note that (" ®v) € C®°(M, L* ® E). We call it a smooth section peaked
at p. Now we construct a holomorphic peak section from it.
Let
Yr(o® @v) = s+t (3.15)

be the Hodge decomposition given by Theorem {4 where s, € H*(M,L* ® E).
Because near p,

o(2) = 2> + 0|21, Mﬁ — 2"+ 0(|2%),

when k is large,
p(2) > [2[*/2, < Cpo (3.16)

in B(p, \/i%) An important estimate in the annulus is

log k
2

e ke < k-

By 7 Oty = (Or)(o* @),

)

_ _ k
|0t 1|2 = |01 |2e " |v]2 e < C’(M,v,hE)il Qkk*logk)/?
og
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Therefore,

1Bt 12 = / Bt Pu = / 1Bt
M lugk<‘z‘< 210gk

Ve =IFIEVETYE
< C(M,v,h" k—“‘)gk)/?/ Lo. 3.17
( )loggk logk | |</plozh (3.17)
< (M, v, hF)—E_ptosn)2( 108K on
log” k vk
By Theorem e < 120l
||t]€|| < C k2—2n4—10gk 10gn71 k < Ck—n/Z—(logk)/4 1Ogn71 k. (318)

VE—C

Estimate the point difference between smooth and holomorphic peak section.
Note that

I
ty € H°(B(p, ), L* & E),

Vk
by (3.5),
|sk(p) — (o" @ v)(p)|?

= |tr(p)|? (3.19)
S Ck—(log k)/2 10g2n72 k'

Estimate the outside L? norm of smooth peak section.

/ [Yro® @ v
M-B(p,"%F)

0B R L|2|1< og
SF=VERA (3.20)

Ckf(log k)/QMO

ﬂ

= /7 logk
log k log k
T slelsv2ig

k

log k

< Ckf(log k)/2(
- vk

)2n'
We use (3.18)),(3.20) to get

/ 1 k |8k
M—B(p,'25k)

<[ et @ 0Pk 2l Ikt © o)l gsar sy + Il
M—B(p, 2k VE

< Ckfnf(log k)/2 loan k

I

(3.21)
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Estimate the global L2 norm of smooth peak section.

|waﬁ@wm2=/’wu&®ku
M

=/ wmfwwm+/ e o2

B(p,*%F) M\B(p,2%F) (3.22)
log k&

< Ck™ + C«k—(logk)/Q 2n
()

<Ck™",

where we used (3.20)), (3.29).
Proof of Theorem[d, Tian’s method. Let

¢k(0k 0y Ua) = Sk, + tk,a

be the Hodge decomposition given by Theorem where si o € HO(M,L*® E).
then by Exercise 3 (2),

Bi(p) > > Ska ® 5k5(0)Ap.a (3.23)

where A is the inverse of the Gram matrix G = ((sk ., Sk,8))-

<Sk70¢’8kvﬁ> = /B( logk)(wk/(gk ® Ua)ﬂf’k(ak ® 'Uﬁ)),u
p,logk

VR

+/ (0 © va), Y (o* ® v5))i
M\ B(p, ek

%)
+/ (tk,a,tkﬁ)u—/ (¥ (0" ®va),tk,ﬁ)u—/ (t0s Y1 (0" © vg)) .
M M M
(3.24)
Apply Cauchy-Schwarz inequality several times. By (3.20)),
log k
| (61(0*va), (0" @ vg))u| < Ok~ CoED/2(Z22)2n - (3.25)
M\B(p, 25k) vk
By (3.18),
I/ (thastep)il < ltall - ltrpll < R 008R 2 10g20 =2 k. (3.26)
M
By (3.18),(3.22),

|]f(dw(ak@@va»tkﬁ>u|s|ukﬂnndm<ok@avan|s<?k*"*“°g“/4kg"—1k.
M
(3.27)

29



Because
e PP HE = e (1 4 2150(k)HE - (Id, + O(]z]?))det2 (1 + O(|2]*))2" 1o
= 2" * Hydeto (1 4 |2|°O(k) + O(|2]3)) po,

(3.28)
we find its integral
/ e HEL
B
= / 2"e M4 Hydeto (1 4 2P0 (k) + O(|2)))po (3.29)
B
2m

= (S0)"(Idy — K GARP + 222 1d,) + O(kH)),

scal(p)
2

where the last equality is from (3.11]),(2.19)). Therefore,
Go.p = (Sk,a: Sk,8)

B /B( (Ur(0" @ va), Yi(o" @ vg))u + Ok~ 1R A 10g" 1 k)

logk)

- / log k _IWHE,BM + O(k_"_(l‘)g k)/4 log”71 k)
B(p,=%)

(3.30)
By (3.29),(3.30)), we get an important expansion of G:
G = / e R Hp + Ok~ 5" log™ 1 k)
; l (3.31)
= (S0)"(Id, — k™' (IAR" + sca2(p)Id,«) Lok E)).

Therefore,

k
A=G"1= ()" (Tdr + EL(

scal(p)
s 2

Id, +iARF) + O(k™?)). (3.32)

By (3.19)), (3.23)) and (3.32)), we get the lower bound
k scal(p)
2

Bi(p) = (5-)"(Idr + k™ (= —

By Theorem l By (p) has only integral power of k. Corollary I together with

3 implies
k

Bu(p) = (5-)" (1, + K7

Id, +iARP) + O(k™%)). (3.33)

SC‘”( 50alb) 144 IAREY + O(k2)).

O

Remark 3. From the proof we see that the smoothness conditions can be relaxed
to: hY is C* (then w and u are C?) and h¥ is C?. Instead of this construction
of peak sections, we can also apply [29, Proposition 3.6.1] which is closer to
Tian’s original way of construction.
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Method 2: L.Charles

We present another construction of peak sections. Fix a holomorphic chart
(U, 21, ..., 2,) centered at p with a frame o € H(U, L) and section v € H*(U, E).

Like , we fix 79 > 0 such that B(p,r2) C U and ¢(2) > |2|?/2 on
B(p,r2). Fix a bump function ¢ € C*°(M,[0,1]) with ¢ = 1 on B(p,r1) for

some r1 € (0,72) and ¢ = 0 on M\ B(p,r2). So, J¢ is supported in the annulus
B(p,r2) \ B(p,r1) and there is a constant C = C(M) such that on the whole
M, |0y)|> < C(M). In the annulus, e~ %% < e~kri/2,

Then ¢ (o* ®v) € C®(M, LF @ E). Let

¢(ak®v) = S + 1

be the Hodge decomposition given by Theorem 4} where s, € H(M, LF ® E).
Note that B -
Oty = (OY)(o* @ v). (3.34)

For z € B(p,r2),
102 (2) = |0 |2e*|v]2(2) < Ce *i/2sup [v]? < C(v, M)e *1/2. (3.35)
Therefore,
jou = [ onfu= [ janpu
M B(paTQ)
< / Clo, M)er8 2y (3.36)
B(p,’r‘z)
< C(v,M,o, rl,rz)e_’"%p.
Apply Theorem [2] to t; we get the estimate

|01l _ Cle i
VE=C = VE-C
We derive a replacement of (3.19). Now the important observation is that

[tk]] <

(3.37)

ty € HO(B(p’ Tl)aLk Y E)a
so by (3.5)) for large k£ we have

sk (p) — (o @ v)(p)| = |te(p)|

< Ckn/2Htk|| < /2 ¢’ e—kr%/4, (3.38)
- - Vk—-C
where we used (3.37)).
By Theorem [6]
I (o* @) = /M [WPe ol = O(k™"). (3.39)
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Proof of Theorem[7, L.Charles’ method. The proof is parallel to that via Tian
given in Section Recall the frame {vy,...,v,} of E. Let

¢(0k by Ua) = Sk,a + tk,oz

be the Hodge decomposition given by Theorem where si o € HO(M,L*® E).
Then by Exercise [3}(2),

Z Sk © 5k,8(P)Ap,as (3.40)
a,Belr]

where A is the inverse of the Gram matrix G = ((sk,a, Sk,8))-
Claim:

Gap = (/MW(J'“ ®va), (0F @ vp) ) (1 + O(k"F 7M. (3.41)

In fact,

(St Sios) = /Mwak ® V), Y(0* ® vg))pi + /M<tk,a,tk,ﬁ>u

(3.42)
- [ e @)t = [ (thablot v
Apply Cauchy-Schwarz inequality several times. By (3.37)),
C —kr?/2
\/ (thor thp)il < ——5— (3.43)
By (8.39),
. Ckfn/Qefkrf/4
[ e @ v, sl < S (3.44)
The claim is thus proved.
| wlo* @)oot @)= [ [wPe o mE (a9
M U

We just need to apply Theorem |§| to estimate the right hand side of (3.45)),
where we take

i _ _
A=y Z RE 5 .1(p)z7 =2" ZRg,ﬁ,j,l(p)ijl +0(|z[*).

Ho 57 i

Note H = 2Idg,,, then D = 23"
Lo(Ap) = A(0) = 0.

=1 ﬁ is half of the FEuclidean Laplacian.

1 o
L= _iRz]E\/‘[kz’(P)ziZjZkZz +0(|2°).
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vanishes of order 3 at 0 € U. so D?(Ayp)(0) = A(0)D?(¢)(0) = 0 and D?(Ap)(0) =
0.

n 92 B ., .
D(A)Y0) = 23" 5 (2 S RE 5 (0)zg7 + O(12[1)] = 2 A RP) 5
i=1 3.l

L(4g) = - 2O

= —2"(iAR") 5
We get
[ et > RE a0 = I AR s + O (3.46)
From [3, Proof of Lemma 3.2],
[ 1R e = P - S+ 06, (3.47)

Combine (3.46)),(3.47) we get

scal

/ WP e = (CTy (1, — k™ (S Td, 1 IARP) + Ok ). (3.48)
U

Then (3.42),([3.43),([.44),([3.45), (3.48) result in

2 [
G = (%)n(mr - k'*l(%ldr +iARE) + O(k™?)).
The remaining part is identical to the proof via Tian’s method. O
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Chapter 4

L? existence theorem

For a hermitian holomorphic vector bundle (E, h¥), we define a section RE of
End(E ® T, M) by

(RP(u,0)€,mpe = (... RE(E @ u),n® )

for any p € M;u,v € T)' M;€,n € E,. Then for each p € M, Rf is a hermitian
operator.

Definition 16 (Nakano positivity). [13, Definition 1.1.6/[12, Definition 6.1.24
(i)] The bundle (E,h¥) is called Nakano positive if RE is positive definite ev-
erywhere.

For example, for holomorphic line bundles, the notions of positivity and
Nakano positivity are equivalent.

Following Hérmander, we use some functional analysis theory to derive L?
existence theorem. For a densely defined closed linear (unbounded) operator
T : Dom(T)(C Hy) — Ha between Hilbert spaces Hy and Ho, its adjoint T™* :
Dom(T*)(C Hy) — H; is also densely defined closed. x Im(T)t = ker(T*) and
T** = T. For proof, see |20, Theorem 13.9, Theorem 13.12].

Theorem 13. Let F C Hy be a closed linear subspace with ImT C F, and
assume there is C > 0 st |T*yl1 > Clyl2 for any y € F N Dom(T™*), then for
any v € F, there is u € Dom(T) st Tu = v and Clu|; < |v|2. In particular,
F=1ImT.

Proof. Since ' C Hs is closed, we have an orthogonal decomposition Hy =
F @ F+. For any y € Dom(T*), write y = y; + y2 where y; € F,y, € F*.
Because ImT C F, F+ c (ImT)* = ker(T*) € Dom(T*), we find y; =
y—y2 € FNDom(T*). Now |(y,v)2| = |(y1,v)2] < [y1]2[v]e < CTHT*yi|1|v]2 =
C7 Y T*y|1|v|2. Therefore, the assignment T*y — (y,v)2 defines a bounded
linear functional Im(T*) — C of norm at most C~!|v|s. By Hahn-Banach
theorem, this functional extends to the whole H; with norm at most C~!|v[. By
Riesz Representation theorem, there is v € H; such that for any y € Dom(T™*),

(T*y’ u)l = (yv U)Q'
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Therefore, w € Dom(T**) and T**u = v. Note that T** =T O

For a measurable, bounded from above function ¥ on M, consider the point-
wise wighted inner product (s,t)y = (s,t)e”¥ on Q**(M, E) and global one
(s,t)y = [1,(s,t)yp. Let L2 (M, E;¢) be the completion of Q7¢(M, E) under
(,)p. Put some Hilbert spaces H; = L§,; (M, E;¢) for i = 1,2,3. Define
T : Dom(T)(C Hy) — Hz and S : Dom(S)(C Hz) — Hs to be the maxi-
mal weak differential operator extension of 9¥. Note that Im(T) C Dom(S)
and ST = 0 on Dom(T). If ¢ € C(M), then T, S are densely defined closed
operators, cf [9] p99].

Theorem 14 (twisted Bochner—Kodaira—Morrey—Kohn identity). For € C?(M)
and n € Q%Y(M, E), we have.

|Snl3, + | T*n|3, = |Vnl3,

DB | D . _ (4.1)
+ [ GR + Ricei(w) + 000} e n
M
Here Ricci(w) is the Ricci form of (M,w). This result is essentially the
Weitzenbock formula. Please compare this result to [I7, Theorem 2.10, Theroem 3.1],
[30, (2.36)], |21l Proposition 5.1] and [23} (1.3.3)].

Proof. This proof is a modification of [25 Proof of Lemma 7.7]. We work at a
point x € M in K-coordinates and the preferred frame of F, as long as the final
answer is coordinate invariant. Then

002, = " g™ (V505 (Van)g — (Van)p)w-

Let H = H” be the Gram matrix of {v,} Define Christoffel symbols CJ, by
Vva = CJ vy,
(0gH)a,p = (Vqvas vg) = CioHy

so CP = (52 H=1), 3. Note that

Ozq
E E EvE E (B 805&
R} va = R7(05,00)va = ViV va = V5 (Clavs) = 5z, vg.
At z all the Christoffel symbols vanish
E _ —
Iy, =0, Ch =0. (4.2)
For the adjoint operator,
Ty = —eVg" V(e Vnp).
Note that
g g™ ((Vin)k, (Vemawr = IVl (4.3)

M
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Integration by part
/M 9 g™ (Vin)is —(Van)p)u

- /M P g™ (Vo[ (V) i) )

9y

=/ gpquk(vq[(vjn)l’c]_67(Vj77)157771‘))¢ﬂ
M q

and
/Mgﬁgq’%el”(vq(e-wn)),;,e¢<vj<e-wn>>ﬁ>¢1u
== [ P T ) o
;i .
— _ Pj 49k (\7- I i RSOk S v A _
[ T = G = 55w
By (2.7)
Vin = Vj(mdz') = (V;(np))dz" — nTh,, dz™
SO a
J— ;. o
(Vime = Vj(ng) — il = (Tﬁ — 0T va
and

877,% L 92 81Tk
-z | = —_— — gFl< a) = o ’ «
VallVimi] = Val (g —m i) = (g = 52 v

where we use (4.2)) for last equation.

Similarly,
Vyn= vq(nl_dzl) = (VQ(nl_))dgl’
SO one
U
(Vamli = V() = 5 va+ 17 Chavs,
%q
and
ong 5 % ,0C8, %1
Vil(Vengl = Vg(azq Vot Chavp) = 0%,07 Va1l 0z; ve = azjazq”
Note __
oy - L
qj kBl VqV§8]’c = vq(rjkaf) = ?aﬁ
q
_ orT,
SO Réjjc =3
Vol(Vimal = Vil(Vemi] = —mRL; ¢ + REsmg,
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where RE = RE dz9 A dZ.
Now,

g g™ (=Rl 1 np)w = —g" g™ g Rogir (nj ma)w = — 9" g% Ric,i (0, 1)

To sum up,
g g™ (Vo [(Vim)el = Vi(Vam)il, o)y = g7 g™ (= RicypIdy + RE)(0),nq)u

Therefore,

/M ™ (V3 ~(Vamp)s + (¥ (Vale ™ m)g, € (V5(e™ n)p)u]u

0%y

- (4.11)
:/ 9P (((—Rieys + 5 e B (7))
M 2k

Finally we get
1Snly, + 1T nl3,
= /M 3 g™ (Vin)e, (Vom)a — (Vam)p)y + (€% (Vole ™ n)i, ¥ (Vi (e Vn))p)uln

0%y

— |Vnl|? pJ ak
V0l + [ o+ 5

=) dr + RE)(107), 1)t
(4.12)
O
Corollary 4 (a priori estimate). If there is C > 0 st i(R¥ + Ricci(w) +00) >
Cw on C*®(M, E), then for any n a smooth E valued (0, 1)-form, we have

|Snl;, + 1T nl;, > Clnl3,.

We remark that the most important term in (4.12)), for our purpose, is

/M 9" g™ (RE 5, )y

Under K-coordinate it becomes

n

> (REmz.ng) = (... R¥( Zm Z ) > MDD m5051* = Alnl*,  (4.13)

7a q=1 Jj=1

where the function A € C(M) is the minimal eigenvalue of ... R¥. (Here we
used Proposition [1])

Theorem 15 (Hormander density). [9, Proposition 2.1.1 and p.121][{], Lemma 4.3.2]
If € C*(M), then Q%Y(M, E) C Dom(S) N Dom(T*) is dense with respect to
the graph norm

n = nly + [Snly + [T*nl%
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Theorem 16 (L? existence). If 1 € C*(M) and there is C > 0 such that
i(RF + Ricci(w) + 00y) > Cuw,
then - -
for everyn € Lgyl(M, E; ) with On = 0, there is a & € Dom(0) C LgyO(M, E;q)
st O =, which means for any x € Dom(T*),

/(«S,T*X)wM:/ (1 X)p - (4.14)
M M

and
CIEls < Infi-
Please compare this to [24, Proposition 2.1(ii)] and [26, Proposition 1.1].

Proof. By Corollary 4l we have the a priori estimate for n € Q%'(M, E). By
Theorem the same estimate holds for any n € Dom(S) N Dom(T™). Take
F =ker(S), then n € F. By Theorem [13| there is £ € H; st 9¢ =7 and

CIE < Il
O

To show regularity of d-solution, we introduce some Sobolev spaces. For
l € Nand U C C" an open, let H'(U) be as in [6, Section 5.2.2,Remarks (i)]
and similarly, let H'(U;loc) be the space of all f € L?(U;loc) such that for each
multi-index I,J € N" with |I| 4 |J| < [, the weak derivative (Z)/(£)7f €
L3(U;loc).

Lemma 5. If f € L?(U) and its weak derivatives g—;j € L2(U) forall1 < j <n,
.10 o
then f € H'(U) and for any j, |37]:‘L2(U) = |a7fj‘L2(U)'

Let Hll,)q(M,E;loc) be the space of measurable E-valued (p,q)-forms, for
which there is an atlas of M and a set of frame of E over each chart U,
such that the representation functions are in H!(U;loc). (In fact, due to com-
pactness of M,Hlljvq(M,E;loc) = Hlljvq(M, E).) By Sobolev embedding the-
orem, [6l Section 5.6.3 (ii), Theorem 6], if & > n and 0 < A < 1, then

k ) k—n—1,X ) : o
Hj (M, E;loc) C Cy " LA(M, E;loc) the latter being space of locally A-Holder
continuous E-valued (p, ¢)-forms.
Lemma 6. Let ¢ be a measurable function on M and {1V} be a decreasing

sequence in C2(M) with " — 1. Assume there is C > 0 such that for any
[>1

i(RF + Ricci(w) + 00y) > Cw. (4.15)
Then for n € W, (M, E; 1), there is € W(igl(M, E) st ¢ = n in the distri-
bution sense with
ClefF < Inl3.
In particular, if furthermore n € Q*Y(M, E), then the this & € C°°(M, E) and
0& = n in the classical sense.
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Proof. Because e S e Visa increasing sequence, by Levi convergence theo-
rem ||}, — [Inl[7- By Theoremﬁ thereis ) € Dom(T}) C LE ,(M, E; 1)
such that T;6W = 5 and

C”&(l)Hi(z) < ||U||i<l>7

where T, = 0 : Dom(T;) C L% o(M, E;%") — L§ (M, E; 1) as usual. There
is C’ > 0 such that v < C’ for any | > 1, so

||f(l)||2 < 65”5(1)”12“” <Ot ||77H12¢(z>-

Thus the sequence {¢()} is bounded in L?(M, E). By weak compactness [T}
Theorem 1.42], we can find a subsequence of ¢ O still denoted by ¢, converging
weakly to some & € L?(M, E).

We check 0¢ = 7 in the sense of distribution. In fact, for any ¢ € Q%'(M, E),
let x = ¥t e Lal(M,E;i/)(l)) in , then

/M(fﬁ*t)u = /M(é,Tz*x)wu = /M(n,t)u-

Now we treat the regularity. Suppose that £ € Wé’O(M, E) for some 0 <1 <
k (this is true for [ = 0), we will show £ € Wé’%l (M, E). Thus by induction on
[ we find £ € W(%FI(M, E). In fact, for any chart (U, z1,...,2,) C M and any
frame {v,} of E, write { = Y|, {*v,. For any x € C°(U), any multi-indices
I,J e N" with |I| + |J| <1,

O (5o (%) = (o) (5 (xa + €°05x) € L2(U)

By Lemma (%)I(%)J(Xé") € HY(U). So ¢~ € H'W(U;loc) or equivalently
¢ € HHL (M, E;loc).

By weak lower semi-continuity of norm, for any 7 > 1,1 > j, e~V < e
we thus have

€M1y < LimyllED1%0) < lmyllED 20 < Lim O allfo = O inll}.
Let j — oo, by Levi convergence theorem again, [|€[[,u) — [|€]|y, thus [|€]]7, <

-1
CHnll3.
O

Remark 4. Note that by Weyl lemma, any solution &y of & = 0 is holomor-
phic. Then any 0-solution is in W&JOFI(M, E)
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Chapter 5

High rank Bergman kernel

Let P — M be another hermitian holomorphic vector bundle with rk(P) = s,
we are going to find the first term in the asymptotic of By the Bergman kernel
of P* @ E. However, we restrict ourselves to the case of Riemann surface in
Section for simplicity of calculation.

We fix a frame {uy,...,us} of P as in Proposition [3| and write Hp for the

corresponding Gram matrix. For a € [s], let Ho p.qq = € Eiim1 Biraa®i® gnd
for a[# b € [S], let Hg,p;aib = _Z;’L,lzl Rﬁ,aszzl’ then Hp = Hg,p(lds +
O(|z]®)). Recall that as usual rk(E) = r. Put vy == u;, @ -+ ® u;, ® v, for
each multi-index I = (iy,...,4x; ) € [s]F x [r]. Then {v; : I € [s]¥ x [r]} form a

frame of P* @ F of Gram matrix H%k ® Hg. In particular, this preferred frame
is orthonormal at p. We assume that (P, h?) is Nakano positive.

5.1 Upper bound

Lemma 7. s € H(B(p, %),Pk ® E), write B = B(p, %) Then

s@s(p) < M) [ 5P,
B

where the matriz

M(k) =27"(1 4 Ck™/?1log? k)[/ HY b o] ™' @ Id,.. (5.1)

B

Taking trace, |s|?(p) < Tr(M(k)) [5|s|*u.
Proof. Write s = 3~/ (gsxppy frvr and let y = (fr : I € [s]¥ x [r]) be a column
vector (of holomorphic functions on B).

Then
|s|* = y" (HE" ® Hp)y
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and s ® 3(p) = yy* (p). There is C' > 0 and a neighborhood of p (independent
of k) over which

H®* @ Id
HE* @ Hy > S ; 5.2
PO e 2 LR T O (5:2)
2n
a (5.3)

HAl . —
po — 1+ C|z)?
We estimate the integrand on the right hand side. By (5.2)) and (5.3]), we have
Rk n
|s]u > y" ap 80 y 2o
(14+Clz3)k1+C|2|2)7 1+ C|z|? (5.4)
> 2"(1+ Ck~'/?log” k)~ 'y" (H} ® Id, )0,

where for the last step we used |z| < lo\/ggk .

Therefore

/ 15[ > 27(1 + Ck~1/2 1og® k)~ / yT(HES ® 1d, )0 (5.5)
B B
> 9 (1 + Ck~210g? k‘)—lyT(p)[/ (Hgf’l’g ® Id)poly(p), (5.6)
B
where for (5.6) we used some analogue of vanishing identity (Exercise [10). Fi-

nally we apply Exercise |2 to conclude. O
Corollary 5. The Bergman kernel By, of P* ® E satisfies By(p) < M (k).

5.2 Lower bound: A third construction of peak
section

We present yet another construction of peak sections, which is a modification
of [26], Proof of Lemma 1.2].

Recall U, 1y, v from Section For each I € [s]*, put ur = u;, ® -+ ®
u;, ® v to be a holomorphic section of P¥ @ E. We define a weight function

k|z[*
log? k

k2|
log? k

Y(z) = nx( ) log( ), (x(x) = n(2z)) (5.7)

The factor n in definition of ¥ is to ensure vanishing of £ (to be constructed)
at p. Note carefully that v is supported in the ball B(p, 1‘:5;) and admits a
logarithmic pole at p € M. In addition, ¥» < 0 on M. To apply Theorem

we approximate ¥ by smooth functions. Let

k|z|? k
lo
log? k;) &l log? k

00 = ny( (7 +12P),
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then this decreasing sequence converges to 1.
We check condition (4.15)). We calculate

n~to0y = (5.8)
k" 2.1 k 2 k 2 -2/ k 2 2 .12
——z%)1 +2 A2 A D
[(long) X (log2k|2| ) og(loggkIZI ) loglezl X (longIZI )10 2] 2]
(5.9)
k / k 2 k 2 3 2
+ ——xX(—=1]7%)1 20 5.10
logZ 1 X (log2k|2| ) Og(loggklzl )00(|=[7) (5.10)
k _
+ X (g [21%) 09 log(|2?). (5.11)
log” k

Firstly, the (1,1)-form
i0|2)% A 0|2)? = i(2;2,d2” A dZF)
is semi-positive, and there is C' > 0 st
C|z|*w > i0|z|* A 0|2

for |z| < 1. We get

k
ixz—C 5w
log” k
over M.

Secondly, The form i00|z|? = idz; A dz; is positive, so i x (5.10) > 0.
Thirdly, by Exercise 2| |2|?Id,, > 22T, so the form

i001og |2|? = i|z|"*(|2*0;1 — zjZk)d2r A dZ;

is semi-positive, so i x |) > 0. The estimation with 1 replace by ® is
similar.
To sum up, there is C' > 0 such than for any [ > 1,

00y > —C w

log® k

on M.
Because P is Nakano positive, by (4.13]) there is § > 0 and kg > 1 such that
when k > ko, > 1 we have

Ricci(w) + 109y 4 iRP"®E > 5k

Note that (0t )us vanishes at p, so [0y )ur|y is finite. By Lemma@, there
is wy € (M, P* ® E) such that dw; = (O, )ur with

lwr |3 < (k8)™H 199w )url}, < oo,
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in particular wr(p) = 0.

Let s; = tpu; — wy then s; € H'(M, P* ® E) and s7(p) = us(p). The s; is
the peak section we are looking for.

We need some estimates as in Section For any a € [s],

n

S RE za = R (ua® (Y 20)) ua ® (Y 2d).
J l

Jl=1

Because P is Nakano positive, RY is a positive definite matrix, so there is
9 *,%, 00 )

A > 0 such that on B(p, \/51‘3%6), for each a € [s],

> RE .z > Mz (5.12)
Jil=1

By 1) there is A > 0 such that on B(p, ﬂl‘z/gﬁk) we have

HE o= e Moo (14 0(af) < e
Then .
2 — |y|2 P —kAlz]?
= o T, < e
Let A be the annulus % <|z| < \/ﬁ% Then
kéllwr|? < kéllwill} < [1(0vn)url?,

- / @B yurPeu
A

= 1
= / |(Dn)ur|*p (5.13)
A
2
<C : e—kélzlzuo < C(log k ni2e—610g2 k
alog”k k log” k
Thus ,
|wr]]? = Ok~ e 018 klog?" 2 k). (5.14)
For the outside L? norm of smooth peak section, as in (3.20]),
/ |1/Jku1\2u < Ck e log” k log®" k. (5.15)
-B

Similarly we have |[¢pur||? = O(k™™).

Finally we arrive at the lower bound of Bergman kernel. For I = (iy,...,ig; @) €
[s]* @ [r], let s; to be the peak section constructed from v,. Then {s; : I €
[s]¥ x [r]} is orthonormal at p. By Exercise (3

Bi(p) =Y s1®5;(p)Ass = A", (5.16)
rJ
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where A is the inverse of the Gram matrix G.
By the same argument for (3.31)), we find

G = G'(Idg, + O(e™?18F) log" ! k),

where
I[,J:/(wkulawkuj),uf
B

SO
A= (G Idg, + O(log" ™! ke0/21o8ky) (5.17)

5.3 Calculation

Exercise 11. Let B = B(0, 1‘33;/“) C C be an open ball, a > 0, then

_ 2 ™ _ log2k
[ e e e
B a

In this section, let M be a Riemann surface. In this case, for a # b € [s],

—Faalz|?.
)

HZ,P,a,a =e€ HQ,P,a,b = - ab|Z|27

where F = ... R is a square matrix of size s such that the Chern curvature
RFP(p) = Fdz A dz. Due to our assumption, F is positive definite.

Theorem 17. The Bergman kernel of P* ® E satisfies

D®Id,
Bi(p) = =5 (Id g, + Ok~ 2 log k),
where D is a size s* diagonal matriz whose (i1, ..., i) entry is Zj 1 Fijige

Example 6. When s =1, i.e., P is a line bundle, Theoremn 17 agrees with [15,
Theorem 4.1.1].

Proof. We compute the upper bound first. We calculate f B HSg o inside 1]

By Exercise [11] u the diagonal entry at (i1,...,4;41,...,%) position is
082 k —k
/ T Pyl = T (e T Py = T (140(eM 08" H)).
ZJ 1 ZJ’ZJ Zjil Fijvij

Consider an off-diagonal entry at (i1,...,%;J1,--.,Jk), say with I > 1 dif-
ferent indices. Then the integral is like [, |z[2e=al” g = O(k~2), where
a> (k=10

Therefore

/ HYbpo =aD~ '+ O(k™?) = wD 7' (Idge + O(k™1)).
B
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By Corollary, we get the upper bound

D®Id
Bi(p) < - (Idyeg, + Ok 10g* ).
We turn to the lower bound. For multi-indices I = (i1,...,ix; @), =

(1,0 5w B) € [s]F x [r],
Ty = /BH;j’jl HY S HE g (5.18)
On the diagonal, i.e. I = J,

9122/ e Xi=1 sl (1 4 kO(121%) (1 + O(1212)) o
B
— (/B e ZFER (1 OokV?) = k277(

=1 ""15,%;

(14 0(k™*/?))

If I # J, the integral is at most [, e O(|2[)p = O(k2) where a > k.
Thus by (5.16) and (5.17)), we find

> D®Id,

on (Idgrg, + O(k™1/?)).

By.(p)

We conclude by combining the upper and the lower bound. O
Corollary 6 (Asymptotic Riemann-Roch). We have asymptotic expansion
dim H(M, P* ® F) = skilkr/ c1(P) 4+ O(s* k=12 1og? k).
M

Proof. Recall that z is K-coordinate, 1 = idz A dz by Exercise [4] so

. o .
c1(P,hY) = ;—WTr(RP) - iTr(RP)dz Ndz = —Tr(F)p.

We conclude by Proposition [f] and Theorem O

Some questions that we don’t know: does Catlin-Zelditch expansion (Theo-
rem [8) hold in this high rank case? Do we have vanishing theorem of the form
H>Y(M,P*® E)=0?
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Chapter 6

An application to Riemann
surfaces

We apply the same strategy to generalize [I3] Theorem 1.1]. Recall that every
compact Riemann surface admits a hermitian metric of constant scalar curva-
ture.

Theorem 18. In Theorem[7, if n = 1, E is trivial and (M,w) is of constant
scalar curvature p, then

_2k+p

et O(k~(losk)/4)y,

By.(p)

Proof. Again, let B = B(p, 1‘3%" ) in a fixed holomorphic chart centered inp € M.

Upper bound: As in Lemma |3} s = fo*, |s|?> = |f|?e~*%. Because ¢ is
rotationally invariant, we argue as in (3.10) to get

/ 520 = / P> 1 £ () / eFep = [s(p)|? / erep,
B B B B
By Lemma 2]

Bi(p) < ( / o) (6.1)

B

Lower bound: As in Section let s € H°(M,LF) be the peak section
constructed from o*. Then

where A™! = (s;, s3) = G. By (3.31), G = (1 + O(k=(eeb)/4)) [ e~y
Combine (6.1) and (6.2)) we find that

Bi(p) = ( /B e F2p) 1 (1 + Ok~

log

4k).
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Case p = 0, locally we may assume that p(2) = |z|?, then u = 2uo.

2 2 2
/ e ko = 2/ e FIE g = %(1 — e logT Ry, (6.3)
B B

We can also get (6.3 by formally letting p — 0 in result of (6.4).
Case p # 0, by [13] (3.5)], locally we may assume that

2 P12
= —log(1+ = .
p(2) = Slog(1 + £ 12P)

Then )
0% P _12y—2
= = 1 —
g 020z ( —|—2\z|)
and
291 : p
= 0= 777515 Mo-
(14 £]=))?

We calculate

ko = [ o log(1+41) 2
e ,u—/ e r 2 Ho
/B B (1+£l=0)?

= 2/ (1+ Brz)ﬂ*%rdrdﬁ
B 2

4 /1+g logk2 k tizi% dt (64)
= 47 P —
1 p
47 1
:2k+ [1_ plogzk 1+M]7
p (1 + §T) 7z
where we used the change of variable z = re? and t = 1 + §r2. O

In fact, everything involved is of local nature, therefore the same result holds
for any (open) Riemann surfaces (with locally uniform convergence), which is a
particular case of [I Corollary 2.4] (when m = 0).

Remark 5. It seems possible to improve Theorem[I§ with an error term of size
O(e=%%) for certain constant § > 0 (on Riemann surface). See for instance [8,
Theorem A]. The case of hermitian symmetric manifold could also be treated,
cf. [16, Theorem 1]. We are grateful to Professor X.Ma for providing us these
references. One can ask if a similar result holds for any dimensional manifold
endowed with a constant scalar curvature Kdhler metric.
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Appendix A

Appendix

A.1 An alternative proof of Corollary

Following [I5l Remark 4.1.4], we give another proof of Corollary

Exercise 12. [15, (4.1.5)] Let (M™,w) be a hermitian manifold, E — M a
hermitian holomorphic vector bundle of Chern curvature RF, then

niR” Aw" ™! = (IARF)w™. (A1)

Taking trace,
Tr(iARE)w" = 21ncy (B)w™ L.

In particular, when E = T, M with h¥ the hermitian metric of M,
scal - w" = 27Tncl(ThM)w"_1.

Proof. We check the identity pointwisely. Fix p € M and a holomorphic chart
centered in p and orthonormal at p. Put 1, = dz; A dz; for short. At p,

9i5 = 0ij; w:iZm; iARE:ZRfj.
1=1 j=1

Therefore,
(iIARF)w" = i"(z RjEj)n!nl A AN
J

n
niRF Aw" ! = m”(z m)" A (Z Rf,—cdzj NdzZy) = i"(z Rfj)n!nl Ao Ay,
=1 jk j

j
We proved (A.I). For the last equation, apply Exercise [ O

We recall two characteristic classes.
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Definition 17 (Todd class). If a complex vector bundle E on a topological
space S has oy as its Chern roots, the Todd class Td(E) = [[, Q(as), where
Q(z) = == In particular, Td(E) =1 + % + ... For a complex manifold
X, define Td(X) :=Td(T,X).

Definition 18 (Chern character). [15, (1.3.45)] For a holomorphic vector bun-
dle P — X, define Chern character

.RE
ch(E) =Tr exp(z2—7r)7

where R¥ is Chern curvature of E. We define the 2j forms c;(E) by
ch(E) = ¢;(E).
>0
(In particular ¢1(E) = 5=Tr(R¥), which agrees with Deﬁmtion. And co(E) =
We state the following celebrated theorem.

Theorem 19 (Hirzebruch-Riemann-Roch). [15, Theorem 1.4.6] Let P be a
holomoprhic vector bundle over a compact complex manifold X, then x(X, P) =

[x ch(P)Td(X).
Now we derive the desired result as a corollary.
A second proof of Corollary[d Note that

L*®FE . pL DE
i )= exp(Zk;R )Trexp(%) = P Dep(E).
7r ™

By Theorem (19} x(M, L* ® E) expands into a degree n polynomial in k

ch(LF @ E) = Tr exp(z

In this asymptotic expansion, the coefficient of k" is rk(E f M

rk(E
(27(r)n) Jor 1
By Exercise [12]

/ Tr(iAR®)c (L) =n | ¢ (E)H(L); (A.2)
M M

n!

/ scaley (L) = "/ cr(Tp M)y~ (L). (A.3)
M M
The coefficient of k"~ is

%= —W ey 2B )

M

1 T’“(QE / scalc (L /MTr(z’ARE)c?(L)]

(271r) [ 2E / scalu—l—/MTr(iARE)M].

Thus we get the said asymptotic expansion.
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A.2 Controlling supreme norm

The following Theorem [20] is a start point of complex analysis.

Theorem 20 (Cauchy integral formula). Let D be an open subset of C"™ with
0 € D, for function f € C*(D),

10 = ()" [ G

s L 0Zy 2. 2

We give another theorem of same flavor.

Theorem 21 (Bochner-Martinelli formula). For(,z € C™ the Bochner-Martinelli
kernel w(¢, z) is a differential (n,n — 1)-form in ¢ defined by

ey = oL SN (G 2) NG A AdG A A dG Ad

n _ |2n
@mi)r |z = (PP 2=

(where the term dC; is omitted). Let D C C" be a domain and f € C>(D).
Then for z € D, we have

- / BF(C) Aw(C,2).
D

Exercise 13. Forn € Nt there is a constant C = C(n) > 0 such that for any

feo=(Cm,
1. ’
|£(0)] 0 f
—= < |fleran@),uo) + sup
c (BHOr) T a0yl | 02
2. For anyr > 0,
fO) _ —on iy oy
< M flLian ) u) T sup (2)
c BT T nnt et | 97T

Proof. By abuse of notation, we use C to denote various positive constant de-
pending only on n.

1.Fix a smooth function p : C — [0,1] such that p(z) = 1 when |z] < 1/2
and p compactly supported on A'(1). Set ©(z1,...,2,) := [ p(z:). Apply
Theorem [20] to f1),

£(0) = £(0)¥(0) = c/ o"(f¥)  po

n(1) 8Z[n] Z1...-2n

o ( Al g gn=lilv
By Lebnitz formula, Gz[" ZIC[n] 55 5anT

(A). When I =0, (’(;?Z[Z)] =11, gg (%) is non-zero only when |z;| > 1/2 for all

1 <i<n. Thus |gz[}fl L_| < C over whole C". so

/ f 9"y o
n( 0zn 2y ... 2,

1/2<2;|<1,V4 0z 21 ...z,
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, 1|
(B). When I is nonempty, |%2T\}p| < C over C", so

ozl 9zlnN\I 2 ... 2,

/ HMf oy g
An(1)

1]
<C sup 8_If’/ Ko (A.4)
z€An(1) 0z n(1) |Zl Zn|
ol f
=C sup |—=
zean(1)| 021
and we proved 1.
2. Let g(2) := f(rz) and apply 1. to g. O

Remark 6. With similar proof but applying Theorem instead of Theorem
we can get rid of higher derivatives. More precisely, there is C = C(n) > 0
such that for any f € C*°(C") and r > 0,

f 0 —2n a
11Ol é” < floa By + 7 sup |Of].
z€B(r)

For the sake of completeness, we state a generalization of [3, Theorem 2.1],
which is used to control peak section constructed loc.cit. Note how we avoid
this result in Section [3.2.21

Proposition 5. Let M™ be a compact hermitian manifold of volume form u,
L and E be hermitian holomorphic vector bundles with k(L) = 1. Then there
is C'> 0 such that for any s € C®*(M,L* ® E), anyp € M, any (U, z1,...,%n)
holomorphic chart centered at p, for large k € NT we have

1 olls

Z15(p)] < K™l 2 (an (ro).p) + sup e e} (A.5)
c (A7 (ro)us) 2E€A™ (ro), T(£0)C[n] 0 tozl

where 1o = 1/Vk.

Proof. By Proposition 3], we can choose a frame o for L in a neighborhood
of p € M such that p(z) :== —loglo|}, = O(|z|?), and {v1,...,v,} as in the
Proposition. Expand s = Y. _, fa(0" ® v4), where f, € C*™ near p.

|S(Z)|i = e_kip(f]-? MR fT)HE(f]-? MR f"')H'
In particular,
s = Q1)) <D | falp)l- (A.6)
By Exercise (2).

1 _ |7
—|fa®)| < 5" falLrane o) T sup ro |21 (2l
C 0 (An(ro),H0) A (re) I£0 0 17957
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There is A > 0 such that in A™(rg), |¢(2) — ¢(0)] < 2A4r3, so

2
e—kga(z) > 6—2Akr0 _ 6_2A

There is a > 0 such that H” > a%Id, and pu > apg on A™(ro).

ol = [, ol
o
:/ e_kW/2[(f1""7fT)HE(f1)"'7fT)H]1/2M
A (ro)
> / e Aa(S a2 ) 2apo (A7)
A"(To) a=1
et [ Yl
An(ro) o
= e Aot/ Z | fa| L1 (A7 (ro) 10) s
«

where the last inequality is Cauchy-Schwarz.
Note

olllg oMlf, X
PR =2 gzr (o ®va);

SO

a\f\slze_w/Z[(aII‘fl M fr) 1 O ol f,

\ Yy /2
oz! ozt 7 ozt ozl 7 o7t
o\l f,
A o 2y1/2
> (S G
oMl
_A «
2 e |-,
for any 1 < ag < r. Thus
olllg 4 o\l f,
sgp|821|26 aslip| 8210‘.
Taking sum we get
oMl g oMl f,
sgp|821|2r e aza:suzlp| 551 | (A.8)
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Now

GRS

o\,
<SP falpi@aneorpey + sup T2 (2)])
; 0 (A (ro),10) e A (re) Io0 0 951 ,

< kn“ || ” ‘Il |I|
S| L1 (AR (1), . #
= (A (ro),u) 2€A"™(ro),I(#0)C[n] ’ !

where we used ,,.

Remark 7. By Remark[6, we can show

s(p n _ =
| (c)| < E"|s]| L1 (A (ro) ) + R sup  |9s.
zEA™(rg)

By Cauchy-Schwarz inequality
5121 (am(ro)m) < VOUA™ (o), )2 18]l L2 (an (ro) sy < Ok 2Isl| L2(an (o) 1)

Therefore, we can deduce
I ollg
T

Is(p)] 2
< E"2?||s|| L2 an + sup —|
C ( (r0),1) ZGA"(T()),I(#@)[TL] 0 azj
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