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ONLY LONG EDGES CAN ERASE THE SUBCRITICAL ANNULUS-CROSSING

PHASE OF WEIGHT-DEPENDENT RANDOM CONNECTION MODELS

EMMANUEL JACOB

Abstract: This short note aims at complementing the results of the recent work [9],
where Jahnel and Lüchtrath investigate the question of existence of a subcritical perco-
lation phase for the annulus-crossing probabilities in a large class of continuum percola-
tion models, namely the classical or generalized weight-dependent random connection
models. Their work relates the absence of a subcritical phase to the occurrence of long
edges in the graph, through a somewhat indirect criterium, that stays inconclusive in
some models of interest. We provide a more direct and arguably simpler criterium, that
is always conclusive when considering classical weight-dependent random connection
models.

1. Introduction

This note focuses on the existence of a subcritical annulus-crossing phase in continuum percolation
theory. We will consider classical or generalised weight-dependent random connection models, but we
first discuss the case of the Poisson-boolean model (see [11, 4]) to motivate our work.

In the Poisson-boolean model, we consider a random graph G
λ whose vertex set is given by a Poisson

point process of intensity λ ą 0 on R
d. The vertices are given i.i.d. radii (or weights), and two vertices x

and y with radii Rx and Ry are connected if |x´y| ă Rx `Ry, namely if the balls Bpx, Rxq and Bpy, Ryq
intersect. This model exhibits a phase transition at a critical percolation intensity λc P r0, `8q: for
λ ą λc, the graph G

λ has a.s. a (unique) infinite component, while for λ ă λc, the connected components
of Gλ are a.s. all finite. Of course, this is a true phase transition only if there exists a subcritical phase,
namely if λc ą 0. This subcritical phase actually fails to exist if ErRds “ `8, which is a degenerate
case in the sense that the vertices almost surely all have infinite degree, whatever the value of λ ą 0
(see [11]). However, Gouéré proved in [4] that λc ą 0 whenever ErRds ă `8, showing the existence
of a subcritical phase transition for all nondegenerate models. His proof relies on a renormalization
lemma for the annulus-crossing probabilities. Taking λ ą 0 small enough allows to initialize a simple
renormalization argument that shows that these probabilities tend to 0 when the size of the annuli
tend to infinity, which shows λ ď λc. His technique also leads naturally to the introduction of the

critical annulus-crossing intensity pλc, which automatically satisfies pλc ď λc, as well as pλc ą 0 by the

aforementioned renormalization lemma. Interestingly, taking any λ ă pλc also provides renormalization
techniques that can be used to derive many properties of this phase, see [5]. It is thus natural to ask

whether we have pλc “ λc, namely whether the two critical intensities coincide. This difficult question

has been investigated in [1, 2, 3], and it is proven in [2] that indeed pλc “ λc when R follows a power-law,
except possibly for a countable number of exceptional power-law distributions.

We are however interested in a larger class of models that can feature long edges and scale-free degree
distribution, namely the classical weight-dependent random connection models as in [7], or a generalized
version in [9]. We first discuss the classical settings, which already include various previously studied
models like long-range percolation, scale-free percolation or geometric inhomogeneous random graphs,
and are closely related to hyperbolic random geometric graph, see also [10] for a recent work on such
models. The vertices still have i.i.d. weights, but the probability of finding an edge between a vertex x

of weight Wx and a vertex y of weight Wy is now of the form

ϕpWx, Wy, |x ´ y|q,

for ϕ some profile function satisfying some mild assumptions ensuring the degrees are finite. Actually [7]
use a more specific form

ϕpWx, Wy, |x ´ y|q “ ρpgpWx, Wyq|x ´ y|dq,

but we will not require this form in our work. For these models, we still can naturally define λc and pλc,

that satisfy 0 ď pλc ď λc. The natural questions are now whether we have equalities λc “ 0, or pλc “ 0,
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or λc “ pλc. The question of whether λc “ 0 has been investigated in various works, see in particular [8]
for a fairly general result.

In [9], it has been observed the interesting phenomenon that one may very-well have 0 “ pλc ă λc.

This can be viewed as a “weak form of degeneracy” for these models, that implies pλc “ 0 without

necessarily saying anything about λc. More precisely, they relate the property pλc “ 0 to the occurence
of long edges in the graph, as measured through a coefficient δeff ě 0. In short, they obtain that if

δeff ą 2, then long edges are rare and pλc ą 0, while if δeff ă 2, long edges are common and pλc “ 0. Their
results leave the case δeff “ 2 open, which however includes some models of interest and in particular
the age-dependent random connection model of [6].

We elaborate on [9] by relating more directly the property pλc “ 0 to the occurence of long edges

in the graph. Our criterium always concludes whether we have pλc “ 0 or not, at least in the case
of the classical weight-dependent random connection models. Interestingly, [9] introduce and study a
generalized version of weight-dependent random connection models, where the connection probabilty
between two vertices is allowed to further depend on the surrounding vertices of the graph. In this case
we obtain partial results, which may complement their work. Note however that in the full generality
introduced in [9], it is not necessarily the case that the percolation probabilities are monotonous in λ.
It is thus unclear that there is a single percolation phase transition, and it seems dubious that much
can be said without introducing further assumptions.

We conclude this introduction with the following takeaway message from our work: If it is likely to
find long edges in our graphs, namely edges of length of order r in a ball of radius r, then this gives a

weak form of degeneracy that implies pλc “ 0 without necessarily implying λc “ 0. This leaves open the

question whether we always have λc “ pλc ą 0 whenever this weak form of degeneracy does not occur.

2. Framework

We use almost the same settings and notations as [9] to describe the generalized weight-dependent
random connection model. For λ ą 0, we consider G

λ a random graph with vertex set X given by a
Poisson Point Process (PPP) on R

d ˆp0, 1q with intensity λ ą 0, where a vertex x “ px, uxq is said to be
located at position x P R

d and with mark ux P p0, 1q. We then connect independently each unordered
pair of vertices x, y P X with probability

ppx, y,Xztx, yuq,

where p is some functional invariant under translations and rotations. It further satisfies the following
integrability condition: for any x and y in R

d ˆ p0, 1q, we have

Eλrppx, y,Xqs “ ϕλpux, uy, |x ´ y|q (1)

for some measurable function ϕλ : p0, 1q ˆ p0, 1q ˆ p0, `8q. Note p does not depend on λ, but ϕλ can
depend on λ because of the expectation taken with respect of a PPP with intensity λ. We suppose:

(1) ϕλ is symmetric in the first two arguments and non-increasing in the third.
(2) The integral ż 1

0

ż 1

0

ż

Rd

ϕλps, t, |z|qdzdsdt

is finite.

We will sometimes introduce further hypotheses

‚ Mixing hypothesis: We just repeat the hypothesis introduced in [9] to specify local percolation
and quantify the influence of far-apart vertices on the connection mechanism. Write

Gpr, xq :“ tthere is a path in G
λ from Bpx, rq to Bpx, 2rq∁

using only vertices in Bpx, 3rqu

Gprq :“ Gpr, 0q.

In these events we ask to find a crossing of some (large) annulus using only vertices contained
in a larger ball containing the annulus. We now say that Gλ is mixing with index ζ ą 0 if there
exists Cmix ą 0 such that for all λ ą 0 and all |x| ą 6r, we have

ˇ̌
Covp1Gprq, 1Gpr,xqq

ˇ̌
ď Cmixλr´ζ . (2)

‚ Monotonicity hypothesis: We say the model satisfies the monotonicity hypothesis if p is non-
decreasing in the third argument, with the understanding that adding vertices in your PPP
cannot decrease the edge probabilities of the existing vertices. If it holds, then ϕλ is of course
nondecreasing in λ, and more generally we can couple the graphs G

λ and G
λ1

based on the
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PPPpλq and PPPpλ1q with λ ă λ1, such that G
λ is a subgraph of Gλ1

. In particular, the perco-
lation probability becomes nondecreasing in λ so that we can naturally introduce the classical

critical percolation intensity λc, as well as the critical annulus-crossing intensity pλc, defined by

pλc :“ sup
!

λ ą 0,Pλ

´
Bp0, rq Ø Bp0, 2rq∁

¯
Ñ 0

)

“ inf
!

λ ą 0, lim supPλ

´
Bp0, rq Ø Bp0, 2rq∁

¯
ą 0

)
,

where we write A Ø B for the existence in G
λ of a path started at a vertex located in A and

ending at a vertex located in B. Without the monotonicity assumption, we still can define
pλc, but we cannot easily guarantee for λ ą pλc that the probabilities Pλ

´
Bp0, rq Ø Bp0, 2rq∁

¯

tend to 0 as r tends to infinity. Note that [9] does not state the monotonicty hypothesis, and
introduce as an example a model that does not satisfy this hypothesis.

‚ Classical weight-dependent random connection model: In the classical model, p does not depend
on the surrounding vertices, so ppx, y,Xq “ ppx, yq “ ϕpux, uy, |x ´ y|q, where of course ϕ does
not depend on λ. This is a strong assumption, that implies both the mixing and monotonicity
assumptions. This assumption is also denoted as the “ζ “ 8” case in [9].

This note aims at understanding in which cases we have a subcritical phase, i.e. pλc ą 0.

3. Results

We claim that the main reason that can lead to an absence of a subcritical phase is the presence of
long edges in the graph. For r ą 0 and c ą 0, we define the “long edge event”

Lpr, cq :“ tDx „ y, |x| ă r, |y ´ x| ą cru , (3)

namely the event that we can find an edge of length at least cr with one endvertex in the ball of radius
r centered at the origin. We will also consider Hpλ, cq the property

"
lim sup

rÑ8
Pλ pLpr, cqq ą 0.

*

In words, Hpλ, cq holds if it is not unlikely to find long edges – namely edges of length comparable to
the size of the ball where we search for them – when r tends to infinity. The following simple property
makes this heuristic description actually quite pertinent:

Lemma 1. Hpλ, cq does not depend on c ą 0.

Proof. Clearly Hpλ, cq ñ Hpλ, c1q for all c1 ă c. Consider now c1 ą c ą 0. By spatial homogeneity, we
have

Pλ

`
Dx „ y, x P Bp0, rq, |y ´ x| ą c1r

˘
ě

´ c

c1

¯d

Pλ

`
Dx „ y, x P Bp0, c1r{cq, |y ´ x| ą c1r

˘
,

and the result follows. �

In the following, we will write Hpλq for the property Hpλ, 1q (which by the lemma is actually the same
as Hpλ, cq for any given value c ą 0). Under the additional assumption that we work with a classical
weight-dependent random connection model, the following property makes the assumption Hpλq even
more interesting.

Lemma 2. For the classical weight-dependent random connection models, the property Hpλq does not
depend on λ ą 0.

Proof. For the classical weight-dependent random connection models and 0 ă λ ă λ1, we can couple G
λ

and G
λ1

, so that Gλ is the random subgraph of Gλ1

obtained by keeping each vertex of Gλ1

independently
with probability λ{λ1. Therefore

pλ{λ1q2
Pλ1 pLpr, 1qq ď PλpLpr, 1qq ď Pλ1 pLpr, 1qq.

The result follows immediately. �

We now state our main result, which shows that the property Hpλq is intimately linked to the
nonexistence of a subcritical phase.
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Theorem 1. (1) In the classical weight-dependent random connection model, the property Hpλq

does not depend on λ ą 0, and is equivalent to pλc “ 0.
(2) In the generalized weight-dependent random connection model:

(a) If Hpλq holds for all λ ą 0, then pλc “ 0.
(b) If Hpλq does not hold for some λ ą 0, and if additionally we make the monotonicity and

mixing assumptions, then pλc ą 0.

Part (1) of the theorem directly follows from Part (2) together with Lemma 2, so we only need
to prove Part (2). Part (2)(a) follows from the simple observation that the event Lpr, 3q implies the
existence of an edge between a vertex in Bp0, rq and a vertex at distance larger than 3r, thus necessarily

located outside Bp0, 2rq. Hence Hpλ, 3q ñ λ ě pλc.
Finally, Part (2)(b) of the theorem is a consequence of the following lemma:

Lemma 3. Suppose Hpλ, 1{20q does not hold, and work under the monotonicity and mixing assumptions.

Then pλc ą 0.

Proof. Recall the event Gprq defined in the mixing hypothesis, and introduce the following events:

Cprq :“ tBpx, rq Ø Bpx, 2rq∁u,

F prq :“ tDx „ y, x P Bp0, 20rq, |y ´ x| ą ru.

Using the mixing property, we obtain a renormalization lemma similar1 to the one stated in [9]:

PλpCp10rqq ď CPλpGprqq2 ` PλpF prqq ` CCmixλr´ζ

ď CPλpCprqq2 ` PλpF prqq ` CCmixλr´ζ ,

where C is an explicit constant depending only on the dimension. We do not detail this classical
argument, but just observe that for classical weight-dependent random connection models, the last
term with Cmix disappears, as in the original renormalization lemma of [4]. In order to use such a
renormalization lemma to deduce that PλpGprqq tends to 0 as r Ñ `8, two ingredients are necessary:

‚ We need the “error terms” PλpF prqq ` CCmixλr´ζ tending to 0 as r Ñ 8. The mixing term
clearly does, while we obtain PλpF prqq Ñ 0 by the hypothesis that Hpλ, 1{20q does not hold.

‚ We need to initialize the renormalization argument by ensuring that PλpCprqq is small on some
interval r P rr0, 10r0s. To this end, we can simply bound roughly the probability of Cprq by
the probability of finding any point of the PPP in the ball Bp0, rq, and decrease sufficiently
the value of λ to make this probability small. While decreasing the value of λ, we use the
monotonicity property to ensure the error term does not increase2.

This classical renormalization technique thus allows to conclude. �
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