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Abstract

The classification of all fourth order anisotropic tensor classes for classical linear elasticity is well known.
We review the mathematical procedure behind this classification and extend it to fourth order elasticity tensors
acting on non-symmetric matrices. These tensors naturally appear in generalised continuum models. Based on
tensor-symmetrization we provide the most general form of these tensors for the case of orthotropic, transversely
isotropic, cubic and isotropic materials. We give a self-contained presentation and provide a detailed calculation
for simple examples.
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Introduction
Starting from the very early years of the linear theory of elasticity the question concerning the number of material
parameters involved in the general theory and various particular symmetric situations was a matter of active scientific
debate. A historical overview of the field is presented in the Historical Introduction chapter of Love’s monograph [36]
and the most fundamental debate concerned the opposition between the supporters and the opponents of the rari-
constant and multi-constant elasticity theories. Introduced in the isotropic setting by Navier in 1821 [44] and
augmented in the general æolotropic (anisotropic) setting by Cauchy in 1828 [11–13], the rari-constant elasticity
theory is based upon several assumptions, including central forces with arbitrary range of action (but small with
respect to the macroscopic size of the body) and no residual stress. It predicts, in the general anisotropic case,
only 15 elastic constants and in the particular case of isotropic materials ν = 1/4 (Poisson ratio). For a detailed
historical account of the controversy involving the rari-constant and the multi-constant elasticity theories, we refer
to [65].

From a different phenomenological perspective, Green (and later Stokes) introduced what is called today the
strain-energy density W and assumed that it depends on the infinitesimal strain tensor ε. Neglecting higher order
terms and assuming that the initial stress vanishes, the first non-trivial contribution comes from the second order
polynomial terms which can be expressed as

W (ε) =
1

2
⟨C ε, ε⟩ .

In this form and without additional assumptions, taking into account the symmetry of the strains one is left with
21 elastic coefficients. In the particular case of anisotropic materials, once the symmetry class of the body is
established, the demand for the elastic constitutive law to remain invariant with respect to the elements of the
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accounted symmetry group turns into a large system of identities that must be satisfied by the components Cijkl
of the 4th order Hooke tensor C. An illustration of this straightforward but very technical method is presented
in the monograph by Love [36]. The monograph of Gurtin [32] attributes the results to Voigt [66] and mentions
that they can be obtained by using the results of Smith and Rivlin [63] and Sirotin [62]. Ting’s monograph [64] is
dedicated entirely to anisotropic bodies and introduces an abstract formalism (see also [10]) that associates to each
transformation in the symmetry group of the material a second-order non-symmetric tensor K. In this framework,
the invariance of the Hooke tensor with respect to the symmetry group is rewritten as the invariance of the fourth-
order tensor C with respect to the transformation C → KCKT . The Ting formalism is merely a condensed form of
the classical invariance relation since now K is, as expected, quadratic with respect to the element of the symmetry
group. As noticed by Bower [10], the Ting formalism is rather convenient for computer applications.

To the best of our knowledge, the first attempt to unify the restrictions imposed by the symmetry group on
the general form of the Hooke law and to extend them to a larger framework (piezo-elastic materials, higher
gradients, higher-order polynomial constitutive relations) with group theoretical methods including representation
theory results, the trace theorem and Haar integration were presented in [17]. The basic idea is to notice that the
invariance of the constitutive relation can be regarded as a question concerning the invariant vector sub-space of
a general vector space with respect to a suitable defined action of the symmetry group. In the classical case of
linear elasticity theory the vector space is that of the Hooke tensors, the invariant vector sub-space is that of Hooke
tensors satisfying the invariance with respect to the (fixed) symmetry group G which is a closed subgroup of SO(3),
while the action of the symmetry group associates to each symmetry element Q ∈ G the eighth-order linear operator
acting on Hooke tensors as

Cijkl → QiaQjbQkcQldCabcd .
From classical group representation theory the trace formula provides the dimension of the invariant vector-subspace
of Hooke tensors as a function of the group only and the explicit expression of an invariant Hooke tensor is obtained
by symmetrization. Obviously, by definition,

Ĉijkl =
1

card(G)
∑
Q∈G

QiaQjbQkcQldCabcd

is an invariant Hooke tensor with respect to the symmetry group G.
From this perspective, the result in [17] provides a unified setting, independent of the symmetry group, that both

(i) determine the complexity of the theory (i.e. the number of elastic moduli) through the dimension of the invariant
vector subspace of Hooke tensors and (ii) provide an effective method to find them. Obviously, the method works
not only for quadratic forms with respect to strains but also for arbitrary homogeneous higher-order polynomials
and, as a consequence, for arbitrary polynomial constitutive relations [17]. The results in [17] were subsequently
extended to electro-elastic materials in [19] and [18]. In the context of piezoelectric materials, results concerning
material invariance were also obtained in [9, 68]. Recently, a series of papers (cf. [3, 5] and the author’s references
within) rediscovered the symmetrization procedure in relation to the classical phenomenological higher gradient
elasticity model of Mindlin. As noticed in [19], the symmetry properties of a classical (or generalized) constitutive
relation depend strongly on the objects involved in its description so that as a consequence, higher-order tensors
(involved in strain-gradient or second-gradient of strain) theories lead to more symmetry classes and, as expected,
to a multitude of material parameters [2,4,22,28,52–55]. Along this path, the trace formula and its use in relation
to the disjoint union decomposition of symmetry groups in [17] provide a way to explore the complexity of a theory
without the explicit determination of the invariant forms of constitutive relation.

In this paper, building upon the results initially presented in [17], we explicitly calculate the expressions of the
elasticity tensors used in enriched continuum models with respect to various symmetry classes. These models are,
for example, currently employed to describe the mechanical properties of exotic metamaterials. Notably, in a series
of papers [6, 15, 16, 21, 45, 56–60, 67], it has been convincingly demonstrated how the relaxed micromorphic model
effectively describes the band-gap phenomena occurring in the dynamic behavior of metamaterials. Our primary
focus is on this generalized model.

1 Notation
Throughout this paper the Einstein convention of summation over repeated indices is used if not differently specified.
We denote by R3×3 the set of real 3 × 3 second order tensors and by R3×3×3 the set of real 3 × 3 × 3 third order
tensors. The standard Euclidean scalar product on R3×3 is given by ⟨X,Y ⟩ R3×3 = tr(X Y T ) and, thus, the Frobenius
tensor norm is given by ∥X∥2 = ⟨X,X⟩ R3×3 . Moreover, the identity tensor on R3×3 will be denoted by 1, so that
tr(X) = ⟨X,1⟩. We adopt the usual abbreviations of Lie-algebra theory, i.e.
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• Sym (3) := {X ∈ R3×3 |XT = X} denotes the vector-space of all symmetric 3× 3 matrices,

• so (3) := {X ∈ R3×3 |XT = −X} is the Lie-algebra of skew symmetric tensors,

• sl(3) := {X ∈ R3×3 | tr(X) = 0} is the Lie-algebra of traceless tensors,

• R3×3 ≃ gl(3) = {sl(3) ∩ Sym (3)} ⊕ so (3)⊕ R1 is the orthogonal Cartan-decomposition of the Lie-algebra.

In other words, for all X ∈ R3×3, we consider the decomposition

X = dev symX + skewX +
1

3
tr(X)1 , (1)

where

• sym X = 1
2 (X

T +X) ∈ Sym (3) is the symmetric part of X,

• skew X = 1
2 (X −XT ) ∈ so (3) is the skew-symmetric part of X,

• dev X = X − 1
3 tr(X)1 ∈ sl(3) is the deviatoric part of X.

Throughout all the paper we indicate

• with an overline, e.g. C, the general fourth order tensors C : R3×3 → R3×3,

• without superscripts, e.g. C, classical fourth order tensors acting only on symmetric matrices
(C : Sym (3) → Sym (3)) or skew-symmetric ones (Cc : so (3) → so (3)).

We also define

• GL+(3) := {X ∈ R3×3 | detX > 0},

• 12 ∈ R3×3 the identity matrix, where the subscript 2 here pertains to the degree of the tensor (having 2
indices) and not to the dimension of R3,

• Sym+(3) := {X ∈ Sym (3) | ⟨X v, v⟩ > 0 ∀v ∈ R3, v ̸= 0},

• O(3) := {X ∈ R3×3 | detX = ±1},

• SO(3) := {X ∈ R3×3 | detX = 1}.

We indicate by CX the linear application of a tensor of 4th order to a tensor of 2nd order, i.e.(
CX

)
ij
= CijhkXhk . (2)

The operation of simple contraction between tensors of suitable order is also denoted by

(Xv)i = Xijvj , (ZX)ij = ZihXhj . (3)

Typical conventions for differential operations are employed, such as a comma followed by a subscript to denote the
partial derivative with respect to the corresponding Cartesian coordinate: (·),j =

∂(·)
∂xj

.

2 Preliminaries
First, we illustrate in a very simple and understandable way the ideas of the procedure (proposed in [17]) to find
the symmetrized structure of a tensor if we are considering a particularly symmetry class. The technical tools we
need are rigorously presented in

• [20] for the Haar measure and invariant integration on locally compact topological groups like SO(n),

• [33] for a general introduction to representation theory,

• [30] for the classification of the irreducible representations of SO(3) and the classification of its closed sub-
groups (which gives us the set of possible symmetries of a considered material), and the trace formula for
finite-dimensional representations.
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In linearised elasticity, the elasticity tensor C is a linear map

C : Sym (3) → Sym (3) ,

which gives the relation between the strain-tensor ε := sym Du (the local deformation of the body) and the sym-
metric Cauchy stress-tensor σ via

σ = C ε. (4)

Thus, the elasticity tensor is an element of the vector space Lin(Sym (3), Sym (3)), whose dimension is 36. More-
over, according to the fact that we derive the relation (4) from a variational principle, i.e. that the equilibrium
configuration of the system is characterized as the stationary point of the functional

1

2

∫
Ω

⟨C ε, ε⟩R3×3 dx ,

the elasticity tensor has to be symmetric (and this symmetry is known as major symmetry) also with respect to the
scalar product ⟨C ε, ε⟩R3×3 which implies that C lives in the smaller space Sym(Sym (3), Sym (3)) of the symmetric
applications from Sym (3) to Sym (3). The dimension of this space is 21 and so the full anisotropic elasticity tensor
has at most 21 independent components instead of 9× 9 = 81. According to the map M introduced in (110) (see
the Appendix), we can represent C as a 6× 6 symmetric matrix C̃ with

C̃ =



C̃11 C̃12 C̃13 C̃14 C̃15 C̃16

C̃22 C̃23 C̃24 C̃25 C̃26

C̃33 C̃34 C̃35 C̃36

C̃44 C̃45 C̃46

sym C̃55 C̃56

C̃66


=


C1111 C2211 C3311 C3211 C3111 C2111

C2222 C3322 C3222 C3122 C2221

C3333 C3332 C3331 C3321

C3232 C3231 C3221

sym C3131 C3121

C2121

 . (5)

The question at hand is as follows: When we contemplate a material with a specific symmetry, how does this
symmetry affect the structure of the elasticity tensor? To address this question, we must define the material
invariance and use it to derive conditions on C, which are then interpreted within the framework of representation
theory.

According to [14], considering a Lagrangian energy density W : GL+(3) → R and a closed subgroup G of SO(3),
we say that the material is G-invariant if

W (FQ) =W (F ) ∀Q ∈ G and ∀F ∈ GL+(3). (6)

In continuum mechanics the matrix F is the gradient of a deformation field φ : Ω ⊆ R3 → R3. Under the frame-
invariance requirement for the energy density, setting C = FTF , the invariance condition (6) can be expressed in
terms of the auxiliary function1

Ŵ : Sym+(3) → R, Ŵ (FTF ) =W (F ) ∀F ∈ GL+(3),

as
Ŵ (QTC Q) = Ŵ (C) ∀Q ∈ G and ∀C ∈ Sym+(3). (7)

Defining the displacement field u : Ω → R3 as u = φ − 1 (i.e. u(x) = φ(x) − x for every x ∈ Ω), and introducing
the Green-St.Venant strain tensor

E :=
1

2
(FTF − 1) =

1

2
(DuT + Du) +

1

2
DuTDu, (8)

relation (7) reads
Ŵ (QT (1+ 2E)Q) = Ŵ (1+ 2E) ∀Q ∈ G and ∀E ∈ Sym (3). (9)

Expanding the energy density in a neighbourhood of the origin by

Ŵ (1+ 2E) = Ŵ (1) + 2
〈
DŴ (1), E

〉
+ 2

〈
D2 Ŵ (1)E,E

〉
+ o

(
∥E∥2

)
,

1The polar factorization of invertible matrices theorem [14, Thm.3.2-2, pag.95] establishes that GL+(3) ≃ SO(3)× Sym+(3). For a
matrix F ∈ GL+(3), the unique pair (R,U) ∈ SO(3) × Sym+(3) that yields F = RU is determined by U =

√
FTF and R = F U−1

(see also [27,49]).
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if we choose Ŵ (1) = 0 and the reference configuration is a natural state (i.e. DŴ (1) = 0), then taking only
the linear part ε = 1

2 (Du
T + Du) = sym Du of E (geometric linearity) and considering a homogeneous material,

setting C = 4D2 Ŵ (1) the linearized energy can be expressed as a quadratic form in ε, i.e. 2W (ε) = ⟨C ε, ε⟩. The
invariance condition (9) then reads〈

C (QT εQ), QT εQ
〉
= ⟨C ε, ε⟩ ∀Q ∈ G and ∀ ε ∈ Sym (3). (10)

Writing the relation (10) component-wise, we obtain

CabcdQTch εhkQkdQTai εij Qjb = Cijhk εhk εij , (11)

which is satisfied if and only if
Cijhk = QiaQjbQhcQkd Cabcd ∀Q ∈ G. (12)

Therefore, the requirement of material invariance for the quadratic stored energy density translates into relation
(12) for the elasticity tensor which gives us relations between the components of C. In this way, a part of the
components of C can be expressed as linear combinations of a subset of its components.

We now ask for an algorithmic procedure which allows us to understand, once we fix the subgroup G, the
number of independent components of a tensor C which satisfy the relation (12) and their position in its matrix
representation C̃.

In order to do this, the idea is to interpret the relation (12) in terms of an action of G over the vector space
Sym(Sym (3),Sym (3)) and characterize the tensors which respect the relation (12) as those ones which are left fixed
by the action. We give the formal definition of a linear action of a group over a vector space and we illustrate why
we need this mathematical tool.

Definition 1 (Linear action). A linear action is a triple (V,G, φ) where V is a finite-dimensional real vector
space, G a topological group with unit element e and φ : G × V → V is a map such that

1. φ is a continuous map from G × V to V , i.e. φ ∈ C 0(G × V, V ),

2. φ (e, v) = v for every v ∈ V ,

3. for fixed g ∈ G the application φg : V → V , φg(v) := φ (g, v) is linear,

4. φ(g1, φ(g2, v)) = φ(g1g2, v) for all g1, g2 ∈ G and v ∈ V.

An action of a group on a vector space is therefore a way to move the elements inside the vector space along
trajectories, called orbits, which have to respect the structure of the group. In the case of classical linear elasticity,
the action we account for is given by the triple

(
Ela(3),G, φ

)
where

• Ela(3) is the space of the elasticity tensors, defined as

Ela(3) := Sym(Sym (3), Sym (3))

= {C ∈ Lin
(
Sym (3), Sym (3)

)
| ⟨CA,B⟩R3×3 = ⟨A,CB⟩R3×3 ∀A,B ∈ Sym (3)},

• G is a proper subgroup of SO(3) (and we will denote the property of being a closed subgroup by G ⩽ SO(3)),

• φ ∈ C0(G × Ela(3),Ela(3)) is the map

φ : G × Ela(3) → Ela(3) (Q,C) 7−→ φ(Q,C) =: Ĉ, Ĉijkl = QiaQjbQkcQldCabcd .

The invariance condition established in (12) reads in this new language as follows:

C satisfies (12) if and only if φ(Q,C) = C ∀Q ∈ G.

Remark 1. The map φ is well-defined; more specifically,

φ(Q,C) ∈ Ela(3) ∀C ∈ Ela(3) .

Indeed, let us consider C ∈ Ela(3). The minor symmetry 1 ↔ 2 allows us to establish

Ĉjikl = QjaQibQkcQldCabcd = QjaQibQkcQldCbacd = QibQjaQkcQldCbacd = Ĉijkl.

It holds the same for the second minor symmetry 3 ↔ 4 and the major symmetry (12) ↔ (34).
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Remark 2. In order to guarantee the well-posedness of the linearized elasticity problem, it is necessary to impose
that the bilinear form ⟨CX,X⟩R3×3 is positive-definite, i.e., we need to require that

C ∈ Ela+(3) :=
{
D ∈ Ela+(3) | ⟨DS, S⟩R3×3 > 0 ∀S ∈ Sym (3) \ {0}

}
.

Note that Ela+(3) is not a vector subspace of Ela(3); instead, it is an open half-cone. Nevertheless, the action φ will
be defined on Ela(3) rather than Ela+(3) because this allows us to handle linear actions. While it is conceivable to
consider the action directly on Ela+(3), doing so would complicate the general framework (by involving actions on
smooth manifolds). Due to the technical constraint of ensuring C ∈ Ela+(3), it becomes necessary to demonstrate
that Ela+(3) is an invariant subset of φ. In other words,

φ(Q,Ela+(3)) ⊆ Ela+(3) Q ∈ SO(3).

To show that, it suffices to note that for all S ∈ Sym (3) \ {0} we have

⟨φ(Q,C)S, S⟩R3×3 = QiaQjbQkcQldCabcd Sij Skl = Cabcd
(
Qia Sij Qjb

) (
QkcSklQld

)
= Cabcd

(
QTai Sij Qjb

) (
QTckSklQld

)
=
〈
C (QTS Q), QTS Q︸ ︷︷ ︸

∈ Sym (3)\{0}

〉
R3×3 > 0 (13)

for all (Q,C) ∈ SO(3)× Ela+(3).

Thus, we can say that an elasticity tensor C respects the considered symmetry if it is left fixed by the action
of the group on the vector space V = Ela(3). Therefore, the set of the tensors which verify (12) is the subset of
Ela(3) of tensors which do not move under the action of φ. This subset is a vector subspace2 of V and it is called
the fixed-point subspace

FixφGV := {C ∈ V | φ (Q,C) = C for all Q ∈ G} =
⋂
Q∈G

Ker(1V − φQ)︸ ︷︷ ︸
∈Lin (V,V )

. (14)

φ

g

u

v
v

φ(e, v)

φ(g, v)

Ov

u ∈ FixφGV

G

Figure 1: Action, orbit and fixed point subspace.

The dimension of the fixed-point subspace provides the count of independent components of the invariant tensors.
By applying the map M (see formula (110)) to the elements of FixφGV , we can derive the corresponding matrix
representation. Therefore, the crucial point lies in comprehending how to determine the set FixφGV . In elementary
linear algebra, it is well-established that, in the context of a finite-dimensional vector space with a subspace, one
can define a projection operator on it. This operator enables us to isolate, from any arbitrary element in the vector
space, only the component that belongs to the subspace. Consequently, the subspace can be obtained by projecting
the entire vector space using the corresponding projection operator. In this context, working with a subspace is
entirely equivalent to working with a projection operator.

2Indeed, as showed in formula (14), FixφGV is the intersection of the vector subspaces {Ker(1V − φQ)}Q∈G of V .
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In our specific scenario, we lack the direct capability to define FixφGV . However, we can introduce a projection
operator, and through this, we can ascertain that the resultant subspace precisely coincides with the set of fixed
elements.

The concept is as follows: Let us take a generic element denoted as C belonging to the vector space Ela(3). We
then track its trajectory (its orbit) determined by the action of a discrete group G (we are making the hypothesis for
the moment that G has a finite number of 6 elements). Now, if we perform the summation Ĉ = 1

6

∑6
i=1 φ(Qi,C),

Qi ∈ G, over all the elements in the orbit OC of C, where

OC := {D ∈ V | ∃Q ∈ G such thatD = φ(Q,C)} , (15)

we obtain a tensor. This tensor automatically retains its invariance under the action of φ. As illustrated in
Figure 2, this invariance can be interpreted as φ simultaneously affecting all the terms in the sum, which are in
turn interrelated such that each maps to another summand within the overall summation.

FixφGV

C

Ĉ

Ĉ =
1

6

6∑
i=1

φ(Qi,C)

OC

φ

φφ

φ

φ
φ

Figure 2: Given an element C ∈ V , its symmetrized Ĉ is obtained averaging over its orbit.

Indeed, denoting with n the cardinality of the considered group, the tensor

Ĉ =
1

n

n∑
i=1

φ(Qi,C), (16)

i.e. the average of the elements of the orbit OC of C, is invariant under the action: for all Λ ∈ G we have

φ
(
Λ, Ĉ

)
= φ

(
Λ,

1

n

n∑
i=1

φ(Qi,C)

)
=

1

n

n∑
i=1

φ(Λ, φ(Qi,C)) =
1

n

n∑
i=1

φ (ΛQi,C)
(∗)
=

1

n

n∑
i=1

φ(Qi,C) = Ĉ. (17)

Another way to say this is: averaging the elements of the vector space with respect to the action of the group we
obtain the elements of the fixed-point subspace. The projection we are looking for has to do exactly this, i.e. it has
to average the elements of the space of symmetric fourth order tensors.

From a technical point of view, there are a series of difficulties we have to deal with. Indeed, not all the closed
subgroups of SO(3) are discrete and this means that we have to extend the sum on continuous group in a way in
which we can still guarantee the validity of identities like (*) in equation (17) (which is obvious in the case of a
discrete sum but it demands the notions of an invariant measure over the group G if we need to perform an integral).

The technical tool we need here is the Haar measure over topological groups. Roughly speaking, the Haar
measure has, in the context of topological groups, the same role which the Lebesgue measure plays in Rn. One
of the fundamental properties of the Lebesgue measure is its invariance with respect to rigid transformations, i.e.
roto-translation maps of the form f(x) = Qx + b with Q ∈ O(n) and b ∈ Rn. This property guarantees that the
Lebesgue measure is a good notion to measure the size of subsets of Rn because if we move a subset with a rigid
map its size does not change. On topological groups we do not have rotations and translations.

However, we still have something which works in an analogous way: left- and right- translations. The left-
translation is defined as follows: for any h ∈ G, we set

Lh : G → G, Lh(g) := h g. (18)

In an analogous way we define right-translations by

Rh : G → G, Rh(g) := g h. (19)
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On a topological group, these movements precisely represent the transformations we wish to preserve. Luckily, as
shown in [20], every compact topological group (which are the groups of interest, like SO(3)) has a measure µ which
preserves both left- and right-translations such that the size of the group is 1 (i.e. µ(G) = 1); this is called the
normalized Haar measure on G. This means that if we are considering a measurable subset A of G, and we
move this set according to Lh or Rh, then µ(Lh(A)) = µ(Rh(A)) = µ(A). This property translates for the derived
notion of integration (the normalized Haar integral) as follows: for any integrable function3 f : G → R,∫

G

f (g) dµ =

∫
G

f (Lh (g)) dµ =

∫
G

f (hg) dµ =

∫
G

f (gh) dµ =

∫
G

f (Rh (g)) dµ ∀h ∈ G . (20)

Figure 3: Left-invariance of a measure.

Therefore, the average in (16) can be expressed as follows for continuous groups:

Ĉ =

∫
G
φ(Q,C)dµ , (21)

where µ is the normalized Haar measure on G. It is the invariance property of the Haar measure with respect to
both left- and right-translations which guarantees also in the continuous case that the averaged tensor Ĉ is left fixed
by the action. Indeed, exactly as in (17), for Λ ∈ SO(3) we have

φ
(
Λ, Ĉ

)
= φ

(
Λ,

∫
SO(3)

φ(Q,C) dµ

)
=

∫
SO(3)

φ (Λ, φ(Q,C)) dµ =

∫
SO(3)

φ(ΛQ,C) dµ =

∫
SO(3)

φ(Q,C) dµ = Ĉ.

(22)

This motivates to define the projection
P: Ela(3) → FixφG Ela(3),

where

P(C) :=
∫
G
φ(Q,C)dµ =

∫
G
φQ(C) dµ for the continuous case,

P(C) :=
1

cardG
∑
Q∈G

φ(Q,C) =
1

cardG
∑
Q∈G

φQ(C) for the discrete case.
(23)

Remark 3. For a discrete group G, the normalized Haar measure is simply a weighted counting measure; more
specifically,

µ(A) =
cardA
cardG

3The same invariance holds for both left and right-translations simultaneously. For instance, consider h1, h2 ∈ G and a function
f : G → R. We introduce the auxiliary function f̃(g) = f(g h2). Then∫

G
f(h1gh2)dµ =

∫
G
f(h1(gh2)) dµ =

∫
G
f̃(h1g) dµ =

∫
G
f̃(g)dµ =

∫
G
f(gh2) dµ =

∫
G
f(g) dµ .
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for all measurable A ⊂ G. In this case, ∫
G
φQ(C) dµ =

1

cardG
∑
Q∈G

φQ(C) ,

thus the discrete case in (23) can be considered a special case of the general Haar-measure based formula.

Remark 4. Note that P is surjective, i.e. P: Ela(3)↠ FixφG Ela(3). Indeed, if C ∈ FixφG Ela(3), then by definition
of the fixed point subspace, φ(Q,C) = C for every Q ∈ G and thus

P(C) =
∫
G
φ(Q,C)︸ ︷︷ ︸
=C ∀Q∈G

dµ =

∫
G
C dµ = C

∫
G

dµ︸ ︷︷ ︸
=1

= C,

i.e., we obtain the inclusion FixφG Ela(3) ⊆ Im(P). Analogously for the discrete case,

P(C) =
1

cardG
∑
G
φ(Q,C)︸ ︷︷ ︸
=C ∀Q∈G

=
1

cardG
∑
G

C =
1

cardG
(cardG)C = C.

2.1 The trace formula
We have successfully acquired the skills to compute the structure of symmetrized tensors. However, there remains
the task of determining the dimension of FixφGV . To confront this secondary challenge, we introduce a pivotal tool
into our arsenal: the trace formula. Indeed, the general result establishes the following (see [30, Thm.2.3, p.76]).

Theorem 1. Consider a linear action (V,H, φ) where H is a compact Lie group. Then for a Lie subgroup G ⩽ H,
we have

dimFixφG V =

∫
g∈G

trφg dµ ,

where the measure dµ is the normalized Haar measure on G and the maps {φg} are the linear maps as defined in
Definition 1.

Proof. Let us consider the projection operator P associated to FixφG V . Then

trP= dimFixφG V .

This is an elementary consequence of the fact that it is possible to find an isomorphism4 Υ : V → Rm, for a suitable
m ∈ N, such that the projection P can be represented as a matrix operator AP with

V
P //

Υ

��

Im(P) = FixφGV ⊆ V

Υ

��
Rm

AP

// Rp ⊆ Rm
AP =

(
1Rp 0

0 0

)
. (24)

The construction of P we derived in eq.(23) can be straightforwardly generalized to any linear action (V,H, φ),
where H is a compact Lie group and G is a Lie subgroup. Hence we obtain

dimFixφG V = trP
(23)
= tr

∫
G
φg dµ =

∫
G

trφg dµ.

Therefore, from the knowledge of the traces {trφQ}Q∈G , simply computing an integral we can finally obtain
dimFixφGV . The quantities {trφQ}Q∈G are known in the literature as characters of {φQ}Q∈G and they will be
denoted by {χ(Q)}Q∈G , χ(Q) ∈ R.

4Indeed, it is possible to choose a basis {vi}mi=1 of V (m = dimV ) such that, denoting by d the dimension of the subspace Im(P),
v1, . . . , vd is a basis of Im(P). Hence the isomorphism Υ is obtained via the identifications vi 7→ ei for each i, where {ei}mi is the
canonical basis of Rm.
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Example 1. Let us illustrate the content of Theorem 1 with an example. Consider V = Sym(2) and G, φ and P

as in Example 2 below. Then dimV = 3 and dimFixφG V = 1. Hence, after identifying V with R3 and FixφG V with
the subspace of V generated by (1, 0, 0) (denoted by ⟨(1, 0, 0)⟩), AP : R3 → R3 is such that Im(AP) = ⟨(1, 0, 0)⟩ and
AP =

(
1 0 0
0 0 0
0 0 0

)
.

Equipping the space Lin (V, V ) with a scalar product ⟨·, ·⟩Lin (V,V ), the trace of a linear map φ : V → V can be
introduced as

trφ :=
〈
φ,1Lin (V,V )

〉
Lin (V,V )

.

From the definition of the action, it follows that the identity of Lin (Ela(3),Ela(3)) is φ12
which acts as

(φ(12,C))ijkl = (⊗412)iajbkcldCabcd = δiaδjbδkcδldCabcd = Cijkl ∀i, j, k, l ∈ {1, 2, 3}.

Then it would be natural to set
trφQ = χ(Q) =

〈
φQ,⊗412

〉
⊗4R3 . (25)

Nevertheless this is incorrect and the reason is at the same time very subtle and very simple. The crucial remark here
is the fact that both ⊗412 and φQ can act as linear maps over the bigger vector space Lin

(
R3×3,R3×3

)
and formally

these maps have the same expressions. Hence, in eq.(25) we need to impose that we are considering φQ as a map
restricted to the subspace Ela(3) ⊂ Lin

(
R3×3,R3×3

)
. The simplest way to achieve this is considering the projection

operator associated to Ela(3). This projection “has to symmetrize” elements belonging to Lin
(
R3×3,R3×3

)
. For

this reason it is denoted as symmetrization identity. In order to get an element of Ela(3) from an element
of Lin

(
R3×3,R3×3

)
we need to symmetrize it w.r.t. the symmetries possessed by the elements of Ela(3). Let us

introduce the symmetrization identity

ΠSym (3) ∈ Lin
(
R3×3,Sym (3)

)
, where Π

Sym (3)
iajb =

1

2

(
δiaδjb + δibδja

)
, (26)

which acts as

ΠSym (3) : R3×3 −→ R3×3, S 7−→ ΠSym (3) S, where (ΠSym (3) S)ij =
1

2

(
δiaδjb + δibδja

)
Sab.

Clearly, ΠSym (3) S ∈ Sym (3) because

(ΠSym (3) S)ji =
1

2

(
δjaδib + δjbδia

)
Sab =

1

2

(
δjaδibSab + δjbδiaSab

)
=

1

2

(
δjaδibSab + δiaδjbSab

)
=

1

2

(
δiaδjbSab + δjaδibSab

)
= (ΠSym (3) S)ij .

Hence, to build up the projection from Lin
(
R3×3,R3×3

)
to Ela(3) we need to symmetrize w.r.t. both the arguments

via ΠSym (3) and w.r.t. the exchange of the arguments to obtain the major symmetry. This means that the projection
from Lin

(
R3×3,R3×3

)
to Ela(3) will be

ΠEla(3) : Lin
(
R3×3,R3×3

)
−−↠ Ela(3), ΠEla(3) := sym

(
ΠSym (3) ⊗ΠSym (3)

)
,

where the symmetrization operation sym in the previous definition is defined as usual, i.e.,

sym
(
ΠSym (3) ⊗ΠSym (3)

)
iajbkcld

=
1

2

((
ΠSym (3) ⊗ΠSym (3)

)
iajbkcld

+
(
ΠSym (3) ⊗ΠSym (3)

)
kcldiajb

)
for every i, a, j, b, k, c, l, d ∈ {1, 2, 3}. Thus, finally, the component-wise expression of ΠEla(3) is

Π
Ela(3)
iajbkcld =

1

8

(
δiaδjbδkcδld + δiaδjbδlcδkd + δjaδibδlcδkd + δjaδibδkcδld

+ δkaδlbδicδjd + δkaδlbδjcδid + δlaδkbδjcδid + δlaδkbδicδjd

)
. (27)

Now we can compute the trace of the linear maps {φQ}Q∈G as maps from Ela(3) to Ela(3) considering the compo-
sition maps {φQ ◦ΠEla 3}Q∈G , obtaining

χ(Q) = tr (φQ ◦ΠEla(3)) =
〈
φQ ◦ΠEla(3),⊗412

〉
Ela(3)

= QiaQjbQkcQldΠ
Ela(3)
aαbβcγdδδiαδjβδkγδlδ

11



= QiaQjbQkcQldΠaibjckdl = ΠiajbkcldQiaQjbQkcQld.

Expanding, we find

χ(Q) = ΠiajbkcldQiaQjbQkcQld

=
1

8

(
δiaδjbδkcδld + δiaδjbδlcδkd + δjaδibδlcδkd + δjaδibδkcδld

+ δkaδlbδicδjd + δkaδlbδjcδid + δlaδkbδjcδid + δlaδkbδicδjd
)
QiaQjbQkcQld,

=
1

8

(
δiaδjbδkcδldQiaQjbQkcQld + δiaδjbδlcδkdQiaQjbQkcQld

+ δjaδibδlcδkdQiaQjbQkcQld + δjaδibδkcδldQiaQjbQkcQld

+ δkaδlbδicδjdQiaQjbQkcQld + δkaδlbδjcδidQiaQjbQkcQld

+ δlaδkbδjcδidQiaQjbQkcQld + δlaδkbδicδjdQiaQjbQkcQld
)

=
1

8

(
δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

δjbQjb︸ ︷︷ ︸
trQ

δclQldδdkQkc︸ ︷︷ ︸
QcdQdc= trQ2

+ δbiQiaδajQjb︸ ︷︷ ︸
trQ2

δkdQkcδclQld︸ ︷︷ ︸
trQ2

+ δajQjbδbiQia︸ ︷︷ ︸
trQ2

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

+ δakQkcδciQia︸ ︷︷ ︸
trQ2

δdjQjbδblQld︸ ︷︷ ︸
trQ2

+ δakQkcδcjQjbδblQldδdiQia︸ ︷︷ ︸
trQ4

+ δalQldδdiQia︸ ︷︷ ︸
trQ2

δcjQjbδbkQkc︸ ︷︷ ︸
trQ2

+ δalQldδdjQjbδbkQkcδciQia︸ ︷︷ ︸
trQ4

)
=

1

8

(
(trQ)4 + (trQ)2trQ2 + (trQ2)2 + (trQ)2trQ2 + (trQ2)2 + trQ4 + (trQ2)2 + trQ4

)
and thus

χ(Q) =
1

8

(
(trQ)4 + 2(trQ)2trQ2 + 2 trQ4 + 3(trQ2)2

)
. (28)

Moreover, using the Cayley-Hamilton theorem (see the Appendix) for proper orthogonal rotations, the character χ
can be also written as a polynomial in the first invariant of Q, i.e. trQ, as5

χ(Q) = (trQ)4 − 3(trQ)3 + 2(trQ)2 + trQ . (29)

Finally, we can summarize the proposed method according to the developed scheme:

• The material invariance condition requires the relations

Cijhk = QiaQjbQhcQkd Cabcd ∀Q ∈ G

between the components of the elasticity tensor. We express this in terms of the action φ as

φ(Q,C) = C ∀Q ∈ G,

which translates the problem of looking for constitutive tensors satisfying the material invariance condition
to the search for a particular subspace of V = Ela(3), the fixed point subspace FixφGV .

• The fixed point subspace can be obtained computing the projection P which acts by averaging a considered
tensor over its orbit.

5In the following section, we will analyze generalized elasticity models that accommodate ambient space dimensions different from
3. This exploration delves into the spaces of elasticity tensors Ela(n). It’s noteworthy that the trace formula remains consistent in the
n-dimensional case up to (28). However, the Cayley-Hamilton formula for Q ∈ SO(n) is dimension-dependent, impacting the expression
of the characters as polynomials in trQ. Consequently, we will derive appropriate expressions based on n. For instance, when n = 2,
(29) would undergo a transformation to

χ(Q) = (trQ)4 − 3(trQ)2 + 2.
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• The dimension of the fixed-point subspace, which gives the number of independent components of the invariant
tensors, is calculated via the trace formula, i.e. by evaluating∫

G
trφ(Q,C)dµ or

1

cardG
∑
Q∈G

trφ(Q,C),

where the trace of the linear applications is computed by virtue of the symmetrization identity ΠEla(3), i.e.,
the projection ΠEla(3) : Lin

(
R3×3,R3×3

)
↠ Ela(3).

Example 2. We consider the illustrative variational problem

A[f ] =

∫
Ω

W (Df(x)) dx ,

where Ω ⊆ R2 is a Lipschitz domain, f : Ω ⊆ R2 → R are the admissible functions and W : R2 → R is the Lagrangian
energy density. From a physical standpoint, we are dealing with a variational problem concerning a scalar quantity
(such as the temperature) on a two-dimensional body. In this situation, we say that the Lagrangian energy density
is invariant with respect to the action of a closed subgroup G of SO(2) if

W (Qζ) =W (ζ) ∀Q ∈ G and ζ ∈ R2.

If we consider the simpler case in which W is a quadratic form in ζ, we have the linear problem

Alin [f ] =
1

2

∫
Ω

⟨CDf(x),Df(x)⟩ dx,

where C ∈ Sym(2), and the invariance condition becomes

⟨C (Qζ), Q ζ⟩ = ⟨C ζ, ζ⟩ ∀Q ∈ G and ∀ ζ ∈ R2

i.e.
CabQbj ζj Qai ζi = Cij ζj ζi ∀Q ∈ G and ∀ ζ ∈ R2

which gives
CabQaiQbj = Cij ∀Q ∈ G and ∀ i, j.

Thus, in this case, the symmetry invariance condition reads as follows: let us consider the triple (Sym(2),G, φ),
where the action φ is defined by

φ : G × Sym(2) → Sym(2), φ(Q,C) = Ĉ with Ĉij := CabQaiQbj . (30)

Then C respects the symmetry if and only if C = φ(Q,C) for every Q ∈ G. We are going now to study the class
of tensors C which are invariant with respect to the action of the full group SO(2) following the stated scheme.
Setting

φQ : Sym(2) → Sym(2), φQ(C)ij = CabQaiQbj ,

and denoting with µ the Haar measure on SO(2), the projection P is given by

P(C) =

(∫
Q∈SO(2)

φQ dµ

)
C =

∫
SO(2)

φQC dµ ,

or component-wise by

(P(C))ij =
∫
Q∈SO(2)

CabQaiQbj dµ .

Setting
ψijC : SO(2) → R, ψijC (Q) := CabQaiQbj

we can use the formula (98) to calculate such integrals. Indeed, we have that∫
SO(2)

ψijC (Q) dµ =
1

2π

∫ 2π

0

ψijC per(ϑ)dϑ,
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where we use the parametrization

ϑ 7→ Q(ϑ) =

(
cos ϑ − sin ϑ
sin ϑ cos ϑ

)
, ϑ ∈ [0, 2π)

of SO(2). Thanks to the considered parametrization, we obtain the following expressions for the functions ψijC per(ϑ):

ψijC per(ϑ) = CabQai(ϑ)Qbj(ϑ) =
(
QT (ϑ) (CQ(ϑ))

)
ij
=

((
cos ϑ sin ϑ
− sin ϑ cos ϑ

) [(
C11 C12

C12 C22

) (
cos ϑ − sin ϑ
sin ϑ cos ϑ

)])
ij

,

and thus 
ψ11
C per(ϑ) = C11 cos2 ϑ+ C22 sin2 ϑ+ C12 sin 2ϑ,

ψ22
C per(ϑ) = C11 sin2 ϑ+ C22 cos2 ϑ− C12 sin 2ϑ,

ψ12
C per(ϑ) =

1

2
(C22 − C11) sin 2ϑ+ C12 cos 2ϑ.

Integrating, we find

(P(C))11 =
C11 + C22

2
, (P(C))12 = 0, (P(C))22 =

C11 + C22

2
.

Thus, recalling that
FixφSO(2) Sym(2) = {C ∈ Sym(2) | P(C) = C} ,

i.e. that

P(C) =
(C11+C22

2 0

0 C11+C22

2

)
=

(
C11 C12

C12 C22

)
= C,

and therefore
C11 + C22

2
= C11 ⇔ C11 = C22, and C12 = 0

for C ∈ FixφSO(2) Sym(2), we find

FixφSO(2) Sym(2) =
{
C ∈ Sym(2)

∣∣ C =

(
a 0
0 a

)
, a ∈ R

}
.

In this case, the dimension of the fixed subspace (namely 1) can be obtained directly, but let us calculate it with
the trace formula in order to show how the theoretical machinery works. To do this (as shown in eq.(26)), we write
down the symmetrization identity of Sym (2),

ΠSym(2) =
1

2
(δiaδjb + δjaδib) .

Thus, the character χ(Q) of Q ∈ SO(2) is

χ (Q) =
〈
φQ ◦ΠSym(2),12 ⊗ 12

〉
R2×2

= QiaQjb
1

2
(δiaδjb + δjaδib) =

1

2
(QiaQjbδiaδjb +QiaQjbδjaδib)

=
1

2

(
(trQ)2 + trQ2

)
=

1

2

[
(2 cosϑ)

2
+ 2 cos2 ϑ− 2 sin2 ϑ

]
= 3 cos2 ϑ− sin2 ϑ

and therefore

dim
(
FixφSO(2)Sym(2)

)
=

∫
Q∈SO(2)

χ(Q) dQ =
1

2π

∫ 2π

0

(
3 cos2 ϑ− sin2 ϑ

)
dϑ = 1.

We can also visualize the fixed point subspace in R3 identifying it with Sym (2) via the following isometry:

Λ : Sym (2) → R3,

(
C11 C12

C12 C22

)
= C 7→ ξC :=

 C11

C22√
2C12

 .
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This is analogous to the Mandel-notation (see [39]) for this simple example. Via the introduced isometry,
Λ
(
FixφSO(2)Sym (2)

)
is the line in R3 generated by the vector (1, 1, 0).

With this example, we want also to illustrate a general result valid in linear representation theory when G is a
closed subgroup of SO(3): the orbit OC of an element is contained in the intersection between the sphere of radius
∥C∥ (this is because the matrices Q considered in the action are orthogonal and preserve the norm) and the affine
plane centred in its projection P(C) and parallel to the kernel of the projection P (this intersection is a circle).

Let us so determine kerP using the characterization of it as the orthogonal subspace to the image of P. We
find that

C ∈ kerP ⇔
〈(

C11 C12

C12 C22

)
,

(
1 0
0 1

)〉
Sym(2)

= 0

is satisfied for C11 = −C22 and C12 ∈ R. Therefore

kerP=
{
C ∈ Sym(2)

∣∣∣ C =

(
C11 C12

C12 −C11

)}
.

The image of kerP in R3 via Λ is thus the plane generated by the vectors (1,−1, 0) and (0, 0, 1).
In order to verify that Λ(OC) is contained in the affine plane Λ(P(C)+kerP), remarking that Λ

(
FixφSO(2)Sym (2)

)
is generated by the vector (1, 1, 0), it is sufficient to observe that〈

Λ (φ(Q,C))− Λ (P(C)),

1
1
0

〉
R3

= 0 ∀Q ∈ SO (2) .

Λ(C)

Λ(OC)

Λ
(
FixφSO(2)Sym (2)

)

Λ(P(C) + kerP)

Λ(P(C))

•

Figure 4: Action, orbit and fixed point subspace.

2.2 Explicit expression for the Hooke tensor in classical elasticity
Applying the previous schema, some of the most common symmetries in material science are obtained.

• Orthotropic materials (9 elastic constants) The symmetry group contains all reflections with respect to
three orthogonal planes and the Hooke tensor is

C̃11 C̃12 C̃13 0 0 0

C̃22 C̃23 0 0 0

C̃33 0 0 0

C̃44 0 0

sym C̃55 0

C̃66


. (31)
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• Transversely isotropic materials (5 elastic constants) The symmetry group contains all rotations of a
fixed given axis (here e3.) The general form of the Hooke tensor is

C̃11 C̃12 C̃13 0 0 0

C̃11 C̃13 0 0 0

C̃33 0 0 0

C̃44 0 0

sym C̃44 0

C̃66


(32)

with C̃11 = C̃12 + 2 C̃66.

• Cubic materials (3 elastic constants) The symmetry group is that of the symmetries of the cube. The
general form of the Hooke tensor is

C̃11 C̃12 C̃12 0 0 0

C̃11 C̃12 0 0 0

C̃11 0 0 0

C̃44 0 0

sym C̃44 0

C̃44


. (33)

• Isotropic material (2 elastic constants); the symmetry group contains all proper orthogonal rotations. Using
the notation of Voigt, the Hooke tensor is that of a cubic material but the additional relation C̃11 = C̃12+2 C̃44

holds.

3 Extended continuum models
We now extend the previous setting to more general situations which can occur in mathematical modeling of
mechanical phenomena.

3.1 Non-symmetric theories
In a more general framework including additional degrees of freedom (see for example [15, 38, 47]), a constitutive
relation between an arbitrary second-order tensor, denoted by P and a non-symmetric stress tensor will involve, in
a general case, 45 elastic constants. Using the classical notation we have

σij = CijklPkl, (34)

and only the major symmetries Cijkl = Cklij are assumed. Hereafter, it will be more convenient to use an extended
notation of Voigt



σ11
σ22
σ33
σ23
σ32
σ13
σ31
σ12
σ21


=



C̃11 C̃12 C̃13 C̃14 C̃15 C̃16 C̃17 C̃18 C̃19

C̃22 C̃23 C̃24 C̃25 C̃26 C̃27 C̃28 C̃29

C̃33 C̃34 C̃35 C̃36 C̃37 C̃38 C̃39

C̃44 C̃45 C̃46 C̃47 C̃48 C̃49

C̃55 C̃56 C̃57 C̃58 C̃59

C̃66 C̃67 C̃68 C̃69

sym C̃77 C̃78 C̃79

C̃88 C̃89

C̃99





P11

P22

P33

P23

P32

P13

P31

P12

P21


. (35)

Note that the physical meaning of C̃44 above is slightly different from that of C̃44 in (5).
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The character of the representation used in the extended theory can again be computed using the symmetry
properties of the Hooke tensor. In this case, since only the major symmetry of the Hooke tensor is involved, the
symmetrization identity Π which projects Lin(R3×3,R3×3) to Sym(R3×3,R3×3) is

Π =
1

2
(δiaδjbδkcδld + δkaδlbδicδjd) , (36)

so that the corresponding character is χ(Q) = 1
2

(
(trQ)4 +

(
tr(Q2)

)2) (see the calculations in Appendix B.3.3).

Notice that for Q = 1R3 we have tr1R3 = 3 so that χ(1R3) = 1
2 (3

4 + 32) = 45 which is, as expected, the number of
elastic constants without any additional symmetry.

In the following, we give the details of the computations that provide the general forms of the Hooke tensor for
orthotropic, transversely isotropic, cubic and isotropic materials. Although the computations are performed using
the fourth-order notations for the Hooke tensor, the results are presented in the following using the extended Voigt
notation. For each of the symmetry classes above we start with a generic (45 independent elastic constants) Hooke
tensor C and use the following procedure.

Step 1: Using the trace formula and the normalized Haar integral (or average over the group in the discrete case) we
compute the number of independent parameters after symmetrization as

dim(FixφG Sym(R3×3,R3×3)) =

∫
G
χ(Q) dµ. (37)

Step 2: We compute the symmetrization P(C) over the group G. Notice that, by definition, the components of P(C)
are linear combinations of elements of C.

Step 3: By using standard linear algebra computations, we choose among the components of P(C) a basis and we
check that it contains exactly

dim(FixφG Sym(R3×3,R3×3))

elements.

• Orthotropic materials: From the trace formula, the number of elastic constants is 15. The general form of
the Hooke tensor is 

C̃11 C̃12 C̃13 0 0 0 0 0 0

C̃22 C̃23 0 0 0 0 0 0

C̃33 0 0 0 0 0 0

C̃44 C̃45 0 0 0 0

C̃55 0 0 0 0

C̃66 C̃67 0 0

sym C̃77 0 0

C̃88 C̃89

C̃99


. (38)

• Transversely isotropic materials: In contrast to the case of classical elasticity, when the involved 4-order
tensor has only the major symmetry, the actions with respect to the two closed subgroups SO(2; e3) and
O(2; e3) of SO(3) are not equivalent. In other words, SO(2; e3) and O(2; e3) are different symmetry groups
for the vector space Sym(R3×3,R3×3), see for example [52]. Recall the definitions of these two groups,

SO(2; e3) :=


cos θ − sin θ 0
sin θ cos θ 0
0 0 1

 ∣∣∣ θ ∈ [0, 2π)

 transversal hemitropic, (39)

O(2; e3) := SO(2; e3) ∪


cos θ sin θ 0
sin θ − cos θ 0
0 0 −1

 ∣∣∣ θ ∈ [0, 2π)

 transversal isotropic. (40)

From a geometrical point of view (39) reflects the invariance with respect to the rotations keeping fixed the axis
e3 of R3 (proper rotations), while the group given in (40) accounts also for the inversions with respect to the
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plane ⟨e1, e2⟩ (improper rotations)6. Via the trace formula and the explicit expression for the Haar measure
on SO(2) and O(2) derived in (98) and (99) respectively, we compute the following numbers of independent
components for the two considered symmetries:

dim FixφSO(2,e3)
Sym(R3×3,R3×3) = 11, dim FixO(2,e3)Sym(R3×3,R3×3) = 8. (41)

The symmetrization process, for the invariance with respect to SO(2, e3), gives

C̃11 C̃12 C̃13 0 0 0 0 C̃18 −C̃18

C̃11 C̃13 0 0 0 0 C̃18 −C̃18

C̃33 0 0 0 0 C̃38 −C̃38

C̃44 C̃45 0 −C̃56 0 0

C̃55 C̃56 0 0 0

C̃44 C̃45 0 0

sym C̃55 0 0

C̃88 C̃89

C̃88


, (42)

where C̃11 = C̃12 + C̃88 + C̃89, while for the invariance with respect to O(2, e3) we obtain

C̃11 C̃12 C̃13 0 0 0 0 0 0

C̃11 C̃13 0 0 0 0 0 0

C̃33 0 0 0 0 0 0

C̃44 C̃45 0 0 0 0

C̃55 0 0 0 0

C̃44 C̃45 0 0

sym C̃55 0 0

C̃88 C̃89

C̃88


, (43)

again with C̃11 = C̃12 + C̃88 + C̃89.

• Cubic materials: From the trace formula, the number of elastic constants in the extended theory is 4. Using
the notation of Voigt, the general form of the Hooke tensor is

C̃11 C̃12 C̃12 0 0 0 0 0 0

C̃11 C̃12 0 0 0 0 0 0

C̃11 0 0 0 0 0 0

C̃44 C̃45 0 0 0 0

C̃44 0 0 0 0

C̃44 C̃45 0 0

sym C̃44 0 0

C̃44 C̃45

C̃44


(44)

• Isotropic materials: The number of elastic moduli is 3; the Hooke tensor using Voigt notation is

C̃11 C̃12 C̃12 0 0 0 0 0 0

C̃11 C̃12 0 0 0 0 0 0

C̃11 0 0 0 0 0 0

C̃44 C̃45 0 0 0 0

C̃44 0 0 0 0

C̃44 C̃45 0 0

sym C̃44 0 0

C̃44 C̃45

C̃44


(45)

6e1, e2, e3 are the elements of the canonical orthonormal basis of R3.
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with C̃11 = C̃12+ C̃44+ C̃45. This relation generalizes the well-known formula C̃11 = C̃12+2 C̃44 from classical
elasticity. We can also write the constitutive relation as

symσ = 2µ symP + λ(trP )1, skewσ = 2µc skewP , (46)

where

λ = C̃12, µ = C̃11 − C̃12 −
(C̃44 + C̃55)

2
=

(C̃44 + C̃45)

2
and µc =

(C̃44 − C̃45)

2
. (47)

Indeed, thanks to the relations in (47), we have

σ11
σ22
σ33
σ23
σ32
σ13
σ31
σ12
σ21


=



2µ+ λ λ λ 0 0 0 0 0 0
λ 2µ+ λ λ 0 0 0 0 0 0
λ λ 2µ+ λ 0 0 0 0 0 0
0 0 0 µ+ µc µ− µc 0 0 0 0
0 0 0 µ− µc µ+ µc 0 0 0 0
0 0 0 0 0 µ+ µc µ− µc 0 0
0 0 0 0 0 µ− µc µ+ µc 0 0
0 0 0 0 0 0 0 µ+ µc µ− µc
0 0 0 0 0 0 0 µ− µc µ+ µc





P11

P22

P33

P23

P32

P13

P31

P12

P21


,

(48)
which gives

σ11
σ22
σ33
σ23
σ32
σ13
σ31
σ12
σ21


=



(2µ+ λ)P11 + λP22 + λP33

λP11 + (2µ+ λ)P22 + λP33

λP11 + λP22 + (2µ+ λ)P33

µ(P23 + P32) + µc(P23 − P32)
µ(P23 + P32) + µc(P23 − P32)
µ(P13 + P31) + µc(P13 − P31)
µ(P13 + P31) + µc(P13 − P31)
µ(P12 + P21) + µc(P12 − P21)
µ(P12 + P21) + µc(P12 − P21)


=



2µP11 + λ tr P
2µP22 + λ tr P
2µP33 + λ tr P

µ(P23 + P32) + µc(P23 − P32)
µ(P23 + P32) + µc(P23 − P32)
µ(P13 + P31) + µc(P13 − P31)
µ(P13 + P31) + µc(P13 − P31)
µ(P12 + P21) + µc(P12 − P21)
µ(P12 + P21) + µc(P12 − P21)


(49)

= 2µ



P11

P22

P33
P23+P32

2
P23+P32

2
P13+P31

2
P13+P31

2
P12+P21

2
P12+P21

2


+ λ trP



1
1
1
0
0
0
0
0
0


+ 2µc



0
0
0

P23−P32

2
P23−P32

2
P13−P31

2
P13−P31

2
P12−P21

2
P12−P21

2


, (50)

i.e.
σ = 2µ symP + 2µc skewP + λ tr(P )1 . (51)

Thus, in this case, the elastic energy can be expressed as

1

2
⟨CP, P ⟩ = 1

2
⟨σ, P ⟩ = 1

2
⟨ 2µ symP + λ tr(P )1+ 2µc skewP, P ⟩ (52)

= µ ⟨ symP, P ⟩+ µc ⟨skewP, P ⟩+ λ

2
tr(P ) ⟨1, P ⟩ = µ ∥symP∥2 + µc ∥skewP∥2 + λ

2
tr(P )2.

3.2 Second gradient theory
In the following, we want to show how the general framework proposed in this paper can be easily applied to
the second gradient theories which, in recent years, have found wide use in modeling physical phenomena (see
[7, 26, 34, 37, 68], for example). First, however, we would like to dedicate some words to a more detailed discussion
on how the invariance conditions are derived from the Lagrangian energy density in this case. Indeed, concerning
the second gradient theory, some authors derived an incorrect invariance law [25, 43] and, to our knowledge, the
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correct answer is given in [41]. Thus, we follow [41] to explain the situation: let us consider a (non-linear) energy
density

W (Dφ,D2φ)

depending also on the second gradient of the displacement field φ : Ω ⊆ Rn → Rn. Considering a generic orientation
preserving diffeomorphism ζ : Rn → Rn, ξ 7→ ζ(ξ), we say that the considered body is invariant with respect to ζ if
the total energy is preserved under a diffeomorphic change of variables, i.e.∫

ξ∈ζ−1(Ω)

W
(
Dξφ(ζ(ξ)),D2

ξφ(ζ(ξ))
)
|detDξζ(ξ)|dξ =

∫
x∈Ω

W
(
Dxφ(x),D2

xφ(x)
)
dx. (53)

Since material invariance means invariance of the elastic response with respect to rotations of the specimen with
respect to the machine test, we need to ask for the following constraint for the change of variables:

Dξζ(ξ) ∈ SO(3) ∀ ξ ∈ ζ−1(Ω) .

Under this hypothesis, we can firstly remark that detDξζ(ξ) = 1 for all ξ ∈ ζ−1(Ω). Secondly, setting φ♭(ξ) :=
φ(ζ(ξ)) for all ξ ∈ ζ−1(Ω), and observing that from the identity x = ζ(ζ−1(x)) we obtain the identity

1 = Dξ

[
ζ(ζ−1(x)︸ ︷︷ ︸

= ξ

)
]
Dxζ

−1(x) ⇐⇒ Dxζ
−1(x) = [Dξζ(ξ)]

−1
,

expanding the expressions Dξφ(ζ(ξ)) and D2
ξφ(ζ(ξ)) we arrive at Dξφ(ζ(ξ)) = Dxφ(ζ(ξ))Dξζ(ξ) = Dxφ(x)Dξζ(ξ)

and

D2
ξφ(ζ(ξ)) = Dξ [Dxφ(ζ(ξ))Dξζ(ξ)] = [DξDxφ(ζ(ξ))] Dξζ(ξ) + Dxφ(ζ(ξ))D2

ξζ(ξ)

=
[
D2
xφ(ζ(ξ))Dξζ(ξ)

]
⊙ Dξζ(ξ) + Dxφ(x)D2

ξζ(ξ)

=
[
D2
xφ(x)Dξζ(ξ)

]
⊙ Dξζ(ξ) + Dxφ(x)D2

ξζ(ξ),

where the contraction ⊙ is defined by (A⊙B)ijk = AimkBmj . for A ∈ R3×3×3 and B ∈ R3×3. Thus in our case, we
have ([

D2
xφ(x)Dξζ(ξ)

]
⊙ Dξζ(ξ)

)
ijk

=
∂2φi

∂xn∂xm
(ζ(ξ))

∂ζn
∂ξk

(ξ)
∂ζm
∂ξj

(ξ) ∀ ξ ∈ ζ−1(Ω).

Due to a rigidity result (see [35] and, for a modern version, [50]) asserting that if ζ is sufficiently regular
(
for example

in W 1,2(ζ−1(Ω))
)

and such that Dξζ(ξ) ∈ SO(3) for every ξ, then there exists one constant Q ∈ SO(3) such that
Dξζ(ξ) = Q for all ξ. This means that the term D2

ξζ(ξ) is 0 and the invariance condition (53) reduces to∫
x∈Ω

W
(
Dxφ(x),D2

xφ(x)
)
dx =

∫
ξ∈ζ−1(Ω)

W
(
Dxφ(ζ(ξ))Q,

[
D2
xφ(ζ(ξ))Q

]
⊙Q

)
dξ . (54)

In the linearized boundary value homogeneous problem, the internal energy is given as the functional

A[u] :=
1

2

∫
Ω

(
⟨C ε, ε⟩+ 2

〈
H ε,D2u

〉
+
〈
GD2u,D2u

〉)
dx, (55)

where ε := sym Du and

C ∈ Sym (Sym (3),Sym (3)) , H ∈ Lin
(
Sym (3),R3 ⊗ Sym (3)

)
, G ∈ Sym

(
R3 ⊗ Sym (3),R3 ⊗ Sym (3)

)
.

We shall specify the invariance condition (54) to the linearized case in (55). Denoting with ω : Ω → so (3) the
skew-symmetric part of Du, we find that

D2u : Ω → R3 ⊗ Sym (3) ⊆ R3×3×3

can be represented as the sum
D2u = D (Du) = D (ε+ ω) = Dε+ Dω, (56)

with

Dε : Ω → Sym (3)⊗ R3 ⊆ R3×3×3, Dω : Ω → so (3)⊗ R3 ⊆ R3×3×3, R3×3×3 ≃
(
Sym (3)⊗ R3

)⊕(
so (3)⊗ R3

)
,

and

dim
(
Sym (3)⊗ R3

)
= 18, dim

(
so (3)⊗ R3

)
= 9.
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Remark 5. There exists a linear operator L such that D2u = L(Dε). Indeed, uk,ij = εik,j + εkj,i − εji,k for every
i, j, k ∈ {1, 2, 3}.
Remark 6. The tensor product ⊗ is not symmetric, so the two spaces Sym (3) ⊗ R3 and R3 ⊗ Sym (3) are not
the same space (but they are isomorphic having the same dimension). Denoting with Sym (3, 3) the space of fully
symmetric third-order tensors, i.e.

Sym (3, 3) :=
{
T ∈ R3×3×3 |Tijh = Tjih = Tihj ∀i, j, h ∈ {1, 2, 3}

}
,

which is a 10-dimensional vector space, we have that Sym (3, 3) =
(
Sym (3)⊗ R3

)
∩
(
R3 ⊗ Sym (3)

)
. Decomposing

the identity of R3×3×3 using the two projections pr Sym (3)⊗R3 and pr so (3)⊗R3 associated respectively to the two
orthogonal subspaces Sym (3)⊗ R3 and so (3)⊗ R3, i.e.

1R3×3×3 = pr Sym (3)⊗R3 + pr so (3)⊗R3 ,

we have that
D2u = Dε+ Dω = pr Sym (3)⊗R3(D2u) + pr so (3)⊗R3(D2u).

The second gradient model can be also formulated considering the gradient of ε (strain gradient theories, see
Remark 5 (cf. [48])). In this case the action functional defining the problem is given by

A[u] :=
1

2

∫
Ω

(
⟨C ε, ε⟩+ 2 ⟨H ε,Dε⟩+ ⟨GDε,Dε⟩

)
dx, (57)

with

H : Sym (3) → Sym (3)⊗ R3, G : Sym (3)⊗ R3 → Sym (3)⊗ R3.

We will study the symmetrizations of the tensors H,G,H,G. In order to apply the mathematical tools introduced
in Section 2, we have to identify, in this setting, the elements of the triple (V,G, φ). Let us introduce

V0 := Sym (Sym (3),Sym (3)) V1 := Lin
(
Sym (3),R3 ⊗ Sym (3)

)
V2 := Sym

(
R3 ⊗ Sym (3),R3 ⊗ Sym (3)

)
V 1 := Lin

(
Sym (3), Sym (3)⊗ R3

)
V 2 := Sym

(
Sym (3)⊗ R3, Sym (3)⊗ R3

)
,

and define V := V0 × V1 × V2 and V := V0 × V 1 × V 2. Introducing the actions

φ0 : G × V0 → V0, φ0(Q,C) = Ĉ, Ĉabcd = QaiQbjQckQdlCijkl,

φ1 : G × V1 → V1, φ1(Q,H) = Ĥ, Ĥabcde = QaiQbjQckQdlQemHijklm,

φ2 : G × V2 → V2, φ2(Q,G) = Ĝ, Ĝabcdef = QaiQbjQckQdlQemQfnGijklmn (58)

φ
1
: G × V 1 → V 1, φ

1
(Q,H) = Ĥ, Ĥabcde = QaiQbjQckQdlQemHijklm,

φ
2
: G × V 2 → V 2, φ

2
(Q,G) = Ĝ, Ĝabcdef = QaiQbjQckQdlQemQfnGijklmn,

and setting

φ := φ0 × φ1 × φ2, φ : G × V → V, φ(Q, (C,H,G)) := (φ0(Q,C), φ1(Q,H), φ2(Q,G)) =
(
Ĉ, Ĥ, Ĝ

)
,

φ := φ0 × φ
1
× φ

2
, φ : G × V → V , φ(Q, (C,H,G)) := (φ0(Q,C), φ1(Q,H), φ2(Q,G)) =

(
Ĉ, Ĥ, Ĝ

)
,

we consider the two following triples for problems (55) and (57) respectively: (V,G, φ) and (V ,G, φ). Initially,
we will ascertain the number of independent components for the tensors in question, namely, H,G,H,G, when
subjected to their respective actions φ1, φ2, φ1

, φ
2
. Subsequently, we will determine the matrix representations of

these symmetrized tensors, focusing on the cubic symmetry, extending the classical Voigt notation to the case of
third order tensors.
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Case (V 1,G, φ) : The number of independent components of D2u is 18, the symmetries of which are

ui,jk = ui,kj , with i, j, k = 1, . . . , 3 .

In this way the tensor H has the symmetries

Habcde = Hacbde = Habced, (59)

and the set of index permutations which leaves H invariant is equivalent to S2 × S2 (S2 is the group of the
permutations of two indices), so it has 4 different elements. In order to determine the character χ(Q) of an element
Q ∈ G we have to specify the identity tensor 1V 1

of V1. Due to the symmetries (59), the symmetrization identity
ΠV1 is

ΠV1

iajbkcldme =
1

4
(δiaδjbδkcδldδme + δiaδkbδjcδldδme + δiaδjbδkcδmdδle + δiaδkbδjcδmdδle) .

The character χ(Q), being defined as
〈
φQ ◦ΠV1 ,⊗512

〉
with φQ = ⊗5Q is (see the Appendix for detailed calcula-

tions)

⟨φQ ◦ΠV1 ,⊗512⟩ =
1

4

(
(trQ)5 + 2 (trQ)3trQ2 + trQ

(
trQ2

)2)
, (60)

which, due to the Hamilton-Cayley transformation, becomes

χ(Q) = (trQ)5 − 2 (trQ)4 + (trQ)3. (61)

A very useful check to verify the accuracy of the performed calculations consists in computing the character of the
matrix Q = 1. In this case, if the derived formula (61) is correct, we have to find the dimension of the vector space
V1. In our case, having that dim Sym (3)⊗ R3 = 18, the dimension of V1 is 18× 6 = 108, and indeed

χ(1) = (tr1)5 − 2 (tr1)4 + (tr1)3 = 108 .

Case (V 1,G, φ
)
: The number of independent components of Dε is 18, the symmetries of which are

εij,k = εji,k, with i, j, k = 1, . . . , 3 .

The tensor H has the symmetries
Habcde = Hbacde = Habced,

and the set of index permutations which leaves H invariant is still equivalent to S2 ×S2. The symmetrized identity
tensor Π V 1 of V 1 is

Π
V 1

iajbkcldme =
1

4
(δiaδjbδkcδldδme + δjaδibδkcδldδme + δiaδjbδkcδmdδle + δjaδibδkcδmdδle.

The character χ(Q) is

χQ = ⟨φQ ◦Π V 1 ,⊗512⟩ =
1

4

(
(trQ)5 + 2 (trQ)3trQ2 + trQ

(
trQ2

)2)
, (62)

which, using to the Hamilton-Cayley transformation, can be expressed as

χ(Q) = (trQ)5 − 2 (trQ)4 + (trQ)3. (63)

Case (V2,G, φ2) : The tensor G has the symmetries

Gabcdef = Gacbdef = Gabcdfe = Gdefabc, (64)

and the set of index permutations which leaves G invariant is equivalent to S2×S2×S2 and has 8 different elements.
The symmetrization identity tensor ΠV2 is

ΠV2

iajbkcldmenf =
1

8
(δiaδjbδkcδldδmeδnf + δiaδkbδjcδldδmeδnf + δiaδjbδkcδldδneδmf + δiaδkbδjcδldδneδmf
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+ δlaδmbδncδidδjeδkf + δlaδnbδmcδidδjeδkf + δlaδmbδncδidδkeδjf + δlaδnbδmcδidδkeδjf ).

The character χ(Q), defined as ⟨φQ ◦ΠV2 ,⊗612⟩ with φQ = ⊗6Q, is

⟨φQ ◦ΠV2 ,⊗612⟩ =
1

8

(
(trQ)6 + 2(trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ 2 trQ4trQ2 + 2

(
trQ2

)3) (65)

which, with to the Hamilton-Cayley transformation, becomes

χ(Q) = (trQ)6 − 4 (trQ)
5
+ 6 (trQ)

4 − 2 (trQ)
3 − 2 (trQ)

2
. (66)

A quick check yields

χ(1) = (tr1)6 − 4 (tr1)5 + 6 (tr1)4 − 2 (tr1)3 − 2 (tr1)2 = 171,

which is exactly the dimension of V 2.

Case
(
V 2,G, φ2

)
: The tensor G has the symmetries

G abcdef = G bacdef = G abcedf = G defabc, (67)

and the set of index permutations which leaves G invariant is again equivalent to S2 × S2 × S2 with 8 different
elements. The symmetrization identity tensor ΠV 2 is

Π
V 2

iajbkcldmenf =
1

8
(δiaδjbδkcδldδmeδnf + δjaδibδkcδldδmeδnf + δiaδjbδkcδmdδleδnf + δjaδibδkcδmdδleδnf

+ δlaδmbδncδidδjeδkf + δmaδlbδncδidδjeδkf + δlaδmbδncδjdδieδkf + δmaδlbδncδjdδieδkf ).

The character χ(Q), defined as ⟨φQ ◦ΠV 2 ,⊗612⟩ with φQ = ⊗6Q, is

⟨φQ ◦ΠV 2 ,⊗612⟩ =
1

8

(
(trQ)6 + 2(trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ 2 trQ4trQ2 + 2

(
trQ2

)3) (68)

which, again using the Hamilton-Cayley transformation, can be written as

χ(Q) = (trQ)6 − 4 (trQ)
5
+ 6 (trQ)

4 − 2 (trQ)
3 − 2 (trQ)

2
. (69)

Checking the character of the identity 1 results in

χ(1) = (tr12)
6 − 4 (tr12)

5
+ 6 (tr12)

4 − 2 (tr12)
3 − 2 (tr12)

2
= 171,

which is again equal to the dimension of V 2.

3.2.1 Extended Voigt isomorphisms and structure of the symmetrized tensors

As for classical elasticity with to the Voigt representation isomorphism, we now want to define an analogous
isomorphism to represent the tensors H and G as matrices. In [5], following reasonable criteria (i.e. organizing the
components in a matrix in order to group together the zero entries when accounting for material symmetries), the
Voigt isomorphism is generalized as follows: denoting by {τα}18α=1 the canonical basis of R18 and considering the
orthonormal basis {

ςijk :=

(
1− δij√

2
+
δij
2

)
(ei ⊗ ej + ej ⊗ ei)⊗ ek

}3

i,j,k=1

of Sym (3)⊗ R3 we set
N : Sym (3)⊗ R3 → R18

as follows:

N ς111 = τ1, N ς221 = τ2, N ς122 = τ3, N ς331 = τ4, N ς133 = τ5,
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N ς222 = τ6, N ς112 = τ7, N ς121 = τ8, N ς332 = τ9, N ς233 = τ10,

N ς333 = τ11, N ς113 = τ12, N ς131 = τ13, N ς223 = τ14, N ς232 = τ15,

N ς123 = τ16, N ς132 = τ17, N ς231 = τ18.

In this way we can define

MN : Lin
(
Sym (3) , Sym (3)⊗ R3

)
→ Lin

(
R6,R18

)
,

N : Sym
(
Sym (3)⊗ R3, Sym (3)⊗ R3

)
→ Sym

(
R18,R18

)
by

⟨MN(H) a, b⟩R18 =
〈
HM−1 a,N−1 b

〉
R3×3 ∀a ∈ R6, b ∈ R18, (70)

⟨N(G) p, q⟩R18 =
〈
GN−1 p,N−1 q

〉
R3×3×3 ∀p, q ∈ R18. (71)

3.2.2 Cubic case

Now, we want to study in detail the particular case in which the symmetry group is the cubic group O which has 24
elements. We want to calculate the dimension of the fixed subspaces for V1, V2, V 1, V 2, and determine the structure
of the symmetrized tensors. We have

dim FixφOVj =
1

24

∑
Q∈O

χφj (Q) , dim FixφOV j =
1

24

∑
Q∈O

χφ
j
(Q) , j ∈ {1, 2} ,

thus, thanks to the character formulas (63),(61),(66),(69) we find

• for V1, V 1 : dim FixφOV1 = dim FixφOV 1 = 3, which gives 3 independent constants for H and H,

• for V2, V 2 : dim FixφOV2 = dim FixφOV 2 = 11 which gives 11 independent constants for G and G.

Thanks to the transformations defined in (70) and (71), the matrix structures of the symmetrized tensors are (these
results were already derived in [5])

G =


G 1 0 0 0
0 G 1 0 0
0 0 G 1 0
0 0 0 G 2

 ∈ Sym(18),

where

G 1 =


η11 η12 η13 η12 η13

η22 η23 η24 η25
η33 η25 η35

sym η22 η23
η33

 ∈ Sym(5), G 2 =

 γ11 γ12 γ12
γ11 γ12

sym γ11

 ∈ Sym(3),

with

η11 =
1

3
(G 111111 +G 222222 +G 333333) , η22 =

1

6
(G 112112 +G 113113 +G 221221 +G 223223 +G 331331 +G 332332) ,

η24 =
1

3
(G 112332 +G 113223 +G 221331) , η33 =

1

6
(G 121121 +G 122122 +G 131131 +G 133133 +G 232232 +G 233233) ,

η35 =
1

3
(G 121233 +G 122133 +G 131232) , η12 =

1

6
(G 111221 +G 111331 +G 112222 +G 113333 +G 222332 +G 223333) ,

γ11 =
1

3
(G 123123 +G 132132 +G 231231) , η13 =

1

6
(G 111122 +G 111133 +G 121222 +G 131333 +G 222233 +G 232333) ,

γ12 =
1

3
(G 123132 +G 123231 +G 132231) , η23 =

1

6
(G 112121 +G 113131 +G 122221 +G 133331 +G 223232 +G 233332) ,

η25 =
1

6
(G 112233 +G 113232 +G 121332 +G 122331 +G 131223 +G 133221) ,
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and

H =



0 0 0 0
0 H 2 0 0
0 0 0 0
0 0 H 2 0
0 0 0 0
0 0 0 H 2

H 1 0 0 0


∈ R6×18, where H 1 =

 ζ1 −ζ1 0
−ζ1 0 ζ1
0 ζ1 −ζ1

 ∈ R3×3, H 2 =


ζ2
ζ3
−ζ2
−ζ3

 ∈ R3×3,

with

ζ1 =
1

6
(−H 11213 +H 11312 +H 22123 −H 22312 −H 33123 +H 33213) ,

ζ2 =
1

6
(H 12311 −H 12322 −H 13211 +H 13233 +H 23122 −H 23133) ,

ζ3 =
1

6
(H 12113 −H 12223 −H 13112 +H 13323 +H 23212 −H 23313) .

3.2.3 Transversal hemitropic and transversal isotropic case

Next, we study the two particular cases in which the invariance of the elasticity tensor G is taken with respect to
SO(2; e3) and O(2; e3). These results are not new; indeed, the structure for the symmetrized tensors was already
obtained in [5]. Via the trace formula and the explicit expression for the Haar measure on SO(2) and O(2) derived
in (98) and (99) respectively, we compute the following numbers of independent components for the two considered
symmetries:

dim FixφSO(2,e3)
V 2 = 31, dim FixφO(2,e3)

V 2 = 21. (72)

The correct number of independent components for the transversal isotropic case was also obtained with another
approach in an unpublished note [8]. Denoting with G SO(2;e3)

and G O(2;e3)
the symmetrized tensors with respect

to the actions of SO(2; e3) and O(2; e3) respectively, their matrix representations via the isomorphism N are

G SO(2;e3)
=


G 1 G 2 0 0
G 2 G 1 0 0
0 0 G 3 G 4

0 0 G 4 G 5

 ∈ Sym(18), G O(2;e3)
=


G 1 0 0 0
0 G 1 0 0
0 0 G 3 0
0 0 0 G 5

 ∈ Sym(18),

where

G 1 =



α11 α12 α13 α14 α15

∣∣∣
α22 −α13 +

√
2(α11 − α22)

2

∣∣∣∣ α14 −
√
2α34 α15 −

√
2α35

−α12 +
α11 + η22

2

∣∣∣∣ α34 α35

sym α44 α45

α55

∣∣∣∣


∈ Sym(5) 11 independent components,

G 2 =



0 β12 −
√
2β12
2

∣∣∣∣ β24 +
√
2β34 β25 +

√
2β35

0 −
√
2β12
2

∣∣∣∣ β24 β25

0 β34 β35

∣∣∣∣
skew 0 β45

∣∣∣∣
0

∣∣∣∣


∈ so(5) 6 independent components,
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G 3 =


γ11 γ12 γ13 γ12 γ13

γ22 γ23 γ22 γ23
γ33 γ23 γ33

sym γ22 γ23
γ33

+


0 0 0 0 0

0 0 −η11 −
√
2 η12

0 −
√
2 η12 −(η22 + η33)

sym 0 0
0

 ∈ Sym(5) 6 independent components,

G 4 =


0 ζ12 −ζ12
0 ζ22 −ζ22 −

√
2 ζ31

ζ31 ζ32 −ζ32
0 ζ22 +

√
2 ζ31 −ζ22

−ζ31 ζ32 −ζ32

 ∈ R5×3 4 independent components,

G 5 =

 η11 η12 η12
η22 η23

sym η22

 ∈ Sym(3) 4 independent components,

and

α11 =
1

64

(
5G111111 + 4G111122 + 2G111221 +G112112 + 4G112121 + 2G112222

+ 4G121121 + 4 (G121222 +G122122 +G122221) +G221221 + 5G222222

)
,

α12 =
1

64

(
G111111 + 6G111221 +G112112 + 6G112222 − 4G121121 − 4G122122 +G221221 +G222222

)
,

α13 =
1

32
√
2

(
G111111 + 6G111122 −G112112 − 2G112121 + 6G121222 − 2G122221 −G221221 +G222222

)
,

α14 =
1

32

(
3G111331 +G112332 + 2G121332 + 2G122331 +G221331 + 3G222332

)
,

α15 =
1

16
√
2

(
3G111133 +G112233 + 2G121233 + 2G122133 +G133221 + 3G222233

)
,

α22 =
1

64

(
G111111 − 4G111122 + 2G111221 + 5G112112 − 4G112121 + 2G112222

+ 4G121121 − 4G121222 + 4G122122 − 4G122221 + 5G221221 + G222222

)
,

α34 =
1

16
√
2

(
G111331 −G112332 + 2G121332 + 2G122331 −G221331 +G222332

)
,

α35 =
1

16

(
G111133 −G112233 + 2G121233 + 2G122133 −G133221 +G222233

)
,

α44 =
1

8

(
G331331 +G332332

)
, α45 =

1

4
√
2

(
G133331 +G233332

)
, α55 =

1

4
√
2

(
G133133 +G233233

)
,

β12 =
1

16

(
G111112 −G111121 +G112122 −G121221 +G122222 −G221222

)
,

β24 =
1

32

(
G111332 − 3G112331 + 2G121331 − 2G122332 + 3G221332 − G222331

)
,

β25 =
1

16
√
2

(
G111233 − 3G112133 + 2G121133 − 2G122233 −G133222 + 3G221233

)
,

β34 =
1

16
√
2

(
G111332 +G112331 − 2G121331 + 2G122332 −G221332 −G222331

)
,

β35 =
1

16

(
G111233 +G112133 − 2G121133 + 2G122233 −G133222 −G221233

)
,

β45 =
1

4
√
2

(
−G133332 +G233331

)
,
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γ11 =
G333333

4
, γ12 =

1

8

(
G113333 +G223333

)
, γ13 =

1

4
√
2

(
G131333 +G232333

)
,

γ22 =
1

32

(
3G113113 + 2G113223 + 4G123123 + 3G223223

)
,

γ23 =
1

16
√
2

(
3G113131 +G113232 + 2G123132 + 2G123231 +G131223 + 3G223232

)
,

γ33 =
1

16

(
3G131131 + 2G131232 +G132132 + 2G132231 +G231231 + 3G232232

)
,

ζ12 =
1

4
√
2

(
G132333 −G231333

)
,

ζ22 =
1

16
√
2

(
3G113132 −G113231 − 2G123131 + 2G123232 +G132223 − 3G223231

)
,

ζ31 =
1

16

(
−G113132 −G113231 + 2G123131 − 2G123232 +G132223 +G223231

)
,

ζ32 =
1

8

(
G131132 −G131231 +G132232 −G231232

)
,

η11 =
1

16

(
G113113 − 2G113223 + 4G123123 +G223223

)
,

η12 =
1

16

(
G113131 −G113232 + 2G123132 + 2G123231 −G131223 +G223232

)
,

η22 =
1

16

(
G131131 − 2G131232 + 3G132132 − 2G132231 + 3G231231 +G232232

)
,

η23 =
1

16

(
G131131 − 2G131232 −G132132 + 6G132231 −G231231 +G232232

)
.

3.3 Indeterminate couple stress model
We now aim to apply the established invariance theory to a special sub-class of second gradient models: the
indeterminate couple stress model (for a very good description of this model we refer to [29, 42, 46, 48, 51] and for
a determination of the material invariance condition we refer to [41, 48]). The linearization of the indeterminate
couple stress model is characterized via the action functional

A[u] :=

∫
Ω

1

2

(〈
C ε, ε

〉
+
〈
LDcurlu,Dcurlu

〉︸ ︷︷ ︸
=:Wcurl(D2u)

)
dx , (73)

i.e., in the indeterminate couple stress model, the non local term of the deformation energy is defined as a function
of the gradient of only the rotational part of the gradient of u. Thus, we can immediately remark that

• D curlu is not a symmetric second order tensor and, as a consequence, the curvature elasticity tensor is a
fourth order tensor involving only the major symmetry,

• considering the orthogonal split of the curvature term in the symmetric and skew symmetric parts〈
LDcurlu,Dcurlu

〉
=
〈
Ls sym Dcurlu, sym Dcurlu

〉
+
〈
Lc skew Dcurlu, skew Dcurlu

〉
,

where
Ls ∈ Sym(Sym (3),Sym (3)) and Lc ∈ Sym(so (3), so (3)),

we can express the skew-symmetric term as a bilinear form acting on R3 via the axl operator (see the Appendix
B.2). Indeed, in this case we have

axl skew Dcurlu = curlcurlu,

and we can introduce a matrix L̃c ∈ Sym (3) such that〈
Lc skew Dcurlu, skew Dcurlu

〉
R3×3 =

〈
L̃c curlcurlu, curlcurlu

〉
R3 ∀ admissible u.
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Applying the theoretical machinery developed in Section 3.1, we can obtain the structure of the elasticity tensor
L when we ask for the isotropic invariance of the indeterminate couple stress model. Indeed, having that

L ∈ Sym(R3×3,R3×3),

the invariance with respect to the full group SO(3) gives us only 3 independent material constants (see Eqs. (47),
(48)). Thus, in this case, we have〈

LDcurlu,Dcurlu
〉
= α1 ∥sym Dcurlu∥2 + α2

2
(tr Dcurlu)2 + α3 ∥skew Dcurlu∥2 .

Moreover, remarking that tr D curlu = div curlu = 0, we can write the deformation energy in the case of isotropy as〈
LDcurlu,Dcurlu

〉
= α1 ∥dev symDcurlu∥2 + α3 ∥skew Dcurlu∥2 .

3.4 Micromorphic type models
Our next objective is to apply the well-established theory of invariance to a class of micromorphic-type generalized
continua, which have garnered increasing attention in recent years for modeling the mechanical behavior of meta-
materials. As we will discuss, the curvature term of the relaxed micromorphic model belongs to a different vector
space than that of classical Cauchy continua. To address this discrepancy, we will leverage the findings from Section
3.1, which will be tailored to suit 2D models. These results have been utilized in [61] to model the size-effects of
metamaterial beams under bending with the aid of the relaxed micromorphic continuum. We will also compare the
symmetry classes of the relaxed micromorphic model with those of the classical micromorphic model.

3.4.1 3D-relaxed micromorphic model

We set
x = (x1, x2, x3) = (x, x3), where x = (x1, x2).

The involved kinematic fields are

u : Ω ⊂ R3 → R3, x 7→ u(x) =
(
u1(x), u2(x), u3(x)

)
,

P : Ω ⊂ R3 → R3×3, x 7→ P (x) =

P11(x) P12(x) P13(x)
P21(x) P22(x) P23(x)
P31(x) P32(x) P33(x)

 .

The Curl operator is defined by

CurlP (x) = Curl

P11(x) P12(x) P13(x)
P21(x) P22(x) P23(x)
P31(x) P32(x) P33(x)

 :=

curl
(
P11(x), P12(x), P13(x)

)
curl

(
P21(x), P22(x), P23(x)

)
curl

(
P31(x), P32(x), P33(x)

)
 . (74)

The full potential energy density for the linear model consists of the terms

W (u,Du, P,CurlP ) =We(sym Du, symP ) +Wc(skew Du, skewP ) +Wmicro(symP ) +Wcurv(CurlP ),

where

We(sym Du, symP ) :=
1

2

〈
Ce sym (Du− P ), sym (Du− P )

〉
R3×3 ,

Wc(skew Du, skewP ) :=
1

2

〈
Cc skew (Du− P ), skew (Du− P )

〉
R3×3 ,

Wmicro(symP ) :=
1

2

〈
Cmicro symP, symP

〉
R3×3 , (75)

Wcurv(CurlP ) :=
1

2

〈
L CurlP,CurlP

〉
R3×3 ,

and the four involved tensors Ce,Cc,Cmicro,L are

Ce ∈ Ela+(3) ⊆ ⊗4R3, Cc ∈ Sym+
(
so (3), so (3))

)
,

Cmicro ∈ Ela+(3), L ∈ Sym+(R3×3,R3×3).
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3.4.2 2D-relaxed micromorphic model, plane strain

The involved kinematic fields are

u : Ω ⊂ R2 → R2, (x1, x2) 7→ u(x1, x2) =
(
u1(x1, x2), u2(x1, x2)

)
,

P : Ω ⊂ R2 → R2×2, (x1, x2) 7→ P (x1, x2) =

(
P11(x1, x2) P12(x1, x2)
P21(x1, x2) P22(x1, x2)

)
. (76)

Given a vector field v : Ω ⊂ R2 → R2 we define the 2D-curl operator as

curl 2D v(x) := v2,1(x)− v1,2(x) ,

and for a matrix-valued field P : Ω ⊂ R2 → R2×2,

Curl 2D P (x) := Curl 2D

(
P11(x1, x2) P12(x1, x2)

P21(x1, x2) P22(x1, x2)

)
=

(
curl2

(
P11(x1, x2), P12(x1, x2)

)
curl2

(
P21(x1, x2), P22(x1, x2)

))

=

(
P12,1(x1, x2)− P11,2(x1, x2)

P22,1(x1, x2)− P21,2(x1, x2)

)
. (77)

The full potential energy density for the linear model consists of the following terms:

W (u,Du, P,Curl 2DP ) =We(sym Du, symP ) +Wc(skew Du, skewP ) +Wmicro(symP ) +Wcurv(Curl 2DP ),

where

We(sym Du, symP ) :=
1

2

〈
Ce sym (Du− P ), sym (Du− P )

〉
R2×2 ,

Wc(skew Du, skewP ) :=
1

2

〈
Cc skew (Du− P ), skew (Du− P )

〉
R2×2 ,

Wmicro(symP ) :=
1

2

〈
Cmicro symP, symP

〉
R2×2 ,

Wcurv(Curl 2DP ) :=
1

2

〈
L Curl 2DP,Curl 2DP

〉
R2 ,

and the four involved tensors Ce,Cc,Cmicro,L are

Ce ∈ Ela+(2) ⊆ ⊗4R2, Cc ∈ Sym
(
so(2), so(2)

)
,

Cmicro ∈ Ela+(2), L ∈ Sym+(2) ⊆ R2×2,

where we set Ela+(2) := Sym+
(
Sym(2), Sym(2)

)
.

2D-relaxed micromorphic model derived from the 3D model: Let us give the following definition.

Definition 2. Consider a matrix valued field P : Ω → R3×3. We say that P is a plane field if it has the following
structure:

P (x) =

 P11(x) P12(x) P13(x)
P21(x) P22(x) P23(x)
P31(x) P32(x) P33(x)

 =

 P11(x) P12(x) 0
P21(x) P22(x) 0

0 0 0

 .

We can identify a plane field with “its restriction field”

P : Ω → R2×2,

and by an abuse of notation, whenever there is no confusion, we use the same symbol for both.

If a matrix-valued field P is a plane field we obtain

CurlP (x) = Curl

P11(x) P12(x) P13(x)
P21(x) P22(x) P23(x)
P31(x) P32(x) P33(x)

 =

curl
(
P11(x), P12(x), P13(x)

)
curl

(
P21(x), P22(x), P23(x)

)
curl

(
P31(x), P32(x), P33(x)

)


=


(
0, 0, P12,1(x)− P11,2(x)

)(
0, 0, P22,1(x)− P21,2(x)

)(
0, 0, 0

)
 =

0 0 P12,1(x)− P11,2(x)

0 0 P22,1(x)− P21,2(x)

0 0 0

 =

 0 0
Curl 2D P (x)0 0

0 0 0

 . (78)
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3.4.3 Symmetrization of L

Introducing the symmetrization identity

π : R2×2 → Sym(2), πiajb =
1

2
(δiaδjb + δjaδib),

the characters can be computed via χ(Q) = ⟨φQ, π⟩ =
〈
Q⊗2, π

〉
R2×2×2×2 giving7

χ(Q) =
1

2
(δiaδjb + δjaδib)QiaQjb =

1

2
(δiaδjbQiaQjb + δjaδibQiaQjb) (80)

=
1

2

(
δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

+ δajQjbδbiQia︸ ︷︷ ︸
trQ2

)
=

1

2

(
(trQ)2 + trQ2

)
.

The Cayley-Hamilton theorem allows us to express χ(Q) as a polynomial in trQ: since

p(Q) = Q2 + c1︸︷︷︸
− trQ

Q+ det(Q)︸ ︷︷ ︸
=±1

1 = 0, (Q ∈ O(2))

we find Q2 = tr(Q)Q∓ 1 and thus trQ2 = tr
(
tr(Q)Q∓ 1

)
= (trQ)2 ∓ 2. Thus, finally, we have

χ(Q) = (trQ)2 ∓ 1, (81)

where the sign choice is dictated by {
−1 if Q ∈ SO(2),

1 if Q ∈ O−(2).

The closed subgroups of O(2) we account for are Z2, D2, D4 and O(2).

O(2)-action: Consider
O(2) = SO(2) ∪ O−(2) ≃ SO(2)⋉ {1, R}︸ ︷︷ ︸

≃Z2

where

SO(2) =

{(
cos θ − sin θ
sin θ cos θ

) ∣∣∣ θ ∈ [0, 2π)

}
≃ U(1) ≃ S1 and O−(2) =

{(
cos θ sin θ
sin θ − cos θ

) ∣∣∣ θ ∈ [0, 2π)

}

and R =

(
−1 0
0 1

)
is the reflection across the x2-axis. It acts on the space of the symmetric matrices as follows:

φ : O(2)× Sym(2) → Sym(2), (Q,L) 7→ φ(Q,L), where
(
φ(Q,L)

)
ij
= QiaQjbLab.

To be invariant under the accounted action means that

L ∈ FixφO(2) Sym(2), i.e. φ(Q,L) = L ∀Q ∈ O(2).

In this case,

dimFixφO(2) Sym(2) =

∫
O(2)

χ(Q) dµ =

∫
SO(2)∪O−(2)

χ(Q) dµ (82)

(normalisation) =
1

2

∫
SO(2)

χ(Q) dµ+

∫
SO(2)

χ(RQ)︸ ︷︷ ︸
≡ 1

dµ

 =
1

2

(
1

2π

∫ 2π

0

(
4 cos2 θ − 1

)
dθ + 1

)
= 1.

7Keep in mind that

trQ2 = ⟨1, Q2⟩R2 = δij(Q
2)ij = δijQiαQαj = δijQiαδαβQβj . (79)
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Let us determine the structure of the admissible constitutive tensors. We have

PO(2)(L) :=
1

|O(2)|

∫
O(2)

φ(Q,L) dµ =
1

2
(L11 + L22)1. (83)

Thus, in the isotropic planar case, the curvature tensor reduces to L = l1 = l

(
1 0
0 1

)
, with l ∈ R+

∗ (since L is

positive-definite, i.e. L ∈ Sym+(2), hence L11,L22 > 0, thus l = 1/2(L11 + L22) > 0).

N.B. In this case, to be able to integrate over the full group O(2), which has two connected components, we
use the following facts: since SO(2) is a closed subgroup of O(2) and SO(2) is compact, ∆O(2)|SO(2) ≡ ∆SO(2)

(modular functions) and hence, there exists an invariant Radon measure ν on the quotient O(2)/SO(2) (in this case
the normalized counting measure) such that∫

O(2)

f(A) dµ =

∫
O(2)/SO(2)

∫
SO(2)

f(AQ) dµ dν =
1

|O(2)/SO(2)|
∑

[A]∈O(2)/SO(2)

∫
SO(2)

f(AQ) dµ

=
1

2

(∫
SO(2)

f(1Q) dµ+

∫
SO(2)

f(RQ)dµ

)
. (84)

D4-action: Consider the dihedral group8 of order four, D4 whose cardinality is 8. We have

dimFixφD4
Sym(2) =

1

|D4|
∑
Q∈D4

χ(Q) =
1

|D4|

∑
Q∈Z4

χ(Q) +
∑

Q∈R Z4

χ(Q)

 =
1

8

 ∑
k∈{1,2,3,4}

(
4 cos2

kπ

2
− 1
)
+ 4

 = 1.

(85)

Hence, also in this case, we have the reduction L = l1 = l

(
1 0
0 1

)
, with l ∈ R+

∗ .

D2-action: Consider the dihedral group D2 whose cardinality is 4. We have

dimFixφD2
Sym(2) =

1

|D2|
∑
Q∈D2

χ(Q) =
1

|D2|

∑
Q∈Z2

χ(Q) +
∑

Q∈R Z2

χ(Q)

 =
1

4

2 + ∑
k∈{1,2}

(
4 cos2 kπ − 1

) = 2.

(86)

Therefore, we have the reduction L =

(
l1 0
0 l2

)
, l1, l2 > 0.

Z2-action: Consider the cyclic group Z2 whose cardinality is 2. We have

dimFixφZ2
Sym(2) =

1

|Z2|
∑
Q∈Z2

χ(Q) =
1

2

 ∑
k∈{1,2}

(
4 cos2 kπ − 1

) = 3 = dim Sym(2) (87)

8A dihedral group of order n describes the 2n different symmetries of a regular polygon with n sides: n rotational symmetries and
n reflection symmetries. The n rotational symmetries are the elements of the cyclic group

Zn =

{(
cos 2π

k
− sin 2π

k
sin 2π

k
cos 2π

k

)
| k ∈ {1, . . . , n}

}
and

Dn ≃ Zn ⋉ {1, R}︸ ︷︷ ︸
≃ Z2

,

where R is the reflection
(
−1 0
0 1

)
.
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meaning that Sym(2) = FixφZ2
Sym(2), i.e., PZ2

(L) = L =

(
l1 l3
l3 l2

)
for all L ∈ Sym(2).

3.4.4 Symmetrization of Ce and Cmicro

The symmetrization identity in this case is

Π : R2×2×2×2 → Ela(2), Π = sym (π ⊗ π),

giving component-wise

Πiajblcdk =
1

8
(δiaδjbδkcδld + δiaδjbδlcδkd + δjaδibδlcδkd + δjaδibδkcδld (88)

+ δkaδlbδicδjd + δkaδlbδjcδid + δlaδkbδjcδid + δlaδkbδicδjd).

The characters can be computed via χ(Q) = ⟨φQ, π⟩ =
〈
Q⊗4,Π

〉
⊗8R2 giving

χ(Q) =
1

8

[
(trQ)4 + 2(trQ)2 trQ2 + 2 trQ4 + 3(trQ2)2

]
. (89)

The Cayley-Hamilton theorem allows us to express χ(Q) as a polynomial in trQ.9 From eq. (81) we already know
that Q2 = tr(Q)Q ± 1 and that trQ2 = tr

(
tr(Q)Q ∓ 1

)
= (trQ)2 ∓ 2. Hence we need to find the expression of

trQ4 as a functions of the powers of trQ:

Q3 = QQ2 = Q
(
tr(Q)Q∓ 1

)
= tr(Q)Q2 ∓Q,

=⇒ trQ3 = tr
(
tr(Q)Q2 ∓Q

)
= trQ trQ2 ∓ trQ = trQ

(
(trQ)2 ∓ 2

)
∓ trQ = trQ

(
(trQ)2 ∓ 3

)
,

Q4 = QQ3 = Q
(
tr(Q)Q2 ∓Q

)
= tr(Q)Q3 ∓Q2,

=⇒ trQ4 = tr
(
tr(Q)Q3 ∓Q2

)
= trQ trQ3 ∓ trQ2 = (trQ)2

(
(trQ)2 ∓ 3

)
∓
(
(trQ)2 ∓ 2

)
= (trQ)4 ∓ 4(trQ)2 + 2.

Hence we obtain

χ(Q) =
1

8

[
(trQ)4 + 2(trQ)2 trQ2 + 2 trQ4 + 3(trQ2)2

]
=

1

8

[
(trQ)4 + 2(trQ)2

(
(trQ)2 ∓ 2

)
+ 2

(
(trQ)4 ∓ 4(trQ)2 + 2

)
+ 3

(
(trQ)2 ∓ 2

)2]
=

1

8

[
(trQ)4 + 2(trQ)4 ∓ 4(trQ)2 + 2(trQ)4 ∓ 8(trQ)2 + 4 + 3

(
(trQ)4 + 4∓ 4(trQ)2

)]
=

1

8

[
(trQ)4 + 2(trQ)4 ∓ 4(trQ)2 + 2(trQ)4 ∓ 8(trQ)2 + 4 + 3(trQ)4 + 12∓ 12(trQ)2

]
=

1

8

[
8(trQ)4 ∓ 24(trQ)2 + 16

]
= (trQ)4 ∓ 3(trQ)2 + 2,

i.e.

χ(Q) =


(trQ)4 − 3(trQ)2 + 2 if Q ∈ SO(2),

(trQ)4 + 3(trQ)2 + 2 if Q ∈ O−(2).

D4-action: Consider the dihedral group D4 whose cardinality is 8. Then

dimFixφC4v
Ela(2) =

1

|C4v|
∑

Q∈C4v

χ(Q) =
1

|C4v|

 ∑
Q∈C4

χ(Q) +
∑

Q∈RC4

χ(Q)


=

1

8

∑
k∈{1,2,3,4}

[
2
(
cos(πk) + cos(2πk) + 1

)
+ 2
]
= 3.

9Avoiding explicit powers of Q reduces the computational cost of evaluating χ(Q).
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The structure of the symmetrized tensors is obtained via

PD4
(C) =

1

|D4|
∑
Q∈D4

φ(Q,C) =
1

|D4|
∑
Q∈Z4

(
φ(Q,C) + φ(QR,C)

)
, (90)

giving

C̃11 C̃12 0

C̃12 C̃11 0

0 0 C̃22

 (91)

after considering a suitable Voigt isomorphism.

3.5 2D-micromorphic model
The major difference with the relaxed micromorphic model is the curvature term. Indeed, in the classical Eringen-
Mindlin micromorphic model, we have that

Wcurv(DP ) :=
1

2

〈
LDP,DP

〉
R2×2×2 , (92)

where
L ∈ Sym+(⊗3R2,⊗3R2) ⊆ Sym(⊗3R2,⊗3R2)

with the latter being a vector space of dimension 36. Moreover, the classical micromorphic model would allow for
additional mixed terms as ⟨sym (Du− P ), symP ⟩ . We set

High(2) := Sym(⊗3R2,⊗3R2) and High+(2) := Sym+(⊗3R2,⊗3R2).

The only interesting term is the curvature term. In this case we remind that

P ∈ R2×2, DP ∈ ⊗3R2, L ∈ High+(2) := Sym+
(
⊗3R2,⊗3R2

)
.

The resultant action of O(2) is

φ : O(2)× High(2) → High(2), (Q,L) 7→ φ(Q,L), where
(
φ(Q,L)

)
ijklmn

= QiaQjbQkcQldQmeQnfLabcdef ,

and the symmetrization identity is

ΠHigh(2) :
(
⊗3R2

)
⊗
(
⊗3R2

)︸ ︷︷ ︸
=⊗6R2

↠ Sym
(
⊗3R2,⊗3R2

)︸ ︷︷ ︸
=:High(2)

, Π
High(2)
aibjchdkemfn =

1

2

(
δaiδbjδchδdkδemδfn+δakδbmδcnδdiδejδfh

)
.

The characters can be computed via χ(Q) = tr (φQ ◦ΠHigh(2)) =
〈
φQ ◦ΠHigh(2),⊗612

〉
⊗12R2 , giving

χ(Q) =
(
δaiδbjδchδdkδemδfn + δakδbmδcnδdiδejδfh

)
QiaQjbQhcQkdQmeQnf

=
1

2

(
δaiδbjδchδdkδemδfnQiaQjbQhcQkdQmeQnf + δakδbmδcnδdiδejδfhQiaQjbQhcQkdQmeQnf

)
=

1

2

(
δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δhcQhc︸ ︷︷ ︸
trQ

δkdQkd︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

δnfQnf︸ ︷︷ ︸
trQ

+ δakQkdδdiQia︸ ︷︷ ︸
trQ2

δbmQmeδejQjb︸ ︷︷ ︸
trQ2

δcnQnfδfhQhc︸ ︷︷ ︸
trQ2

)

=
1

2

(
(trQ)6 + (trQ2)3

)
. (93)

Via the obtained formula trQ2 = (trQ)2 ∓ 2 we find

(trQ2)3 = ((trQ)2 ∓ 2)3 = (trQ)6 ∓ 6(trQ)4 + 12(trQ)2 ∓ 8 (94)

and thus

χ(Q) =
1

2

(
(trQ)6 + (trQ)6 ∓ 6(trQ)4 + 12(trQ)2 ∓ 8

)
= (trQ)6 ∓ 3(trQ)4 + 6(trQ)2 ∓ 4. (95)
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D4-action: Concerning the number of independent components, we have

dimFixφD4
High(2) =

1

|D4|
∑
Q∈D4

χ(Q) =
1

|D4|

∑
Q∈Z4

χ(Q) +
∑

Q∈RZ4

χ(Q)


=

1

8

∑
k∈{1,2,3,4}

[
2
(
6 + 9 cos(kπ) + 3 cos(2kπ) + cos(3kπ)

)
+ 2
]
= 10.

The symmetrized tensor PD4
(L) has the structure



L̃11 L̃12 L̃13 L̃14

L̃22 L̃23 L̃24

sym L̃33 L̃34

L̃44

0

0

L̃11 L̃12 L̃13 L̃14

L̃22 L̃23 L̃24

sym L̃33 L̃34

L̃44


after considering a suitable Voigt isomorphism. By directly comparing the two curvature terms for the D4 case,
one for the relaxed micromorphic model and the one for the classical micromorphic model, we can observe that
accounting for CurlP as a curvature term significantly reduces the number of elastic moduli. This simplification is
advantageous when attempting to characterize them. In this scenario, we also provide the explicit expression for
the energy density:

WEringen(Du, P,DP ) =
1

2
⟨Ce sym (Du− P ), sym (Du− P )⟩︸ ︷︷ ︸

We(Du,P )

+
1

2
⟨Cmicro symP, symP ⟩︸ ︷︷ ︸

Wmicro(P )

+
1

2
µL2

c ⟨LDP,DP ⟩︸ ︷︷ ︸
Wcurv(DP )

where

Wcurv(DP ) =
1

2
µL2

c ⟨LDP,DP ⟩R2⊗R2⊗R2

=
1

2
µL2

c

[
(P 2

11,1 + P 2
22,2) L̃11 + 2(P11,1 P12,2 + P21,1 P22,2) L̃12 + 2P11,1 P22,1 L̃13

+ 2P11,2 P22,2 L̃13 + 2P11,1 P21,2 L̃14 + 2P12,1 P22,2 L̃14 +
(
P 2
12,2 + P 2

21,1

)
L̃22

+ 2P11,2 P21,1 L̃23 + 2P12,2 P22,1 L̃23 + 2P12,1 P21,1 L̃24 + 2P12,2 P21,2 L̃24

+ P 2
11,2 L̃33 + P 2

22,1 L̃33 + 2P11,2 P12,1 L̃34 + 2P21,2 P22,1 L̃34 +
(
P 2
12,1 + P 2

21,2

)
L̃44

]
.

D2-action: Concerning the number of independent components, we have

dimFixφD2
High(2) =

1

|D2|
∑
Q∈D2

χ(Q) =
1

|D2|

∑
Q∈Z2

χ(Q) +
∑

Q∈RZ2

χ(Q)

 = 20.
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The symmetrized tensor PD2(L) has the structure



L̃11 L̃12 L̃13 L̃14 0 0 0 0

L̃22 L̃23 L̃24 0 0 0 0

sym L̃33 L̃34 0 0 0 0

L̃44 0 0 0 0

0 0 0 0 L̃55 L̃56 L̃57 L̃58

0 0 0 0 L̃66 L̃67 L̃68

0 0 0 0 sym L̃77 L̃78

0 0 0 0 L̃88


after introducing a suitable Voigt isomorphism.

Z2-action: Concerning the number of independent components, we have

dimFixφZ2
High(2) =

1

|Z2|
∑
Q∈Z2

χ(Q) = 36.

The symmetrized tensor PZ2(L) has the structure



L̃11 L̃12 L̃13 L̃14

L̃22 L̃23 L̃24

sym L̃33 L̃34

L̃44

L̃15 L̃16 L̃17 L̃18

L̃25 L̃26 L̃27 L̃28

L̃35 L̃36 L̃37 L̃38

L̃45 L̃46 L̃47 L̃48

sym

L̃55 L̃56 L̃57 L̃58

L̃66 L̃67 L̃68

sym L̃77 L̃78

L̃88


after introducing a suitable Voigt isomorphism.

Conclusions
We applied the fundamental theoretical framework developed in the work by Danescu [17] to determine the number
of independent components and the representations of tensor classes involved in generalized continuum models.
This approach offers several advantages, primarily its simplicity and clarity in implementation.

It is worth noting that in recent years, various research directions [1, 4, 22, 23, 54, 55] have emerged with the
goal of establishing a priori the permissible symmetry classes for a given category of tensors, building upon and
extending the findings presented in previous works [28].

Appendix

A Haar integration
We want to show how it is possible to built up the Haar measure on the Lie group SO(3) directly using the Cardan’s
angles parametrization. To facilitate a better understanding of how the Haar measure operates, we first provide
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some classical examples. The general procedure, which we will present in Appendix A.1, will extend beyond the
initial examples.

Haar measure on the multiplicative group of positive reals: Consider the multiplicative group (R+
∗ , ·).

The Lebesgue measure λ is not invariant with respect to the multiplication of real numbers but, instead of λ, we
can define the measure

λ∗(A) :=

∫
x∈A

1

x
dλ(x), for all A ∈ B(R+), (96)

where B(R+) denotes the σ−algebra of Borel sets. If A = [a, b] with a, b > 0, we can explicitly calculate the
introduced measure:

λ∗([a, b]) :=

∫ b

a

1

x
dλ(x) = log b− log a.

To verify that λ∗ is indeed a Haar measure, we can simply show the invariance with respect to the left multiplication:
using a simple change of variable (y = x0 x ⇝ dλ(y) = x0 dλ(x)), we find

λ∗(x0 A) =

∫
y∈x0 A

1

y
dλ(y) =

∫
x∈A

x0 dλ(x)
x0 x

= λ∗(A),

and, in the specific example in which A = [a, b] with a, b > 0,

λ∗([x0 a, x0 b]) = log (x0 b)− log (x0 a) = log x0 + log b− log x0 − log a = log b− log a = λ∗([a, b]) .

λ∗
([
x20 a, x

2
0 b
])

= λ∗ ([x0 a, x0 b]) = λ∗ ([a, b])

λ ([x0 a, x0 b]) = x0 λ ([a, b]) ̸= λ ([a, b])

λ
([
x20 a, x

2
0 b
])

= x20 λ ([a, b]) ̸= λ ([a, b])

Figure 5: Difference between Lebesgue and Haar measures on (R+, ·)

Haar measure on the multiplicative group of the invertible matrices: Now, consider the multiplicative
group

(
GL+(n) , ·

)
, where GL+(n) is the open subset of Rn×n constituted by all matrices with positive determinant.

The Lebesgue measure λn×n (M) on Rn×n is not invariant with respect to the multiplication between matrices,
but, similarly to R+

∗ , we can define the measure

λn×n∗ (A) :=

∫
M∈A

1

detnM
dλn×n(M) for A measurable. (97)

Thanks to the change of variables formula, we can again verify that the introduced measure (97) is a Haar measure:

λn×n∗ (M0 A) =

∫
N∈M0A

1

(detN)
n dλn×n(N)

(
Change of variables: N =M0M ⇝ dλn×n(N) = (detM0)

n dλn×n(M)
)

36



=

∫
M∈A

(detM0)
n dλn×n (M)

(detM0)
n
(detM)n

= λn×n∗ (A).

In order to best illustrate the meaning of the Haar measure, let us consider the simpler situation in which n = 2,
A is a four-dimensional rectangular set [a, b]× [a, b]× [a, b]× [a, b] and {Ci}ki=1 is a partition in small 4-dimensional
cubes of A. Then

λ2×2
∗ (M0 A) =

∫
N∈M0A

1

(detN)
2 dλ2×2(N)

(Mi is the central point of Ci) ≈
k∑
i=1

1

(detNi)2
λ2×2(M0Ci)

Ni=M0Mi=

k∑
i=1

1

(detM0)2(detMi)2
(detM0)

2 λ2×2(Ci)

=

k∑
i=1

1

(detMi)
2 λ

2×2 (Ci) ≈
∫
M∈A

1

(detM)
2 dλ2×2(M) = λ2×2

∗ (A).

Haar measure on SO(2): Recall that

SO(2) =

{
Rϑ :=

(
cosϑ − sinϑ
sinϑ cosϑ

) ∣∣∣ ϑ ∈ [0, 2π)

}
.

This Lie group is compact and thus admits an unique left-invariant normalized Haar measure (see [20]). In order to
explicitly obtain this measure, let us remark that every real-valued integrable function f̂ on SO(2) can be identified
with a 2π-periodic function fper : R → R by setting

fper(ϑ) = f̂(Rϑ)

on [0, 2π) and extending fper to R by periodicity. In this way, we can define the Haar measure µ on SO(2) by∫
SO(2)

f̂(Rϑ) dµ :=
1

2π

∫ 2π

0

fper(ϑ)dϑ, (98)

where ϑ is the Lebesgue measure on R. In order to verify that the stated definition gives a left invariant measure,
we have to show that ∫

SO(2)

(
f̂ ◦ LRϑ0

)
(Rϑ) dµ =

∫
SO(2)

f̂(Rϑ)dµ ∀ϑ0 ∈ R.

Recalling that

Rϑ0
Rϑ =

(
cosϑ0 − sinϑ0
sinϑ0 cosϑ0

) (
cosϑ − sinϑ
sinϑ cosϑ

)
=

(
cos(ϑ0 + ϑ) − sin(ϑ0 + ϑ)
sin(ϑ0 + ϑ) cos(ϑ0 + ϑ)

)
= Rϑ0+ϑ,

we find∫
SO(2)

(
f̂ ◦ LRϑ0

)
(Rϑ) dµ =

∫
SO(2)

f̂(Rϑ0+ϑ)dµ =
1

2π

∫ 2π

0

fper(ϑ0 + ϑ) dϑ =
1

2π

∫ 2π

0

fper(ϑ) dϑ =

∫
SO(2)

f̂(Rϑ) dµ

for all ϑ0 ∈ R.

Haar measure on O(2): Setting

O−(2) :=

{(
cosϑ sinϑ
sinϑ − cosϑ

) ∣∣∣ ϑ ∈ [0, 2π)

}
⊆ R2×2,

we observe that
O(2) = SO(2) ∪ O−(2).

The group O(2) is compact as well, but unlike SO(2) it has two disconnected components. For this reason, the idea
for defining the Haar measure consists in adapting the reasoning for SO(2) but considering that, in this case, the
“size” of the involved group is doubled. We set∫

O(2)

f̂(Rϑ) dµ =

∫
SO(2)

f̂(R+
ϑ )dµ+

∫
O−(2)

f̂(R−
ϑ ) dµ =

1

4π

(∫ 2π

0

f+per(ϑ) dϑ+

∫ 2π

0

f−per(ϑ) dϑ
)
, (99)
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where
f+per(ϑ) = f̂(Rϑ) for Rϑ ∈ SO(2) and f−per(ϑ) = f̂(Rϑ) for Rϑ ∈ O−(2)

and the factor 1/4π is taken to normalize the Haar measure.

A.1 Haar measure induced by a local chart
Let G be a Lie group and (U, φ) a local chart with U open subset of Rn such that 0 ∈ U and φ(0) = e. In this
Appendix, following [30, Exercice 1.8 pag.32], we show how it is possible to define a Haar measure on φ(U) starting
from the Lebesgue measure on U.

Rn

G

0 e

U φ (U)

φ

Figure 6: Local chart for a Lie group.

In order to define the Haar integral we need to introduce some auxiliary function. For every h ∈ φ(U) we can find
an open neighbourhood of the origin Vh on which the function10(see Figures 7 and 8)

ψh : Vh ⊆ U→ U ψh := φ−1 ◦ Lh ◦ φ

is well defined.

Rn

G

0 e

hU

Vh := φ−1(φ(U) ∩ Lh−1(Ah))

φ(U)

Ah

Lh−1(Ah)

L−1
h

φ

φ−1

Figure 7: Construction of the neighbourhood Vh (i.e. the domain of the functions ψh for h ∈ φ(U)) starting from
an open neighbourhood Ah of the considered element h of G.

Rn

G

0

e

U

ψh

Vh

ψh(Vh) φ (U)

Lh
φ

φ−1

Figure 8: Construction of functions ψh for h ∈ φ(U).
10Such an open neighbourhood Vh of the origin always exists. Indeed, consider an open neighbourhood Ah of h ∈ φ(U) in φ(U).

Then, Lh−1 (Ah) is an open neighbourhood of the identity e and thus the intersection φ(U) ∩ Lh−1 (Ah) is an open neighbourhood of
e contained in φ(U). Thus, considering φ−1(φ(U) ∩ Lh−1 (Ah)), we obtain an open neighbourhood of the origin in Rn on which the
function ψh is well defined.
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Setting
Jh := det[Dψh(0)] ∀h ∈ φ(U),

for every function f such that supp f ⊆ φ(U) we define the desired integral in the following way:∫
supp f

f(g)dµ :=

∫
φ−1(supp f)

f(φ(x))
1∣∣det [Dψφ(x)(0)

]∣∣ dx.

Remark 7. The underlying concept behind this definition of the Haar integral is to adjust the Lebesgue measure
on a point-by-point basis, resulting in a measure on φ(U) that remains invariant under left multiplications. This
pointwise correction at the position x is represented by the term 1/

∣∣Jφ(x)∣∣ = 1/
∣∣det [Dψφ(x)(0)

]∣∣, which is always
finite due to the fact that ψφ(x) is a diffeomorphism, ensuring that Jφ(x) = det

[
Dψφ(x)(0)

]
̸= 0.

We want to show, with a direct calculation, that this definition is invariant with respect to left multiplications.
Let us assume that we have a function f and an element h ∈ φ(U) such that Lh−1(supp(f)) ⊆ φ(U). We have to
show that ∫

supp f
f(g)dµ =

∫
supp f◦Lh

(f ◦ Lh)(g) dµ,

i.e., denoting with x the points in φ−1(supp f) and with y the points in φ−1(supp f ◦ Lh), that∫
φ−1(supp f)

f(φ(x))
1∣∣Jφ(x)∣∣ dx =

∫
φ−1(supp f◦Lh)

(f ◦ Lh)(φ(y))
1∣∣Jφ(y)∣∣ dy. (100)

First of all, we can express y as a function of x. Indeed we have that

y = ψh−1(x). (101)

In this manner, we can effect a change of coordinates in the second integral of equation (100) with the hope that
this transformation yields results akin to those in the first integral. Consequently, by virtue of the relation described
in (101), we attain the following outcome:

• change of domain of integration: starting from the relation

supp (f ◦ Lh) = Lh−1(supp f), (102)

and considering the change of variable y = ψh−1(x), we obtain

ψh−1(φ−1(supp f)) = φ−1 ◦ Lh−1 ◦ φ (φ−1(supp f)) = (φ−1 ◦ Lh−1)(supp f) = φ−1(supp (f ◦ Lh)), (103)

• relation between differentials
dy = |det [Dψh−1(x)]| dx, (104)

• for the integrating function we have

f ◦ Lh(φ(y)) = f ◦ Lh(φ(ψh−1(x))) = f ◦ Lh(φ(φ−1 ◦ Lh−1 ◦ φ(x))) = f ◦ Lh(Lh−1 ◦ φ(x))) = f(φ(x)),
(105)

• and finally for the correction term

Jφ(y) = det
[
Dψφ(y)(0)

]
= det

[
Dψφ(ψh−1 (x))(0)

]
= det

[
Dψφ(φ−1◦Lh−1◦φ(x))(0)

]
= det

[
DψLh−1 (φ(x))(0)

]
.

Remarking that

ψLh−1 (φ(x))(0) = (φ−1 ◦ LLh−1 (φ(x)) ◦ φ)(0) = (φ−1 ◦ Lh−1 ◦ Lφ(x) ◦ φ)(0)
= (φ−1 ◦ Lh−1 ◦ φ ◦ φ−1 ◦ Lφ(x) ◦ φ)(0) = (ψh−1 ◦ ψφ(x))(0)
= ψh−1(ψφ(x)(0)),

by the chain rule we have

det
[
Dψ(Lh−1 (φ(x)))(0)

]
= det

[
D (ψh−1 ◦ ψφ(x))(0)

]
= det

[
Dψh−1(ψφ(x)(0))Dψφ(x)(0)

]
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= det
[
Dψh−1(ψφ(x)(0))

]
det
[
Dψφ(x)(0)

]
.

Moreover, we have also that

ψφ(x)(0) = (φ−1 ◦ Lφ(x) ◦ φ)(0) = (φ−1 ◦ Lφ(x))(e) = φ−1(φ(x)) = x,

thanks to which we finally find

det
[
Dψφ(y)(0)

]
= det

[
Dψ(Lh−1 (φ(x)))(0)

]
= det [Dψh−1(x)] det

[
Dψφ(x)(0)

]
. (106)

Thus, inserting (103), (104), (105) and (106) into the second integral of (100), we obtain the desired identity. Indeed∫
φ−1(supp f◦Lh)

(f ◦ Lh)(φ(y))
1∣∣det [Dψφ(y)(0)

]∣∣ dy

=

∫
φ−1(supp f)

f(φ(x))
1

|det [Dψh−1(x)]|
1∣∣det [Dψφ(x)(0)

]∣∣︸ ︷︷ ︸
1

| det[Dψφ(y)(0)]|

|det [Dψh−1(x)]| dx︸ ︷︷ ︸
dy

.

This technique proves especially advantageous when it is possible to cover a Lie group using a single chart, one
that covers it entirely except for a subset of zero measure. In such instances, no compatibility condition arises
between the support of a given function and the left translation by any arbitrary element within the group.

In the subsequent paragraph, it will be demonstrated that in the case of SO(3), we precisely find ourselves in
the aforementioned scenario: the local chart that covers SO(3) but leaves out a subset of zero measure is defined
by the Cardan angles.

A.1.1 Cardan angles

In the literature numerous local charts have been devised for the compact group11 SO(3). Among these, the Euler
angles chart stands as one of the most prominent. However, for the specific objectives under consideration, the Euler
angles chart is not the suitable choice. This is primarily due to the fact that it does not encompass the origin, as 0
lies outside its domain, and the identity element 1 is excluded from its range. Unfortunately, this incompatibility
with our current approach presents a significant hurdle12: We are unable to directly apply our argument to derive
the Haar measure representation within this chart. However, in lieu of considering this parametrization of SO(3),
we may opt for the one provided by the Cardan angles.

Consider the bijective map (see [24] for more details)

C : [−π, π)×
[
−π
2
,
π

2

)
× [−π, π) → SO(3), C(ϕ, θ, ψ) := RϕRθ Rψ, (107)

where

Rϕ =

1 0 0
0 cosϕ sinϕ
0 − sinϕ cosϕ

 , Rθ =

cos θ 0 − sin θ
0 1 0

sin θ 0 cos θ

 , Rψ =

cosψ − sinψ 0
sinψ cosψ 0
0 0 1

 .

The three real numbers (ϕ, θ, ψ) are called Cardan angles. The map C is not the desired local chart because
its domain of definition is not an open subset of R3. Its restriction to the open subset

∆ := (−π, π)×
(
−π
2
,
π

2

)
× (−π, π) ,

11It is known that to cover SO(3) we need at least four local charts (see for example [31]).
12The Euler angles parametrization is provided by considering the mapping [40, pag. 497]

E : (0, 2π)× (0, π)× (0, 2π) → SO(3), E(ϕ, θ, ψ) := RψRθRϕ,

where

Rϕ =

cosϕ − sinϕ 0
sinϕ cosϕ 0
0 0 1

 , Rθ =

1 0 0
0 cos θ − sin θ
0 − sin θ cos θ

 , Rψ =

cosψ − sinψ 0
sinψ cosψ 0
0 0 1

 .

The three real numbers (ϕ, θ, ψ) are called Euler angles.
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however, is a chart (indeed C|∆ is injective and its Jacobian has always maximal rank) which covers SO(3) ex-
cept for a zero measure subset (the image of union of the three surfaces Σ =

(
{−π} ×

[
−π

2 ,
π
2

)
× [−π, π)

)
∪(

[−π, π)×
{
−π

2

}
× [−π, π)

)
∪
(
[−π, π)×

[
−π

2 ,
π
2

)
× {−π}

)
).

This local chart possesses all the required properties to build the adapted Haar measure. In order to compute
JC(ϕ,θ,ψ), we need an explicit expression for the inverse map C−1: denoting by

atan2(y, x) =



arctan y
x ifx > 0

arctan y
x + π ifx < 0 and y ≥ 0

arctan y
x − π ifx < 0 and y < 0

+π
2 ifx = 0 and y > 0

−π
2 ifx = 0 and y < 0

not defined ifx = 0 and y = 0,

(108)

we have

C−1(Q) =

atan2 (Q23, Q33)
− arcsin (Q13)

atan2 (Q12, Q11)

 ∀Q ∈ C(∆).

In this way, the map

ψ C(ϕ,θ,ψ) : R3 ⊇ V→ R3, (α, β, γ) 7→ ψ C(ϕ,θ,ψ)(α, β, γ) := (C−1 ◦ LC(ϕ,θ,ψ) ◦ C)(α, β, γ)

is given by

C−1
[
C(ϕ, θ, ψ) C(α, β, γ)︸ ︷︷ ︸

matrix product of

these two matrices

]
=


atan2 ((C(ϕ, θ, ψ) C(α, β, γ))23, (C(ϕ, θ, ψ) C(α, β, γ))33)

− arcsin ((C(ϕ, θ, ψ) C(α, β, γ))13)

atan2 ((C(ϕ, θ, ψ) C(α, β, γ))12, (C(ϕ, θ, ψ) C(α, β, γ))11)

 .

Making the explicit calculation we find that

1∣∣det [Dψ C(ϕ,θ,ψ)(0, 0, 0)
]∣∣ = |cos θ| .

In this way ∫
SO(3)

f(Q) dµ =
1

m(∆)

∫
∆

f(C(ϕ, θ, ψ))
1∣∣det [Dψ C(ϕ,θ,ψ)(0, 0, 0)

]∣∣ dϕ dθ dψ

=
1

8π2

∫ π

−π

∫ π
2

−π
2

∫ π

−π
f(RϕRθRψ) |cos θ| dϕ dθ dψ,

and considering the linear change of variables

ϕ′ = ϕ+ π, θ′ = θ +
π

2
, ψ′ = ψ + π

we obtain the classical expression for the integration over SO(3)∫
SO(3)

f(Q)dµ =
1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0

f(Rϕ′Rθ′Rψ′) sin θ′ dϕ′ dθ′ dψ′.

B Useful isomorphisms between vector spaces

B.1 Voigt isomorphism
In order to work with vectors and matrices, we define certain isomorphisms between finite-dimensional vector spaces.
Let {e1, e2, e3} be the canonical basis13 of R3 and let {ϵi}6i=1 be the canonical basis of R6. We can consider the
isomorphism M : Sym (3) → R6 defined as follows:

M (e1 ⊗ e1) = ϵ1 , M (e2 ⊗ e2) = ϵ2 , M (e3 ⊗ e3) = ϵ3 ,

13e1 = (1, 0, 0)T , e2 = (0, 1, 0)T , e3 = (0, 0, 1)T
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M (e2 ⊗ e3 + e3 ⊗ e2) = 2 ϵ4 , M (e3 ⊗ e1 + e1 ⊗ e3) = 2 ϵ5 , M (e1 ⊗ e2 + e2 ⊗ e1) = 2 ϵ6 .

Seen as a tensor M ∈ R6 ⊗ R3×3, its action on a matrix X is (MX)α = MαijXij , where

Mαij = δ̃α1δi1δj1 + δ̃α2δi2δj2 + δ̃α3δi3δj3 + δ̃α4 (δi2δj3 + δi3δj2) + δ̃α5 (δi1δj3 + δi3δj1) + δ̃α6 (δi1δj2 + δi2δj1) ,

and δij is the usual Kronecker delta in R3 while δ̃αβ is the Kronecker delta in R6. Fixing the index α the components
of M can be represented using the following matrices:

M1ij =

1 0 0
0 0 0
0 0 0

 , M2ij =

0 0 0
0 1 0
0 0 0

 , M3ij =

0 0 0
0 0 0
0 0 1

 ,

M4ij =

0 0 0
0 0 1
0 1 0

 , M5ij =

0 0 1
0 0 0
1 0 0

 , M6ij =

0 1 0
1 0 0
0 0 0

.
In this way, given

X =

X11 X12 X13

X12 X22 X23

X13 X23 X33

 ∈ Sym (3)

we have14

MX := (X11, X22, X33, 2X23, 2X13, 2X12)
T ∈ R6. (109)

The inverse map15 M−1 : R6 → Sym (3) is given in coordinates by

M−1
ijα = δ̃α1δi1δj1 + δ̃α2δi2δj2 + δ̃α3δi3δj3 +

1

2

(
δ̃α4 (δi2δj3 + δi3δj2) + δ̃α5 (δi1δj3 + δi3δj1)

)
+

1

2
δ̃α6 (δi1δj2 + δi2δj1) ,

and it acts by
(
M−1 x

)
ij
= M−1

ijα xα. From the definition of M, we can define

M : Ela(3) → Sym(R6,R6), (110)

which associates to an elasticity tensor C the second-order tensor C̃ := M (C) defined by〈
C̃ a, b

〉
R6 =

〈
C (M−1 a),M−1 b

〉
R3×3 ∀a, b ∈ R6.

Component-wise, the tensor C̃ is given by

C̃αβ = CijklM−1
ijαM

−1
klβ .

B.2 axl isomorphism
A direct isomorphism can be established between so (3) (which is a vector space of dimension 3) and R3 in the
following way:

axl : so (3) → R3, axl

 0 −a3 a2
a3 0 −a1
−a2 a1 0

 := (a1, a2, a3),

14N.B. The Voigt isomorphism is not an isometry between the two involved spaces. If we want to consider an isometry, we should
change the transformation in the following way:

X 7→
(
X11, X22, X33,

√
2X23,

√
2X13,

√
2X12

)T
.

This transformation is known in the literature as the Mandel isomorphism.
15I.e. the map verifying M ◦ M−1 = 1R3×3 or component-wise Mαij ◦ M−1

klβ = δijδlk and M−1 ◦ M = 1R6 or component-wise

M−1
ijαMβij = δ̃αβ .
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which component-wise gives

(axlA)k = −1

2
ϵkij Aij ,

where ϵkij is the Levi-Civita tensor. For any v ∈ R3, the identity Av = axlA× v holds. Its inverse operator is

anti : R3 → so (3), (anti a)ij = −ϵijk ak .

Following the same line as done for the isomorphism M, we introduce the isomorphism

Axl : Sym(so (3), so (3)) → Sym (3), Cc 7→ C̃c
defined by 〈

C̃c a, b
〉
R3 = ⟨Cc anti a, anti b⟩

Component-wise, the tensor C̃c is given by

(C̃c)mn = (Cc)ijhk ϵijmϵhkn.

B.3 Computation of characters
In order to obtain the most convenient expression of χ (Q) for the numerical computation (that which involves the
less number of powers) we express, thanks to the Cayley-Hamilton Theorem the trace of the powers of a given
matrix Q in term of the powers of the trace of Q. For a matrix Q ∈ R3×3 the Hamilton-Cayley theorem states that
the identity

Q3 − tr (Q)Q2 +
1

2

(
(trQ)

2 − trQ2
)
Q− det (Q)1 = 0 (111)

holds. From (111) we easily derive that

Q3 = tr (Q)Q2 − 1

2

(
(trQ)

2 − trQ2
)
Q+ 1 ⇐⇒ Q2 = tr (Q)Q− 1

2

(
(trQ)

2 − trQ2
)
1+QT

for Q ∈ SO(3), from which we obtain

trQ2 = (trQ)
2 − 3

2

(
(trQ)

2 − trQ2
)
+ trQ ⇐⇒ trQ2 = (trQ)

2 − 2 trQ. (112)

Having the expression of trQ2 as a polynomial of the powers of trQ, we can calculate the same relation also for
trQ3 :

trQ3 = tr
(

tr (Q)Q2 − 1

2

(
(trQ)

2 − trQ2
)
Q+ 1

)
= trQ trQ2 − 1

2
(trQ)

2 trQ+
1

2
trQ2 trQ+ 3

= −1

2
(trQ)

3
+

3

2
trQ2 trQ+ 3 = −1

2
(trQ)

3
+

3

2

(
(trQ)

2 − 2 trQ
)

trQ+ 3

= −1

2
(trQ)

3
+

3

2
(trQ)

3 − 3 (trQ)
2
+ 3 = (trQ)

3 − 3 (trQ)
2
+ 3. (113)

Now, observing that

Q4 = QQ3 = tr (Q)Q3 − 1

2

(
(trQ)

2 − trQ2
)
Q2 +Q,

we find

trQ4 = tr
(

tr (Q)Q3 − 1

2

(
(trQ)

2 − trQ2
)
Q2 +Q

)
= trQ trQ3 − 1

2

(
(trQ)

2 − trQ2
)

trQ2 + trQ

= trQ
(
(trQ)

3 − 3 (trQ)
2
+ 3
)
− 1

2

(
(trQ)

2 −
(
(trQ)

2 − 2 trQ
))(

(trQ)
2 − 2 trQ

)
+ trQ

= (trQ)
4 − 3 (trQ)

3
+ 3trQ− trQ

(
(trQ)

2 − 2 trQ
)
+ trQ

= (trQ)
4 − 3 (trQ)

3
+ 3trQ− (trQ)

3
+ 2 (trQ)

2
+ trQ

= (trQ)
4 − 4 (trQ)

3
+ 2 (trQ)

2
+ 4 trQ. (114)

Thus, thanks to relations (112),(113) and (114), we can compute the expression of the characters for all the
considered elasticity frameworks as function of the powers of trQ.
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B.3.1 Classical elasticity

In classical elasticity framework we found

χ(Q) =
1

8

[
(trQ)4 + 2(trQ)2trQ2 + 2 trQ4 + 3(trQ2)2

]
,

thus

χ(Q) =
1

8

[
(trQ)4 + 2(trQ)2trQ2 + 2 trQ4 + 3(trQ2)2

]
=

1

8

[
(trQ)4 + 2(trQ)2

(
(trQ)

2 − 2 trQ
)
+ 2

(
(trQ)

4 − 4 (trQ)
3
+ 2 (trQ)

2
+ 4 trQ

)
+ 3((trQ)

2 − 2 trQ)2
]

=
1

8

[
(trQ)4 + 2 (trQ)

4 − 4 (trQ)
3
+ 2 (trQ)

4 − 8 (trQ)
3
+ 4 (trQ)

2
+ 8 trQ+ 3 (trQ)

4
+ 12 (trQ)

2 − 12 (trQ)
3
]

=
1

8

[
8(trQ)4 − 24 (trQ)

3
+ 16 (trQ)

2
+ 8 trQ

]
= (trQ)4 − 3 (trQ)

3
+ 2 (trQ)

2
+ trQ.

B.3.2 Second gradient elasticity

For the second gradient model we found

Cases (V 1,G, φ) and
(
V 1,G, φ

)
:

⟨ΠV1
, φQ⟩ = (ΠV1

)iajbkcldmeQiaQjbQkcQldQme

=
1

4
(δiaδjbδkcδldδme + δiaδkbδjcδldδme + δiaδjbδkcδmdδle + δiaδkbδjcδmdδle)QiaQjbQkcQldQme

=
1

4
(δiaδjbδkcδldδmeQiaQjbQkcQldQme + δiaδkbδjcδldδmeQiaQjbQkcQldQme

+ δiaδjbδkcδmdδleQiaQjbQkcQldQme + δiaδkbδjcδmdδleQiaQjbQkcQldQme

=
1

4
(δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

QjbδbkQkcδcj︸ ︷︷ ︸
trQ2

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δelQldδdmQme︸ ︷︷ ︸
trQ2

+QjbδbkQkcδcj︸ ︷︷ ︸ δiaQia︸ ︷︷ ︸
trQ

δdmQmeδelQld︸ ︷︷ ︸
trQ2

=
1

4
((trQ)5 + (trQ)3trQ2 + (trQ)3trQ2 + trQ

(
trQ2

)2
=

1

4
((trQ)5 + 2 (trQ)3trQ2 + trQ

(
trQ2

)2
,

and〈
Π V 1

, φQ
〉
=
(
Π V 1

)
iajbkcldme

QiaQjbQkcQldQme

=
1

4
(δiaδjbδkcδldδme + δjaδibδkcδldδme + δiaδjbδkcδmdδle + δjaδibδkcδmdδle)QiaQjbQkcQldQme

=
1

4
(δiaδjbδkcδldδmeQiaQjbQkcQldQme + δjaδibδkcδldδmeQiaQjbQkcQldQme

+ δiaδjbδkcδmdδleQiaQjbQkcQldQme + δjaδibδkcδmdδleQiaQjbQkcQldQme

=
1

4
(δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

+ δajQjbδbiQia︸ ︷︷ ︸
trQ2

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δelQldδdmQme︸ ︷︷ ︸
trQ2

+ δajQjbδbiQia︸ ︷︷ ︸
trQ2

δkcQkc︸ ︷︷ ︸
trQ

δdmQmeδelQld︸ ︷︷ ︸
trQ2

=
1

4
((trQ)5 + (trQ)3trQ2 + (trQ)3trQ2 + trQ

(
trQ2

)2
=

1

4
((trQ)5 + 2 (trQ)3trQ2 + trQ

(
trQ2

)2
.

Cases (V2,G, φ2) and
(
V 2,G, φ2

)
:

⟨ΠV2
, φQ⟩ = (ΠV2

)iajbkcldmenf QiaQjbQkcQldQmeQnf
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=
1

8
(δiaδjbδkcδldδmeδnf + δiaδkbδjcδldδmeδnf + δiaδjbδkcδldδneδmf + δiaδkbδjcδldδneδmf

+ δlaδmbδncδidδjeδkf + δlaδnbδmcδidδjeδkf + δlaδmbδncδidδkeδjf + δlaδnbδmcδidδkeδjf )QiaQjbQkcQldQmeQnf ,

=
1

8
(δiaδjbδkcδldδmeδnfQiaQjbQkcQldQmeQnf + δiaδkbδjcδldδmeδnfQiaQjbQkcQldQmeQnf

+ δiaδjbδkcδldδneδmfQiaQjbQkcQldQmeQnf + δiaδkbδjcδldδneδmfQiaQjbQkcQldQmeQnf

+ δlaδmbδncδidδjeδkfQiaQjbQkcQldQmeQnf + δlaδnbδmcδidδjeδkfQiaQjbQkcQldQmeQnf

+ δlaδmbδncδidδkeδjfQiaQjbQkcQldQmeQnf + δlaδnbδmcδidδkeδjfQiaQjbQkcQldQmeQnf )

=
1

8
(δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

δnfQnf︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

QjbδbkQkcδcj︸ ︷︷ ︸
trQ2

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

δnfQnf︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

QmeδenQnfδfm︸ ︷︷ ︸
trQ2

+ δiaQia︸ ︷︷ ︸
trQ

QjbδbkQkcδcj︸ ︷︷ ︸
trQ2

δldQld︸ ︷︷ ︸
trQ

QmeδenQnfδfm︸ ︷︷ ︸
trQ2

+ δalQldδdiQia︸ ︷︷ ︸
trQ2

δbmQmeδejQjb︸ ︷︷ ︸
trQ2

δcnQnfδfkQkc︸ ︷︷ ︸
trQ2

+ δbnQnfδfkQkcδcmQmeδejQjb︸ ︷︷ ︸
trQ4

δalQldδdiQia︸ ︷︷ ︸
trQ2

+ δbmQmeδekQkcδcnQnfδfjQjb︸ ︷︷ ︸
trQ4

δalQldδdiQia︸ ︷︷ ︸
trQ2

+ δalQldδdiQia︸ ︷︷ ︸
trQ2

δbnQnfδfjQjb︸ ︷︷ ︸
trQ2

δcmQmeδekQkc︸ ︷︷ ︸
trQ2

)

=
1

8
((trQ)6 + (trQ)4trQ2 + (trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ (trQ2)3 + trQ4trQ2 + trQ4trQ2 +

(
trQ2

)3
)

=
1

8

(
(trQ)6 + 2(trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ 2 trQ4trQ2 + 2

(
trQ2

)3)
and〈
ΠV 2

, φQ
〉
=
(
ΠV 2

)
iajbkcldmenf

QiaQjbQkcQldQmeQnf

=
1

8
(δiaδjbδkcδldδmeδnf + δjaδibδkcδldδmeδnf + δiaδjbδkcδmdδleδnf + δjaδibδkcδmdδleδnf

+ δlaδmbδncδidδjeδkf + δmaδlbδncδidδjeδkf + δlaδmbδncδjdδieδkf + δmaδlbδncδjdδieδkf )QiaQjbQkcQldQmeQnf ,

=
1

8
(δiaδjbδkcδldδmeδnfQiaQjbQkcQldQmeQnf + δjaδibδkcδldδmeδnfQiaQjbQkcQldQmeQnf

+ δiaδjbδkcδmdδleδnfQiaQjbQkcQldQmeQnf + δjaδibδkcδmdδleδnfQiaQjbQkcQldQmeQnf

+ δlaδmbδncδidδjeδkfQiaQjbQkcQldQmeQnf + δmaδlbδncδidδjeδkfQiaQjbQkcQldQmeQnf

+ δlaδmbδncδjdδieδkfQiaQjbQkcQldQmeQnf + δmaδlbδncδjdδieδkfδjdQiaQjbQkcQldQmeQnf )

=
1

8
(δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

δnfQnf︸ ︷︷ ︸
trQ

+ δajQjbδbiQia︸ ︷︷ ︸
trQ2

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

δmeQme︸ ︷︷ ︸
trQ

δnfQnf︸ ︷︷ ︸
trQ

+ δiaQia︸ ︷︷ ︸
trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δelQldδdmQme︸ ︷︷ ︸
trQ2

δnfQnf︸ ︷︷ ︸
trQ

+ δajQjbδbiQia︸ ︷︷ ︸
trQ2

δkcQkc︸ ︷︷ ︸
trQ

δdmQmeδelQld︸ ︷︷ ︸
trQ2

δnfQnf︸ ︷︷ ︸
trQ

+ δalQldδdiQia︸ ︷︷ ︸
trQ2

δbmQmeδejQjb︸ ︷︷ ︸
trQ2

δcnQnfδfkQkc︸ ︷︷ ︸
trQ2

+ δamQmeδejQjbδblQldδdiQia︸ ︷︷ ︸
trQ4

δcnQnfδfkQkc︸ ︷︷ ︸
trQ2

+ δalQldδdjQjbδbmQmeδeiQia︸ ︷︷ ︸
trQ4

δcnQnfδfkQkc︸ ︷︷ ︸
trQ2

+ δamQmeδeiQia︸ ︷︷ ︸
trQ2

δblQldδdjQjb︸ ︷︷ ︸
trQ2

δcnQnfδfkQkc︸ ︷︷ ︸
trQ2

)

=
1

8
((trQ)6 + (trQ)4trQ2 + (trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ (trQ2)3 + trQ4trQ2 + trQ4trQ2 +

(
trQ2

)3
)

=
1

8

(
(trQ)6 + 2(trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ 2 trQ4trQ2 + 2

(
trQ2

)3)
.

Thus, applying the Cayley-Hamilton Theorem gives

χ(Q) =
1

8

(
(trQ)6 + 2(trQ)4trQ2 + (trQ)2

(
trQ2

)2
+ (trQ2)3 + 2 trQ4trQ2 + 2

(
trQ2

)3)
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=
1

8

(
(trQ)6 + 2(trQ)4

(
(trQ)

2 − 2 trQ
)
+ (trQ)2

(
(trQ)

2 − 2 trQ
)2

+ 2
(
(trQ)

4 − 4 (trQ)
3
+ 2 (trQ)

2
+ 4 trQ

)(
(trQ)

2 − 2 trQ
)
+ 2

(
(trQ)

2 − 2 trQ
)3 )

=
1

8

(
(trQ)6 + 2(trQ)6 − 4(trQ)5 + (trQ)

6
+ 4 (trQ)

4 − 4 (trQ)
5

+ 2 (trQ)
6 − 8 (trQ)

5
+ 4 (trQ)

4
+ 8 (trQ)

3 − 4 (trQ)
5
+ 16 (trQ)

4 − 8 (trQ)
3 − 16 (trQ)

2

+ 2 (trQ)
6 − 16 (trQ)

3 − 12 (trQ)
5
+ 24 (trQ)

4
)

=
1

8

(
8(trQ)6 − 32 (trQ)

5
+ 48 (trQ)

4 − 16 (trQ)
3 − 16 (trQ)

2
)

= (trQ)6 − 4 (trQ)
5
+ 6 (trQ)

4 − 2 (trQ)
3 − 2 (trQ)

2
.

B.3.3 Non symmetric theories

In this case we have

Π =
1

2
(δiaδjbδkcδld + δkaδlbδicδjd)QiaQjbQkcQld =

1

2
(δiaδjbδkcδldQiaQjbQkcQld + δkaδlbδicδjdQiaQjbQkcQld)

=
1

2

(
δiaQia︸ ︷︷ ︸

trQ

δjbQjb︸ ︷︷ ︸
trQ

δkcQkc︸ ︷︷ ︸
trQ

δldQld︸ ︷︷ ︸
trQ

+QiaδakQkcδci︸ ︷︷ ︸
trQ2

QjbδblQldδdj︸ ︷︷ ︸
trQ2

)
=

1

2

(
(trQ)4 +

(
trQ2

)2)
,

and so the Cayley-Hamilton Theorem yields

χ(Q) =
1

2

(
(trQ)4 +

(
trQ2

)2)
=

1

2

(
(trQ)4 +

(
(trQ)

2 − 2 trQ
)2)

=
1

2

(
(trQ)4 + (trQ)

4 − 4 (trQ)
3
+ 4 (trQ)

2
)
= (trQ)4 − 2 (trQ)

3
+ 2 (trQ)

2
.
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