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Abstract

We study a simplified equation governing turbulent kinetic energy in a bounded
domain, arising from turbulence modeling where the eddy diffusion is given by p(z)+e,
with p representing the Prandtl mixing length of the order of the distance to the
boundary, and a right-hand side in L!. We establish the convergence toward the
formal limit equation as ¢ approaches 0, within fractional Sobolev spaces W1/2:4,
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1 Introduction

In this paper we consider the non linear elliptic equation

a—1
(1.1) —div ((e(z) +¢)VE) + kﬁg =D(z) inQ,
k=0 at I,

where Q ¢ RY (N = 2,3) is a €2 bounded domain, I' = 9Q, a > 0, D > 0 € L(Q),
0:Q — RT is of €2 class behaving like the distance to I' (see (2.1)), and & > 0.
Equation (1.1) is a by-product of the equation for the turbulent kinetic energy used in
turbulence models (see [4, 15, 17]), in which vy,., = 0 + ¢ represents an eddy diffusion
coefficient in a simplified manner. Here ¢ is a molecular diffusion coefficient, D is the
production of energy, & = k|k|* (o + ¢)! is the dissipation of energy. In physical models
a = 3/2, the function p represents the Prandtl Mixing lenght.

Elliptic equations with r.h.s in L' have been intensively studied since the seminal work
of Boccardo-Gallouét [3], in the context of turbulent and/or thermodynamical coupling
[4, 5, 7, 13, 14]. Therefore, we know the existence of a non negative distributional solution
to (1.1), in Wol’p(Q), for all p < N’. Moreover, due to the fact that the term £ is monotonic,
there is a unique renormalized solution to this equation [6, 16].

We address in this paper the problem of letting ¢ go to zero in equation (1.1), which
is related to the common question of determining whether molecular diffusion can be
neglected in comparison to the eddy diffusion terms in the models (see, for instance, [9]).
The challenge here arises from the fact that p vanishes at T



This question was previously examined in the relaxed case in [1, section 3|, where we set
Veas = 0° + ¢ for f < 1. We then demonstrated the convergence of the corresponding

solutions to the limit problem in WO1 Q) when 8 < ﬁ and for any q < Nﬁ?f) .
However, in most physical models, 5 = 1, and the situation becomes more intricate.

Our main result is the Theorem (3.1) which states that when 1 < o < N’, the familly
(ko)eso converges, up to a subsequence, to a distributional solution k € W/24(Q) for
q < 12+°‘a = ¢, of the limit equation given by (3.1) below.

Notice that the case o = 3/2 is achieved when N = 2, but for N = 3, we must maintain
a < 3/2. Additionally, we must stress that we cannot impose k£ = 0 at the boundary, since
qe < 2, and functions in W1/2"1(Q) may have no trace at I'. Finally, the case ﬁ <pg<1
is in progress.

The paper is organized as follows. In the first section, we derive a priori estimates of
,01/ 2VEk in LP spaces, following the approach of Boccardo-Gallouét [3] (also discussed in
[11]), adapted to the present case. In the second section, we derive estimates in W/24(Q)
for ¢ < g. from a Hardy-like inequality. These estimates enable us to rigorously pass to
the limit in the equations.

2 Estimates in weighted spaces

2.1 Framewok and L% estimates

We assume that p € €2(Q) satisfies:

: o(x) :
2.1 lim =1, Vn>0, pg,= inf x) > 0.
(2.1) d(z,T)—0 d(z,T") e d(z,0)>1 o(x)

e z€Q

Let T,, be the truncation at eight n, namely, the odd function defined by V& > 0, T,,(x) =
min(n, ), and we set Gy, = Tj,+1—T),. Finally, let n > 0 and H,, be the ¢! approximation
of the Heaviside function, namely, the odd function given by, VO < x <, H,(z) = %,
Va > n, Hy(x) = 1. These three functions are Lipschitz continuous, the derivatives of
which have a finite number of discontinuities. Moreover, they vanish at 0. Therefore,
according to Stampacchia [18], if F' is one of these three functions and v € H}(2), then
F(v) € H}(Q) and V(F(v)) = F'(v)Vv, which will be used all along the following proof.

In the following, given s > 0 and p > 1, we set

(2.2) werm = (] W

1<qg<p

We consider the renormalized solution k of (1.1). We do not give the full definition of the
renormalized solution, which is rather intricate, referring to [6, 16]. We retain that this
solution is essentially a distributional solution that satisfies several additional properties,
such as Tp,(k) € H}(Q), and mainly for any FF € W1>(R) entering in Stampacchia’s
framework,

/ 2 k|k[*! _
(2.3) /Q(a—l—p)F (k)| VE| +/QQF(k)—/Q]D)F(k).

Moreover, we know from [12] that k > 0 a.e. in €, so that k|k|*1 = k% The following
estimate is essential in our proof, telling among other that k& € L*(Q).



Lemma 2.1. Let k be the renormalized solution to problem (1.1). Then:

(2.4) OS/ k
QO0+E¢€

Proof. Take Hy(k) as test in (1.1). Then by (2.3), as k > 0, |H,| < 1:

dx < ||Dfo,1-

«

/Q o (k) ()| Vkd + /Q Hy (k) = /Q DH, (k)dz < |Dllo.10.

o+e

Since ou(k)H,,(k)|Vk|* > 0, H,(k) — k a.e in Q, by Fatou’s lemma
n—

k~
OS/ dx<hm1nf/H
Qo0te

which proves (2.4). O

d.%’ < HDHO 1,

2.2 Ladder process
Lemma 2.2. let ¢ < N’ and

q
2.5 > —.
(25) r> 5

Then ¥Yng € N, 3A1(ng), A2(ng) > 0 such that hm A2(ng) = +oo and such that

no—

r(2—q)
(2.6) / 92 |VE|1dz < A\ (no) + /\Q(n())HkHOTQ ,

Proof. Let B, = {x € Q;n < k < n+1}. We take Gy, (k) = Tp41(k) — Th.(k) as test in
(1.1) and use (2.3). As G/, (k) vanishes outside B, and 0 < G,,(k) < 1, we obtain

k:3/2
(2.7) e/ \Vk|2+/ Q|Vk]2dx+/ Gn(k)dx:/]D)Gn(k)da:S IDllo.L0.
o B, Qo0+e¢ Q

(2.8) Then by (2.7): / o(K)|VH2dz < Do = M.
Bn
+oo
(2.9) We write: / 0%\ Vk|9dx = Z/ 02| Vk|%dz.
Q —/B

Therefore, combining Holder inequality and (2.8) yields

2—q

q/2 = _
(2.10) Vn e NN, / gq/Qka\de§</ gyvm?dx) (/ dx) < M2|B,| %"
By By By

Let ng € IN. On one hand,

no
(2.11) Z/ 02|V k|%dx < (no + 1) max(M, |Q]).



On the other hand, let r that satisfies (2.5). Then, /

k"dx > / n"dr = n"|By|, giving
B, By,

2—q

_ q/2 =
(2.12) M2, 5t < M (/ k%lx) c
By,

r(2—q)
n- 2

Combining (2.10) and (2.12), adding the terms for n > ng, by Holder inequality,

+o0 2—gq

+o00 =1
1
> /BQW’VWMSMQ/Q ) <2></ kwdm) 2

n=ng+1 n=ng+1 71 2

SMW[ io (/nkdx>]22q[ f Téwr/Q.

n=nog+1 n=no+1nN 9

(2.13)

The term in the last bracket is a convergent series as a consequence of (2.5). Then let

+o0 q/2
1
A (1) = (ng + 1) max(M, |©2)) and Wo):wﬂ[ PO >] |

n=no+1 M1 ¢

Inequalities (2.11) and (2.13) become

2—q
2 r(2—q)

(2.14) / /2| Vk|%dz < At(no) + Aa(no) < / k*dx> = (o) + Do (no)kllg,
Q Q

hence (2.6). O

3 Passing to the limit

Theorem 3.1. Assume 1 < a < N'. Let k. be the renormalized solution to equation

(1.1). Then there exists (en)neN with lim,_,~ &, = 0 and such that for any g < 12+7aa = qc,

the sequence (ke, )nen converges weakly in W24 to k€ W2l N L%(p~1), solution in the
sense of the distributions of the equation

k‘k‘afl _

(3.1) —div (o(x)VEk) + .

D(x).

Proof. We proceed in two steps. We first combine (2.4) and (2.6) to to get a W1/24
estimate for ¢ < g.. Then we pass to the limit in the equation.

Step 1. Because p € €?(Q), we deduce from (2.4) that (k.).>¢ is bounded in L¥(Q2). By
(2.6) with o = r, which imposes

< «a because of (2.5), or equivalently

2«
3.2 < — =q,,
( ) q 1+a qc
we get, where C' denotes any generic constant,
(3.3) / 02| Vk.|dz < C.
Q



Let l<a< N, ,1<qg<q@g<2 andve W01/27ql(Q)N. By standard calculus we have

/ Vk. -vdzx| = / QI/QVk:E . Q_1/2VdCC
Q Q

which combined with (3.3) yields

3.4 < ||0"*Vk. 29000 0
7q b

0,4, o™

(3.5) / k. -vdz| < Clla™*V]o4.0.
Q

By Theorem 1.4.4.3 in [8, chapter 1] with s = 1/2 and p = ¢’ > 2, which derives from the
Hardy inequality, we deduce from (3.5)

(3.6) Ve >0, '/ Vk. - vdz| < C|[v|1/2q .0
Q

Therefore, ||Vk.||_1/24 < C which yields (see in [1, 2])
(3.7) V1<qg<ge Ye>0, |lkellijag <C.

By the Sobolev embedding Theorem we have W1/24 c LP(Q) for any p < qr, where

* = & with a compact injection for any g < 270[ Notice that since o« > 1
then ¢* > 1, and
4o 6«
(3.8) qs = Tt a when N = 2, q2:3+2a when N = 3.

Step 2. Passing to the limit. We deduce from (3.7) that (k.)eo is bounded in each W1/2:4,
q < q.. Hence by standards argument we can extract a sequence (ke, )nen, where €, — 0,
and there exists k € W1/24 such that ke, — k weakly in each W1/24 strongly in LP(Q)
for any p < ¢, a.e. in Q. In particular k£ > 0 a.e. Let ¢ € D (£2), which we take as test in
(1.1). Let 1 < p < g} be fixed. We have

/div((p+sn)Vk:5n)g0:/(p+5n)Vk5n -chz/div((p+5n)Vg0)k‘En.
Q Q Q

On one hand div ((p + £,)Vy) — div (pVe) in LP (), while on the other hand k., — k
in LP(Q2), hence

n—oQ

(3.9) lim div ((p+ €n)Ve)ke, = / div (pV)k =p/(div (pVE), ©)p.
Q Q

It remains to pass to the limit in the term I;i"f. Notice that o < N’ is equivalent to

a < q}. Therefore, even if it means extracting another subsequence, by Lebesgue inverse
Theorem, there exists K € L*(2) s.t. Vn € N, 0 < k., < K. Consequently, by setting
w = supp ¢, by (2.1) inf,, p > 0 and we deduce

«

ke _ Kollpllu

VneN, 0< < — e LY(Q).
o+én inf,, p
Then as Zi% — k%o a.e. in €, we deduce from Lebesgue Theorem
ka k,Oé
(3.10) lim en? / 1
n—=0 Jo 0+ En o @

We conclude from (3.9) and (3.10) that k is a solution in D’(Q2) of the equation (3.1). O
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