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THE FAILURE OF RUELLE’S PROPERTY FOR ENTIRE
FUNCTIONS

VOLKER MAYER AND ANNA ZDUNIK

ABSTRACT. We exhibit an analytic family of hyperbolic, even disjoint
type, entire functions for which the hyperbolic dimension does not vary
analytically. Additionally we answer several questions in thermody-
namic formalism of entire functions such as the existence of a hyper-
bolic entire function without conformal measure that is supported on
the radial Julia set.

1. INTRODUCTION

Ruelle [41], answering a conjecture of Sullivan, has shown that the Haus-
dorff dimension of the Julia set of hyperbolic rational functions depends
analytically on the map. An alternative approach to this result is contained
in the monograph [50] and, following Bishop [13], we will call it Ruelle’s
property. The hyperbolicity assumption is essential in this result (see [43]
and [I7]) and thus, in all what follows, we assume that the analytic families
under considerations always have this property.

The paper [41] has been published in 1982 and since then this property
has been generalized in many ways. Ruelle himself also established it for an-
alytic quasiconformal deformations of cocompact Fuchsian groups, a result
which has been extended by Anderson and Rocha [2] to convex co-compact
Kleinain groups. There is also a version for Henon maps in C? by Verjovsky
and Wu [49)], for rational semi-groups by Sumi and Urbaiiski [46] and one for
hyperbolic surface diffeomorphisms by Pollicott [34]. Employing Birkhoff’s
cone method, Rugh [42] extended recently Ruelle’s property to random C*-
conformal repellers.

The common tool in all analyticity results is Bowen’s formula (see [16] for
the original version) which expresses the dimension in terms of the zero of a
pressure function. One should have in mind that this formula really deter-
mines the hyperbolic dimension which is the supremum over the Hausdorff
dimensions of hyperbolic subsets of the Julia set (see Shishikura [43]). For
most rational functions, in particular for all hyperbolic ones, the hyperbolic
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dimension coincides with the Hausdorff dimension of the Julia set. In tran-
scendental dynamics however the situation is different: in general, there is a
definite gap between these two dimensions (see [45] and [47]) and a typical
phenomenon in the case of entire functions is that the dimension of the Julia
set itself is often maximal, i.e. equal to 2. The later was first observed by
McMullen [33] and Baranski [6] has shown that this property also holds for
all entire functions of finite order and of class B, the class introduced by Ere-
menko and Lyubich [I9] which consists in the entire functions that have a
bounded singular set (see Section 2.1 for the definitions of the singularities).
The intriguing thing then is how the hyperbolic dimension behaves.

Urbariski and Zdunik showed analytic variation of the hyperbolic dimen-
sion at hyperbolic parameters A\ € C* for the exponential family Ae® in
[48]. After this first result for transcendental dynamics, many contributions
where made. The papers [48, 29] along with Skorulski and Urbariski’s re-
sults in [44] show that Ruelle’s property does hold in great generality and
for most of the classical families of transcendental functions, in particular
for the sine, the tangent and the Weierstrass elliptic family. It also has been
established in the realm of random dynamics for a class of transcendental
functions in [32] and even beyond the scope of hyperbolic functions. In-
deed, Kotus and Urbaniski [23] considered a family of Fatou’s function that
have a persistent Baker domain and for which the hyperbolic dimension still
behaves analytically.

Given all these results, real analytic dependence of the hyperbolic dimen-
sion does hold in great generality in transcendental dynamics. Contrary
to that, we provide here the first example of an analytic family of entire
hyperbolic functions for which Ruelle’s property breaks down.

Theorem 1.1. There exists a holomorphic family of finite order entire func-
tions Fy = AF, A € C\{0}, of class B such that the functions Fy, X € (0, 1],
are all in the same hyperbolic component of the parameter space but the func-
tion

A — HypDim(F))

is not analytic in (0,1], where HypDim(Fy) denotes the hyperbolic dimen-
sion of F.

For limit sets of Kleinian and Fuchsian groups such a break down of Ru-
elle’s property was observed initially by Astala and Zinsmeister [3]. They
gave an example of an analytic family of infinitely generated quasifuchsian
groups for which Ruelle’s analyticity result does not hold. Bishop [13] subse-
quently extended their result and gave a criterion for the failure of analyticity
for a class of infinitely generated quasifuchsian groups. More recently, Huo
and Wu [22] established an analogous result for deformations of Fuchsian
groups of the second kind.

Functions of class B have only logarithmic singularities over infinity (see
Section 2.1) and the functions F of Theorem [[Tlare built in such a way that
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they have only one logarithmic singularity over infinity but a very special
one. For such functions we dispose in a complete theory of thermodynamic
formalism [31]. This theory relies on the behavior of the transfer operator
(see Section Ml for the definition and properties of the transfer operator)
and it is shown in [3I] that there exists a transition parameter © > 1 such
that the series giving the transfer operator with parameter t is divergent
if £ < © and convergent, even a bounded operator, if ¢ > ©. Moreover,
it allows us to get precise estimates for the transfer operator and of the
transition parameter in terms of the fractal geometry of the singularity over
infinity. Using them, we are able to construct entire functions for which the
transfer operator at its transition parameter ¢t = © is convergent. We do
this in fact by constructing first a model function (Sections 3-6) and then
(Sections 7-10) carry all the properties over to an entire function using the
approximation method of Rempe in [38].

It turns out that our approach also answers several other open questions.
The first result answers positively the question in Remark 3.7 in [§] (see
Section [T1] for the precise definitions of the notions in the following results
such as topological pressure and conformal measure).

Theorem 1.2. For every 1 < © < 2 there exists a disjoint type and finite
order entire function f € B whose transfer operator has transition parameter
O, such that the transfer operator is convergent at © and such that the topo-
logical pressure at t = © is strictly negative. Consequently, the topological
pressure of f has no zero.

We also can complete the picture concerning the behavior of the hyper-
bolic dimension. For an entire function f having a tract of sufficiently nice
geometry it is known that HypDim(f) > © > 1 where this time © is a
transition parameter of f restricted to this tract (see [28]). Moreover, when
© = 1 then HypDim(f) > 1 (this strict inequality has previously been
obtained in full generality in [9]). The functions in the present paper show
that strict inequality between the hyperbolic dimension and the transition
parameter is no longer true as soon as 1 < © < 2. The case © = 2 was
studied by Rempe-Gillen in [38] where a disjoint type function of finite order
and with hyperbolic dimension equal to two was constructed.

Theorem 1.3. For ecvery 1 < © < 2 there exists a disjoint type and finite
order entire function f € B with a single quasidisk tract and whose hyperbolic
dimension attains the minimal possible value HypDim(f) = ©.

Finally, the functions of Theorem also explain that hyperbolic, even
disjoint type, entire functions can behave like the very flexible, since locally
defined, irregular conformal iterated function systems (see [27]).

Theorem 1.4. For every 1 < © < 2 there exists a disjoint type and finite
order entire function f € B such that HypDim(f) = © and such that f does
not have a conformal measure supported on its radial Julia set.
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2. PRELIMINARIES

Let D(z,r) be the open disk with center z € C and radius > 0. When
the center is the origin, we also use the notation D, := ID(0, ) and then the
complement of its closure will be denoted by

Df = C\D,.
We also consider the half-spaces

7-[5:{26(@, §Rz>s} , $>0.
When s = 0, then we also write H for H,.

2.1. Order and singularities. Let f : C — C be an entire function. The
order p(f) of f is defined by

(2.1) p(f) = limsup%w(z)|
|z]—00 log |Z|
and f is called of finite order if p(f) < oco.

Iversen’s classification of singularities is very well explained in [11]. An
entire function f can have two types of singular values: b € C is a critical
value if b = f(c) for some ¢ € C with f'(¢) = 0 and and b € C is an
asymptotical value if there exists a curve v C C tending to infinity and such
that f(z) — b as z — 00, z € 7. In this case there exists for every r > 0 an
unbounded connected component 2, of f~1(D(b,r)) such that Q. C Q, if
" < rand (,5,Q = 0. Such a choice of components is called singularity
over b and it is called logarithmic singularity in the particular case when
f Q. — D(b,r)\ {b} is a universal covering for some r > 0. The set of
critical values and of finite asymptotic values of f will be denoted by S(f).

We consider functions of the Eremenko—Lyubich class B that consists
of entire functions for which S(f) is a bounded set. These functions are
also called of bounded type. If f € B, then there exists » > 0 such that
S(f) € D,. Then f~1(D?) consists of mutually disjoint unbounded Jordan
domains 2 with real analytic boundaries such that f : 0 — D} is a covering
map (see [19]). Thus, an entire function f of class B has only logarithmic
singularities over infinity. The connected components of f~!(ID*) are called
tracts or, more precisely, logarithmic tracts and the restriction of f to any
of these tracts {2 has the special form

(2.2) fio =expor where ¢ = 1. Hiogr — 2

is a conformal map fixing infinity. In the following we use for every s > 0
the notation Qs = p(Hs) so that, in particular,

0= Qlogr = @(Hlogr) and Q= SD(IHO) = SD(IH)
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In this work we construct entire functions of class B having just one partic-
ular tract €.

2.2. Model functions. Besides globally defined entire functions we also
consider holomorphic functions that are only defined in a unbounded simply
connected domain 2 where it has the form (22]). Such functions are called
models and the following is a simple version of the general definition, see
Bishop [14], 15].

Definition 2.1. A model is a holomorphic map
f=€e: Q=D ={|z| >r}

where  is a simply connected unbounded domain, called tract, such that
O is a connected subset of C where r > 1 and where 7 : Q — Higg, 05 a
conformal map fixing infinity:

T(2) > 00 if z— oo.

In general, a model function can clearly not be extended to an entire
function but it can be approximated by entire functions in various ways (see
[141 15 138]). Since we use intensively [38] we provide all necessary properties
of this approximation in Section [7

2.3. Dynamical preliminaries. All relevant informations on the dynam-
ics of transcendental functions can be found in Bergweiler’s survey [10]. As
for rational functions, the Fatou set Fy of an entire function f is the set
of points of the plane that admit a neighborhood on which the iterates f",
n > 1, are normal with respect to the spherical metric. The complement
Jr = C\ Fy is the Julia set of f.

An entire function f : C — C is called hyperbolic if there is a compact set
K such that

fK) C Int(K)

and f: f7Y(C\ K) — C\ K is a covering map. This extends naturally
the notion of hyperbolicity of the rational to the transcendental case since,
according to Theorem 1.3 in [39], an entire function f is hyperbolic if and
only if the postsingular set

P(f):=J (s
n>0
is a compact subset of the Fatou set of f. Clearly, a hyperbolic function
belongs to class B.

Disjoint type functions are particular hyperbolic functions. This notion
first implicitly appeared in [5] and means that the compact set K in the
definition of a hyperbolic function can be taken to be connected. In this
case, the Fatou set of f is connected. For example, if f € B and if there
exists D a simply connected bounded domain such that

(2.3) S(fy)cD and fHC\D)ND=9



6 VOLKER MAYER AND ANNA ZDUNIK

then f is of disjoint type. A particular case for the domain D is a disk
centered at the origin.

A model f:Q — D? is said to be of disjoint type if Q@ C D and, in this
case, the Julia set is

TJr={2€Q; f"(z) € Qforalln>1}.

This is consistent with the above definition of the Julia set for disjoint type
entire functions.

Concerning the radial Julia set, there are several definitions in the liter-
ature (see [30L 36]). It is explained in Remark 4.1 of [30] that these def-
initions lead to different sets whose difference is dynamically insignificant.
In particular they have same Hausdorff dimension. Since we deal only with
hyperbolic, in fact disjoint type, entire or model functions, the following
definition fits best to our context:

F(f) ={z € (f) : Tminf|f(2)] < o0}

and clearly this is a Borel set. According to [36], the Hausdorff dimension
of this set equals the hyperbolic dimension of f.

HypDim(f) = Hdim(J(f)) -

Falconer’s book [20] contains all relevant informations on fractal dimensions.
One can find the definition of Hausdorff dimension in Section 3 and the one
of Minkowski dimension in Section 2.

We will consider an analytic family of maps of the form fy, = A f, A € C*,
where f € B is a given entire function.

Definition 2.2. The functions f,, fr, belong to the same hyperbolic com-
ponent of C* if there exists a simply connected domain V C C* that contains
A, Ag and such that

(1) all the functions fx, A € V, are hyperbolic and

(2) the functions fx, A € V, are J-stable in the sense of holomorphic
motions: there exists a base point Ay € V and a holomorphic motion
(px)rev identifying the Julia sets px(Ty,) = Jx and conjugating the
dynamics on the Julia sets, i.e. for A € V we have pyo fr, = fropx
on *7)\0 .

See [25] for the notion of holomorphic motions and of J—stability in the
setting of analytic families of rational functions.

3. MODELS WITH SNOWFLAKE TRACT

The restriction of an entire function to a logarithmic tract is an example
of a model function. The approach here goes the opposite way. We first
construct explicit model functions and then, later in Section [7, use the uni-
form approximation of Rempe [38] in order to get entire functions having
the same required properties.
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According to Definition 2.1} it suffices to indicate conformal maps 7 :
1 — Hiogr or, equivalently, the inverses ¢ : Hiog, — €1 in order to define
appropriate model functions. Since we will employ the approximation [3§],
it is necessary to define ¢ on a larger domain HOHD Hiog» which will
be called extended half plane. Then, € is the tract of the model f and the
larger domain () = cp(?-l) D Q will be called extended tract.

We start by defining the extended half plane . Let o(t) = —14log |¢| —
for |t| > 1 and extend this function to an even and C*°-smooth function
0 :R — (—00,0] such that

0(0)=0 and —-7<R(o(t))<0 for [t <1
Consider then
(3.1) H={z=x+iy, z>0(y)}DH="Ho.

This domain is a regularized version of the domain used in [38]. Let h :
# — H be the conformal map fixing the origin and infinity and such that
h'(0) = 1 (see Appendix [I2] for the existence of h'(c0)). Notice that the
symmetry of the graph of o implies that hz)=hz), zeH.

Let o = 771 : H — Q be a conformal map fixing the origin and infinity
and set 1) = ¢ o h~'. We then have the following diagram.

Q

H—
h U
H D Hiogr .0

So, 2 = ¢(Hiogr) does depend on 7. This number will be taken 7 > e? and
will be defined in BII]). Since we will always have 27 € 9, we can make
the additional normalization (i) = 27 so that, all in all, the conformal
map ¢ : H — § is normalized by

(3.2) ©(0) =0, p(c0) =00 and @(h1(i)) = 27i.

From the particular form of H follows that h behaves almost like the
identity near infinity. We have collected all required properties of this map
in Appendix

We now define appropriately the domains (). We recall that in this way
we also define the domains = ¢(Hiogr), the maps 7 = ¢~ ! and the model
functions f = e” : Q@ — D and these are in fact defined on the larger
extended tract Q D Q.

We now describe the particular construction of the extended tracts Q. It
is based on a modification of a standard snowflake arc ~ attached at the
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endpoints 2m¢ and 47¢ and with the 4™ intervals of the n-th approximation
of length 1,, defined as follows. Let

1 1 1 1
let pn € [Pmins Pmaz), 7 > 1, and define then inductively 1, = p,l,—1, n > 1,
with 1y = 27, If p, = % for all n > 1 then « is a standard snowflake arc

with dimension © = izgg. The domain 2 is the connected component of the
complement of the curve
(3.4) r={oyu |J2"(—yum

nel

containing the half-line [10,00). By construction, 0,27 € I’ = oN.
Now, with 7 = ¢~! as introduced above and since Q = ¢(Hiogr) C
90(7:[) = (1, we get the associated model map

(3.5) f=€e:Q—=D;.
By construction, f is defined on the larger domain €2. On the other hand,
this function is not of disjoint type. In order to remedy this it suffices to
translate the curve I' so that, afterAtranslation, QND, = 0. Of course, this
implies that QND, = () since Q C Q. Such a disjoint type model is given by
(3.6) fz)=f(z—T) , z-TeQ.
where the precise value of T' will be fixed in Section [7

In general, © = O will be the transition parameter of the transfer oper-

ator as introduced in [3I] but each time we deal with one of the following

examples we will have © = ©; = {Zgg.

Example 3.1. Let a > 1 and choose the numbers p, such that
1

(3.7) C—fgn%”lggcf , n>1,

for some constant Cy > 1.

Remark 3.2. Although this will not be used, it is helpful to have in mind

that B1) allows to show that the Minkowski dimension of v is © = Egg.

Example 3.3. Let N > 1 and let « > 1. Set
1
pn=— for 1<n<N
e

and let py, € [pmin, 3] for n > N such that 1) holds for some constant
Cf > 1.

Clearly, the domains coming from Example B.3] are special cases of those in
Example B11
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Standard references on quasiconformal mappings are [II, 4} 24] An impor-
tant feature is that a K—quasiconformal map ¢ : C — C is K'—quasisymmetric,
with K/ = K'(K) depending on K only, which means that

lp(21) — @(22)| < K'|p(21) — @(z3)]  for every |21 — 29| < |21 — 23]

Moreover, ¢ has good Holder continuity properties: there are constants
0 < 1 < ¢y such that

(3.8) c1]z1 — 22|K <lp(z1) —(22)| < co|z1 — 22|1/K for all z1, zo € D(0, 2)
and, if p(0) = 0, then
(3.9 D(0,c1RY5) C o(D(0,R)) € D(0,c2R™) for all R > 1.

The first inequality (B.8]) is mainly Mori’s Theorem, for a precise version see
Theorem I1.4.3 in [24]. One can find inequality (3.9)) in [26, Theorem 3.2].
All these constants do depend quantitatively on each other. In particular,
if we deal with a family of uniformly quasiconformal mappings of the plane,
meaning that they are all K—quasiconformal for some fixed constant K, and
if the maps are normalized, for example by the requirement that (3.2)) holds,
then the quasisymmetric and the Holder constants cq, co are also uniform.

A quasicircle is the image of a circle or a line by a quasiconformal map
of the plane. We only consider unbounded quasicircles. Such a curve I is
characterized by the important Ahlfors 3—point condition: there exists ¢ > 0
such that

|21 — 29| <c|lz1 — 23] forall z1,2z3 €l and zy € T'(21, 23)

where I'(z1, z3) is the subarc of I' with endpoints 21, z3. It is a well known
fact that all the curves defined in (3.4]) satisfy this condition uniformly and
have uniform quasisymmetric parametrization (for a proof, see for example
Lemma 3.1 in [40]):

Fact 3.4. There are constants ¢, K' depending on pmae only such that for all
choices of pn € [Pmin, Pmaz] the curve T defined in ([B.4) satisfies the Ahlfors
3—point condition with constant ¢ and the natural parametrization of I' is a
K'—quasisymmetry.

Inhere we call natural parametrization the map g : R — I' defined as follows.
If m > 0 and if v, is the m-th approximation of + then ~,, is the union
of 4™ intervals Ipn; = [am1, Gmit1], | = 0,...,4™ — 1, and we can define
g :[i/2,1] — v as the continuous extension of the map defined by

i

(3.10) U, = g<2

The natural parametrization of I" will be the unique extension to iR of this
map that satisfies the two relations go2 =2o0g and g(—z) = —g(z), z € iR.

The quasicircles I' given by the Examples (B.1)) and ([8.3]) admit uniformly
quasiconformal reflections which allows to show that the corresponding con-
formal maps ¢ : % — ) have normalized and uniformly quasiconformal ex-
tension to the plane. Also, there are several extensions, such as the one based

(1 —|—l/4m)) forevery m>0and 0 <[ <4™.
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on the Beurling-Ahlfors extension [12], of a quasisymmetric parametrization
of a quasicircle to a quasiconformal map of the plane with control of the con-
stant. Consequently, the family of natural parameterizations of the curves
I" extend to a family of normalized and uniformly quasiconformal mappings
of the plane.

As a first direct consequence of these properties along with the normali-
sation (B.2]) we have the following:

Remark 3.5. The family of all conformal maps ¢ : H — Q normalized
by B2) (as well as 3 : H — Q) corresponding to all possible choices of
Pn € [Pmin, Pmaz), m =1, is a normal family and each limit of a convergent
sequence of these maps is again a non-constant conformal map.

Indeed, the maps ¢ are normalized by (B.2) and they have uniformly
quasiconformal extension to the plane. The statement in Remark is thus
a standard fact for families of normalized uniformly quasiconformal maps
and, consequently, Remark not only applies to the conformal maps ¢, ¥
but also to their quasiconformal extensions whose convergent subsequences
converge uniformly on every compact subset of the plane.

The normality behavior of these maps allows to precise that the conformal
map 1) reflects the self-similarity of the curve I':

Lemma 3.6. If ip =1y~ 1(2¢(3)) = ¢~ (4mi) then
bop=20y

and there exists 1 < pimin < fmazr < 00 such that for every choice of p, €

[Pmins Pmaz), 7 > 1, we have fimin < i1t < fimaz -

Proof. Since, by construction, 200 = ) the map ¢! 0204 is a conformal
self-map of H fixing the origin and infinity which immediately implies the
validity of the functional relation for some real pu > 1.

Set tmin = inf u where the infimum is taken over all curves I' as defined
in 33) and B4). If pyin = 1 then, for every k > 1, there exists p, €
[Pmin, Pmaz), M > 1, such that the associated conformal map 1)y, satisfies the
above functional relation with number u; €]1,1 + %[ We may assume that
Y is a converging sequence. Let ¢ be the non-constant limit conformal map
of this sequence. Then p = 1¢/=1(24(i)) > 1since ¢y~ !(1)(i)) = 4. Finiteness
of ftmaz = sup p can be shown by a similar normal family argument. O

A second direct consequence of Remark is that the number r > €2 in
the definition of the tract €2 can be defined such that

(3.11) Q= o(Hiogr) C D}

for all conformal maps ¢ of this Section. We always assume that this is the
case.

We use several standard notations such as the symbols A < B and A < B
which mean that the ratio A/B is bounded above respectively bounded
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above and below by constants that do not depend on the particular choice
of the numbers p,,, some of them will depend on pmin, Pmaer and parameters
like 7 above. But these are fixed and the same for all models of this paper.
In other words, all constants will be uniform for the family of quasidisks (2,
of conformal maps ¢ and of models f we consider.

Throughout the text when we refer to all models of Section [3 then this
refers to the models from Example 3.1l and Example B.3] with fixed numbers

Pmins Pmaz according to (B.3)).
4. ESTIMATING THE TRANSFER OPERATOR

The paper [31] contains a complete treatment of the thermodynamic for-
malism of disjoint type models and functions. We now collect some proper-
ties of the central tool of this theory, the transfer operator. In order to do so,
we consider a model f = e : 0 — D7. Typically, f is one of the examples of
the previous section but it can also be the restriction of a convenient entire
function to its logarithmic tract.

In the sequel we will work with a particular Riemannian, in fact the cylin-
drical, metric |dz|/|z|. The derivative of a holomorphic function h calculated
with respect to this metric at a point z such that h(z) # 0 is denoted by
|h/(2)|1 and is given by the formula

]
[h(2)]
Given a real number ¢t > 0, we define the transfer operator £; by the usual
formula:

(4.2) Lig(w) = Z 1f'(2)Itg(2) for every w € D
fR)=w

where g is any function in Cp(€2), the vector space of all continuous bounded
functions defined on €2. The norm on this space, making it a Banach space,
will be the usual sup-norm || - ||o. Note that if w € D¥, then f~'(w) C Q
and, by the disjoint type assumption, Q C D*. Thus |f’(2)|; is well defined
for all z € f~!(w) and, in consequence, £;g(w) is well defined for all w € D
provided the series is convergent. Since we work with quasidisk tracts the
whole scope of [31] applies and we know in particular that there is a number
© = Oy € [1,2], called transition parameter, such that the series defining
L, is convergent if t > O and diverges if ¢t < ©.

(4.1) 1 (2)lr = | (2)

Definition 4.1. The function f is of convergence type if the series defining
L; converges fort = 0.

The reader should have in mind the following fact (which is a very par-
ticular case of Theorem 4.1 in [31]):

Theorem 4.2. Let f be a model or an entire function of class B having
one (or finitely many) tracts all of them being quasidisks. Assume that f
is of disjoint type. Let t > 0 and suppose that there exists wg € D} such
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that L1 (wy) < oo. Then the series defining L1 is uniformly convergent

meaning that Ly is a bounded operator of the space Cp(£2).

4.1. Integral means. The transition parameter O is precisely determined
by the geometry of the boundary of the tract 2 near infinity. For this one
considers rescalings of the conformal map ¢ given by

1
. = ———po >1.
(4.3) o= oy ¢ T, T=>1
The map o7 is defined on T-'H. In particular, all the maps @7, T' > 1, are
defined on the half space H.

Let us consider again one of the examples introduced in Section Bl By
self-similarity of the tracts and in view of Lemma [3.6] it suffices to consider
only values T' = ™, n > 0. Considering now integral means of the rescalings
of ¢ we get the required information about the geometry of the boundary
of the tract ) near infinity:

/ —-n . t
(1) Boalt)  imup izt e G )y
n—00 nlog p

Of particular importance is the function t — boo(t) = Poo(t) —t + 1.
Following [31], this function always has a smallest zero ©; > 0 and, in
the good cases, it has a unique zero and is negative in (©f,00). In this
latter case, the function f is said to have negative spectrum and then ©; is
the transition parameter of the transfer operator (see Proposition 5.6 and
Theorem 4.4 in [31]).

In our case, ) is a quasidisk and functions with quasidisk tracts have
negative spectrum (see Section 5 of [31]). This can be compared to the
classical case of a conformal map of the unit disk onto a bounded quasidisk
and with (., the standard integral means function. There, Pommerenke
has shown that b, has a unique zero which is the Minkowski dimension of
the boundary of the quasidisk (see Corollary 10.18 in [35]). We will show
in Theorem [6.1] that the transition parameter of the transfer operator for
our examples is © = iﬁi? hence the Minkowski dimension of the snowflake
curves in Section Bl This means that the models or entire functions we deal
with in the present paper have negative spectrum and their disjoint type
versions are in the class D defined in [31]. So the whole scope of that paper
applies.

t>0

)

4.2. The transfer operator of the models. We now come back to the
models introduced in Section [ and give precise estimates for the transfer
operator of these models. The first step, which expresses £;1(w) as an
integral, follows Section 4 of [3I] and so we can allow us to present only the
essential steps.

Let f be one of the models introduced in Section Bl Let w € D} and set
x =log |w| > logr > 2. Fix also

(4.5) §>1 maximal such that /="' < z.
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For z € f~Y(w) € Q we have |f/(2)|1 = ‘;f,(—é))‘ where £ = ¢71(2). Hence,

Lll(w) = Y

gcexp 1 (w)

= Y loge)(©)

gcexp (w)

and thus, using bounded distortion,

Ll (w /|logg0 a:—Hy‘ dy
t
:/ ‘ (a;—l—zy dy—i—Z/ a:—Hy) dy
— ! Syﬁ/ﬂ ¥ n>1 Inyj
where I, = [—u™, — ™ U [p™ 1, u™]. The first term can be estimated as

follows. By quasisymmetry of ¢, since ¢(0) = 0 and since |y| < p/ < = we
have

lo(x +iy)| < diam (go(]D)(:E + iy, g))) )

On the other hand, diam(p(D(z+iy, 5))) < |¢'(z-+iy)|z because of bounded
distortion. Consequently,

/ t

/ Ll dy =< '
—pd <y<pd

(x +1iy)

¥

The integrals over I,,4; can be estimated using the rescalings 7 introduced
in (@3) with T = u"*7 where, we recall, j comes from ([@5). Again qua-
sisymmetry of ¢ and the fact that ¢(0) = 0 show that |p(z+iy)| < [p(u™ 1),
y € Inq;. It thus follows from a simple change of variable combined with
bounded distortion that

/ t 1, nti(,—n—j ; t
@ . ' (" (" x4 iu))| ;
/ = (z +iy)| dy = P W du
Lngj Io P
O O AV T X 0) L
I !w(u"* J)!t

Since ng = \so( I ¢ o T we get, taking T = p"+

/In+j

Let 7 = 70 (x) = (n + j + pd )= ) < u= D dist (@ 4 iy, OH), y € Tjpn.
An elementary calculation shows that

/ t

g(m + 1y)

dy = ()1t / (s (5" + i)y
Io

(4.6) wt<r,<nu " , n>1.

Choose a maximal number of points y,, 1 in ™" + ilp such that

sign(S(Yn,k)) = sign(k)
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and such that two consecutive points have distance r,,. Then,
/
—(z +1y)

t
4 iN1—
/I dy = (V7S (s ()l
n+j k

¢
< (45 +2)' 7Y (16 ()l
k
Finally, it is convenient to replace ¢ by ¥ = p o h~!. We have

1 om 1
—— — oy =—"_ | —hoy™ “Mohou™).
S = Ty (o) H")

The first factor is approximately equal to 1 since ¢ is a quasisymmetry
with ¢(0) = 0, since ™ =< |h~1(ip™)| and since p(h™(iu™)) = Y (ip™) =
2"M)(i) = 2™2mi by Lemma The same lemma implies that the second
term equals ¢ and in order to estimate the last factor we introduce

Pum

hp =p ™ohou™.
It follows from Proposition 1[2.2] in Appendix [I2] that |h],| =< 1. Therefore,
(4.7) | Ppum]| = 1) © P

and, injecting this in the above expression, we get

.12
Inyj

= (x+ z’y)‘ dy = (n+j+2)' 3 (1% (hots () 7a)
k

Set 2p & = hntj(Yn,k). We will see in Lemma [ 4 below that dist(z, x, 0H) <
rn. We get all in all

(48)  Lol(w) =2t |1 +Z {(1 + n—l—j)l—tz (|¢/(zn,k‘)|rn)t}

X
n>1 k

for all w € Df. The factor |¢'(z,)|rn, has obvious geometric meaning.
Indeed, assume that @, C H is a rectangle containing z, 1, and such that

(4.9) diam(Qn i) <1, and  dist(Qp i, OH) < 7.
Set

Then the following statement immediately follows from bounded distortion
and (ZLJ]).

Proposition 4.3. With the previous notations we have

Lol (w) = (log [w])' ™ |1+ {(1 + 2 ”)H > (diam Wn,k)t}
k

T
n>1

for all w € D} and with comparability constants uniform for all models of
Section [3 but depending on the multiplicave constants in (4.9).
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In order to exploit this we have to define properly the rectangles @, ;.
We first need a technical result.

Lemma 4.4. There exists k > 1, independent of n and k such that the
following properties hold:
(1) For all (n,k),
% < §R(Zn,k) < Krp .
(2) Krpy1 > 2 for everyn > 1 and x > logr > 2.
Znki1l — Znk| < kry for every n > 1 an > 0 and the analogue
(3) |znk+ K < f yn > 1 and k > 0 and th log
statement also holds if k < 0.
(4) Let L = Ly be a common bilipschitz constant for the maps hy,, m > 1
(see Proposition in Appendiz[I2). Then

1
L,umax

<|[Sznkl <L for all (n, k).

Given (), it is appropriate to define the values
1

and Simag = L .

Simag = L
maz

Proof. For every m > 1, the map h,, : ,u_m’}:[ — uMH ="H is confqrmal

and thus a hyperbolic isometry. This implies that, for every £ € u=™H,
dist(€, 0~ H) R, (€)] < dist(hy,(€), OH) = R(hy, (€)).

Taking = vy, x and m = n + j we get

R(znk) < dist(Yn k, 8u_"_j7:l)\h;+j(yn,k)\ =7,

since, by Proposition 22} [, | ;(yn k)| < 1. This shows Item ().

Item (2] follows from the estimate

r n+j+ ) ")

no_ I N).N_ o =1 ) << fnas

Pnel (n+ 14§+ p)p— (1) n+1+j+u

with fae, from Lemma

Since the maps h,, are bilipschitz uniformly with m, we have the following:
if k1, ko have same sign then

(4'11) |zn,k1 - Zn,k2| = |yn,k1 - yn,k2| = |k71 - k’2|7‘n
In particular, |2, x+1 — Znk| =< |Unk+1 — Ynk| = rn which shows Item (B]).
Finally, Item () follows from Lemma [12.3] O

Let k > 1 be given by Lemma 4l This number being fixed, we can now
define the rectangles @), , around z, ; as follows:

Qn,k = {% < %(5) < RTn ’%(g_zn,k)’ < Hrn}m{simag < ’%(g)‘ < Simag}'

Notice that (49]) is satisfied since z, ; € Qpr by Item () and Item (@) of
Lemma (4.4
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Lemma 4.5. Let k > 1 be given by Lemma and let Q1 be defined as
above. Then:
(1) Un,k Qn,k C ue:ct = {0 < §R(é‘) < Sreal ) SlmTag < ’%(g)‘ < 2Simag}

where

=21+ ).
10g Hmin

(2) There exist §peqr > 0 and ,umm <6 <& <1 such that

imag imag

U@k D Uint = {0 < RIE) < breat » Sy < 1SE)] < g }-

(3) The collection {Qn 1} has bounded overlap: there exist B > 1 such
that for every (ng, ko) there exist at most B indices (n,k) such that

Qn,k N Qno,ko 7£ @

Again, all the involved constants are uniform. In particular, the sets U,
and Ueyr do not depend on the model f.

Proof. An elementary calculation shows that sup,s; /%a < @ < g;imm‘
Combined with the definition of r,, and of S,..q; we get for every £ € Un i @n k
that RE < Speqr. Item (1) follows since the assertion concerning the imagi-
nary part is obvious given the definition of the sets @, 1.

The second item can be shown as follows. Fix arbitrarily ¢, , o 5:;” ag Such

that ,umm <&, . <& < 1. By the definition of the points y, x there

imag imag
exists ki, ky > 0 such that S(yng,) < p ' + 7, and S(ynk,) > 1 — rn. The

bilipschitz property in Lemma [I2.3] implies thus that
_ 1
%(Zn’kl) S Ln(lu 1 —|—7‘n) S L (/,Lmln —|—Tn) and %(27%]@) Z L—(l — Tn).
n

Notice that (L, )m is a decreasing sequence with limit 1. On the other hand,
rn — 0 and thus there exists n,,;,, which does not depend on the model f,
such that

1
L (,umm + ) <0 and L—(l —7p) > 03 for every n > npin.

imag imag
n

If we combine this with the definition of the sets @, ;, and Item (B)) of Lemma
[44] then this gives

Vo= {52 <O < Gy <90 < By} €U

for all n > nypin. Given (2)) of Lemma [£4] the set
U v

covers Ui if we set dpeqr = ki,

min
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We are left to show that the collection {Qy 1} has bounded overlap. To
start with, suppose that n < m and (n, k), (m, 1) are such that Q,, xNQp,; #
(). Then necessarily xkr,, > . But

Tn _ (A ) :Mm_nn+(j+uj) S e
rmo (Mg pd ) m+ (j+ 1)

3=

Put A =m —n > 1. Clearly > = an = 1+Z/n > 1iA > ﬁ so that we
get altogether the condition

A .
min

A
Y
A T2 A
which shows that there is a constant By = By (k) such that A = m—n < Bj.

Now, let £ € H, fix n and consider k such that £ € @, x. Then

K2 >

N —

1 1
1€ — 2| < diam(Qp i) < </{ - —>rn + 2Kr), = <3/{ - —>rn.
K K

It follows from (A.I1]) that this can happen for at most

By =2(3k - l) L
K
indices k where L is the bilipschitz constant involved in (4.11)).

In conclusion, £ € @, can happen for at most By different indices n and,
for every fixed n > 1, there are at most Bj indices k such that @, ; contains
&. Therefore, the collection {Q,, 1} has bounded overlap with constant B =
B Bs. O

5. WHITNEY DECOMPOSITIONS

In order to estimate the transfer operator via the sets (W, ) we will
compare them to Whitney decompositions that reflect the geometry of the
snowflake curve.

Whitney coverings are standard. Here we use a slight modification of the
usual notion. The following definition applies to more general open sets V
but in this paper we will take V = () where U is one of the sets Ujnt, Uext
of Lemma 5 and where T = (U NiR) € AV NI =V NT.

Definition 5.1. A collection (W, ;) of sets is a Whitney covering of V with
respect to X C 9V if the following holds:

1) VCUW and VAW, # 0 for all (m,1).
(2) The sets W, have bounded overlap: there exists B > 1 such that
for every (mg,lgy) there exist at most B indices (m,l) such that

WmJ N WMOJO 75 0.

(3) The sets Wy, are closures of Jordan domains, they are uniformly
round and of diameter comparable to the distance to the boundary.
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The later two conditions mean that there exists a > 0 and disks
D(2m 1, 7m,1) such that the following holds for every (m,1):

(51) D(Zm,b rm,l) C Wm,l C D(zm,la Tm,l/a)

and
1
(5.2) adiam(W, 1) < dist(W,;, T) < Ediam(WmJ).

Fact 5.2. The Whitney covering property is a conformal, even quasicon-
formal, invariant. Indeed, quasiconformal mappings preserve the roundness
condition [0l (with new constant a' depending on a and on the quasicon-
formal constant only) and (B.2)) is also preserved thanks to an estimate of
Gehring and Osgood [21] for the quasihyperbolic distance (see the explanation
by Koskela in [18, p.210]).

5.1. Geometric Whitney covering. Let again { be one of the domains
of Section [3l Consider now ¢ a quasiconformal map of the plane such that
g(H) = Q) and such that g reflects the geometry of the snowflake curve
I'. Tt is a quasiconformal extension of the natural parametrization of I' as
explained in Section Bl and it satisfies the relation (B.I0). We use this map
to produce coverings of the sets

Vint = w(uznt) and of Vewt = Tp(uemt)-

In the following, V is one of the sets Vint, Vert and we recall from Lemma
that Uns, Uerr do not depend on the model, hence on I'.
Consider a standard decomposition of H given by

Quy= {40 < Re <4 1 << @+

and set

Wi =9Qmi) , mleZ.

By Fact [5.2], the collection of all (W, ;) such that W,,, ;NV # () is a Whitney
covering of V with respect to T = ¥ (90U NiR). This covering reflects the
geometry of the snowflake, as explained in Lemma G Il below. As always, the
constants in this result do not depend on the particular snowflake chosen
out of the family described in Section Bl

Lemma 5.3. For every set W, ; of this Whitney covering of V with respect
to T we have diamW,,; < 1p,, there exists K > 1 such that

(5.3) 47K < diamW,,; < 47K
and, for some mqy > 1, the number of sets W, of level m > mq is
(5.4) #{, Wy NV #D} <4™

where the involved equivalence constants do only depend on the set V = Vip
or YV = Veut respectively.
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Proof. The relation diamW,,; < l,, follows from the fact that the quasi-
conformal map g is quasisymmetric and (5.3)) is a consequence of the Holder
continuity ([B.8). The statement concerning the number of sets of a given
level m is clear and the involved constants are independent of the model
since the sets U, Uerr do not depend on them. O

5.2. Conformal Whitney covering. The covering W, 1 = ¢¥(Qnk)) has
been introduced in (£.10).

Lemma 5.4. The sets Wy i), (n,k) such that Qu s NUint # 0, are a Whit-
ney covering of Vint = W(Uint) with respect to Liny = Y(0Uipy N IR). In
addition, there exists K > 1 such that

(5.5) rE < diamW, ; =< ri/K

Proof. By Fact [5.2] it suffices to verify that (@, k) is a Whitney covering
with respect to U, NiR. But this we already checked in Section [ (see
(#9) and Lemma [£.5]).

It remains to justify the inequalities in (B.5). But they follow from
diam @y =< 1, and, again, from the Holder property (B.8). O

5.3. Comparing the coverings. In view of estimating the series in Propo-
sition 3] we now compare the geometric and conformal Whitney coverings.

Lemma 5.5. There exists a constant By such that for every (n, k) (or (m,l))
there are at most By indices (m,1) (respectively (n,k)) such that

(56) Wn,k N Wm,l 7£ 0.

Proof. First of all, there exists a > 0 such that every set W, and W,,;
contains respectively a ball B, i, By, ; of radius adiamW, i, adiamW,,
Again, this constant a is independent of the model of Section Bl since, by
uniform quasiconformality, the sets W,, 1, Wy, ; are uniformly round. We
recall that this means that the roundness condition (B.I)) is satisfied for
some fixed constant a > 0.

Both coverings being Whitney, (5.6) implies diamW,, =< diamW,, .
Therefore, there exists A > 1 such that, whenever (5.6]) holds,

Bn,k C Wn,k C ]D(wml, Adiame,l)

where w,,; € W,,,; is any arbitrary point. The conclusion comes now from
the bounded overlap property combined with a volume comparison argu-
ment. Clearly in this argument we can exchange the role of the two coverings
and thus the proof is complete. O

We also have to compare the levels n and m for sets W, ; and W,,,; that
intersect. This is not possible for general domains but here we deal with
quasidisks and have good Holder estimates.
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Lemma 5.6. There exists a constant b > 0, still independent of the model,
such that for every (n,k) and (m,l) for which (5:6]) holds we have

1
bngmggn.

Proof. Assume (n, k) and (m, [) are such that (5.6]) holds. Then diam W, j, <
diam W, ;. It follows from Lemma [5.3] and from (5.5]) that

1 m
4~mK <K and Tff <47 K.

Concerning 7,, we use now the estimate ([.6). Combined with the previous
one it gives

n 1 K m

1 —
47K Snm TR <nxp K oand pp K <R 24w

from which the assertion easily follows. O

6. MODELS OF CONVERGENCE TYPE

Let f be a model of Section Bl with tract = ¢(Hiog,) given by Example

B.Il We recall that in this case
1
@ _ —

where the involved multiplicative constant C'y does depend on the model f.

Theorem 6.1. The transfer operator L of f is of convergence type (with
© =log4/log3) and there exists M = My > 1 such that

L (w) < M (log |w])'~!
for every w € Dy and every t > ©.

Remark 6.2. As explained in Section 8 of [31], Theorem [6 1] implies that
for these models the full thermodynamic formalism holds for all t > © so
also in the particular case when t = © equals the transition parameter.

Proof of Theorem [6.1l. From Proposition 4.3 we have a precise estimate of
L; which implies

Ll (w) =< (log |w)! " |1+ Z Z(diam Wik
n>1 k
since t > 1. Take U = U,y and remember from Lemma that U
contains all the sets @, x, hence Unk Wik C Vet = Y(Ueat). Set T =
{(m,1); W, 1M Vegt # 0} so that {W,,; , (m,l) € I} is a Whitney covering
of Vezt with respect to T = ¢(0U NiR). In particular, for every (n, k) there
exists (m, ) € Z such that

Wik YW # 0 and diam W, i, < Cdiam W,
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for some uniform constant C. It thus follows from Lemma that

(6.2) > (diam Wy )t < B.CT > (diam W, )"

n>1 k (m,))eT
We have diam W, ; < 1, (Lemma [5.3) which, along with (5.4]) of Lemma
B3land (6.10), implies that for every ¢t > ©

t/©
L1 (w) < (log |w])*~ Z 4m <C’f 4_7”%) < C’:;/@M'(log w1~

m>1

where M’ = Zm>l —a < 0.

It remains to show that £,1(w) = oo for ¢ < © and for some |w| > r >
e?. We first provide an appropriate lower bound for the transfer operator
starting again from Proposition [£.3] The expression there gives, for every

w € DF and still with z = log |w|,

-\ 1t
L1 (w) = (log |w])'™* Z { <1 + - ;_J> Z(diam Wnk)t} .

n>1 k
Since -
4t <1+n+L<1+n+ o

x v log 1

we have
1—t
L) = 2 { ( ) S (diam wn,ky} |
n>1 k

Let 0 <t < © and let ¢ > 0 such that ' =t + ¢ < ©. By (5.5) and (4.0)

and thus
1—t
o 1—t/ ;- —¢ . n (1+logu+n)
¢ = nf (14 oo T (diam Wa )™ = min px el K > 0.

Injecting this in the lower estimate of £;1 gives

Lil(w >-ctx1 tzz dzamWnk

n>1 k

In view of Lemma (5] the sets W, j, cover Vins = ¥(Uin¢). The same argu-
ments that lead to ([6.2]) gives

(6.3) ZZ dzamWnk > B C Z (dz’ame,l)t/

n>1 k (m,)eT

where, this time, Z is the set of all the (n,k) such that W,,,; N Vipy # 0.
Consequently,

¢zt

£tﬂ(w) i B*Ct,

Z (diam Wmvl)t/

(m,l)eZT
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There exists My, such that for every m > My, the number #{l : (m,l) €
Z} is comparable to 4™ ((0.4]) of Lemma [B.3] this times applied with V =
Vint). On the other hand, diam W,,; < 1,,, and, by (&1I), 19 > 01714_”"”%.
Since t' < O it follows that £,1(w) is divergent. O

7. APPROXIMATION

Up to now we have considered particular model functions and have ob-
tained good estimates for their transfer operator. But we really need global
entire functions having similar properties. Such functions will be obtained
with the help of an approximation result of model functions by entire func-
tions. There are several approximation results, the most general being the
quasiconformal approximations by Bishop [I5], [14]. We will use Rempe’s
uniform approximation [38] which is more restrictive but very precise. It
approximates models that are defined on the extended tract Q > Q. Here is
a version of his result.

Theorem 7.1 (Uniform approximation). Let p = 771 = H — Qbea
conformal map fizing infinity and normalized by (B.2]) and let f=e" : Q—
C. Let C: R — Q be defined by C(t) = (it — 13log_ [t| +1). Let Q be the
component of C\ C that is contained in Q and let H = 7(Q). So, H C H

and Q C Q. Put
L f©
h(z)_—2m'/cé—zd§ , 2¢C.

Then this formula defines a holomorphic function for z ¢ C and the function
F defined as

(7.1) F(z) = {f(z) +h(z) when ze€Q and

h(z) when zgéﬁ

extends to an entire function F in the class B. Moreover, the function h
satisfies the estimate

(7.2) |h(2)] < 7=

C
2|+

where C' is some constant and where |z|; = max(|z|,1).

7.1. Universality of estimates. We shall use the above approximation
for varying model functions f, and then pass from the estimates for the
model to the estimates for the actual function F. It is essential for further
estimates to examine the error term h, i.e the universality of the constant
C appearing in the inequality (Z.2]). In order to check this universality it is
sufficient to go carefully through very precise estimates provided in [3§].

Indeed, the domain A is exactly the one considered in Remark 2 of Section
4 in [38]. This domain is called ”initial configuration”. So, in the case under
consideration the ”initial configuration” is fixed.
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In Corollary 4.5 in [38] the required estimate for the error function h
appears:

(7.3) h(2)| < Ms, |h(z)] < max(|zo|+, dist(zo, aQ))f_'ﬁ
+

for all z € C\ C. The function F is in class B since
(7.4) S(F) C DQMS.

Here, the constants M5 and Mg depend only on the initial configuration,
which is fixed. We may assume that M5 > r > eZ. The point zy which
appears in (7.3)) is defined as

zo = p(1).
It follows directly from the normal family property of the family of maps ¢

as explained in Remark that max(|zo|, dist(z0,dQ)) = 1. Thus there
exists My > 2max{Ms, Mg} > r such that

(7.5) |h(z)] Sé/[—‘i , zeC\C

for all our examples. In particular, we have the statement of Remark 4.6 in
[38]:

(7.6) |F| < My outside Q and |F| <|f| + My in €.

7.1.1. Disjoint type and order. The above estimates allow us to fix the trans-
lation constant 7" in (B.6]) such that all the models f and also the shifted
approximation functions defined by

F(z)=F(-T) , ze€C,

are of disjoint type. The following lemma shows that this is the case when-
ever T' > 8My with My from (7.5]). The precise choice of T, in fact of 7 since
we will set T = 47, will be fixed in (7.9).

Lemma 7.2. Choose an arbitrary n > 2My and set T' = 4n. Let £ be any
model of Section [3. Then, every entire function F associated to £ by the
above construction is of finite order and

Qg =g ' (D}) C D3,
for g =f and for g = F. Consequently,
Jg D3, and Jp C D3,
Proof. We first show that F is of finite order. Given the definition of the

order in (2.)) and the estimate (Z6) it suffices to check that the model
function f is of finite order, i.e. that

lim sup w < 00.

2€Q , |z] =00 log ’Z‘
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But f(z) = e™®) for z € Q. For 7 = ¢! we have the Holder property (3.9)
which implies |7(2)| < (|z]/c1)%, z € Q, and thus
o) = p(F) < K < oc.
Let n > 2My and T = 4n. Then, by construction of Q,
£71 (D} ) CQ+T = p(H)+ T C D3,
for all models f. In particular Q¢ = f~1(D}) C D3,,.
Concerning F, if z € Qg then, |F(z)| = |F(z —T)| > n > 2Mj and thus
the second inequality in (7.6]) applies and gives
£(2)[ = |f(z =T)| > n— My = n/2.
This shows that z € f _1(]1)); /2) C D3,. The proof is complete. 0
7.2. Comparing the transfer operators of the model function f and
of the approximating entire function F. Let f : 2 — C be again one

of our model functions and let F' be the approximating entire map in class
B produced by the construction described in Theorem [7.11

Lemma 7.3. There exists Ry > 4My such that for all z € QN D3 "

L_FQ L, 1 F()
2 ST =2 5 < 7]

LGN

’f ()l
Here, Ry depends only on the constant My from the estimate (T.5l).

Proof. The estimate (7.5 implies
(7.7) |h(z)| <1/4 for |z|>4My, =z €C.
Since f : Q = Qogr — D7, for 2 € Q we have |f(z)| > r > 2. Consequently,
sl =eneyse e (3]
Passing to the derivatives, if ® := h o ¢ then
F'=f'+h=f+0o0p " o(g!)
and, as f = expop ™!, /= f- (o !). So,
|F] o™
'] f
Since |f(z)| > 2 in §, the required estimate relies on the estimate of ®'. In

order to estimate it, let z € Q and put ¢ = p~!(z) € Hiogr C Ha. Then
Dg :=D(£,1) C Hy C o' (Q). This allows to make the estimate

<2

Consequently,

<4 , z€QNDEg,

z€ QNDiyy,-

1

=11+ on €.

1
21 3D5

v| < sup [A(2)]
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In order to use the estimate (7.5]) for the function h we need to estimate
infze,om,) |Z|. But this can be done by using twice the Holder continuity

property ([3:9). It shows that || > (|Z|/62)1/K and also that
1/K
lp(2)] > cr| 2|V E > cl<(|z|/02)1/K - 1) for every 2 € ODg.

Choose now Ry > 4M;, such that ¢; ((RO/Cg)l/K — 1)1/K > 4My. Then,
if z € Dy, the corresponding infzc,sp,) |Z| > 4Mjy which enables us to
conclude using (T.7)):

(7.8) (&) < sup  |n(Z)| <1/4 for every z € QN Dy,

which shows the required estimate of the ratio |F’'(2)|/|f’(z)]. The estimate
for the ratio |F'(z)|1/]f'(2)|1 follows directly, since |f’|1(z) = |f'(2)| - K

[F(2)]
(and the analogous formula for F'). O

Assume in the following that Ry > 4M, is such that Lemma [7.3] holds
and let

(7.9) n = 3max {Mo,exp ((Ro/cl)K) }
Then Lemma applies. Also
(7.10) FHD%5) € D, € Ding,

since exp™! (]D;;/g) N Digg /3 = 0 and since (B.9) implies ¢(Dyyg/3) D D, -

The transfer operator has been defined in (£2]). Since we now deal with
several functions we write L; , for the transfer operator of a function g. We
first compare the operators of an initial model f and its approximation F'.

Proposition 7.4. There exists a constant K > 1 such that the following
holds. Let f be a model as defined in Section[3, F' an approximating entire
function of f given by Theorem [71. Then

1 < ﬁt’f]l('w)
Kt = Ly pl(w)
and the same holds if f, F are replaced by their disjoint type versions f, F.

<K' forall w G]D;;

We thus get first examples of entire functions for which the full thermo-
dynamic formalism holds in the particular case where t equals the transition
parameter t = ©.

Corollary 7.5. The transition parameter © is the same for the model f and
for the approximating entire function F. Moreover, F is also of convergence
type and Theorem [6.1] as well as Remark[6.2, hence the full thermodynamic
formalism, meaning that all the results in Section 8 of [31], is also valid for
the disjoint type entire function F for all t > ©.
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Proof of Proposition [7.4]. Lemma [7.3] shows that the values of the deriva-
tives of f and F' are comparable at a given point z. But, in the formulas
defining the operators £; ; and £; r the summation runs over preimages of a
given point w under f and F', respectively. So, in order to compare L; f(w)
and L p(w), the preimages of w under f and F' will be "paired” and the
derivatives of f and F' on these paired preimages will be compared.

Let w € Dj. Then all preimages of w under the model map f are in

Qlogn = @(Hlogn) and

o PO
2 Ireit= 3 <w<§>\>‘

zef~1(w) £eexpH(w)

Take the circle o centered at w, with radius 1, and for each & € exp~!(w) let
7¢ be the preimage of o under exp, surrounding £. Finally, put ¢ = ¢(ve).
Notice that the domain bounded by 7; contains exactly one preimage of w
under the map f; this is the point z = ().

On each curve J¢ we have that |f(z) — w| =1, while

(7.11) (P(2) = w) = () = )| = [h(a)] < 12

where My comes from (75]). From (7I0) we know that |z| > 4M; since
w € D} C ]D):; /3 Hence, the right hand inequality of (7T.II)) is strictly less
than 1. This allows to conclude via Rouché’s Theorem that F' has exactly
one preimage in the region bounded by 7¢. Denoting this preimage by z, we
need to compare |f/(z)|; and |F'(Z)|;. But this directly follows from Koebe’s
Distortion Theorem and Lemma [3] and the constant K in Proposition [.4]
is exactly a Koebe constant times an absolute one. This gives the first part
of the required estimate, i.e.

ﬁtfﬂ(w) t
L ]C
ﬁt,F]l(w) -

The second part of the estimate can be obtained in a similar way: Let
w € Dy, Since n > 2My > Mo +2, the disk D(w, 2) does not contain singular
values of F', and F~'(D(w,1)) is a countable union of Jordan domains D;
each of them being mapped bijectively and with bounded distortion onto
D(w, 1).

If z € Dy then |F(z)] > |w| —1>n—12> 2M,. It thus follows from (7.6)
that z € Q and thus all the domains D; C 2. Moreover, still using (7.6)),

2
F@I 2 1F()| = My>n—1-My> 2 -1

since n > 3Mp > 6. This allows to apply (7.10) and thus to get |z| > 4 M.
On the curve 47 bounding Dy we have |F(z) —w| = 1, while

—he)| < Mo o Mo _
[(F(2) —w) = (f(2) —w)| = [n(z)] < ERRrIA 1/4.
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Again, Rouche’s theorem implies that f has exactly one preimage of w in
each domain D;. Applying again Koebe’s Distortion Theorem and Lemmal[7.3]
we obtain the desired inequality:

£t’fﬂ(ZU) > 1
Ly pl(w) = KV
Let us finally consider the disjoint type functions f,F. If z, Z is a pair of
preimages of w under f, F' then, clearly, z = z+ 7T,z = Z + T is a pair of
preimages of f and F respectively and we have
') _ L] 2z 2-T|_ [f'(z)h
F(z)  [F'G)h|z-T z [F"(2)]h
with involved multiplicative constants independent of the functions, of the

point w € D} and of the pair of preimages. This clearly completes the proof
of Proposition [.4l O

There is also a relation between the transfer operator of the functions and
their disjoint type version.

Lemma 7.6. Let A=1+ %. Then

1 x
Eﬁt’f]l < ﬁt,f]l < Atﬁt’f]l on Dn.
Proof. This follows from an elementary estimation based on (3.I1]) and on
z — *
112 WE@h=1fe-Th " ze =10},

8. TOPOLOGICAL PRESSURE AND BOWEN’S FORMULA

Let f be a disjoint type model or entire function and consider again
L; = Ly 5 its tranfer operator. By Theorem 8.1 of [31] the limit

(8.1) P(t) = P¢(t) = nh_)n;o % log £71(w)

exists and, by bounded distortion, it does not depend on w € D} (for r
sufficiently large). This limit is called topological pressure and for a con-
vergence type function the pressure P(O) is finite. The basic properties is
that t — P(t) is a convex and strictly decreasing function on (0, 00) with
P(t) = o0 if t < ©, P(t) is finite if ¢ > © and limy_, o, P(t) = —oo. Conse-
quently, the map ¢ — P(t) has a unique zero h > © provided there exists
t > O such that P(t) > 0.

We refer to [28] for the notion of Holder tract. All what is needed here is
that the tracts of our examples have this property since they are quasidisks.

Proposition 8.1. Assume that the disjoint type entire function f has only
one logarithmic tract, assume that this tract is Holder. Then

HypDim(f) =inf {t >0, P(t) <0}.
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Proof. Consider first the case that P(t) > 0 for some ¢t > © in which case
the pressure has a unique zero h > ©. The assumptions on f imply that
[31] applies to them and, in this case, the statement in Proposition [R1] is
exactly the Bowen’s Formula in [31] which states that

HypDim(f) =h > ©.

It remains to consider the case where P(t) < 0 for ¢ > © and, clearly,
P(t) = oo for t < ©. We then have to show that

HypDim(f) = ©.

The Hoélder tract assumption along with [28] gives HypDim(f) > © no
matter how P behaves. For the other inequality, let us first recall that the
thermodynamic formalism of [31] applies to f for every parameter ¢t > ©.
In particular, there exists e’ () —conformal measure which allows to employ
Lemma 8.1 in [29]. This Lemma gives the required estimate since it shows
that HypDim(f) <t whenever P(t) < 0. O

9. CONVERGENCE TYPE ENTIRE FUNCTIONS WITH POSITIVE PRESSURE

For the models of the previous section the topological pressure, introduced
in (81)), is finite for every ¢ > © but certainly we may have P(0) < 0. Here
we consider the disjoint type versions of the models given by Example 3.3l
and show that they have positive pressure for ¢ = © and even for slightly
larger values of ¢ provided the number N in Example B3] has been chosen
sufficiently large. We then also show that this property is true for the disjoint
type approximating entire functions.

We recall that the models of Example B3] are special cases of those of
Example Bl Therefore, they are of convergence type with © =log4/log 3
and Theorem applies.

Proposition 9.1. Let f be a model of Example[3.3 and let © = log4/log 3.
Then, for sufficiently large N there exists t > © such that

Py(t) >0

where g = £, the disjoint type version of f, and also if g = F, the disjoint
type version of the entire function F approximating f.

Proof. First, we establish an auxiliary estimate for the initial model function
f. We shall prove that, choosing sufficiently large /N in the model in Example
B3l one can find S > n such that

(9.1) Lif(Ipg,)(w) > 24" for every n<|w|<S

and for some t > ©, where S’ = S — T and with A from Lemma
In order to establish (@), let N > 1 be maximal such that 2V < S,
and let M be determined by the inequality 2~ < T" < 2M . Consider any
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w € DgNDj and set x = log|w| € [logn,log S] where n is given by (Z.9)).
Let j > 0 be again the maximal integer such that px/~! < 2. Notice that

(9.2) j < log(log S) < log N.

We have to estimate L;(1p,, )(w) and, in order to do so, we first describe
the preimages z € f~!(w) that are in the disk Dg/. We have z = p(§) =
P(h(§)) where & = x + iy and where y € I,,1; for some n > 0. Selfsimilarity
of 1 (Lemma [B.0]) yields

2= 27y (O In(E) )

On the other hand, |h(¢)| < |¢] < ™"/ since h/(c0) = 1 (see Proposition
M22) and thus |¢ (u~"*DR(€))| < 1 and |z| < 2"*. Denote by c the
constant in the last inequality, meaning that it becomes |z| < ¢2"7. Then,
by the choice of N, we see that z € Dg if 2" < 2V —2M  This is the case
if n < N—j+ (log(1—2""") —logc) /log2 and thus, because of ([3.2) and
since we will take N large, it thus suffices to have n < N/2.

Given this discussion on the preimages of w, we get out of the expression

of L; in Proposition 4.3 that
1—t
> Z(diam Wnk)t}

[N/2]
Ly y(lp,,)(w) = '~ tZ{<
k
[N/2]
= Nt Z { (14 N)! Z(dz’amek)t}

k

[N/2]

2(1-1) Z Z dmmWnk

The sets W, can now be replaced by the covering (W,, ;) precisely like
we did in the proof of Theorem [6.Il More precisely, we use (6.3]) with the
difference that we deal here with a ﬁnlte sum:

[N/2]

B.C! Z Z diam Wy, 1.)" > Z (diam W, ;)"

(mvl)ezfinite

and we must specify the new set of indices Z ;¢ over which the summation
goes. In order to do so, we recall first that the sets W, i, cover Viny = ¥ (Uins).
Therefore, if (m, 1) is such that W,,, ; NV, # 0 then there exists (n, k) such
that W, ;N W, . # 0 and then, by Lemma[5.6] n < m/b. We can thus take

Ifim'te = {(mal) ) Wm,l N Vint 7é @ and mo < m < b[N/Q]}

where mg comes from Lemma, [5.3]
By (54) of Lemma [5.3] for every m > mg the number of indices (m,[) in
Ztinite is comparable to 4™. Also, diam W, ; < 1, and for the models of
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Example B.3] we have 1,,, = (%)m if 1 <m < N. Consequently, if N is large
enough, we get all in all

[b[N/2]] 1\t 4\ P/
2(1—t m - A20—t

which is arbitrarily large provided we take © < t < log4/loge = log4 and
provided that N is sufficiently large.

Coming now to the associated disjoint type model f, and using Lemma [7.6]
we can translate the estimate (3.I]) to the case of f as follows:

(9.4) Lis(Ipg)(w) >2 forevery n<|w| <S8

Indeed, if w € Dj; NDg and if f(2) = w then f(z) = w where z = 2 + T
Moreover, if z € Dg/ then z € Dg. Combining now (O.I]) with the estimate
in Lemma [7.0] we obtain directly the required (0.4)).

But now, since f is of disjoint type, and, in particular £ _1(]]);;) C by, @4)
allows us to conclude inductively:

Liel(w) > Ly g(Mpg Ly g(Ipg.--Log(Ipg)))(w) > 2" for every n > 1.
Therefore, Pg(t) > 0.

It remains to verify that the entire function F also has positive pressure
at t. Proposition [[.4] compares the operators of f and F but with transfer
operators applied to the constant function 1 and we have to replace it by
Ipg. So let w € Dg N Dj, consider a pair of preimages z,Z of w under
f, F respectively defined exactly like in the proof of Proposition [7.4l Then
z =z+ 1T,z =2+ T are corresponding preimages of w under f, F respec-
tively. It is explained in this proof that, given z € f~!(w), there exists a
unique Z = Z(z) € F~!(w) which is in the region bounded by ¢(7¢). An el-
ementary estimation shows that diam(vye) < % Since ¢ fixes the origin and

is uniformly quasisymmetric, it follows that there exists a constant K > 1
such that

e = 0(%) C 9(Dg12) C Dy = Dy
If again S’ = S — T then
FHw)NDg D {2=2(2), |z| <S/K and f(z)=w}.
Since Lemma [7.6] in fact (T.12), is also valid for F,F instead of f,f, we get
Liw(Ipg)(w) ALy p(1pg, ) (w)

AT YT F'(B) = Log(tp

5(2), F(o)=uw
|z|<S'/K

J(w) , weDg\Dy,

S'/K

the last inequality resulting from the proof of Proposition[.4l In conclusion,
in order to get (@.1]) for the function F it suffices to adjust the number N so
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large such that £, f(ﬂDs//f() is sufficiently large on DgND; which is possible
because of (Q.3)). O

10. Proor or THEOREM [I.1]

Let f be a model such that the associated disjoint type entire function
F has positive pressure (Proposition [0.1). Consider the analytic family of
entire functions:

F,=)\F | AeCr.

Proposition 10.1. The functions Fy, 0 < XA <1 do all belong to the same
hyperbolic component of the parameter space of (Fy)x.

Proof. By Lemma the tract ; of F; satisfies Q; = Fl_l(]D),’;) C D3,
Clearly, for every A € D\ {0}, Q) = FXI(D;;) C N and thus Q) C D3,.
Therefore, all the functions Fy, A € D\ {0}, are of disjoint type and thus
hyperbolic.

It remains to find a simply connected domain V' C C\ {0} that contains
(0,1] along with a holomorphic motion (¢y)x, A € V, that identifies the
Julia sets and conjugates the dynamics of F; and F,. But this has been
shown in Section 3 of the paper [37] by Rempe. O

Proposition 10.2. There exists 0 < lg < 1 such that
PF/\(@) <0
for every 0 < || < p.
Proof. Again by Lemma [7.2] F;l(]D);) C D3, A € D\ {0}. In particular,
Jr, C D3, for all these parameters and it suffices to study the transfer
operator on Dj.
Notice that Ly p, 1(w) = Lypll(w/N) for every w € D where F = Fy.

On the other hand, Proposition [7.4] and Lemma imply for the operator
of the generating function F = F;

Lipll <KLyl < (AK)'Ly 41
still on 7. Moreover, we have Theorem which implies, for every t > ©,
Ly pl(w) < Mt(log|w))'™" | we Dy.

Combining all these relations and taking t = © we get

1-©
Lo, (w) = Lopl(w/A) < (AKM)® (log(n/1o))

for every w € D} and every 0 < [A| <lp. Since t = © =log4/log3 > 1 we
can choose [y small enough so that

(AKM)° (log(n/l0)) <

N =
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Then
1
- log L& g, 1(w) < log1/2 for every w € D; and every n > 1

which implies that Pr, (©) < 0 whenever 0 < || < .
U

Proof of Theorem [11l. Given Proposition[I0.0]and the fact that F is of finite
order (Lemma [7.2), it remains to show that the hyperbolic dimension does
not vary analytically. We know from Proposition that Pg,(t) > 0 for
some t > © = log4/log 3. In this case, the Bowen’s Formula in Proposition
Bl shows that

HypDim(F1) > O.

On the other hand, Pg,(t) < 0 for all A € (0,lp] where [y comes from
Proposition Again Proposition [B] shows then that

HypDim(Fy) =© for every 0< X\ <.

Consequently, A — HypDim(F) is not an analytic function. O

11. IRREGULAR HYPERBOLIC FUNCTIONS IN CLASS B

In this section we proof Theorem [[L2] [[L3] and [[4l First of all, all our ex-
amples share the particular value © = log4/log 3. But clearly the snowflake
construction can be modified in order to get functions with the same behav-
ior and with © any value in |1,2[. The only modification is the choice of the
numbers py, € [Pmin, Pmaz) Where then prin, Pmaz have to be fixed such that

B3) is replaced by

1 1\2/© 1
Z<pmin<(§) <pmam<§-

So, we can restrict the discussion here to the particular value © = log 4/ log 3.

We know from Lemma that all the entire functions we consider are of
finite order. From Proposition we directly get functions that fulfill the
requirements of Theorem Combining it with the Bowen’s Formula of
Proposition 81l Theorem [[.3] also follows. The remaining point is to show
the affirmation concerning the conformal measure in Theorem 41

In view of establishing it we need some preliminary considerations on the
choice of the Riemannian metric and to clarify the notion of conformal mea-
sure. Up to now we have used the cylindrical metric in order to evaluate the
derivatives (see (4.1])). This choice is related to the logarithmic coordinates
in [19] and it allows to get a bounded transfer operator as defined in (£.2]).
However, it is sometimes more convenient to make a different choice. For
example, employing the spherical metric allowed the authors in [7] to get
the most general Bowen’s Formula.
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Consider a general Riemannian metric dp(z) = p(z)|dz| on C, denoted by
lf', =11 |% the derivative with respect to it and let us have in mind the

particular choices
|dz| |dz|
pcyl(z) |z| an psph(z) 1+ |Z|2

The cylindrical metric as written has a singularity at the origin, a problem
that we can neglect since we work far away from it especially in the case of
disjoint type functions.

Definition 11.1. Let f be an entire function. A finite measure v is said
to be t—conformal with respect to the metric p if for every Borel set A C C
such that f|4 is injective we have

v(f(4)) = /A L.

As defined, such a measure is sometimes also called geometric conformal
measure since such a measure is commonly used to analyse the geometry of
the Julia set.

The topological pressure with respect to the cylindrical metric has been
defined in (8I)). If £,; denotes the operator defined by Formula ([£2) but
with |f’|; replaced by |f’|, and if we inject this operator in (8] then this
defines the topological pressure with respect to the metric p:

P,(t) = P, ¢(t) = lim ! log L5, (w) , w € D,.

n—oo n
A priori, the transition parameter ©, = inf{t > 0, P,(t) < oo} can depend
on the metric. In the case of the cylindrical or spherical metric we also
write Py, Oy respectively Pypp,, O4pp. Recall that for our examples O, =
log4/log 3 and, right from the definition of the pressures, it is clear that

Psph(t) < Pcyl(t)

hence Oy, < O,y. Given these notations, we can now show the following
result which contains Theorem [T.4

Theorem 11.2. For every 1 < © < 2 there exists a disjoint type entire func-
tion of finite order f € B with transition parameter O, with HypDim(f) =
© and which does not have a spherical nor cylindrical conformal measure
supported on its radial Julia set.

Proof. Again, we treat the case © = 0., = log4/log3. Let f = F), be
the disjoint type entire function of finite order from Proposition [[0.2] This
function has negative cylindrical pressure at ©., and thus

(11’1) Psph((acyl) < Pcyl((acyl) < 0.

Bowen’s Formula (Proposition BI)) implies then that O.,; = HypDim(f).
We also dispose in the same Bowen’s Formula with respect to the spherical
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metric ([9]) so that
Ocyt = HypDim(f) = inf{t > 0, Pyy(t) <0}

Combined with (III]) and with the continuity of ¢ — Py (t) on |Gy, 00|
we get that

®cyl = ®sph
and thus Py, (t) < 0 for t > Ogpp and Pypp(t) = 00 if t < Ogpp.

Now, assume that this map f has a spherical t—conformal measure sup-
ported on J,.(f) for some t > 0. Then necessarily ¢ > O, and Pypp(t) =0
by Theorem A in [8]. But this is not possible as we have seen just above
and thus such a conformal measure cannot exist.

The analogue for the cylindrical conformal measure also follows. Indeed,
assume that v is a cylindrical t—conformal measure supported on J,.(f) for

some t > 0. Then .
|2
dm = d
" (1 +122)

would define a finite spherical t—conformal measure supported on J,.(f). But
such a measure cannot exist if P, () < 0 (see Proposition 3.3 in [§]). O

12. APPENDIX

Throughout the paper we used good bilipschitz properties of h and of the
rescaled functions h,, = p™ ohopu~™. They follow from the fact that i’ has
continuous extension to the boundary and this follows from the smoothness
of the boundary of #. Indeed, the relation between continuous extension of
the derivative of a conformal map to the boundary and the geometry of the
boundary is the object of Section 3 in Pommerenke’s book [35]. The relevant
fact for our application is that the derivative of a conformal map from the
unit disk D onto the inner domain of a Jordan curve C' C C has continuous
extension to the boundary if C' is Dini-smooth (see Theorem 3.5 in [35]).
This means that C' admits a parametrization o : S! = {|z| = 1} — C whose
derivative o’ is Dini-continuous:

/ ttw(t, o, St dt < oo
0

where the modulus of continuity w of o’ on a set A is defined by
w(t, o', A) = sup {|0/(§1) —d(&)], G —-&|<t, &4,&¢€ A} :

The domain H and a boundary parametrization  has been defined in BID.
In fact, 9H = {o(y) + iy , y € R}. Since ¢ is C®-smooth we only have
to check what happens near infinity. In order to do so, consider o : I =
[—1/2,1/2] — R defined by a(0) = 0 and

1
O samEn

Lemma 12.1. The domain H is Dini-smooth.

0< |t <1/2.
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Proof. The function o € C* with o/(0) = —i and

i— 14t
(14tlog [t] — Tt +1)?

o (t) = , 0< ]t <1/2.
Given this derivative, a direct calculation gives for the modulus of continuity
w(t, o, I) = O(tlog1/t) which shows that f1/2 L’t’I)dt < 0. O

Theorem 3.5 in [35] therefore applies and gives that the derivative of h
defined by h(z) = 1/h(1 /z) has continuous extension to the boundary of
the inverse of the domain 7{. In particular h/(0) exists and in fact h/(0) = 1
because this corresponds to the normalization h'(c0) = 1 that we assumed
in Section [3

Remember that we introduced the rescaled maps

hom=p "ohop™ Hp=p"H—->H
in Section [£.2]

Proposition 12.2. |I/| < 1 and |k, | < 1 uniformly in m and h : H — H
and the maps hy, : Hpn — H are uniformly bilipschitz. Moreover, when
restricted to Hy, N {|z| > u=2}, then the bilipschitz constant Ly, of the maps
hy, I > m, satisfies L, — 1 as m — oo. Finally,

hy, — Idyy  as m — oo.

Proof. The assertion on the derivatives holds since we checked that the do-
main # is Dini-smooth (Lemma [12.1)) which then allows to apply Theorem
3.5 in [35]. From this we also get the bilipschitz property since the domains
H and H,, have sufficiently good convexity properties and L,,, — 1 results
from h'(c0) = 1.

Concerning the last statement, consider h ! : H — H, and let g =
lim;_, h;ﬁ : H — H be the limit of a convergent subsequence. Then

|¢/| =1 in H and so g is non-constant, hence a conformal self map of H.
Again since |¢'| = 1 in H and since h,,(0) = 0 for every m > 1, g is the
identity map. O
Lemma 12.3.

l‘}y’ < S (hm(r +iy))| < Lply|  for all y € R and r > 0.

Proof. Remember that h(z) = h(Z), z € H. This symmetry implies that
h([0,00)) = [0,00) and thus Lemma [I2.3] follows directly from the fact that
hp, is L,—bilipschitz. U
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