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Abstract: In this paper, we study the existence and exponential stability of solutions to a class of
nonlinear delay Klein-Gordon wave type models on a bounded domain. Such models include
multiple time-varying delays, frictional damping, and nonlinear logarithmic source terms. After
showing the local existence result of the solutions using Faedo-Galerkin’s method and logarithmic
Sobolev inequality, the global existence is analyzed. Then, under some appropriate conditions, energy
decay estimates and exponential stability results of the global solutions are investigated.
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logarithmic source term; asymptotic behavior; energy decay
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1. Introduction and Mathematical Setting of the Problem

In this paper, we consider the following nonlocal initial-boundary value problem for a
class of nonlinear Klein-Gordon wave type equations with frictional damping, logarithmic
nonlinearity, and multiple time-varying delays in velocity:

92 d ]
aTg — div(K(x) Vi) + do(t)alt‘ FY(x b a%‘)
+M(|| u ||%z(0))u =uln|ul?, xeQ, t>0,
%”t‘(x, V) = ho(x ), (x,¢) € Qp = O x [~6(0),0), (1)

u(x,0) = go(x), 2 (x,0) = pi(x), x €O,

u(x,t)=0,xerl, t>0,

where u(x, t) € IR is the variable state, the operator M is a continuous function on [0, +0),
the domain Q) is a boundary subset of RN, N > 1, with smooth boundary I' = 9}, and the
term K is the conductivity tensor function on O, with Q = Q U dQ) the closure of Q. The
functions ¢y, ¢1, and hy are the initial/initial history data to be specified later. The operator

Y, which describes multiple time-varying delays related to velocity a—ttl, is defined as in [1]

9 & d
¥t 5) = L) g (ot =), @

where the non constant weights (d;,i = 1,n) : RT — R and dy : R" —]0, +oo][ are
bounded and sufficiently regular functions, (¢;,i = 1,n) : RT — IR" are sufficiently
regular functions representing multiple time-varying delays, 6(0) = max;_1 ,(e;(0)), and
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the parameter 0 (which measures the force of nonlinear interactions) is a real number that
will be specified later.

1.1. Motivation and Outline of the Paper

A strong motivation for analyzing the behavior of the nonlinear problem with multiple
time-varying delays (1) comes from its application in many branches of physics and other
applied sciences.

The nonlinear Klein—-Gordon equation, also known as the relativistic version of the
Schrodinger equation, is an important class of partial differential equations and performs
a significant role in mathematical physics and many other scientific applications such
as relativistic quantum mechanics. They occur in various areas of physical sciences and
engineering such as solid-state physics, nonlinear optics, quantum field theory, fluid dy-
namics, mathematical biology, chemical kinematics, propagation of dislocations in crystals,
and the behavior of elementary particles. The Klein-Gordon equation, with and without
damping terms, has been extensively studied, either from a theoretical (as global existence
and nonexistence, exponential decay of energy, time blow-up, asymptotic behavior of
solutions) or from a numerical point of view, for different nonlinear source terms F(u) as
F(u) = au | u |7 or logarithmic nonlinearity F(u) = au In | u |7, where the parameter a
measures the force of the nonlinear interactions. For the first type of nonlinearities, we can
cite, e.g., [2-5] and the references therein. Problems with logarithmic nonlinearity arise
naturally in many areas such as quantum optics and transport phenomena, via a logarith-
mic Schrodinger equation (see, e.g., [6,7]); fluid dynamics via a logarithmic Korteweg—de
Vries equation or a logarithmic Kadomtsev—Petviashvili equation (see, e.g., [8]); or material
sciences, with a Cahn-Hilliard equation (see, e.g., [9]). It also arises in nuclear physics, infla-
tion cosmology, vibration, supersymmetric fields in quantum field theory, spinless particles,
and viscoelastic mechanics where a logarithmic Klein-Gordon equation is considered (see,
e.g., [7,10-16]). Such logarithmic Klein-Gordon problems have been the object of numerous
studies either from a theoretical or from a numerical point of view (see, e.g., [17-30] and
the references therein).

The introduction of retarded arguments is to reflect the different after-effects. Different
time-varying delay configurations occur naturally in various areas of physics, biologics
and engineering, such as in biochemical systems, in population dynamics, in quantum
chaotic systems, in relativistic quantum waves, and in the area of plasma control (e.g., in the
context of thermonuclear fusion with Tokamaks). Moreover, time-varying delays in signal
transmission are inevitable in many applications and practical processes. A small delay can
affect considerably dynamical behaviors of the system (e.g., destabilize the system which is
asymptotically stable in the absence of time delays unless additional conditions, control
functions, or stabilization mechanism functions have been used). Delay terms can lead to
change in the stability of dynamics and give rise to highly complex behavior including
instability, oscillations, and chaos (see, e.g., [1,31-46] and the references therein). Therefore,
these behaviors and aspects, by taking into account different sources of delays, motivate
the study of multiple time-varying delays effects on properties of dynamical systems.

In this work, in order to take into account the influence of different sources of time
delays in the velocity of signal transmission, nonlinear Klein-Gordon wave type models
with logarithmic nonlinearity are modified by incorporating multiple time delays and a
nonlocal operator. The proposed strategy consists in controlling these instabilities by im-
posing some suitable conditions involving different functions and parameters representing
the multiple time-varying delays. The presence of the nonlocal term M (|| u ||%2( Q)) and
operator ¥, which describes multiple time-varying delays, makes the mathematical study
of such a class of problems particularly interesting.

Remark 1.1.

1. The Equation (1) is called nonlocal because of the presence of nonlocal term M (|| u ||%2(Q)).
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2. The functions dy are diffusion coefficients that represent the strength of each associated time
delay. A zero coefficient means the associated previous state does not impact the system. O

The paper is organized as follows. In the next subsections, we give some necessary
notations and preliminary results. In Section 2, we prove the local existence of solutions
to problem (1) using Faedo-Galerkin’s approximation and logarithmic Sobolev inequal-
ity. Section 3 deals with the global existence and energy decay rate of the solutions to
problem (1). In Section 4, under suitable conditions on data and involved functionals, the
exponential decay of solutions, for initial data in a set of stability, is investigated. Finally,
we present conclusions in Section 5.

1.2. Notations

Let D be a Banach space and D’ its dual Banach space. We denote the norm on D by
| . lp, the norm on D’ by || . ||pr, and the duality pairing on D" and D by <, >pr p. We
denote the norm and the scalar productin L>(Q) by || . || and (., .), respectively. We say that
a sequence (wy ), of D (respectively, of D) converges weakly (respectively, weakly*) to w if
and only if Vf € D/, < f,w, —w > converges to 0 (respectively, Vv € D, < w, — w,v >
converges to 0) (see e.g., [33], Part I). The dual of L?(Q) is identified with itself, the dual
of H{(Q) is H~1(Q)) and we have the following injections H}(Q) C L?(Q) ¢ H1(Q)
with continuous and dense embedding. Moreover we denote by C, (which depends on
the geometry of domain () the optimal constant of embedding inequality (this smallest
possible Cq, is called the Poincaré constant)

121120 < Ca ll Vo ll2q), Vo € Hy(€). 3)

If Q) is a convex domain with diameter d¢,, then C = d?o

We can now introduce the following sets (for arbitrary final time T > 0):

Vo(Q;6(0)) = HY(Q) x L2(Q) x L*(Qy),
H(0,T) = L™(0, T; L*(Q)), V(0,T) = L*(0, T; H}(Q))),
S(0,T) = C°([0, T); Hy(Q2)) N C* ([0, T]; L*(2)) N C*([0, T); H(€2)).

Finally, for a bounded function f, we denote

frr=inf | f(6) |, f = sup [ fE) ]

t>0

We now state some assumptions for the various functions and operators appearing in
Equation (1).

1.3. Assumptions and Preliminaries

We start by assuming that t € RT™ — (r;(t) =t —¢;(t),i = 1,n) are strictly increas-
ing functions (and consequently are bijective) and (¢;,i = 1,1) are C! non-negative and
bounded functions on IRT. So, we have the existence of inverse functions (fi,i=1, n) of
(ri,i = 1,n). For simplicity, without loss of generality, we can suppose that e;(0) = §(0) for
alli=1,...,n.

Remark 1.2. We can define the following subdivision: s_1 = —(0), sp = 0and Vj € IN*,
sj = fB{r},(ﬁ(SH))/ and we denote T; = s; —sj_1, and Q; = Q) x (sj_1,s;) for j > 0. According
to the hypotheses on functions (e;, i = 1,n), we prove easily that:

(i)  the sequence (Sj)jelN is strictly increasing Vj > 0,

(i) forj>2,ifte (sj,l,sj) thenVi=1,...,n,1i(t) < Sj-1,

(iii) ift € (so,51), then¥i=1,...,n,ri(t) € (s_1,50)-
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In order to derive the solution of (1), we can use the following process: we solve the problem
on Q1 by using the initial/initial history data and obtain the solution. Then, the solution on Qj is
obtained by using the solution on Q; to generate the initial data at s1. This advancing process is
repeated for Qs, Qy, ..., until the final set is reached. O

For the tensor function K, we suppose that the following assumptions hold.
(H1) We assume that the conductivity tensor function K € W (Q)) is a symmetric, positive
definite matrix function and is uniformly elliptic, i.e., there exist constants 0 < v < y such
that (Yo € RY)
vl[ol3 < o"Ko < pllo)3 inQ, 4)

where ||.||2 is the Euclidean norm.
For the nonlinear operator M, we set the following hypothesis.
(H2) M € C(]0,),IR) such that M() > 9y > 0, V{ € [0,00), with 8§ a constant. We

¢
denote M, ({) :/0 M(n)dy.

Finally, we impose the following assumption for the parameter 0: there exists & > 0
(depending on 0) such that

_ fu? . 0(
(AAA) ) v— T > (0 and (ii)

1+ N(1+1Ina)) +8

0.
2

Remark 1.3.

- If6 < 0, the relation (i) is always true for any x > 0 and (ii) is true for all « such that

_N-1-%
0<a< exp(%). Consequently, it is always possible to find o > 0 such that the

relations (i) and (ii) hold.

- If0 >0, the relation (i) is true for all a such that 0 < o < 4/ ? and (ii) is true for all o

%

N 9. Consequently it is always possible to find a such that the

. . .. . 27y -N-1- % . .
relations (i) and (ii) hold, provided that o > EXP(T)' i.e., that 0 satisfies
the following inequality

such that & > exp(

0 S @N(I/, 190), (5)

N—-1- "% _
with O (v, Bo) satisfying , | (91\12(7:/190) = exp( N ON0)y " We prove easily that

the sequence @ (v, 0) is decreasing with O (v, 89) = I\l{im On (v, %) = 27te?v (the limit
—00
O (v, 00) ~ 46.4268v is independent of 0y). In this case, a satisfies

_N—-1-% >
NG =2 ©

ag = exp( 0

Lemma 1.1 (Logarithmic Sobolev inequality, see, e.g., [47]). Let v € H}(Q), then for any
positive constant w, the following estimates hold:

1
2 2 2
/Qv In|o|dx < 2 o 12y In [l 2 I72()

7)
a N(1+Ina) (
"’% | Vo H%Z(Q) [ S | o ||%2(Q) .
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Lemma 1.2 (Logarithmic Gronwall inequality, see [19] or, e.g., [25]). Given a positive time
T and positive constants K and Ay with Ag > 1, let | be a nonnegative function such that
1€ LY((0,T)). Ifa function A : (0, T) —> [1,+oo] satisfies, for any t € (0,T),

A()<A0+I</ A(s)InA(s)ds,

exp K/
then A(t for any t € (0, T).

Lemma 1.3. Let € € (0,1), then there exists de > 0 such that r | Inr |< r? + der' =€, for any
r> 0.

Proof. We prove easily that d. is the maximum of the following function g : » €]0, +oco[—
g(r)y=r(|Inr| —r). O

In the sequel, we will always denote C (or C;) as some positive constant, which may
be different at each occurrence.

2. Existence of Local Solution

In this section, we shall study the existence of local solutions for problem (1). For this,
let T > 0 be a fixed and but arbitrary real number, and we denote Q = Q x (0,T) and
X=Ix(0,T).

Introducing now the following new functions (fori =1,...,n)

: ou
w'(x, tn) = E(X’t —nei(t)), for (x,t;n) € Qx(0,1). (8)
Then, we have
iv ey U iy pqy _ OU o
w'(x,t0) = E(x,t), w'(x,t;1) = g(x,t e;(1)),
and , )

i

ow ow'
ei(t)ﬁ(x, t;n) +(1— Uef(t))w(x, t;n) =0, for (x, ;1) € Q x (0,1).
Consequently, problem (1) becomes (fori =1,...,n)

0%u .
+M(|| u HL2 Q))u =uln|u |9 for (x,t) € Q,

e ()5 (0 )+ (1= 16i(D) G- (x 5) = O, for (s, 50) € @ (01,
(xtO)—at(x t) for (x,t) € Q,
wl(x,0:1) = holx, —13(0)) := wh(xin), for () € Q% (0,1),

u(x,0) = go(x), 5;(x,0)=¢1(0), forxeQ,

ot
u(x,t) =0, for(x,t)€X.

(10)

For this solution u, the corresponding energy function E, : R — IR is defined by (for all
t>0)

ou P
E“<t) :H g ||%2(Q) -I—(/CVM Vu) +M || u ||2 )+ e H u ||%2(Q)

(11)
0 2
—/Qu In|u| dx+)t§ ei( ||w( i) 2% 01))7
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where A > 0 is a fixed parameter that satisfies the following condition (H3)
Dy = 1nf (do(t) — = Z | di(t) |) > A > Dy = max(sup M),
n t>() i=1n y5g 2(1—ej(t))
under the followmg addltlonal assumption (12)
| di(t) |
03 11400 D> mpxeup )

For typographical convenience, we will denote the energy at time ¢ by E(t) in place of
E,(t) if no confusion arises.

Remark 2.1. If the weight function dy is a non-increasing function, we can replace the energy
function E by

Jdu 9
E(t) =|| 3 ||%2(0) +(KVu, Vu) + My(|| u ||%2(Q)) + 3 | u ”%Z(Q)

n .
= /Q 1210 | u |? dx+ A ;do(t)ei(t) ' 62) e o) -

(13)

By adapting easily the condition (12) and relation (15), and with very minimal modifications, the
results of the paper remain valid.

Theorem 2.1. Assume that the hypotheses (AAA) and (H1)-(H3) hold. Then, for the initial/initial
history conditions (¢po, ¢1,ho) € Vo(Q, 6(0)), there exists a local solution u of problem (1), with
u € S(0,T)and w' € CO([0,T] x [0,1]; L2(Q)) NC([0,T) x [0,1; H1(Q)), fori =1,...,n,
such that E is a nonincreasing function and satisfies (for t € (0, T))

ou
7 (0 < 2R || 57 lI72q) —2R2(2 an 1) [[F2() < 0 (14)

where R1(A) and Ry(A) are given by

Ri(A) = n(Dy = A) and Ry(A) = n(A = Dz) min(inf(1 — €}(£))). (15)

i=1n t>

Proof. To establish the existence result of a weak solution to problem (1), we apply the
Faedo—Galerkin method, derive a priori estimates, and then pass to the limit in the approxi-
mate solutions using compactness arguments. We approximate Equation (1) by projecting
them onto finite m dimensional subspaces, and then we take the limit in m. For this,
let (v)), .\ be the orthogonal basis of H}(Q), which is orthogonal in L?(Q), and define
Vi = span{vy, ..., v}, for m > 1. From (vy)x—1,,, we can find a sequence (¢;)x—1 , with
Pr(x,0) = v (x), for k = 1,m, such that (¢ )s—1 , is orthogonal in L2(Q) x (0,1)) and then
define ¥,, = span{yy, ..., P }, for m > 1 (as, e.g., in [38]). Let 1,0, U, be sequences of Vy,,
and wmo be a sequence of ¥y, such that u,g — ¢ in H{(Q), uyn — ¢1 in L2(Q) and
w! o — wh in L2(Q x (0,1)) as m — oo. For each m € IN*, we would like to define the
Faedo-Galerkin approximation solution (i, (w',);—1 ) of the problem (1). Setting

x,8) = Y i (Dor(x) and wh, (x £ 17) = ngm e, 1),
k=1
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where (Mg )k=1,m and (g, )k=1,, are unknown functions and replacing (u, (w')i—1,) by

(m, (w,)i=1,,) in (1), we obtain a.e. ¢+ € (0,T), the system of Galerkin equations (for
all (v,9) € Vy x¥pandi=1,...,n)

%u,,

(W,U) + (KVuy, Vo) + (do(t) aum )+ Z (x,t;1),0)

' F (M| um ||L2 ))um,v) = (”mln | tm ‘ ,0),
1 4 1 i
[ @05 i vy + [ (1=l G ) gy =0, 0O

Um(%,0) = tyo(x), Ot (x 0) = 1 (x), forx € Q
W', (x,0;17) = w'o(x 11) for (x,17) € Q x (0,1).

By virtue of the standard theory of ordinary differential equations, the problem (16) has
a local solution that is extended to a maximal interval [0, T,,) (with 0 < T, < T, for any

given T > 0). The following estimate will give the local solution being extended to the
whole interval [0, T).

Replacing (v, ¢) by (ag—tm, Aw'!,) in (16) and using the relation

ou 0 ou
6 9¥my z 2 ZHm
(umIn | up |°, at) /fj_)zeumln|um| o dx
2 2
- %t@l;/ (s 10t P dx = it [22y)
= 20 [ 7 = i B,
we obtain
1d au
§$( | == || ICVum,Vum)—i-M (Il um ||L2 )
43 1l B —/Qw In | \de)
au ou
= ~alt) | % Iy~ A0 (1), 55,
1d ;
2090 195 oo )> 1 | W)
= 52(0) [l 0 () [aganon) —5/\6?(’?) i 5:) a0
M@= ef()) | W (4 1) 1720y — | Wi (4 £0) 172,
= A(( =) [ @l 5) By — I s, 50 uim)),
Um(%,0) = ty0(x), Ot (x 0) = 1 (x), forx € Q
w',(x,0;17) = wo(x; ;7) for (x,7) € Q x (0,1).
Let us introduce the energy E,; of the solution u,, of problem (16) (as (11))
E)um 2 0 2
En(®) =I| 2% |23 0y -+ (K Vst Vitm) + My (| 10 [Bage)) + 5 [l 220y
(18)

n .
—/Q(um)zln|um K dx+ A1) e(t) | w;n( ;) ||L2 Qx(0,1))
i=1
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Then, (since w',(.,.;0) = a””’ )

1dE Jou au
57:1(7}) = - (do(t) H a;n L2Q) — Z || - LZ(Q )

(19)
! ; ou
= 2 di®)(wn (., 51), —7) = /\2(1 —ei()) | Wi (- £1) T2y -
i=1 i=1
By Young’s inequality, we obtain
1dE ou au 1 au
2 < —<do(t) I %50 By A 12 1 ) R MOy
i=1
1 " » (20)
o 2 L) [ w,(51) 72 Z (1= ei(1) | wi (1) 1172
i=1 i=1
and then, according to the result (12)
1dE w d; au
28y < oty - Yo r 4 LDy g B e,
2 dt =
_n)\l_l _|dl()| i 1 2
> (A —ei(t) = =) 1w (. 51) [I72(q) (21)
i=1
au
< —Ri(M) || =7 1172 lew 1) [ T2y 0,
where R1(A) and R(A) are given by (15).
From (H2), (4), (7) and (21), we can deduce that
ou 0ua? 61—|—N 1+Ina))+ 9
122 )+ = 2 | ||2 U NALID £ )4 2y
Bu
F2R (A / | 2 12, ) ds 4+ 2Ra(A 2/ | (s1) oy ds (22
6
+ Z H ZU LZ(QX(O 1)) Em(O) + E || Um ||L2(Q) In || Um HL2(Q) .
According to assumption (AAA), we have that
1 6a? 1 01+ N(1+Ina))+9d
E_V_E>Oandf2 5 >0
and then
au 1
” - HLZ(Q || v”m ||L2(Q v || Um ||%2(Q
d
+2R1 / |52 1oy ds +2Ro(A / | w0l (s51) [ 23)

+ Z | w LZ(QX(O 1))< En(0) + H Um || ln (| ttm H Q) -
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Moreover, we have, according to the expression of Ey, (0), for large m: E,;(0) < Cr(¢o, ¢1,ho),
where Cj is a positive constant depending on the initial/initial history data (¢o, $1, ho),
and then

aum 1 2 1 aum
152 oy +5 | Fiom gy 3 1 [y +2Re M) [ ] 22
1’l t .
+2R(1). / | why(,5:1) \|L2<Q ds 24)
- 2
Z I72(00¢ 01 < Ci + o W 17200 I [ 1t (72 -
Since uy (x,t) = um(x,0) + / (x,s)ds, then, for large m, (according to (24))

ou
I 8) oy = 2 () By +Co [ ] 280 [ s

(25)
<ot Co [t Iy 0t g
According to logarithmic Gronwall inequality, we can deduce the estimate (for all t)
” Mm( ) HLZ(Q (1 + Co)exP(Czt) <Cr (26)
and then from inequality (24) follows (for a.e. t € (0,T))
au au
)2 2, 0+ 0 Tt 2y + 1 10m B + / | S
noot (27)
+2/0 | wh(,51) | ds+Z||w HLZ(onl c.
i=1
Consequently,
() is bounded in L*(0, T; H}(Q)) x L®(0, T; L?(Q)))
(ag;") is bounded in L°(0, T; L2(Q))) x L2(0, T; L2(Q))) o8
(wj,) is bounded in L*(0, T; L2(Q x (0,1))),
(w',(.,;1)) is bounded in L2(0, T; L2(Q)).

This result makes it possible to extract from (tm,w!,) a subsequence also denoted by
(um, w},) and such that (by using Aubin-Lions compactness lemma, see [48] Theorem 5.1,
p- 58)

um — u weakly star in L*(0, T; H}(Q2)),
ag—tm - a” L weakly starin L®(0, T; L*(Q))),
agtm - a” ! weakly in L?(0, T; L2(Q2)),
wl, = w! weakly starin L*(0, T; L?(Q x (0,1))),
wﬁn( L5 1) = wi(, ;1) weakly in L?(Q),
Uy — ustrongly in L2(Q) (and so uy, — u ae. in Q), (),
UmIn |ty |P— uln | u |? ae.in Q
(from the continuity of y — yln | y | and (*)),
MU 1t [220) — M| 123y strongly in L2(0, T)
(from the continuity of M and (*)).

(29)
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1
Moreover, since sup |rinr |= > we can deduce, forallg > 2if N <2and2 < g < %
0<r<1
if N > 3, that

62 1 1
| e I | 14, |° 2y < — (5mes(Q) + -2 || wm ||zq(0))

€
CO+ || Vit (12,

N

(30)

Consequently, from (30) we obtain (according to the last result of (29) and Lebesgue
dominated convergence arguments)

U In | 1y |— uln | u |® weakly in L2(Q) (31)
and (according to (29) and (16)) the boundedness of aa;‘z'” in L°(0, T; H"1(Q)) and
2
AT a—u weakly starin L®(0, T; H 1(Q)). (32)

ot? ot?

By using (29)—(32) and density properties of spaces spanned, respectively, by (vy), and
(¥x )k, we can pass to the limit (m — +o0) in a standard way in (16). So we omit the
details. The limit (u;w'), for i = 1,n, then satisfies the following system (for all (v, ¢) €
H}(Q) x L2(Q % (0,1)))

214
< 887,21 > H-1H) +(KVu, Vo) + (dy )+ Z (x,t;1),0)
HMU e Py o) <u1n|u|9, o),
1 w 1 wt
[ % mpoan + [ (=) 5 Gt ytaar =0, @

u(x,0) = ¢p(x), ag—;n(x,O) = ¢1(x), forx € O

w'(x,0;7) = wh(x;77), for (x,7) € Q x (0,1).
Finally, by a similar argument as to show (21), we can deduce

dE ou
77 (0 < 2R || 57 lI72q) —2R2(2 ZHw 1) [[F2() < 0 (34)

where R1(A) and Rp(A) are given in (15).
Then, E is a nonincreasing function. This completes the proof. [

Remark 2.2. If Tyux = sup{T > 0 : the solution u existing on [0, T|} is the maximal existence
time of the weak solution to problem (1), and then if Ty.x = 00, we say that the solution u is
global and if Ty, < 00, the solution u blows up and T,y is the blow-up time.

3. Global Existence and Energy Decay Estimate

In this section, we prove the global existence and energy decay rate of the solutions to
problem (10).
We started by introducing the functions Z and J such that (for v € H}(Q))

0
Z(0) = v | Vo [Bagq) + 2 10 o) —6 [ %I [0 | dxand 7(0) = (@) + 5 | © [

Forr > 0and v € H}(Q)), we obtain

29 0(1—21
J(rv) = Z(rv) + % | v H%Z(Q): r2(Z(v) + w | v ||%z(0)).
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Then

o) =202 + LR 0 ) 10 2

=2r(Z(v) = 0In(r) || 0 |7, )

Therefore, for an arbitrary element v € H}(Q)/{0}, we have 1’2(\7 (rv)) = 2Z(rv),

or
lim J(rv) =0, hm J(rv) = —o0, and 2](rv) >0if 0 < r < 7(v) and i.7(7’0) < 0if
r—0+ or or
r > 7(v), where the value 7(v) = exp(&) is the unique solution of 2\7(1’0) =0.
6 || 0 HLZ(Q) 81’
92
Furthermore, we have that 5 5 J(ro)|=s = =20 || v || <0, arg max J (rv) = 7(v) and

Z(7(v)v) = 0.
Associated with 7, we have the well-known Nehari Manifold (the set of all nontrivial
stationary solutions to the problem (10))

N = {v € Hy(Q)/{0} : ( J(ro))]r=1 = 0}.

Equivalently,
N = {ve H}(Q)/{0} : Z(v) = 0}.

We define the potential well depth d (also known as mountain pass level), as in the
Mountain Pass theorem due to Ambrosetti and Rabinowitz [49], by

d= inf sup J (rv). (35)
veH(Q)/{0} r>0

As Payne and Sattinger noted in [50], the potential well depth d can be also characterized as

d = inf 36
inf J(0). (36)
Moreover, the weak solution of (10) blows up when Z(u(t)) < 0. If 6 < 0, then Z(u(t)) >0,
for all t and then the weak solution of (10) is global. Consequently, in the sequel, we assume
that @ > 0.
Now, we can introduce the following spaces

NT ={vec H}(Q)/{0}:Z(v) >0}u{0},
~={vec H}O)/{0}:Z(v) <0}, 37)
Wy ={ve N :J(v) <d} (stable set),
={ve N~ :J(v) <d} (unstable set).

The space W) is corresponding to the set of stability for the problem (10).

Theorem 3.1. Assume that the hypotheses (AAA)-(H2) hold, and that the initial condition
(¢o,91) € HY(Q) x L2(Q) and initial history condition hy € L2(Qy). Let u be a local weak
solution to (10) and E, €]0,d]. If po € Wy and E(0) < E,, then u is a global solution.

Proof. First, from Lemma A3, we have that u(t) € W, for every t € [0, Tjax ). Prove now
that T;;sx = 0. For this purpose, it is sufficient to prove the boundedness (in time) of

I35 W2y + 1 Vi lfq
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Since 0 < E(0) < E; < d, we have for all t € [0, Tyayx) (from the definition of E(t) and the
positivity of Z(u(t)))

|| || E(t) < E(0) <E,<d,
oo (38)
E ” u ||L2(Q)S E( ) < E(O) < E;, < d.

Moreover, from Lemma 1.1, we can deduce

B,
VI Vi oy = T(u(8) = 2 | agq +9/ W21n | u | dx

0 o/
< Z0u(t)) + 5 | [y (n(l] e [Ba(y) ~ N(L+ ) §> + 2— | Vu By 9
0 7
SE(W) + 2 11 Bagey On(ll  [ae) ~ N+ Ine) = 2+ 8 g 2,
and then
0> 0
(v =) I Vi 2y < E() + 5 1 22 ) P (I 1l (40)
where 9
hagg 0, 1 l12()) = ([l 1 [F2qy)) = N(1+1Inax) — ?o' (41)
From (38), (A1) in Appendix A and (AAA), we can deduce that
a0 ([ 1 120) < In(E) = N(1+Ina) — %,
In(2) ~N(1+1Ina) — % > (%) - N1 +Ina) - %
2(v — 92)C2
> 20 92”) Q+N(1+1na)—N(1+1m)—%+% (42)
2. ~
-,
6
and then (since E(t) < d)
| Vi sy < (1 +1n(24/8) — N(1 + Ina) — 20w — €)1 43)
2(Q) [ 2’

Thus, according to (38) and (43), we can conclude that the solution u is global (by the
continue principle). This completes the proof. O

Remark 3.1.

1. From (34), we can deduce the following boundedness results (since 0 < E(t) < d for t > 0)

d
<
/ I3 7 20 d5 < 2R1()\)

1) ds < =1,...,
/ | w'(s; HLZ sisz( ),forz n

(44)

2. If we replace the conditions ¢g € Wi and E(0) < E,, by the existence of a real number
t1 € [0; Tynax) such that u(ty) € Wy and E(t1) < E,, the result of Theorem remains valid.
3. From (A1) in Appendix A, (38) and (AAA), we can deduce the following relations.
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(i) IfEu > d]
2F o
o (11 1200) < In(55%) = N1+ Ina) = 22,
ln(zga)_NU*'ln"‘)—%Zln(%th)—N(1+1na)_% 5)
2. ~
9 7
(i) ZfEa < dl
2F 9
Moo, (1 ll120)) < ln(T”) —N(1+1Inga)— ?0 w
2. ~
24y 8 _ 2(v—%57)Ch
< In(Z2Ly _ % _2(v—57)Ch
< In( 0 )= N(1+Ina) 5 ; )
(iii) ifEs <da
2E 8
hago0 (Il 1 ll12(0)) < In(=5") = N(1+1Ina) — 2 o
Sln(ZdTA) —N(1+1Ina) - % =0.

4. Asymptotic Behavior

In this section, we prove the exponential decay of solution of problem (34). We assume
that the operator M satisfies the following condition (for all v > 0)

M(v)v — Mp(v) >0 (48)
and we use the Nakao’s Lemma [51].

0 2
Theorem 4.1. Let the assumptions of Theorem 3.1 hold. Assume that E; < djandv > %. Then,

2
if Egq §dAor2(1/—9L

associated to problem (10) satisfies

)C3 < O, there exist positive constants Cs and & such that the energy E

0 < E(t) < Cee™®, Vt>0.

Proof. Letv = u and ¢ = exp(—7e;)w' in (33), we can deduce that

ou d du
B Ry + () + KV, Vi) M By 1 gy

o), )+ (@O 1),0) = (uln | %),
i=1 (49)

1 ) .

| it exp(=nei() 5 11w (i) 2

1 /i O iy 2 _
+/0 exp(—ne;(t))(1— Wei(t))% @' (1) (172 41 =0,
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then (since w'(.; = 0) = at)
d du u
2%y = 2 H2 2 =060, 90) =M (14 ) 14 B
—dy(t 2 t1),u +/Qu21n|u|9dx,
5 i=1
5; ei(t) eXP(—ﬂeil( NI’ (6 T2k o)) (50)
— [ exp(=nenei(1 = yen) Il (,im) Iy (tm)y
1 .
+/0 exp(—ei(1) (e; + e (1) (1 = i (1)) | w' (., £:17) T2 A
; u
texp(—ei(B)(1 — ) [ 051 [y — | 2 aey=0.
Introduce now the following functions:
ou )
(1) = (55, u) and ¥ (1 Z / ei(t) exp(—re) || w125y (67)dy
Then,
u
() =l 3 120y = (VU Vit) = M(Jl 1 [F2)) | # 120y
n
—do (D (1) — Y (di(t)f (x, 1), u +/ u ln|u|9dx
i=1
Cdimax)2 1
< <1+%> 15 )~ (690,70 &1
<||u||%2( ) ||u\|L2 o
CQDOO ZH L5117, Q)—I—/Quzln|u|9dx
and
Ay ! i(Cp) |12 :
~J5 L, el w6 Iz (s
A ; A
%l;exp D)1 —ei() | w'(, 1) 720, 513 - H )
A ;
< - Z5 Lee(-al) 1906 .o
/\Poo 1 A u
- TN K 4751 5 T
where Peo = min;((1 — p/"*) exp(—e/"**)), Do = max;(d]"**). Consequently (according to
(3) and (H1))
C dmﬂx 1
@+¥)() < <1+%+—> | 2 2,00 ~(KV0, V)
M| |720)) | 11720
CaDw }\Poo 53
(-t i an 51) By + [l ax
A n
2 Yl exp(—eim) |05 e oy -

i

1
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Then, for all €,¢ > 0, we have (according to (3) and (H1))

/ AG
(E(t) +e(@+Y)) (¢) + %E(t)

(Cadpx)? N A AE

RN e+ 2 L 2y Ty 2,
+(Chy -5 =) | wﬁ {eM<|u||Lz<m>||uui2(m
+ZE My 0 ) 54
~(aRa(1) + e~ DS M) 3 (1) g
+(e—$%)/nu21n|u|9dx

~ 75 Leteap(=a() =) 190 o -

So, from the logarithmic Sobolev inequality (for § > p = % > 0)

(E(t) +e(@+ %)) (1) +PE(t2: a2
~(ar () -+ DS L 2y S
2 0p o € 2
_(_CQ7 — (e — p)GE +V(§ —0)) [ Vi [l72 0y
—(e = )Ml u|[720) Il w II7 ()
oMy [y +M<II u lle n>> I ”Lzm o
l

1
+(e—p)(In || u |70y —N(1 +1n0<))§ Il (720

_\//\ézéei(t)(eexp(—ei(t)) —oV0) | w'(,t.) ”iZ(QX(OIU) '

According to (H2) and (48), we can deduce that (according to the expression (41))

(E(t) +e(@+))'(t) + pE(t)
(CQdmax)Z A

—@R() —e1+ L =) | 5 g
062 € 062
~(-p(Cha + (= 050) 50 =65 | ¥l
—(Ra(0) + (- 0L L APy §7 i 1) g (1) O

i=1

0 9
+<e— )5 20 <ha,e,%<||u||p(m>—£>

\f Z t) exp(—e;(t ))(e—P\/éeoo) l wi(-/ t;.) H%Z(Qx(o,l))’

where e, = max;(exp(el"™)).

By taking € and g sufficiently small, we can deduce (v > %)

(E() +e(@+ %)) (1) + pE(t) < (e~ p)3 I 4 [Paier) sy (1 ¢ lze) = 0. G7)
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Since 0 < E(0) < E, < dj, we have that from (46)—(47) that (since E; < d4 or 2(v —

Ou?
o ——)C < 8o)

(E(t) +e(@+Y)) (t) < —pE(t). (58)
Prove now the following energy equivalence (for € sufficiently small)
wE(F) < E(H) +€(@+ ¥)(1) < wE(),
where «; > 0, for i = 1,2. Since

B <] (20 |+|f2 / exp(=nei) | w'( 1) Iz 47 |

Ju
*IILzQ)Jr |||, >+ﬁZAez 10 () 2200 01)))

—
QO
—~

(Il 55 1220 +7 Dez |9 5) Iaaeon)

then
o E(t) <E(t)+e(@+Y)(t) <azE(h), (59)

where 01 = 1 — e‘[ >0anday =1+ e‘[ > 0. From (59) and (58), we can obtain that
E(t)+e(®+Y)(t ) < Biexp(—pt) (where 51 > 0 is constant depending on E(0) + €(® +
¥)(0), 1 and ay), and by using again (59), we can deduce the result of the theorem. [J

5. Conclusions

In this work, we have studied the existence and exponential stability of global solutions
to nonlinear logarithmic Klein—-Gordon type equations with multiple-time varying delays
and a nonlocal term in a bounded domain. The logarithmic Klein-Gordon equation is the
relativistic version of the logarithmic Schrodinger equation. Such logarithmic nonlinearity
effects often arise in various areas of physical sciences and engineering. The introduction
of retarded arguments is to reflect the different after-effects. Various time-varying delay
configurations occur naturally in various areas of physics, biologics, and engineering. This
natural phenomenon is due to the fact that the instantaneous rate of change of such systems
does not only depend on their current time but rather on their previous history as well.
Moreover, in many realistic application fields, introducing time delays into mathematical
modeling has long proven to be unavoidable for correctly representing the behavior of
real-world systems. It is also known that time delay is a non-negligible constraint in
the process and may induce complex behaviors in the dynamical system, e.g., instability,
oscillations, chaos, and poor performances. Therefore, these behaviors and aspects, by
taking into account different sources of delays, motivate the study of multiple time-varying
delay effects on properties of dynamical systems.

In this respect, in order to take into account the influence of different sources of time
delays in the velocity of signal transmission, nonlinear Klein-Gordon wave type models
with logarithmic nonlinearity are modified by incorporating multiple time delays and a
nonlocal operator. The presence of nonlocal term and multiple time delays in a system
leads to a more complex analysis.

The proposed strategy consists in controlling the instabilities by imposing some suit-
able conditions involving different functions and parameters representing the multiple
time-varying delays. After obtaining the local existence result of the solutions by using
Faedo—-Galerkin’s method and logarithmic Sobolev inequality, the global existence is de-
rived. To show the exponential stability result under appropriate conditions, the potential
well and perturbed energy methods are applied.
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A future objective is to simulate and validate numerically the developed theoretical
results. These studies will be the subject of a forthcoming paper. It would also be interesting
to investigate the blow-up behavior of solutions of the considered problem. Moreover, the
developed analysis in this work can be further applied to the studied model but

¢ With dynamical boundary conditions on regular non-cylindrical domains

e With switching time delays

e Or with Kirchhoff-Carrier type operators, i.e., by replacing the term /C(x) in (1) by the
operator KC(x, || Vu H%Z(Q)).
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Appendix A

In this annex we give some lemmas used in the document.

Lemma A1. The potential depth d satisfies

2(v— %2)C2 + 8+ NO(1+1
dzdlzgexp( (v—%) Q+90+ ( +n¢x))
2(v—C2 4 8
:geXp( (v 2n9) ot 0)eNgN, (A1)
d1>dA—gexp(%)eNaN,

where Cq = Cal, Cq is the Poincaré constant and o > 0 is defined in assumption (AAA).
Moreover, we have

0a? | ~ fad \ =
0 2(v— 51)C2 + 8 0 2(v— 52)C3 + 8
po = 5 exp( ( 2”9) E——)eaf <di < p1 = 5 exp( ( ”9) S—)eNad, (A2)
o 9 0 9
P0a = Eexp(go)eN“g] <da<pa=j eXP(gO)GN‘Xi\]-

Proof. According to assumption (AAA), Lemma 1.1 and relation (3), we can deduce that
(forallv € H}(Q))

- 0o ~ No % 6 - -
0=Z(7(0)0) > (v~ o)+ o (1 +Ina) + 2 = Din [ 7(0)o [y | 7(0)0 220y
and then ,

_ 2(v — 9)C2 + NO(1 +Ina) + &
| 7(v)v H%Z(Q)z exp( 2/ 0 0 ).
Consequently,

2(v— %22 + NO(1 +Ina) + 190)
9

} 0 o
d = J(r(v)) = ) I 7(v)o ||%2(Q)Z dp = 5 exp(

5

>dy = Eexp(

%)EN N,
According to (6), we obtain easily the relations (A2). This completes the proof. [

Lemma A2. Let v # 0 be in H}(QY), we have
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1. Ifo<| Vo || < RN (Ain, v, 89) then Z(v) > 0,

where RN(/\mm,v, B) = ApineN T (27‘[1/)% and Ay, is the first eigenvalue of —A with
homogeneous Dirichlet boundary conditions, that is

192 ()

veHl(Q)\{o} | o ”Lz

(and then )Lmlln = Cq is the Poincaré constant)

2. IfZ(v) <0, then | Vo || 0)> RN (Amin, v, 80)-

Proof. From Lemma 1.1, for any positive constant a, we have

I(0) =v | Vo |4 +—||v|| —9/ PIn | v | dx

2
> (v = 21 V0 oy +3 11 Iy (BN(1+1n@) +80) 61 [ 0 [y ).

For a such that v — % =0(@e,a=4/ 27TI’) we can deduce that

1 ON
T(0) > 5 |0 oy (G 2+ In(@0)) +8) —01n || 0 )
We can deduce that:
- o< Ve || )< RN (Amin, v, 80), then Z(v) > 0,

where Ry (Apin, V, 190) = AmineN*(271) %,
- ifZ(v) <Othen | Vo H 0> RN (Apin, v, 90).
This completes the proof. D

Lemma A3. Assume that the hypotheses (AAA)-(H2) and the initial/initial history conditions
(¢0, 91, h0) € HY(Q) x L2(Q) x L(Qy) hold. We have, for E, €]0,d],

(i) if there exists a real number t € [0, Tynax) such that u(t;) € Wy and E(ty) < E, < d, then
u(t) € Wh, for every t € [t1, Tinax). Moreover, (for every t € [t1, Tyax))

6
) | u(t) ||%2(Q)> Eq, (A3)

(ii)  if there exists a real number t1 € [0, Tyax ) such that u(t;) € Wy and E(t1) < E, < d, then
u(t) € Wy, forevery t € [t — 1, Tyax ). Moreover, (for every t € [t1, Tyax))

0
5 lhu(t) 12200y < Ear (A4)
Tnax is the maximal existence time of the weak solution to problem (1).

Proof. Without loss of generality, we assume that t; = 0.

(i) Ifu(0) € Wyand E(0) < E, < d, then the solution u satisfies u(t) € W5 and E(t) < d,
for every t € [0, Tynax). In fact, since E is a nonincreasing function, then E(t) < E(0) <
d, for every t € [0, Tyax). Assume that there exists to such that u(ty) € N, then from
the definition of d and (11), we can deduce that d < J(u(ty)) < E(tp) < E(0) < d,
which is impossible. Consequently, u(t) € W, for every t € [0, Tjax ). Moreover, from
the definition of d and the fact that Z(u(¢)) < 0 (since u(t) € W), we can deduce that

 I(w)

0
) Il 220y < 5 N 122
0[] ulIZ2, o

E, <d < J(7(u)u) = exp(2
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(i) If u(0) € Wy and E(0) < E, < d, then the solution u satisfies u(t) € W, and
E(t) < d, for every t € [0, Tyuax). In fact, since E is a nonincreasing function, then
E(t) < E(0) < E; < d, for every t € [0, Tiax). Suppose that there exists ty such
that u(tg) € N, then from the definition of d and (11), we can deduce that d <
J(u(tg)) < E(ty) < E(0) < d, which is impossible. Consequently, u(t) € W, for
every t € [0, Tyuax ). Moreover, from the definition of E(t) and the positivity of Z(u(t)),

we obtain g | u(t) || 12(0) < E(t) < E(0) < E,. This completes the proof.
O]
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