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ABSTRACT

A universal analytic Grébner basis (UAGB) of an ideal of a Tate
algebra is a set containing a local Grobner basis for all suitable
convergence radii. In a previous article, the authors proved the
existence of finite UAGB’s for polynomial ideals, leaving open the
question of how to compute them. In this paper, we provide an
algorithm computing a UAGB for a given polynomial ideal, by
traversing the Grobner fan of the ideal. As an application, it offers
a new point of view on algorithms for computing tropical varieties
of homogeneous polynomial ideals, which typically rely on lifting
the computations to an algebra of power series.

Motivated by effective computations in tropical analytic geom-
etry, we also examine local bases for more general convergence
conditions, constraining the radii to a convex polyhedron. In this
setting, we provide an algorithm to compute local Grébner bases
and discuss obstacles towards proving the existence of finite UAGBs.
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1 INTRODUCTION

The notion of Tate algebras has been introduced by Tate in [25]
to develop analytic geometry over the p-adics, founding what is
now called rigid geometry. This theory has proved to be central
to many developments in number theory. In this context, Tate
algebras and ideals in Tate algebras serve the same purpose as
polynomial algebras and polynomial ideals in classical algebraic
geometry. Tate algebras are defined as algebras of power series over
a complete discrete valuation field with convergence conditions
such as converging on a given ball or a polydisk with given radii.
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In previous works [4-6], the authors showed that it is possible
to define and compute Grébner bases (GB) of ideals in Tate alge-
bras, and modern algorithms for Grébner bases computations like
signature-based algorithms [5] and FGLM [6] can be adapted to
this setting.

In [6, 7], the authors paved the way for computations in Tate al-
gebras in case of overconvergence, e.g. ideals defined by series con-
verging on a bigger polydisk. Motivated by the application of ana-
lytic geometry in algebraic geometry, an extreme example of this
phenomenon is that of ideals defined by polynomials in a Tate alge-
bra. In [7], it was proved that it is possible to compute a GB of a poly-
nomial ideal in a Tate algebra that is made of polynomials. It was
also proved that for any polynomial ideal, there exists a universal
analytic Grobner basis (UAGB), i.e. a finite list of polynomials such
that whenever they are seen as converging power series in a Tate
algebra, they form a Grébner basis of the corresponding ideal in
this algebra. Such a UAGB of a polynomial ideal then contains abun-
dant information on the local behavior of the ideal. In this paper,
we prove that a UAGB is also universal irrespectively of the order
used as tie-break in the algebra. Furthermore, we provide an algo-
rithm to compute a UAGB in finite time (Algorithm 2, Theorem 4.7).

From a universal GB, it is natural to consider computing the trop-
ical variety of an ideal. Over a field with valuation K such as Q,
or F((t)), the tropical variety trop(V) of a variety V defined by an
ideal I can be defined as the closure of the image of V' by the val-
uation, or alternatively using conditions on leading terms of the
elements of I. Acting as a combinatorial shadow of V, many infor-
mation on V can be recovered from trop(V). The developments of
tropical geometry have been plentiful. To only name a few: enu-
merative geometry [16], understanding optimization algorithms
[1] or analyzing artificial neural networks of the ReLU type.

Universal GB can help in the computation of trop(V) using the
second definition of the tropical variety. In our context, working
with Tate algebras instead of polynomial rings gives rise to tropical
analytic geometry. This emerging field has been defined in [21],
adapting the language of tropical geometry to the world of rigid
geometry.

In Section 5, we consider the case of tropical varieties of Tate
polynomial ideals. We show that the tropical variety of a polyno-
mial ideal is the union of the tropical varieties of its Tate comple-
tions, which allows to compute the tropical variety using universal
analytical Grobner bases and the Grobner fan. This matches what
was known for ideals in k[[T]][X], which were used as a lifting
target in existing algorithms for computing tropical varieties over
valued fields. As such, we provide a new point of view on those
algorithms, allowing them to work directly on the Tate series with-
out lifting. To the best of our knowledge, this is the first effective
application of tropical analytic geometry.
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Finally, motivated by going further into the development of ef-
fective computations in rigid geometry, we aim at building up the
tools for effective computations on affinoid subdomains. Roughly
speaking, affinoid subdomains are constructed using generaliza-
tions of Tate algebras to more general convergence conditions (e.g.
converging on an annulus) and taking quotients by ideals.

In Section 6, we make some steps into this journey by provid-
ing effective computations of local GB in the special case of some
polyhedral subdomains as defined in [21]. We conclude with some
conjectures on UAGB in this context, along with examples and com-
ments.

2 SETTING

2.1 Tate algebras and Grobner bases

In this section, we recall the definition of Tate algebras and their
theory of Grobner bases (GB for short). Let K be a field with a
valuation val making it complete. Let 77 be a uniformizer of K, that
is an element of valuation 1. Typical examples of such a setting are
p-adic fields like K = Qp with 7 = p or Laurent series fields like
K=Q(T) withr =T.

Forr = (r1,...,rp) € Q" the Tate algebra K{X;r} is defined as

K{X;r} = { Z aiX! st. aj € K and val(g;) — ri ——— +oo}

i [i] —>+o0
We call the tuple r the convergence log-radii of the Tate algebra. We
define the Gauss valuation of a term a;X! as val;(a;X) = val(a;) —
r-i, and the Gauss valuation of ¥ ¢;X! € K{X;r} as the minimum
of the Gauss valuations of its terms. The valuation defines a metric
on K{X;r}, for which a sequence (f;)nen € K{X;r} converges to
zero iff valy (fr) — +00.

In this article, we shall frequently need to consider all terms with
minimal valuation together.

Definition 2.1. Let f € Y, cnn ¢ X% € K{X;r}. The r-support of
fis

Supp, (f) = {a st. valg(ceX?) = vale(f)},
and the initial part of f is

()= D caX®

a€Supp, (f)

By definition, for f € K{X;r}, inr(f) is a polynomial.

We fix a classical monomial order <, on the set of monomials
X!, which will be used for tie-breaks. Given two terms aX! and bXJ
(with a,b € K*), we write aX! <, bX if val;(aX!) > val, (bXJ),
or valy (aX') = valp (bXJ) and X! <, XJ. By definition, the leading
term of a Tate series f = Y, a;X' € K{X;r} is its maximal term, and
is denoted by LTy, (f). Its coefficient and its monomial are denoted
LCrm(f) and LMy m(f), with LTr m(f) = LCrm(f) X LMrm(f)-
For f, g € K{X;r}, we define their S-polynomial as

LTem(g) . LTem
SEED < 57 7 gy

where D(f, g) = gcd(LTr,m (f), LTr,m(9)).

A Grobner basis (or GB for short) of an ideal I of K{X;r} is a
set G C I such that for all f € I, there exists an index g € G such
that LTy, (g) divides LTy, (f). A finite Grobner basis (g1, .. ., gs)

is reduced if all LTy, (g;)’s are monic, minimally generate LTy, (1)
and, for any i, LT, (g;) is the only term of g; in LTy, (I).
The following theorem was proved in [4].

Theorem 2.2. Let I be an ideal of K{X;r}, then I admits a finite
Grobner basis.

2.2 Local Grobner bases of polynomial ideals in
Tate algebras

For a polynomial ideal I ¢ K[X] and a system of convergence
log-radii r, we define I; to be the ideal of K{X;r} generated by
the polynomials of I. It is the completion of I with respect to valy.
The ideal I; usually contains many series and polynomials not in I.
However, as I is dense in I, it was proved in [7] that I; does not
contain more leading terms than I, and that I; admits a Grébner
basis comprised of polynomials.

Definition 2.3. Let I ¢ K[X] be an ideal, r a system of log-radii
and I; the completion of I in K{X;r}. An r-local Grobner basis of I
is a Grobner basis of I comprised only of polynomials.

If one needs to vary the convergence log-radii, the following
object is of interest:

Definition 2.4. Let I C K[X] be an ideal. A finite set G C I C
K[X] such that for any r € Q", G is an r-local GB of I is called a
universal analytic Grobner basis of I (UAGB for short).

In the usual setting, it is required that universal Grobner bases
be a Grobner basis for all monomial orders. Here, the definition
requires only that all convergence radii be covered, without any
restriction on the tie-breaking monomial order. However, we prove
in Lemma 3.4 that given a polynomial ideal, any term ordering can
be achieved with a suitable choice of a system of convergence radii.
Finally [7] culminated with the following result:

Theorem 2.5. Let I C K[X] be an ideal. Then there exists a uni-
versal analytic Grobner basis of .

While the proof was not constructive, we provide in this article
an algorithm to compute a UAGB of any polynomial ideal.

2.3 Homogenization and dehomogenization
Our algorithm to compute a UAGB of a polynomial ideal will rely on

homogenization and dehomogenization. We consign here notations
and basic properties taken from (7, §3.3]

Definition 2.6. Let (-)* and (+)« be the homogenization and deho-
mogenization applications between K[X] and K[X, t]. If I ¢ K[X]
is an ideal, we define I* c K[X, t] to be the ideal spanned by the
f*for fel

Given r € Q" and <,, a monomial order, we extend the term
order <rm, to K[X, t] and K {X, t;r,0} as follows.

Definition 2.7. Given two terms aX%t* and bXPt?, we write that
aX%t" <(ro)m bXP1t? if one of the following holds:

o val(aX!) > val; (bXI) (ie., valyo(aX%t*) > valyo(bXP1?)).

o val(aX') = val; (bXJ) and deg(X*t*) < deg(Xﬁtv).

o val(aX') = val (bX), deg(X%*t¥) = deg(Xﬁt”) and X% <,,, XP.
This defines a term order on K {X, ¢;1,0}.



With this order, dehomogenization preserves leading terms of
homogeneous polynomials of K[X, ¢].

Lemma 2.8 (Lem. 3.5 in [7]). Letr € Q". Let h € K[X,t] be
a homogeneous polynomial. Then LT () m(h)s = LTrm(hs). Let
f € K[X], then LTe,m (f) = (LT (r,0),m (f*))s-

3 TERM ORDERS

3.1 Convergence radii and term orders

In this section, we collect different results regarding term orders in
Tate algebras. First, we consider the relation between term orders
and systems of convergence log-radii, and show that given finite
data (e.g. a finite set of polynomials or an ideal), it is always possible
to realize a term order by a suitable choice of system of convergence
log-radii.
Definition 3.1. Let F = (fi,..., fs) € K[X]®. Given a term order
<, we define

LT<(F) ={LT<(f) : f € F}.
We say that two term orders <; and <3 on K[X] are equivalent
with respect to F if

LT, (F) = LT, (F).

Let I € K[X]® be an ideal, we say that two term orders <; and <3
on K[X] are equivalent with respect to I if

LT () : fel} ={LT,(f): fe]}
or equivalently

LT, (I) =LT,(I).
The two relations are connected as follows.

Lemma 3.2. LetI C K[X]?%, and <1, <2 be two term orders. Let G
be a Grobner basis of I w.rt. <1 and <3. If <1 and <3 are equivalent
wr.t. G, then they are equivalent w.r.t. I.

Proor. Let <; and <3 be two term orders equivalent w.r.t. G.
Since Gisa GB of I w.r.t. <1 and <, LT, (I) is spanned by LT <, (G),
which is equal to LT <, (G) spanning LT, (I). O

The following lemma states that modulo equivalence w.r.t. F, it
is always possible to choose a term order determined only by the
convergence condition.

Lemma 3.3. Letr € Q" and let <, be a term order defined by val;
and a tie-breaking order <,,. Let T be a finite set of terms in K[X].
There is an s € Q" such that for all t1,t2 € T,

t >ty & valg(t1) < valg(t2).

In particular, if F is a finite set in K[X], any equivalence class of term
orders w.r.t. F contains a term order <gm such that for all f € F,

LTs,m(f) = ins(f)'

Proor. Thanks to [20, Th. 1] (see also [12, Lem. 1.3.1]), there
exists some u € Q" such that for all ¢ X% # czxﬂ inT,

X>, X —= a-u>pou
By considering the finite set of pairs of terms in T, there is a small
enough ¢ € Qs such that for any #1, t7 in T, if val; (¢1) < valp(£2)
then valy_gy (t1) < valp—gy(t2).
Let s = r — cu. Then, for any t; = ¢1 X% tp = ¢XP in T such that
t1 >rm t2, one of the following is true:

e val;(t1) < valy(#2) and therefore valy_y (t1) < valy—ey(£2);
e val(t1) = valy(t2) and X¢ >, XP, but then a - u > f-u
and valy_gy(t1) < valp—gqu(t2).
Finally, if @ = f and val(c1) = val(cy), then ¢; X% # ¢X” and there
is nothing to prove. Therefore, s satisfies the claim.
The consequence for equivalence classes w.r.t. F follows, by

setting T = [ rep Supp(f). O

Lemma 3.4. Let] C K[X] be an ideal, <y m, be a term order and G
a local Grobner basis of I w.r.t. <¢m,. Then there exists s € Q" such
that, for any tie-break order <p,:

o G is a Grobner basis of I w.rt. <gmy;

® <pm, isequivalent to <sm, w.rt. I;

® LTsm,(I) = (ins(f) : f € I).

Proor. Let T be the set of all terms which appear in G and in
the course of Buchberger’s algorithm with weak normal form with
G as input w.r.t. the <y, ordering. By Lemma 3.3, there exists s
such that all terms in T have distinct s-valuation, compatible with
the order <pm,. Let <p,, be a tie-break order.

Note that when running Buchberger’s algorithm with WNF, the
radii of convergence are only used for determining leading terms.
So if we run the algorithm with G as input and for the order < s,,
all comparisons will be the same, the exact same terms will appear,
and the result will be the same: all the S-polynomials have a weak
normal form of 0 w.r.t. G, and so G is a GB of I w.r.t. <gm,.

By Lemma 3.2, this, together with the fact that the elements of G
have the same leading term for both orders, implies that the term
orders are equivalent w.r.t. I.

Clearly, since for all g € G, LTsm,(9) = ins(g), LTsm,(I) C
(ing(f) : f € I). For the reverse inclusion, let f € I, and write
ing(f) = LTsm,(f) + r. Since G is a GB of I w.r.t. <gp,, there
exists a g € G and a term 7 such that LT, (f) = 7LTsm,(9).
Since all other terms in g have strictly higher valuation, then either
valg(f — 7g) > valg(f) and then r = 0, or valg(f — 7g) = vals(f)
and ing(f — 7g9) = r = ing(f) — LTs m, (f). Repeating the process
until r = 0, we get that ing(f) is a linear combination of terms
divisible by a LT, (g) for some g’s, and therefore LT, (I) =
(ing(f): f € I). o

For such an s, we say that s defines a term order for I. The tie-
breaking order <p,, becomes irrelevant, and we omit it from the
notations. In the rest of the paper, unless specified otherwise, we
will always be considering orders < where s defines a term order.

3.2 Newton polytopes

In this section, we generalize known results from the classical case
to orderings compatible with the valuation, and relating equivalence
classes of term orderings w.r.t. a finite set of polynomials, with data
from its Newton polytope. Let F = (fi, ..., fs) € K[X]®.

Definition 3.5. For f € K[X], we define .4 (f) to be the convex
hull of

{(val(c)), a1, ..., atn) for cX* € Supp(f)} +R4(1,0,...,0).
We then define .4 (F) to be the Minkowski sum of the A4(f;)’s.

Remark 3.6. For n = s = 1, this coincides with the classical defini-
tion of the Newton polygon (up to a symmetry).



Lemma 3.7. For the convex polyhedron A4 (F), p € AN (F) isa
vertex if and only if there is some U = (1,uy,...,un) € Q™! such
that f - U is the unique minimum of the « - U’s for a € A (F).

ProoF. Since .4 (F) is a convex polyhedron, f is a vertex if and
only if there is some U = (ug, u1, . .., un) € Q" such that - U
is the unique minimum of the « - U’s for & € .4 (F). Since .4 (F)
is defined from half-lines of the form (val(c; ), al.(}c), Ce ai(z)) +
R+(1,0,...,0), then we can further assume that the U in the i)revi—
ous equivalence is such that ug > 0 and then by multiplying by a
positive rational, we can assume that U = (1,uy, ..., up). O

Proposition 3.8. The vertices of .4 (F) are in one-to-one correspon-
dence with the equivalence classes of term orders with respect to F.

Proor. For any i € [1,s], we write f; = Zile ¢ j X% . Let us
define the following set of index vectors:

J={0w..
ForjeJ,andi € [1,s], we define D; j, = [1,1;] \ {ji} and we define

L Js) €N :Vie [1,s],1 < ji <L}

Cj = {I‘G Q":Vie [[l,sﬂ,\fj € Di,ji: Qi j; -(L,r) < ai,j~(l,r)},

so that for any r € Cjand i € [1,s], LT (fi) = ¢;;X%4:. Then,
thanks to Lemma 3.3, there is one equivalence class of term orders
with respect to F for each non empty Cj.

Being defined as a Minkowski sum, .#"(F) is the convex hull of
the rays aj + R+(1,0,...,0) for aj = Zle @i j; and j € J. Thus, its
vertices are among the ¢;’s. Thanks to Lemma 3.7, ¢j is a vertex of
A (F) if and only if there is some U = (1, u1,...,uy) € Q”+1 such
that ¢; - U is the unique minimum of the « - U’s for « € 4 (F).
Consequently, if j’ :j+(0,...,O,jl.',O,...,0)—(0,...,0,ji,0,...,0)
only differs from j on the coordinate i (for some j{ € D; ;,), then we
can deduce from ¢j - U < oy - U that a; j, - U < aj - U. It implies
that (u1,...,un) € Cj. And the converse is true: if (u1, ..., uy) € Cj
then g; is a vertex of .4 (F).

This is enough to conclude that there is a one-to-one correspon-
dance between vertices of .4 (F) and equivalence classes of term
orders with respect to F. O

4 UNIVERSAL ANALYTIC GROBNER BASES!
4.1 Testing whether a set is a UAGB

The results of Section 3.2 are enough to immediately provide us with

a procedure for deciding whether a set is a UAGB (Algorithm 1).

Proposition 4.1. F = (fi,..., fs) isa UAGB of I = (F) if and only
if for any r in the equivalence classes of term orders with respect to F,
F is a GB of It. In particular, Algorithm 1 is correct.

4.2 Computing a UAGB

We now show how to use that procedure to compute a UAGB. To
that end, we recall the following result from [7].

Theorem 4.2. [7, Thm 7.6] Let I C K[X] be an ideal. Then the set
Terms(I) := {LT(L) forr € Q"} is finite.

!A toy implementation of the algorithms in this section is available at:
https://gist.github.com/TristanVaccon

Algorithm 1 TestUAGB

Input: F={fi,..., fs} € K[X] generating I C K[X]
Output: True if F is a UAGB of I, otherwise (False,u) withu €
Q" such that F is not a u-local GB of T
1: Compute N = A (fi,..., fs);
2. for f§ € {vertices of N} do
3. Compute U = (1,u) characterizing f as in Lemma 3.7 ;
4 Compute Gy, a u-local GB of I ;
5. if 3g € Gy not reducible modulo F for the order <, then
6
7

return (False,u);
: return True ;

The proof of the previous theorem relies on the following lemma,
which we also need.

Lemma 4.3. LetI C K[X] be an ideal. Let <1 and < be two term
orders such that LT <, (I) = LT<,(I). Let G C I be a reduced (local)
GB of I w.r.t. <1. Then G is also a reduced GB of I w.r.t. <3 .

Proor. Let g € G. Since G is reduced and LT <, (I) = LT, (),
then the only term of g belonging to LT<,(I) is LT<, (g). Thus
LT<,(9) =LT<,(9), and G is a reduced GB of ] w.r.t. < . O

Unlike in the classical case, it is not in general possible to guar-
antee that any polynomial ideal admits a reduced local Grébner
basis for any convergence radii. However, for homogeneous ideals,
[7, Lem. 7.2] guarantees that there is a reduced local GB comprised
only of polynomials, which can then be computed using any GB
algorithm from [4, 5, 7, 8, 26-28].

The proofs in [7] relied on homogenization and dehomogeniza-
tion of ideals and were not constructive. In this paper, we replace
computations in the homogenized ideal by computations in the
ideal spanned by the homogenization of its generators.

Notation 4.4. Let F = (fi,..., fs) € K[X]®, we define
F=(ff, .. D).

In general, (F?) ¢ I* but I = (F"), = (I").. By [7, Lem 7.5],
the dehomogenization of a GB of (I*) () made of homogeneous
polynomials of K[X, t] is a polynomial GB of L. This result is still
true for (F), by the following lemma.

Lemma 4.5. Let F = (fi,...,fs) € K[X]%,I = (F) andr € Q".
Let (hy, ..., hs) be a finite Grobner basis of(Fh)(r’O) C K{X,t;r,0}
made of homogeneous polynomials of(Fh) (hence in K[X, t]). Then
(h1,% ..., hsx) is anr-local GB of I.

Proor. Firstly, due to being a dehomogenization of homoge-
neous elements of (F h), the h; +’s are in I (it is enough to dehomog-
enize an homogeneous combination of the f*).

Secondly, by [7, Cor 5.4], it is enough to check that for any f € I,
LT, (f) is divisible by one of the LTy (hj+)’s.

Let f € I Since I = (F),, there is some homogeneous polyno-
mial g € (F"y such that g« = f. Then g € (FMy ¢ ((Fh))(r’o) so
there is some i such that LT ;) (h;) divides LT ;. 9y (9). Then thanks
to Lemma 2.8, LT;(f) = LT(r,O) (9)«, LTr(his) = LT(r,O) (hi)s,
and monomial divisibility is preserved by dehomogenization. So
LTy (h;,«) divides LT;(f) and the proof is complete. O


https://gist.github.com/TristanVaccon

Remark 4.6. One needs to be careful that the dehomogenization of
a reduced Grobner basis of (F h)(r,o) (made of homogeneous poly-

nomials of (F)) need not even be minimal, one leading monomial
may divide another after dehomogenization (e.g yt> and x?yt).

We can now provide an algorithm for computing UAGBs.

Algorithm 2 UAGB
Input: F € K[X], generating I € K[X].
Output: G a UAGB for I.
1: G := {f* for f € F} (and define J = (F"));
2: while TestUAGB(G) is not True do
3. r := system of log radii such that G is not a GB of J; (as

produced by TestUAGB);
4 H :=ReducedGB(G,r) ; // Polynomial reduced local GB
5: G=GUH;

6: return {g. for g € G};

Theorem 4.7. Algorithm 2 is correct and computes a UAGB in finite
time. Furthermore, if the input polynomials are homogeneous, the
UAGB contains a reduced Grobner basis for all orders.

Proor. Thanks to Theorem 4.2, if J = (F), there is an integer
t and a finite set of term orders <j,..., <; such that Terms(J) is
given by {LT(J<,),...,LT(J<,)}. Let us assume that G contains a
reduced GB w.r.t. each of the orders <y, ..., <; for some [ < t.

Let us assume that TestUAGB(G) fails because G is not an r-local
GB of I for some r. Then, thanks to Theorem 4.2 and Lemma 4.3,
LT(J<,;) # LT(Jr) for any integer i, 1 < i < land LT(J<;) = LT(J)
for some integer j, I < j < t. Up to renumbering, we may assume
that j = [ + 1. Let H be the reduced GB of J for r. Then G U H
contains a reduced GB for the orders <i,...,<j;; .

We then prove by induction that, after at most ¢ calls to ReducedGB
and to TestUAGB, the algorithm outputs G such that G contains a
reduced GB of ] for each of <i,..., <; and hence, is a UAGB of J.

Finally, thanks to Lemma 4.5, the dehomogenization of G is a
UAGB of I = J. If the input polynomials are homogeneous, the
homogenization and dehomogenization steps are trivial, and the
property that the UAGB contains a reduced GB for all orders is
preserved. O

Remark 4.8. From the proof of Theorem 4.7, Algorithm 2 needs at
most #Terms(J) loops to compute a UAGB. Each loop may however
cause many GB computations as it is unclear how the edges of the
Newton polytopes vary along the computation.

4.3 Examples

Example4.9. Let F = [x=7y,y—7y*] in Q7 [x, y]. Thenin Q7 [x, y, t],
one finds that F" is not a GB for the weight [0, 2,0]. The corre-
sponding reduced GB will add the polynomial x? — xt and Gy, =
[x — 7y, yt — 7y2,x2 — xt] is then a UAGB for <Fh> Thus, G =
[x — 7y,y — 7y%, x? — x] is a UAGB of (F).

Remark 4.10. No finite approximate interreduction F of [x — 7y, y —
7y?] is enough to be a UAGB.

5 TROPICAL GEOMETRY

5.1 Analytical tropical varieties

In this section, we show that tropical geometry on Tate polynomial
ideals specializes that of classical polynomial ideals. In particular,
the results of Section 3 give us a Tate analogue of the Grébner fan,
and allow us to generalize the results of [17, 22] for computing
tropical varieties in K[[T]|[X], to any Tate algebra.

First, we recall the classical notions of tropical geometry, and
state their natural generalization to Tate algebras.

Definition 5.1. Let w = (wy, ..., w,) € Rcg X R" be a system of
weights. For a monomial m = Xf‘l <- Xy and ¢ € K, we define its
weighted degree

n
degw(chol1 S XY = woval(c) + Z widi.
i=1

For f € K[X], let deg, (f) = max(deg, () : t € Supp(f)). We
define the initial form of f as

inw(f) = Y {t+t € Supp(f), degy (¢) = degy, ()}

Let I ¢ K[X] be an ideal. Then iny (I), the initial ideal of I with
respect to a system of weights w, is the ideal spanned by all iny (f)
for f in I. The tropical variety associated to I is then defined as

trop(I) = {w € R<op X R" : inw (I) does not contain a monomial}.

We say that the system of weights w and the system of log-radii
W Wy
T W
of log-radii r, the system of weights (-1,r1,...,rp) is compatible
with r. The definitions above extend naturally to series and ideals in
K{X;r} by restricting to systems of weights which are compatible
with r.

r are compatible if r = — ) . Conversely, given a system

Remark 5.2. In particular, trop(I;) is either empty or a half-line
formed of all the systems of weights compatible with r.

If the systems of weights w and the system of log-radii r are
compatible, then for any term ¢,

deg,, (t) = woval(2).

This implies that deg,, is a graduation: for any terms ¢, t’, deg,, (¢ +
t') < max(degy, (t), degy, (t")) with equality if deg,, (t) # deg,, (t),
and deg,, (tt’) = degy, (¢) + degy, (¢').

The main result of this section is the fact that the tropical va-
riety associated to I is the union of the tropical varieties of all its
completions I;.

Lemma 5.3. Let w be a system of weights, let r be the compatible
system of convergence radii and let <p, be a monomial order. Let
f € K{X;r}. Then:

(1) inw (f) = inr(f), and in particular it is a polynomial;

() LT, (inw(f)) = LT, (f);

PRrROOF. By compatibility between the system of weights and the
convergence log-radii, val,(aX') = wy 1 degw(aXi), and valy(f) =
wy Ldegy, (f). So inw (f) is the sum of all terms with minimal Gauss
valuation in the support of f, which is by definition in;(f). The
rest follows from the convergence properties in Tate series and the
definition of the term order. O



Theorem 5.4. LetI C K[X] be an ideal. Let w € R<g X R" be a
system of weights, and let r = —(w1/wo, ..., wn/wp) € R" be the
compatible system of convergence log-radii. Let I, C K{X;r} be the
completion of I. Then

iny (I) = inw (Ir) N K[X]

and in particular, w € trop(I) if and only if w € trop(Iy). Globally,
trop(I) = U trop(Is).

seR”

Proor. Clearly iny (I) C inyw (Ir) NK[X]. Conversely, let us first
consider f € I and let fi, ..., fi be polynomials generating I.

There exist series gy, .. ., gg such that f = g1 fi +- - + g fx- Let
d = valr(f), and write each series g; as h; + r;, where h; is the sum
of all terms with Gauss valuation at most d —val(f;) and r; = g;—h;
has Gauss valuation greater than d — val;(f;). By the convergence
property, the h;’s are polynomials. The decomposition of f becomes

f=mf+-+hfr+rfi+ - +refr)

where the latter group consists exclusively of terms with Gauss
valuation greater than d. So none of those terms can appear in
the initial form of f, and as a consequence, iny (f) = iny (h1 fi +
-+ -+ hi fr). Since the h; are polynomials, b1 fi +-- - + A fr € I, and
therefore iny (f) € inw (I).

Now let h € inyw (I) N K[X], there exists series g1, . .
series q1, . . ., q; such that

.»g; € Irand

h=q1inw(g1) + - + g inw(gp).

From the above, we know that iny (g;) € inw(I) for all i. Since h
is a polynomial, it has a maximal Gauss valuation d. Similarly to
before, any term in g; with Gauss valuation greater than d —valr(g;)
cannot appear in h, so those terms must add to zero on the right
hand side, and we can assume that the cofactors g; are polynomials,
and therefore h € iny (I) and the second inclusion is proved.

The rest of the statement follows by definition. O

5.2 Analytic Grobner fan

Similarly to the polynomial case, tropical varieties can be computed
using the Grobner fan of the ideal. In this section, we recall those
definitions.

The relation between tropical varieties and Grobner fans is the
same as in the usual case, namely, that initial forms generalize
leading terms.

Definition 5.5. Let w € Ry X R" be a system of weights. Let
< be a term order on K[X]. We say that < refines w if for all
terms ty, tz, degy, (1) > deg, (t2) = t; > t . We say that w
defines a term order for a finite set of polynomials or an ideal if
r = —(wi/wo, ..., wn/wg) defines a term order for that set or ideal.

If w defines a term order for a finite set F, for all f € F and all
term orders < refining w, LT <(f) = inw (f). Similarly, if w defines
a term order for an ideal I, then for all term orders < refining w,
LT<(I) = inw (]).

As seen in Lemma 3.3, for any finite set of polynomials F or
any ideal I, and for any monomial order, there exists an equivalent
monomial order defined by a system of weights.

Definition 5.6. Let I ¢ K[X] be an ideal. Let w be a system of
weights. The analytic Grébner cone Cy (I) associated to w and I
is the set of all systems of weights w’ such that iny, (I) = inyy ().
The analytic Grobner fan of I is the fan given by all the analytic
Grobner cones of 1.

Proposition 5.7. Ifw € trop(I), then Cy (I) C trop(I). In particu-
lar, the tropical variety associated to I is a subfan of the Grobner fan

of I

Proor. Whether a system of weights lies in the tropical variety
only depends on the initial forms, and therefore applies identically
to the cone. O

Similar to the classical case, it allows to compute the tropical
variety associated to I by traversing the Grobner fan. The following
properties are transpositions of corresponding facts in the classical
setting, and describe the Grébner fan.

Proposition 5.8. LetI C K[X] be an ideal. Let w be a system of
weights, r the convergence radii associated tow, and < a term ordering
refining w. Let G be a reduced r-local Grobner basis of I (with < as
tie-break). Then:
(1) inw(I) = (inw(g) : g € G);
(2) for any system of weights w1, w1 € Cyw(I) iff forallg € G,
inw(g) = inw, (9);
(3) Cw (1) is the relative interior of a polyhedral convex cone;
(4) the closure of Cw(I) in R<g X R" is the union of all cones
Cw (I) withV f € Iiny (f) = iny (inw (f)) (or equivalently
Vg € G,iny(g) = inw (inw (9)) ); o
(5) ifwi andwy are two systems of weights such that Cy, N\Cy, &
{0} x R™ and Cyw, # Cw,, then there exists w3 such that
Cw, N Cw, = Cyw,, and it is a facet of both cones;
(6) Cw(I) has maximal dimension n+ 1 if and only if w defines a
monomial order.

Proor. For (1), let f € I. Let f; be the canonical image of f in
K{X;r}, it lies in I;. Since G is an r-local GB of I, its embedding
Gy in I is a Grébner basis of I w.r.t. <. In particular, fr reduces to
0 modulo Gy, which in particular implies that there exists a finite
sequence of reductions

foo fer=fomtigejy = 0 = frk = o= B tige

with gr,j € G forall j, such that valy (f;. ;) > vale(fr) and valy (fr,j) =
val;(fr) for j < k. In particular, iny (f) = Zle tj inw(gr, j;). This is
a polynomial equality, which translates into iny (f) = 25:1 ti inw(gj;)-

For (2), let wy be a system of weight. The < direction follows
from (1). Assume that w; € Cy/(I), and consider the term or-
der <; obtained by first considering the wi-degree, then breaking
ties using <. This term order refines w;. Furthermore, LT<, (I) =
LT, (inw, (I)) = LT <(inw, (I)), the last equality coming from the
fact that the initial forms are wi-homogeneous. Since iny, (I) =
iny (I), we finally get that LT <, (I) = LT<(I). By Lemma 4.3, G is
a reduced Grobner basis w.r.t. <j.

From there, the proof is similar to that of [22, Prop. 3.1.17]. Let
g € G. Because G is reduced, LT <, (g9) = LT<(g) and in particular
this term lies in both the support of iny (g) and inw, (g). Consider
inw(g) — inw, (¢), it lies in iny, (I) and its leading term w.r.t. <4



cannot be LT<, (g). Again since G is reduced, this implies that
iny(g) — inw, (9) = 0.

The next three properties are proved similarly to the classical
case, by using the initial part conditions to cut half-spaces and
define cones: see [22, Prop. 3.1.19] for (3), [22, Cor. 3.1.20] for (4)
and [22, Prop. 3.1.21] for (5).

Finally, for (6), if w defines a monomial order for I, by considering
the finite set Supp(G), there exists a small enough € € R>¢ such
that for all u € Ry X R”, and for all #1, t; € Supp(G), degWl (t1) <
degy,, (t2) &= degy, tu(t1) < degy, ey(t2). Therefore Cy (1)
contains a ball of radius €, so it is open and it must have maximal
dimension. Conversely, if w does not define a monomial order, there
exists a g € G such that iny(g) has at least two terms t; and ty,
so w lies on the hyperplane H = {valy(#;) = valy(#2)}. For all
w’ € Cw(I), iny (g9) = inw(g), so Cw(I) C H, and it cannot have
maximal dimension. o

Since we know that I has finitely many sets of leading terms
by Th. 4.2, the analytical Grobner fan of I has only finitely many
cones of maximal dimension, and therefore it is finite. If further-
more I is homogeneous, then I admits a universal Grébner basis
G containing a reduced Grébner basis for all orders, computable
using Algorithm 2. In that case, by Prop. 3.8, the vertices of 4" (G)
are in one-to-one correspondence with the equivalence classes of
term orders with respect to G, and by Lemma 3.2, this allows to
compute all the equivalence classes of term orders with respect to
I. From there one can compute the cones of maximal dimension in
the analytic Grébner fan of I, and finally all cones in the fan.

Then, for each cone C in the fan, one can pick a system of weights
w in C. From the property (1), iny (I) is generated by the initial parts
of elements of G. Finally, we can decide whether iny, () contains a
monomial by computing a basis of (iny(I) : (x1---x,)*), using
the algorithms in [7].

Just like in the classical case, both with and without valuation,
this algorithm is not the most efficient, because the Grébner fan
can be significantly larger than the tropical variety. In [22] and
[17], better algorithms have been presented for ideals in K [[T]] [X],
and generalized to p-adic fields by lifting back to that case. Those
algorithms still traverse the Grébner fan, but not in an exhaustive
way, and rely on Buchberger’s algorithm with Mora reductions for
computing bases in the cones.

The conclusion of this section is that the key properties of the
Grobner fan in K [[T]] [X] are shared across polynomial rings over a
valued ring or field, by way of Tate completions, and Buchberger’s
algorithm with weak normal form allows to compute generators in
a similar way. Thus, it offers an alternative point of view on exist-
ing algorithms using liftings to reduce the problem to K[[T]] [X],
instead performing the computations directly in the desired ring or
field.

We expect that the other optimized algorithms for computing
tropical varieties in K [[T]| [X] similarly transpose to the general
setting.

Remark 5.9. The requirement that the ideal is homogeneous can
be relaxed into requiring that the ideal admits a reduced Grébner
basis for all orders. This requirement is also present in the afore-
mentioned works in K[[T]][X].

Figure 1: An example of a polyhedron with # the convex hull

of the s; + Rio’s in RZ.

6 TATE ALGEBRAS ON POLYHEDRAL
SUBDOMAINS

As of now, we have studied Tate algebras using convergence condi-
tions of the following types: (1) on a polydisk defined by log-radii
s € Q; (2) convergence everywhere, i.e. the algebra K[X]; (3) on
all polydisks r < s (overconvergence).

To build up the tools for rigid geometry or tropical analytic
geometry as in [21], we need more general convergence conditions
such as convergence on an annulus (e.g. converging for all X € Q
such that Vi, a; < val(x;) < b; for some a;, b; € R) or converging
on a polyhedron.

Following [21, Definition 6.3] but restricting to the case of power
series instead of Laurent series, we define the following ring of
functions K{X; P} for P the rational points of a polyhedron. This
corresponds to a special case of the affinoid algebra defined by a
polyhedral subdomain in [21].

Definition 6.1. Let £ C R" be a polyhedron with vertices in Q"
and admitting only ¢ = R” | as cone of unbounded direction. Let
P =% N Q". We define the ring

e «. A €K
K{X; Py i= { Z X Vr € P, valy(agX%) — +oo }

aeNn

The series in K{X; P} are exactly the series converging on all
polydisks with radius given by the weights which are points of P.
We give an example in Figure 1.

Proposition 6.2. IfP is the convex hull of the s; +R"

n
<0,..,,Sl+R<0
then

1
K{X;P} = ﬂ K{X;s;}.
i=1

Proor. The C inclusion is clear. For the converse inclusion, we
remark that if r € P, there are some A; > 0 such that Zle Ai=1
and Zé:l Aisi > r. Consequently, for any term ¢, X* € K[X],

1
Z Aivalg; (cgX%) < valr(ceX%).
i=1
If f = 3 oenn caX? € N, K{X;s;} then for all i, valg, (caX%) —
+00. Thus, valy (cg X¥) — +00. Hence, we get that, if f € ﬂle K{X;s;},
then f € K{X; P} which concludes the proof. O

6.1 Local Grobner bases

In this section, we explain how if # is such a polyhedron, P =
P N Q" I anideal in K{X; P}, and r € P, it is possible to compute
an r-local Grobner basis of I comprised only of elements of K{X; P}.
First, we adapt the notion of écarts from [7, §6.1].



Definition 6.3. Let f € K{X;P}, and r,s € P. We define the
(s,r)-degree of f as deg . (f) = mMaXyeSupp, (f) (s—r) - @, and the
écarts of first and second type of f as

Ecarts,r,o(f) = vals(LTr(f)) — vals(f),
Ecarts,m f) == degS’r f) - degs’r(LTr )
Lemma 6.4 (6.3 in [7]). Vf € K{X;P},Vi =0, 1, Ecartsr;(f) > 0.

We adapt Mora’s overconvergent Weak Normal Form algorithm
of [18] to computations in K{X;r} for series in K{X; P}, as in [7].

Algorithm 3 WNF(f, g, P, r), Mora’s WNF for local computations
in polyhedral subdomains

Input: f,gi,...,9s € K{X; P} where P is the convex hull of the
s1+R% ... s +R2 in R” for some s;’s, P = P NQ" andr € P.

Output: h € K{X; P} such that:
o for some y,uy,...,us € K{X; P}, uf = Y uigi +h
o either h = 0 or LT (h) is divisible by no LT (g;)
e 4 is invertible in K{X;r}
o LTr(uigi) < LTe(f)

1 h:=f;

2 T:=(g1,....95)

3: while h # 0and Ty, :={g € T,LT:(g) | LTr(h)} # 0 do

4 take g € T, minimizing Ecarts, r(g) first, then Ecarts, 1 1(g),
then Ecarts, r0(9g), ..., and finally Ecarts, r1(g)

5. if for any j k, Ecart,, ; x(g) > Ecart,,  x (h), then

6: T:=TU{h};

7. h:=S-Poly(h,g) ;

8: return h;

Correctness comes from the following.

Lemma 6.5 (6.4 in [7]). Ifg € Ty, is such that:
o Ecarts, r0(g) < Ecarts, r0(hm),
o Ecarty, ;1(g) < Ecarts, r1(hm),
and ift = LTy (hm) /LT (g) and hps1 = hym — tg, then
vals, (hs1) 2 val, (hyn).

Moreover, in case of equality, then

degsi’r(hmﬂ) < degsi,r(hm)'

Proposition 6.6. Algorithm 3 either terminates in a finite number
of steps, or LT;(h) and all the LT, (h)’s converge to 0.

Proor. The proof follows exactly the same lines as that of [7,
Prop. 6.5]. The only difference is the definition of the extended
leading terms: for h € K{X; P} we define

LTE(H) = ﬁ g Bt o) ﬁ Bt )1y
i=1 i=1
in K[X,Uy,...,U, Vi,...,V¢], for some suitable d; ; € N making
everything nonnegative integers. O

Using Algorithm 3 as a replacement for the reduction procedure
in Buchberger’s algorithm of [7, Sec. 5], one can compute an r-local
GB of an ideal of K{X; P}.

6.2 Conjectures

The present work is only scratching the surface of the study of
ideals in K{X; P}. As an example, we conclude with some questions
regarding statements which hold in K[X] or K{X;r}, but are un-
clear in K{X; P}.

Conjecture 6.7. If I ¢ K{X; P} isan ideal, then the set Termsp(I) =
{LT(I), forr € P} is finite.

We may remark that this conjecture is true for principal ideals.
Proposition 6.8. If f € K{X; P}, Termsp({f)) is finite.

PRrOOF. Let sy, ...,s; € Q" be the extremal points of £. Then P
is the convex hull of the s; + R" | (and P = P N Q")). Let S(f) be
the set of all (vals, (caX%), ..., vals; (caX¥), a1, ..., an) for ¢ X* €
Supp(f). Up to scalar multiplication of f, we can assume that

S(f) c (%Nl) x N" for some D € N. Hence, S(f) only has a finite

number of minimal elements for the product order on (%Nl) XN,
Let us denote them by .

Let r € P. We prove that if t = LTy (f), then ¢ € 3. Let us write
t = cqX% and let u = CﬁXﬂ be a term of f, belonging to ¥ and
smaller than t for the product order: valg, (u) < val, (t) foralli < I,
and f; < a; foralli < n.

Sincer € P C P and P is the convex hull of the s; + RZO’ there

are some A; > 0 such that 25:1 Ai =1 and Z§=1 Aisj = r. Then:

valy(u) = val(cg) —1- B,

-

L

1
=) Avalg, (u) + (Z Aisi — r) B
i=1

i=1

1
Ai(val(ep) = si - )+ (Z Aisi — r) 5.

i=1

~ |l
—_

Since for all i < I, valg, (u) < valg;(¢) and for all i < n, f; < @; and
25:1 Aisi > r, then

I 1
valy(u) < Z Aivalg, (t) + (Z Aisi — r) -a < valp(t).
i=1 i=1

Consequently, valy (1) < valr(¢) and val;(t) is the minimum of
the val;(v) for v a term of f. Hence val;(u) = val;(¢), and thus
all the above inequalities are equalities. It then means that u =t
and LTy (f) € 2, as claimed. Since ¥ is finite, and Termsp ((f)) =
({LTr(f), r € P}) the proposition is proved. O

Our end goal is the following stronger conjecture.

Conjecture 6.9. IfI c K{X;P} is an ideal, then there is a UAGB of
I i.e. a finite set G C I such that G is anr-local GB of I for anyr € P.

We expect zero-dimensional ideals of K{X; P} to be polynomial
ideals and the conjecture is clearly true for all polynomial ideals.

Remark 6.10. The main issue encountered in attempting to prove
Conjectures 6.7 and 6.9 is the fact that for some r € P, there exists
a reduced Grobner basis of I, but it usually does not belong to I
and thus is not converging for other points of P. Hence we can not
rely on Lemma 4.3. This issue was overcome for polynomials using
homogenization (Section 4.2 and [7, Sec. 7]), but this technique does
not directly translate to the case of series.



REFERENCES

[1] Allamigeon X., Benchimol P. N., Gaubert S., Joswig M. Log-Barrier Interior Point

[2

[3

[12

[13

[

]

]

Methods Are Not Strongly Polynomial SIAM Journal on Applied Algebra and
Geometry, 2018, vol 2

Bogart T., Jensen A. N., Speyer D., Sturmfels B., Thomas R. R. Computing Tropical
Varieties J. Symb. Comput. 42 (2007), no. 1-2

Buchberger B., Ein Algorithmus zum Auffinden der Basiselemente des Restk-
lassenringes nach einem nulldimensionalen Polynomideal (An Algorithm for
Finding the Basis Elements in the Residue Class Ring Modulo a Zero Dimensional
Polynomial Ideal), English translation in J. of Symbolic Computation, Special Is-
sue on Logic, Mathematics, and Computer Science: Interactions. Vol. 41, Number
3-4, Pages 475-511, 2006

Caruso X., Vaccon T., Verron T., Grbner bases over Tate algebras, in Proceedings:
ISSAC 2019, Beijing, China.

Caruso X., Vaccon T., Verron T., Signature-based algorithms for Grobner bases
over Tate algebras, in Pmceedings: ISSAC 2020, Kalamata, Greece.

Caruso X., Vaccon T., Verron T., On FGLM Algorithms With Tate Algebras, in
Proceedings: ISSAC 2021, Saint-Petersburg, Russia.

Caruso X., Vaccon T., Verron T., On Polynomial Ideals and Overconvergence in
Tate Algebras, in Proceedings: ISSAC 2022, Lille, France.

Chan A., Maclagan D., Grobner bases over fields with valuations, Math. Comp.
88 (2019), 467-483.

Collart S., Kalkbrenner M., Mall D., Converting bases with the Grobner walk., J.
Symbolic Comp. 6 (1997), 209-217.

Cox D, Little J., O’Shea D., Ideals, varieties, and algorithms. Undergraduate Texts
in Mathematics. Springer, Cham, fourth edition, 2015.

Cox D, Little J., O’Shea D., Using Algebraic Geometry. Graduate Texts in Mathe-
matics, Volume 185, Springer Science & Business Media, 2005.

Gritzmann P., Sturmfels B. Minkowski Addition of Polytopes: Computational
Complexity and Application to Grobner Bases. SIAM J. Disc. Math., 1993.
Fukuda K., Jensen A. N., Thomas R. R., Computing Grébner fans, Math. Comp.
76 (2007)

(14]
[15]
[16]

(17

(18]
(19]

[20

[21

[22]

Greuel G.-M., Pfister G., A Singular Introduction to Commutative Algebra,
Springer-Verlag Berlin Heidelberg 2008.
Jensen, A.N., Gfan, a software system for Grébner fans and tropical varieties,
Available at http://home.imf.au.dk/jensen/software/gfan/gfan.html
Mikhalkin G., Enumerative Tropical Algebraic Geometry In R?, Journal of the
American Aathematical Society, Volume 18, Number 2, 2005
Markwig T., Ren Y., Computing Tropical Varieties Over Fields with Valuation,
Found Comput Math 20, 783-800 (2020).
Mora T., An Algorithm to Compute the Equations of Tangent Cones, in: Pro-
ceedings EUROCAM 82, Lecture Notes in Comput. Sci. (1982).
Mora T., Robbiano L., The Grobner fan of an ideal, , J. Symbolic Comput. 6 (1988),
no. 2-3.
Ostrowski A.M., On Multiplication and Factorization of Polynomials, I. Lexico-
graphical Orderings and Extreme Aggregates of Terms, , Aequationes Mathe-
maticae, Volume 13, 1975.
Rabinoff J., Tropical analytic geometry, Newton polygons, and tropical intersec-
tions, Advances in Mathematics 229(6), 2010.
Ren Y., Tropical geometry in Singular, Doctoral dissertation, Technische Univer-
sitat Kaiserslautern, 2015.

SageMath, the Sage Mathematics Software System (Version 9.2), The Sage
Development Team, 2020, http://www.sagemath.orug
Sturmfels B., Grobner Bases and Convex Polytopes, American Mathematical
Society, Univ. Lectures Series, No 8, Providence, Rhode Island, 1996.
Tate J., Rigid analytic spaces, Inventiones Mathematicae 12, 1971, 257-289
Vaccon T., Matrix-F5 Algorithms and Tropical Grébner Bases Computation,
in Proceedings: ISSAC 2015, Bath, UK. Extended version in the J. of Symbolic
Computation, 2017.
Vaccon T., Yokoyama K., A Tropical F5 algorithm, in Proceedings: ISSAC 2017,
Kaiserslautern, Germany.
Vaccon T., Verron T., Yokoyama K., On Affine Tropical F5 algorithm, in Pro-
ceedings: ISSAC 2018, New York, USA. Extended version in the J. of Symbolic
Computation, 2021.


http://home.imf.au.dk/jensen/software/gfan/gfan.html
http://www.sagemath.orug

	Abstract
	1 Introduction
	2 Setting
	2.1 Tate algebras and Gröbner bases
	2.2 Local Gröbner bases of polynomial ideals in Tate algebras
	2.3 Homogenization and dehomogenization

	3 Term orders
	3.1 Convergence radii and term orders
	3.2 Newton polytopes

	4 Universal analytic Gröbner bases
	4.1 Testing whether a set is a UAGB
	4.2 Computing a UAGB
	4.3 Examples

	5 Tropical geometry
	5.1 Analytical tropical varieties
	5.2 Analytic Gröbner fan

	6 Tate Algebras on polyhedral subdomains
	6.1 Local Gröbner bases
	6.2 Conjectures

	References

