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Abstract

This paper addresses second-order stochastic optimization for estimating the minimizer of a convex
function written as an expectation. A direct recursive estimation technique for the inverse Hessian matrix
using a Robbins-Monro procedure is introduced. This approach enables to drastically reduces computa-
tional complexity. Above all, it allows to develop universal stochastic Newton methods and investigate the
asymptotic efficiency of the proposed approach. This work so expands the application scope of second-
order algorithms in stochastic optimization.

Keywords: Stochastic Newton algorithm; Stochastic Optimization; Robbins-Monro algorithm; online
estimation

1 Introduction

In this paper, we consider the usual stochastic optimization problem, which consists of estimating the
parameter 6 € R? defined by
0 = arg min, G(h)

where the function G is defined for all h € R? by : G(h) = E[g(X,h)] and X is a random vector of RP.
The function ¢ : R? x R — R is assumed to be twice continuously differentiable. This problem arises in
various contexts such as estimating the parameters of logistic regressions (Bach, 2014; Cohen et al., 2017),
geometric median and quantiles (Cardot et al., 2013, 2017), or superquantiles (Bercu et al., 2020a; Costa
and Gadat, 2020). We denote Vjg and V%g as the gradient and Hessian matrix of ¢ with respect to the
second variable h, and VG and V2G as the gradient and Hessian matrix of G. It is assumed that the matrix
V2G(0) is positive definite.

Starting from a sequence of independent random vectors (X,,),>1 with the same distribution as X, we
aim to online estimate the parameter §. One of the most well-known methods in this context is certainly
the stochastic gradient algorithm, recursively defined for all n > 1 by:

GSG = '9591 —vnVhg (Xna 9591)
where 0(‘? G is an arbitrarily chosen initial value and (Vn)n>1 1s a sequence of positive real numbers decreasing
towards 0. These algorithms have been extensively studied, with asymptotic results found by Pelletier
(1998, 2000) and non-asymptotic results, such as uniform bounds of the quadratic mean error, presented
by Moulines and Bach (2011); Gadat and Panloup (2017); Godichon-Baggioni (2021) to name a few. To
ensure asymptotic efficiency, an additional step consists of considering an averaged version of the estimates
(Polyak and Juditsky, 1992).
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Despite their known efficiency, these methods can be very sensitive to ill-conditioned problems, where
the Hessian has eigenvalues at different scales (Leluc and Portier, 2020; Bercu et al., 2020b). To overcome
this problem, second-order stochastic algorithms of the form

en = anfl — Un Anvhg(Xn, enfl)

have been proposed and recently studied. Here, (v,,)n>1 is a sequence of positive real numbers decreasing
towards 0 and the matrix A, is a recursive estimate of the inverse of the Hessian matrix of G at 0, i.e a
recursive estimate of H~! with H = V2G/(0). The challenge lies in constructing the recursive estimate A,,.

Several recursive second-order algorithms have been proposed and studied. For example, Bercu et al.
(2020b) propose an efficient stochastic Newton algorithm for estimating the parameters of a logistic regres-
sion model. In a recent work, Bercu et al. (2023) propose a stochastic Gauss-Newton algorithm to estimate
the entropically regularized Optimal Transport cost between two discrete probability measures. Cénac et al.
(2020) study the asymptotic properties of a stochastic Gauss-Newton algorithm for estimating the param-
eters of a non-linear regression model. Godichon-Baggioni et al. (2022) propose second-order algorithms
to solve the Ridge regression problem in the linear and logistic framework, while the case of the geometric
median is introduced and studied by Godichon-Baggioni and Lu (2023). In all these algorithms, the estimate
of the inverse of the Hessian matrix is recursively computed using the Riccati inversion formula (also called
Sherman-Morrison formula, see e.g. Duflo (1990) p. 96). This calculation is made possible thanks to the
particular form of the estimate of the Hessian matrix H, presented as (1/n) > _j_; ax¢rdL, where (an)n>1 is
a sequence of positive real random variables and (¢, ),>1 is a sequence of random vectors in R

However, it is not always possible to obtain such an estimate of the Hessian matrix. In this work, we
propose to construct a direct recursive estimate of H—! without first attempting to construct an estimate of
H. This approach is based on the fact that we have HH~' = H~'H = I; and, consequently, the following
relation:

E[H 'Vig(X,0)+ Vig(X,0)H' — 21, =0 (1)

where I; denotes the identity matrix of order d. Using a Robbins-Monro type algorithm, we propose a
recursive estimate of the matrix H ! defined for all n > 1 by:

An - An—l — Tn (An—lv}%g(Xnu en—l) + v}%g(Xnv en—l)An—l - 21(1)

where (7,)n>1 is a sequence of positive real numbers, decreasing towards 0 and 6,,_; is an estimate of 6.

However, the complexity of computing this estimate is of order O(d®), which is the same as directly
calculating the inverse of an estimate of matrix H. Nevertheless, we can introduce an algorithm with
complexity of order O(d?) based on the following observation: let Z be a centered random vector in R¢ with
variance-covariance matrix Iz, independent of the vector X. Then,

E[H'ZZ"V}g(X,0) +Vig(X,0)0ZZ"H™' — 2] =0. (2)

Therefore, considering a sequence (Z,),>1 of random vectors in R? independent of the sequence (X, )n>1
leads to an estimate of the form:

An = An—l — Tn (An—IZanj;v%,g(Xnv en—l) + V%Q(Xna en—l)ZnZgAn—l —2 Id) .

We thus obtain a universal estimate of the inverse of the Hessian, and thus with reduced calculus
time. To further enhance convergence rate, we also consider its weighted averaged version, as discussed by
Mokkadem and Pelletier (2011); Boyer and Godichon-Baggioni (2022). We establish the almost sure rates
of convergence for the proposed estimates, after making slight modifications. These results remain true for
any consistent estimates 6,,. Based on this concept, we introduce a universal recursive Newton algorithm
and its weighted averaged version. Additionally, we provide their convergence rates and demonstrate the
asymptotic efficiency of the weighted averaged estimates.

This paper is organized as follows: Section 2 concerns the framework and the main assumptions. Section
3 deals with the estimation of H~! and the main convergence results while Section 4 concerns the Universal
Weighted Averaged Stochastic Newton algorithm. A simulation study highlights the performance of the
proposed methods in Section 5. The proofs of the different results are postponed in Section 6.



2 Framework
We consider the problem of minimizing the convex function G : R? — R defined for all h € R? by:
G(h) :=E[g(X,h)],

where the loss ¢g(X, ) is a convex, twice-differentiable function and X is a random vector of R?. We assume
that there exists a unique value # € R? such that

VG(6) = 0.

This assumption, couple with strict convexity, ensures the existence of a minimizer for G and provides a well-
defined optimization problem. Now, let’s introduce the assumptions that underlie the parameter estimation
framework for 6:

(A1) There exists C' > 0 such that for all h € R?,

E[IVag(X,)|?] < C(1+G(h) - G(0)).

(A2) The functional G is twice continuously differentiable and V2G(0) is positive. In addition, the Hessian
is uniformly bounded, i.e there exists a positive constant Ly such that for all h € R?,

|V2G(h)|| < Lve.

op —
(A3) The function V2G is Lipschitz on a neighborhood of 6, i.e. there exist positive constants 7 > 0 and
L, such that for all h € B(6,r)

IV2G(h) - V2G(O)||,, < Lr 116 — hll,

where B(6,r) denotes a ball of radius r centered at 6.
(A4) There exists ¢ > 2 and Cj such that for all h € R?,

E[[Vio(X. m[4] < .

These assumptions are very close to those presented in the literature (Pelletier, 2000; Gadat and Panloup,
2017; Godichon-Baggioni, 2019). Assumption (A1) controls the growth of the gradient and guarantees the
stability of the estimation process. It ensures that the gradient remains bounded as the estimation progresses.
Assumption (A2) ensures that the curvature of G at 6 is well-behaved, allowing the estimation algorithm to
reliably exploit the local structure of G. This assumption also guarantees that the gradient of G is Lipschitz
continuous with a constant Lyg. This Lipschitz continuity is crucial as convergence results are obtained
using a Taylor’s expansion of G up to the second order. Assumption (A3) indicates that the Hessian matrix
does not exhibit abrupt changes within a neighborhood around 6. This assumption ensures the stability of
the Hessian estimates during the estimation process. Assumption (A4) guarantees that the second-order
derivative of G does not exhibit excessive fluctuations. It imposes a bound on the variation of the Hessian
matrix, providing further stability to the estimation algorithm. It’s worth noting that Holder’s inequality
leads to

V2G> < B [[[ V390X, 5] < cifa.

Of course, this inequality intertwines with the bound in Assumption (A2), but we keep the notation Lyg
for the sake of clarity.

These assumptions, along with the differentiability properties of g and G, provide a solid foundation for
developing efficient second order methods to solve the minimization problem and obtain reliable estimates
of 6.



3 Estimation of the Hessian inverse

In this section, our focus is solely on estimating the inverse Hessian of function G in 6, denoted as H~!
with H = V2G(6). Even if our motivation is to estimate H~! for proposing a second-order algorithm, the
estimation of H~! can also be valuable for recursively constructing confidence intervals or significance statis-
tical tests for a component of parameter # when the parameter 6 is estimated using another asymptotically
efficient algorithm like the averaged stochastic gradient algorithm. Indeed, in most cases, the asymptotic
variance involving in the central limit theorem, generally depends on matrix H~! and its estimation is then
required.

Let (X, )n>1 be a sequence of independent random vectors in RP with the same distribution as X. Assume
first that 6 is known. From equality (1), the matrix H~! satisfies an equation of the form ®(H ') = 0.
We can then employ the Robbins-Monro procedure (Robbins and Monro, 1951) to recursively estimate the
parameter H 1. Denoting this estimator as An, for any n > 1, we have:

Ay = Apet = (Ane1VE9(X0s0) + V3g(Xn, 0) At = 214)

where //1\0 is an arbitrary symmetric positive definite matrix, and v,, = c¢yn™7 with % <y <1landcy >0.
It is important to note that an is symmetric for any n > 1 due to its construction. However, since 8 is
unknown, we need to estimate it. Assuming we have an efficient recursive estimator of 6 (e.g., a stochastic
gradient estimator), we can easily derive an estimator of H~! using a plug-in procedure:

A\n - fz{nfl — Tn (Enflvi%g(Xna é\nfl) + V%zg(Xna é\7171)121\1171 -2 Id) .

This estimator is always symmetric but not necessarily positive definite. To ensure positive definiteness, we
introduce a truncation based on the norm of V% g(X,, O 1), leading to the following estimator of H~!:

A\n - A\n—l — Tn (A\n—lv%g(Xna é\n—l) + V%Q(Xn7é\n—l)le\n—l - 2Id> {HV Xn: _ || _ﬁn}7 (3)

where 5, = 05nf3 with 1 T <B<y—35 and 0 <ecyep < 2 Additionally, this truncation enables control

over the smallest e1genvalue of An7 Wthh is useful for studying an estimator of the parameter 6 involving
the matrix ﬁn, This is particularly important in establishing the consistency of the Stochastic Newton
algorithm presented in Section 4.

However, although this estimator is efficient, each update requires matrix multiplications, resulting in a
computational complexity of order O(d?), which is the same as matrix inversion. Hence, it is necessary to
improve the complexity of each update of gn

Building on equality (2), considering a sequence (Z,),>1 of independent and identically distributed
bounded random vectors of R? such that E[Z,] = 0 and E [ZnZ;ﬂ = I, and independent of (X,,),>1, we
can propose another estimate of H~! defined for any n > 1 as follows:

Pn = An—lzn
Qn = V%Q(Xna é\nfl)Zn
Ay = Apt = Y (PaQY + QuPT — 213) 10, 120160} (4)

where Ag is an arbitrary symmetric and positive definite matrix.

We can observe that in this algorithm the truncation is only based on ||@Qy]| || Z,||, and not on HQNZEHOP
as expected, because we have ||QnZ. Hop < ||Qnll | Zn|l- Notably, the computational complexity of each
update of A, is now reduced to O(d?). Moreover, following Mokkadem and Pelletier (2011); Boyer and
Godichon-Baggioni (2022), we can propose a weighted averaged estimate A, r, which performs better in
practice when the initialization is poor. It is given by

In(n+1)7 ) In(n+1)7
Ay = (1- — Antr + An. 5
’ < > k—o In(k+1)7 . > k=0 In(k +1)7 (5)




This estimator can be recursively computed since for any n > 1, S-7_ In(k+1)7 = In(n+1)" + 372 In(k +
1)7. The following theorem establishes the consistency of the estimators A, and A, ; for the parameter
H~! in the context of estimating the inverse of the Hessian matrix. It states that the convergence rate
depends on multiple factors, including the step sequence ~,, the truncation parameter j3,, the regularization
parameter 7, and the convergence rate of the estimate §n,

Theorem 3.1. Assume that Assumptions (A2) to (A4) hold, and that there is an estimate 0, satisfying

for all 5 >0
. 2 1 1+46
Gn—GH _O<nn )a.s.,

na

with a > 0. Then A, and A, , defined by (4) and (5) satisfy

12 Inn!to o o pl+e
HAn -H 1” =0 (nmin{y,a,Qﬁ(q—l)}) a.s. and HAan -H ! H =0 <nmin{1,a,26(q—1)}> a.s.

The proof is given in Section 6. Observe that if a = 1, one can achieve the usual rate of convergence

taking 8 > ﬁ, which is only possible if ¢ > 1 + %/%1 For instance, taking the usual parametrization

~v=3/4 or 2/3, ¢ must satisfy ¢ > 3 or ¢ > 4.

4 Universal Weighted Averaged Stochastic Newton Algorithm

In this section, we introduce the Universal Weighted Averaged Stochastic Newton algorithm and discuss
its main properties. As mentioned in Theorem 3.1, using a Weighted Averaged version of the inverse
Hessian estimate can yield improved theoretical results. Therefore, we incorporate this choice into the
Stochastic Newton algorithm. Furthermore, we have observed that the convergence rate of the estimate for
0 significantly influences the theoretical behavior of the estimates of H~!. Consequently, we incorporate the
best possible estimate for parameter #, namely the Weighted Averaged Stochastic Newton estimates, into
the latter. This reasoning leads to the following Weighted Averaged Stochastic Newton algorithm defined
for all n > 1 by

P, = Anflzn
Qn = V%Q(Xnv en—l,T’)Zn
en = en—l - VnAn—l,thg(Xna en—l) (6)
In(n+1)7 In(n +1)7
977,7": 1-— n 7 077,— ’T/+ n /977« 7
’ ( ko In(k +1)7 > Y ek + 1) ®
An = An1 = (PaQyy + @nPy = 214) 1@ 1 21 <) (8)
In(n+1)7 In(n+1)7
A’I’L’T =(1- n An— T n n 9
S Yl A S e R )

where (vy,)n>1 is a sequence of positive real numbers defined for any n > 1 by v, = ¢,n” with ¢, > 0 and
v e (1/2,1 — ) satisfying v+ v > 3/2. In addition, 7,7 > 0. The following theorem gives the consistency
of the estimates defined by (6) and (7).

Theorem 4.1. Assume that Assumptions (A1) to (A4) hold. Let 0, and 0, . be defined as in (6) and
(7). Then,
0n =250 and 0,, —>0.
n—oo n—oo

The proof is given in Section 6. Note that the constraint v+ v > 3/2 is of a purely technical nature and
is crucial for the application of the Robbins-Siegmund Theorem and so that to get the consistency of the
estimates. However, we believe this condition might not be necessary in practical applications. We can now
give the almost sure rate of convergence of the estimates.



Theorem 4.2. Assume that Assumptions (A1) to (A4) hold. Then 6, and 6, defined by (6) and (7)
satisfy for all 6 > 0

144 1+6
16, — 0]* = o <1nn ) a.s. and |6y — 9H2 =0 <lnn ) a.s.

nv n

In addition, A,, and A, ; defined by (8) and (9) satisfy

146 146
HAn—H_1H2—0(lnn >a.s. and HAn,T—H_1H2—0<1nn >a.s.
ny n

Moreover, the estimates 0,, .+ defined by (7) satisfy

V(O — 0) —=— N(0, H'SH™),

n—o0
where ¥ = E [V5,9(X,0)Vig(X,0)T].

The proof is given in Section 6. The Universal Weighted Averaged Stochastic Newton estimates so
achieve the asymptotic efficiency, and so, under very weak assumptions.

Remark 4.1. Mention that for estimating parameter 8, it is also possible to consider the following simpler
algorithm, which we refer to as the Universal Stochastic Newton Algorithm, and only relies on Ay:

ﬁn = A\nflzn
@n = %Q(Xnaé\n—ﬁzn
Ay =An 1 —mm <ﬁn@£ +QnPl — 2[d) LO1@a 1201} <50

On = é\nfl - anzl\nflvhg(Xn, é\nfl)-

)

By following the same scheme of proof as for Theorem 4.2, one could check that:
~ 2
‘%—4‘:o<m"> a.s.

nV
However, it can be observed that the convergence rate of é\n 1s not optimal. Nevertheless, this algorithm has
the merit of being much simpler. In addition, mention that following the reasoning presented by Bercu et al.
(2020b), one could take a step sequence of the form v, = % leading to the Stochastic Newton algorithm.
Howewver, we are unfortunately not able to obtain the consistency of the estimates in this context.

5 Applications

The simulation section of this paper focuses on evaluating the performance of our novel methods, called
Universal Stochastic Newton Algorithm (USNA) and Universal Weighted Averaged Stochastic Newton Al-
gorithms (UWASNA). We begin by analyzing the performance of USNA and UWASNA in the context of
logistic regression and the geometric median estimation. In both contexts, it was already feasible to em-
ploy second-order algorithms such as the Stochastic Newton Algorithms (SNA) and its Weighted Averaged
version (WASNA). These two algorithms use the Riccati formula to recursively compute the inverse of the
Hessian estimator. By demonstrating comparable results to SNA and WASNA, we establish USNA and
UWASNA as viable alternatives with efficient performance. Additionally, we investigate the applicability
of our method in challenging scenarios where using the Riccati formula in SNA is not feasible, particu-
larly in estimating p-means and parameters of a spherical distribution. In these two cases, we compare the
performances of USNA and UWASNA with the one of the Averaged Stochastic Gradient Descent (ASGD)
introduced by Polyak and Juditsky (1992). Through comprehensive simulations, our goal is to verify that
USNA and UWASNA consistently exhibit favourable performances even in these contexts. To close this
section, we extend our evaluation to real-world datasets to showcase the practicality of deploying USNA
and UWASNA algorithm in applications.



5.1 Choice of the hyperparameters

In our experiments, the choice of hyperparameters involved in the different algorithms, plays a significant
role in achieving desired outcomes. The decision to set these values is based on both theoretical justifications
and empirical observations.

1. Setting of v, for USNA: Despite the lack of a theoretical proof demonstrating the convergence rate
of USNA when v, = 1/n, this setting is adopted in our experiments for a direct comparison with SNA.
Empirical results, as presented later, validate that this choice is effective in practice.

2. Conditions on § and ~: Condition f < 7 — 1/2 is only used to apply the Robbins-Siegmund
theorem. It serves a theoretical purpose, and we advocate for its removal. On the contrary, condition
Brn+1¥n+1 < 1/2 is essential. It ensures the positiveness of the estimate of the inverse of the Hessian.
For this reason, in all simulations, we set 5,11 = %%j L

3. Initialization of Estimators: For initializing the estimators of the Hessian inverse, we consistently
use S, L'— 1, for both SNA and WASNA. Similarly, Ay = I is chosen for USNA and UWASNA.

5.2 Comparison with Riccati Newton

The objective of this section is to demonstrate the comparable performance of USNA and UWASNA when
contrasted with SNA and WASNA | particularly in scenarios where the use of the Riccati formula is applicable
to recursively compute the inverse of an estimator of the Hessian. Let us begin by revisiting this context.
If we can estimate the Hessian matrix H = V2G(6) by an estimator of the form S, /n with S,, defined by
S = Z?Zl cpjcpjT where (¢p)n>1 is a sequence of random vectors of R?, then, thanks to the Riccati formula,
we can recursively calculated matrix S, ! for any n > 1:

1 B B
St ol St (10)

S l—-gt - - ,
n—1 1+80£S7:_11§0n n n—1

n

with Sy = I; to avoid the invertibility problem. This formula finds application in various scenarios, as pre-
viously demonstrated by Bercu et al. (2020b), for instance, to obtain efficient stochastic Newton algorithms.
In light of this, we can define the stochastic Newton algorithm (SN) for estimating parameter 6 as followed:

Sl = S,j_ll -1 +olu) v, ur (12)
05N = 050, — S 1V Lg( X, 050) (13)

where S L— 1, and QgN is arbitrarily chosen. Note that the random vector ¢,, is dependent on the current
observation X, and the previous estimation 051)’1. The Weighted Averaged Stochastic Newton Algorithm is
defined by:

Un= S;;@n
S =5t - (1 + L0, T,
0 =001 — Y15, Vig(Xn,On1)
gWASN _ (1 - e ) gras y Il 7

Shoo(k+1)7 ) T (k1)

where Sy V= 1;, 0y and va ASN are arbitrarily chosen, the random vector ,, is dependent on the current
observation X,, and the previous estimation V45N,



5.2.1 Logistic regression

Let (X,Y) be a random vector taking values in R? x {0,1} and let us set ¢ = (1, X7)T. In the binary
logistic regression framework, function G' to minimize is defined for any h € RPH! by:

G(h) =E [log(1 + exp(hT®)) — KT Y] = E[g(X, Y, h)]

where the conditional distribution of the binary response Y knowing ¢ is a Bernoulli distribution of parameter
7(07 ¢) with for any z € R, 7(x) = exp(x)/(1 + exp(z)) and # € RPT! is the unknown parameter to be
estimated. It is easy to show that

0 = arg ,in G(h)

and 6 is the unique solution of equation VG(h) = 0. In addition, we have
H=E [a(GTd))gZ)gZ)T] with a(z) = 7(z)(1 — 7w(2)).

Let (¢n, Yn)n>1 be a sequence of independent random vectors in RP*! x {0, 1} with the same distribution as
(¢,Y). In this context, Bercu et al. (2020b) uses algorithm (11)-(13) to estimate 6 with ¢, = \/a(¢Z05N))¢,,
and V,g(X,,, 050 = =@, (Y, — n(¢105M)).

n-’n—1
We conduct extensive simulations to evaluate the performance of our novel methods, USNA and UWASNA,
in comparison to SNA and WASNA. For this purpose, we consider the logistic regression model introduced

by Bercu et al. (2020b) where p = 10 and the true coefficients are set as follows:
6 =(0,3,-9,4,-9,15,0,-7,1,0)T.

We compare USNA and UWASNA against SNA and WASNA in terms of their ability to accurately estimate
the true coefficients. The evaluation of the algorithms’ performance is carried out using the mean squared
error (MSE) metric. We simulate N = 100 independent sample of size n = 10000. The results are averaged
to mitigate the effects of sampling fluctuations. For all algorithms, we initialize the estimate of the parameter
with 0t = 0 + ee, where € ~ N (0, Ip4+1) and e = 1 or 2.
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10 100 1000 10000 10 100 1000 10000
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Figure 1: Evolution of the mean squared error with respect to the sample size for logistic regression.

As shown in the figure 1, the weighted averaged estimators converge more rapidly than the other two
methods. Both USNA and UWASNA perform comparably to SNA and WASNA in accurately estimating
the true coefficients of the logistic regression model. Remarkably, USNA and UWASNA achieve this without
using the Riccati formula.



5.2.2 Geometric Median

Next, we conduct simulations in the context of geometric median estimation for a multivariate distribution.
We focus on the model introduced by Godichon-Baggioni and Lu (2023). We generate n = 10000 copies of
the random vector X of R? with p = 10, where X ~ N (0, X) with X;; = |i—j|®®. Recall that the geometric
median is defined by:
m = argminE [[| X — Al — [ X]].
heRP

In this model, the result leads to m = (0,...,0)7 in this model. In addition, the Hessian matrix H is defined

b 1 X X T
i= [ (- S )

In this context, algorithm (11)-(13) can be used to estimate m taking V,g(X,,m>Y,) = —”f(::izz:”
and @, = th(Xn,mgﬂ + anZy) — Vh(Xn,m;jﬂ), where a,, = m and (Zy,)n>1 is a sequence of
independent standard Gaussian vectors.

For a comprehensive evaluation of our methods’ effectiveness in geometric median estimation, we also
compare them against two baselines : SNA and WASNA. For all four algorithms, we initialize the estimate
of the geometric median with m;,;; = ee, where € ~ N (0, Ip+1) and e = 1 or 2. Throughout the simulations,
we recorded the MSE of the estimated medians for the four algorithms. The simulation results were averaged

over multiple iterations (N = 100).
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Figure 2: Evolution of the mean squared error with respect to the sample size for geometric median estima-
tion.

In Figure 2, the results consistently indicate that when the sample size is relatively small (around 100),
USNA and UWASNA converge slightly slower. However, beyond that point, they achieve performance on
par with both WASNA and SNA in estimating the geometric median.

5.3 Cases where the Riccati formula cannot be used

In this section, we focus on the scenarios where using the Riccati formula in SNA or WASNA is not feasible.
We explore the performance of USNA and UWASNA in contrast to an alternative averaged stochastic
gradient-based method (”ASGD”) proposed by Polyak and Juditsky (1992), which is defined as:

QEGD = 9591[) - nthg(Xm 9591[)) (14)
49D _ G550 11 n(B5P — 035 09

where (1,)n>1 is a sequence of learning rates and 95‘SGD = 054D,



5.3.1 Spherical Distribution

In this paragraph, we focus on the estimation of the parameters of a spherical distribution (Godichon-
Baggioni and Portier, 2017). The aim of the task is to fit a sphere onto a 3D point cloud with noise. In this
context, we assume that the observations represent independent realizations of a random vector X, which
is defined as

X =p+rWU,

where U is uniformly distributed on the unit sphere of R3, W ~ U ([1 —§,1+6]) with § > 0, W and
U are independent. The radius r > 0 and the center © € R? are parameters to be estimated. The
unknown parameter 6 = (,u,r)T is a local minimizer of the function G : R? x R%* — R defined for all
h = (a,b) € R® x RY by:

1
G(h) = E[g(X, n)] = 3E [(|X —all =b)*].
In this scenario, one can use algorithm (14)-(15) to estimate 6 with

. b(X —a)
a— X+ TX—al |
b—[|X —al

th(X, h) = <

Second-order methods USNA and UWASNA can also be used with

b MX-a)(X-0)T  X-a
uxfan)f3+ X—alF Xl

X a)T
Xl 1

v — [

We emphasize that in this specific case, neither the conventional Stochastic Newton Algorithms (SNA) nor
the Weighted Averaged version (WASNA) using the Riccati formula are applicable due to the nature of the
problem. Thus, we conduct simulations to compare the performance of the USNA, UWASNA, and ASGD.
The synthetic datasets were generated with a sample size of 10000 and the true parameters of the spherical
distribution were set as follows: p = (0,0,0) and » = 2. In addition, we set § = 0.2, which results in a
Hessian matrix with eigenvalues of different order sizes. For all three algorithms, we initialize the estimate
of the parameter by
Oinit = (Linits init)” = (0,0,0,2) + ee

where € ~ N (0,1;) and e = 0.5 or 1. Multiple iterations (N = 100) were performed to reduce the impact
of sampling variations.

Figure 3 illustrates the comparison between the performances of USNA, UWASNA and ASGD in terms
of the mean squared error (MSE) of the estimated parameters. Throughout the simulations, UWASNA
amd USNA demonstrate superior performance in accurately estimating the parameters of the spherical
distribution when compared to the gradient-based method. Additionally, the Hessian matrix H of the
model can be explicitly calculated (Godichon-Baggioni and Portier, 2017), one has

H— <13 — §IgE([)W] (W] (1)> '

Note that this matrix is diagonal, making its inverse computation straightforward. Therefore, we investigate
the Frobenius norm of the difference between the estimated matrix A, and the true matrix H~'. From
Figure 4, it’s evident that our methods provide a good estimation of the inverse of the Hessian matrix.
Moreover, UWASNA offers a better estimation compared to USNA.

5.3.2 p-means

Now we focus on the estimation of p-means of a multivariate distribution (Fréchet, 1948). We consider a
random vector X of R? with d = 40, where X ~ N (0, %) with ;5 = [i — j|®%. The p-mean m of X is
defined as the minimizer of the functional Gy, : R? — R given for all h € R? by:

Gam—;wa—mm,

10
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Figure 3: Evolution of the mean squared error with respect to the sample size for parameters estimation in
a spherical Gaussian distribution.
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Figure 4: Frobenius norm of the difference between the estimated matrix A,, and the true matrix H 1.

where 1 < p < 400. Note that in our model m = (0,...,0)”. We can easily verify that the gradient and
the Hessian of G, are given by:

VGy(h) = —E | (X = h) |.X = AP,

vy =& 1 117 ? (1 2 - E IS ).

We aim to compare the performance of USNA, UWASNA, and ASGD for estimating the p-mean of X
through simulations. We consider the case p = 1.5 and we simulate N = 100 independent samples of size
n = 10000. For all three algorithms, we initialize the estimate with m;,;; = ee where e ~ N'(0,I;) and e = 1
or 2.

As depicted in the Figure 5, we plotted the MSE versus sample size. It is evident that USNA and
UWASNA consistently outperforms ASGD in estimating the p-means. Their superior performance can be
attributed to the incorporation of information from the Hessian matrix. These results further emphasize

11
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Figure 5: Evolution of the mean squared error with respect to the sample size for p-means estimation.

the advantage of using USNA and UWASNA as alternative methods when it is impossible to use the Riccati
formula.

5.4 Application to real data

We apply the algorithms to ”COVTYPE” dataset, a well-known dataset used for classification tasks (Blackard
and Dean, 1999; Schmidt et al., 2017; Toulis et al., 2016). The original study was based on a dataset com-
prising 581,011 observations and 54 predictors. The primary objective was to predict the cover type of
forests within Roosevelt National Park. In our current investigation, we will narrow our focus to the most
prevalent category of the target variable, which is ”Spruce/Fir,” accounting for 49% of the observations. As
a result, we convert the ”covertype” variable into a binary form, with the ”fir” category assigned a value of
1, while all other categories are assigned a value of 0. The objective is to use logistic regression to predict
the variable ”covertype”. We split the dataset into training (80%) and test (20%) sets.

We implement the UWASNA, USNA, WASNA and SNA on the training set. As a baseline, we also
apply a first-order algorithm ASGD on it. We evaluate the performance of each algorithm by calculating
the accuracy of each one on both training set and test set. The results are summarized in Table 1.

UWASNA USNA WASNA SNA ASGD
Training Accuracy(%) 75.63 75.31 75.52 7538 T74.54
Test Accuracy(%) 75.61 75.34 75.50  75.33 74.64

Table 1: Accuracy of UWASNA, USNA, WASNA, SNA and ASGD algorithms on "COVTYPE” dataset.

We observe that UWASNA, USNA, WASNA and SNA demonstrate similar performances, and they
achieve higher accuracies on both training set and test set compared to ASGD. By successfully applying
USNA and UWASNA on this dataset, we illustrate their practicality in real-world applications.

Conclusion

In this study, we thoroughly examined the stochastic optimization problem, primarily focusing on accurately
estimating the unknown parameter. Our significant contribution is the introduction of a direct method to
estimate the inverse of the Hessian matrix. Instead of the traditional approach, which estimates the Hessian
matrix first, we directly addressed its inverse, using the Robbins-Monro procedure.

12



This approach led us to develop the Universal Weighted Averaged Stochastic Newton Algorithm. Through
our extensive testing, we found that our newly proposed methods are both efficient and robust. When com-
pared with standard first and second-order algorithms, our method consistently performed well. In certain
scenarios, it even outperformed these conventional algorithms.

In summary, our findings emphasize the potential of second-order methods in optimization. Our approach
to directly estimating the Hessian matrix’s inverse represents a significant advancement, combining simplicity
with efficiency.

6 Proofs

For the sake of simplicity, in the following we denote T, := V,zlg(Xn,én_l)ZnZg: . Recall that ||Z,] is
bounded, i.e there is M such that || Z]] < M. In addition, let us recall that if ||Qn+1l [|Znt1|] < Bny1, it
then follows that HTnHHOp < Bna1-

6.1 Study on the largest eigenvalue of A,

The following proposition provides an initial asymptotic bound of the largest eigenvalue of A, without
requiring knowledge on the behavior of the estimate 6,,. This result is crucial to prove Theorems 3.1 and
4.1.

Proposition 6.1. Under Assumptions (A8) and (AS5), the largest eigenvalue of A,, denoted by Amax(An)
satisfies for all § > 0

Amax(An) =0 (n1_7 In n1+6) a.s. and Apax(Ap,7) =0 <n1_7 In n1+6) a.s.
Proof of Proposition 6.1. Define W, := A, 1T} 4+ T,,A,_1. By definition of A,

2 2
[An+1lle = [[Anllz = 29041 (An, Wit = 210) 2 1@ 111 Zogs || <Brsa
2 2
+ Y1 IWat1 = 2Lall 7 10,1111 Znsr II<Brsr -

Therefore,
E [l 4ns1ll31F0] = 14nll3 = 29n+1 (An, V2G(0n) An + AaV?G(0n) = 21a)

2
+ Y41 E [HWn+1 = 2Lall” iQusall1Zn 111801 !fn}
+ 291 E [(An, Wit = 210) p 11Qu 112 a |52 1P ] -

Assumption (A5) ensures that
2
E [HWn-i-l = 2Ll F LjQus1Z0 1 1B Ifn]

<5 (| |Vtouen ] | 2 [120nl ] 1417+ a)

<8(C2)Anll} +d).

Since ||Qn+1l] = [|Qns1]? |]Qn+1||1_q with ¢ > 1, for any ¢, > 0,

1 E [(An, Wit = 210) p 11Qu 11 Zo g1 [5Bn 1 | Fr)
2
< 2941 | A5 E 1Qns1ll 1 Zns1ll 1 Quss 1 Znsa 2 nss | F )

1
+ I AL 12 + Gud
Cn+1

g
§ <2CqM2q’Yn+1/BrlL+({ + Cn:) ”An||2F + 7n+1<n+1d'
n
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Since V2@ (én) and A, are positive, one has for any ¢, > 0,

~Tn+1 <Ana VQG(én)An + AnVZG(én) - 2Id>F < Tnt1 <Ana 2Id>

1
< Tt HAn||2F + Ynt1Cnyrd.
CnJrl

Finally,

4 -
E [l 4n ]} 17] < (1 e R AC A+ 8%%“03/‘1) I Anll}
n

+ 4yn1Cngrd + 8y 1 d-

Setting ¢, = n' "7 Inn!T with § > 0, we can apply Lemma 6.2 with V,, = HAnH%“: and a, = (2. One then
obtains [|Ap[|7 = 0 (¢2) = 0 (n?727Inn**%), 50 that Amax(4n) = 0 ('~ Inn'*?) a.s. O
6.2 Proof of Theorem 3.1

The aim is to provide an initial rate of convergence for A,. A more refined or faster rate will be established
later. First, note that

Apt1 — H'= Ap — H ' - 7n+1(Wn+1 - 21d)1”Qn+1||HZn+1||§6n+1
= Ap = H™' = i1 (Wost = 20a) + 91 (Wakt = 210) Q44 Zus 1| B
= An - Hil — Tn+1 (E [Wn-l—l’fn] - 2Id> + ’Vn-i—lfn-&-l
+ Mt (Wit = 210) 1)@ a1 Znsa 1B
=A, — H_l — Yn+1 (V2G(én)An + Anv2G(én) - 21d> + ’7n+1§n+1+
V1 (Watt = 21a) Qi1 11 Znsa B
where &,41 := =Wyt + V2G(0,)An + A, V2G(0,,). Let ;. be the function defined for all h € M,,(R) by
ap(h) = Iqg— w1 H)h(Ig— 1 H),
we then have
App1—A=a} (An—H ") =2 H(A,—H H
+’7n+17'1,n'+”7n+17'2,n"|'”Yn+15n‘+"Yn+15;1,+’7n+1€n+1 (16)
where
rn = (V2G(0,) — HYH ' + H-Y(V?G(6,) — H),
o = (Watt = 210)1Qu 1 [1Zoss [5Bnsr — B [(Watt = 210) 11 Qu |1 Zuir [ 5B [ ] -
E [(Tos1 (An = H ') + (An = H) Totd) 1y 11 Zusa 5B 1]
+ (V2G(0n) — H) (A — H™) + (4y — H') (V2G(6,) — H) ,
$p = E[(Tnsr H ™+ H ' Tt = 210) 11Qu [ Zn i |5Buss [ F]

By induction,

n—1 n—1
Ap—H =050 (Ao — H™) + Y 5 il + ) W1 e
k=0 k=0
n—1 n—1 n—1
+ Z ‘I’Z,k+1%+17“2,k + Z ‘I’Z,kﬂ%ﬂsk + Z ‘I’Z,kﬂ%ﬂs%, (17)
k=0 k=0 k=0
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where W7 , is the function defined for all h € M, (R) by :

= I ;)= ] Ga—vuH) |h| [] Za—HE)
Jj=k+1 j=k+1 j=k+1

Next, we will determine the rate of convergence for each term on the right-hand side of equation (17).

Rate of convergence of M,, := ZZ;& \I/:;’k,_,’_l")/k_l,_lfk_t'_l: Recall that for all § > 0, Apax(A4n) =0 (nl_“f In n1+5) a.s

Thus, there exists a constant ¢ > 0 such that E [anﬂ”% \Fn} ( + || An HF) =0 (n> P Inn?*%) as.,
and according to Lemma 6.3, it follows that
n—1 2
> U eribep]| =0 (712_37 In n2+25> a.s. (18)
k=0 F

Rate of convergence of Ry, := ZZ;& v ki1 VE+1T1 RS We have

Rint1 =g —m+1H) Rip (Ig — Y1 H) + Y171 n41-

Therefore, for n large enough

1By nstllyy < 1a =i HI,

op =
= (1 - Amin(H)’YnJrl)

S+ Il

op + /yn+1 H’rl,TLJrl ”0p a.s.

By Assumption (A4), ||r1n+1l,, =0 (n_“/2 In n(1+5)/2) a.s. According to Lemma 6.4,

HR1,n+1||Op =o0 (n_“/2 In n(1+5)/2> a.s. (19)
Rate of convergence of Ry, := Ez;é U 1 Ve 172,k

M nt1 — 21a) 1||Qn+1||||Zn+1||>5n+1 H }
<12k [(HQnJAH HZ"JrlH HA”” + d) 1HQn+1”HZn+1”26n+1’]:ni| .

Applying Markov’s inequality, and since ||Z,]|| is supposed to be bounded by M,

[H w1 = 2L 1@ 12 260 || If] < 12dE {HV 9(Xn11,0 HZ zZH" |7 ] By
+ 12| Al E [1Qul” M 1chn+1u||zn+1uzﬂn+l}

<12dM2qE[HV2 Xnt1, ) |.7-"]

+ 120, | Aull* B39

Thus, by Lemma 6.4,
HR2,nH§p =0 <n2_37 In n2+26n25_qf3> a.s. (20)

Note that the rate of convergence for Rs ,, is faster than that of M,,.

Rate of convergence of S/, := zz;é Uy 1 ker18,: We have similarly

HS/TLH <E [H (Tn+1H_1 + H_IT”+1 - 2Id) HF 1|\Qn+1H||Zn+1HZ,3n+1 |‘7:"}
<2 HHiluFE [||Z”+1H2 HV%Q (X”"‘l’é”) P 1||Qn+1||||Zn+1||25n+1 |]:n]
+ 2¢E [1||Qn+1H||Zn+1HZﬁn+1|‘7:7L] =0 (/Bvlz_q) :

15



Therefore, thanks to Lemma 6.4,
Sh=0(879). (21)

A first result for A,: Thanks to equalities (18) to (21), one can rewrite A, — H ! as

n—1

Ag—H ™' =00 vkisk + Sn
k=0

with ‘ Sy,

a0 <nmax(1_%%_“/2”8(l_q)) In n1+5) . In addition, we have

Isnllop < [[An = HH| ) E [1Qusll 1 Zn-411l L@ 1111 Zs 111280 |1 F]
+ V2600 - 1| |40 - H7,,

—o([[4n-17",,) as.

Define S,, := zz;é U7 ri17Vk+18k- There exists a positive sequence (Pr)n>0 with 7, —2*% 4 0 such that
’ - n—roo

)

”Sn—HHOp < (1 - Amin(H)’Yn+1)2 HSTLHop + 7n+17,:n HAn - HﬁlHOP

Sn

<(1- )‘min(H)’Yn+1)2 HSnHop + Ynt17n <”Sn”op + ’

Applylng Lemma 64,
||Sn|| — (nmax(l—%’y,—a/Q,/B(l—q)) In n1+6)
op o ,

which implies that
HAn - H*IHF =0 (nma"(l_%%_a/zﬁ(l_q» In n1+5) a.s.

Final rate of convergence of A,: The aim here is, with the help of this first result on A,,, to give better
rates of convergence for M, and Ry ,. First, note that if v > 2/3, then 1 — %’y < 0 and we have directly

Ap —=23 H™' 1y < 2/3, we have 1— 3y > 0., s that max{1 -3, —a/2, 5(1—¢)} = max{1 -3, 8(1—¢)}
n—0o0

and ||A,]| = o nm“{l_%v’ﬁ(l_q)}lnnu‘s) a.s.. Thus, applying Lemma 6.3 in the worse case (i.e when

~v > 2/3), one now has
M = o (e PE-20-0) 1 2420) g

and
HRZ,nH(Z,p =0 (712747 In n2+25n25*w) a.s.

Following the same process as before, we now have that for any v € (1/2,1), A,, converges almost surely to
H~!, and in particular, one has ||A,|| = O (1). Applying another time Lemma 6.3, we have

| M]3 = O (n_7 In n1+5) a.s.

and
R 2 — 0 (n Y Inn2t20p26-98 a.s.
” 27n||op

Finally, we have

12 Inn'+o
HAn ~H HF =0 (nmin{%a,Qﬁ(q—l)}) a.s. (22)

Rate of convergence of A, ;. Decomposition (16) can be written as

Ap—H ' — (Apyr — HY)

H(A,—H Y+ (A4, - H YH =
Yn+1

+T1m + Ton + Sn+ S, + Enta,
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so that

H(A'n,,T - H_l) + (An’q— — H_l)H :thn:Uk ((Ak — H_l) — (Ak+1 — H_1>)

n
a1 (P o0 sn + 87, + Eavl) (23)
k=0
. 1 In(k+1)7
T 2= log(k+1)7 Ve+1
each term on the right-hand side of the decomposition given in (23).

where t,, and ug41 = . Our objective is to determine the rate of convergence for

Rate of convergence of ¢, > ) _upi1 ((Ax — H™ ') — (Agg1 — H™')):  with the help of an Abel’s trans-
form,

tn Zuk_H ((Ak — Hil) — (Ak+1 — Hil)) = —t, (An+1 — Hil) Upt1 + Tn (Ao - Hil) U1

n

+tn Y (Ap — H™ ') (uppn — ug).

k=1

It is obvious that ¢, (Ao - H _1) u1 is negligible while thanks to equality (22),

Inntto
-1 _
tn || A1 — H HU"H_0<n1—7+§min{%a72/3(q—1)}> s

In addition, by the mean value theorem, |ug;1 — ug| < 2kY ! max{1,7} In(k + 1)7, which implies that

Z (Ap — H ) (ugr1 —ug)|| < Z||Ak—H_1HF2k7_1 max{1l,7}In(k +1)7
k=1 F

and with the help of equation (22)

In n1+6
=0 N a.s
(nl—'wré min{v,a,28(¢—1)} )

F
Rate of convergence of ¢, ZZ:O Upr1Ver1&kr1- Remark that there exists ¢ > 0 such that for all 6 > 0

tn > up (A —H ') = (A — H )
k=0

E | lgnsillf 17) < ¢ (14 114allF) < ¢ (1+2]| 40— B 5 +2]|H7) -

By applying a law of large numbers for martingales, one obtains for all § > 0
2

In n1+6
=0 a.s.
n

F
Rate of convergence of ¢,, ZZ:O Uk4+1Vk+171,k- First, let us give a useful equality: consider ZZ:O k—a/2 n p(1+9)/2
with @ > 0, since [;" 242 In2(1+9/2dx < ¢(Inn)1H0)/221-8if g £ 2 and ;" 2742 Inz(1+9)/2dz < ¢/ (Inn)E+9)/2
if @ = 2 then one can verify that

n
tn Y k11 €rnt
k=0

2

1 14+04215-2
=0 <nn~) a.s. (24)

—a/2 (140)/2
tn Z uk’}/k""lk Ink pmin{2,a}
F

k=0

Then, recalling that ||r1 k41[,, =0 (n=e/21n k(1+9)/2)

2

In n1+6+21a:2
=0\ ————— | a.s.

tn E URVk+1T1,k pmin{2,a}
F

k=0
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Rate of convergence of ¢, Y ;_; ur+17k+15)- Recalling that s; = O < ;_q>, it comes

2
In n2125(Q*1>:2
=0\ o281y ) 4
F
Rate of convergence of ¢, ZZ:O Uk417Vk+15k. Recall that

Isnllop < 1 An = H M|, B (1Qn 411l 120111l i@ Zus 250 1]
+ V2600 - B A0 - B,

n
!
ty § Uk Vk+1Sk
k=0

Recalling that E [HTnHHop 1||Tn+1||zﬁn‘}—n} =0 ( };q), and with the help of equality (22)

[An = H7Y| B [1Qnt 1l 1 Zn 11l Qo121 12801 F0]

lnn(1+5)/2
~ O\ Bt minfan 261y | 7

In addition, one has

R - Innito
HVQG(QTL) - HH HA” - H IHOP -0 <na/2+§ min{am?ﬁ(ql)}) “s

leading to

lnntto
Isull = (nmin{a/w<q—1>}+; min{awmq—l)}) e
Then, since min {a/2, 3(q — 1)} + 3 min {a,7,28(q — 1)} > min {a,7,28(q — 1)},

n 2
ty E Uk Vi+15k
k=0

In n1+5
=0 <nmin{2,2 min{a,’y,QB(q_l)}}> @5

F

Rate of convergence of t, ZZ:O Uk4+1Vk+172,k- Let us recall that ry,, is a martingale difference, and with
the help of a law of large numbers for martingales it comes that
2

Innite
=o0 a.s.
n

F

n
tn E Uk 1Vk+172,k
k=0

Rate of convergence of A, .. We so have

B - 9 lnnitd
HH(ATL,T —H 1) + (An,T —H I)HH =0 <nmin{1,a,2ﬂ(q1)}> a5

Note that H is diagonalisable, and its eigenvalues are denoted by A1, ..., Ay. Thus, for any matrix B € My,
we have

2
|HB+ BH|% =YY (HB+BH);,

i=1 j=1
=> > (Ni+ ) B}
i=1 j=1
> Wnin(H)? D Y " B?j = 4in(H)? | B|7.
i=1 j=1
e = P < g 1 = B + (A = B8]
Ain (H )

In n1+6
=0 (nmin{l,a,Qﬁ(q—l)}> a.s.
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6.3 Proof of Theorem 4.1

In order to prove this theorem, we first show that the eigenvalues of A,, and A, . are well controlled, which
implies the consistency of 6,,. Then, we give an initial rate of convergence of 6,, which allows us to obtain
the rate of convergence of A,, and A, . The last step is to deduce the rate of convergence of ¢, and 0,, ;.
We first study the smallest eigenvalue of A,,.

Proposition 6.2. Under Assumptions(A3) and (AS5), the smallest eigenvalue of A, denoted by Amin(An)
satisfies

)\min(An)_l =0 (nﬁ> a.s. and )\min(Anﬂ-)_l =0 <n6> a.s.

Proof of Proposition 6.2. First of all, note that for all n > 0, Ayin (45) > 0. According to the definition of
A, one has

Amin(An+1) = Amin (An = Yn+1 (Tnr1An + ATy = 210) 1jQ, 111 Zns1 1< 11)
> Amin (Ia = Y1 Tn 4111 Qups |1 Zns1 1< 11) An
% (La = W1 T 1 1 Qua 1 Zn 1| <Bosn)
+ (ynrrla = Vo1 Tt AnTo1) L1 Qua 1 Znsr | <Bnsn)
= Amin (Ia = Y1 Tn 4111 Qups |1 Zn 1 1< 1) An
% (I = 41T 111 Qui s 1 Zns 1 <Bnsr)
+ Yt 1 = Va1 B Amax (An) = Yot 111 Quir 11 Znss |2 Bnss

For all h € RP, one has

t
W (T = Yo Tt 1 11 1 Zos 1 <Bnin ) An (T = Yo 1 T 1 Qs 1 Zos 1 [ <Bnsn) P
1/2
> || A2 (L = s Tt L Qus 121158011 1) hH

2
> Amin(An) || (Za = Y1 Dot 111 Qu s [ Zosa | <Buin) Pl
2 )\min (An) (1 - ’Yn+lﬁn+1)2 ||h||2

Thus,
Amin (12 = Y1 To1 11 1 Znsal|<Bns1) An (Td = Vo1 Ta i1 11 Qusa 120t 1180 s1))

> )\min (An) (1 - 'Yn+1ﬁn+l)2 .

Therefore,
)\min(An+1) (1 - 'YnJranJrl) )\min (An) + Yn+1 — ’77%+1572L+1)\max(14n)
= Y1 LQuia 1 Zns1 1> Bns1 -
Note that (8,vn)n is a decreasing sequence and S,7v, < 1/2. Let U, and V,, be sequences defined as
n n
= Z H 1 - 'Wcﬁk '7]3+1/8]3+1)‘max(An)a
k=1j=k+1

and

n n
2
Z H (1 = 7kBk) 7k+11||Qn+l”||Zn+l||26k+1'
k=01 j—k+1

One can prove by induction that

)\min(An = m1n AO H 1_’7k:6k’ Z H (1_7jﬁj)27k_Un_Vn>
k=1

k=1j=k+1
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with the convention []7_, ., (1 — ~v;8;)* = 1. One has

Un+1 = (1 - 7n+15n+1)2 Un + '772L+1/8721+1)\max(14n)a

since Amax(4n) = 0 (ln n1+5n1_7) a.s.,

_ 1
Up=o0 (ln n1+6ﬂn+1n1 %Yn—i-l) =0 <B >

since 8 < v — 1/2. One also has
Var1 = (1= Yn18041)* Vo + W11 Qu 1 Zs 1 1261
We define V! := n?In(n + 1)~ 49V, for some v > 0, then, for n large enough,

Inn'*to  (n41)Y 9 Yn+1(n+ 1)'C
1- n n = g
[ +1|*7:] In (n+1)1+5 nv ( i +15 +1) Vn ln(n—i—l)H‘S,B%

Tnt1(n +1)"Cy
<
< Vot In(n + 1)1952

2q

M2,

In order to apply the Robbins-Siegmund theorem, let us take v = v + g8 — 1, then V,/ converges almost
surely to a finite random variable for all 4, which can be translated by

In(n + 1)1+°

%. It is obvious that Amin (Ao) [Ti—; (1 — 7Bk)* > 0. Finally

which is negligible as soon as 8 > 7

ST (-8 > Z H — 7387 2B
k=1 j=k+1 ] k41
= 2;'3 IT (=78 (2B — Bii)
k= j=k+1
n 1 n n
=255 I =) =] (=8
k=1 77k \ jZk+1 =k

Since <—51 > is a decreasing sequence, one has
n
n

RN | [RURVEREAEIES o (| IRCISHIN Y | (CRSE;

k=1 j=k+1 k=1 \j=k+1 i=k
1 n
2 o7 1—H(1_7J5J)2
26, |- 1
]_
> 1—(1- 7151)

Thus, Amin(4y) > % +0 <B%> a.swithe; =1—(1-— ’71ﬁ1)2 /2, which implies that

(A =0 (Bn) a.s.
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We now prove the convergence of #,,. According to Taylor’s theorem, and using Assumption (A2), we
obtain

G(‘gn—i-l) - G(en) + VG(en)T(en-&-l - ‘gn)

1

1
+ 5 Ons1 — en)T/ V2G(Oni1 + (0 — 0r11))dt(0n i1 — 0r)
0

L
< G(0n) + VG (0n)T (Bn1 = 0n) + =5 101 — 0
From the definition of 6,, (6),

Lyvc
G(‘gn—i-l) < G(On) — Vn+1VG(‘9n)TAn,TVg(Xn+17 Hn) + ; 7%-1—1 HAn,THip ”Vg(Xn—&-la gn)HQ-
Letting K, := G(6,) — G(6), we can rewrite the inequality as
L
Kny1 < Ky — Vn+1VG(9n)TAn,TV2g(Xn+1> Hn) + %G 7%-1—1 ||An‘r|| ||V9(Xn+1a 9n)‘|2 s
which implies
E[Kp1|Fn] < Kn — a1 VG(0,)T A, VG (6,)

Lvg 2

+ 502 1 An |2 E [V 9(Xnt1, 00) | 1P

According to Assumption (A1), we have

CLlva
Bl < (14 S5 aluAmu) Ve ) [ VGO

CLvg 2

T3

Vit [[An,

op*
With the help of Proposition 6.1,

<~|—oo a.s.

Z Vn-‘,—l ||A

Subsequently, according to Robbins—Slegmund Theorem, K, is guaranteed to converge almost surely to a
finite random variable, and

D Uni1dmin(Ans) [VG(00)]? < 400 as.
n=0

With the help of Proposition 6.2,
oo
Z Vn+1Amin(Anr) = +00  a.s.

It suggests that liminf, ||[VG(6,)| = 0 almost surely and liminf,, K,, = 0 almost surely. As K, converges
almost surely to a random variable, G(6,,) converges almost surely to G(#). By local strict convexity,

0, —>+6 and 9n7/—>9

n—o0 n—o0

6.4 Proof of Theorem 4.2

Rate of convergence of 6,,. Recall that

BG(n) ~ GO < (14 5502 Al 402 ) (6(61) - GH6))

L
— U1 VG (0,)T A, VG(0,) + V;C V2 1 Amax (An,r)2.
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According to equation (6) in Godichon-Baggioni (2021), there is a positive constant ¢y such that
VG(00) Ap VG (01) > Anin(Anr) IVG(6,)? > coAmin(An,7) (G(6n) — G(9)) .

Recall that 2v + 2v — 2 > 1, so that there exists n > 0 such that n < 2y + 2v — 3. We define V, =
n' (G(60,) — G(0)), so that

~ n+1\" L ~
E [Vn+1|fn} = < o ) <(1 + V2GCVT2L+1)\max(An,T)2> - COVn—i-l)\min(An,T)) Vi

L
+ T Vi A (Anr) (4 1),

n

Let U, := (”H)n ((1 + LVQGC V72l+1)\maX(An’7—)2> — cou,21+l)\min(An7T)), then

Lycc V
Vi1 Amax(An )2 (0 + 1)+ Vg ).

E [Vn+1|fn] <V, +

As v+ 8 < 1, one can easily verify that 15 o 225 0. We can now apply the Robbins-Siegmund theorem.
We therefore have ||G(0,,41) — G(0)|| = o (n™") for all n < 27+ 2v — 3. Thanks to the local strong convexity

of G, this leads to [|0, — 0]|> = 0 (n™") a.s. We are now able to apply Theorem 3.1 and one obtains

Inn!+o Inn'*o
2 — _ 2 — e —
A, — A" =0 (nmm{%m%(q_l)}) a.s. and |4, —A||"=o0 (nmin{n,w(q—l)}) a.s.

According to Theorem 4.2 and Theorem 4.3 in Boyer and Godichon-Baggioni (2022), one so has

1+6
16, — 0] = o <ln” ) a.s. (25)

nV

Rate of convergence of 0, ;-. For all non-negative integers n,

9n+1 - 0n = _Vn+1An,thg(Xn+179n)a

so that p 6— (6 0) 0 9
n ntl - " ntl = AnyTth(Xn—i—l, Hn)
Vn+1 Vn+1

In addition,

On — 0 = H 'Vig(Xpi1,00) + (H'VG(0,) — H 'Vpg(Xnt1,60))
— (H'VG(0,) — (6, —0)) .

Finally,

O — 0 — (Ops1 — 0 _
0, —0=H AL V( 1“ ) g (VG(0p) — Viag(Xni1,60))
n+

~ H ' (VG(0,) - H(0n —0)),

which implies that

. : O — 6 — (041 — 0
O — 0 =1,y In(k+1)" H AL (b1 —6)

sT

=0 Vi1
+t,> In(k+1)" H ' (VG(Ok) = Vag(Xps1,0r))
k=0

— zn: In(k+1)" H Y (VG(6) — H(0p — 6))
k=0
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I 1
where t;, = ST Tog(hi )7

Rate of convergence of , S7_log(k + 1) H=* (VG(01) — Vag(Xg41,01)). Analogous to the proof of
Theorem 3.1, one can check with the help of a law of large numbers for martingales that

2 In n1+5
:o< ).
n

F

Rate of convergence of t, >} log(k + 1)™ H™' (VG (6;) — H(0), — 0)). With the help of Assumption
(A3) and since 0,, converges almost surely to 6, |G(6,) — H(0, — 0)|| = O (||0n - 9||2) a.s. Then, with the
help of Thanks to equality (25) and since v < 1, we can prove with the help of the equation (24) that

(111 n1+5>
pr O s
nl/

F

tn > log(k+ 1) H™ (VG(0r) = Vig(Xps1,61))
k=0

t znj log(k 4+ 1)" H™Y (VG(6;,) — H(0 — 0))
k=0

and this term is negligible as soon as v > 1/2.

Rate of convergence of t, S7_In(k +1)" H *1A;+11 TW. One can easily check that

n , 0, — 0 — (01 — 6
th > In(k+1)" H AL k (O 1 — 0)
=0 ’ Vi+1

n ) AL, —0)— AL (0.1 —6
=, Ik + 1) H r (O =) = A 7 Or1 =)
k=0

Vi1

- / Ail — Ail 9 _ 9
+t > In(k+1)7 H—l( k1~ Air) Okt )‘
' VEk+1
k=0

With the help of an Abel’s transform and since A,, » converges almost surely to H —1 one has

_ _ 2
-1 Ak,i(ek —0) - Ak-sl-l,r(ekﬂ —0) Y (ln n1+5>
Vk+1 n2-v )’

F

tn> In(k+1)"H
k=0

Observe that

A—l

-1 _ 4-1
k+11 Ak,T =4

—1 —1 -1
k+1,T(Id - Ak+LTAk,T) = Ak+1,T(Ak,T - Ak+1,T)Ak,r~

Therefore,

(Ai1, = Ar) (Bpr —6)

t, > In(k+1)"H™*

=0 Vi1
n L AT (Apaq — Ap ) AT (Oraq — 0
— S n(k+ 1) H et Akt = Abr) Ay (B )1n(k:+1)Ttk.
=0 V41

As Apy1 and Ay - converge to H Y
(Ajtrr = A0 (Or1 — 0)

t, > In(k+1)"H™*

=0 Vi1 P
S HH_lA;;iLT(AkH — A )AL (16ks1 — 6
<t ln(n+1)7 Y on In(k 4 1)7ty.
=0 Vk+1
Thus, as |0, — 0||> = o (ln’;‘#) a.s. we have for all § > 0
-1 -1 2
Y zn:ln(k: n l)T’H_l (Ak+1,7 - Ak,‘r)(ek-‘rl —0) _, <ln(n + 1)1+5+27>
n P Vpi1 - n2—y 9

which is negligible as soon as 2 — v > 1. Finally, we can conclude that

1+6
10r — 0] = 0 (1“" > a.s.

n
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6.5 Useful lemmas

The following lemma is a corollary of the Robbins-Siegmund theorem Robbins and Siegmund (1971).

Lemma 6.1. Let (V,,), (By), (Dy) and (ay) be positive sequences adapted to F = (F,). Assume that Vj is
integrable and, for alln > 0,
E[Vot1|Fn) < Vi+ By, — Dy, a.s.

Assume also that > _" f—: < 400 a.s. If an, — 00, then V,, = o(ay) a.s.

The proof of this lemma is given in Chapter 1.III in Duflo (1990), and here we give a generalized version
of it.

Lemma 6.2. Let (V,,), (By), (D), E, and (a,) be positive sequences adapted to F = (F,). Assume that
Vo is integrable and, for allm >0,

E [Vps1|Fn] < 1+ Ep) Vi + By — Dy as.

Assume also that > 0% B, < +00 a.s. and > .00 o Br < 400 a.s. If ap — 00, then V, = 0(ay) a.s.

n=0 a,

Proof of Lemma 6.2. Note that the case where E,, = 0 is exactly the case of Lemma 6.1. Therefore, we are
going to study the case where E,, # 0. We define oy, := [[;_,(1 + Ej). Note that since )~ , E,, converges
almost surely, a,, converges almost surely to a finite random variable a.,. Moreover, noting

V! = Vn B'—& D/—&
) - 9 n 9

n n
Qn—1 Qp Qp

we observe that

E [V'n|F,] <V, + By, — Dj,.

In addition, since o, > 1, we have
oo [o.¢]
S B, <Y B < too as
n=0 n=0

According to Lemma 6.1, we have V! = o(ay,) a.s., and therefore V,, = o(ay,) a.s. Furthermore,

[o¢] o0
ZD” < aOOZD;L < 400 a.s.
n=0 n=0

O

We now give two lemmas which will be tools for the study of the rate of convergence associated to the
estimates A,,.

Lemma 6.3. Let us denote by H = My(R) the set of squared matrices of size q¢ x q. Let us consider
n
M1 = B kR,
k=1
where

o (&,) is a H-valued martingale differences sequence adapted to a filtration (F,) such that
E[lgnl} 7] < C+ Rop as

2
Z’YnE [”fnﬂHF 1||§n+1||§2751(1nn)—1’fn < +oo  a.s, (26)
n>1

where C' is a non-negative random variable and (Ra,), converges almost surely to 0;

o v, =cn Y withc >0 and vy € (1/2,1);
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e (R,) is a sequence of matrices lying in H such that

(Inn)®

nd

|Rnllp =o0(vn) a.s where Uy = ’

with a,b € R;

o foralln>1and1 <k <mn, and for all A € H,

n

BagA= ] Tg—vD)A ] Tg—%D) and Bund= A4,
j=k+1 j=k+1

where T' € H is symmetric and satisfies 0 < Apin(I') < Apax(T) < +00.

Then,
[ Mt1]3 = O (yav2lnn)  a.s.

Proof of Lemma 6.3. Let us now consider the events

Ap ={||Rn||p >vn or Roy,>C}
Bps1 = {[[Ballp < vy Ron < C, [€ntallp < 0n}

Cni1 = {|Bullp < vn, Ron < G [[&nallp > dn}

with &, = v, 1/2(

n n
M1 =) BopmBilit1la, + > B eRili+11ac
k

k=1 k=1

n n
= Z Bk VkRESk+11 4, + Z B Ve R (k+11B,0 — E [Ee411B,01 [ Fk])
k=1 k=1

+ Z B veRi (Se+11cy,, — E [Ser1le, [ Fr]) -
k=1

Let us now give the rates of convergence of these three terms.

In n)_l/Q. One can check that A = B,41 U Cpy1. Then, one can write My as

Bounding M 41 := > 5y Bk VkRikék+114,. There exists a rank ng such that for all n > ng, ||I; —

M lop < (1 — AminYn). Furthermore, My p11 = (I — D) Min(Iy — WI) + vRnént1la,.

n Z no,
S+ Y2 | Rull3 (C + Rop) 14

E [IM1041 51 F0] < (1= Aniny)*

Considering V41 = [[5-,; (1 + )\min’yk)4||M1,n+1H%, it follows that
n
E [Vt Fn] < (1 - >\12111n7n H + >\mln7k T ||Rn||% (C+ Raop)l
Moreover, 14, converges almost surely to 0 implying that

n
S TL O+ A1) 92 1Rl (C o+ Ro) 1, < 400 as
n>1k=1

Then, for all

and applying Robbins-Siegmund Theorem, V,, converges almost surely to a finite random variable, i.e

n
1My piall7 = O (H (1+ Aminm) 4) a.s

and converges exponentially fast.
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Bounding Ms 41 := 22:1 Bn,k’VkRk(‘fk—I—l 13}CJrl —E[ék+1 :[B,CJrl |Fx]). Letusdenote Zp11 = Ri(Epta lBkJrl*
E[¢x+11B,,|Fx]). Remark that (=) is a sequence of martingale differences adapted to the filtration (F,).
As in Pinelis (1994) (proofs of Theorems 3.1 and 3.2), let A > 0 and consider for all ¢ € [0,1] and j < n,

p(t) =E [cosh ()\ ) ]—'J] .
F

One can check that ¢'(0) = 0 and (see Pinelis for more details)
j—1
> BuknEria

k=1

7j—1

> Bk Skt + tBnjviEit
k=1

90//(75) <NE [Hﬁn,j’YjEjH’?:eAtl'B”’WEJ'“”F cosh ()\

ofon s
)

with ej, = E[eMBriwmZirille — 1 — X||8,,.v;Z41]|r|F;], which is well defined since Z;,; is a.s. finite.
Additionally, considering

)

Then,

1
) Ifj] = ¢(1) = »(0) +/0 (1 —t)¢" (t)dt
F

j—1
< (1+¢j) cosh (A > Bk WEri1

k=1

cosh (A 13521 Brk kBl )

Gni1 = = and Gp=1
Hj:l (L4 ¢€jn)
and since E[Gp41|Fn] = Gy, it comes E[G,41] = 1. For all » > 0,
cosh(Ar) AT
P Maniillp > ] =P |Guss > ) | oplog, > O
[ F ] Hj:l (14 ¢€jm) Hj:l (14 €jn)

Furthermore, let €j41 = 411, — E[¢;4115,|F;] and note that E[[l¢;41]/%|F;] < 2C. Then, recalling that
On = Yn 1/2 (Inn)~'/2, and since for all k > 2,

Ellejll 175 < 22052 gl 15,175] < 25710882,

ans since for any A € H one has ||8, x Al < Hﬂn,jHop Al g,

o0 o0
k k _k - k k k _k k k
ein < 30X 1Bl B [I1Z50 1 175 | < 30 A 1B 115, 7ol [l 151 7
k=2 k=2

(0.9}
<D N Bl ey 2t o8y
k=2
2 - k-2 532 k2 k=2
<20 ||an|| U Z 2X) ||5n7.7||0p 'Y] vy “lngT e
k=2

= 2002 1B 12, 1202 exp (2\ 1Bl /7505
Then,

P [[Mapns1llp > 7]

e/\r

Ty (142002118012, 7303 exp (2X 180y v3/75 10 7))

SP 2Gn+1 >
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Applying Markov’s inequality,
n
P |Ma ] > 7] < 2exp | —Ar +20X2 3 1812, 7207 exp (2218 sl /75107 )
j=1

Take X\ = %71/21);1\/1117”- Let Co = ||Bny,0
and for all j <n/2,

op and remark that for n > 2ng (i.e such that 7, /2 Amax(I') < 1),

1Ballp < Coexp (—Amin(n/2)' =),

so that for all j < mn/2,
a.s
MB35 —2250.

Furthermore, for all n > 2ng, and for all j > n/2,

| vV V5 <CO22b+2a+0c+1'

°f /Inj —
Then, there is a positive constant C” such that for all n > 1 and j < n,
exp (MBallop V505 ) < C”

Finally, one can easily check that (see Lemma E.2 in Cardot and Godichon-Baggioni (2017))

= o o(ng)** /(Inn)*
§ . HﬁnJ”op Y5 j2b =0 < n2b+a :
j=

A Hﬁn,j

There is a positive constant C"”” such that
P [|Mzptillp > 7] <exp (—rv;lfygl/Q\/lnn +C" In n)

Then , taking r = (2 + C"")v,v/vn Inn, it comes

P [||M27n+1||F > (2 + C’"') U\ Vn lnn} <exp(—2Ilnn) = %
and applying Borell Cantelli’s lemma,
Mz i1l =O (vn\/’m) a.s.
Bounding M3 1 := > ;_; Bns vk Bn(§er1le,,, — El€k+11c,,,[Fx]). Let us denote
k1 = &r1lo,, — Eléri1lo,, [ Frl
and remark that for n > ny,
E [IMs 04113 1] < (1= Aminya)" 1Ml + 7202E [llens I 1]

< (1= Amin)* 1Ml + 7202E €04 13 1 )

€nt1ll%>vm

Let V) = v, v, 2| M3, ||%. There are a rank n; and a positive constant ¢ such that for all n > ny

E Va1 Fnl < (1= cm) Vo + O (’YnE [anﬂ”% 1||gn+1\|%2%;1 ’}_nD a.s.
Applying Robbins-Siegmund Theorem as well as equation (26), it comes

||M3,n+1”§; =0 (’ynvi) a.s.
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Lemma 6.4. Let J,, K,, r, be sequences of positive random variables such that r, converges almost surely
to 0 and
Jn+l = (1 - C&/n—i-l)t]n + &Jn—i—lrn(Jn + Kn)

where ¥, = csn? with 1/2 <5 < 1 and c5 > 0. In addition, it is assumed that
K, =0(v,) a.s.

where vy, = c,n’(Inn)® with v € R and b > 0. Then
In=0(vy) a.s.

Proof of Lemma 6.4. For the sake of simplicity, let us assume that for every n > 0, ¢y,41 < 1 (up to take
n large enough). Now, consider the event E, . = {|r,| < ¢/2}, and therefore 15c converges almost surely
to 0. Hence, J,41 can be rewritten as: ’

=:0n
- C.. ~ s
Jn+1 < (1 - C’7n+1) Jn + §7n+1 (Jn + Kn) + Yn+1Tn (Jn + Kn) ]-Egc
C. c..
< (1 - §’Yn+1> In + §7n+1Kn +onlpe,
By induction, one can check that for all n > 0:
~ c n—1 ~ n—1 ~
In < Pnodo + 5 > Bk Tk K+ Pri+10k1po
k=0 k=0
::Jl,n ::JQ,n

with Bnk = H;l:k_H (1 - %%) and Bnn := 1. Using standard calculeftions, we can easily show that Bmo
converges at an exponential rate. Furthermore, J5, can be written as £, ZZ;& By éékl BC and since 1 EC,
converges almost surely to 0, the sum is almost surely finite, leading to 7

Jon =0 (Bn,O) a.s.

and this term thus converges at an exponential rate. Finally, there exists a random variable K such that
for every n > 1, K,, < Kv,, almost surely, leading to the induction relation:

c.. . c.. c.
Sl = (1 - §7n+1> Jin + §%+1Kn < (1 - §%+1) Jin + §7n+1Kvn

By applying Proposition A.4 in Godichon-Baggioni et al. (2023), we obtain:

Jin =0 (vy) as.

)
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