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Abstract

We study a simplified equation governing turbulent kinetic energy in a bounded
domain, arising from turbulence modeling where the eddy diffusion is given by ρ(x)+ε,
with ρ representing the Prandtl mixing length of the order of the distance to the
boundary, and a right-hand side in L1. We establish the convergence toward the
formal limit equation as ε approaches 0, within fractional Sobolev spaces W 1/2,q.
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1 Introduction

In this paper we consider the non linear elliptic equation

(1.1)

 −div ((%(x) + ε)∇k) +
k|k|α−1

%+ ε
= D(x) in Ω,

k = 0 at Γ,

where Ω ⊂ IRN (N = 2, 3) is a C 2 bounded domain, Γ = ∂Ω, α > 0, D ≥ 0 ∈ L1(Ω),
% : Ω→ IR+ is of C 2 class behaving like the distance to Γ (see (2.1)), and ε > 0.
Equation (1.1) is a by-product of the equation for the turbulent kinetic energy used in
turbulence models (see [4, 15, 17]), in which νturb = % + ε represents an eddy diffusion
coefficient in a simplified manner. Here ε is a molecular diffusion coefficient, D is the
production of energy, E = k|k|α−1(%+ ε)−1 is the dissipation of energy. In physical models
α = 3/2, the function ρ represents the Prandtl Mixing lenght.
Elliptic equations with r.h.s in L1 have been intensively studied since the seminal work
of Boccardo-Gallouët [3], in the context of turbulent and/or thermodynamical coupling
[4, 5, 7, 13, 14]. Therefore, we know the existence of a non negative distributional solution
to (1.1), in W 1,p

0 (Ω), for all p < N ′. Moreover, due to the fact that the term E is monotonic,
there is a unique renormalized solution to this equation [6, 16].
We address in this paper the problem of letting ε go to zero in equation (1.1), which
is related to the common question of determining whether molecular diffusion can be
neglected in comparison to the eddy diffusion terms in the models (see, for instance, [9]).
The challenge here arises from the fact that ρ vanishes at Γ.
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This question was previously examined in the relaxed case in [1, section 3], where we set
νturb = %β + ε for β < 1. We then demonstrated the convergence of the corresponding

solutions to the limit problem in W 1,q
0 (Ω) when β < 1

2N−1 and for any q < N ′(1−β)
1+β .

However, in most physical models, β = 1, and the situation becomes more intricate.
Our main result is the Theorem (3.1) which states that when 1 < α < N ′, the familly
(kε)ε>0 converges, up to a subsequence, to a distributional solution k ∈ W 1/2,q(Ω) for
q < 2α

1+α = qc, of the limit equation given by (3.1) below.
Notice that the case α = 3/2 is achieved when N = 2, but for N = 3, we must maintain
α < 3/2. Additionally, we must stress that we cannot impose k = 0 at the boundary, since
qc < 2, and functions in W 1/2,q(Ω) may have no trace at Γ. Finally, the case 1

2N−1 ≤ β < 1
is in progress.
The paper is organized as follows. In the first section, we derive a priori estimates of
ρ1/2∇k in Lp spaces, following the approach of Boccardo-Gallouët [3] (also discussed in
[11]), adapted to the present case. In the second section, we derive estimates in W 1/2,q(Ω)
for q < qc from a Hardy-like inequality. These estimates enable us to rigorously pass to
the limit in the equations.

2 Estimates in weighted spaces

2.1 Framewok and Lα estimates

We assume that ρ ∈ C 2(Ω) satisfies:

(2.1) lim
d(x,Γ)→0
x∈Ω

%(x)

d(x,Γ)
= 1, ∀n > 0, %n = inf

d(x,Γ)≥ 1
n

x∈Ω

%(x) > 0.

Let Tn be the truncation at eight n, namely, the odd function defined by ∀x ≥ 0, Tn(x) =
min(n, x), and we set Gn = Tn+1−Tn. Finally, let η > 0 and Hη be the C 0,1 approximation
of the Heaviside function, namely, the odd function given by, ∀ 0 ≤ x ≤ η, Hη(x) = x

η ,
∀x ≥ η, Hη(x) = 1. These three functions are Lipschitz continuous, the derivatives of
which have a finite number of discontinuities. Moreover, they vanish at 0. Therefore,
according to Stampacchia [18], if F is one of these three functions and v ∈ H1

0 (Ω), then
F (v) ∈ H1

0 (Ω) and ∇(F (v)) = F ′(v)∇v, which will be used all along the following proof.
In the following, given s > 0 and p > 1, we set

(2.2) W s,p− =
⋂

1≤q<p
W s,q.

We consider the renormalized solution k of (1.1). We do not give the full definition of the
renormalized solution, which is rather intricate, referring to [6, 16]. We retain that this
solution is essentially a distributional solution that satisfies several additional properties,
such as Tn(k) ∈ H1

0 (Ω), and mainly for any F ∈ W 1,∞(R) entering in Stampacchia’s
framework,

(2.3)

∫
Ω

(ε+ ρ)F ′(k)|∇k|2 +

∫
Ω

k|k|α−1

%
F (k) =

∫
Ω
DF (k).

Moreover, we know from [12] that k ≥ 0 a.e. in Ω, so that k|k|α−1 = kα. The following
estimate is essential in our proof, telling among other that k ∈ Lα(Ω).
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Lemma 2.1. Let k be the renormalized solution to problem (1.1). Then:

(2.4) 0 ≤
∫

Ω

kα

%+ ε
dx ≤ ‖D‖0,1.

Proof. Take Hη(k) as test in (1.1). Then by (2.3), as k ≥ 0, |Hη| ≤ 1:∫
Ω
%µ̃(k)H ′η(k)|∇k|2dx+

∫
Ω
Hη(k)

kα

%+ ε
dx =

∫
Ω
DHη(k)dx ≤ ‖D‖0,1,Ω.

Since %µ̃(k)H ′η(k)|∇k|2 ≥ 0, Hη(k) −→
η→0

k a.e in Ω, by Fatou’s lemma

0 ≤
∫

Ω

kα

%+ ε
dx ≤ lim inf

η→0

∫
Ω
Hη(k)

kα

%+ ε
dx ≤ ‖D‖0,1,

which proves (2.4).

2.2 Ladder process

Lemma 2.2. let q < N ′ and

(2.5) r >
q

2− q
.

Then ∀n0 ∈ IN, ∃λ1(n0), λ2(n0) > 0 such that lim
n0→∞

λ2(n0) = +∞ and such that

(2.6)

∫
Ω
%
q
2 |∇k|qdx ≤ λ1(n0) + λ2(n0)‖k‖

r(2−q)
2

0,r,Ω ,

Proof. Let Bn = {x ∈ Ω; n ≤ k ≤ n + 1}. We take Gn(k) = Tn+1(k) − Tn(k) as test in
(1.1) and use (2.3). As G′n(k) vanishes outside Bn and 0 ≤ Gn(k) ≤ 1, we obtain

(2.7) ε

∫
Bn

|∇k|2 +

∫
Bn

%|∇k|2dx+

∫
Ω

k3/2

%+ ε
Gn(k)dx =

∫
Ω
DGn(k)dx ≤ ‖D‖0,1,Ω.

(2.8) Then by (2.7):

∫
Bn

%(k)|∇k|2dx ≤ ‖D‖0,1,Ω =: M.

(2.9) We write:

∫
Ω
%q/2|∇k|qdx =

+∞∑
n=0

∫
Bn

%q/2|∇k|qdx.

Therefore, combining Hölder inequality and (2.8) yields

(2.10) ∀n ∈ IN,

∫
Bn

%q/2|∇k|qdx ≤
(∫

Bn

%|∇k|2dx
)q/2(∫

Bn

dx

) 2−q
2

≤M q/2|Bn|
2−q
2 .

Let n0 ∈ IN. On one hand,

(2.11)

n0∑
n=0

∫
Bn

%q/2|∇k|qdx ≤ (n0 + 1) max(M, |Ω|).
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On the other hand, let r that satisfies (2.5). Then,

∫
Bn

krdx ≥
∫
Bn

nrdx = nr|Bn|, giving

(2.12) M q/2|Bn|
2−q
2 ≤ M q/2

n
r(2−q)

2

(∫
Bn

krdx

) 2−q
2

.

Combining (2.10) and (2.12), adding the terms for n > n0, by Hölder inequality,

(2.13)

+∞∑
n=n0+1

∫
Bn

%q/2|∇k|qdx ≤M q/2
+∞∑

n=n0+1

1

n
r(2−q)

2

(∫
Bn

krdx

) 2−q
2

≤M q/2

[
+∞∑

n=n0+1

(∫
Bn

krdx

)] 2−q
2
[

+∞∑
n=n0+1

1

n
r(2−q)
q

]q/2
.

The term in the last bracket is a convergent series as a consequence of (2.5). Then let

λ1(n0) = (n0 + 1) max(M, |Ω|) and λ2(n0) = M q/2

[
+∞∑

n=n0+1

1

n
r(2−q)
q

]q/2
.

Inequalities (2.11) and (2.13) become

(2.14)

∫
Ω
%q/2|∇k|qdx ≤ λ1(n0) + λ2(n0)

(∫
Ω
krdx

) 2−q
2

= λ1(n0) + λ2(n0)‖k‖
r(2−q)

2
0,r,Ω ,

hence (2.6).

3 Passing to the limit

Theorem 3.1. Assume 1 < α < N ′. Let kε be the renormalized solution to equation
(1.1). Then there exists (εn)n∈IN with limn→∞ εn = 0 and such that for any q < 2α

1+α = qc,

the sequence (kεn)n∈IN converges weakly in W
1
2
,q to k ∈ W

1
2
,q−c ∩ Lα(ρ−1), solution in the

sense of the distributions of the equation

(3.1) − div (%(x)∇k) +
k|k|α−1

%
= D(x).

Proof. We proceed in two steps. We first combine (2.4) and (2.6) to to get a W 1/2,q

estimate for q < qc. Then we pass to the limit in the equation.

Step 1. Because ρ ∈ C 2(Ω), we deduce from (2.4) that (kε)ε>0 is bounded in Lα(Ω). By

(2.6) with α = r, which imposes
q

2− q
< α because of (2.5), or equivalently

(3.2) q <
2α

1 + α
= qc,

we get, where C denotes any generic constant,

(3.3)

∫
Ω
%q/2|∇kε|qdx ≤ C.
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Let 1 < α < N ′, 1 < q < qc < 2, and v ∈W 1/2,q′

0 (Ω)N . By standard calculus we have

(3.4)

∣∣∣∣∫
Ω
∇kε · vdx

∣∣∣∣ =

∣∣∣∣∫
Ω
%1/2∇kε · %−1/2vdx

∣∣∣∣ ≤ ‖%1/2∇kε‖0,q,Ω‖%−1/2v‖0,q′,Ω,

which combined with (3.3) yields

(3.5)

∣∣∣∣∫
Ω
∇kε · vdx

∣∣∣∣ ≤ C‖%−1/2v‖0,q′,Ω.

By Theorem 1.4.4.3 in [8, chapter 1] with s = 1/2 and p = q′ > 2, which derives from the
Hardy inequality, we deduce from (3.5)

(3.6) ∀ ε > 0,

∣∣∣∣∫
Ω
∇kε · vdx

∣∣∣∣ ≤ C‖v‖1/2,q′,Ω.
Therefore, ||∇kε||−1/2,q ≤ C which yields (see in [1, 2])

(3.7) ∀ 1 < q < qc, ∀ ε > 0, ||kε||1/2,q ≤ C.

By the Sobolev embedding Theorem we have W 1/2,q−c ⊂ Lp(Ω) for any p < q?c , where

q?c =
2αN

N + (N − 1)α
, with a compact injection for any q <

2α

1 + α
. Notice that since α > 1,

then q? > 1, and

(3.8) q?c =
4α

2 + α
when N = 2, q?c =

6α

3 + 2α
when N = 3.

Step 2. Passing to the limit. We deduce from (3.7) that (kε)ε>0 is bounded in each W 1/2,q,
q < qc. Hence by standards argument we can extract a sequence (kεn)n∈IN, where εn → 0,

and there exists k ∈ W 1/2,q−c such that kεn → k weakly in each W 1/2,q, strongly in Lp(Ω)
for any p < q?c , a.e. in Ω. In particular k ≥ 0 a.e. Let ϕ ∈ D (Ω), which we take as test in
(1.1). Let 1 < p < q?c be fixed. We have

−
∫

Ω
div ((ρ+ εn)∇kεn)ϕ =

∫
Ω

(ρ+ εn)∇kεn · ∇ϕ = −
∫

Ω
div ((ρ+ εn)∇ϕ)kεn .

On one hand div ((ρ + εn)∇ϕ) → div (ρ∇ϕ) in Lp
′
(Ω), while on the other hand kεn → k

in Lp(Ω), hence

(3.9) lim
n→∞

∫
Ω

div ((ρ+ εn)∇ϕ)kεn =

∫
Ω

div (ρ∇ϕ)k =D′〈div (ρ∇k), ϕ〉D.

It remains to pass to the limit in the term
kαεnϕ

%+εn
. Notice that α < N ′ is equivalent to

α < q?c . Therefore, even if it means extracting another subsequence, by Lebesgue inverse
Theorem, there exists K ∈ Lα(Ω) s.t. ∀n ∈ IN, 0 ≤ kεn ≤ K. Consequently, by setting
ω = supp ϕ, by (2.1) infω ρ > 0 and we deduce

∀n ∈ IN, 0 ≤
kαεnϕ

%+ εn
≤ Kα||ϕ||∞

infω ρ
∈ L1(Ω).

Then as
kαεnϕ

%+εn
→ kαϕ

% a.e. in Ω, we deduce from Lebesgue Theorem

(3.10) lim
n→∞

∫
Ω

kαεnϕ

%+ εn
=

∫
Ω

kαϕ

%
.

We conclude from (3.9) and (3.10) that k is a solution in D′(Ω) of the equation (3.1).
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[4] T. Chacòn-Rebollo and R. Lewandowski. Mathematical and Numerical Foundations of Tur-
bulence Models and Applications. Modeling and Simulation in Science, Engineering and Tech-
nology. Springer New York, 2014.
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