N

N

EMPIRICAL PROCESS SAMPLED ALONG A
STATIONARY PROCESS

Guy Cohen, Jean-Pierre Conze

» To cite this version:

Guy Cohen, Jean-Pierre Conze. EMPIRICAL PROCESS SAMPLED ALONG A STATIONARY
PROCESS. Workshop Ergodic Theory (Chapel-Hill), 2024. hal-04380332

HAL Id: hal-04380332
https://hal.science/hal-04380332

Submitted on 8 Jan 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04380332
https://hal.archives-ouvertes.fr

EMPIRICAL PROCESS
SAMPLED ALONG A STATIONARY PROCESS

GUY COHEN AND JEAN-PIERRE CONZE

ABSTRACT. Let (X;)seze be a real random field (r.f) indexed by Z¢ with common
probability distribution function F. Let (2;)52, be a sequence in Z?. The empirical
process obtained by sampling the random field along (zy) is Z;:é[lek <s — F(s)].

We give conditions on (zj) implying the Glivenko-Cantelli theorem for the empirical
process sampled along (z) in different cases (independent, associated or weakly corre-
lated random variables). We consider also the functional central limit theorem when the
X,'s are i.i.d.

These conditions are examined when (zy) is provided by an auxiliary stationary pro-
cess. This leads to investigate local times and maximum local times for ergodic sums.

CONTENTS
Introduction
1. General results on the empirical process along a sub-sequence
1.1.  Preliminaries
1.2. A Glivenko-Cantelli type theorem
1.3. A sufficient condition for a FCLT for the sampled empirical process
2. Local times for ergodic sums
2.1. Auxiliary general results
2.2.  Non centered cocycles
2.3. Counterexamples
3. Examples
3.1. Random walks
3.2.  Step functions over rotations
4. About limit theorems along ergodic sums

Date: January 8, 2024.
2010 Mathematics Subject Classification. Primary: 60F05, 28D05, 22D40, 60G50; Secondary: 47B15,
37A25, 37A30.
Key words and phrases. Empirical process, sampling along a stationary process, local times, Glivenko-
Cantelli theorem, functional central limit theorem, random walks.

1

3
11
14
17
17
25
26
31
31
36
38



2 GUY COHEN AND JEAN-PIERRE CONZE

4.1.  Glivenko-Cantelli theorem along ergodic sums 38

4.2. Discussion: universal sequences 40

References 42
Introduction

For a sequence (X}) of real i.i.d. random variables with common probability distribution
function F, the empirical process is defined by S°7—) [1x,<s — F(s)]. Recall two classical
results.

(A) the Glivenko-Cantelli theorem:

a.s. the sequence of empirical distribution functions F,(s) := % Z;S 1x,<s converges
uniformly to F, i.e. sup, |F,(s) — F(s)] — 0;

(B) a functional central limit theorem (FCLT): if the random variables (r.v.’s) X}, have a
common distribution F over [0, 1], then

the process \/Lﬁ S [1x,<s — F(s)] converges weakly to a Brownian bridge in the space
of cadlag functions on [0, 1].

In this paper we study the extension of these results when the process is sampled along a
subsequence, analogously to what is done for limit theorems in random scenery.

In the sequel, for d > 1, (X;)seze will be a real random field (r.f.) indexed by Z¢ defined
on a probability space (€2, F,P) with common probability distribution function F. The
expectation on (£2,P) is denoted by E. We consider in particular the case of a r.f. of i.i.d.
r.v.’s or of stationary associated r.v.’s.

Let (21,)52, be a sequence in Z?. The process obtained by sampling the random field along
(z1,) is Wi(s) == Z;(ﬂlekSS — F(s)].

We will call W,,(s) “empirical process sampled along (z;)”, or simply “sampled empirical
process”. A general question is whether the above results (A), (B) extend to the sampled
empirical process W, (s), in particular when (z;) is given by the sums of another stationary
process with values in Z.

In Section 1, we give conditions on (zj) implying that (A) and (B) are still valid for the
empirical process of (X;) sampled along (z;) in different cases: independent, associated
or weakly correlated random variables. The conditions are expressed in terms of the
following quantities associated to the sequence (z;) in Z%: local time, maximal local time
and number of self-intersections (up to time n) defined, for n > 1, by

No(l) = #{0<k<n—1: z =L},
(1) M, = m?an(ﬁ), Vo=#{0<jk<n—-1:z =z}

They satisty >, N, (£) =n and n <V, = 37, N2(£) < nM, < n®.
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In the other sections, (z) is given by a stationary process (or equivalently by the sequence
(Skf(x))k>1 of ergodic sums of a function f over a dynamical system).

The conditions found in Section 1 lead to study the local times, maximum number of
visits, number of self-intersections for the sequence (Sif(x)). Some general remarks are
presented in Section 2. Then in Section 3, we consider two families of examples: random
walks and some ergodic sums over a rotation.

The Glivenko-Cantelli theorem along ergodic sums (extension of (A)) is strongly related
to random ergodic theorems, in particular to results in [23] and [25]. This is discussed in
the last Section 4.

Finally let us mention the quenched FCLT for the 2-parameters process
[nt]—1

Wh(s,t) = [1XZk(x)SS — F(s)], (s,t) € [0, 1]

il
o

When (X;) is a r.f. of i.i.d. r.v.’s indexed by Z? and when the sampling is provided by a
2-dimension centered random walk (Z;) with a moment of order 2, the weak convergence
for a.e. x toward a Kiefer-Miiller process can be shown. This will be the content of a
forthcoming paper.

Acknowledgements. Part of this research was done during visits of the first author
to the IRMAR at the University of Rennes and of the second author to the Center for
Advanced Studies in Mathematics at Ben Gurion University. The authors thank their
hosts for their support.

The authors are grateful to the referee for his/her valuable suggestions and remarks.

1. General results on the empirical process along a sub-sequence

1.1. Preliminaries. In this subsection, results on the empirical process along a sub-
sequence are shown for independent variables, as well for some of them for wider classes
(associated, PDQ and weakly correlated random variables). We start by recalling some
notions and auxiliary results.

1) Associated variables

Definition (cf. [18]): A finite set of real random variables T = (T3, T5,...,T,) is said to
be associated if Cov[f(T), g(T)] > 0, for every coordinate-wise non-decreasing functions
f = f(21,m0) and g = g(21, ., ) for which E[f(T)], E[g(T)], E[f(T) g(T)] exist. An

infinite set of random variables is associated if any finite subset of it is associated.
For the basic properties of associated r.v.’s, see [18]. We recall some of them below.

A set reduced to a single real r.v. is associated. Let us show it to illustrate this notion of
association. If X is a r.v. and Y an independent copy of X, for f, g two non-decreasing
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functions on R, clearly we have [f(X) — ( )N[g(X) — g(Y)] > 0. Expanding and taking
expectation, we get: 0 < 2E[f(X)g(X)] — 2E[f(X)]E[¢(X)] = 2Cov(f(X), g(X)). Hence
the result.

Association of random variables is preserved under taking subsets and forming unions of
independent sets (of associated random variables). In particular a family of independent
variables is associated.

Associated r.v.’s which are uncorrelated are jointly independent (cf. [28, Theorem 1]).

Examples of (non independent) stationary associated processes with absolutely summable
series of correlations are provided by some Ising models. References to such examples of
stationary Z< random fields which satisfies the FKG inequalities and with absolutely sum-
mable correlations can be found in Newman’s paper [27]. Notice that the FKG inequalities
expresses the association property of the r.v.’s.

We will make use of the fact that if (X,) is associated, then for any sequence (z), (X3,)
is associated.

For simplicity of notation, let us explain it on an example. Suppose we take for instance
an associated family of four r.v.’s {X,|Y, Z, V}. Now, if we repeat some of the r.v.’s and
consider for instance {X,Y, X, X, Z, Y}, this family is associated. Indeed, let f, g be two
coordinate-wise non decreasing functions on RS. Putting f(x,y,z) = fx,y,x,z,2,y),
g(x,y,2) = g(x,y,z,z,2,y), we obtain two coordinate-wise non decreasing functions on
R? and by association of {X,Y, Z, V} the covariance satisfies

Cou(f(X,Y, X, X, Z)Y),9(X,)Y, X, X, Z)Y)) = C’ov(f(X,Y, 7),9(X,Y, Z)) > 0.

2) PQD wvariables
Two r.v.’s X, Y are called (cf. [24]) positively quadrant dependent (PQD) if,
PX >z,Y >y) >P(X >2)P(Y > y),Vo,y € R.
The property is preserved by centering. Any pairwise associated r.v.’s are pairwise PQD.
Pairwise independent random variables are pairwise PQD.

Two random variables X and Y are PQD if and only if for every non-decreasing functions
f and g, Cov(f(X),g(Y)) > 0 (whenever the covariance exists) ([18, Theorem 4.4]).

3) We will use the following results:
a) Mazimal inequality of Newman and Wright [28, Inequality (12)]:
If (W;) is a sequence of centered associated, square integrable random variables, it holds:

(2) maX]ZW\>)\HZWH <2P]ZW\>)\ \/_HZWH VA > 0.

1<j<n
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b) Hoeffding’s identity (see [2, Theorem 3.1})

Let X, Y be random variables with finite second moments. For any absolutely continuous
functions f,g on R, such that E[f*(X) + ¢*(Y)] < oo, it holds

Cou(f( / / f(z P(X >z,Y >y) —P(X > 2)P(Y > y)|dzdy.

In particular, if X,Y are PDQ random variables, if |f'],|q'| < M a.e., we have
| Cou(f(X),g(Y))] < M*Cou(X.Y).
4) Uniformity in the analogues of Glivenko-Cantelli theorem will follow from the lemma:

Lemma 1.1. [7, Lemma, p 140] Let F,, F be a family of right continuous distribution
functions on R. Assume that, for each point x in a dense countable set () C R, we have
F.(x) — F(x). Let J be the set of jumps of F' and assume that F,(z) — F,(x~) —
F(z) — F(xz™) for every x € J. Then F,(x) — F(x) uniformly in R.

A strong law of large numbers

First we state a law of large numbers for bounded r.v.’s which is valid under weak hy-
potheses.

In the proof, we will use a lemma, proved in [14], when ¢, is the exponential e*™"* on

[0,1], and valid in the following general formulation. We are indebted to the referee for
this reference [14], which allows to improve a previous version of the results of this section.

Lemma 1.2. Let (¢,)n>1 be a sequence of real or complex bounded measurable functions
on a probability space (2, P) such that sup,, ||onlle < 0o. If

Z/ Z% )?dP < oo,

n>1

then—z% ) =0, for P-a.e. w.

Let (Up)peza be a r.f. indexed by Z% of square integrable centered r.v’s on a probability
space (Q, F,P). Let (2;)r>0 be a sequence in Z%, d > 1, with numbers of self-intersections

Vp,m > 1. The partial sums along (z) are denoted by S, := Z U.,,.

By the Cauchy-Schwarz inequality, we have

3) N Nu( 4 ONG (@) [Usit, U < sup [(Upae, U] S N2 (1),

d
reZL rezd
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hence for a stationary r.f. with summable correlation:

(4) 1513 = HZUa 3V Y U Uy)l.

Lezd
‘s Sn(w)
Proposition 1.3. If sup,cza |[|Uslloc < 400, then —— — 0 for P-a.e w under the
- - n
following Conditions (A) or (B):
Conditions (A)
(5) Co = Z sup [(Uy+e, Up)| < 400,
¢ezd €L
and
Va
n>1

(The above condition is satisfied if V,, < 01 log Toem)?” with > 1.)

Conditions (B) The r.f. (U,) is stationary with Z [(Up, Up) | < o0, for some ¢ € [1,2],
274
and

(7) > 4 < +o0.

n>1 n'te
(The above condition is satisfied if V,, < C’lﬁ, with 6> (.)
Proof. 1) Suppose Conditions (A) are satisfied. By (3) and (5) it holds:

n—1
(8) Y U.llz= ZZN £+ ONo(r)(Urte, Up VZsupl vt Un)| = CoVis
1=0

whence:

<:

j{: _+|_'§£:ZJQZH2‘< Co

n>1 n>1

The result follows from Lemma 1.2 if Z —g < 00.
n

n>1
2) Assume now Conditions (B). The r.f. is stationary. As Z (U, Up)|* < oo for some ¢

Lezd

such that 1 < ¢ < 2, we have Z (U, Up)|> < 00. (We can assume (¢ # 1, since this case
Lezd

is included in (A).)
Therefore the r.f. has a spectral measure v, absolutely continuous with respect to the

Lebesgue measure A on T¢ with a density p € L*(\) and Fourier coefficients / 2™ () dt =
Td
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Uy, Up). Moreover the densit belongs to L¢'(\) where ¢, (' are conjugate exponents
yp g jug

(see: [32], p. 102, or [21] Th. 31.22), and it satisfies:
loller < (O KU, Ug)|) <.

ez

If (K,) is a sequence of constants, we have [, pdt < K,jfl+1||p||§. It follows:

< (2 Vn Vn Y 7
d | 26% (25:8)|2 dv,(t) < Knm +/ pdt < Knﬁ + K¢ +1||/)H§/
=0

p>Kn

[\

Taking K, such that : [,% = K;<+|p|$, that is: K, = [|p] (;—)%1, it gives the
¢—1 n
bound:

-1

Z”WWWAwac(

V,.1
RV
n)

whence,

=

ZﬂvZub<mch$ﬁw

n>1 n>1

Again we can apply Proposition 1.2, if

1

1V, Vs
IO YRR
n>1 n>1 "1

Remarks 1.4. 1) Let us give an example of a non stationary r.f. (U;) which satisfies (5)
of the previous proposition.

We take (U, = V,W;, £ € Z%), where (V) and (W) are two r.f.’s independent from
each other, with (V) centered stationary and such that ) ,;4 [(Ve, Vo)| < oo, and (W)
satisfying sup,, |(Weip, Wi)| < oo.

The r.f. (W) can be viewed as a (multiplicative) noise (which can be non stationary)
independent from the r.f. (U,). Clearly (5) is satisfied.

2) For a stationary r.f. (U;) with a bounded spectral density (but with a series of corre-
lations which may be not absolutely summable), then like in 1) the condition 5 > 1 is
sufficient for the conclusion of the theorem.

3) The questions of the existence of the asymptotic variance and of it’s positivity will be
discussed in Subsection 1.3 and 3.1 when (z) is given by a random walk, in particular in
the transient case.

Now, we give a pointwise bound for the sampled sums, first for i.i.d. r.v.’s, then for a
stationary random field (Up)eza of associated r.v.’s.

We denote by o2 the variance: 7, := || 321, U..|[3-
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Before the next proposition, observe that if the r.v.’s are pairwise orthogonal, in particular
1
independent and if ||Uglla = 1, then 02 = V,, and 0 < 02 —02_| < 1+2N,,_1(2,-1) < 2Vi2,
2
so that —"1 — 0.

For associated r.v.’s, there is an analogous result, which will be used in Proposition 1.6:

Lemma 1.5. For associated r.v.’s, under the conditions

(9) ¢:= inf (U, Ug) >0, Cy:=sup Y [(Uy, Up)|* < +ox,
Lez rezd =
1t holds
2 2
(10) In"In1 0,
Un

Proof. Since the r.v.’s are associated, we have by Cauchy-Schwarz and (9):

n—2
0< 0-727, - 0-721—1 = Uiy Uspy) +2 Z<Uzz’ Usoon) < 22 Ny(0) <U£7 Usa)
=0 £

ol
ol

(11) < 200" N0 O (U U, )P)7 <207 Vi,
4 L

Moreover the expansion of o2 = |37 U,.||3 yields a sum of non negative terms (by
association) and the lower bound (by the first condition in (9)):

(12) op = 122, Na(Q Uell3 = 320, Nu(ONn(£){Us, Ur) 2 32, Nu(£)*(Up, Ug) Z ¢ V.

This shows (10), since by (11): In = Int <2— — —0. O
o

Remarks: 1) For a stationary r.f., (9) reduces to [|Uolla # 0 and 37,cza [(Us, Up)|* < +o0.

2) If we assume, instead of the second inequality in (9), that for some 2 < ¢ < oo:

Cy == sup, >, [(Us, U;)|? < +00, then Wlth p = 4 and since N, (£)? < Nn(ﬁ) we obtain
_ 02 —o2 | Cq V”
the same conclusion: —2 <2 — 0.
oz ¢V,

Proposition 1.6. 1) Suppose that the r.v.’s Uy, { € 72, are i.i.d., centered, such that
|Uolloo < K for a constant K and ||Ug||2 = 1. Then it holds

(13) lim sup 15| ;
n V., (2loglogn)2

Sn
If V,, = o(n? (loglogn)™1), then lim — = 0, P-a.e.
nn

< K, P-a.e.

2) Suppose that the random field (Uy) is stationary centered associated with ||Uplla = 1.
Suppose that, for some 2 < q < 00, 3, |(Up, Up)|? < +o00.
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Then for all € > 0, it holds:

(14) lim sup‘L’l <1, P-a.e.
n o, (logo,)2te
If ¢ =1, then
(15) 1S,| = O(+/V,, (logn)=*<), P-a.e.
Sn
If in addition, V,, < Cn? (log n)_(1+’7) for some constants C',n > 0, thenlim — = 0, P-a.e.
non

Proof. A) In both cases we may apply Lemma 1.5 (see also Remark 2 above). For ¢ = 1,
by (4): o, < (Z (Up, Up))2 v/V, and trivially o, < n, hence (15) follows from (14). By
association, o, is non-decreasing and tends to infinity (see (12)). We note that in case 1)

On =\ V.

Let p > 1. We can construct a strictly increasing sequence of integers (ny) (depending on
p), such that p* < o, < p*T1. To prove the existence of the sequence (ny) after a certain
rank, let ny, such that o, 1 < p* < 0, (which implies nj, — 1 < p**).

Claim: o, < p"*1 for k big.
Indeed, suppose otherwise that o, > p**l.
Then we have (p* — 1)p*% = p*2 — p?F <2 —02 | As oz _; < p**, it follows

%+2 _ 2% 52 2 o2 0% — o2

2 _ p p ng nk—l ng ng nk—l
pr—1= ok = 2 = 52 2 — 0,
p O-’I’Lk—l O-Tbk—l 0-71
2 g2 o2
since by Lemma 1.5 ;—— — 0 (hence also —"*~ — 1). It gives a contradiction
(04 On—1
k ngk

and shows the claim.
By the construction of (ny) we have

k k k
(16) pF < on, <P < op,,, <P
Moreover, we have oy, ,, /0, < p* and ny, > p* (since o, < n).

Assume for a while the existence of a non decreasing sequence of positive numbers (\,,)
such that

Ang > V2, limsupy A,y /An, < 1,
(17) (|5 Unl 2 Qe = V2 I 20" Usill2) < 00

By the previous 1nequahtles and by Newman-Wright’s inequality (2) for the sequence of
centered associated random variables ' (W;) = (U,,), we have

np—1 nip—1 ne—1

Poggfl}ZU}MWHZUH <23 R U2 G VDI XL Uy ll) < +oc
k j=0

Las it is a subset of a set of associated r.v.’s
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By the Borel-Cantelli lemma, it follows:

i
MAX0<j<ny -1 | 2oieo Us,

lim sup < 1,P-ae.
k )\nk+1 ank+1
Hence P-a.e.
. maXp< 1 _ A a.
(18) lim sup Ss<men1] Ziso < limsup (=5 25 < p2)
k Anko-nk k Nk Unk

Observe that, if |S;| > p*\;0;, for some i € [ng, nyi[, then maxo<jcn,,, |Sj| > pP*AnOn, -
This shows:

{|S,] > p*Anon, i0.} C {O<max 1S;| > p*An,On,, 1.0.}.
<j<

12 im0

By this inclusion and (18) it follows: lim sup “==2—"2 < p? P-ae.
n TLO-TL
Taking p = p, with p, | 1, we obtain
(19) lim sup —=="—"1 [ 2iz0 <1, P-ae.
n A0,

B) Choice of a sequence (X\,) such that (17) is satisfied.
Case 1)

Suppose that the Uy’s are i.i.d. r.v.’s. Recall that, by Hoeffding’s inequality for differences
of martingale ([20]), if (W;,j € J) is any finite family of centered bounded independent
random variables on (£2,P), it holds:

82

1
22 es W53
We apply it to the family (N, (£)U,, £ € Z%). From the hypotheses, we have:

ZHN (OUI% <K2ZN2 = K2V,

(20) P(| > Wy >¢e) < 2exp(— ), Ve > 0.

jed

With € = (A — v/2)4/V,,, (20) implies (note that here o2 = V},):

\ZN | > (N = V2)VV,)

V.

<26Xp(——()\ V2)? K2V,

)zQexp(—W(/\ \/_))

Let ¢, be such that ¢ > § > K?. In the previous inequality, we take

A=)\, = (QCloglogn)%.
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Let k(c,8) be such that \,, > v/2 and ¢(1 — W) >4, for k > k(c,0). As ny > pF,
we have:
00 ni—1 ni—1 00
Z ]P(| Z UZi 2 (Ank - \/§> H Z Uzi 2 <2 Z eXp 2K2 (Ank - \/5)2>
k=k(c,5) i=1 =1 k=k(c,9)

2
— logl l— ———
eXpK2 kz og log e )( cloglognk))

2 - 1
2 o
oxp K= - Koo (klogp) i

IN

< Q.

Now we can apply (19). It follows:

1>, Us
v/2¢(log log n)V

< 1,P-a.e.

lim Sup

Taking ¢ = ¢, > 6, > K with ¢, and §, | K?, we get (13).

Case 2)

For general associated r.v.’s, we use simply that IP’(‘ Z;:ol U.,

> Mg Usll) < 5

We take A, = (logo,)2 ¢, with & > 0. By (16) we have \,, > (klogp)2*<, and therefore,
for a constant Cy: Y, 5= < C1 3, k™) < +00; hence condition (17).
"k

Moreover we have klog p < log oy, < logoy, ., < (k+ 2)log p; hence

¢ = 1.

At — (log Tnit1yz+e (1+ z)%+
A log oy - k

By (19), this proves (14). O

1.2. A Glivenko-Cantelli type theorem.
Empirical process

Let us consider a random field of r.v.’s (X, £ € Z%) on (Q, F,P) with common distribution
function F. Let () C Z% be a sequence with self-intersections (V},).

Notation. We say that (X,, £ € Z%) satisfies a Glivenko-Cantelli theorem along a sequence
(Zk) in Zd if

1 n
lirrln sup ‘ﬁ Z 15 (X5 (W) — F(s)| =0, for P-a.e.w.
s k=1

We show now a Glivenko-Cantelli theorem along a sequence (z;) under various hypotheses
on (zx) and on (X,) (mixing, i.i.d., associated or PQD).
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Le (X4, ¢ € Z% be a r.f. Denoting by o(X,) the o-algebra generated by the random
variable X, we define coeflicients of mixing by

(21) () = sup sup [P(AN B) — P(A)P(B)|.

reZd A€o (Xy), BEo(Xgyr)
Observe that for every s,t € R it holds:
(22) sup [(Ly, < = P(X; < 8), 1x,,, <0 — P(Xppr <)) < (D), VL € Z°

rezd

By (22) and Proposition 1.3, we get:

n2
Theorem 1.7. Let (zx) be such that V,, < C1——

(logn)
If Y pezav() < +oo and B> 1,
or if the r.f. is stationary and ),z ()¢ < +o0, for some ¢ € [1,2] and B > (,
then (Xy, L € Z2) satisfies a Glivenko-Cantelli theorem along (zy,).

5 for constants Cy > 0, 3.

In the next theorem, we use Proposition 1.6 for the i.i.d. and the associated cases.

Theorem 1.8. a) If (Xy)peza is a 1.f. of id.d. r.v.’s, then under the condition V, =
o(n? (loglogn)™') it satisfies a Glivenko-Cantelli theorem along (zy).
b) If (Xe)eeze is a strictly stationary r.f. of associated r.v.’s such that ) (X, Xo) con-

verges, then, under the condition V,, = O(n? log~ 0+ n) for some n > 0, for a.e. w, we
have for each continuity point s of F':

(23) tim -3 1 (X, () = F(5)

If F' is continuous, the convergence is uniform in s.

Proof.  a) Denote by F,(s)(w) the means X i 1(—o0,5(Xs (w)). Let @ be a dense
countable set of continuity points of F'.

For every s € @, by the assumption on V,, and Proposition 1.6, there is a null set N(s)
such that, for a sequence ¢, tending to 0, for every w & N(s),

n—1

|Fo(s)(w) — F(s)] < en(Vyloglog n)_%\ Z (1(_00751 (Xs,) — F(s))| — 0.

Then F,(s)(w) = F(s) for every w outside the null set N := U,cqN(s) and for s € Q).

Similarly by Proposition 1.6, for every s in the set J of jumps of F', we have F),(s)(w) —
F,(s7)(w) — F(s) — F(s7) a.e. As J is countable, this convergence holds for every s € J
and w ¢ N, where N is a null set.

Outside the null set N U N, Lemma 1.1 applied with @ and J implies the result.

b) We consider now the case of a strictly stationary random field of associated r.v.’s.
(X¢)geza- Recall that (X, Xo) > 0,V € Z4, by association.
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Let s be a continuity point of the common distribution F'. For every ¢ > 0 there exists
d > 0, such that F(s +9) — F(s —0) < e. Asin [31], for 6 > 0 and s, define the
approximated step function hs by hss(z) = 0, if 2 < s —§ and hse(2) = 1+ 5= if
s — 0 < x <s, otherwise, hs(z) = 1. It is a non decreasing continuous function with
hj(x) = 1/6 for s —§ < x < s. It follows from the above Hoeffding’s identity applied to
this approximated step function (see [2]):

Cov(hss(Xe), hs,s(Xo)) < 62(Xe, Xo),
Cov(hssr5(Xe), hssis(Xo)) < 672(Xy, Xo).

As we compose associated r.v.’s by non decreasing functions, (h(;’s(X g)) as well as (h575+5 (X g))
are stationary r.f.s of associated r.v.’s, and we may apply Proposition 1.6 to their centered
versions (also associated). The condition simply reads, for 7 = s, s+ d:

Z Cov(hsr(Xy), hs.r(Xg)) < 672 Zp@, X,) < oc.

We pUt g Zk [)ths( zk) and § Zk 0h55+5(X ) By h5,5+5<x) S 1{x>s} S
hss(x), it holds S, < Sr—) 1(s5,00)(X,) < S,. Hence by Proposition 1.6, we have almost
everywhere 1S — Elh; 445(Xo)] and 1S, — E[hs4(Xp)]. Since

Elhss(Xo)] < F(s) = F(s—=06)+1—F(s) <e+1— F(s),
Elhsss(Xo)] 21— F(s+6) =1—F(s) = (F(s+0) = F(s)) 21— F(s) —¢,

we conclude

n—1 n—1
1
1—F(s) —e<liminf — Z 1(5,00)(X2,) < limsup — Z Liso0)(Xz,) <1 —F(s) +e.
s n
Subtracting the 1’s and taking € — 0, we get (23). O

PQD variables.

The result shown for associated variables can be extended to the class of PDQ variables,
but with a stronger condition on the local times of the sequence (z).

Proposition 1.9. Let (U) be a stationary random field of pairwise PQD square integrable
centered r.v.’s such that ZAUZ,U@ converges. Let (zx) be a sequence of points with
mazimal local times (My). If 32, 2 < 400, then lim, + >~ =0 a.e.

Proof. We apply the following result of [4]: let (Y; : j > 1) be a sequence of pairwise
centered PQD r.v.’s. with finite variance. If 3., j=*Cov(Yj, >>7_, ¥i) converges and
sup; B|Y}| < oo, then n™' 371 | Y; — 0 a.e.

Taking for Y; the (still) pairwise PQD r.v.’s U,;, we get the result, since Cov(U,,, U, +
iy UZ]) < Mj Zﬁ(Uga U£> u

Now, we consider the empirical distribution.

Theorem 1.10. Let (X;) be a strictly stationary random field of pairwise PQD square
integrable centered r.v.’s with distribution function F' such that )_,(X,, Xo) converges. Let
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(2k) be a sequence of points with mazimal local times (M,). Assume that y, -, 23 < +o0.
Then for each continuity point s of F', we have for a.e. w: lim,, % Z;é 1(coo,s( Xz (W) =
F(s), with uniform convergence over s if F' is continuous.

Proof. The rfs hss(X,) and hss5(X,) are still stationary pairwise PQD. The proof is
analogous to the proof of Theorem 1.8. When F’ is continuous, we use Lemma 1.1 to show
uniformity in the convergence. 0

Remark. If M,, = O(n (logn)~1*7) then V,, = O(n? (logn)~0+").
n2

ItVv, <C——, with § > 2, thenZ—<—|—oo

( ) n>1
As shown in Section 3, Zn>1 ]\n@ converges when the sampling is done along random

walks, but diverges in some examples of sampling along “deterministic” random walks.

1.3. A sufficient condition for a FCLT for the sampled empirical process.

After a Glivenko-Cantelli theorem for sampled empirical processes, we consider now the
Functional Central Limit Theorem (FCLT). Let (2;,) be in Z¢,d > 1, with the associated
quantities N,(¢), M,, and V,, defined by (1).

Before restricting to a r.f. of i.i.d. r.v.’s, first we examine the variance in the more general
situation where the series of correlations is absolutely summable.

Kernel associated to a sequence (zx) and variance.

Let K, be the kernel (which is a real even function on T? depending on n > 0) defined
by the equivalent formulas:

n—1 n—1 n—k—1
K.(t) = |262m’<zk¢> 2_p 49 Z cos(2m(zpys — 25, 1)) = | Z N, (0) 627ri<£,t)|2
k=0 k=1 j=0 re7d
n—1 n—k—1
(24) = H+QZ( Z Loy, —z—e) cos(2m (L, 1)).
L k=1 j=0

If (Xy, £ € Z7) is a stationary r.f. such that Y, ;. [(Xs, Xo)| < 400, the spectral density
p is continuous and we have:

/|szk|dﬂ) 10 pt0)dt < ot < (10X X))V

Lezd

One can ask if there is an asymptotic variance, i.e., a limit for the normalised quantity
n—

vl / | Z X, |2dP which is bounded if the series of correlations is absolutely summable.

The existence of asymptotic variance is shown in [11] in the case of summation along a

random walk. We will come back to the question of its positivity for transient random
walks in Subsection 3.1.
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Functional Central limit Theorem in the i.i.d. case

The following result gives a sufficient condition for a Functional Central limit Theorem
(FCLT) along a sequence (z) in the i.i.d. case.

The standard Brownian bridge process W9(s) is the centered Gaussian process W9(s) :=
W (s)—sW (1) in C(0,1), where W(s) is the Wiener process. It has the properties W°(0) =
WO(1) =0 and E[W(s1)W°(s3)] = 51 A 59 — 8159

Let (X)geze be i.i.d. random variables with common probability distribution F' in [0, 1].
We put W2 =W9Yo F. Let Y,(s) be the random element in D[0, 1] defined by

1

3
|

1

Y, (s) = [1x., <5 — F(s)] \/_ > Nu(0) [1x,<s — F(s)].

£e74

=
i

0

Theorem 1.11. Y, (s) —pjo1) Wp(s), if (z) satisfies the condition
MQ

25 lim —* =0

( ) lgln Vn Y

Proof. The result follows from the Cramér-Wold device, if we prove convergence of the
finite dimensional distributions and tightness. The variance is

(26) E[Y,(s)]" = vin Y N E[Lx,cs — F(s)] = 0%(s) = F(s)(1 — F(s)).

1) Finite dimensional distributions. The convergence follows from Lindeberg’s theorem
for triangular arrays of independent random variables as in [3, thm 7.2]. The Lindeberg’s

Nu(0)[1x,<s — F(s)]
A )&n follows

condition for the triangular array of independent r.v.’s (

from

NZ(0) [1x,<s — F(s)|*dP

IN

Z

¢ /{SUPan(f)1X0§S—F(8)|>5\/‘7n}

V / (Na(O)1x, <~ F(s)[2eV/Vi}
1
N |1XQ§S—F(S)|2dP—>O,

supy Nn(£)
Vi

For the correlation of the process taken at s; and ss, it holds by independence:

E[Y,(s1)Ya(s2)] = Vin > N (6)Na(6)E[(Lx, < — F(51))(1x,, <5, — F(52))]

for every e > 0, since V,, = 3, N(£) and — 0, by assumption.

= Vin Z NZ(E)(F(Sl A S9) — F(s1)F(s2)) = F(s1 A s2) — F(s1)F(s2).

This proves the convergence in distribution: Y,,(s) — W2(s) for every s.
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Let us show now the convergence of the finite dimensional distributions. Starting with
the asymptotic distribution of aY,,(s1) + bY,,(s2), by the above computation, we have

E[(aY,(s1) + bY,(s2))?] =
(27) a’F(s1)(1 — F(s1)) + b F(s2)(1 — F(s2)) + 2ab(F(s1 A s2) — F(s1)F(s2)).

As above, it is easily seen that Lindeberg’s condition is satisfied for the triangular array
defined by aY,,(s1)+0bY,(s2). It means that the asymptotic distribution of aY,,(s1)+bY;,(s2)
is centered Gaussian with variance as computed above.

Note that E[(aWW?(s;) 4+ bWP(s2))?] is also given by (27) above.
Similarly, for every s; < --- <'s,, it holds
(Ya(s1),- -, Ya(sr)) =aise (We(s1), ..., Wa(sy)).
Tightness. First we suppose F' continuous. We proceed as in Billingsley (cf. [3, Theorem
15.6]). It is enough to show that for s < ¢ < r, uniformly in n,
E[(Ya(t) = Ya(s))*(Ya(r) = Ya(t))?] < C(F(r) — F(s))*.
Putting F(u,v) := F(v) — F(u), f({,u,v) := lycx,<o — F(u,v), for u < v, we compute

BI(Yalt) — V() (Yalr) — Yal0))") = B [(3 NaD S 5.1) Z N (O F(,1,1)7].
n ¢

By expansion and independence the above expression is sum of three types of terms:

1
V—RQEEJN;‘L( 7 ;ZNZ £§2N2 ) [C],
with A = B[f2(¢, 5,8) f2(6,t,7)], B = ELf(6y, 5,8)] E[f2(L, t,7)),
C=E[f(l, s 1) (L1, t.r)|E[f(Ly,5,8) f(Ly, 2, 7))].
By stationarity and since the intervals do not overlap, we have
F(s, t)F?(t,r) 4+ F?(s,t)F(t,r) — 3F(s,t)F2(t,7),
F(s,t)(1 = F(s,t)) - F(t,r)(1 — F(t,r)), C = F*(s,t)F*(t,r).
Since 0 < F(s t),F(t,r), F(s,r) <1and F(s,t),F(t,r) < F(s,r), it follows
A< 2F%(s,r) <2F%(s,r), B < F%(s,1), C < F(s,7) < F?(s,7).
Recall that V,, = 37, N3(£). Using || - [[e, < || - [l¢, for the bound of the first term, we have
for some fixed constant C' > 0:
E[(Ya(t) = Ya(s))* (Ya(r) = Ya(t))?] < C(F(r) — F(s))*, Vn.
Hence by [3, Theorem 15.6], for non decreasing continuous F', the sequence of processes
(Y, (s)) is tight in D(0,1). This proves that, if F" is continuous, then Y,, =p.1) (W°o F).

Now, for a general F' a classical method is to use a generalized inverse. Let us describe it
briefly. We consider first the uniform empirical process. Let ({}) be uniformly distributed
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iid. r.v.’s. Denote the empirical process along (z;) with respect to (¢x) by U,(s). By
applying what we have just proved for a continuous distribution, U, (s) —p,1) W(s).

Now let F71(t) := inf{s : t < F(s)}. We get P(F71({) < s) = P(Xy < s5) = F(s),
50 Y, (s) =aist. Un(F(s)). As in ([3, Theorem 5.1]), we deduce the FCLT for Y, (s) with
WO(F(s)) as limit. O

2. Local times for ergodic sums

In the previous section about limit theorems for the empirical process sampled along (zy),
we found sufficient conditions on the quantities V,, and M,, associated to (zx). When (zy)
is given by a “cocycle”, zx = Sy f(x), one can ask if these conditions are satisfied.

In this section we start with some general facts and then construct counterexamples
for which condition (25) is not satisfied. In the next section, we will discuss two very
different examples of cocycles: first the case of random walks, then “stationary random
walks” generated by a rotation.

2.1. Auxiliary general results.

First we introduce some notation and make general remarks.

Notation 2.1. Let (X, B, ) be a probability space and T a measure preserving trans-
formation acting on X such that the dynamical system (X, B, u, T) is ergodic.

Let f be a measurable function on X with values in Z¢, d > 1. Its ergodic sums generated
by the iteration of T, denoted by fi (or Sif), are

k1
fel@) =Y f(T2),k > 1, fo(z) =0.
=0
The sequence (fx(z),k > 1) can be viewed as a “stationary random walk” defined on

(X, B, 1). It will be called a “cocycle” and denoted by (u, T, f) or simply (T, f).
For z € X, we put (cf. (1)) No(z,£) =0 and, for n > 1,

Nn(Tufa:B?E) = #{1§]€§7’L fk(x)zé}zzlfk(m):£>gezd7
k=1

Mn(T7 f’ '/I/‘) = maXN'VZ(T? f7 x)ﬁ)?

ez
VT, fox) = #{1<jk<n: fj(x) = fule)} = > NAT, f.a,0) > MXT, f,x).
LeZ4
Most of the time, we will omit 7" and f in the notation and write simply N, (z, £), M, (x),
Va(z). We have >, Ny (z,£) = n and n < V,,(z) < n M,(z); hence
2
M (z) < Va(z) < Mn(x)

n? n? n

(28)
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In order to apply the previous results, a question is the validity of the following conditions
for a.e. x:

(29) Vi (x) = o(n* (loglogn) ™) or V,(z) < Cl(log—n)ﬂ’ with 5 > 1,
M)
(30) ln V(@)

For a random walk this is related to a question studied in [17] and later in [15]: How
many times does the walk revisit the most frequently visited site in the first n steps?

Cylinder map. We denote by Tf the map (sometimes called cylinder map) (z,{) —
(Tz,f + f(x)) acting on X x Z% endowed with the infinite invariant measure ji defined
as the product of 1 by the counting measure on Z.

For ¢ : X x Z% — R the ergodic sums for the cylinder map are

[y

—
3

Sup(@,0) = o(Tf(x,0) =) o(TFz, L+ fi(x)).

0 0

3

B
I
i}

With ¢g := 1xx{}, it holds
Snpo(z, —L) Z]-Xx{O} 4 fi(z) =#{0<Ek<n—1: fi(z) =1}

Therefore, S,po(x, —£) = N, (£)(z).
For z € X, let £(n,x) (a most visited site by Si(z) up to time n) be defined by

Un,z) = 0, if Ny(z,0) > Ny(x,£), for all £ 0,
else = ¢, if ¢y is such that M, (z) = N,(z,{;) > N,(z,0).

Lemma 2.2. The following formulas hold for the quantities defined in 2.1.

(31) Vp(z) = 22 Z (1, (2i2)=

) = 2[Nn- 1( ,0) + Npo(T?2,0) + ... + Ny (T '2,0)] + 1y n > 2,
(33) M,(x) = max[N,(z,0),1+ max, Nn W(TF2,0)] < 1 +O<I]£135(_1Nn(Tk:v,0),
)

1<k<

= Mn—1<T ) + 1€(n 1,Tz)=0 S Mn—l(T'I) + 1.
Proof. a) From fiy(x) = f(x) + fr—1(Tx), k > 1, it follows

(35) Nyp(2,£) = Ny (T, £ — f(x)) + Lp@)=e, n > 1.
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Therefore we have:

Z N2 (z,0) = Z[ w1(Tz, L — f(z)) + 1f(w):£]2 = Z[anl(T%@ + 1£=Q]2

£c74 €74 £c74
= [Naca (T2, 0)) + [Naoa (T2,0) + 117 =Y [Nooi (T, )] + 2N, 1 (T, 0) + 1.
040 ¢

Hence the relation
(36) Vo(x) =V 1(Tx) + 2N, —1(Tx,0) + 1.

We have Vj(z) =

b) Let pn( ) el n] be the first visit of Si(x) to £(n,z) for k = 1,...,n. By definition
M, (x) = Ny(z,£(n, x)).

We have M, (x) = N,(z,0) if £(n,z) = 0, else M, ( ) = Nop—po (o) (TP"@ 2, 0) + 1, by the

4
cocycle relation Spn(ka( z) — Spow)(2) = Sp(TP®)z). This implies:

and by the previous relation we get by induction (31) and (32).

M, () < max|N,(z,0), Nn,pn(x)(Tp"(x):v,Q) + 1] < max[N,(z,0), nax Nn—k(Tk-T,Q) +1].

It follows (noticing that Ny(z,0) = 0):

(37) M,(r) <14+ max N, ,(T"2,0) <1+ max N,(T"z,0).

0<k<n—1 0<k<n—1

This shows (33).
c¢) Observe also the following relation: by (35) we have:

M,(x) = sgp[anl(Tx,ﬁ — f(x)) + 1£—f(z):g] = Sl;p[NnA(TQ?,E) + 1o—o]

= max [sup N,—1(Tz,£), Np—1(Tx,0) + 1].
40

If {(n —1,Tx) = 0, then N, 1(T%,0) > sup .o Np1(T2,£). If £(n —1,Tx) # 0, then
Ny1(Tx,0) < supysq No—1 (T, £). This shows (34). O

Remark 2.3. By (33), if K, is a uniform bound over = of N,(z,0), then M, (z) < K,,.
Likewise, if N,(z,0) < K,,, for a.e. x, then M,(z) < K, for a.e. z.

M (x)

Vi) — 0 has measure 0 or 1.

Now we show that the set of x € X such that lim,,

MZ( ) M2(T$)
L 2.4. It holds: 1 n = 0.
emma olds: 111111[ V() V. (T2) =0

M3(x)
Va(z)

If T is ergodic, there is a constant vy € [0,1] such that lim sup = for a.e. x.
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Proof. 'We use (36) and (34). Putting € = 1yn—1,74)=0, We have:
|M3(93) B Mﬁ_l(Tﬂf)’ _ |M3_1(T9€) +e@My (Tx) +1) M7, (Tx)
Vn(l’) Vn_l(T.I) Vn_l(TI’) + 2Nn_1(TI,Q) +1 Vn_l(T.T)
e@Mp1(Tz)+1) (2N (Tz,0) +1) Mg_l(Tx)|

V() V() Vo1(Tx)
2M, (Txz)+1 2N, 1(Tx,0)+1 < AM, 1 (Tx) N 2 i 2
- Va(z) Va(z) - V@) Valz) — \/_ Va(z)
For the last inequality we use that either M,(xz) > \/n, hence :(( )) < n(x) < \/Lﬁ, or
M, (x) < y/n, hence V”((x)) < \F ﬁ. Therefore,
Mi(x)  M; \(Tx)
38 A 0.
(38) V.o " Vo)
Observe now that
M,(x) = M,,_1(x) + €,, where g, =0 or =1,
and €, = 1 if and only if there is £, such that
My (@)= #{1 <k <n—1: ful) =L} and fu(z) = £,
We have
M2(z) = M?_|(x) + ¢,, with ¢, = £,(1 + 2M,,_ (7))
and N, (z,¢) = Np_1(z,£) + €,,(€), with €],(£) = 1y, (z)=¢ and dezd el (0) = 1.
Therefore,
Va(@) = > (Naa(@,0) +€,(0)* = Vaa(2) +2 ) e (ONa(2,0) +1,
Lezd 74
0 < Vp(x) =Vuoi(z) + d,, with d,, < 2M,,(z) + 1.
’Mﬁ(ﬂi) B M3_1($)| B |M§_ (%) +cn MR (@ )‘ dn M7 (2)
V() Vooa(z) Vioa(z) + Vioa(z)  — n<x) Vn(x) Vo1(z)
2
< en(1+2M,_1(x) N 2M,(x) + 1 M () < 2 N AM,, (z) < 2 +i o
V() V() Vioi(x) = Vy(x) V() Vo(x)  /n
From (38) and the convergence above, it follows lim,, [ V:(( )) — A‘ffgf))] = 0. By ergodicity
of T', this shows the lemma O

Recurrence and transience, application of the subadditive ergodic theorem.

It can be shown that a cocycle (u, T, f) (over an ergodic dynamical system) is either
recurrent or transient. For f with values in Z¢, it means that either Sy f(z) = 0 infinitely
often for a.e. x, or Sif(z) = 0 finitely often for a.e. z. In the latter case, we have
limy, | Sy f(z)| = 400, p-a.e.
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Let R,(x) ={£ € Z: fi(x) = [ for some k < n} be the “range” of the cocycle, i.e., the
set of points visited by fi(x) up to time n.
)

The sequence (Card(R,(x)),n > 1) satisfies the conditions of Kingman'’s ergodic subaddi-
tive theorem. Therefore, Card(R,(z)) converges a.e. and in L'. The limit is a constant
since the system (X, p,T') is ergodic. We refer to [16], where the limit is explicited:

n(

Card( x))

(30) (O {Saf # 0}), prave. and in L.

It follows that the hmlt is 0 in the recurrent case and > 0 in the transient case. By the
lemma below, this implies for a.e. x:

Vi ()

(40) — +o00 in the recurrent case.

To show (40) we use the following inequality valid for a general sequence (zy):

Lemma 2.5. If A is a non empty subset in Z2, we have:

2
(Zk 0 Lz eA)

Card(A)
Proof. Cauchy—Schwarz inequality implieS'

lekeA = Zzl <O lek—g )8 (Card(A))? < Vi? (Card(A):. O
LeA k=0 LeA k=0
If 2, = Skf(ac), this shows (40). Indeed by taking A = R, (z) we get
2

(42) (®) 2 G d @)

(41) Vi 2>

SR

Like the cardinal of the range, (M, (z),n > 1) and (V;
of the ergodic subadditive theorem. Indeed we have:

M, p(x) = sup Npyp(z, £) < sup Ny(x,£) +sup Np(T"x, 0 — S, f(x)) = M,(x) + My(T"z).
4 L 4

(x),n > 1) satisfy the conditions

n+p Z n+p Z(Nn(.%',E) + NP(THLE,E - Snf(l'))2

4

< ZNg(x,g>+ZN2 Tz, 0= Suf(2) + 203 N2(x,0)) Zz\ﬂ T 2,0 — Spf(x)))?
£ 4 £

= Y ONH@ )+ > NAT e, 0) + 203 N2, 0): (3 Nﬁ(T”x,@)%
£ £ £ £

1 1
= (Vi (2) + V57 (T"))".

As 0 < M,(z) < n, 0 < V,(z) < n? and since the dynamical system is assumed to be

ergodic, this implies that for two constants A, 8 € [0, 1]

M,
Ma(@) _ ), i Yol2)

n n

(43) lim

= [, u-a.e.



22 GUY COHEN AND JEAN-PIERRE CONZE

By (28), we have A\ < 3 < \.

We will see later that > 0 (and therefore A > 0), if and only if the cocycle (T f) is a
coboundary.

Observe also that (V,,(z),n > 1) is positive superadditive in the sense that: V,(x) +
Vin(T"2z) < Vi im(z), for every n,m > 0. Therefore, by a variant of Kingman’s theorem
(for a short proof see [26]), it holds for a.e. z:

V()

lim

= v, for a constant v € [1,400].

By (32), for each fixed integer p > 1, we have, for n > p + 1,

g 2 _
Val®) & 21N (T2, 0) + Ny(T%2,0) + ... + N,(T" 7z, 0)] + 1.

n n

Taking the limit when n — 400, we get by the ergodic theorem, for each p > 1,

>2/N 0)dp + 1.

Let I" be the limit of the increasing sequence of positive functions (N,(.,0),p > 1). From
the above formula, by taking the limit when p — +o00, we obtain:

/N du+1—>p_,+002/qu+1.

The function I is integrable if lim,, V’;E‘r is finite.
Using again (32), we get: V"T(f) < %"1 ['(T*z,0) + 1. Taking the limit when n — +oo0,
it follows: =

lim V"T(L‘”) < Q/Pdqu 1.

So we have shown:

Proposition 2.6. In the transient case, it holds, for a.e. x:

Vi, -
lim 75”3) = 1+2/qu: 1+22ﬂ(fk =0) € [1,00].
k=1
Vi (a
In the recurrent case there is also equality with hm =142 Z wu(f

Remark also that there are transient cocycles such that Y ;- u(fy = Q) = +o00. This will
be shown in Subsection 2.3.
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Case of a coboundary

Proposition 2.7. If f is a coboundary, then for two constants f > 0,y > 0, for a.e. x,

V()_ﬁb)l M() , ¢) lim Mu@) 7y

Vi(z) B
Proof. Already we know by Kingman’s theorem that 5 = lim,, #Vn(:v) and v = lim,, M”T(x)
exist for a.e. . When f is coboundary, the proof below explicits 5 and shows g > 0.

Suppose that f is coboundary, f = T® — ®. Since f has values in Z? and T is ergodic, for
all component ®; of ®, e2™?®i is a constant. It follows that ® has also its values in Z% up
to an additive constant and we can assume that ® has values in Z?. Therefore we have

0) =) Lpw=0=D_ Low=n Z Lio=p) (2 Zl@ —(T"x)
k=1 k=1

Va(foz) =) NAz, )= #{1<k<n: o(TFr)— d(x) = £}?

Lezd Lezd
=S #1<k<n: (T =02 =" (Y logr=e)
Lezd Lezd 1<k<n

For R > 1, let A denote the set Ugg<r(® = £). For each £, by Birkhoff’s theorem we
have, for a.e. z, lim, }1 > o<k<n-1 Lo@ra)—e = #(® = L). Therefore it holds

1 1
2 > (> Lp(riay—s) = > (5 >, La(rio—t) — > (@ =0)
teAr 1<k<n LeEAR 1<k<n LeEAR

This implies for every R > 1,

hmmf— Z Z Lo(rwa) 2> hm— Z Z Lao(wa) = Z (1(® = 0))*.

tez7d 1<k<n LeAR 1<k<n LeAR
It follows: hm mf — Z Z Lorhpy=e) > Z p(® = £)%. For the complementary of
tezd 1<k<n Lezd
Apg, it holds:
D (D lawamd) = D D lewmes Lawrea—
L4 >R 1<k<n 1<j4,k<n £||£|>R
D) le@io=0 (Y Lo < D Lagmolacmrn = (> lagmea)
1<jk<n L|E>R Cl>R 1<j.k<n 0<k<n

It follows for the upper bound:

hmsup > Z Z Lop(7ra)= g <llmz Z Lo(rrz)=¢) +11rn Z Lae Tkx)

tez7d 1<k<n LeAR 1<k:<n 1<k<n

= 3 (@ = 0+ (AR o 3 @ =)

LeAR Lezd
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This shows a) with § = 3, u(® = £)?
The point b) follows from the inequality v > 5 > 0 and ¢) is clear. 0

Proposition 2.8. The constant f = lim, V’;l(f) (for a.e. x) is > 0 if and only if the
cocycle (T, f) is a coboundary.

Proof. 'The case of a coboundary follows from Proposition 2.7. We know already the
existence of the limit by the subadditive ergodic theorem, but the proof below shows again
its existence and its nullity when f is not a coboundary.

Suppose now that f is not a coboundary. From (31), we can write

V() 1 2¢=1
P =a e Y (o
k=1 7=0
1 2¢a 1< 1 2¢ Ny(Tiz, 0)
<S—+-) — ) (pmin=o) = —+~
n n n < n n n
k=1 7=0 j=1
n—1 .
1« N, (T?z,0
We will show that lim,, — Z M =0 a.e
n =0 n

By the ergodic theorem of Dunford and Schwarz (in the space of infinite measure X x Z)
applied to Tf and ¢o = Lxx{o}, which is bounded and in LP(X x Z), for every p > 1, we
get a function @o(x) which is Tj-invariant and in L'(X x Z) and

N,
lim —"(x’ 0)

n n

= (50(30), a.s

As f is not a coboundary, ¢y is zero a.e. (cf. for instance [12].)

0)
Rale ),

Observe that | sup,,>,, N — 0, as L goes to +o00. Indeed, for every 0 < ¢ < 1,

letting A, = {x : sup,>p N"(—xo > ¢}, we have p(A. ) — 0, when L — 4o0. Since

N"(x 9 <1, it follows, for L blg enough:

N, (2,0
/(Sup(ﬁ))2 du < e* + p(A. ) < 2e.
n>L n

N;(z,
We put A, (z) := sup No(z,0)

s>n S

. By the previous observation, we have lim, ||A,||2 = 0.

Let us consider the following maximal function for the action of T

r—1

1 N,(Tiz,
(44) A, (z) = sup —ZA (Tx) = sup —ZsupM.

1<r<oo T 1<r<oo T =0 s>n S

From a classical maximal inequality (see, e.g. [19, Corollary 2.2.1]), we have ||A,||s <
2||Anll2 — 0.
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Observe also that, from the definition of A, in (44), the following inequalities hold:

An(x)ZSuplzN<Tmo —Z W(TV2,0)

n32n71j:0
r—1
1 N,(T7x,0 ~
The sequence sup — ¥ is non negative and decreasing. Since ||A,[ls — 0,
ris>n T % S
1= jzo
the Lo-norm of its limit in (X, ) is zero. The result follows. O

Remark 2.9. (see also section 4 and [25])

Let (Up)eza be ar.f. of square integrable r.v.’s on a probability space (€2, F,P) stationary
in the weak sense and such that >, |(Us, Up)| < +o0. By (4) and Proposition 2.8, if f is
not a coboundary, it holds

—HZUfk(z)Hg <o hly)

Another result of norm convergence whose proof is like the proof of Proposition 1.3 is the
following. Suppose that the r.f. is stationary. Let ¢ be an observable on the dynamical
system (Q,P, ) with a spectral measure v,,. We have:

n—1 n—1
/\ngo@zfﬁdﬂl’_/ 1> e du(t)
Q=0 T =0

Assume that v, is absolutely continuous with respect to the Lebesgue measure on the
torus, and let p € L'(dt) such that dv,(t) = p(t)dt. For e > 0 there is M such that
Jysar Pt < e. We have

n—1 M -1 v
5 | Ze2m<zj7§)|2 dl/@p(z) < _2 / Z (24, |2 dt—l—/ sz < Mn_g +e.
j=0

V
This shows that — — 0 implies — / Z @ o 0%*dP — 0. This is satisfied by every

o € L*(P), if the dynamleal system has a Lebesgue spectrum.
In particular, taking z; = fx(z), by Proposition 2.8, if f is not a coboundary, it holds

1

n2

n—1
| Z (071 @ w) 2 dP(w) — 0, for a.e. z.
Q =

2.2. Non centered cocycles.

In an ergodic dynamical system (X, pu,T), if f : X — R is an integrable function with
u(f) > 0, by the ergodic theorem for the ergodic sums ST f(z) = S>7—) f(T*z), it holds
for a.e. x: lim, =S, f(x) > 0 and therefore lim, S} f(z) = +oo. If f has values in Z, as
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the process ST f(x) visits finitely often each site, one can think there is a chance that the
following condition is satisfied:

(45) tim Ma(T. £, 7)

n Vo(T, f,z) =0

A case where (45) is satisfied is the following: let X be a topological compact space,
T : X — X a continuous map, which is uniquely ergodic with p as unique invariant
measure. Let f: X — Z be an integrable function such that u(f) # 0. Assume f to be
Riemann-integrable (i.e. such that, for every ¢ > 0, there are two continuous functions

o, Y1 with ¢y < f <y and p(hy — ) < €).

Then, the ergodic means of f converge uniformly, and this implies the existence of N
such that L|STf(x)| > L{u(f)| > 0 for n > N and every . It follows that the number of
visits of ST f(x) to 0 is < N, for every x. By remark 2.3, M,(z) < N, for every z, and a
fortiori (45) is satisfied.

Nevertheless, we will see below that (45) may fail in non uniform cases: there are dynam-

ical systems and sets B of positive measure such that, for f = 1p,

M2(T
(46) lim sup WL f,)

YT )

2.3. Counterexamples.

1) We construct counterexamples, a transient one and a recurrent one with a function f
of null integral, such that (46) is satisfied.

To construct these counterexamples, we start by considering a general ergodic dynamical
system (X, i, T') and a measurable set B C X of positive measure. Let T be the induced
map on B, R(zr) = RB(z) = inf{k > 1 : T"z € B} the first return time of z in B and
R, (r) = RE(x) := 3.}—4 R(Tkx) the n-th return time of z in B.

We take x € B. If f is a function such that f = 0 outside B, the position of the sums
up to time R,_i(z) are the positions of the ergodic sums S& f for the induced map up
to time n, that is:

(@), f(@) + F(Tpa), o f(2) + [(Tpa) + ..+ [(TE )},
For a site ¢, the number of visits up to time R,,_;(z) of the ergodic sums for 7" is

n—1

NRn,l(az) (Ia 5) = Z RB(Tga:) 15kTBf(a,-):e
k=0
and therefore
n—1
(47) Vi, 1@)(T,x) = Z[Z R®(Tga) 1s,fo(x):e]2'

¢ k=0
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Case f = 1. Clearly ZZ;S f(TEx) = n. For the map T, the ergodic sums of f are
incremented by 1 when and only when the iterates T7x visit the set B. Otherwise, they
stay fixed. The times of visits in B, for € B, are 0, R(z), R(x) + R(Tgx),.... We have:

Rn71($)+t
for x € B, Z f(Tz) =n, fort =0,..., Ry(2) — Rp_1(x) — 1.
=0
For N,,(T,x,¢) = N, (T, f,z, /), it holds:
N, (T,z,0) = 0, if n < Ry(x),

= t, if n=Ry(z)+t, with0 <t < Rpy1(x) — Re(z),

= Ren(z) = Re(x) = R(Tp), if n > Repa(2).
For L > 1, we have for the time preceding the L-th return to the basis for f = 1p:
(48) Mg, ()-1(T, f,z) = max R(Tha), Vi, @—1(T. f,2) =Y _ R (Tha).

(<L

Special map

In order to compute an explicit example, it is easier to start from a given map S and to
construct a special map 7" over this map.

Let ¢ : X — N be integrable and > 1. The (discrete time) special map 7' = T, is defined
on X :={(z,k), 2€ X, k=0,....0(z) —1} € X xR,
by T(z, k) = (x,k+1), if 0 <k <p(x)—1, :=(S2,0), if k = p(z) — 1.
Let ji be the probability measure defined on X by fi(A x {k}) = u(e)~" u(A), for k>0
and A C {z : k < p(x) — 1}. It is T,-invariant. The space X can be identified with the

subset B = {(x,0),z € X} of X with normalized measure. The set B is the basis and
¢ — 1 the roof function of the special map T,.

As for the map S we will take an ergodic rotation, the special map T;, will be also ergodic
for the measure ji on X.

Observe that the recurrence time R(x) = RZ(z ) for the special map in the basis B is ¢(x)
and the n-th return time of z in B is R, (z) = RE(z) =, Lo (Skx).

For S, let us take a rotation S = S, on X = T/Z by a mod1, where « is irrational.
We denote by p, and ¢, the numerator and denominator of the convergents of « (see
Subsection 3.2 for the notation). We will construct a measure preserving transformation
T (the special map over S, with roof function ¢) such that the cocycle generated by
o MT, f,x)
= 15 in the system (X, 1, T) satisfies lim sup —2—""—2 =
f b Y ( : ) n P Vn (Ta f7 $)

We use the next lemma with p = p,,q = ¢,.

Lemma 2.10. Let p,q > 1, (p,q) = 1, be such that |o — p/q| < 1/¢?. For every x, there
is a value 0 < i < q such that © + ia mod 1 € [0,2/q].
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More generally, for every interval I of length 2/q, for every x, there is a value 0 < i < q
such that r 4+ i mod1 € I.

Proof. 1t is well known that there is exactly one value of ja mod 1, for 0 < j < ¢, in each
interval [f;, ”Tl[, ¢=0,....,q — 1. Let us recall a proof. For j =0, ja € [0,1/¢g[. The map
Jj — {; = jp mod ¢, which is injective, is a permutation of the set {1,...,q — 1} onto itself.

We have o = p/q + 4, with |§] < 1/¢*.

~

0 . - 0 0:4+1 .
294 ][4, 55 forj=1,..,¢— 1. The

Assuming § > 0, it follows: jo mod1 € |
case 0 < 0 is treated the same way.

Now let us prove the first point. Let « be in [0, 1[. There is iy € {0,...,¢ — 1} such that
T = %0—1— 0, with 0 < 6§ < 1/q. By the claim, there is i € [0, g[ such that i« mod1 €

g~ g—iotl ; 1 2
[, ==]. Hence z +ia mod1 € [0, . + 6] C [0, 2]. O

Let (A,) be an increasing sequence of positive integers which will be subjected below to
growth conditions. First we assume that it satisfies the condition:

(49) Dyr = 3G, V0 > 1
3 3
Denote by J, the interval J,, = | , —|. For the roof function, we take, with e, = #,
A1 Do
n>1

The function ¢ is integrable: [ @dp <1+3%" &,. Observe also that, by (49), the length
of J, is > 2/q,, and that (£,qy,) is not decreasing for n > 2 .

Let = be in the basis. By construction, the orbit of x under the iteration of 7., is that
of the rotation S, until it enters the set B¢, complementary of B, at some time. Then it
stays in this set, until it reaches the roof and comes down to the basis. Then the dynamic
is that of the rotation, until again Sz falls in the set ¢ > 1 and so on.

Let W,,(z) be the first visit of S’z in J,. By lemma 2.10, we have W, (z) < gy, .

Now we choose f to get a transient counterexample and a recurrent one.

Counterezample in the transient case.

We take f =1 on the basis and 0 outside.

The sequence (\,) is taken such that

(50) O > (g, )% n > 1

By (48), we obtain (recall that now T, the induced map in the basis B, is the rotation
S =8, and R(T%x) = p(Siz)):

_ j
(51) Mpy, o @)-1(T, ) } Srgvi)gm)w(s ),
(52) Van(z)(ﬂ?)—l(Ta r) = Z 902(ij)'
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In the above formula, ¢(S7z) is either 1 or (for some k < n—1) 1+ |exqy, | < 1+€n_1qn, s,
excepted for the last term which is 1+ |&,qy, |-

The maximum in (51) (given by the first visit to J,,) is 1 + |e,qn, | > €nqn,. As we have
seen, this first visit for the iterates S7z occurs at a time < gy,. It follows by (50):

Vr . :1371(T7 -73) En 2 En— 2 1
2
4
2 ( n )2 (@2,-) +1 < —+1, for n big enough.
n—1 Ir, n
M2(T
This shows: lim sup M = 1. The result is proved for x in the basis B, but is
n o Vu(T, f,z)
~ M2(T
satisfied for a.e. x € X, since limsup % is a.e. constant by ergodicity of the
n n Y Y x

special map and Lemma 2.4.

Remark that Sy f(z) — +oo for every point x.The sequence (N,(z,0)) is bounded for
every x, but not uniformly in z.

Counterexample in the recurrent case.

In order to obtain a recurrent counterexample, we now use a special cocycle over a rotation
by a (with « an irrational number with bounded partial quotients (bpq)) studied later
(see Subsection 3.2).

Let f defined on the basis by f(z) = 1[0’%[@) — 1[%71[(37) and 0 outside, and Sy f(x) =
S0 f(z +ia mod1). By (47), we have

n—1
VRn—1(I) (Tv fa SL’) = Z[Z QO(.T + ]fOé) ]-Skf(:v):é]2
¢ k=0
n—1
= D DAY oLy (e +ka) Lspo-d”.
¢ k=0 j

Observe that for a constant C', 1+, gz 15 (2 + ka)) < Cqy, . Using the bound
(60) obtained later for the special function f and « bpq, this implies:

dxn
VRWn—l(I)(T’ f’ l’) < Z[Z(l + Zgjq/\j 1Jj ($ + k’Oé)) 1Skf(x)zf]2
¢ k=0 j<n
dxrn
< YD an Tsm=d
¢ k=0

dp

. Z[Z Lsos@)=d)® < C*qx. 43, /v 1og qn, -
¢ k=0

IN
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Put L, = Sw, ) f(z) for the site visited by the cocycle when S7z enters J,. We have
Mpy, (T, f,2) > Ny, (T, [, 2, Ln(2)) = €0,

Hence:

0< VRWn(I) <T7 f7 JJ) _1 < CQ qan,l Q?\n 1 _ 02 n4q§\n71

B MIQ%Wn(z) (T7 f’ .Z') B \% log X, 63lqg\n V log dx, '
Now, we choose a growth condition on (A,) (stronger than (50)), such that the above
bound tends to 0.

This shows the result for x in the basis, hence on the whole space using again Lemma 2.4.

2) A transient example where lim,, V"TE’“") = +00.

We know that lim ¥ = 3 € [1, +oc] and 8 = > ks #(fr = 0).

We would like to construct a transient cocycle such that § = 4o00. The example will
be given simply by taking a dynamical system (X,u,T) and f = 1p for some subset
D of positive measure of X. With such a cocycle, we have {Spf = 0} = ﬂf;é T-"De.
Therefore the question is to construct a set A = D¢ of measure < 1 such that

Z ,u(h T7"A) = 4o0.

k>1  r=0

Like in the previous construction of counterexemples, we consider a special flow (with
discrete time) T, defined over a dynamical system (X, u, S). We use the same notation
for the special flow as above. The ceiling function ¢ is the following:

Let g, = kig, k > 1, and let (By, k > 1) be a sequence of disjoints subsets of X with measure
p(By) = %. We take ¢ = >, k1p,. The function ¢ is integrable, with [ ¢ du < co.

The space X, the basis of the special ﬂgw, is identiﬁed to a subset of the space X. Denote
by Bj the subset By x {j}, j < k, of X, and by By, the union Up< ;1 Bj.

We put A =J, By.. By definition of the special flow, for 0 < j < k, we have
T!B] = B C By, f0<r <k—j.

It follows:
n—1 n—1 ' n—1 '
AT > YA T ) = Y A (U B)
r=0 k>n r=0 k>n r=0
> SR = S
- j=n"k k
k>n k>n

This implies:

LUAEEOED D)L Ly 3 SN ITIES S D P S

n>1 r=0 n>1 k>n n>1 k>n n>1  k>2n n>1
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3. Examples

In general, for a dynamical system (X, u, T) and a cocycle (T, f), it seems difficult to get
a precise estimate of the quantities N,,(x, (), M, (z), V,,(x). In this section we present two
types of cocycles for which this is possible, first in the classical case of random walks, then
when they are generated by step functions over rotations.

3.1. Random walks.
1-dimensional cocycle satisfying the LIL.

We start by a remark on the the law of iterated logarithm (LIL). Suppose that (T, f) is
a 1-dimensional cocycle which satisfies the LIL. Then for a constant ¢; > 0, for a.e. =,
the inequality |f,(z)| > ¢1 (n Inln n)2 is satisfied only for finitely many values of n. This
implies that, for a.c. z, there is N(x) such that |f,(z)| < (cin Inln n)2, for n > N(z);
so that, for N(z) < k < n, |fu(2)] < (c1k Inln k)2 < (c;n Inln n)z.

Therefore we have Card(R,(z)) < ¢s(z) (n Inln n)z, with an a.e. finite constant c,(z).

In dimension 1, by (42), we get that for a.e. x there is ¢(x) > 0 such that
V,(z) > C(z)n? (Inln n) 2.

The case where a LIL is valid includes the case of a 1-dimensional r.w. centered with
finite variance, but also the class of cocycles for which a martingale method can be used.

Random walks.

Now we consider sequences given by a random walk. For random walks in Z¢, the quan-
tities V,(x), M, (z) have been studied in many papers since the 50’s. M, (x) is called
“maximal multiplicity of points on a random walk” by Erdés and Taylor [17]. Below, we
give a brief survey of several results for r.w.s. First we recall some definitions.

Let ((;)i>o be a sequence of i.i.d. random vectors on a probability space (X, p) with
values in Z¢ and common probability distribution v. The associated random walk (r.w.)
7 = (Z,) in Z% starting from 0 is defined by Z := 0,

Zn = CO + ...+ Cn_l,n Z 1.

A r.w. can be seen as a special case of cocycle. Indeed, the r.v.’s (; can be viewed as the
coordinate maps on (X, p) obtained as (Z4)% equipped with the product measure v®Z
and with the shift 7" acting on the coordinates. We have (; = (; o 7% and the cocycle
relation Z,, v = Z, + Z o T™,¥n,n’ > 0.

Let S := {¢ € Z% : P((y = £) > 0} be the support of v and L the sub-lattice of Z¢
generated by S. Let D be the sub-lattice of Z? generated by {£ — ¢',¢,{' € S}.

For simplicity (and without loss of generality) in what follows we will assume that the
random walk Z is aperiodic (L = Z%). We exclude also the “deterministic” case (i.e.,
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when P(¢y = £) = 1 for some £ € Z¢) in dimension 1 (the deterministic case in higher
dimension is excluded by aperiodicity).

Notice that all the pointwise limits or bounds mentioned now for random walks are
a.s. statements. These bounds will show that conditions (30), (29) are satisfied by
Vo(z), M, (x) a.s. for random walks under some assumptions.

Recurrence/transience.
Recall that ar.w. Z = (Z,) isrecurrent if Y > | 1(Z,, = 0) = +00 and otherwise transient.

Recurrence occurs if and only if 1(Z,, = 0 infinitely often) = 1, and transience if and only
if u(Z, = 0 infinitely often) = 0 (cf. [8], [9]).

For an aperiodic r.w. Z in dimension d with a moment of order 2 (for d = 1, a moment
of order 1 suffices), for d = 1,2, Z is recurrent if and only if it is centered. For d > 3, it
is always transient.

Asymptotic variance for the sampling of a stationary centered r.f.

Let (X;, £ € Z9) be a stationary centered r.f. with summable correlation and spectral
density p. We have

n—1 —1

1 B 1

I Xawl= [ Z? OO (et = [ K (1) ple)
k=1 k=

Td T

where, using (24) with z, = Zy(z) and Zy(z) — Z;(z) = Zy(T'z), LK, reads

n—1 n—k—1
1 1 .
(53) ﬁKn(x’t) =1 +2§ (E ( - § : 1Zk(TJa:) i 2m<£,t>_
4 k=1 7=0

As already recalled, the existence of the asymptotic variance

lim V, (2 /|ZXZk JPdu

has been shown in [11]. An interesting situation is that of the sums along a transient (non
deterministic) r.w., where the asymptotic variance is always > 0. Below we will recall
briefly a proof of this result.

By Proposition 2.6, lim,, V"T(g”) =1+2>"7", p(fx =0), so that for a transient r.w. V"T(m)

has a finite limit.
Variance in the non deterministic transient case.

Now we prove the positivity of the asymptotic variance.

Let W(t) = E[e?b] t € T?. Observe that W(¢) # 1 for ¢ # 0 in T, when the r.w. is
aperiodic and |¥(¢)| < 1, for t & 'y, where T'; is the closed subgroup {t € T¢ : 2mirt) —
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1,Vr € D}. We put, for t € T'\{0} and 0 < X < 1,

, 1—|\If()|2_ e1+\If(z)
, 1—VI‘P()I2 b _ s
B, (t) = m——1+2kzo>\ Re(W(t)F ——1+22>\ 0) cos(2m(L,1)),

where the last relation follows from Re(W(2)*) = Re(E[e*™x0]) = 37, 1(Z), = £) cos(2m (L, 1)).

We put ®(0) = 0.The function & is even, non-negative and ®(¢) = 0 only on I'y, which is
# T? when the r.w. is non deterministic (if the r.w. is deterministic, u(¢y = £) = 1 for
some £ € Z% and this implies |¥(¢)| = 1, but this case is excluded). Therefore ® is # 0
a.e. for the Lebesgue measure on T¢.

The proof of the following proposition uses the method of [29], section IL.8.

Proposition 3.1. Let Z = (Z,) be a transient aperiodic random walk in Z*. There is a
non-negative constant M such that the Fourier coefficients of %Kn converges to those of

1
D + Moy andlim/—Knpd§>O.
0 L o

Proof. We use that, if (Z,) is a transient, for all £ € Z¢, we have >~ | u(Z = {) < +oo.

Therefore, the series I(£) := —1p—g + > oo [1(Zk = £) + p1(Zx, = —L)] converges and by
(53), the even functions 1 K,(z,.) satisfy:

—_

1 n— 1 n—
— K, (z,.) cos2m(¢,.) dt Ly—o + —
o n

k—1
Z 1z, (ic)= + 1z, (ic)——e] — 1(L).
Td T

n—o00
k=0 7=0

Note that above the sum over £ is written starting from 0. By letting n tend to infinity
in the relation

—1,- 0+Z M 0) + w(Z = =0)]

= /Td cos2m(l,.) [—1+ 2%6(#\%)] dt = /Td cos 2m (L, t) Py(.) dt,

we get since the left sum tends to I({):

I(¢) = 1}{%1 cos 2m (L, t) P(t) dt.

Taking £ = 0 in the previous formula, it follows from Fatou’s lemma:

10) =142 u(Z, = 0) = lim <I>A()dt>/ gﬁ@(;)d;:/ O(t) dt.

This shows the integrability of ® on T¢ and we can write with a constant M > 0

[0) = lim | ®y(t) dt = /llmcj[)A()dtJrM B(t) dt + M.

d )\Tl Td
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Let U, be the ball of radius > 0 centered at 0. By aperiodicity of the r.w., W(¢) # 1 for
t in Uy, the complementary in T? of U,, This implies SUD; e SUDy < D,\(t) < +o0.

Therefore, we get: 1,{?11 cos 2m (L, t) P(t) dt = / cos 2w (¢, t) ®(t) dt, hence:
Uc c

1(0) :/ cos 2m (L, t) P(t )dt—l—h%l COSQW(K t) ®y(t) dt, Vi > 0,

which can be be written:
(54) — / cos2m(l, Y& dt = I({) — / cos2m(l, ) ®dt —lim [ cos2n(l,.) ) dt.
Td U

Let € > 0. By positivity of ®,, we have, for n(¢) small enough:

(1—5)/ <I>,\d§§/ cos 2 (L, .) @y dt < (1+€)/ ®, dt;

Un(e) Un(e) Un(e)

By subtracting fUn(E) cos 2m (L, t) ®(t) dt in the previous inequalities and (54), we get:

(1—5)/ q),\dﬁ—/ cos 2m (L, .) @ dt

Un(e) Un(e)

g[(@)—/ cos 2m (L, .) @ dt — lim cosQw(ﬁ,.)CI),\d§+/ cos 2m (L, .) Py dt
Td

AL J U, (e) Un(e)

<(l1+¢) / D, dt — / cos 2m (L, .) @ dt;
n(e)

Un(e)
As we can chose A such that

| — lim COSQW(E,.)CI),\dt—i-/ cos2m(l,.) P, dt| < e,
MLy, ) Unio)
we obtain:

—€+(1—€)/ CI),\dz—/ cos 2 (L, .y @ dt

Un(e) Un(e)
§I(£)—/ c0827r<£,.><19d2_5§€+(1+8)/ @Adz_f—/ cos2m(l,.) P dt
Td Un(s) U’Y(E)
For € small enough, |, ) €08 27(€,.) @ dt can be made arbitrary small, as well as € sup, 4 fUn ) dt,
since @ is integrable and sup, de D, dt < o0.
This shows that 1(£ de cos2m(l,.) ® dt — fU o ®, dt can be made arbitrarily small for
n(e

e > 0 small and A close to 1. The same is true for £ = 0 and also for the difference

[1(£) = [pacos2m(l,.) P dt — fU Py dt] — [1(0) — [ Pdt— fU D, dt]

= [I(¢) — fw cos 2m (L, .) CIDdt] — [1(0) = Jpu @ dt] = [I(£) — [pacos2m(L, > ® dt] — M].

Therefore I({) = [;q cos2m((,t) (t) dt + M for all £ and the Fourier coefficients of LK,
converges to those of ® + M.
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As the non-negative sequence (%Kn) is bounded in L'-norm and the density p is contin-

1

uous, this proves /—Knp dt — /<I>p dt + M p(0). Moreover, the limit is > 0 since both
n

® and p are not 0 a.e.

It is shown in [29] that M = 0 for d > 1. O

Behaviour of M,(x).

In the transient case (d > 3) (at least for a simple r.w.), Erdés and Taylor (1960) proved
that for a constant v > 0 depending on the dimension,

M,
lim M) _
n logn
Recurrent case
M, .
In dimension 1, H. Kesten has shown that limsup ——— = \/5/0. Therefore in

n vnlnlnn

dimension 1, we have the following lower and upper bounds for V,,:

%(lnlnn)%.

Ci(x) n? (Inln n)_% < Vo(z) < Co(z)n

Dimension d = 2.

There is a deterministic rate (law of large numbers): for a constant Cj.

Vid n

— Cy, for a.e. z.
nlogn nlogn

For a planar simple random walk, Erdés and Taylor [17] proved:

M, (x) < 1

li .
(55) i Sup Togn)? = =

The result has been extended by Dembo, Peres, Rosen and Zeitouni [15], who proved for
an aperiodic centered random walk on Z? with moments of all orders:

. M,(x) 1
lim 5 = -
n (logn) 27 det(A)?2

where A is the covariance matrix associated to the random walk.

As shown in the proof in [15], it suffices to suppose that the 2-dimensional r.w. is aperiodic.
Moreover, the proof for the upper bound is based on the local limit theorem which uses
only the existence of the moment of order 2. Therefore, assuming the existence of the
moment of order 2, the upper bound (55) holds.

It follows in this case: there exist C'(x) a.e finite such that:

M (x) (logn)®
V() < Cla) n
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3.2. Step functions over rotations.

Now we take X = T", r > 1 endowed with pu, the uniform measure and we consider
cocycles over rotations. When they are centered, such cocycles are strongly recurrent and
therefore the associated quantities V,, and M,, are big. The difficult part is to bound them
from above. We will give an example where an upper bound can be obtained.

Let T, be the rotation by an irrational . For f: X — VA recall that the cylinder map
(cf. Subsection 2.1) is T} o = Ty : X x Z¢ — X x Z% defined by T, (z, () = (z+a, {+ f(x)).
Non centered step cocycles over a rotation.

Let f be a non centered function with a finite number of values values in Z%. Suppose
that f is Riemann integrable, which amounts to assume that, for the uniform measure of
the torus, the measure of the set of discontinuity points of f is zero.

Then by a remark in Subsection 2.2, M,,(x) is bounded uniformly in « and n. Therefore,
for V,,(z), the bounds n < V,,(x) < Cn are satisfied.

Centered step cocycles over a 1-dimensional rotation.

The interesting situation is that of centered functions. We will consider the case r = 1
and when the irrational number « has bounded partial quotients.

Recall that an irrational o with continued fraction expansion [0;aq, as, ..., ay, ...] is said
to have bounded partial quotients (bpq) if sup,, a, < +00. The set of bpq numbers has
Lebesgue measure zero and Hausdorff dimension 1.

In the sequel of this subsection, a will be an irrational bpq number (for instance a qua-
dratic irrational) and f a centered function with values in Z and bounded variation.

By Denjoy-Koksma inequality, there is a logarithmic bound for the cocycle (T, f): |fn(z)| <
C'lnn, for a constant C.

The cocycle is strongly recurrent to 0 (and this is true for d > 1 if f centered has values
in Z¢, when its components have bounded variation). This makes the corresponding
maximum M, (x) big. Nevertheless, we will see that condition (25) is satisfied, at least
for a special example.

Lower bound.
Lower bound for V,, and variance, case d = 1.

For a general sequence (z), we can obtain a lower bound for V,, by an elementary method
when there is an upper bound for the variance defined below.

Lemma 3.2. Defining the mean m,, and the variance o2 by

n n
m—lg 2, 02—lg(zk—m)2
n - Y n - n Y
n n
k=1 k=1
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we have
1 2
(56) Vizg U ifon, > 1.
Proof. Suppose that o, > 0. For A > 1, let Ay := [=\o,, + my, Aoy, +my,] () Z. We have:
1 n—1 1 n—1
ol > - (2k — M) *1opens > - Z(lzkeAg) oy
k=0 k=0
Therefore: S7— 1.,en, > n(1 — A72). As Card(A,) < 2Xo, + 1. Tt follows by (41):
(1-A2)?
S AN
Yoz e 1"
o .
For A = 2 we get: V, > L85 n® > = o, if o, > 1; hence (56). O

If z;, is given by ergodic sums, i.e., z; = fi(x) , let

n

() = 3 fela), o) = S (fela) — ma ()

By [5, Proposition 13|, for @ bpq and f with bounded variation, it holds ¢2(z) < C'lnn.
Using (56) and V,,(z) < nM,(z), this gives a lower bound for V,,(z) and M, (x):

(57) Val(z) > cTn, M,(x) > ¢ T

Below we will get an estimate from above in the following example.

Example 3.3. f = 1[07%) — 1[%71) and a bpq.

Upper bound for the example (3.3).

For f as above and a bpq, we have by [1], for some constant C; > 0,
Cin

Viogn’

Remark that the bound (58) is obtained in [1] as the limit of || N,,(-,0)||,, the LP-norm of
N,(-,0), as p goes to co. Therefore the bound is written for the norm ||.||css sup

(58) 1N (-, 0)lless sup = 15 (Lr1x01) (-, 0)loo <

The function N, (z,0) is locally constant outside the discontinuity points z = —ja mod 1,
xr = % — jamod1, 0 < j < n. Therefore, if D denotes the countable set of discontinuity
points of the sums fi, k > 1, the bound in (58) holds for every x & D.

Below, x is any point ¢ D.
Using (33), it follows:

(59) M,(z) < Cy
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By (59) and since V,,(z) < n M,(z), we obtain

Tl2

Viegn'

From (57), (59) and (60), it follows: V,(z) < n?/\/logn and M,(x) =< n//logn, where
a, < b, for two sequences (a,,) and (b,,) means ca,, < b, < Ca,,Vn > 1, with two positive
constants ¢, C'.

(60) Va(z) < C4

Therefore we get in this special example 3.3:

M?2(x) Cin ., cn? c: 1
61 L < = — 0.
(61) Vo(z) — (\/logn Viegn ¢ +/logn ~

Condition (25) of Theorem 1.11 is satisfied in this example, as well as the condition of
Theorem 1.8 a), hence a Glivenko-Cantelli theorem along (S, f(x)) for i.i.d. r.v.’s.

But the sufficient conditions for the Glivenko-Cantelli theorems 1.7, 1.8 b), 1.10 are not
satisfied by this cocycle and more generally, in view of the lower bound (57), by a cocycle
defined by step functions over a bpq irrational rotation.

4. About limit theorems along ergodic sums

4.1. Glivenko-Cantelli theorem along ergodic sums.

The Glivenko-Cantelli theorem recalled in the introduction is a (pointwise) law of large
numbers uniform over a set of functions (here the indicators of intervals). When the
r.v.’s X} are i.i.d., the proof is an easy consequence of the strong law of large numbers
applied to the sequence of i.i.d. bounded r.v.’s (1x,<s). Using Birkhoft’s ergodic theorem,
the Glivenko-Cantelli theorem has been extended to the setting of a strictly stationary
sequence (Xj) of random variables. More precisely, formulated in terms of dynamical
systems, the following holds:

Let (Y, A, v) be a probability space and S an ergodic measure preserving transformation on
Y. For any measurable function ¢ : Y — R, let us consider the strictly stationary sequence
(X}) defined by X, = poS* k > 0. Then the sequence of empirical distribution functions
satisfies: for v a.e. y € Y, sup, |% Sorzo Lxw<s — F(s)| = 0, where F(s) = v(p < s).

Observe that the result is an application of Birkhoff’s theorem and Lemma 1.1 recalled
in Section 1. Its extension to the non ergodic case has been formulated by Tucker [30],
the distribution function F'(s) being replaced by the conditional distribution function
E(1,<s|J), where J is the o-algebra of S-invariant sets. In others words, we have:

n—1

, 1
for vae yeY, lim sup Ig kzo Lo(sryy<s — E(Lly<s| T)(y)| = 0.

The above formula relies on the ergodic decomposition which can be used in the proof.
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In the previous framework, for a process, a Glivenko-Cantelli like theorem sampled along
a sequence generated by a dynamical system can be obtained as follows:

As in Subsection 2, let T' be an ergodic measure preserving transformation on a probability
space (X, B, 1) and f a measurable function on X with values in Z4, d > 1.

Let us take a second system (Q, P, 6), where 6 = (6),czq is a Z%-action preserving P.

The skew product associated to the cocycle (T, f) and 6 is the map: Tp s : (z,w) —
(Tz,07@w) from X x Q to itself. By iteration we get:

Téff(a:, w) = (T*z, 7@y).

For example, as Z%action, we can take a Z-Bernoulli shift (Q,P, (0%),cz4), with P a
product measure and # the shift on the coordinates. If X is the first coordinate map,
then (X,) = (Xg 0 6%) is a family of i.i.d. r.v.’s indexed by Z<.

In general, let Z, ; denote the conditional expectation with respect to the o-algebra of
Ty s-invariant sets. The ergodic theorem for Tp ; shows that, for ¢ € L*(u x P),
n—1
1
(62) lim — Z@/J(Tkm, 07 @) = Ty (1) (x,w), for p x P-a.e.(z,w).
non
k=0

If ¢ is a measurable function on 2, putting ,(x,w) = 17, (p(w)), where I is the half-line
| — 00, 8], we have

(T 4, w)) = 11,(0(67Ow)).
By the quoted Tucker’s result, the convergence in (62) for each 15, s € R, can be strength-
ened into a uniform convergence with respect to s:

for j1 x Paue (,w), & sup, | 02} 1, (p(07@w)) — Z(p,) (w,w)| — 0.

Therefore, by the Fubini theorem, there is a “sampled” version of the Glivenko-Cantelli
theorem for the empirical process of a stationary sequence:

Proposition 4.1. For p-a.e x, we have

|sup, L 7020 17, (0(05w)) — Z(¢,) (2, w)| — 0, for P-a.c w.

When Ty is ergodic, if ¢ € L'(p x P), we have Zy ;(¢)(z,w) = [¢dpdP, for p x
P-a.e. (z,w), and the centering Z(1)s)(z,w) is given by the distribution function F(s) =
wu(p < s). In this case, for a.e. z, a Glivenko-Cantelli theorem with the usual centering
holds for the empirical process sampled along the sequence (z,) given by z, = S, f(x)
(with a set of w’s of P-measure 1 depending on x).

The lemma below shows, as it is known, that ergodicity of the cylinder map Tf implies
ergodicity of the skew map Tj s. Let us sketch a proof.

Lemma 4.2. Suppose that the cocycle (T, f) is recurrent and the map Tf ergodic. If the
action of Z% by 0 on (Q,P) is ergodic, then Ty s is ergodic on (X x Q, p x P).
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Proof. : Let ® be a Tj y invariant measurable function on X x €
O(Tz, 0’ Dw) = d(z,w), for ae. (z,w).

For a.e. z, there is a set Q0 of full P-measure in 2 such that ®(T'z,§/@w) = &(z,w), for
all w € Q0. As Z% is countable, for a.e. x, there is a set 2, of full measure such that

®(Tz, 07 @0kw) = ®(x, 64w), for all w € Q,.
Let w € Q,. The function @, (z,£) := ®(x, %) on X x Z? is measurable, Tj-invariant:

pu(Tr(x.0)) = @u(Tz, L+ f(2)) = (T, 0 Dw)
O(Tz, 0 @0w) = d(z, 0w) = wu(z, L).

It follows from the ergodicity of TNf that there is a constant ¢, such that ¢, (z,£) = ¢, for
a.e. x. Therefore ® coincides a.e. with a function ¥ on €2 which is #-invariant, hence a
constant by the assumption of ergodicity of the action of Z¢ on . O

With Fubini’s argument, we get a Glivenko-Cantelli theorem for a.e. z, if we can show
that the skew map Tj ; is ergodic.

There are many examples of cylinder maps T ¥ which are shown to be ergodic in the
literature and so providing examples via Lemma 4.2. For instance, we can take for 7" an
irrational rotation and f = Lo,y = 1114y The cocycle (T, f) is ergodic and the above
version of Glivenko-Cantelli theorem applies for any stationary sequence (Xj) (with a
conditional distribution if the stationary sequence is not ergodic). See also examples for
which the skew map is ergodic in [25].

4.2. Discussion: universal sequences.

The weakness in the approach of the previous subsection for a sampled Glivenko-Cantelli
theorem along ergodic sums (Sgf(z),k > 0) is that it yields a set of z’s of p-measure
1 depending on the dynamical system (€2,P,0) and on ¢. One can try to reinforce the
statement by introducing a notion of “universal property”.

In this direction, the LLN for sums sampled along ergodic sums is closely related in the
following way to the random ergodic theorems which have been studied in several papers.

First, let us call “universally good” a sequence (zk) such that, for every dynamical system
(Q,P,0), for every ¢ € L'(P), the sequence = LS~ p 0 0% converges P-a.e.

We say that (7', f) a “(pointwise) good averaging cocycle” (or a universally representative
sampling scheme) if, for p-a.e. x, the sequence (Sk f(z)) is universally good, i.e., for every
dynamical system (Q,P,0), for every ¢ € L'(P), 3777, L0 05:/@ converges IP’—a e.

The definition of a “mean good averaging cocycle” is similar, changing the above conver-
gence into convergence in L?(IP)-norm, for every ¢ in L?(P).
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A question which has been studied is to find mean or pointwise good averaging cocycles. In
the first direction, examples and counterexamples of mean good averaging 1-dimensional
cocycles are studied in [25],

For pointwise convergence, there are 1-dimensional examples given by cocycles with a
drift. In [23], the following result is shown: the cocycle defined by a random walk with a
moment of order 2 is a pointwise good averaging cocycle if and only if it is not centered.
Moreover it is shown that any ergodic integrable integer-valued stochastic process with
nonzero mean is universally representative for bounded stationary processes. The proofs
are based on the recurrence time theorem ([6]).

Notice that a related, but different, notion can be introduced by restricting the dynamical
system (€, P, 0) to belong to a given class C of dynamical systems.

Let us call “pointwise good for a class C of dynamical systems”, a sequence (z;) such that,
for every dynamical system (2, P, 6) in the class C, for every ¢ € L(P), lim,, = Zz;é @ o
0% = [ o dP, P-a.e. There is a similar property for the mean convergence.

This can be also expressed for a class of random fields satisfying a condition on the decay
of correlations.

For example, by Remark 2.9, every cocycle with values in Z¢ which is not a coboundary is
a mean good averaging cocycle for the stationary r.f.s on Z? such that Y-, [(U, Up)| < +o0.

If (2x) is pointwise universally good for a class C, clearly we get the Glivenko-Cantelli
property for any dynamical system (£2,P,0) in C and every measurable function ¢, i.e.:

(63) sup, |+ "o 1, (p(07w)) — P(p < 5)| = 0, for P-a.e w.

As we see, there are two different approaches of the notion of universal sequences for a
law of large numbers: either we ask for a LLN along such a sequence for every dynamical
system (Q,P,0) and all functions in L'(P) or we fix a class of dynamical systems, or a
class of functions in L*(P). In the latter case, the condition on the sequence (z) may be
expressed in a quantitative way. To finish, let us give a known example (cf. [13]) and
recall briefly the proof.

Proposition 4.3. Let (z;) be a strictly increasing sequence of positive integers. If the
sequence satisfies: for a finite constant C, z, < Ck,Yk > 1, then (zx) is a pointwise good
averaging sequence for the class C of dynamical systems (2, P, ) with Lebesgue spectrum.

Proof. There is a dense set of functions ¢ € L'(IP) such that
1 n—1

64 — A P-a.e.

(64) - ggo( w) converges P-a.e

Indeed, by Rajchman’s SLLN for random variables in L? which are orthogonal and with a,
common bound for their second moment (cf. [7]), (64) is satisfied by ¢ € L?(PP) such that
(o, 00F) = 0,Vk. The Lebesgue spectrum property implies that such functions span a
dense linear space in L?(P), hence in L'(PP).
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Moreover, in view of the assumption on (z;), by the ergodic maximal lemma, the space
of functions ¢ such that (64) holds is closed. Therefore (64) is satisfied by every ¢ €

LY(P). 0
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