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Abstract

The classification of all fourth order anisotropic tensor classes for classical linear elasticity is well known.
We review the mathematical procedure behind this classification and extend it to fourth order elasticity tensors
acting on non-symmetric matrices. These tensors naturally appear in generalised continuum models. Based on
tensor-symmetrization we provide the most general form of these tensors for the case of orthotropic, transversely
isotropic, cubic and isotropic materials. We give a self-contained presentation and provide a detailed calculation
for simple examples.

Keywords: representation theory, group action, character, elasticity tensor, material symmetries, relaxed micro-
morphic model, generalized continua.

AMS 2010 subject classification: 20C (representation theory of groups), 58D19 (group actions and symmetry
properties), 20C15 (ordinary representations and characters), 74A30 (nonsimple materials), 74A60 (micromechanical
theories), 74B05 (classical linear elasticity), 74M25 (micromechanics), 74Q15 (effective constitutive equations).

IMarco Valerio d’Agostino, corresponding author, marco-valerio.dagostino@insa-lyon.fr, GEOMAS, INSA-Lyon, Université de Lyon,
20 avenue Albert Einstein, 69621, Villeurbanne cedex, France

2Robert J. Martin, robert.martin@uni-due.de, Chair for Nonlinear Analysis and Modelling, Fakultét fiir Mathematik, Universitét
Duisburg-Essen, Thea-Leymann-Strafie 9, 45127 Essen, Germany.

3Peter Lewintan, peter.lewintan@uni-due.de, Chair for Nonlinear Analysis and Modelling, Fakultét fiir Mathematik, Universitét
Duisburg-Essen, Thea-Leymann-Strafle 9, 45127 Essen, Germany

4Davide Bernardini, dbernardini.didattica@uniromal.it, Department of Structural and Geotechnical Engineering, Sapienza Univer-
sity of Rome, Rome, Italy

5 Alexandre Danescu, alexandre.danescu@ec-lyon.fr, Lyon Institute of Nanotechnology, Ecole Centrale de Lyon, 69131 Ecully, France

SPatrizio Neff, patrizio.neffQuni-due.de, Head of Chair for Nonlinear Analysis and Modelling, Fakultat fiir Mathematik, Universitét
Duisburg-Essen, Thea-Leymann-Strafie 9, 45127 Essen, Germany



Contents

1 Notation 3

2 Preliminaries 4

2.1 The trace formula . . . . . . . . L e e e e 10

2.2 Explicit expression for the Hooke tensor in classical elasticity . . . . . . ... ... .. .. ... ... 15

3 Extended continuum models 16

3.1 Non-symmetric theories . . . . . . . . . L e 16

3.2 Second gradient theory . . . . . . . .. L 19

3.2.1 Extended Voigt isomorphisms and structure of the symmetrized tensors . . . . ... ... .. 23

3.2.2 Cubic case . . . .. e 24

3.2.3 Transversal hemitropic and transversal isotropic case . . . . . . . . . .. ... ... ... .. 25

3.3 Indeterminate couple stress model . . . . . . . .. L e 27

3.4 Micromorphic type models . . . . . . ... 28

3.4.1 3D-relaxed micromorphic model . . . . .. ... L L Lo 28

3.4.2 2D-relaxed micromorphic model, plane strain . . . . .. ... L0000 29

3.4.3 Symmetrization of L . . . . ..o o 30

3.4.4 Symmetrization of Ce and Ciujcro - - « -« v+ v o o i e 32

3.5 2D-micromorphic model . . . . ..o 33

A Haar integration 35

A.1 Haar measure induced by a local chart . . . . . ... ... ... L oo 38

A1l Cardan angles . . . . . . L 40

B Useful isomorphisms between vector spaces 41

B.1 Voigt isomorphism . . . . . . ..o 41

B.2 axlisomorphism . . . . . . . . . e e e e e e 42

B.3 Computation of characters . . . . . . . . . . . 43

B.3.1 Classical elasticity . . . . . . . . . . . e 44

B.3.2 Second gradient elasticity . . . . . . . L 44

B.3.3 Non symmetric theories . . . . . . . . . . e 46
Introduction

Starting from the very early years of the linear theory of elasticity the question concerning the number of material
parameters involved in the general theory and various particular symmetric situations was a matter of active scientific
debate. A historical overview of the field is presented in the Historical Introduction chapter of Love’s monograph [36]
and the most fundamental debate concerned the opposition between the supporters and the opponents of the rari-
constant and multi-constant elasticity theories. Introduced in the isotropic setting by Navier in 1821 [44] and
augmented in the general @eolotropic (anisotropic) setting by Cauchy in 1828 [11-13], the rari-constant elasticity
theory is based upon several assumptions, including central forces with arbitrary range of action (but small with
respect to the macroscopic size of the body) and no residual stress. It predicts, in the general anisotropic case,
only 15 elastic constants and in the particular case of isotropic materials ¥ = 1/4 (Poisson ratio). For a detailed
historical account of the controversy involving the rari-constant and the multi-constant elasticity theories, we refer
to [65].

From a different phenomenological perspective, Green (and later Stokes) introduced what is called today the
strain-energy density W and assumed that it depends on the infinitesimal strain tensor €. Neglecting higher order
terms and assuming that the initial stress vanishes, the first non-trivial contribution comes from the second order
polynomial terms which can be expressed as

1
Wi(e) = 3 (Ce,e).
In this form and without additional assumptions, taking into account the symmetry of the strains one is left with

21 elastic coefficients. In the particular case of anisotropic materials, once the symmetry class of the body is
established, the demand for the elastic constitutive law to remain invariant with respect to the elements of the



accounted symmetry group turns into a large system of identities that must be satisfied by the components C;ji;
of the 4*" order Hooke tensor C. An illustration of this straightforward but very technical method is presented
in the monograph by Love [36]. The monograph of Gurtin [32] attributes the results to Voigt [66] and mentions
that they can be obtained by using the results of Smith and Rivlin [63] and Sirotin [62]. Ting’s monograph [64] is
dedicated entirely to anisotropic bodies and introduces an abstract formalism (see also [10]) that associates to each
transformation in the symmetry group of the material a second-order non-symmetric tensor K. In this framework,
the invariance of the Hooke tensor with respect to the symmetry group is rewritten as the invariance of the fourth-
order tensor C with respect to the transformation C — KCK?. The Ting formalism is merely a condensed form of
the classical invariance relation since now K is, as expected, quadratic with respect to the element of the symmetry
group. As noticed by Bower [10], the Ting formalism is rather convenient for computer applications.

To the best of our knowledge, the first attempt to unify the restrictions imposed by the symmetry group on
the general form of the Hooke law and to extend them to a larger framework (piezo-elastic materials, higher
gradients, higher-order polynomial constitutive relations) with group theoretical methods including representation
theory results, the trace theorem and Haar integration were presented in [17]. The basic idea is to notice that the
invariance of the constitutive relation can be regarded as a question concerning the invariant vector sub-space of
a general vector space with respect to a suitable defined action of the symmetry group. In the classical case of
linear elasticity theory the vector space is that of the Hooke tensors, the invariant vector sub-space is that of Hooke
tensors satisfying the invariance with respect to the (fixed) symmetry group G which is a closed subgroup of SO(3),
while the action of the symmetry group associates to each symmetry element @ € G the eighth-order linear operator

acting on Hooke tensors as
Cijri = Qia Qs QrcQidCabed -
From classical group representation theory the trace formula provides the dimension of the invariant vector-subspace
of Hooke tensors as a function of the group only and the explicit expression of an invariant Hooke tensor is obtained
by symmetrization. Obviously, by definition,
Ciju = car(llw Z QRia Qv QrcQraCabed

Qeg

is an invariant Hooke tensor with respect to the symmetry group G.

From this perspective, the result in [17] provides a unified setting, independent of the symmetry group, that both
(i) determine the complexity of the theory (i.e. the number of elastic moduli) through the dimension of the invariant
vector subspace of Hooke tensors and (ii) provide an effective method to find them. Obviously, the method works
not only for quadratic forms with respect to strains but also for arbitrary homogeneous higher-order polynomials
and, as a consequence, for arbitrary polynomial constitutive relations [17]. The results in [17] were subsequently
extended to electro-elastic materials in [19] and [18]. In the context of piezoelectric materials, results concerning
material invariance were also obtained in [9,68]. Recently, a series of papers (cf. [3,5] and the author’s references
within) rediscovered the symmetrization procedure in relation to the classical phenomenological higher gradient
elasticity model of Mindlin. As noticed in [19], the symmetry properties of a classical (or generalized) constitutive
relation depend strongly on the objects involved in its description so that as a consequence, higher-order tensors
(involved in strain-gradient or second-gradient of strain) theories lead to more symmetry classes and, as expected,
to a multitude of material parameters [2,4,22,28 52-55]. Along this path, the trace formula and its use in relation
to the disjoint union decomposition of symmetry groups in [17] provide a way to explore the complexity of a theory
without the explicit determination of the invariant forms of constitutive relation.

In this paper, building upon the results initially presented in [17], we explicitly calculate the expressions of the
elasticity tensors used in enriched continuum models with respect to various symmetry classes. These models are,
for example, currently employed to describe the mechanical properties of exotic metamaterials. Notably, in a series
of papers [6,15,16,21,45,56-60,67], it has been convincingly demonstrated how the relaxed micromorphic model
effectively describes the band-gap phenomena occurring in the dynamic behavior of metamaterials. Our primary
focus is on this generalized model.

1 Notation

Throughout this paper the Einstein convention of summation over repeated indices is used if not differently specified.
We denote by R3*3 the set of real 3 x 3 second order tensors and by R3*3%3 the set of real 3 x 3 x 3 third order
tensors. The standard Euclidean scalar product on R?*3 is given by (X, Y) gaxs = tr(X Y'7) and, thus, the Frobenius
tensor norm is given by || X||? = (X, X) gsxs. Moreover, the identity tensor on R3*3 will be denoted by 1, so that
tr(X) = (X, 1). We adopt the usual abbreviations of Lie-algebra theory, i.e.



Sym (3) := {X € R3*? | XT = X'} denotes the vector-space of all symmetric 3 x 3 matrices,

50 (3) := {X € R*3 |XT = — X} is the Lie-algebra of skew symmetric tensors,

s1(3) := {X € R3*3 | tr(X) = 0} is the Lie-algebra of traceless tensors,

R3*3 ~ gl(3) = {sl(3) N Sym (3)} @ s0 (3) & R 1 is the orthogonal Cartan-decomposition of the Lie-algebra.

In other words, for all X € R3*3, we consider the decomposition
1
X =dev sme+skewX+§tr(X)]1, (1)

where
e sym X = (X7 + X) € Sym (3) is the symmetric part of X,
e skew X = 2(X — XT) € 50(3) is the skew-symmetric part of X,
e dev X = X — 3 tr(X) 1 € sl(3) is the deviatoric part of X.
Throughout all the paper we indicate
e with an overline, e.g. C, the general fourth order tensors C : R3*3 — R3*3

e without superscripts, e.g. C, classical fourth order tensors acting only on symmetric matrices
(C: Sym (3) — Sym (3)) or skew-symmetric ones (C.: so (3) — so0(3)).

We also define
e GLT(3):={X € R®*3 | det X > 0},

e 1, € R3*3 the identity matrix, where the subscript 2 here pertains to the degree of the tensor (having 2
indices) and not to the dimension of R3,

Sym™(3) :=={X € Sym (3) | (X v,v) >0 Vv €R3 v#0},
0(3) 1= {X € R¥3 | det X = +1},
SO3) :={X e R¥3 | det X = 1}.

We indicate by CX the linear application of a tensor of 4" order to a tensor of 2°¢ order, i.e.

(CX),. =CijnuXnk - (2)

j
The operation of simple contraction between tensors of suitable order is also denoted by
(X’U)Z = Xijvj s (ZX)W = Zihth . (3)

Typical conventions for differential operations are employed, such as a comma followed by a subscript to denote the

partial derivative with respect to the corresponding Cartesian coordinate: () ;= g%}.

2 Preliminaries

First, we illustrate in a very simple and understandable way the ideas of the procedure (proposed in [17]) to find
the symmetrized structure of a tensor if we are considering a particularly symmetry class. The technical tools we
need are rigorously presented in

e [20] for the Haar measure and invariant integration on locally compact topological groups like SO(n),
e [33] for a general introduction to representation theory,

e [30] for the classification of the irreducible representations of SO(3) and the classification of its closed sub-
groups (which gives us the set of possible symmetries of a considered material), and the trace formula for
finite-dimensional representations.



In linearised elasticity, the elasticity tensor C is a linear map
C: Sym (3) — Sym (3),

which gives the relation between the strain-tensor ¢ := sym Du (the local deformation of the body) and the sym-

metric Cauchy stress-tensor o via
oc=Ce. (4)
Thus, the elasticity tensor is an element of the vector space Lin(Sym (3), Sym (3)), whose dimension is 36. More-

over, according to the fact that we derive the relation (4) from a variational principle, i.e. that the equilibrium
configuration of the system is characterized as the stationary point of the functional

1
f/ (Ce,e)gaxs dx,
2 Ja

the elasticity tensor has to be symmetric (and this symmetry is known as major symmetry) also with respect to the
scalar product (C ¢, €)psxs which implies that C lives in the smaller space Sym(Sym (3), Sym (3)) of the symmetric
applications from Sym (3) to Sym (3). The dimension of this space is 21 and so the full anisotropic elasticity tensor
has at most 21 independent components instead of 9 x 9 = 81. According to the map 9% introduced in (110) (see
the Appendix), we can represent C as a 6 X 6 symmetric matrix C with

Cii Ciz Ciy Cu Cis Gy Ciiir Co21r Cs311 Ca2ir G Corng
Cao @23 (924 (925 @26 Caz22 Cz3zz Czz20 C31a0 Caoo
¢ = Csz Cay Cs5 Cse | _ Ca333 Cazzzz Cs3z1 Cszan (5)
Ca Cyu5 Cyg Cs232 Caz231 Caa:1
sym Css Csg sym Csiz1 Caizn
Ces Cor21

The question at hand is as follows: When we contemplate a material with a specific symmetry, how does this
symmetry affect the structure of the elasticity tensor? To address this question, we must define the material
invariance and use it to derive conditions on C, which are then interpreted within the framework of representation
theory.

According to [14], considering a Lagrangian energy density W : GLT(3) — R and a closed subgroup G of SO(3),
we say that the material is G-invariant if

W(FQ)=W(F) VQ&cgG and VF e GL*(3). (6)

In continuum mechanics the matrix F is the gradient of a deformation field ¢ : Q C R3 — R3. Under the frame-
invariance requirement for the energy density, setting C' = FTF, the invariance condition (6) can be expressed in
terms of the auxiliary function’

W:Sym*(3) >R,  W(FTF)=W(F) VF e GL*3),
as . .

WQTCQ) =W(C) VQecG and YC €Sym™(3). (7)
Defining the displacement field u: @ — R3 as u = ¢ — 1 (i.e. u(z) = ¢(z) —  for every z € Q), and introducing

the Green-St.Venant strain tensor

1 1 1
E = §(FTF -1)= 3 (Du” + Du) + 5 Du'Du, (8)
relation (7) reads
W(QTAL+2E)Q)=W(1+2E) VYQeG and VE eSym(3). (9)
Expanding the energy density in a neighbourhood of the origin by

o~

WL +2E) = W(L) +2 <DW(]1), E> 42 <D2 W) E, E> +o (||EH2) :

IThe polar factorization of invertible matrices theorem [14, Thm.3.2-2, pag.95] establishes that GL*(3) ~ SO(3) x Sym™(3). For a
matrix F' € GL1(3), the unique pair (R,U) € SO(3) x Sym™(3) that yields F' = RU is determined by U = VFTF and R = FU !
(see also [27,49]).



if we choose W(]l) = 0 and the reference configuration is a natural state (i.e. DW(]I) = 0), then taking only
the linear part ¢ = % (DuT + Du) = sym Du of E (geometric linearity) and considering a homogeneous material,
setting C = 4D? W (1) the linearized energy can be expressed as a quadratic form in ¢, i.e. 2W () = (C ¢,¢). The
invariance condition (9) then reads

<(C QT Q), Q"¢ Q> = (Ceg,¢) VQegG and Ve € Sym(3). (10)
Writing the relation (10) component-wise, we obtain
Cabed QL enk Qra Qs €ij Qjb = Cijni en €4, (11)

which is satisfied if and only if
Cijnk = QiaQjpQncQrd Cabea  VQ €G. (12)

Therefore, the requirement of material invariance for the quadratic stored energy density translates into relation
(12) for the elasticity tensor which gives us relations between the components of C. In this way, a part of the
components of C can be expressed as linear combinations of a subset of its components.

We now ask for an algorithmic procedure which allows us to understand, once we fix the subgroup G, the
number of independent components of a tensor C which satisfy the relation (12) and their position in its matrix
representation C.

In order to do this, the idea is to interpret the relation (12) in terms of an action of G over the vector space
Sym(Sym (3), Sym (3)) and characterize the tensors which respect the relation (12) as those ones which are left fixed
by the action. We give the formal definition of a linear action of a group over a vector space and we illustrate why
we need this mathematical tool.

Definition 1 (Linear action). A linear action is a triple (V, G, ¢) where V is a finite-dimensional real vector
space, G a topological group with unit element e and ¢ : G x V' — V is a map such that

1. ¢ is a continuous map from G x V to V, ie. p € C%(G x V, V),

2. p(e,v) =v foreveryv eV,

3. for fixed g € G the application ¢, : V — V, @4(v) := ¢ (g, v) is linear,
4. p(g1,¢(92,v)) = ©(g192,v) for all g1,92 € G and v € V.

An action of a group on a vector space is therefore a way to move the elements inside the vector space along
trajectories, called orbits, which have to respect the structure of the group. In the case of classical linear elasticity,
the action we account for is given by the triple (E‘E[a(S), g, <p) where

e Cla(3) is the space of the elasticity tensors, defined as
€la(3) = Sym(Sym (3), Sym (3))
={C e Lin (Sym (3),Sym (3)) | (CA, B)psxs = (A,CB)paxs VA,B € Sym(3)},
e G is a proper subgroup of SO(3) (and we will denote the property of being a closed subgroup by G < SO(3)),
e © €C%G x €la(3), €la(3)) is the map
©: G x €la(3) — €la(3) (Q,C) — »(Q,C) = C, (Eijkl = QiaQbQ1cQ1dCabed -
The invariance condition established in (12) reads in this new language as follows:
C satisfies (12) if and only if  ¢(Q,C)=C VY@ €Gq.
Remark 1. The map ¢ is well-defined; more specifically,
»(Q,C) € €la(3) VC € €la(3).
Indeed, let us consider C € €la(3). The minor symmetry 1 <+ 2 allows us to establish
Crimt = QjaQibQreQidCabed = QjaQibQkeQidCraca = QivQjaQueQidCraca = Cigp

It holds the same for the second minor symmetry 3 <> 4 and the major symmetry (12) <> (34).



Remark 2. In order to guarantee the well-posedness of the linearized elasticity problem, it is necessary to impose
that the bilinear form (C X, X)psxs is positive-definite, i.e., we need to require that

Ce ¢la™(3):={D e &lat(3) | (DS, S)psxs >0 VS € Sym(3)\{0}}.

Note that la™(3) is not a vector subspace of €la(3); instead, it is an open half-cone. Nevertheless, the action ¢ will
be defined on €la(3) rather than &la™(3) because this allows us to handle linear actions. While it is conceivable to
consider the action directly on €la™(3), doing so would complicate the general framework (by involving actions on
smooth manifolds). Due to the technical constraint of ensuring C € &la™(3), it becomes necessary to demonstrate
that €la™(3) is an invariant subset of . In other words,

p(Q,€la™(3)) C €’ (3) Qe SO@).
To show that, it suffices to note that for all S € Sym (3) \ {0} we have

(@(Q,C) S, S)gsxs = QiaQ;bQrcQiaCabed Sij Skt = Caved (Qia Sij Qjv) (QreSki Qua)
= Caped (L Sij Qiv) (QLSki Qua) = (C(QTSQ), QTS Q Ypaxs >0 (13)
€ Sym (3)\{0}

for all (Q,C) € SO(3) x €lat(3).

Thus, we can say that an elasticity tensor C respects the considered symmetry if it is left fixed by the action
of the group on the vector space V = €Ela(3). Therefore, the set of the tensors which verify (12) is the subset of
€la(3) of tensors which do not move under the action of ¢. This subset is a vector subspace? of V and it is called
the fixed-point subspace

FixfV :={CeV|¢(Q,C)=Cforall Q € G} = (] Ker(Lly — q). (14)
N————
Q€9 clin(Viv)

g
p(e,v) O,
L D ¢(g,v)
/ '<u> / u € FixV

Figure 1: Action, orbit and fixed point subspace.

The dimension of the fixed-point subspace provides the count of independent components of the invariant tensors.
By applying the map 9t (see formula (110)) to the elements of Fix 5V, we can derive the corresponding matrix
representation. Therefore, the crucial point lies in comprehending how to determine the set Figi. In elementary
linear algebra, it is well-established that, in the context of a finite-dimensional vector space with a subspace, one
can define a projection operator on it. This operator enables us to isolate, from any arbitrary element in the vector
space, only the component that belongs to the subspace. Consequently, the subspace can be obtained by projecting
the entire vector space using the corresponding projection operator. In this context, working with a subspace is
entirely equivalent to working with a projection operator.

2Indeed, as showed in formula (14), Figi is the intersection of the vector subspaces {Ker(1y — ¢g)}geg of V.



In our specific scenario, we lack the direct capability to define Fixgv. However, we can introduce a projection
operator, and through this, we can ascertain that the resultant subspace precisely coincides with the set of fixed
elements.

The concept is as follows: Let us take a generic element denoted as C belonging to the vector space €la(3). We
then track its trajectory (its orbit) determined by the action of a discrete group G (we are making the hypothesis for
the moment that G has a finite number of 6 elements). Now, if we perform the summation C= é Z?Zl o(Q;,C),
Q; € G, over all the elements in the orbit O¢ of C, where

Oc:={D eV |3Q € G such that D = p(Q,C)}, (15)

we obtain a tensor. This tensor automatically retains its invariance under the action of . As illustrated in
Figure 2, this invariance can be interpreted as ¢ simultaneously affecting all the terms in the sum, which are in
turn interrelated such that each maps to another summand within the overall summation.

Figi

Figure 2: Given an element C € V| its symmetrized C is obtained averaging over its orbit.

Indeed, denoting with n the cardinality of the considered group, the tensor

PO
C=- i, C), 16
- ; ©(Qi,C) (16)
i.e. the average of the elements of the orbit O¢ of C, is invariant under the action: for all A € G we have
1 n n

i=1 =1

SRS

Another way to say this is: averaging the elements of the vector space with respect to the action of the group we
obtain the elements of the fixed-point subspace. The projection we are looking for has to do exactly this, i.e. it has
to average the elements of the space of symmetric fourth order tensors.

From a technical point of view, there are a series of difficulties we have to deal with. Indeed, not all the closed
subgroups of SO(3) are discrete and this means that we have to extend the sum on continuous group in a way in
which we can still guarantee the validity of identities like (*) in equation (17) (which is obvious in the case of a
discrete sum but it demands the notions of an invariant measure over the group G if we need to perform an integral).

The technical tool we need here is the Haar measure over topological groups. Roughly speaking, the Haar
measure has, in the context of topological groups, the same role which the Lebesgue measure plays in R™. One
of the fundamental properties of the Lebesgue measure is its invariance with respect to rigid transformations, i.e.
roto-translation maps of the form f(z) = Qx + b with @ € O(n) and b € R™. This property guarantees that the
Lebesgue measure is a good notion to measure the size of subsets of R™ because if we move a subset with a rigid
map its size does not change. On topological groups we do not have rotations and translations.

However, we still have something which works in an analogous way: left- and right- translations. The left-
translation is defined as follows: for any h € G, we set

Lp:G—G,  Lu(g)=hg. (18)
In an analogous way we define right-translations by

Rn:G— G, Rp(g) :== gh. (19)



On a topological group, these movements precisely represent the transformations we wish to preserve. Luckily, as
shown in [20], every compact topological group (which are the groups of interest, like SO(3)) has a measure p which
preserves both left- and right-translations such that the size of the group is 1 (i.e. u(G) = 1); this is called the
normalized Haar measure on G. This means that if we are considering a measurable subset A of G, and we
move this set according to Ly, or Ry, then p(Lp(A)) = p(Rr(A)) = u(A). This property translates for the derived
notion of integration (the normalized Haar integral) as follows: for any integrable function® f: G — R,

/f(g)du=/f(Lh(g))du=/f(hg)du=/f(gh)du=/f(Rh(g))du vheg. (20)
g g g g g

Figure 3: Left-invariance of a measure.
Therefore, the average in (16) can be expressed as follows for continuous groups:

@—/gw(Q,C)du, (21)

where p is the normalized Haar measure on G. It is the invariance property of the Haar measure with respect to
both left- and right-translations which guarantees also in the continuous case that the averaged tensor C is left fixed
by the action. Indeed, exactly as in (17), for A € SO(3) we have

o(A,8) = (A, / 2(Q.C) du) - / o (A o(Q.C)) dp = / P(AQ.C)dp = / #(Q.C)du =C.
SO(3) SO(3) SO(3) SO(3)

(22)
This motivates to define the projection
P €la(3) — Fixg €la(3),
where
P(C) = / »(Q,C)du = / v (C)du for the continuous case,
g 1 ) 1 . (23)
P(C) := cardG Qzeggo(Q7(C) = cardG Q%@Q(C) for the discrete case.

Remark 3. For a discrete group G, the normalized Haar measure is simply a weighted counting measure; more

specifically,
card A

card G

3The same invariance holds for both left and right-translations simultaneously. For instance, consider hi,h2 € G and a function
f:+ G — R. We introduce the auxiliary function f(g) = f(gh2). Then

/g F(hagha) du = /g F(hr(gha)) dpu = /g Flhg)du = /g Flg)du = /g Flgha)du = /g Fg)du.

p(A) =




for all measurable A C G. In this case,

/Q%(C)du = cardg > pqlC

QEG

thus the discrete case in (23) can be considered a special case of the general Haar-measure based formula.

Remark 4. Note that P is surjective, i.e. P: €la(3) - Fix €la(3). Indeed, if C € Fix§ €la(3), then by definition
of the fixed point subspace, ¢(Q,C) = C for every @ € G and thus

P(C) = /&du /(Cd,u (C/d,u C,

=C vQeg 1

i.e., we obtain the inclusion Fix§ €la(3) € Im(%). Analogously for the discrete case,

1
(€)= cardg Z@/’_,: card G ;C - [¢

=C vQeg

g(card G)C=

2.1 The trace formula

We have successfully acquired the skills to compute the structure of symmetrized tensors. However, there remains
the task of determining the dimension of Fixgv. To confront this secondary challenge, we introduce a pivotal tool
into our arsenal: the trace formula. Indeed, the general result establishes the following (see [30, Thm.2.3, p.76]).

Theorem 1. Consider a linear action (V,H, ) where H is a compact Lie group. Then for a Lie subgroup G < H
we have

dim leg V= / treg du,

where the measure dy is the normalized Haar measure on G and the maps {¢4} are the linear maps as defined in
Definition 1.

Proof. Let us consider the projection operator &% associated to F|xg V. Then
tr P = dim Fixg V.

This is an elementary consequence of the fact that it is possible to find an isomorphism* Y : V' — R™, for a suitable
m € N, such that the projection P can be represented as a matrix operator Ag with

V—2 Im(P) =FixV C V

T\L \LT Agp = ( les | 0 ) (24)
0 10

The construction of P we derived in eq.(23) can be straightforwardly generalized to any linear action (V,H, ¢),
where H is a compact Lie group and G is a Lie subgroup. Hence we obtain

d1mF|gi—tr9°( /ggpgd,u:/gtrgpgdu. O

Therefore, from the knowledge of the traces {tr ¢g}geg, simply computing an integral we can finally obtain
dimFix §V. The quantities {tr¢q}qeg are known in the literature as characters of {¢q}qeg and they will be

denoted by {x(Q@)}qeg, x(Q) € R.

4Indeed, it is possible to choose a basis {v;}7; of V (m = dim V) such that, denoting by d the dimension of the subspace Im(%),
v1,...,0q is a basis of Im(P). Hence the isomorphism T is obtained via the identifications v; — e; for each 4, where {e;}" is the
canonical basis of R".
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Example 1. Let us illustrate the content of Theorem 1 with an example. Consider V' = Sym(2) and G, ¢ and P
as in Example 2 below. Then dimV = 3 and dim Fixg V = 1. Hence, after identifying V with R? and Fixg V with
the subspace of V generated by (1,0, 0) (denoted by {((1,0,0))), Ag: R* — R3 is such that Im(Ag) = ((1,0,0)) and

100
A :(000).
4 000

Equipping the space Lin (V, V) with a scalar product (-, ~>Lin(vv), the trace of a linear map ¢: V' — V can be
introduced as

tro = (o, ]lLi”(V1V)>Lin A%
From the definition of the action, it follows that the identity of Lin (€la(3), €la(3)) is ¢q, which acts as

(p(12,C))ijrr = (@*12)iajpkerd Caved = 9iadb0kc01aCabea = Cijri Vi, j,k,l € {1,2,3}.

Then it would be natural to set

trog = X(Q) = <90Q7 ®4ﬂ2>®4R3 . (25)
Nevertheless this is incorrect and the reason is at the same time very subtle and very simple. The crucial remark here
is the fact that both ®?15 and ¢ can act as linear maps over the bigger vector space Lin (R3X3, R3X3) and formally
these maps have the same expressions. Hence, in eq.(25) we need to impose that we are considering ¢g as a map
restricted to the subspace €la(3) C Lin (R3*3,R3*3). The simplest way to achieve this is considering the projection
operator associated to @la(3). This projection “has to symmetrize” elements belonging to Lin (R3*3 R3*3). For
this reason it is denoted as symmetrization identity. In order to get an element of &la(3) from an element
of Lin (R3X3,R3X3) we need to symmetrize it w.r.t. the symmetries possessed by the elements of &la(3). Let us
introduce the symmetrization identity

5ym () ¢ Lin (R3X3, Sym (3)), where H?j’ﬁ: G =

(6ia0j6 + 0it0ja) , (26)

| =

which acts as

HSym ®) : RSXS — RSXS, S — HSym ) S, where (HSym ®) S)” = (5ia5jb + 51‘(,53'@)5@[].

N =

Clearly, 1™ () § € Sym (3) because
1
(™ B 8y, (6;a0ivSab + 6iadjbSan)

1

DO =

((Sja(sibsab + 5jb5iaSab) =

DN | =

3 (8066 + 0jb0ia ) Sap =
3 (6ia0;6Sab + 6jadinSap) = (II™ ) 8);.
Hence, to build up the projection from Lin (R3X3, R3X3) to €la(3) we need to symmetrize w.r.t. both the arguments

via IT15™ (3) and w.r.t. the exchange of the arguments to obtain the major symmetry. This means that the projection
from Lin (R**3,R3*3) to €la(3) will be

H@[a(B) - Lin (RBXS,RBXB) . @[a(3)7 HG‘[a(B) = sym (HSym (3) ® HSym (3)),

where the symmetrization operation sym in the previous definition is defined as usual, i.e.,

1

Sym (3 Sym (3 _
sym (I &) @ 5 ))iajbkcld 9

((HSym (3) g [rSym (3)) Sym (3) g TrSym (3))

iajbkcld + ( kcldiajb)
for every i,a, j,b, k,c,1,d € {1,2,3}. Thus, finally, the component-wise expression of TI¢'%(3) is

1
Harioha = 5 (8iads00kedia + diadindicdna + jadivdicdhna + Gjadinducia

+ 0ka01p9ic0jd + Oradindjcdia + 01adkb0jc0iq + 5la5kb5ic5g‘d>~ (27)

Now we can compute the trace of the linear maps {pg}geg as maps from €la(3) to €la(3) considering the compo-
sition maps {¢q o [1%'*3} g, obtaining

X(Q) = tr(pg o E®)) = <<pQ o [1¢1e() ®412>€[a(3) = QiankachdHS;%§27d55ia5j551m5l6

11



= QiaQjpQrcQuallaivjckdl = Wiajokc1dQia®@jp QrcQid-

Expanding, we find
X(Q) = WiajikctdQiaQjp QrcQia

1

=3 (6:a0;60kc01d + 0ia0jb01c0ka + 0ja0ib01cOka + 0jadibOkclid
+ OkaOb0icOid + Okadindjcdia + 01a0kb05c0id + 01a0kb0ictjd) Qia Qb QrcQud;
1

=3 (6:a0700kc01dQiaQ jpQrcQid + 0ia0;601c0kaQia Qv QrcQia

+ 6500i601c0kdQia Qb QrkcQid + 050 0it0kc01dQia @ jbQrcQid
+ 0%a01505c0dQia Qb QrecQid + 0kadind;c0idQia Qb QrcQid
+ 0100k070idQia Qb QreQid + 01a0kb0ic0;dQia Qs QrcQia)

1
= = (6:aQia 6,;6Q ;b Ok Qe 01dQud + 6iaQia ;6 Q b 01 Quadak Qe
B N N N o —— —
trQ trQ tr@ tr@ trQ trQ  QedQdc=trQ?
+ 08iQia0a; Qb OkdQrcOct Qid + 0a;j Q05 Qia Okc@re 01aQ1d
S——
trQ? trQ? trQ2 tr@Q tr@
+ 60k QrcdeiQia 94 Q55061 Qid + 0ak Qrcbej Q6061 Q1addi Qia
trQ? trQ? trQ*4
+ 001Q1a0di Qia 0¢j Q jv0bk Qe + 001 Quaddj Q jv bk Qrclei Qia )
trQ? trQ2 trQ*

= é((tr Q) + (trQ)*tr Q + (tr 02)? + (trQ)%tr Q% + (tr Q)2 + tr QY+ (tr@Q*) + tr Q4)
and thus X
X(Q) = 3 ((tr Q)4 + 2(tr Q)Qtr Q% +2trQ* + 3(tr Q2)2> ' (28)

Moreover, using the Cayley-Hamilton theorem (see the Appendix) for proper orthogonal rotations, the character x
can be also written as a polynomial in the first invariant of Q, i.e. tr Q, as®

X(Q) = (trQ)* = 3(tr Q)° +2(tr Q)* + tr Q. (29)
Finally, we can summarize the proposed method according to the developed scheme:

e The material invariance condition requires the relations
Cijnr = QiaQjpQncQrd Caped vQeg
between the components of the elasticity tensor. We express this in terms of the action ¢ as
0(Q,C)=C VQeg,

which translates the problem of looking for constitutive tensors satisfying the material invariance condition
to the search for a particular subspace of V = €la(3), the fixed point subspace FngV.

e The fixed point subspace can be obtained computing the projection & which acts by averaging a considered
tensor over its orbit.

5In the following section, we will analyze generalized elasticity models that accommodate ambient space dimensions different from
3. This exploration delves into the spaces of elasticity tensors €la(n). It’s noteworthy that the trace formula remains consistent in the
n-dimensional case up to (28). However, the Cayley-Hamilton formula for Q € SO(n) is dimension-dependent, impacting the expression
of the characters as polynomials in tr Q. Consequently, we will derive appropriate expressions based on n. For instance, when n = 2,
(29) would undergo a transformation to

X(Q) = (trQ)* = 3(tr Q) + 2.

12



e The dimension of the fixed-point subspace, which gives the number of independent components of the invariant
tensors, is calculated via the trace formula, i.e. by evaluating

1
C)d — C
[re@oa o 3 we(Q.0)

where the trace of the linear applications is computed by virtue of the symmetrization identity I1¢%®) i.e.,
the projection II®*(® : Lin (R3*3, R3*3) — €la(3).

Example 2. We consider the illustrative variational problem
dlf] = [ WOs)x.

where @ C R? is a Lipschitz domain, f:QcC R? — R are the admissible functions and W: R2 — R is the Lagrangian
energy density. From a physical standpoint, we are dealing with a variational problem concerning a scalar quantity
(such as the temperature) on a two-dimensional body. In this situation, we say that the Lagrangian energy density
is invariant with respect to the action of a closed subgroup G of SO(2) if

W@ =W(() VQeGand(eR

If we consider the simpler case in which W is a quadratic form in {, we have the linear problem

Sﬂlin [f] - %/Q<CDf(l’),Df(l‘)> dX7

where C € Sym(2), and the invariance condition becomes
(CQO,Q¢)=(CCC)  VYQEeG and V(eR?

i.e.
Cap Qv; G Qai G = Ci5 (5 G VQeG and V(eR?

which gives
Cap Qi Qv; = Cy VQeG and Vi,j.

Thus, in this case, the symmetry invariance condition reads as follows: let us consider the triple (Sym(2), 3G, ¢),
where the action ¢ is defined by

¢ : G x Sym(2) — Sym(2), 0(Q,C) =C with Cyj := Cap Qai Q; - (30)

Then C respects the symmetry if and only if C = p(Q,C) for every @Q € G. We are going now to study the class
of tensors C which are invariant with respect to the action of the full group SO(2) following the stated scheme.
Setting

¢q : Sym(2) — Sym(2), 0 (C)ij = Cup Qai Qvy

and denoting with p the Haar measure on SO(2), the projection &P is given by

9°(C)=</ sonu><C=/ e Cdp,
Qes0o(2) SO(2)

or component-wise by
@Oy = [ CuQuudu.
QeSO(2)
Setting

YE 180(2) = R, 9(Q) = CapQuiQu;

we can use the formula (98) to calculate such integrals. Indeed, we have that

| 1 [2m
P (Q)dpu = — g (9)do,
Lo P @an =5 [t
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where we use the parametrization

cos ¥ —sin ¥
sin ¥  cos ¥

19'—>Q(z9):< ) 9 € [0,27)

of SO(2). Thanks to the considered parametrization, we obtain the following expressions for the functions wg b o (D):

) = CaQu0)@,) = (@0 QUM = (50 2esd) |G ) (s an)]).

—sin ¥ cos ¥ sind cos ¥

and thus
élperw) = Cyq; cos? 9 + Coy sin? 9 + Cyy sin 209,
(2C2per(19) =Cp Sin2 9+ Cao COS2 ¥ — Cqq sin 2197

1
ézperw) =3 (Cga — Cy1)sin 29 + Cy cos 29.
Integrating, we find

@ (@) = E2, (F(C))1z =0 PO

Thus, recalling that

_ C11 + Cog
—

Fixgo(z) Sym(2) = {C € Sym(2) | P(C) =C},
C11+Coo 0 C C
9P = 2 _ 11 12) _
© < 0 C“;C”) (Cm Cao ¢
C11 + Coq

2
for C € Fix 50(2) Sym(2), we find

i.e. that

and therefore
=Ci1 & Cip =Cy, and Ci2=0

. a 0
FIX§O(2) Sym(2) = {(C € Sym(2) | C= (0 a) ,a € R}.

In this case, the dimension of the fixed subspace (namely 1) can be obtained directly, but let us calculate it with
the trace formula in order to show how the theoretical machinery works. To do this (as shown in eq.(26)), we write
down the symmetrization identity of Sym (2),

1
5 = 5(51115;'1) + 0jadin) -
Thus, the character x(Q) of @ € SO(2) is

1 1
X(Q) = (pol™ @ 1,8 1,) = QiuQiv (Biadsp + jadis) = 5 (QuaQusdiadiv + QiaQidjadin)

2X

1 1
3 (tr @) +tr Q%) = 3 [(2 cos®)® + 2 cos® ¥ — 2 sin? 19} =3 cos? ) — sin®

and therefore

1

27
:%/0 (3 cosQﬁ—sin2z9) dv = 1.

dim (Fix o Sym(2) ) = / X(Q)dQ

QesSo(2)

We can also visualize the fixed point subspace in R? identifying it with Sym (2) via the following isometry:

C C Cn
A:Sym(2) — R3, (Cll (C12) =Cwr = Coy
12 22 NoTom
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This is analogous to the Mandel-notation (see [39]) for this simple example. Via the introduced isometry,
A(Fix gO(Q)Sym (2)) is the line in R? generated by the vector (1,1,0).

With this example, we want also to illustrate a general result valid in linear representation theory when G is a
closed subgroup of SO(3): the orbit O¢ of an element is contained in the intersection between the sphere of radius
IC|| (this is because the matrices @ considered in the action are orthogonal and preserve the norm) and the affine
plane centred in its projection 9 (C) and parallel to the kernel of the projection &P (this intersection is a circle).

Let us so determine ker & using the characterization of it as the orthogonal subspace to the image of . We

find that
Ceker®? & < Cu Cu , L0 > =0
Ciz Cox 0 1)/ sym)

is satisfied for C;; = —Cy9 and Cq5 € R. Therefore

ker® = {C e Sym(2) | €= (g; _%f) 3

The image of ker 2 in R? via A is thus the plane generated by the vectors (1,—1,0) and (0,0, 1).
In order to verify that A(Oc) is contained in the affine plane A(%P(C) + ker &), remarking that A (Fix §0(2)Sym (2))
is generated by the vector (1,1,0), it is sufficient to observe that

1

<A(<p(Q,(C))—A(975((C)), 1 > =0 VQ €S0 (2).
0

R3

ooy
AP(C) + ker P)

Figure 4: Action, orbit and fixed point subspace.

2.2 Explicit expression for the Hooke tensor in classical elasticity
Applying the previous schema, some of the most common symmetries in material science are obtained.

e Orthotropic materials (9 elastic constants) The symmetry group contains all reflections with respect to
three orthogonal planes and the Hooke tensor is

@11 @12 @13 0 0 0
(C22 CQ:} 0 0 0
Cs3 O 0 0

~ 31

Cyge O 0 (31)
sym (C55 ~O
Ces
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e Transversely isotropic materials (5 elastic constants) The symmetry group contains all rotations of a

fixed given axis (here e3.) The general form of the Hooke tensor is

with @11 = @12 + 2@66-

Cu @12
Cn

sym

(32)

e Cubic materials (3 elastic constants) The symmetry group is that of the symmetries of the cube. The
general form of the Hooke tensor is

@11 @12
(Cll

sym

@12
Ci2
Cn

0
0
0

(644

o o O

0

Cus

(33)

e Isotropic material (2 elastic constants); the symmetry group contains all proper orthogonal rotations. Using
the notation of Voigt, the Hooke tensor is that of a cubic material but the additional relation C1; = C15+2 Cyy

holds.

3 Extended continuum models

We now extend the previous setting to more general situations which can occur in mathematical modeling of

mechanical phenomena.

3.1 Non-symmetric theories

In a more general framework including additional degrees of freedom (see for example [15, 38,47]), a constitutive
relation between an arbitrary second-order tensor, denoted by P and a non-symmetric stress tensor will involve, in

a general case, 45 elastic constants. Using the classical notation we have

oij = Cijri P,

(34)

and only the major symmetries @ijkl = @k“j are assumed. Hereafter, it will be more convenient to use an extended

notation of Voigt

o11
022
033
023
032 =
013
031
012
021

Note that the physical meaning of Cas above is slightly different from that of Cus in (5).

(Ell (:212
(C22

2
Cas
Css

Sym

@14
Co4
Cay
Cua

&
Cas
Css
Css
Css
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B
Cas
Css
Cas
Cse
Cos

e,
Cor
Ca7
Cyu7
Cs7
Ce7
Crr

E.
Cas
Css
Cus
Css
Ces
Crs
Css

E
Ca
Csg
Cao
Cso
Ceo
Cro
Cso
Cog




The character of the representation used in the extended theory can again be computed using the symmetry
properties of the Hooke tensor. In this case, since only the major symmetry of the Hooke tensor is involved, the
symmetrization identity IT which projects Lin(R3*3 R3*3) to Sym(R3*3 R3*3) is

= 1
=3z (6:a9b0keO1a + Okadivdicjd) » (36)

so that the corresponding character is x(Q) = %((tr Q) + (tr(QQ))z) (see the calculations in Appendix B.3.3).

Notice that for @ = Igs we have tr Igs = 3 so that x(Igs) = 3(3* 4+ 3%) = 45 which is, as expected, the number of
elastic constants without any additional symmetry.

In the following, we give the details of the computations that provide the general forms of the Hooke tensor for
orthotropic, transversely isotropic, cubic and isotropic materials. Although the computations are performed using
the fourth-order notations for the Hooke tensor, the results are presented in the following using the extended Voigt
notation. For each of the symmetry classes above we start with a generic (45 independent elastic constants) Hooke
tensor C and use the following procedure.

Step 1: Using the trace formula and the normalized Haar integral (or average over the group in the discrete case) we
compute the number of independent parameters after symmetrization as

dim(Fix § Sym(R**? R?*?)) = / x(Q) dp. (37)
g

Step 2: We compute the symmetrization P (C) ~over the group G. Notice that, by definition, the components of P(C)
are linear combinations of elements of C.

Step 3: By using standard linear algebra computations, we choose among the components of P(C) a basis and we

check that it contains exactly
dim(Fix § Sym(R**? R3*?))

elements.

e Orthotropic materials: From the trace formula, the number of elastic constants is 15. The general form of
the Hooke tensor is

Ch Cop C3 0 0 0 0 0 0
Cp Cos3 0 0O O 0O 0 O
Cs 0 0 0 0 0 0
@44 @45 0 0 0 0
Css 0 0 0 0 (38)
Ces Cor O 0
Sy @77 ~0 ~0
Css  Cag
Cyo

e Transversely isotropic materials: In contrast to the case of classical elasticity, when the involved 4-order
tensor has only the major symmetry, the actions with respect to the two closed subgroups SO(2;e3) and
0O(2; e3) of SO(3) are not equivalent. In other words, SO(2;e3) and O(2;e3) are different symmetry groups
for the vector space Sym(R3*3 R3*3)  see for example [52]. Recall the definitions of these two groups,

cos —sinf 0
SO(2;e3) := sinf  cosf 0 ‘ 6 € [0,2m) transversal hemitropic, (39)
0 0 1
cosf sinf 0
O(2;e3) :=S0(2;e3) U sinf —cosf 0 ‘ 0 € [0,2m) transversal isotropic. (40)
0 0 -1

From a geometrical point of view (39) reflects the invariance with respect to the rotations keeping fixed the axis
e3 of R? (proper rotations), while the group given in (40) accounts also for the inversions with respect to the
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plane (e;, es) (improper rotations)®. Via the trace formula and the explicit expression for the Haar measure
on SO(2) and O(2) derived in (98) and (99) respectively, we compute the following numbers of independent

components for the two considered symmetries:

dim Fix &, ., Sym(R**?, R**?) = 11,

The symmetrization process, for the invariance with respect to SO(2, e3), gives

Ciu Ci Cis 0 0 0
(Cll Clg 0 0 0

Css 0 0 0
Cus @45 0

Css  Coe

Caa

sym

0
0
9
—Cse
NO
Css
Css

B
Cis
Css
0
0
0
NO
Css

(::89
Css

dim Fix o2,¢,)Sym(R**3 R**?) = 8. (41)

where ((NZH = @12 + @88 + ((Njgg7 while for the invariance with respect to O(2, e3) we obtain

again with @11 = @12 + @88 + @89'

Chyq Cpp Ci3 0 0 0 0
Ch Cs3 0 0 0 0
Cs 0 0 0 0

Cu Ci5 0 0

Css 0 0

Cus Cys

sym @55

0 0
0 0
0 0
0 0
0 0
0 0
~0 ~0
Css  Cag
Css

(43)

e Cubic materials: From the trace formula, the number of elastic constants in the extended theory is 4. Using

the notation of Voigt, the general form of the Hooke tensor is

(611 @12 @12 0 0 0 0
Cu Cp © 0 0 0
Ch, 0 0 0 0

Cu Ci5 0 0

Cu 0 0

Cys Cys

sym Cus

0 0
0 0
0 0
0 0
0 0
0 0
~0 ~0
Ca Cys
Caa

e Isotropic materials: The number of elastic moduli is 3; the Hooke tensor using Voigt notation is

661, ea, e3 are the elements of the canonical orthonormal basis of R3.
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(Ell @12 @12 0 0 0 0
Cn Cip 0 0 0 0
Chu 0 0 0 0

Cu Cy 0 0

Cu 0 0

Cu Cys

sym Cyq

0 0
0 0
0 0
0 0
0 0
0 0
~0 NO
Cas Cys
Cua




with @11 = @12 —5—@44 —|—(~345. This relation generalizes the well-known formula ((N:u = @12 +2 ((~:44 from classical
elasticity. We can also write the constitutive relation as

3.2

symo = 2 usym P + A(tr P)1, skew o = 2 p1. skew P, (46)
where _ B _ _ _ ~
~ ~ ~ C C C C Cy—C
A=Crs, p=Cy—Cis— ( 44-; 55) _ ( 4442— 45) and MCZM. (47)
Indeed, thanks to the relations in (47), we have
o11 20+ A A A 0 0 0 0 0 0 Py
022 A 2,u + A A 0 0 0 0 0 0 P22
033 A A 20+ A 0 0 0 0 0 0 Ps3
T23 0 0 0 Bt fe B He 0 0 0 0 Pa3
032 = 0 0 0 "= e H + e 0 0 0 0 P32 5
013 0 0 0 0 0 Bt e p— e 0 0 Py3
T31 0 0 0 0 0 po— e bt e 0 0 Py
012 0 0 0 0 0 0 0 ot e = fhe Pro
0921 0 0 0 0 0 0 0 W= e M+ pe Py
(13)
which gives
011 (2‘LL+)\)P11+)\P22+>\P33 2[LP11+>\tI' P
022 )\P11+(2/L+)\)P22+>\P33 2/LP22+)\trP
033 APi1 + APy + (210 + \) P33 2uPs3 + Atr P
023 p(Pas + Ps2) + pie(Pas — Pag) (P23 + Psa) + pic(Pas — Ps2)
o320 | = | (Paz+ P32) + pre(Paz — P3a) | = | pu(Pas + Pa2) + pic(Pog — Pa2) (49)
013 p(Pi3 + Ps1) + pe(Pis — Psy) p(Pig + Pa1) + pe(Pis — Pay)
031 p( P13 + Ps1) + pe(Piz — Ps1) (P13 + Ps1) + pre(Pis — P31)
o12 w(Pr2 4+ Po1) + pe(Pra — Po1) w(Pr2 + Po1) + pie(Pr2a — Po1)
021 w(Pr2 4+ Po1) + pe(Pra — Po1) w(Pi2 + Po1) + pie(Pr2 — Po1)
Py 1 0
Py 1 0
P33 1 0
P23-|2-P32 0 P235P32
=op | BB L g haP| 0 [ +2p | 2552 | (50)
P13+P3; 0 P135P31
P13‘2FP31 0 P13—Ps;
P12-%-P21 0 P122P21
P12-%-P21 0 P123P21
2 2
ie.
oc=2usymP + 2 p.skew P+ Atr(P) 1. (51)
Thus, in this case, the elastic energy can be expressed as
1 — 1 1
§<(C P,P)= 5(07 P) = 5( 2 psym P 4+ A tr(P) 1 + 2u. skew P, P) (52)
A A
= p(sym P, P) + p. (skew P, P) + ) tr(P) (1, P) = p|jsym P||> + pe ||skew P + B tr(P)2.

Second gradient theory

In the following, we want to show how the general framework proposed in this paper can be easily applied to
the second gradient theories which, in recent years, have found wide use in modeling physical phenomena (see
[7,26,34,37,68], for example). First, however, we would like to dedicate some words to a more detailed discussion
on how the invariance conditions are derived from the Lagrangian energy density in this case. Indeed, concerning
the second gradient theory, some authors derived an incorrect invariance law [25,43| and, to our knowledge, the
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correct answer is given in [41]. Thus, we follow [41] to explain the situation: let us consider a (non-linear) energy
density
W (D, D*p)

depending also on the second gradient of the displacement field ¢ : 2 C R™ — R™. Considering a generic orientation
preserving diffeomorphism ¢: R™ — R™, £ — ((£), we say that the considered body is invariant with respect to ¢ if
the total energy is preserved under a diffeomorphic change of variables, i.e.

/ W (Dew(C(€)), DEw(¢(€))) IdetDsC(E)Idﬁz/ W (Dup(), D3p(x)) dx. (53)
£e¢— () z€EQ

Since material invariance means invariance of the elastic response with respect to rotations of the specimen with
respect to the machine test, we need to ask for the following constraint for the change of variables:

De((6) €80(3)  VeEe (D).

Under this hypothesis, we can firstly remark that det D¢((¢) = 1 for all £ € ¢7(2). Secondly, setting ¢’ (£) =
©(¢(€)) for all £ € (71(Q), and observing that from the identity x = (¢~ (x)) we obtain the identity

1=De[C(C (@) DuC M (@) = D¢ x) = [DeC(€)] "
=¢

exganding the expressions Dgp(¢(€)) and Dgp(¢(€)) we arrive at Deg(C(€)) = Da(¢(€)) DeC(€) = Dap(z) DeC(€)
arn

DZ(¢(€)) = De [Dep(¢(€)) DeC(€)] = [DeDap(¢(£))] DeC(€) + Dao(¢(€)) DEC(E)
= [D3(¢(€)) De¢ ()] © DeC(€) + Dagp(w) DEC()
= [D3p(x) DeC(6)] © DeC(§) + Dap(x) DEC(S),

where the contraction © is defined by (A® B)ijr = AimiBm;. for A € R3%3%3 and B € R3*3. Thus in our case, we

have o2 o o
D2 () D DeC(€)),, = —ti Zn ) om
(Do) DECE)] © DeC(E)) 5 = 7 (€10) G (O 5
Due to a rigidity result (see [35] and, for a modern version, [50]) asserting that if ¢ is sufficiently regular (for example
in WH2(¢71(Q))) and such that De¢(€) € SO(3) for every &, then there exists one constant @ € SO(3) such that
D¢¢(€) = @ for all £&. This means that the term Dgg (&) is 0 and the invariance condition (53) reduces to

©  vYEeTH.

/ W (Dap(x), Dip(x)) dx = / W (D2¢(¢(6)) Q, [D70(¢(€)) Q] © Q)dE. (54)
z€Q I3e(?))
In the linearized boundary value homogeneous problem, the internal energy is given as the functional
1
oA u] == 5 / (((C g,€) +2 <H5,D2u> + <GD2u,D2u>) dx, (55)
Q

where € := sym Du and
C € Sym (Sym (3),Sym (3)), H € Lin (Sym (3),R* ® Sym (3)), G € Sym (R® ® Sym (3),R*® ® Sym (3)) .

We shall specify the invariance condition (54) to the linearized case in (55). Denoting with w: Q — so0(3) the
skew-symmetric part of Du, we find that

D%u: Q — R ® Sym (3) C R3*3x3

can be represented as the sum
D?u = D (Du) = D (¢ + w) = De + Duw, (56)

with
De: © = Sym (3) @ R® C R¥*¥3 " Duw: Q — 50 (3) @ R® C RP3, R¥F ~ (Sym (3) @ R?) @ (s0 (3) @ RY)
and

dim (Sym (3) ® R?) = 18, dim (so (3) ® R®) = 9.
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Remark 5. There exists a linear operator L such that D%y = L(De). Indeed, ugj = €ik,j + €rji — €ji,k for every
ij, k€ {1,2,3}.

Remark 6. The tensor product ® is not symmetric, so the two spaces Sym (3) ® R and R?® @ Sym (3) are not
the same space (but they are isomorphic having the same dimension). Denoting with Sym (3, 3) the space of fully
symmetric third-order tensors, i.e.

Sym (373) = {T € R3X3X3 |E]h = T_]lh = Tzh] Vla]vh’ S {17273}}7

which is a 10-dimensional vector space, we have that Sym (3,3) = (Sym (3) ® R*) N (R® @ Sym (3)) . Decomposing
the identity of R**3*3 using the two projections prg,,, 3)ers and prg, 3)grs associated respectively to the two
orthogonal subspaces Sym (3) ® R? and so0 (3) ® R3, i.e.

Lgaxaxs = pr Sym (3)®R3 +Prg, (3)®R3>

we have that
D?u = De 4+ Dw = pr Sym (3)QR3 (D?u) + pr, (3) @RS (D?u).

The second gradient model can be also formulated considering the gradient of e (strain gradient theories, see
Remark 5 (cf. [48])). In this case the action functional defining the problem is given by

o [u] = 5/Q(<ca,s>+2@5,De>+<@D€,Ds>)dx, (57)

with
H : Sym (3) — Sym (3) ® R?, G : Sym (3) ® R®* — Sym (3) ® R3.

We will study the symmetrizations of the tensors H, G, H, G. In order to apply the mathematical tools introduced
in Section 2, we have to identify, in this setting, the elements of the triple (V, G, ¢). Let us introduce

Vo := Sym (Sym (3),Sym (3)) Vi := Lin (Sym (3),R* ® Sym (3)) V4 := Sym (R® ® Sym (3), R® © Sym (3))
V, :=Lin (Sym (3),Sym (3) ® R*)  V, := Sym (Sym (3) ® R?, Sym (3) ® R?),

and define V := V5 x Vi x Vo and V := V) x V; x V5. Introducing the actions

o : G x Vo = W, ¢0(Q,C) =C, Aabcd = QaiQvj Qcx QaiCiji,

p1:Gx Vi =W, 01(Q,H) = H, Habede = QaiQrj Qe Qai QemMijkim,

w2 : G x Vo — Vo, ©2(Q,G) =G, Gabcdef = QuiQpj Qex QaiQem @ rnGijrimn (58)
0, 1GxV, >V, ¢, (QH) =1, Hopede = QuiQujQek Qa1 QemML, g1

0, GxV, >V, ©,(Q.G) =G, Gapeder = Qui@bjQerQuiQemQn Gy jitmn:

and setting

E)
&y

).
).

we consider the two following triples for problems (55) and (57) respectively: (V,G,¢) and (V,G, ). Initially,
we will ascertain the number of independent components for the tensors in question, namely, H, G, H, G, when
subjected to their respective actions 1, @2, PPy Subsequently, we will determine the matrix representations of
these symmetrized tensors, focusing on the cubic symmetry, extending the classical Voigt notation to the case of
third order tensors.

® = Po X Y1 X P2, 2 g xV = Va @(Q? ((Ca]HL G)) = (SOO(Q,(C)ﬂOl(QaH)a@2(@36)) ((E\j
Y= ¥o x£1 X£27 fg XK%K; Q(Q7(Caﬂ7@)) = (QDO(Q)(C)?@1(Q7ﬂ)a¢2(Qa@)) (@

@
[
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Case (V1,G,%): The number of independent components of D?u is 18, the symmetries of which are
Ui ik = Us kj» with 4,5,k =1,...,3.
In this way the tensor H has the symmetries

Habcde = Hacbde = Habceda (59)

and the set of index permutations which leaves H invariant is equivalent to Sy X Sy (S3 is the group of the
permutations of two indices), so it has 4 different elements. In order to determine the character x(Q) of an element
Q@ € G we have to specify the identity tensor 1y, of Vi. Due to the symmetries (59), the symmetrization identity
o"is

o\

1
iajbkcldme — Z(éia(;jb(skc(;ld(sme + 5ia5kb§jc5ld5me + 5ia§jb5kc5md5le + 5ia6kb5jc6md6le) .

The character x (@), being defined as <<,0Q o HV1,®5112> with ¢ = ®5Q is (see the Appendix for detailed calcula-
tions)

(pg oIV, ®%1,) = i ((tr Q) +2(trQ)’trQ* +trQ (tr Q2)2) , (60)

which, due to the Hamilton-Cayley transformation, becomes

X(@Q) = (trQ)° —2(trQ)* + (tr Q)*. (61)

A very useful check to verify the accuracy of the performed calculations consists in computing the character of the
matrix @ = 1. In this case, if the derived formula (61) is correct, we have to find the dimension of the vector space
V1. In our case, having that dim Sym (3) ® R? = 18, the dimension of V; is 18 x 6 = 108, and indeed

x(1) = (tr1)% — 2 (tr 1)* + (tr1)® = 108.

Case (Kl, g, g) :  The number of independent components of De is 18, the symmetries of which are
Eij.k = Ejik, with i,j,kil,...,3.

The tensor H has the symmetries

Eabcde = ﬂbacde = ﬂabced’
and the set of index permutations which leaves H invariant is still equivalent to S5 x S5. The symmetrized identity
tensor IT¥ 1 of Vis

1
H%Ul'bkcldme = i(éia(sjbékc(sldéme + 6ja6ib6kc(5ld6me + 6ia6jb5kc6md6le + 6ja6ib6k06md6le-

The character x(Q) is

Xq = {pg o M¥1,®@°1,) = ((tr Q)P° +2(trQ)*rQ* +trQ (tr Qz)z) , (62)

A~ =

which, using to the Hamilton-Cayley transformation, can be expressed as
X(@Q) = (trQ)° —2(tr Q)" + (tr Q)*. (63)
Case (Va,G,¢2): The tensor G has the symmetries
Gavedef = Gacvdef = Gavedre = Gaefabes (64)
and the set of index permutations which leaves G invariant is equivalent to Sy x S5 X S5 and has 8 different elements.

The symmetrization identity tensor IT"2 is

1
Hiﬁbkcldmenf = §(5z‘a5jb5kc5ld5me5nf + 0ia0kb07c01d0meOns + 0iadjbOke01d0neOmys + 0iadkb0jc01d0neOmy
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+ 5la5mb5n66id5j65kf + 5la5nb5m65id5j65kf + 5la6mb6n65id5ke($jf + 5la5nb6m05id5ke(sjf)'

The character x(Q), defined as (pg o I1"V2, ®515) with pgo = ®°Q, is

(pg o TT"2, ®%1,) = ((tr Q)% +2(trQ)*'tr Q* + (trQ)* (tr Q?)2 +2trQ'r Q% + 2 (tr Q2)3) (65)

1
8

which, with to the Hamilton-Cayley transformation, becomes
X(Q) = (rQ)° —4(rQ)* +6(trQ)* —2(rQ)” — 2(trQ)’. (66)
A quick check yields
(1) = (tr 1) — 4 (tr1)® + 6 (tr1)* — 2 (tr 1)® — 2 (tr 1) = 171,

which is exactly the dimension of V ,.

Case (KQ, g,%) ¢ The tensor G has the symmetries

@abcdef = Qbacdef = @abcedf = @defabm (67)

and the set of index permutations which leaves G invariant is again equivalent to Ss x Sy x Sy with 8 different
elements. The symmetrization identity tensor II1¥> is

1
Hz%jzbkcldmenf = g(éiaéjb(skcaldéme(gnf + 5ja6ib5kcald5me(snf + 5ia6jb6kc5md5le(snf + 5ja5ib6kc(5md5le§nf

+ 6la5mb5n55id5j65kf + 5ma5lb§nc(5id6je5kf + 5la5mb§nc(5jd§ie5kf + 5ma5lb5n56jd§ie§kf)~

The character x(Q), defined as (pg o I1¥ 2, @%15) with o = ®°Q, is

(pg o IT¥2, @%1,) = ((tr Q) +2(trQ)*r Q* + (trQ)* (tr Q2)2 +2trQMrQ* +2 (tr Q2)3) (68)

| =

which, again using the Hamilton-Cayley transformation, can be written as
X(@Q) = (rQ)° —4(trQ)° +6(rQ)* —2(trQ)’ — 2(tr Q)*. (69)
Checking the character of the identity 1 results in
x(1) = (tr15)% — 4 (tr15)° 4 6 (tr 15)* — 2 (tr 1) — 2 (tr 15)* = 171,

which is again equal to the dimension of V ,.

3.2.1 Extended Voigt isomorphisms and structure of the symmetrized tensors

As for classical elasticity with to the Voigt representation isomorphism, we now want to define an analogous
isomorphism to represent the tensors H and G as matrices. In [5], following reasonable criteria (i.e. organizing the
components in a matrix in order to group together the zero entries when accounting for material symmetries), the
Voigt isomorphism is generalized as follows: denoting by {Ta}f:l the canonical basis of R'® and considering the

orthonormal basis 3
{ (1_6ij+5ij)( ®ej+e®e)® }
Giik = ——="+ =) (e;Q@e;+e; Re;)Re
" V2 2 ! ! : 0,4, k=1

of Sym (3) ® R?® we set
D : Sym (3) @ R? — RS

as follows:

M1 =11, M Ga01 = 7o, MG = 73, M331 = 74, M G133 = 75,
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M G20 = 76, MNsi12 = 77,
M 333 = 711, Mci13 = T2,
<123 = 716, M3z = 117,

In this way we can define

by

M1 = T3, M ¢330 = 7o, M G233 = Tio,
Mci131 = 713, M ca03 = T4, M o320 = 715,

M3 = Ti8.

9 : Lin (Sym (3), Sym (3) ® R?) — Lin (R%,R'®) |
N : Sym (Sym (3) @ R?,Sym (3) ® R3) — Sym (RlS,ng)

<mm(ﬂ) a, b>R18 = <ﬂ 93‘&_1 a, fﬁ_l b>

Va € RS, b e R8, (70)

R3%3

(MG) p, Qs = (GNP, M @) psss Vp,q € R'®. (71)

3.2.2 Cubic case

Now, we want to study in detail the particular case in which the symmetry group is the cubic group O which has 24
elements. We want to calculate the dimension of the fixed subspaces for V1, V5,V ;, V5, and determine the structure
of the symmetrized tensors. We have

- 1
dim FixJV; = 2 Z Xe; (@),

Qe0

. . 1 .
dim le(gzj:ﬂzxf]’ (Q)a ]6{1,2},
Qec0

thus, thanks to the character formulas (63),(61),(66),(69) we find

o for V1,V :
o for V5,V ,:

dim FixV; = dim FixJV | = 3, which gives 3 independent constants for H and H,

dim Fix V2 = dim Fix JV , = 11 which gives 11 independent constants for G and G.

Thanks to the transformations defined in (70) and (71), the matrix structures of the symmetrized tensors are (these

results were already derived in [5])

where
with
1
m1 = g
1
T4 = g
1
M35 = g
1
Y11 = §
1
Y12 = §

M1 M2 "3

22 7123

G, = 733
sym

(e

M2
124
25
122

(G111111 + Ga20200 + G333333) »

(G 112332 + G 113203 + Goo1ss1)

(G 121233 + G 120133 + G131232) »

(G 193123 + G 132132 + Gog1231) 5

(G 193132 + G 123231 + G132231) 5

ms
25
YRS
123
133

722

733

2

7123

25

—

Sym(5),

AR RD DR D

0
G,
0
0

€ Sym(18),

‘QOOO

0
0

G,
0

Y11 Y12 712
Y1 Y12 | € Sym(3),
sym "}/11

1S
|

(G212 + G11s11s + Gos1291 + G o303 + Gaz1331 + Ga32332) 5
(G121121 + G 122122 + Gus1131 + Gississ + Gasoaso + Gogsoss) s
(G111201 + G11331 + Gr12220 + G13333 + G g3z + Go3ss3) s
(G112 + G111133 + Gi21222 + Ggisss + Gozooss + Gosasss) s
(G112121 + G113131 + G122201 + Gszzar + Gozsase + Gosssse) s

(G 112233 T G 113232 + G1332 + G 122331 + G31203 + G133221) 5
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and

[ V)

6x18
€ R°*'e,

==

I
Moocoocoo
coococolms

OOO[‘\FDOO

with

G

G

o
|
== O =

G —G 0
where H,=|-G 0 G
0 G -G

3.2.3 Transversal hemitropic and transversal isotropic case

3Ix3
€ R°*°,

(ﬂ12311 - E12322 - H13211 + E13233 + H23122 - E23133) )

(ﬂ12113 - E12223 - H13112 + E13323 + H23212 - E23313) .

(=H 11215 + Hy1310 + Hoggo3 — Hogogio — Hazio + Hazors),

Next, we study the two particular cases in which the invariance of the elasticity tensor G is taken with respect to
SO(2;e3) and O(2;e3). These results are not new; indeed, the structure for the symmetrized tensors was already
obtained in [5]. Via the trace formula and the explicit expression for the Haar measure on SO(2) and O(2) derived
in (98) and (99) respectively, we compute the following numbers of independent components for the two considered

symmetries:

dim Fix g, Vo =31,

dim Fix$, V., =21,

(72)

The correct number of independent components for the transversal isotropic case was also obtained with another
approach in an unpublished note [8]. Denoting with G SO(2:e5) a0 G (a;¢,) the symmetrized tensors with respect
to the actions of SO(2;e3) and O(2;e3) respectively, their matrix representations via the isomorphism 91 are

G, G, 0 0
G, G, 0
@SO(Z;eg): 0 0 G,

G,
0 0 G, Gy

where
a1 Q2 a3
2 _
Qoo  —o13 + —\[(0112 az2)
G, = N a11 + 722
2
sym
V2
0 P12 *% Baa + V2 B34
2
0 _@ Bou
2
Qg = 0 634
skew 0

14

a1 —V2az; as —V2azss

15

Q34 ass
Q44 Q45
Q55
Bas + V2 Bas
Bas
Bss € 50(5)
Bas
0

25

€ Sym(5)

€ Sym(18),

11 independent components,

6 independent components,



and

Y11 Y12 Y13 Y12 713 0 0 0 0 0
Y2z Y23 Y22 V23 0 0 -m —V2 112
Y33 Y23 Y33 | + 0 —vV2m2 —(na2+m33) | € Sym(5) 6 independent components,
Sym Y22 V23 sym 0 0
Y33 0
0 C12 —C12
0 Ca2 —C22 — V2 (a1
a1 (32 —(32 € R%*3 4 independent components,
0 Coo+V2Cn —(a2
—(31 (32 —(32
ni1 M2 M2
ne2 M3 | € Sym(3) 4 independent components,
Sym 122
1
Q11 = 61 (5 Gi11111 F4Gi11122 +2Gi11221 + Gii2112 + 4 G112121 + 2 Gr12222
+ 4Gi21121 + 4 (Gr21222 + Gi22122 + G122221) + Gaz1221 + 5 G222222),
1
Q12 = 64 (G111111 + 6 Gi11221 + Gri2112 + 6 Gr12222 — 4 Gi21121 — 4Gi22122 + Gozi921 + G222222),
Qg = 732 7 (Gnuu + 6 Gi11122 — Gr12112 — 2Gr12121 + 6 Gi21222 — 2 Ga22021 — G221 + G222222)7
1
a1y = 32 (3 Gi11331 + Gr12332 + 2 G121332 + 2 G122331 + Gooisst + 3G222332>
a5 = 16\f (3 Gi11133 + G112233 + 2G121233 + 2 G122133 + Giszoor + 3G222233)
1
a2 = oo (G111111 —4Gi11122 + 26111221 + 5Gr12112 — 4 Gri12121 + 2Gr12000
+4Gi21121 —4G121222 +4G122122 — 4 Gi22221 + 5 Gagioo1 + G222222>,
1
Q34 = 673 (G111331 — Gr12332 + 2Gi21332 + 2 Gi22331 — Gozizzi + G222332>,
1
ass = 16 <G111133 — Gi112233 + 2Gi21233 + 2Gi22133 — Gisseor + G222233)
1 1 1
Q44 = § (G331331 + G332332>, Q45 = m <G133331 + G233332), Q5 = m (G133133 + G233233),
1
Bi2 = 6 <G111112 — Gi11121 + Gri2122 — Gi21221 + Gi22222 — Gzzmzz),
1
B4 = 32 <G111332 —3Gr112331 + 2Gi21331 — 2 Gr22332 + 3 Gaoizsz — G222331>
525 = 16\[ (G111233 —3Gr112133 + 26121133 — 2 Gr22233 — Gisszooe + 3@221233)
1
B34 = NG (G111332 + G112331 — 2G121331 + 2 G122332 — Go21332 — G222331>,
1
B35 = T <G111233 + G112133 — 2G121133 + 2 Gi22233 — G332 — G221233)
1
= —=( ~ Gusagsz + Gasann ),
Bas 4\@< 133332 233331
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G 1 1
1 = 3??43333, M2 =g (G113333 + G223333), Y13 = WG (G131333 + G232333),
1
22 = 55 (3 G113113 +2G113223 + 4 Gia3123 + 3 6223223)a
1
Vo3 = (3 G113131 + Gi13232 + 2Gi23132 + 2 G123231 + Gi31203 + 3 6223232)a
16v/2
1
33 = 16 (3 G131131 + 2Gi31232 + Giz2132 + 2 Gi32231 + Gazi231 + 3 G232232>7
1
G2 = NG (G132333 - G231333),
1
- (36 e — 2Gi23131 + 2G123232 + G ~3G )
Ca2 16\/5( 113132 113231 123131 123232 132223 223231
1
(31 = 6 ( — G113132 — G113231 + 2G123131 — 2G23232 + Gi3ooes + 6223231)7

1
(32 = = (G131132 — G131231 + G132232 — G231232)7

oo

mi = liﬁ (Gl13113 —2Gi13223 + 4 Gra3123 + G223223)7

Mma = liﬁ (GHSlBl — G113232 +2G123132 + 26123231 — G123 + G223232),
N22 = %6 (Gl31131 —2Ga3z1232 + 3Gas2132 — 2 Gaszest + 3 Gaziest + G232232)7
23 = % (G131131 —2G131232 — Giz2132 + 6 Giz231 — Gagio3r + G232232)-

3.3 Indeterminate couple stress model

We now aim to apply the established invariance theory to a special sub-class of second gradient models: the
indeterminate couple stress model (for a very good description of this model we refer to [29,42,46,48,51] and for
a determination of the material invariance condition we refer to [41,48|). The linearization of the indeterminate
couple stress model is characterized via the action functional

Au] == / %(<C g,e) + (L Dcurlu, Deurlu) )dx, (73)
Q

=: Weun(D2u)

i.e., in the indeterminate couple stress model, the non local term of the deformation energy is defined as a function
of the gradient of only the rotational part of the gradient of w. Thus, we can immediately remark that

e Dcurlu is not a symmetric second order tensor and, as a consequence, the curvature elasticity tensor is a
fourth order tensor involving only the major symmetry,

e considering the orthogonal split of the curvature term in the symmetric and skew symmetric parts
<]L Dcurlu, Dcurlu> = <]LS sym Dcurl u, sym Dcur|u> + <LC skew Dcurlu, skew Dcur|u>7

where
Ls € Sym(Sym (3), Sym (3)) and L. € Sym(so (3),50(3)),

we can express the skew-symmetric term as a bilinear form acting on R? via the axl operator (see the Appendix
B.2). Indeed, in this case we have
axlskew Dcurlu = curlcurlu,

and we can introduce a matrix L, € Sym (3) such that

(L skew Deurlu, skew Deurlu) gy, = (L curleurlu, curleurlu),, ¥V admissible w.
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Applying the theoretical machinery developed in Section 3.1, we can obtain the structure of the elasticity tensor
L when we ask for the isotropic invariance of the indeterminate couple stress model. Indeed, having that

Le Sym(RBXZS’RSXB)’

the invariance with respect to the full group SO(3) gives us only 3 independent material constants (see Eqs. (47),
(48)). Thus, in this case, we have

(L Deurlu, Deurlu) = oy [|sym Deurlu|? + 2 5 2 (tr Deurlu)? + s ||skew Deurlul|® .

Moreover, remarking that tr D curl u = div curlu = 0, we can write the deformation energy in the case of isotropy as

(L Deurlu, Deurlu) = a; ||dev sym Deurlu|® + as [|skew Deurlul|® .

3.4 Micromorphic type models

Our next objective is to apply the well-established theory of invariance to a class of micromorphic-type generalized
continua, which have garnered increasing attention in recent years for modeling the mechanical behavior of meta-
materials. As we will discuss, the curvature term of the relaxed micromorphic model belongs to a different vector
space than that of classical Cauchy continua. To address this discrepancy, we will leverage the findings from Section
3.1, which will be tailored to suit 2D models. These results have been utilized in [61] to model the size-effects of
metamaterial beams under bending with the aid of the relaxed micromorphic continuum. We will also compare the
symmetry classes of the relaxed micromorphic model with those of the classical micromorphic model.

3.4.1 3D-relaxed micromorphic model

We set
x = (x1,22,23) = (T, x3), where T = (x1,T2).

The involved kinematic fields are

u: Q C R — R3, x> u(z) = (ur(z), uz(x), us(x)) ,
Pii(xz) Pia(z) Pis(x)
P: QCR® = R3*3, x> P(z) = | Pa(z) Pa(x) Pas(x)
P31(l‘) P32(.’,E) P33(£L‘)
The Curl operator is defined by
Pll(x) Pm(l’) Plg({E) curl (Pll(x)a Pl?(x)a P13(z))
Curl P(z) = Curl | Poy(x) Paa(z) Pog(x) | := | curl (Por (), Paa(z), Pas(2)) | - (74)
Pyi(z) Paa(z) Pas(a) curl (P31 (2), Pa2(x), Pas(x))

The full potential energy density for the linear model consists of the terms

W (u, Du, P, Curl P) = W, (sym Du, sym P) + W (skew Du, skew P) + Whicro(sym P) + Weyry (Curl P),

where
We(sym Du, sym P) := %<(C sym (Du — P),sym (Du — P)>R3X3,
W, (skew Du, skew P) := %<C skew (Du — P), skew (Du — P)>]R3X3,
Wnicro(sym P) := %<(lecm sym P, sym P>R3X3, (75)
Weury (Curl P) := %(L Curl P, Curl P) .,
and the four involved tensors C., C., Cpicro, L are
C. € €la™(3) C ®'R3, C. € Sym™ (s0(3),50(3))),
Cuicro € €la™(3), L € Sym™ (R3*3 R3*3),
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3.4.2 2D-relaxed micromorphic model, plane strain

The involved kinematic fields are

u: Q C R? - R?, (21, 22) = u(wr, 22) = (u1(21,72), uz (w1, 22)) ,
P (1‘1 132) P12(171 'IQ)
P:QCRQ_HR%Q’ , — P(xq, — 11 ) ) . 76
(1, 22) (21, x2) Poi(x1,22) Pog(xy,x2) (76)

Given a vector field v : Q C R? — R? we define the 2D-curl operator as
curlop v(x) = va1(x) — v12(2),
and for a matrix-valued field P: Q C R — R2*2,
Pryi(21,22) P12(l’1,172)> _ <CUF|2 (P11($1,$2),P12($1,$2))>
Por(z1,22)  Pao(x1,22) curly (Pa1 (1, 22), Paa(21, 22))

_ <P12,1(171, T2) — P11,2(5017CU2)>

P22,1($1, CU2) - P21,2($17$2)

Curlop P(x) := Curlyp (

(77)

The full potential energy density for the linear model consists of the following terms:

W (u, Du, P, Curl op P) = We(sym Du, sym P) + W, (skew Du, skew P) + Wiicro (sym P) + Weury (Curl op P),

where
1
We(sym Du, sym P) := §<(C sym (Du — P),sym (Du — P)>]R2X27
1
We(skew Du, skew P) := §<(C skew (Du — P), skew (Du — P)>]R2X2,
1
Wmicro(sym P) = §<(lecro SymP sym P>R2><2a
1
Weury(Curlop P) := §<]L Curlop P, Curl 2DP>R27
and the four involved tensors Ce, C¢, Cpjicro, L are
C. € €la’(2) C @'R?, C. € Sym(s0(2),50(2)),
Cunicro € €la™t(2), L € Sym™(2) C R?*?,

where we set €la™(2) := Sym™(Sym(2), Sym(2)).

2D-relaxed micromorphic model derived from the 3D model: Let us give the following definition.

Definition 2. Consider a matrix valued field P: ) — R3*3. We say that P is a plane field if it has the following
structure:

Pll(JC) Plg(I) Plg(l') Pll(f) Plg(f) O
P(J}) = Pgl(l’) PQQ(Z) PQg(ZL’) = Pgl(f) ng(f) 0
P31(£E) ng(x) ng(x) 0 0 0
We can identify a plane field with “its restriction field”
P:Q — R¥?*2,

and by an abuse of notation, whenever there is no confusion, we use the same symbol for both.

If a matrix-valued field P is a plane field we obtain

Pi(z) Piz) Ps(x) curl (Pr1(z), Pia(z), Pys(x))
Curl P(z) = Curl [ Py1(z) Paa(z) Pos(x) | = | curl (le(x),ng(w), ng(x))
Pyi(x) Psa(z) Pss(v) curl (P31 (x), Psa(), Paa())
(0,0, Pro1 (T) — Pr12(T)) 0 0 Pi2q1(Z)— Pi12(7) 0 0| )
= [ (0,0, Pyas(@) = Poao@) | = |0 0 Pros(@) — Puo(@ | = 0 0 "7 (78)
0,0,0) 0 0 0 0 0 0
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3.4.3 Symmetrization of L

Introducing the symmetrization identity
2x2 1
m: R — SyIIl(Q)7 Tiajb = 5(51'&(5]‘5 + §ja5ﬁ,),

the characters can be computed via x(Q) = (pg,m) = <Q®2,W>R2X2X2X2 giving”

1 1
X(Q) = §<6ia5jb + 05a0in) Qia Qb = 5(5m5ijmij +0;a0ibQiaQjb) (80)
1 1
=5 ( 0iaQia 056Q b + 0a; Q506 Qia ) =5 ((tr Q)? +tr QQ) :

tr@Q trQ tr Q2

The Cayley-Hamilton theorem allows us to express x(@) as a polynomial in tr Q: since

p(Q) =@+ L e+ det(@Q)1 =0,  (Q€0(2))

—tr@Q =+1
we find Q? = tr(Q)Q F 1 and thus tr Q% = tr (tr(Q)Q F 1) = (tr Q) F 2. Thus, finally, we have
X(Q) = (trQ)* F 1, (81)

where the sign choice is dictated by
-1 if Q € SO(2),
1 ifQeO0 (2).

The closed subgroups of O(2) we account for are Zs, Dy, Dy and O(2).

O(2)-action: Consider

——
Z/Zg
where
_ cosf —sinf - ol _ cosd sin
SO(2) = { <sm9 cos9> ] 0 c [o,zw)} ~U1)~S' and O_(2)= { <sin9 —cose) ] 0c [o,%)}
and R = <_(1) (1)> is the reflection across the zqo-axis. It acts on the space of the symmetric matrices as follows:

¢:0(2) x Sym(2) = Sym(2),  (Q,L) = »(Q,L), where (p(Q,L)),; = QiaQjsLab-
To be invariant under the accounted action means that
Le Fixg@) Sym(2), ie. »(Q,L)=L vQ € 0(2).

In this case,

dim Fixg(g) Sym(2) = /o(

Q) dji = / Q) du (82)
2) SO(2)U0_ (2)

1 1L/1 [
(normalisation) = — / X(Q) d,u +/ X(RQ) du = — (/ (4 COS2 9 — 1) d9 + 1) =1.
2\ Jso) 50(2) 2\27 Jo

"Keep in mind that

trQ? = (1,Q% g2 = 6;;(Q%)ij = §ijQiaQaj = 0:jQiadasQgs; - (79)
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Let us determine the structure of the admissible constitutive tensors. We have

1
Poz)(L) =

1

10
0 1
positive-definite, i.e. I € Sym™(2), hence Ly;,Las > 0, thus I = 1/2(ILq; + Lay) > 0).

Thus, in the isotropic planar case, the curvature tensor reduces to L = {1 =1 ( > , with [ € R (since L is

N.B. In this case, to be able to integrate over the full group O(2), which has two connected components, we
use the following facts: since SO(2) is a closed subgroup of O(2) and SO(2) is compact, Ag(2)lsoz) = Aso(2)
(modular functions) and hence, there exists an invariant Radon measure v on the quotient O(2)/SO(2) (in this case
the normalized counting measure) such that

1
A)dp = AQ)dpudy = —————
/0(2)f( ) du /0(2)/50(2) /80(2) f4Q)dy 10(2) 2 /so

/80(2)| [A]eO(z /SO(2)

1
- ( / oy JAD / " f(RQ)du> . (84)

Dj-action: ::: Consider the dihedral group® of order four, D, whose cardinality is 8. We have

dlmleD Sym(2 | Z
QEDy

|D| dx@+ D x(Q) :é > (4cos2%7r—1)+4 —1.

QEZs QERZy ke{1,2,3,4}

1 0

Hence, also in this case, we have the reduction L =1 =1 (O 1

),wichGRj.

Ds-action: = Consider the dihedral group Do whose cardinality is 4. We have

1
dlmleD Sym(2 ‘ Z |D| Zx(Q)+ Z x(Q) =1 2+ Z (40052k7r—1) =2.
QeD> QEZ2 QERZ> kE{l,Z}
(86)
. lh 0
Therefore, we have the reduction L. = 0 L) li,lo > 0.
2
Zo-action: m Consider the cyclic group Zs whose cardinality is 2. We have
dim Fix 7 Sym(2 \Z | Z =3 Z (4 cos? kr — 1) = 3 = dim Sym(2) (87)

Q€Z> ke{1,2}

8A dihedral group of order n describes the 2n different symmetries of a regular polygon with n sides: n rotational symmetries and
n reflection symmetries. The n rotational symmetries are the elements of the cyclic group

27 2
_ cos & — sm
Zn { (sin 27" cos 2& | kefl....n}
and

where R is the reflection <_[1) (1))
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L s

meaning that Sym(2) = Fixg2 Sym(2), i.e-, 9322 (]L) =L = (13 l2

) for all L € Sym(2).

3.4.4 Symmetrization of C; and Cicro

The symmetrization identity in this case is
I : R2X2X2X2 . ¢[q(2), I = sym (7 ® ),
giving component-wise
1
Iiajbicar = §(5ia5]‘b5kc51d + 05001010k + 05a0i01c0ka + 0jadiOkciia (88)
+ 0ka01b0ic0d + Okadibdjcdid + 01a0kb0;c0id + 01a0kb0icOjq)-

The characters can be computed via x(Q) = (g, ) = (Q%*, H>®SR2 giving

V@) = 1 [(rQ) +2(r Q2 tr Q? +2 rQ* + 3(tr Q7). (89)

ool

The Cayley-Hamilton theorem allows us to express x(Q) as a polynomial in tr Q.° From eq. (81) we already know
that Q% = tr(Q)Q + 1 and that trQ? = tr (tr(Q)Q F 1) = (trQ)? F 2. Hence we need to find the expression of

tr @Q* as a functions of the powers of tr Q:
Q*=QQ*=Q(r(Q)RQF1) =u(Q)Q* FQ,
= Q’=tr(r(Q)Q*FQ)=trQtrQ*FtrQ =trQ ((trQ)* F2) FtrQ =trQ ((trQ)*> ¥ 3),

Q'=0Q°=Q((Q)Q*FQ) =tr(Q)Q* F @,
= tQ'=tr(r(Q)Q*FQ*) =trQtrQ’ FtrQ* = (trQ)* (trQ)> ¥3) ¥ (trQ)* ¥ 2) = (tr Q)* F4(tr Q)*> + 2.

Hence we obtain

x(Q) [(tr Q)4 + 2(tr Q)2 trQ%+2 trQ* + 3(tr Q2)2]

(trQ)* +2(tr Q) (tr Q) F2) +2 (tr Q)* F4(trQ)* +2) + 3 ((trQ)> F 2)1

(HQV+%UQV?MHQV+%HQV¥&UQV+4+3«HQV+4¥MHQVﬂ

-(tr Q) F2(tr Q) F4tr Q) +2(tr Q) F8(trQ)* + 4 + 3(tr Q)* + 12 F 12(tr Q)2]

| = 0ol 00l 00| 00|
T 1T |

_8(trQ)4 F24(trQ)?> +16| = (trQ)* F3(tr Q)* + 2,

ie. (tr@Q)* —3(trQ)*+2 if Q € SO(2),
X(Q) =
(tr@)*+3(trQ)* +2 if Q € 07(2).

Dy-action: Consider the dihedral group D, whose cardinality is 8. Then

N 1 1
dlm FIX@AM Qf[a(?) = W Z X(Q) - W Z X(Q) + Z X(Q)
ol Qecu, Wl gec, QERCy
_1 Z [2( cos(mk) + cos(2mk) + 1) + 2] =3.
ke{1,2,3,4}

9 Avoiding explicit powers of @ reduces the computational cost of evaluating x(Q).
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The structure of the symmetrized tensors is obtained via

1 1
Pp,(C) = —— ,C) = 7= ,C) +¢(QR,C)), 90
2.0 = 5y 2 #(Q.0) WM%%@M2> #(QR.C)) (90)
giving
((::11 @12 0
Ciz Cu 0 (91)
0 0 Cux

after considering a suitable Voigt isomorphism.

3.5 2D-micromorphic model

The major difference with the relaxed micromorphic model is the curvature term. Indeed, in the classical Eringen-
Mindlin micromorphic model, we have that

1
Weurs(DP) i= 5 (€DP.DP) o, (92)

where
£ € Sym™ (2°R?, ®°R?) C Sym(®°R?, ®°R?)

with the latter being a vector space of dimension 36. Moreover, the classical micromorphic model would allow for
additional mixed terms as (sym (Du — P),sym P). We set

High(2) := Sym(2°R?* @°R?)  and  $HighT(2) := SymT(®@°R?, @°R?).
The only interesting term is the curvature term. In this case we remind that
P € R?*2, DP € ®°R?, £ € High™(2) := Sym™ (8°R?, @°R?).
The resultant action of O(2) is
¢ : 0(2) x High(2) — High(2), (@,8) = ¢(Q,£), where (p(Q, 9))ijklmn = Qia Qb QrcQiaQmeQnLabedef
and the symmetrization identity is
O (98 © (6°R?) > Sy (SRR, Tk -

— ®5R2 =: High(2)

(5ai 6bj 5ch6dk 6em6.fn+6ak:5bm60n6di56j 6fh) .

M| =

The characters can be computed via y(Q) = tr (g o II892)) = (g o TIH1H), ®6]12>®12R2 , giving

X(Q) = (6ai0b;0ch0arbemdrn + OakObmOenddide;Ofn) QiaQbQhcQrdQmeQn
1
=3 (Bai0038enBarGem s Qia Qv QneQraQue Qns + akOhmSendaidei 1 Qia Qv QneQraQme Qs )

1
= 5 ((0:aQia 036Q1 30 Qe Ik Qna Smae Qe Oy Qs + dar Qb Qi S Qe Qs den Qo 171 Qnc )

? tr@  rQ  tr@ trQ tr@ trQ tr Q2 tr Q2 tr Q2
= (@ + (@), (93)
Via the obtained formula tr Q2 = (tr Q)? F 2 we find
(tr Q) = (rQ)? F2)* = (rQ)° F 6(tr Q)" + 12(tr Q) 8 (94)
and thus
(@ = 5 ((rQ)° + (rQ)° F6(1r Q) +12(r Q) £8) = (1rQ)° F3(rQ)* + 6w Q>4 (95)
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Dy-action: Concerning the number of independent components, we have

d1mF|xD45’ﬁgb |D | Z

QEDy

|D| doX@+ D x(@

QEZy QERZy

- 1 Z [2 (6 + 9cos(km) + 3cos(2km) + cos(3k:7r)) + 2} = 10.
ke{1,2,3,4}

The symmetrized tensor Pp, (£) has the structure

L L2 &3 Lu
Can Lo3 Lo q

sym L33 Las
La

€1 L2 L3 Lu

. o %23 %24

sym L33 Lay

Lus

after considering a suitable Voigt isomorphism. By directly comparing the two curvature terms for the Dy case,
one for the relaxed micromorphic model and the one for the classical micromorphic model, we can observe that
accounting for Curl P as a curvature term significantly reduces the number of elastic moduli. This simplification is
advantageous when attempting to characterize them. In this scenario, we also provide the explicit expression for
the energy density:

1 1 1
WEringen (Du, P,DP) = 3 (Cesym (Du — P),sym (Du — P)) + 3 (Cicro sym P, sym P) + ok L?(£DP,DP)

We(Du,P) Wmicro(P) Wcurv(DP)

where

1
Wcurv(DP) = 5/‘1’ L? <£DP? DP>R2®]R2®R2

1 _ _ _
St L2|(Ph 1+ Pho) L11 + 2(Pii1 Pioa + Py Paoo) £12 + 2Py Poo 1 £13

+2P11,2 Pag o L1 + 2P11,1 Poi2 L4 +2 Pi31 Py L4+ (P122,2 + P221,1) L9

+2P112Po11 Lo3 + 2P129 Pao 1 L9342 Py Py Lo4 + 2P132 P12 Lo4

+ PP o £33+ Py £33+ 2Pi1o Pioy £34 + 2 Po1 o Pag 1 €34+ (Phyy + P3 o) Laa ).
Dsy-action: Concerning the number of independent components, we have

dim Fix 5, igh(2 ‘D| > Xl |D| D@+ D x(@Q| =20,

QeDy QEZL2 QERZ2
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The symmetrized tensor Pp, (£) has the structure

G B B buw| 0 @ 0O O
L2 £33 Lou| O 0 0 0
sym €33 L34| O 0 0 0
€4l 0 0 0 0

0 0 0 0 | L5 L5 L5 Lss
0 0 0 0 66 Lo Les
0 0 0 0 |sym [T
0 0 0 0 i

after introducing a suitable Voigt isomorphism.

Zo-action: Concerning the number of independent components, we have

1
dim Fix 7, 5igh(2) = 7 > x(@Q) = 36.

QEZ>

The symmetrized tensor %Pz, (£) has the structure

Ln L2 &5 Lu L5 L1s L7 Lis
Lon Loz Lo L5 Log Lo7 Los

sym L33 Lo L35 L36 L37 Lss
Laa La5 Las Lar Lus

L5 Ls6 Lor Lss

Les Lo7 Les

sym - ~
sym Lrr L1
Les

after introducing a suitable Voigt isomorphism.

Conclusions

We applied the fundamental theoretical framework developed in the work by Danescu [17] to determine the number
of independent components and the representations of tensor classes involved in generalized continuum models.
This approach offers several advantages, primarily its simplicity and clarity in implementation.

It is worth noting that in recent years, various research directions [1,4,22,23, 54, 55] have emerged with the
goal of establishing a priori the permissible symmetry classes for a given category of tensors, building upon and
extending the findings presented in previous works [28].

Appendix

A Haar integration

We want to show how it is possible to built up the Haar measure on the Lie group SO(3) directly using the Cardan’s
angles parametrization. To facilitate a better understanding of how the Haar measure operates, we first provide
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some classical examples. The general procedure, which we will present in Appendix A.1, will extend beyond the
initial examples.

Haar measure on the multiplicative group of positive reals: Consider the multiplicative group (R}, -).
The Lebesgue measure A is not invariant with respect to the multiplication of real numbers but, instead of A\, we
can define the measure

A:(A) = / %d)\(x), for all A € B(RT), (96)
€A

where B(R™*) denotes the o—algebra of Borel sets. If A = [a,b] with a,b > 0, we can explicitly calculate the
introduced measure:

b
([, b]) = / %d)\(m) = logb — log a.

To verify that A, is indeed a Haar measure, we can simply show the invariance with respect to the left multiplication:
using a simple change of variable (y = xgx ~ dA(y) = zo dA(x)), we find

A (2o A) = /1dx<y>=/M=A*<Ax

Yy ToZx
yExo A €A

and, in the specific example in which A = [a,b] with a,b > 0,

Ai([zo a, 2o b]) = log (zg b) — log (xg a) = log xg + logb — log xg — loga = logb — loga = A ([a, d]) .

0c ﬁ i (R+7 )
a™ b s
0o | ’I” g (R+7 )
zoa™, zob
0 ] 1 - (RT,)
z2a z2b

Ae ([28 a, 23 b)) = As ([0 a, 20 b]) = A ([a, b])

A([zo a, o b]) = z0 A ([a,b]) #
A([28 a, 23 0]) = 25 A ([a,0]) #

Figure 5: Difference between Lebesgue and Haar measures on (R™, ")

Haar measure on the multiplicative group of the invertible matrices: Now, consider the multiplicative
group (GL+(n) , -), where GL T (n) is the open subset of R"*™ constituted by all matrices with positive determinant.
The Lebesgue measure A™*™ (M) on R™*™ is not invariant with respect to the multiplication between matrices,
but, similarly to R}, we can define the measure

AR = / det711 M dA™ (M) for A measurable. (97)

MeA
Thanks to the change of variables formula, we can again verify that the introduced measure (97) is a Haar measure:

1
AP (Mo A) = / At N dA"*™(N) (Change of variables: N = Mo M ~» dX"*"(N) = (detMp)" dA"*"(M))
NEMoA
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_ / (det MO)n damxn (M) _ )\nxn(A)
N (det Mp)" (det M) — °* '
MeA
In order to best illustrate the meaning of the Haar measure, let us con51der the simpler situation in which n = 2,
A is a four-dimensional rectangular set [a, b] X [a, b] X [a, b] X [a,b] and {C; } _, is a partition in small 4- d1mens1onal
cubes of A. Then

1
A2X2 (Mg A) = / —— AA3(N
(Mo A) (ot V)2 (V)
NEMOA
k
. . — 1 2x2 i=MoM; 2 12x2
(M; is the central point of C;) N;W)\ *2(MoC; = ; (det M2 detM) (det Mg)* X**4(C;)

B

=> # A2 (C) & / 1 5 AAP (M) = AZ*3(A).
i=1 (detM) MeA (det M)

Haar measure on SO(2): Recall that

smm:{&wzcwﬁ'ﬁmﬂ‘ﬁqa%%‘

sind  cosd

This Lie group is compact and thus admits an unique left-invariant normalized Haar measure (see [20]). In order to

explicitly obtain this measure, let us remark that every real-valued integrable function ]?on SO(2) can be identified
with a 2m-periodic function fper: R — R by setting

fpcr(ﬁ) = f(Rﬂ)
on [0,27) and extending fper to R by periodicity. In this way, we can define the Haar measure p on SO(2) by

2
[ Fraau= 5 [ fto) o, (98)
SO(2) u

where ¢ is the Lebesgue measure on R. In order to verify that the stated definition gives a left invariant measure,

we have to show that
[ (Foim,)@adn=[ fRdn viscr
SO(2) SO(2)

Recalling that

Ry R — costy —sindg\ [cos? —sind\  [cos(Jo+V) —sin(dy+ ) _n
Yo 0 = \singy  cos o sind  cos? ) \sin(dg+9) cos(dg+V) ) Do+

we find
Y Y 1 2 1 27 N
[ (Fotny)@idn= [  Fhaendu=- [ fuutot0a0 = o= [ fu@)ao= [ i)
SO(2) S0(2) 21 Jo 2w Jo SO(2)
for all ¥ € R.

Haar measure on O(2): Setting
. J(cos?¥  sind 9% 2
0-(2) '_{(sinﬂ —cosﬁ) ’196[0’27T)}CR ’

0(2) = SO(2) UO_(2).

The group O(2) is compact as well, but unlike SO(2) it has two disconnected components. For this reason, the idea
for defining the Haar measure consists in adapting the reasoning for SO(2) but considering that, in this case, the
“size” of the involved group is doubled. We set

we observe that

1 2m

. N N 21
Froan= [ fwpan+ [ frg)an= ( + @i+ [ fon®) cw) L (99)
SO(2) 0_(2) 47 \ Jo

0(2)
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where
Fho(9) = f(Ry) for Ry € SO(2) and  f;..(9) = f(Ry) for Ry € O_(2)

and the factor 1/47 is taken to normalize the Haar measure.

A.1 Haar measure induced by a local chart

Let € be a Lie group and (U, ¢) a local chart with U open subset of R such that 0 € U and ¢(0) = e. In this
Appendix, following [30, Exercice 1.8 pag.32|, we show how it is possible to define a Haar measure on ¢(U) starting
from the Lebesgue measure on U.

@
/<0?>

Figure 6: Local chart for a Lie group.

In order to define the Haar integral we need to introduce some auxiliary function. For every h € p(U) we can find
an open neighbourhood of the origin ¥}, on which the function'®(see Figures 7 and 8)

U Vp CU—->U Ypi=¢ toLop

is well defined.

.| |- L

0 Hp(U) N L-1(Ap))

Figure 7: Construction of the neighbourhood ¥}, (i.e. the domain of the functions v, for h € p(U)) starting from
an open neighbourhood Aj, of the considered element h of §.

=]

Figure 8: Construction of functions v, for h € p(U).

108uch an open neighbourhood %, of the origin always exists. Indeed, consider an open neighbourhood A of h € w(U) in p(U).
Then, L, —1(Ap) is an open neighbourhood of the identity e and thus the intersection ¢(U) N Lj,—1(Ay) is an open neighbourhood of
e contained in ¢(?U). Thus, considering ¢ =1 (o(U) N Lj,—1(Ax)), we obtain an open neighbourhood of the origin in R™ on which the
function vy, is well defined.
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Setting
Jp, := det[D 9, (0)] Vh € o(U),

for every function f such that supp f C o(U) we define the desired integral in the following way:

1
du = T dx.
/suppff(g) : /w(suppf)f((p( 2 |det [D 42 (0)] |

Remark 7. The underlying concept behind this definition of the Haar integral is to adjust the Lebesgue measure
on a point-by-point basis, resulting in a measure on ¢(U) that remains invariant under left multiplications. This
pointwise correction at the position z is represented by the term 1/ |J¢(x)| =1/ |det [D Yo(a) (0)] |, which is always
finite due to the fact that ;) is a diffeomorphism, ensuring that J,,) = det [D Yo(a) (O)] #0.

We want to show, with a direct calculation, that this definition is invariant with respect to left multiplications.

Let us assume that we have a function f and an element h € (U) such that Lj,—1(supp(f)) C o(U). We have to
show that

/f fodn= [ (foLulg)dn

supp foLp

i.e., denoting with z the points in ¢ ~!(supp f) and with y the points in ¢~*(supp f o Ly,), that

1
x dX = o L
/50‘1(5uppf) Jte) |Jw(l’)| /P_l(suppfoLh)(f n)((y))

First of all, we can express y as a function of x. Indeed we have that

y=n-i (). (101)

In this manner, we can effect a change of coordinates in the second integral of equation (100) with the hope that
this transformation yields results akin to those in the first integral. Consequently, by virtue of the relation described
in (101), we attain the following outcome:

dy. (100)

e change of domain of integration: starting from the relation

supp (f o Lp) = Lp—1(supp f), (102)

and considering the change of variable y = 1;,-1 (), we obtain
Yn-1(p~ (supp f)) = ¢~ o Ly-1 09 (¢~ (supp f)) = (¢~ " o Lp-1)(supp f) = ¢~ (supp (f o L)),  (103)

e relation between differentials
dy = |det [D g1 ()] dx, (104)

e for the integrating function we have

foLn(e(y) = foLn(e(¥n-1(2))) = fo Lu(p(¢™" o Ly-1 0 9(x))) = f o Ln(Lyp-1 0 p())) = f(@(x)(), :
105

e and finally for the correction term
Joy) = det [Dhy(, (0)] = det [D %wh,_lm)(o)} = det {D %(wloL,ﬂw(z))(O)] = det [D th_l(w))(O)} ~
Remarking that

UL, 1 (0@)(0) = (9 0 L, (o)) ©9)(0) = (9! 0 Ly-1 0 Ly(a) © 9)(0)
= (90_1 oLp-10po 90_1 o L«p(r) © 90)(0) = ("/’h*l o wgo(m))(o)
= Pp1 (wap(z) (0))a

by the chain rule we have

det |D w(thl(SD(m)))(o)} = det [D (wh—l o w@(z))(o)] = det [D wh—l(djcp(z) (0)) Dwap(m) (0)]
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= det [D Q/Jh—l (wtp(ﬂ”) (0))] det [D 7;/)¢(m)(0)] .

Moreover, we have also that

Po(a)(0) = (07" 0 Ly 0 0)(0) = (9~ 0 Lyay)(e) = ¢~ () = z,

thanks to which we finally find
det [D Q/JLP(y)(O)} = det {D w(Lh_l(tp(x)))(O)] = det [D 'll)h—l (CU)] det [D 'l/)ga(x)(o)] . (106)

Thus, inserting (103), (104), (105) and (106) into the second integral of (100), we obtain the desired identity. Indeed

1
/sol(supp foLh)(f 2 b)) |det [D ww(y)(o)} ’
1 1
o ") v B v

1
I det(D v,y (O]

dy

|det [D -1 (z)]] dx.

dy

This technique proves especially advantageous when it is possible to cover a Lie group using a single chart, one
that covers it entirely except for a subset of zero measure. In such instances, no compatibility condition arises
between the support of a given function and the left translation by any arbitrary element within the group.

In the subsequent paragraph, it will be demonstrated that in the case of SO(3), we precisely find ourselves in
the aforementioned scenario: the local chart that covers SO(3) but leaves out a subset of zero measure is defined
by the Cardan angles.

A.1.1 Cardan angles

In the literature numerous local charts have been devised for the compact group!* SO(3). Among these, the Euler
angles chart stands as one of the most prominent. However, for the specific objectives under consideration, the Euler
angles chart is not the suitable choice. This is primarily due to the fact that it does not encompass the origin, as 0
lies outside its domain, and the identity element 1 is excluded from its range. Unfortunately, this incompatibility
with our current approach presents a significant hurdle!?: We are unable to directly apply our argument to derive
the Haar measure representation within this chart. However, in lieu of considering this parametrization of SO(3),
we may opt for the one provided by the Cardan angles.
Consider the bijective map (see [24] for more details)

6 : [_ﬂ-a 7T) X [_g7 g) X [_7T7 7T) - SO(B)a 6 (¢7 9, ¢) = R¢ Ry R¢, (107)
where
1 0 0 cosf 0 —siné cosy —siny 0
Ry=[0 cos¢ sing ]|, Ry = 0 1 0 , Ry = |siny cosyp O
0 —sing cos¢ sinf 0 cosf 0 0 1

The three real numbers (¢, 6,1) are called Cardan angles. The map 6 is not the desired local chart because
its domain of definition is not an open subset of R3. Its restriction to the open subset

A= (—m,m) X (—g, %) X (—m, ),

1Tt is known that to cover SO(3) we need at least four local charts (see for example [31]).
12The Euler angles parametrization is provided by considering the mapping [40, pag. 497]

8 :(0,2m) x (0,7) x (0,27) — SO(3), € (4,6,v) := RyRoRy,

where
cos¢p —sing O 1 0 0 cosy —siny 0O
Ry = | sing cos¢p 0], Rg=|0 cosf® —sinb |, Ry = | siny cosyp 0.
0 0 1 0 —sinf cos 0 0 0 1

The three real numbers (¢, 0,) are called Euler angles.
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however, is a chart (indeed €|, is injective and its Jacobian has always maximal rank) which covers SO(3) ex-
cept for a zero measure subset (the image of union of the three surfaces ¥ = ({—n} x [-2,%) x [-m, 7)) U

202
([-m,m) x {~=Z} x [-m,m)) U ([-m,7m) x [-F,Z) x {—7})).
This local chart possesses all the required properties to build the adapted Haar measure. In order to compute
Je(¢,6,4), We need an explicit expression for the inverse map ©~!: denoting by

arctan £ ifz >0
arctan £ 47 ifz < Oandy >0

tan £ — if Oand 0

atan2(y,:1c): arctan & — ?a:< anay < (108)
+3 ifr =0andy >0
-3 ifr =0andy <0

not defined ifz =0andy =0,

we have

atan2 (Q23, Q33)
6 Q)= | —arcsin(Q13) VQ € 6(A).
atan2 (Q12, Q11)

In this way, the map
Vo) R 2V = R, (@, 8,7) = Yg(p,0,6) (0 B,7) 1= (€7 0 Lg(s,0,9) © B)(a, 5, 7)
is given by
atan2 ((€(¢,0,v) €(a, B,7))23, (€(,0,¢) €(, B,7))33)
G| 6(,0.9) 6, 5,7) | = —arcsin ((6(¢,0, 1) €(a, 5,7))13)
matrix product of atan2 ((6(¢,0,¢) 6(a, 8,7))12, (6(¢,0,¢) 6(a, 8,7))11)

these two matrices

Making the explicit calculation we find that
1
’det [D w%(¢797¢) (O, 07 0)]

‘ = |cos 0.

In this way

1 1
dy = ——— G(o, 0 dodod
/S oo (@=L /A F8(0.00) (oo gy 00

1 T 5 ™
/ / f(ReRoRy) |cos| de df di,

T 82

and considering the linear change of variables

o =¢+m  O=0+, W =ytw

we obtain the classical expression for the integration over SO(3)

2mpm 27
/ f(Q) du: %/// f(R(z,/Rg/Rw/) sin@'ddd&’dd)’.
SO(3) 87 Jo JoJo

B Useful isomorphisms between vector spaces

B.1 Voigt isomorphism

In order to work with vectors and matrices, we define certain isomorphisms between finite-dimensional vector spaces.
Let {e1,ea,e3} be the canonical basis'® of R? and let {¢;}7_, be the canonical basis of RS. We can consider the

isomorphism 91 : Sym (3) — RS defined as follows:
M(e; ®ey) =€y, M (e2 ®ea) = €2, M (e3 @ e3) = e3,

1361 = (1707 O)T ;€2 = (07 170)T y €3 = (0707 1)T
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m(€2®63+63®€2):264, W(63®61+61®63):265, m(61®62+62®61):266.
Seen as a tensor M € R® @ R3*? its action on a matrix X is (M X),, = My,; X;;, where
Maij = ga16i15j1 + 5~a25i25j2 + goz36i35j3 + 0o (0i2053 + 0i3052) + b5 (0i1053 + 0i361) + bt (0i1652 + di201) ,

and d;; is the usual Kronecker delta in R3 while gag is the Kronecker delta in R®. Fixing the index a the components
of M can be represented using the following matrices:

1 0 0 0 0 O 0 0 O
My;=10 0 0], My; =10 1 0], Mai; =0 0 0],

0 0 O 0 0 O 0 0 1

0 0 0 0 0 1 0 1 0
m4ij =(0 0 1}, E)'nSij =10 0 0}, SﬁGij =11 0 O

o
[
o
=
o
(=)
(=)
(s
o

In this way, given

Xu X2 Xi3
X =1|X12 Xoo Xo3]| € Sym (3)
X3 Xoz X33

we havel?

M X = (X11, Xo2, X33,2 Xo3,2 X13,2 X12)" € RS, (109)

The inverse map'® M~ : RS — Sym (3) is given in coordinates by
L~ ~ ~ 1/~ - 1~
miji = 04105101 + 00204202 + 0030303 + 3 ((5a4 (0203 + 0i3042) + 0as (0;10;3 + 5i35j1)) + §5a6 (03102 + 0i2051) ,

and it acts by (931_1 :E)ij = 93?;(11 Zo. From the definition of 9T, we can define
Mt : Ela(3) — Sym(RE, RY), (110)
which associates to an elasticity tensor C the second-order tensor C := 90t (C) defined by
(Ca,b)ps = (C M a), M b) sy Va,be RS
Component-wise, the tensor Cis given by
Cap = Cijra M0, M-
B.2 axl isomorphism

A direct isomorphism can be established between so (3) (which is a vector space of dimension 3) and R? in the
following way:

0 —as as
axl : 50 (3) — R3, axl | a3 0 —a1 | = (ay,as2,a3),
—asg al 0

14N.B. The Voigt isomorphism is not an isometry between the two involved spaces. If we want to consider an isometry, we should
change the transformation in the following way:

T
X — <X11,X227X337\@X237\@X137\/§X12> .

This transformation is known in the literature as the Mandel isomorphism.
15].e. the map verifying 9t o M~ = Ipsxs or component-wise My;; 0 m;lé = 0;;0;; and Mmoo = Ige or component-wise
—1 rs

M., Mgij = dag-

ijo
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which component-wise gives
1

(axl A) = *561“‘]‘ Aij,
where €5 is the Levi-Civita tensor. For any v € R3, the identity Av = axl A x v holds. Its inverse operator is
anti : R® — s0(3), (anti a);j = —€jk ax, -
Following the same line as done for the isomorphism 9%, we introduce the isomorphism
Axl : Sym(so (3),50 (3)) — Sym (3),  C.— C.

defined by B
(C. a,b>R3 = (C, anti a, anti b)

Component-wise, the tensor (Ec is given by

(Cc)mn = (Cc)ijhk: €ijm€hkn-

B.3 Computation of characters

In order to obtain the most convenient expression of x (Q) for the numerical computation (that which involves the
less number of powers) we express, thanks to the Cayley-Hamilton Theorem the trace of the powers of a given
matrix @ in term of the powers of the trace of Q. For a matrix @ € R3*3 the Hamilton-Cayley theorem states that
the identity

Q- @@+ (@) ~rQ?) @~ det (@)1 =0 (111)
holds. From (111) we easily derive that
Q=@ -5 (@ —u@)Q+1 = Q@=u@Q- 5 (rQ?-uw’)1+Q"
for @ € SO(3), from which we obtain

trQ* = (tr Q)2 - ; ((tr Q)2 —tr Q2) +trQ = trQ*=(tr Q)2 —2tr@. (112)

Having the expression of tr Q? as a polynomial of the powers of tr (), we can calculate the same relation also for

tr Q3 :

trQ® = tr (tr(Q)Q2 - % ((trQ)2 —trQ2) Q+]1> = trQtrQ? —%(trQ)ztrQ—i— %trQ2trQ+3

= —%(trcg)f3 + gtertrQ+3 = —%(trQ)B + ; ((trQ)2 —2trQ> trQ+ 3

(trQ)° + g (tr Q) —3(tr Q)% +3 = (rQ)° — 3(tr Q)% + 3. (113)

1
2
Now, observing that .

Q' =QQ =t (@@ -5 (@) -uQ*) Q*+Q.
we find

trQ* = tr (tr Q) Q> — % ((tr Q)2 —tr Qz) 0% + Q)
—trQtrQ® — % ((trQ)2 — ter) trQ? +trQ

—trQ ((tr Q) —3(trQ)> + 3) - % ((tr Q)? - ((trQ)2 2t Q)) ((m@)2 2t Q) T trQ

=trQ)' —3(trQ)* +3trQ —trQ ((trQ)2 — 2trQ> +1trQ
= (trQ)" —3(trQ)* +3trQ — (rQ)* +2(trQ)* + trQ
= (trQ)" —4(trQ)* +2(trQ)*> + 4tr Q. (114)

Thus, thanks to relations (112),(113) and (114), we can compute the expression of the characters for all the
considered elasticity frameworks as function of the powers of tr Q.
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B.3.1 Classical elasticity

In classical elasticity framework we found

[(trQ)* +2(tr Q)*tr Q% + 2tr Q* + 3(tr @*)?]

| =

xX(@Q) =
thus
trQ)* +2(tr Q)*tr Q% + 2tr Q* + 3(tr Q*)?]
(trQ) +2(rQ)? (r @) 20 Q) +2 (1 Q)" —4(rQ)° +2(rQ)* + 4rQ) +3((rQ)° ~ 26 Q)?]
(trQ)* + 2 (trQ)* —4(trQ)3+2(trQ)4—S(trQ)3+4(trQ)2+8trQ+3(trQ)4+12(trQ)2—12(trcg)3]

[
[
=3
=5 8

oo\»—'oo\r—'oo\r—\oom—*

8(tr Q)* — 24 (tr Q)° +16(trQ)2+8trQ} = Q) —3(trQ)° +2(trQ)’ + tr Q.

B.3.2 Second gradient elasticity
For the second gradient model we found
Cases (V1,G,¢) and (V,,G,¢):
(v, 0@) = (Ivi);qjbkctdme QiaQpQ@rcQralme
1
(5za5]b§kcald5me + 52a6kb5365ld5me + 57.a53b6k05md5l6 + 51a5kb53057nd5le)QmQ]kachdee
= Z(5ia5jb6kc51d5meQiankachdee + 05a0k00c01d0meQia Qjp QrcQidQme
+ 05a050kc0mdadieQia Qjp QrcQidQme + 0ia0kb0jc0mddic Qia Qs QrcQia@me
1
= Z(CSiaQia 6ijjb 5k'ch’c 5ldQld 5meQme + 5iaQia ij6kak06cj 5ldQld 5meQme
—— e N Y —, e ——

tr@Q tr@Q tr@ tr@Q tr@ tr@Q trQ? tr@Q tr@
+ 6iaQia 6ijjb 5chkc 6elQld6deme + ij(skakc(Scj 5iaQia 5demeaelQld
S N ~——
tr@ trQ trQ trQ? trQ trQ2

_ i((tr Q)° + (trQPtr Q* + (tr QP*tr Q* + trQ (tr Q%) = i((tr Q)P +2(trQPrQ* +trQ (rQ*)*,

and

<Hzla90Q> (Hvl)iajbkcldme Qiankachdee

(0ia060kc1d0me + 05a0ibOkeO1d0me + 0ia0jb0kcOmadie + 05adibOrcOmadic) Qia Qv QreQidQme

pM>—~

- 1(5ia6jb5kc5ld5m6QiaijchQldee + 5ja6ib5kc5ld5meQiaijchQldee

+ 61'(16jb5k65mdaleQmijchQldee + 5ja51'b5kc5md(sleQmijchQldee
H
4

6iaQia 6ijjb 6k:ch:c 6ldQld 6meQme + 6aj ij(sbiQia 61{:0@1{:0 6ldQld 6meQme

e e e e e e e —
tr@Q trQ tr@Q tr@Q tr@Q trQ? tr@Q tr@Q tr@

+ 05aQia 66Q b OkcQre 61 Q1d0dm Q@me + 04 Q506i Qia OkcQrc ddmQmederQia
N e — ——

trQ trQ trQ trQ? trQ2 tr@ trQ?

- i((tr Q) + (trQPtr Q* + (trQP*tr Q> + trQ (tr Q%)° = %((tr QP° +2(trQPrQ® +trQ (trQ*)°.

Cases (V2,G,¢2) and (ZQ,Q,£2>=
(Mvss 0Q) = (va) s jvkctament QiaQjbQreQialmeQnys
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= %(5ia5jb5k05ld5meénf + 65a0k00c01d0meOnt + 0iadb0kc01d0neOmf + 0ia0kb0;c01d0nebm s

+ 6160mbOncOid0jelk f + 01a0nb0mediad ek f + 01a0mbOncdidOked; r + 01a0nbOmciddked;f)Qia R jbQucQid@meQny,
= é(5ia6jb6kcéld5me(snfQiankachdeean + 05a0160c01d0medn  Qia Qs QrcQ1dQme Qn s

+ 65a060kc01d0neOm  Qia Q jb @ucQ1dQme @ns + 0iabkb0;c01d0nedm f Qia QjbQ@rcQid@me Qn s

+ 5la5mb6n55id5je(Skaiankachdeean + 5la6nb5mc5id5j65kfQiankachdeean

+ 01a0mbOnc0iddkedj f Qia Qb QreQuaQmeQnf + 91a0nb0mc0iddked; rQia Qs QrcQidQme@ns)

1
= 7(6iaQia 6ijjb 6chkc 6ldQld 6meQme 6annf + 6iaQia ij(sbk:chécj 6ldQld 6meQm€ 6annf

8
0Q  nQ  tQ  tQ  tQ  nQ Q 0 0Q  tQ  0Q
+ 5iaQia (Sijjb 6chkc 6ldQld Qme(senan(Sfm + 6iaQia ij(skakc(scj 6ldQld Qmeéenanéfm
N et e g R S e S ———
tr@ trQ tr@ tr@ trQ? trQ trQ? tr@ trQ?2
+ 5alQld5diQia 5meme§eijb 5chnf5kakc + 6annf5kakc(schmeéeijb (SalQld(SdiQia
trQ? trQ? trQ? trQ4 trQ?
+ Obm Qmedek QrcOenQn i Qb 6a1QiaddiQia + 0a1Qid0diQia Ovn Qnfdfi Qb dem@medek Qke)
trQ4 trQ? trQ? trQ? trQ?

(tr@Q)° + (trQ)*r Q@ + (tr Q)*tr Q* + (tr Q)? (tr Q?) 24 (trQ?)3 + trQMr Q2 + tr QMr Q2 + (tr Q2)3)

| = 00| =

((tr Q)° +2(trQ)*tr Q* + (trQ)* (tr Qz)2 +2tr QUr Q% +2 (tr Q2)3)
and

My, 00) = (Mv,) 0 ikctameny Qia@ibQrcQuaQmeQny
= é(5ia5jb5kc5zd5me5nf + 0;5a0ib0kc01d0meOnf + 0iadjb0kcOmddiedn s + 05a0ibOkeOmadiedn f
+ 0100mb0nc0idd;e0k f + OmadibOnediddjelr f + 01a0mbOncd;jadicOkf + OmadindncdijdadicOk f)Qia Qv QrcQidQme@nt,
= é(5ia5jb5kc5ld5me(saniankachdeean + 05a0ib0kc01dOmeOn f Qia Qjp QreQiaQmeQny

+ 050 60kcOmadicOn f Qia Qs Q@rcQid@meQ@nf + 95a0ib0kcOmdadicOn f Qia Qb Q@rcQid@meQny

+ 5la5mb§nc5id5je5kfQiankachdeean + 6771,a6lb5n(:51'd5j65kfQiankachdeean

+ 0100mb0nc07d0icOk £ Qia Qb QrcQuaQmeQnf + ImadivOnc;adicOkidQiaQjpQrcQidQme@nyt)
1

= —(05aQia 9jbQ b OkcQre 01dQ1d OmeQme Onf Qnf + 00 Qb0bi Qia IkcQre 61dQ1d ImeQme OnfQnyf

tr@ tr@ trQ trQ trQ tr@Q trQ? trQ tr@ trQ tr@Q
+ 05aQia 056Q b OkcQre 6e1Qid0dm @me OnfQnf + 04 Q0i Qia OkcQre Odm Q@mederQid Onf@Qny
tr@ trQ tr@Q trQ? trQ trQ2 trQ trQ? tr@Q
+ 0a1Q1d9di Qia SomQmebej Qb OenQnfd Qe + damQ@mede; Qjp0nQ1addi Qia Oen @npd fx Qe
tr@Q? trQ? trQ? trQ4 trQ?
+ 5alQld5dj ij5b7rLQ7ne(SeiQia 5CTLQTLf5kakC + 5a'QOe(seiQia 6leld6dejb 6CTLQTLf5kakC)
trQ4 trQ? trQ? trQ? trQ?

= é((tr Q)+ (tr@Q)*trQ* + (trQ)*tr Q* + (trQ)* (tr Q2)2

F(rQ*)P + tr Qr @ + tr Q'tr Q% + (rQ%)°)
- % ((trQ)G +2(tr Q) tr Q% + (trQ)? (tr Q%) + 2tr Qr Q> + 2 (tr Q2)3) .
Thus, applying the Cayley-Hamilton Theorem gives

x(Q) = é ((tr Q)6 + 2(tr Q)4tr Q*+ (tr Q)2 (tr Q2)2 + (tr Q¥ +2trQMr Q% + 2 (tr QZ)B)
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_ é((tr@@ +2(r Q) Q) - 26rQ) + (0 @) (1 Q) ~20rQ)

+2 ((trQ)4 —A(tr Q) + 2 (tr Q)2 +4trQ) ((u@)Q - 2trQ) +2 ((m@)Q - 2trQ)3)
= (@) + 20 Q) ~ 4 QP + (@) + 4 (5 @) — 4 (4 @)’
+2(trQ)° = 8(trQ)° +4(tr Q) +8(trQ)° —4(trQ)” + 16 (tr Q)" — 8 (tr Q)* — 16 (tr Q)
F2(tr Q)% — 16 (trQ)® — 12 (tr Q) + 24 (tr Q)4)
= (30 @)° ~ 32 Q) + 48 (4 Q)" 16(4r Q)" ~ 16 (1rQ)* )
= (rQ)° —4(rQ)” +6(trQ)* —2(trQ)* — 2(tr Q)*.
B.3.3 Non symmetric theories

In this case we have
_ 1 1
= 3 (03a0j60kc01d + Okadv0icOja) QiaQjpQreQia = 3 (0a0560kc01dQia Qs QreQid + 01adindic0;dQiaQ jpQrcQia)

1 1 2
=5 (050Qia 66Q;b OkeQre 61aQua + Qialak Qrcdei Qv0nQuadaj ) = 3 ((tr Q) + (tr Q%) ) ;
trQ trQ trQ trQ trQ? trQ?

and so the Cayley-Hamilton Theorem yields

1 1

Q) =5 ((rQ) + (@)?) = 3 ((tr@>4 +((rQ? —2u Q)2>

— (0 Q + Q) — 4 Q)P + 41 Q) = (r Q) —2(1rQ)° +2(1r Q).
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