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underlying the semantics of natural language. The logic allows for expressing
independence constraints among quantified variables, in a similar vein to Henkin
quantifiers, and has a nice game-theoretic semantics in terms of imperfect
information games. However, the IF semantics exhibits some limitations, at least

MSC:- from a purely logical perspective. It treats the players asymmetrically, considering
03B60 only one of the two players as having imperfect information when evaluating truth,
03B70 resp., falsity, of a sentence. In addition, truth and falsity of sentences coincide
03C80 with the existence of a uniform winning strategy for one of the two players
03C90 in the semantic imperfect information game. As a consequence, IF does admit
68T27 undetermined sentences, which are neither true nor false, thus failing the law of
91A28 excluded middle. These idiosyncrasies limit its expressive power to the existential
Keywords: fragment of Second Order Logic (SOL). In this paper, we investigate an extension of

Independ Friendly Logi IF, called Alternating Dependence/Independence Friendly Logic (ADIF), tailored
pendence-Friendly Logic A X ; -
Game-Theoretic Semantics to overcome these limitations. To this end, we introduce a novel compositional
Compositional Semantics semantics, generalising the one based on trumps proposed by Hodges for IF. The
new semantics (i) allows for meaningfully restricting both players at the same time,
(ii) enjoys the property of game-theoretic determinacy, (iii) recovers the law of
excluded middle for sentences, and (iv) grants ADIF the full descriptive power
of SoL. We also provide an equivalent Herbrand-Skolem semantics and a game-
theoretic semantics for the prenex fragment of ADIF, the latter being defined in
terms of a determined infinite-duration game that precisely captures the other two
semantics on finite structures.
© 2023 The Authors. Published by Elsevier B.V. This is an open access article
under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Informational independence is a phenomenon that emerges quite naturally in game theory, as players in a
game make moves based on what they know about the state of the current play [35]. In games such as Chess
or Go, both players have perfect information about the current state of the play and the moves they and
their adversary have previously made. For other games, like the card-games Poker and Bridge, the players
have to make decisions based only on partial (i.e., imperfect) information on the state of the play. In other
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words, in these latter games, players have to make decisions informationally independent of some of the
choices made by the other players. Given the tight connection between games and logics, think for instance
at game-theoretic semantics [31,30,16], a number of proposals have been put forward to reason with or
about informational independence, most notably, Independence-Friendly Logic [18], Dependence Logic [40],
and logics derived thereof [8,10,28,6,29].

Independence-Friendly Logic (IF) was originally introduced by Hintikka and Sandu [18], and later exten-
sively studied, e.g., in Mann et al. [32], as an extension of First-Order Logic (FOL) [14] with informational
independence as first-class notion, and with applications in semantics of natural language in mind. Unlike
in FoL, where quantified variables always functionally depend on all the previously quantified ones, one
can force in IF the values of certain quantified variables to be chosen independently of the values of some
specific variables quantified before in the formula. This is syntactically represented by means of the so called
slashed operator notation, where, for instance, (32/W)g is intended to mean that variable 2 must be chosen
independently (i.e., without knowledge) of the values of the variables contained in the set W. The logic has
a nice game-theoretic semantics [19], given in terms of games of imperfect information, where a sentence
is true if the verifier player, usually called Eloise, has a strategy to win the semantic game. If the falsifier
player, Abelard, has a winning strategy, then the sentence is declared false. Since games with imperfect
information are considered here, neither situation may occur, as the specific game may be undetermined.
In this case, the corresponding sentence is neither true nor false, therefore establishing a failure of the law
of excluded middle. Hodges [20] later developed a compositional semantics for IF, by defining satisfaction
w.r.t. a set of assignment, called trump (a.k.a. teams, in later iterations of the idea), instead of a single
assignment as in classic Tarskian semantics [38,39] of FoL. The high level intuition here is that a trump
encodes the informational uncertainty about what is the actual current assignment.

Dependence Logic [40] (DL) takes a slightly different approach to the problem, by separating quantifiers
from dependence specification. This is achieved by adding to FOL the so called dependence atoms of the
form = (&,y), with the intended meaning that the value of variable y is completely determined by, hence
functionally dependent on, the value of variables in the vector Z. The separation of dependence constraints
and quantifiers can express very naturally dependencies on both quantified and non quantified variables,
and allows for a quite flexible approach to reasoning about dependence and independence. DL has also been
extended with other types of atoms like, e.g., independence atoms [10] and inclusion/exclusion atoms [8]. The
logic is expressively equivalent to both IF and the existential fragment of Second Order Logic (SOL) [15,5,36].
As such, DL still allows for undetermined sentences and is not closed under classical negation. To recover
closure under negation and, consequently, the law of excluded middle, Vaaninen [40] introduced Team
Logic (TL), an extension of DL with the so called contradictory negation ~, an idea already investigated
by Hintikka [17] in the context of IF, where it was allowed only in front of a sentence. TL is substantially
more expressive than DL, reaching the full descriptive power of SOL, covering, thus, the entire polynomial
hierarchy [37]. However, in order to recover the nice properties of FoL, such as the duality between Boolean
connectives and quantifiers, TL requires two different versions of the propositional connectives, = and ~
for negation, A and @ for conjunction, V and ® for disjunction, as well as an additional pseudo quantifier
lz called shriek. This approach also bears significant consequences. In particular, TL lacks any meaningful
direct game-theoretic interpretation, as also pointed out by Vaandnen [40], which DL still retains, mainly
thanks to its equivalence with existential SOL.

There is a well-known connection between logics to reason with or about informational independence
and the extension of first-order logic with the partially ordered (a.k.a. branching or Henkin) quantifiers,
originally proposed by Henkin [13] to overcome the linear dependence intrinsic in classic quantifier prefixes
(see also Krynicki and Mostowski [27] for a comprehensive survey on the topic). For instance, the sentence
@2 gz;><p states that for all x; and x5, there exists a value for g7, that only depends on x1, and a value for
Y2, that only depends on x5, such that ¢ is true. Sentences like this can easily be expressed in IF by means of
suitable variable independence schemata. For the sentence in the example, Va1Vro3(y1 /{x2})I(y2/{z1}). ¢ is
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an equivalent IF sentence. Similarly to IF, the prenex fragment of the logic with Henkin quantifiers, where
a Henkin quantifier prefix is followed by a quantifier-free FOL formula [41], is known to be expressively
equivalent to X1, the existential fragment of SOL, while the full (non-prenex) logic was proved to be able
to express Al-properties by Enderton [7].

As observed by Blass and Gurevich [2], logics with Henkin quantifiers exhibit an asymmetric nature from
a game-theoretic viewpoint, in that they typically consider only whether the existential player, Eloise, has
a winning strategy that proves a formula true. This is, instead, solved in IF, at the cost of indeterminacy of
the logic, by introducing two satisfaction relations, one for truth and one for falsity, and by defining them
in terms of uniform strategies for the players [32]. More specifically, a strategy for a player, either Eloise
or Abelard, is said to be uniform if for every variable x, which is controlled by that player and is required
to be independent of a set of variables W, the strategy always chooses the same value in all the states of
the game that differ only for the values of the variables in W. To win the game and prove the sentence
true, Eloise is required to have a uniform strategy that wins every play induced by her strategy. These
compatible plays need not be compatible with any uniform strategy of the adversary, meaning that when
evaluating truth of a sentence, no restrictions to the universal quantifiers controlled by Abelard actually
apply. A similar situation happens when evaluating falsity of a sentence. In this case, Abelard, needs to have
a uniform strategy that wins all the compatible plays. Here, the constraints on the existential variables are
ignored. The imperfect information nature of these games manifests itself in the uniformity requirements
that leads to indeterminacy of the logic. This, in turn, implies that some sentences are neither true nor false.
For instance, Vz3(y/{x}). x = y is undetermined as Eloise cannot copy the value of z when choosing for y
and Abelard cannot guess the future value of y when choosing for x.

The situation described above is also reflected in Hodges’ separate use of trumps and co-trumps in the
compositional semantics he proposed for IF. His idea of using sets of assignments allows for mimicking the
uniformity constraints on the strategies in a compositional way. Essentially, a trump records all the states,
represented here as assignments, the game could be in, depending on the possible choices made by Abelard
and the corresponding responses by Eloise. These assignments correspond, intuitively, to the (partial) plays
compatible with the strategy followed by Eloise when evaluating the formula. A trump can, then, encode
the uncertainty that Eloise has about the actual current state of the play, in that assignments that only
differ for the variables in W are indistinguishable to Eloise when she has to choose the value of a variable
x that is independent of the variables in W. This allows Eloise to make her choice in each such state in a
uniform way and adhere to the constraints on her variables when trying to prove the truth of the formula.
Analogously, a co-trump encodes the states induced by the possible choices of Eloise and allows Abelard to
behave uniformly when he wants to falsify the formula.

In this work we investigate a conservative extension of IF, called Alternating Dependence/Independence
Friendly Logic (ADIF), tailored to take the restrictions of the two players into account at the same time,
namely both when evaluating truth and when evaluating falsity, and to overcome the indeterminacy of
the logic. To this end, we generalise trumps/teams in such a way that the choices of both players are
recorded in the semantic structure w.r.t. which formulae are evaluated, enabling both of them to make their
choices in accordance with the uniformity constraints required by the independence restrictions specified in
the quantifiers. This approach leads to the notion of hyperteam, defined as a set of teams, which provides
a two-level structure, where each level is intuitively associated with one of the two players and encodes
the uncertainty that the opponent has about the actual choices up to that stage of the play. From another
perspective, the structure can be viewed as encoding all the possible plays in the underlying game, comprising
the choices of one player as well as the possible responses of the opponent. With all this information at hand,
then, we can easily obtain the plays of the dual game, namely the one in which the two players exchange
their roles. The change of roles between the players, in turn, precisely corresponds to the game-theoretic
interpretation of negation. This allows us to include negation to the logic in a very natural way and, at the
same time, recover the law of the excluded middle, which is lost in IF, by avoiding undetermined sentences,
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and have a fully symmetric treatment of the independence constraints on the universal and existential
quantifiers. This form of logical symmetry, where the constraints on both players are taken into account
at the same time, allows ADIF to simulate arbitrary alternation of second-order quantifiers by means of
restricted first-order ones and reach the full expressive power of SOL and, obviously, of TL. This allows, in
turn, to directly compare uniform strategies of the players and define within the logic properties such as
indeterminacy and the presence of signalling phenomena.

We also provide a novel game-theoretic semantics for the prenex fragment of the logic, by means of a
determined infinite-duration game with a parity-like winning condition, that we call independence game.
For any ADIF-sentence ¢ and finite relational structure 2, we can build an independence game Dg such
that Eloise has a winning strategy iff ¢ is true in 1. As a byproduct, given that there exists a translation
of TL into ADIF, independence games indirectly provide a game-theoretic interpretation for TL.

2. Alternating Dependence/Independence-Friendly Logic

Alternating Dependence/Independence-Friendly Logic (ADIF, for short) is defined as an extension of FOL.
Therefore, throughout the work we shall assume, as it is customary, a countably infinite set of variables
Vr and a generic signature £ 2 (R, ar) comprised of a set R of relation symbols, including the interpreted
relation ‘=’ for equality, and a function ar: R — N providing the arity of each relation in R. We also fix,
if not stated otherwise, an L-structure A £ (A, {R¥*} ger ), with domain of the discourse A, interpretation
R*C A*(B) of each relation R € R, and size || £ |A].

2.1. Syntax

In the same vein as IF, ADIF augments FOL with restricted quantifiers, where restrictions specify possible
dependence/independence constraints. Basically, these restrictions allow for formulae of the form F+Wz.
and 3-Wzx.p, whose intuitive reading is best understood in game-theoretic terms, where the existential
quantifiers are controlled by player Eloise (the verifier), while universal quantifiers are controlled by player
Abelard (the falsifier). Then, the intended meaning of 3+Wx. ¢ (resp., 3-Wz. ) is that Eloise has to choose
a value for z, solely depending on (resp., independently of) the values of the variables in W, that makes ¢
true. Similarly, V+Wz. ¢ (resp., V-Wz. @) means that Abelard has to be able to choose, solely depending on
(resp., independently of) the variables in W, a value for = that allows him to prove the argument ¢ false.
In other words, the decoration =W specifies what information is available to the player associated with the
logic quantifier when she or he has to make the choice. In case of +W, only the variables in that set are
available, when —W is present, instead, only the variables outside the set, i.e., in the complement Vr\ W,
are visible.

Definition 1 (ADIF Syntaz). The Alternating Dependence/Independence-Friendly Logic (ADIF, for short)
is the set of formulae built according to the following grammar, where R € R, & € Vra'(R), x € Vr, and

W C Vr with |W|<w:
=L |TIR@E) | ~eleNeleVe|F*Ve.o|vEVT. @

ADF (resp., AIF) denotes the fragment were only dependence (+W) (resp., independence (-W)) constructs
are permitted.

Predicative logics usually rely on a notion of free placeholder to correctly define the meaning of a formula
and ADIF is no exception. In ADIF, however, we distinguish between support and free variables. Specifically,
support variables are the ones occurring in some atom R(Z) that needs to be assigned a value in order
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to evaluate the truth of the formula. The free variables, instead, also include those occurring in some
dependence/independence constraint. By sup: ADIF — 2V* we denote the function collecting all support
variables sup(yp) of a formula ¢, defined as follows:

e sup(L),sup(T )é 0; o sup(R(E)) = &; e sup(— ) = sup();
e sup(p1® pa) = sup(p1) Usup(ypz), for all connective symbols ® € {A, V};
o sup(Q+Wr. ) £ sup(p) \ {}, for all quantifier symbols Q € {3,V}.

The free-variable function free: ADIF — 2V' is defined similarly, except for the quantifier case, which is
reported in the following:

o free(Q*War. p) £ (free(p) \ {z}) U [£W], if = € free(p), and free(Q*Wx. ) = free(y), otherwise, for all
quantifier symbols Q € {3,V}, with [+W] denoting the set W, for the symbol ‘4, and its complement
Vr \ W, for the symbol ‘—".

Obviously, it holds that sup(y) C free(¢). A sentence o is a formula with free(p) = (. If sup(p) = @, but
free(p) # 0, then ¢ is just a pseudo sentence. As an example, p = 0. 310y, (z = y) is a sentence, while
¢ = vtz 3ty (x = y) is a pseudo sentence, since sup(¢’) = @, but free(¢’) = {z}. Another example of
pseudo sentence is ¢ = Y0z 377y, (z = y). In general, every formula with empty support and containing a
quantifier of the form Q-W. v is clearly a pseudo sentence. We also define 3. p23+Wz. p and ¥ z. 9 2¥+W . 0,
where W2sup(¢)\ {z}. From now on, by FOL we mean the syntactic fragment of ADIF composed of formulae
that only use the last two quantifiers. For such formulae, it holds that sup(¢) = free(y). As we shall show in
Section 3, this fragment semantically corresponds to classic FOL as defined by Tarski [38]. Similarly, we shall
later identify a richer fragment of ADIF that semantically corresponds to IF as formalised by Hodges [20].

Before giving the formal definition of the compositional semantics, it is worth providing just few examples
of properties expressible in ADIF. In discussing these examples, then, we shall rely on the informal game-
theoretic interpretation of the quantifiers given above.

Let us picture a two-turn game where Player 1, who chooses first, controls the variable x and Player 2,
who chooses second, controls y. Let ©(x,y) be the goal of Player 2 and consider the following two ADF
sentences:

¢1:=Vz. I Y. ¥(z,y); @2 = VY. (2, y).

Sentence 1, whenever true, requires Player 2, in this case FEloise, to be able to respond to every choice for
x made by Player 1, in this case Abelard, so that goal ¥(z,y) is always satisfied. This corresponds to the
existence of a winning strategy for Eloise, namely a strategy that wins every induced play in the game, for
the objective ¥(x,y). On the contrary, with inverted roles, the truth of @5 ensures that there is a choice of
Eloise such that, no matter what Abelard chooses, ¥ (x,y) cannot be achieved. This means that Abelard
cannot have a winning strategy for ¥ (z,y). If o is false, instead, it is Abelard who has a winning strategy
for ¥ (x,y), while the falsity of ¢ ensures the existence of a choice of Abelard such that, no matter what
Eloise chooses, 1(x,y) cannot be achieved. Note that both sentences belong to the FOL fragment introduced
above and their semantics also corresponds to the Tarskian one. However, the ADF sentences

es:=va. 30y P(z,y);  ea=3o. vy 2(x,y)

add imperfect information to the picture and have no FoL analogue. Sentence (3 still postulates the existence
of a winning strategy for Eloise, but this time also requires that, when making the choice for y, the player
has no access to any information and, in particular, to the value chosen for z by the opponent. We call
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such a strategy @-uniform. Similarly, 4, when true, witnesses the non-existence of such a @-uniform winning
strategy for Abelard. The ADIF pseudo sentences

@5 =V x. 37"y Y (z,y); @6 =32V "y. = P(a,y)

have a very similar meaning to @3 and 4, respectively, with the exception that y, while still required to be
independent of x, may now depend on any variable different from x. Indeed, free(ys) = free(pg) = Vr \ z,
hence, in principle, y can depend on any of these free variables. As a general rule, a quantifier Q-W. v
occurring inside a formula ¢ allows v to depend on any free variable of ¢ that is not in the set W.

Consider now a three-turn game, extending the previous one, where, after the move of Player 2, Player 1
chooses the value for another variable under its control, let us call this z. The ADF sentence

@7 = Ja. vy 372, (V1(z,y) Na(y, 2))

is a bit more involved. First of all, it states that Player 2, i.e., Abelard, cannot see the choice made for .
In addition, while Player 1, i.e., Eloise, is not aware of y, she has access to the value previously chosen for
x by herself. The sentence, whenever true, ensures the existence of a choice by Eloise which ensures that
Abelard cannot prevent 1 (x,y) from happening, no matter what he chooses. Moreover, Eloise can respond
to any of these latter choices for y and win objective ¥ (y, z) by only looking at the value of z. This means
that Abelard is not able to prevent ¥ (x,y) and, at the same time, Eloise has an z-uniform strategy to win

¢2 (yv Z) .
2.2. Semantics

The semantics we define for ADIF follows an approach similar to [20], where a compositional semantics for
IF was first proposed. Hodges’ idea was to expand an assignment for the free variables to a set of assignments,
a trump in his terminology (a.k.a. team [40]), with the intuition of capturing Eloise’s uncertainty on the
actual state of the semantic game underlying the logic [18]. This is obtained by first recording in the
assignments the possible choices made by the opponent, i.e., Abelard, for its own variables and, then,
by using the (possible) restrictions on Eloise’s variables to extract an indistinguishability relation among
assignments that encodes her uncertainty on the actual situation. Clearly, if no restrictions are present,
the player can distinguish each assignment and, therefore, has perfect information on the play. Hodges’
semantics, though able to correctly capture IF, is, however, not adequate for our purposes. Indeed, by
design, it is intrinsically asymmetric, treating the two players differently. More specifically, a single set of
assignments only provides complete information about the choices of one of the two players (i.e., Abelard
in trumps and Eloise in co-trumps) and only allows to restrict the choices of the adversary. This is also
connected with the lack of classic properties of negation, specifically the law of excluded middle.

We propose here a generalisation of Hodges’ approach that allows us to incorporate negation into ADIF
in a natural way and obtain a fully determined logic. The semantics is also inspired by a previous work
providing a novel semantics for Quantified Propositional Temporal Logic [1] to capture game-theoretic
properties, though in a perfect information setting. To interpret an ADIF formula ¢, we then proceed as
follows. Similarly to Hodges, the idea is that the interpretations of the free variables correspond to the
choices that the two players could make up to the current stage of the game, i.e., the stage where the
formula ¢ has to be evaluated. These possible choices are organised in a two-level structure, i.e., a set of
sets of assignments, each level summarising the information about the choices a player may have made in
previous turns. In order to evaluate the formula ¢, then, a player chooses a set of assignments, while its
opponent chooses one assignment in that set where ¢ must hold. We shall use a flag o € {3V, V3}, called
alternation flag, to keep track of which player is assigned to which level of choice. If a = 3V, Eloise chooses
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X]] X‘Z]

X1 X3 X5 : X2 X4 | v X2 X4

Xi12

X6 X7 X8 | X2 X4 rd E |y X6 X9

Xi13

X7 X10 | X6 X9 4 X6 X9 X11

Fig. 1. Two hyperteams with X; C X5, but X5 IZ X;.

the set of assignments, while Abelard chooses one of those assignments; if & = V3, the dual reasoning applies.
In a sense, the level associated with a given player, say Eloise, encodes the uncertainty that the opponent
Abelard has about her actual choices up to that stage.

Given a flag o € {3V,¥3}, we denote by @ the dual flag, i.e., @ € {3V,V3} with @ # a. Let Asg 2
Vr— A be the set of (partial) assignments over Vr, namely partial functions from variables to values in
the structure domain A. Given a set of variables V C Vr, we denote by Asg(V) £ {x € Asg|dom(x) = V}
the assignments defined on V and by Asgc(V) £ {x € Asg|V C dom(x)} the set of assignments defined
on some superset of V. A team (of assign;nents) is a set of assignments all defined on the same set of
variables. Formally, TAsg = {X C Asg(V)|V C Vr} collects all possible teams over some subset V of Vr,
TAsg(V) £ {X € TAsg| X C Asg(V)} contains those over V and TAsg (V) £ {X € TAsg | X C Asgc(V)}
the teams defined on supersets of V. The idea described above is, then, captured by the notion of hyperteam
(of assignments), namely a set of teams defined over some arbitrary set V C Vr:

HAsg £ {X C TAsg(V)|V C Vr}.

By HAsg(V) £ {X € HAsg|X C TAsg(V)} we denote the set of hyperteams over V, while HAsg (V) =
{3€ € HAsg ’ X C TAsgc (V)} contains the hyperteams defined on supersets of V. All the assignment; inside
a team X € TAsg or hyperteam X € HAsg are defined on the same variables, whose sets are indicated
by vr(X) and vr(X), respectively. We shall call the empty set of teams () the empty hyperteam, every set
containing the empty team, e.g., {0}, a null hyperteam, and the set {{@}} containing a single team comprised
only of the empty assignment the trivial hyperteam. Essentially, the trivial hyperteam encodes the situation
in which none of the players has made any choice yet and, hence, contains the minimal “consistent” state
of a game. In this sense, then, null and empty hyperteams do not convey any meaningful information about
the possible state of a game and are included here mainly for technical reasons, as they allow for a cleaner
formal definition of the semantics. For this reason, we shall refer to every hyperteam which is neither the
empty hyperteam nor a null hyperteam with the term proper hyperteam.

For any pair of hyperteams X1, X5 € HAsg, we write X; C X5 to state that, for all teams X; € X7, there
exists a team Xy € X9 such that Xo C Xy (observe that the inclusion of the teams is the reversed of the
square inclusion of the hyperteams). As usual, ¥; = X5 denotes the fact that both X; C X5 and Xo C X3
hold true. Obviously, ¥; C X5 implies X1 C X5, which, in turn, implies vr(%1) = vr(Xs3). It is clear that
the relation C is both reflexive and transitive, hence it is a preorder; as an immediate consequence, = is an
equivalence relation. In particular, we shall show (see Corollary 1 later in this section) that = captures the
intuitive notion of equivalence between hyperteams, in the sense that two equivalent hyperteams w.r.t. =
do satisfy the same ADIF formulae. Fig. 1 provides a graphical representation of the preorder relation C.

Example 1. In Fig. 1, the hyperteam X; is C-included in the hyperteam X5, since, for each team X in X,
there is a team in X5 that is set-included in X. For instance, the team X;; of X; contains the assignments
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X1, X2, X3, X4, and x5, so, it includes the team X5; of X5 composed of x3 and y4. Note that not all teams
in X9 are included in a team in X; and different teams of X; can choose the same team of X5 to include.

Since we are dealing with imperfect information, we need a way to define a notion of indistinguishability
relative to dependence constraints, intuitively, those specified in quantifiers. Given a hyperteam X € HAsg
and a set of variables W C Vr, we define X [y = {X]\ | X € X} and X[\ = {XIw | x € X}, where X[y is the
restriction of the assignment y to the domain dom(y) N W. We can, then, compare hyperteams relative to
W by writing X; =w X3 for X = Xo|w, meaning that the two hyperteams are indistinguishable when
only variables in W are considered. Similarly, X; =w X2 stands for X[y = X and means that they are
equivalent on W, while X; Ty X5 abbreviates X[y T Xofy and relativises the ordering to a dependence
constraint. Obviously, X1 =w X2, X1 =w X2, and X; Ty X2 imply X1 =w' X2, X1 =w X2, and X1 Gy Xo,
respectively, for all W C W.

Example 2. In Fig. 1, X5 is not C-included in X;, as none of the teams of X5 includes a team of X;. Now,
assume the existence of a set of variables W that makes {x1, X3, X4, X5, X6, X7> X10 Hw collapse to {x1 Hw-
Then, we have:

Xalw Xilw
Xoilw = {xilw: x2lw} Xulw = {xalw, xalw}
Xoolw = {x1lw> Xolw} Xialw = {x1lw> Xolw» xslw }
Xoslw = {x1lw, Xolws x1ilw} | Xuslw = {xalw> xolw}

Now, team X1l is included in X1y and team Xislvw is included in both Xaofyw and Xoglvw. Therefore,
X2 Cw X1 and, so, X1 =w Xo, since X; C X,.

The alternating semantics is given by means of a satisfaction relation between a hyperteam X and a
formula ¢, w.r.t. a given interpretation of the players in X, that is w.r.t. an alternation flag o € {3V, v3}.
As a consequence, we shall introduce two satisfaction relations, |:3v and h\ﬂ, one for each interpretation
of players in the hyperteam. The intuition is that, when the alternation flag « is 3V, then a team is chosen
existentially by Eloise and all its assignments, chosen universally by Abelard, must satisfy ¢. Conversely,
when « is V3, then all teams, chosen universally by Abelard, must contain at least one assignment, chosen
existentially by Eloise, that satisfies ¢.

The definition of the semantics relies on three basic operations on hyperteams: the dualisation swaps the
role of the two players in a hyperteam, allowing for connecting the two satisfaction relations and a symmetric
treatment of quantifiers later on; the extension directly handles quantifications; finally, the partition deals
with disjunction and conjunction.

Let us consider the dualisation operator first. Given a hyperteam X, the dual hyperteam X exchanges the
role of the two players w.r.t. X. This means that, if Eloise is the player choosing the team in X and Abelard
the one choosing the assignment in the team, it will be Abelard who chooses the team in X and Eloise
the one who chooses the assignment. To ensure that the semantics of the underlying game is not altered
when exchanging the order of choice for the two players, we need to reshuffle the assignments in X so as to
simulate the original dependencies between the choices. To this end, for a hyperteam X, we introduce the
set

Che(X) 2 {b: X — Asg|VX € X.0(X) € X}

of choice functions, whose definition implicitly assumes the axiom of choice, whenever the structure domain
A is uncountable. Set Chc(X) contains all the functions b that, for every team X in X, pick a specific
assignment 9(X) in that set. Each such function simulates a possible choice of the second player of X
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depending on the choice of (the team chosen by) the first player. The dual hyperteam X, then, collects the
images of the choice functions in Chc(X¥). We, thus, obtain a hyperteam in which the choice order of the
two players is inverted:

X 2 {img(v) |b € Che(X)}.

It is immediate to check that the only hyperteams equivalent to the empty or null ones are themselves
and they are also dual of one another. Therefore, the class of proper hyperteams is closed under dualisation.
In addition, the trivial hyperteam is self-dual.

Proposition 1. 1) X = 0 iff X = 0 iff X = {0}; 2) X = {0} iff 0 X iff X = (. Moreover, 3) {o}} = {2}}.
Finally, 4) % is proper iff X is proper as well.

Example 3. Consider the following two dual hyperteams

Xa = {x12; x21, X3},
’ {Xg} {X12,X227X3}

X = fan. ol (00)
x= { X; - %Ziﬁ } and X = |ng22§ bas ez b 4
(bs) =

where the teams of X are X; = {x11, x12}, X2 = {X21, x22}, and X3 = {x3}. Every team in X is obtained as
the image of one of the four choice functions b; € Che(X), each choosing exactly one assignment from X,
one from X5, and the unique one from Xj. Intuitively, in X the strategy of the first player, say Eloise, can
only choose the colour of the final assignments (either red for X;, blue for Xs, or green for X3), while the
one for Abelard decides which assignment of each colour will be picked. After dualisation, the two players
exchange the order in which they choose. Therefore, Abelard, starting first in X, will select one of the four
choice functions, which picks an assignment for each colour. Eloise, choosing second, by using her strategy
that selects the colour will give the final assignment. In other words, the original strategies of the players
encoded in the hyperteam, as well as their dependencies, are preserved, regardless of the swap of their role
in the dual hyperteam. The example also shows that, as we shall prove shortly (see Theorem 2 later in this
section), if we dualise a hyperteam X and, at the same time, swap the original interpretation o € {3V, V3}
of the player to @, we obtain that the pair (X, @) gives an equivalent representation of the information
contained in the original pair (X, «).

Dualisation enjoys an involution property similar to the classic Boolean negation: by applying the dualisa-
tion twice, we obtain a hyperteam equivalent to the original one. This confirms that the operation preserves
the entire information encoded in the hyperteams.

Lemma 1 (Dualisation I). For all hyperteams X € HAsg, it holds that X =w ?, for all W C Vr. In addition,
X C X, if X is proper.

The proof of this lemma, together with those of all the non-trivial results in the main paper, can be
found in appendix.

Observe the clear analogy between the structure of hyperteams with alternation flag 3V (resp., V3) and
the structure of DNF (resp., CNF) Boolean formulae, where the dualisation swaps between two equivalent
forms. The following lemma formally states that this operation swaps the role of the two players, while still
preserving the original dependencies among their choices.

Lemma 2 (Dualisation II). The following equivalences hold true, for all hyperteams X € HAsg and properties
U C Asg.
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1) Statements 1a and 1b are equivalent:

a) there exists a team X € X (resp., X € X) such that X C ¥;
b) for all teams X' € X (resp., X' € X), it holds that X' 0¥ # ().

2) Statements 2a and 2b are equivalent:

a) there exists a team X € X such that XNV # (;
b) there exists a team X' € X such that X' N'W # (.

3) Statements 3a and 3b are equivalent:

a) for all teams X € X, it holds that X C ¥;
b) for all teams X' € X, it holds that X' C W.

Item 1 provides the semantic meaning of the operation, stating that if there exists a team in X all of
whose assignments satisfy some property ¥, then each team in X has an assignment satisfying the property,
and wvice versa. This directly connects the two interpretations of hyperteams, V3 and 3V. Item 2 establishes
that no assignment is lost from the original teams in X, while Item 3 asserts that no new assignments are
added to X. It could be proved that any two operators that satisfies the three conditions in the lemma will
produce equivalent hyperteams, in the sense of =w, when applied to the same hyperteam.

Quantifications are taken care of by the extension operator. Let Fnc2 Asg — A be the set of functions that
map assignments to a value in the domain A of the structure 2. Essentially, these objects play the role of
the Skolem functions in Skolem semantics or, equivalently, of the strategies in game-theoretic semantics. To
account for possible imperfect information, we need to ensure that these functions choose values uniformly
on indistinguishable assignments. This constraint is captured by restricting the functions so that they must
choose the same value for assignments that are indistinguishable w.r.t. some given set of variables W.
Formally:

Fncw = {F € Fnc|Vx € Asg. F(x) = F(xlw)}-

Clearly, Fnc = Fncpyyy) = Fncp_gp. The extension of an assignment x € Asg by a function F € Fnc for a
variable = € Vr is defined as ext(x, F, ) = x[z — F(x)], which extends y with = by assigning to it the value
F(x) prescribed by the function F. The extension operation can then be lifted to teams X € TAsg in the
obvious way, i.c., by setting ext(X,F,z) £ {ext(x,F,z)|x € X}. This operation embeds into X the entire
player strategy encoded by F. Finally, the extension of a hyperteam X € HAsg with z is simply the set of
extensions with x of all its teams by all possible functions:

extw (X, 7) £ {ext(X,F,z)| X € X,F € Fncw} .

The extension operation essentially embeds into X all possible (W-uniform) strategies for choosing the value
of x, each one encoded by a function F in Fncy.

Example 4. Let X = {X;={x1, x2}, Xa={x1, x3}} be a hyperteam. To extend @-uniformly ¥ with variable
x over the structure domain A = {0, 1}, one needs to extend each team in X with the two @-uniform (i.e.,
constant) functions Fo(x) = 0 and F1(x) = 1:
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ext(X1, Fo,z) = {x1[x — 0], x2[z — 0]}

) ext(Xy, Fr,z) = {xa[r = 1], xo[z = 1]}

exty (X, ) = ext(Xa, Fo, z) = {x1[z — 0], x3[z — 0]}
ext(Xa, F1,7) = {xalz — 1], x3[z = 1]}

Conjunctions and disjunctions are dealt with by means of the partition operator. We provide here the
intuition for disjunction, the dual reasoning applies to conjunction. Assume that the two players of X, defined
over the variables {z,y}, are interpreted according to the alternation flag ¥3: Abelard chooses the team and
Eloise chooses the assignment in the team. In our setting, then, in order to satisfy, e.g., (x =0) V (z = 1),
Eloise has to show that, for each team X € X chosen by Abelard, she has a way to select one of the disjuncts
x =i, with ¢ € {0,1}, so that the given team has an assignment satisfying the disjunct. To capture Eloise’s
choice on which disjunct to choose based on the team given by Abelard, we define, for a hyperteam X, the
following set

par(%) £ {(:{17%2) € 2% x 2% |f1 NXy=0AXUXy = f},

which collects all the possible bipartitions of X. Intuitively, the hyperteam X; will be used to satisfy x = 0,
while X5 will be used for = 1. Basically, par(X) contains all the possible strategies by means of which
FEloise can try to satisfy the two disjuncts. Then, we say that Eloise satisfies the disjunction if there is a
pair (X1, X%) (hence, a hyperteam-partition strategy) in that set such that X/ satisfies the left disjunct and
% satisfies the right one.

The compositional semantics of ADIF can be, then, defined as follows, where #* denotes the tuple of
elements of the underlying structure 2l obtained by applying the assignment x to the tuple of variables &
component-wise.

Definition 2 (ADIF Semantics). The Hodges’ alternating semantic relation A, X =" ¢ for ADIF is induc-

tively defined as follows, for all ADIF formulae ¢, hyperteams X € HAsgc(sup(y)), and alternation flags
a € {3v,v3):

Da)WXEYLifpeXx;b) A, X E"Lif X =0
2) a) WXETTIHOE X b)AXE"Tif X #£0;
3) a) A X |:3v R(Z) if there exists a team X € X such that, for all assignments y € X, it holds that
#Xe R*
b) A, X =72 R(&) if, for all teams X € X, there exists an assignment y € X such that #¥e R%

4) A X =Y if A X K ¢,
5) a) A, X lzav ¢1 A @9 if, for all bipartitions (X1, X2) € par(X), it holds that 2, X; |:Hv @1 or A X lzav ¢o;
b) A, X =701 Ado if A X ET d1 Ao
6) a)

)

53

) a) WXET ¢ Vs if WX E" ¢y Vo
b) 2, X |:va ¢1V @2 if there exists a bipartition (X1, X2) € par(X) such that A, X, ':va ¢1 and A, X, ':\13
$2;
) A X IEVa. ¢ if A extprwy (X, 2) 7 6
b) A X =TIV ¢ if AKX =77 FEV .
) a) AX T vEVE ¢ if AKX T vEV L. b
b) A, X =T vEve ¢ if A, extpiwy (X, 2) 77 ¢

5

7)
8

Items 1 and 2 take care of the Boolean constants, requiring, e.g., T to be satisfied by all hyperteams,
except for the empty one, under the 3V interpretation, and the null one, under V3. A dual reasoning applies
to L. The other base case for atomic formulae, Item 3, is trivial and follows the interpretation of the
alternation flag. Negation, in accordance with the classic game-theoretic interpretation, is dealt with by
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Item 4 by exchanging the interpretation of the players of the hyperteam. The semantics of the remaining
Boolean connectives (Items 5 and 6) and quantifiers (Items 7 and 8) is a direct application of the partition
and extension operators previously defined. Observe that swapping between ):EIV and ):va (Items 5b, 6a, 7b
and 8a) is done according to Lemma 2 and represents the fundamental point where our approach departs
from Hodges’ semantics [20,21].

Remark 1. An alternative option for the semantics of Boolean connectives is to use coverings instead of
partitions, i.e., pairs of hyperteams (X1, X2) such that X; U Xy = X. However, from a covering (%1, Xs2),
one can extract the partition (X1,Xs \ X1), where X2 \ X; C X5. Then, an application of Theorem 1 below
would allow to immediately conclude on the equivalence of the two semantics.

For every ADIF formula ¢ and alternation flag o € {3V,V3}, we say that ¢ is a-satisfiable in 2, in
symbols 2 =% ¢, if there exists a proper hyperteam X € HAsg(sup(¢)) such that 2, X = . As already
mentioned before, here we are not considering the empty and null hyperteams as potential hyperteams,
since these do not convey meaningful information. We simply say that ¢ is a-satisfiable iff it is a-satisfiable
in some structure A. Also, ¢ a-implies (resp., is a-equivalent to) an ADIF formula ¢ in 2, in symbols
© =% ¢ (resp., p =5 @), whenever 2, X =" ¢ implies A, X =" ¢ (resp., A, X E" ¢ iff A, X E” ¢), for all
X € HAsgc (sup(¢) Usup(e)). If the implication (resp., equivalence) holds for all structures 2, we just state
that ¢ a-implies (resp., is a-equivalent to) ¢, in symbols ¢ =*¢ (resp., ¢ = ¢). Finally, we say that ¢ is
satisfiable if it is both IV- and V3-satisfiable, and ¢ implies (resp., is equivalent to) ¢, in symbols ¢ = ¢
(resp., o = ¢), if both p =77 ¢ and ¢ =3 ¢ (resp., ¢ =" ¢ and ¢ =" ¢) hold true. These notions of
satisfiable formulae and of implication are justified by Theorem 2 that make 3V- and V3-satisfiable collapse
to simply satisfiable and 3V- and V3-implication to just implication.

2.3. Examples

To familiarise with the proposed compositional semantics of ADIF, we now present few examples of
evaluation of formulae via a step by step unravelling of all the semantic rules involved.

Example 5. Consider the sentence oy = 3. 0. = 1)(x,y) from above, where we instantiate 1) (x,y) as
(z = y). We evaluate ¢, in the binary structure 2 = ({0,1},=") against the trivial hyperteam {{@}}.
The alternation flag is of no consequence, since {{@}} is self-dual (see Proposition 1), hence, we can choose
o = 3V, without loss of generality. We want to check whether 2, {{@}} 7" ¢4. The semantic rule for the
existential quantifier 3« requires to compute the extension exty({{@}}, x) of {{@}}. This results in

Aol =3 vy (@ =y) iff UXET vy o(z=y),

where ¥ = {{z:0}, {z:1}}. The rule for the universal quantifier V% requires to dualise the hyperteam and
switch the flag to V3. Since every team of X is a singleton, there is only one possible choice function, thus,
the result is

WX ETY Iy —(z=y) iff AXETVy (e =y),

where X = {{x:0,2:1}}. Now the quantifier ¥*% and the alternation flag V3 are coherent, and we extend
the hyperteam to obtain exty (?, y), where only constant functions can be used for the extensions, since y
cannot depend on x. The result is, then,

WX EYy oz =y) iff Aexty(X,y) E ~(x=y),
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y:0"y:0 y:1y:1
in addition, requires the hyperteam exty (?, y) not to satisfy the atom (2 = y) under 3V. This means that

— : 1 : 1
where exty(X,y) = {{x 0@ },{x 0 @ }} The rule for the negation operation — dualises the flag and,

every team in exty (?, y) must contain an assignment that falsifies the atom. But this is indeed the case,
since every team has an assignment x such that x(z) # x(y). Hence, @, evaluates to true in 2 against
{{@}}. Observe that, on the contrary, the sentence @3 = V.3 . ¢ (x,y) from above evaluates to false in
A against {{@}}, being equivalent to the negation of ¢4. Indeed, in this case, following the semantic rules
for the quantifiers, we would still end up with the same hyperteam exty(X,y) against which we need to
evaluate the matrix x = y. However, this time the alternation flag would be 3V and, as we already noted
above, every team in exty (%, y) contains one assignment falsifying z = y.

We anticipate here a game-theoretic intuition of truth and falsity in ADIF on the simpler case of sentences
in prenex normal form and with a single alternation of quantifiers. The interpretation of such sentences can
be viewed as a challenge-response game, where the player associated with the first type of quantifier in the
prefix is the challenger and the other one the responder. The idea is that for the responder to win the game,
she/he must win the matrix (either satisfy it if she is the existential player or falsify it if he is the universal
one) while adhering to some uniform strategy, i.e., a strategy compatible with the (in)dependence constraints
on her /his variables. If she/he cannot, the challenger wins. In a sense, this satisfaction game places on the
responder the burden of proof that she/he is able to successfully play according to the constraints and win
the matrix. When the challenger wins the challenge-response game, then the formula is considered true if
she is the existential player, and false if he is the universal one. This is why, for instance, the two sentences
of Example 5, namely ¢4 and @3, are true and false, respectively. Indeed, in 4 the responder is the universal
player controlling variable y. Since y cannot depend on anything, it must be chosen uniformly regardless
of the value of x. Clearly, that player does not have a uniform strategy that falsifies the matrix —(z = y),
which makes the sentence won by the existential player and, therefore, true. By a similar reasoning, the
responder in (3 is the existential player controlling y and cannot access the value of x. Hence, that player
does not have a uniform strategy to satisfy the matrix (z = y) either. Therefore, the universal player, who
is the challenger, wins the sentence, which makes it false.

Observe that the requirements for truth and falsity in ADIF are much weaker than the ones in IF, where
a sentence is true (resp., false) if the existential (resp., universal) player has a uniform strategy that wins
all the plays, i.e., regardless of the strategy, uniform or non-uniform, followed by the adversary.

For sentences in prenex normal form with more than one alternation, though, the truth and falsity
conditions in ADIF become more complicated, since the two players may act both as a challenger and as
a responder against different variables. In this case, one needs to take into consideration the uniformity
constraints of both players and who is ultimately responsible for breaking the (in)dependence constraints
to try and win the matrix. Here is also where the symmetry requirement on the players comes into play in a
more significant way, as for both truth and falsity one needs to take into account the restrictions of the two
players at the same time. We refer the reader to Section 5 for the full presentation of the game-theoretic
semantics of ADIF, in which the intuitions discussed above are made precise.

Example 6. Consider the pseudo sentence ¢ = J .V *y. 71 (z,y) from above, where again we instantiate
¥(z,y) as (x = y). The exact same reasoning followed in Example 5 shows that ¢g is true in 2 against
the trivial hyperteam {{@}}. Consequently, the pseudo sentence @5 = V.3 %y.1(x,y) is false in A against
{{@}}, being equivalent to the negation of pg. These two pseudo sentences, however, are not equivalent to the
sentences @4 and 3, respectively. To see this, let us evaluate @5 in 2 against the hyperteam X = {{2:0,z:1}}
w.r.t. the alternation flag o = V3. Note that z € free(ps) = [—z] = Vr \ {z}. The semantic rule for Vx
requires to compute the extension exty(X, z) of X. This results in
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A X"V Iy (v =y) iff Uexty(X,2) "Iy (z=1y),

z:0°2:0 z:1z:1
switch the flag to 3V. Since both teams in exty(X, x) contain two assignments, there are four choice functions

: 01 : 1
where exty(X,z) = {{Z 0z },{Z 0z }} The rule for 37"y requires to dualise the hyperteam and

in total, leading to

A exty(X,2) =237y (z = y) iff W exte(X, ) =2 37y, (z = y), where
X = Xy = X3 = X, =

exty(X,x) = z:0 z:0|, ) 2:0 z:1(, ) 2:1 2:0|, ) 2:1 2:1
z:0'x:1 z:0'x:1 z:0'x:1 x:0'z:1

The extension X 2 extyr\ (ext@(%,x),y) = ext(. (ext@(%7 x),y) with the four functions that can only
depend on z, happens to contains 12 teams and cannot be displayed here. However, it should be easy to
check that among these teams one can find X £ ext(Xz, F,y) = {x1, x2}, where x1(2) = x1(z) = x1(y) = 0,
x2(2) = x2(2) = x2(y) = 1, and F(x) = x(z). Now, the final step requires checking whether 2, X =" (z = y).
Since every assignment in X satisfies (z = y), the pseudo sentence is proved true in 2 against X w.r.t. the
alternation flag o = 3V. As an immediate consequence, ¢g evaluates to false in 2 against X. Instead, it is
possible to show that the evaluations of 3 and ¢4 remain unchanged on X, i.e., they are again false and
true, respectively, due to the fact that they are sentences (this is a direct consequence of Corollary 1, proved
later on).

The above example should clarify the reasoning behind the choice of the name pseudo sentences, for those
formulae ¢ with sup(p) = 0, but free(p) # 0. As for sentences, a pseudo sentence can be verified against an
arbitrary hyperteam; however, similarly to formulae, its truth may depend on the specific hyperteam.

Example 7. Consider the sentence o7 = Jx. v 9. 32, (41 (z,y) Ah2(y, 2)) from above, where we instantiate
P1(z,y) as (x = y) and Pa(y, 2) as (y = z). We evaluate this sentence in the same structure 2l of the previous
examples and the trivial hyperteam {{@}}. Observe also that ¢; shares most of the quantifier prefix of
sentence ¢, in Example 5. As a consequence, by applying the same steps as before, we end up with the
following equivalence:

2L, {{@}} ':EIV P7 Zﬁ mveXtﬂ (ia y) ):VH 3+Iz' (1’ = y) A (y = Z)7

— : 1 : 1
where exty (Z{, y) = {{587 ;O},{Z?, ay: ] }} Applying the rule for 3%z requires dualisation first, leading

to

A {2} I:EW w7 iff A, exty (?, y) ':av 32 (z = y) A (y = 2), where
Xl == X2 = X3 = X4 =

ext@(g,y): z:02z:0|, Jz:0x:1|, Jz:1 z:0|, [z:1 x:1
y:0'y:1 y:0'y:1 y:0'y:1 y:0'y:1

The extension X 2 exti,} (ext@ (%, y) , z) can only use functions that depend on x alone and there are four of

them. Similarly to the previous example, the hyperteam X ends up containing 12 teams. Among these teams
one can find X £ ext(Xz, F, z) = {x1, x2}, where x1(z) = x1(y) = x1(2) = 0, x2(z) = x2(y) = x2(2) = 1,
and F(x) = x(x). Now, the final step requires checking whether 2, X ):av (x = y) A (y = 2). By the rule
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for the conjunction connective, this is true if A, X; ):av (x =y) or A, Xy ):av (y = z), for all bipartitions
(1%1,.’%2) € par(.’%). Obviously, any such partition would contain X either in %1 or in 1%2. Since every

assignment in X satisfies both (z = y) and (y = z), the sentence is proved true in 2 against {{@}}.
2.4. Fundamentals

ADIF enjoys several classic properties, such as Boolean laws and the canonical representation for formulae
in negation normal form (nnf, for short), that are usually expected to hold for a logic closed under negation.

We start with the following very basic result, characterising the truth of formulae over the null and empty
hyperteams.

Lemma 3 (Empty € Null Hyperteams). The following hold true for every ADIF formula ¢ and hyperteam
X € HAsgc (sup(p)):

1) a) A0 "0 b) A, X =" o, where ) € X;
2) a) A0 E"p; b) A XL o, where ) € X.

The preorder C on hyperteams introduced above captures the intuitive notion of satisfaction strength
w.r.t. ADIF formulae. Basically, if X; C X9, the hyperteam X; satisfies, w.r.t. the 3V (resp., V3I) semantic
relation, less (resp., more) formulae than the hyperteam X». Actually, a stronger version of this property
holds, when the C-preorder is restricted to the set of free variables of the formula. This property is trivial
for atomic formulae and can easily be proved by structural induction for the non-atomic ones.

Theorem 1 (Hyperteam Refinement). Let ¢ be an ADIF formula and X, X" € HAsgc(sup(y)) two hyperteams
with X Cpeqpy X' Then:

1) if X" ¢ then A, X =77 ¢;
2) if U X E o then A, X =7 .

As an immediate consequence, we obtain the following result.

Corollary 1 (Hyperteam Equivalence). Let ¢ be an ADIF formula and X, X" € HAsgc(sup(p)) two hyper-
teams with X =feq ) X'. Then:

AXEYp iff AX =Y.

Since, by definition, an ADIF sentence ¢ satisfies free(p) = 0, we can test its truth by just looking at
its satisfaction w.r.t. the trivial hyperteam {{@}}, as every proper hyperteam is equivalent to {{@}} on the
empty set of variables. Recall that this property is, instead, not necessarily enjoyed by a pseudo sentence,
as already observed in Example 6.

Corollary 2 (Sentence Satisfiability). Let o be an ADIF sentence. Then, ¢ is a-satisfiable iff A, {{@}} ™ ¢,
for some L-structure 2.

As mentioned in Example 3, swapping the players of a hyperteam X, i.e., switching the alternation
flag, and swapping the choices of the players, i.e., dualising X, have the same effect as far as satisfaction is
concerned. Recall in addition that, by Lemma 1, the dualisation enjoys the involution property. Consequently,
dualising both the alternation flag o and the hyperteam X preserves truth of formulae. These observations
are formalised by the following result.
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Theorem 2 (Double Dualisation). For every ADIF formula o and hyperteam X € HAsgc(sup(y)), it holds
that A, X =% 0 iff A, X =" iff A, X =" ¢.

The above property also grants that formulae satisfiability, implication, and equivalence do not depend on
the specific interpretation a of hyperteams: a positive answer for « implies the same for @. This invariance
corresponds to the intuition that the truth of a sentence, as well as the concept of logical consequence and
equivalence, do not depend on the point of view of the specific player. One can also see this as a consequence
of the symmetric treatment of Eloise and Abelard in the semantics.

Corollary 3 (Interpretation Invariance). Let ¢ and ¢ be ADIF formulae. Then, ¢ is 3V-satisfiable iff ¢ is
V3-satisfiable. Also, p =37 ¢ iff 0 =3¢ and ¢ =37 ¢ iff p =77 ¢.

Given the game-theoretic nature of hyperteams and negation, ADIF does not enjoy logical determinacy,
i.e., the property stating that a model either satisfies a formula or its negation, w.r.t. the same semantic
relation. However, it satisfies the game-theoretic determinacy stated below, which corresponds to the follow-
ing intuition: if a player cannot prove the truth of a formula, then the other player can prove the truth of
its negation.

Corollary 4 (Game-Theoretic Determinacy). Let ¢ be an ADIF formula and X € HAsgc(sup(y)) a hyper-
team. Then:

1) either A, % =% or A, X =% ~p;
2) either A, X =" or A, X =" —¢.

Since, as observed above, the truth of sentences can be tested against the trivial hyperteam {{@}},
regardless of the specific alternation flag «, the classic law of excluded middle does hold at least for all
ADIF sentences. In the following, we denote with 2 = ¢ the fact that a (pseudo) sentence ¢ is both
IV-satisfied and V3-satisfied by {{@}} in 2.

Corollary 5 (Law of Fxcluded Middle). Let ¢ be an ADIF (pseudo) sentence. Then, either 2 = ¢ or
A E —op.

Thanks to the above properties, we can establish the following elementary Boolean laws, which, in turn,
allow for a canonical representation of formulae in nnf, as stated in Corollary 6.

Theorem 3 (Boolean Laws). Let @1, w2 and ¢ be ADIF formulae. Then:

1) a) =L =T;0)-T=1;¢c)p=—-p;

2)a) pANL=1NANe=1;0) pAT=TAp=p;

3)a) pVT=TVe=T;b)pVI=1LVep=ep;

4) a) o1 A2 = pa Ap1; b) 1 Vo2 = w2 Vs

5) a) pr N2 = 91;b) 1 A Ap2) = (01 Ap) A po;

6) a) p1 = @1V 2;b) o1V (pVpa) = (01 V) V2,

7) a) o1 A2 = (=1 V p2); b) o1 Vpr = a(mp1 A —gpa);
8) a) IFWx.p = =(VEWVx. —); b) VEV L. 0 = —(FEW . ).

Corollary 6 (Negation Normal Form). Every ADIF formula is equivalent to an ADIF formula in nnf.
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Currently, we do not know whether ADIF does enjoy a prenex normal form (pnf, for short). For this
reason, in Sections 4 and 5, we shall mainly consider formulae that are already in pnf.

Open Problem 1 (ADIF Prenex Normal Form). Is every ADIF formula equivalent to an ADIF formula in
pnf?

For technical convenience, we shall now generalise the extension operator to quantifier prefixes p, whose
set is denoted by Qn. Notice that, w.l.0.g., we only consider prefixes where each variable z (i) is quantified at
most once, (ii) does not occur in the dependence/independence constraint set [+W] of its quantifier @V,
and (iii) cannot be quantified in the scope of a quantifier Q*Wy whose dependence/independence constraint
set [£W] includes « itself. With vr(p) and dep(p) we denote the set of variables quantified in p and the
union of all dependence/independence constraint sets occurring in g, respectively. Given a hyperteam %
and an alternation flag «, the operator ext, (X, p) corresponds to iteratively applying the extension operator
to X, for all quantifiers occurring in g, in that specific order. To this end, we first introduce the notion of
coherence of a quantifier symbol Q € {3,V} with an alternation flag a € {3V, V3} as follows: Q is a-coherent
if either « = 3¥ and Q = 3 or « = V3 and Q = V. Now, the application of a quantifier Q=Wz to X, denoted
by exts (X, QWx), follows the semantics of quantifiers, as defined in Items 7 and 8 of Definition 2. More
precisely, it just corresponds to the extension of X with x, when Q is a-coherent. Conversely, when Q is
a-coherent, we need to dualise the extension with = of the dual of X. Formally:

extpewy (X, ), if Q is a-coherent;
exto (X,QVz) £ _
extj+w] (%, :v), otherwise.

The operator naturally lifts to arbitrary quantification prefixes p: 1) exto (X, €) = X; 2) exto (X, Q*Vz. p) 2
ext, (extq (X,Q+Wr) , o). We also define ext,, (p) 2ext, ({{@}}, ). A simple structural induction on a quantifier
prefix p € Qn, shows that a hyperteam X a-satisfies a formula ¢ iff its a-extension w.r.t. p a-satisfies its
matrix ¢.

Theorem 4 (Prefiz Extension). Let p¢ be an ADIF formula, where p € Qu is a quantifier prefiz and ¢ is an
arbitrary ADIF formula. Then, 2, X =% p¢ iff A, extq (X, p) =" ¢, for all hyperteams X € HAsg (sup(pg)).

3. Adequacy

In this section, we show that Hodges’ alternating semantics based on hyperteams is adequate, i.e., it is
a conservative extension, precisely capturing both Tarski’s satisfaction for FOL and Hodges’ semantics of
IF (see Definitions 3 and 4 for an equivalent syntactic variant of IF), when restricted to the corresponding
fragments, as formally stated in Theorems 5 and 6 below.

3.1. First-order logic

We can now prove that, when focusing on the FoL fragment of ADIF, as defined in Section 2.1, the
satisfaction relation of Definition 2 corresponds to the classic Tarskian satisfaction. This FOL adequacy
property holds trivially for atomic formulae and, in order to extend it to the remaining FOL components,
we make use of the following three lemmata, which take care of dualisation, quantifiers, and binary Boolean
connectives, respectively.

As extensively discussed before, the dualisation swaps the role of the two players, while still preserving
the original dependencies among their choices. Indeed, if a FOL property is satisfied by a hyperteam w.r.t. a
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given alternation flag, it is satisfied by its dual version w.r.t. the dual flag, as formally stated in the lemma
below, where =, denotes the usual FOL semantic relation.

Lemma 4 (FoL Dualisation). The following equivalences hold, for all FOL formulae ¢ and hyperteams
X € HAsgc (sup(p))-

1) Statements 1a and 1b are equivalent:

a) there exists a team X €X such that A, x =g, @, for all assignments x € X;
b) for all teams X € X, there exists an assignment x € X such that A, x EroL ©-

2) Statements 2a and 2b are equivalent:

a) for all teams X € X, there exists an assignment x € X such that A, x Fpy, 5
b) there exists a team X €X such that 2, EpoL @5 for all assignments x € X.

The following lemma states that the extension operator provides an adequate semantics for classic FoL
quantifications, when applied to all support variables. Statement 1 considers Eloise’s choices, when the inter-
pretation of the hyperteam is 3V, while Statement 2 takes care of Abelard’s choices, when the interpretation

is the dual V3.

Lemma 5 (FoL Quantifiers). The following equivalences hold, for all FOL formulae ¢, variables x € Vr, and
hyperteams X € HAsg (V) with V £ sup(¢) \ {z}.

1) Statements 1a and 1b are equivalent:

a) there exists a team X € X such that A, x f=p,, 3. @, for all x € X;
b) there exists a team X € exty (X, x) such that A, x Ep,, ¢, for all x € X.

2) Statements 2a and 2b are equivalent:

a) for all teams X € X, there exists x € X such that A, x Fp,, V. ¢@;
b) for all teams X € exty (X, ), there exists x € X such that A, x =g, ¢-

Finally, the partition operator precisely mimics the semantics of the binary Boolean connectives when
the correct interpretation of the underlying hyperteam is considered.

Lemma 6 (FoL Boolean Connectives). The following equivalences hold, for all FOL formulae ¢1 and w2 and
hyperteams X € HAsgc (V) with V £ sup(p1) U sup(p2).

1) Statements 1a and 1b are equivalent:

a) there exists a team X € X such that A, x =, @1 A 2, for all x € X;
b) for each bipartition (X1,%X3) € par(X), there exist an index i € {1,2} and a team X € X; such that

2, X Epo, wis for all x € X.

2) Statements 2a and 2b are equivalent:
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a) for all teams X € X, there exists x € X such that A, x Fpy, ¥1V @25
b) there exists a bipartition (X1,X2) € par(X) such that, for all indexes i € {1,2} and teams X € X;, it
holds that A, x Egy, @i, for some x € X.

We can now state the FoL adequacy property for ADIF.

Theorem 5 (FoL Adequacy). For all FOL formulae ¢ and hyperteams X € HAsgc (sup(y)), it holds that:

1) A% |:3V<p iff there exists a team X € X such that, for all assignments x € X, it holds that A, x FEg,. ¢;
2) A X )z\ﬂgo iff, for all teams X € X, there exists an assignment x € X such that A, x Fg, ¢-

3.2. Dependence/Independence-Friendly Logic

Dependence/Independence-Friendly Logic [40,18] can be viewed as a (syntactic variant of a) fragment of
ADIF, where i) negation can only occur in front of atoms and ii) just one kind of quantifier can be restricted,
depending on a flag 8 € {V,3}.

Definition 3 (DIF Syntaz). The 3/V-Dependence/Independence-Friendly Logic (3/¥-DIF, for short) is the
set of formulae built according to the following grammar, where R € R, & € Vra'(R), x € Vr,and W C Vr
with |W| < w:

3DIF ¢:=
V-DIF ¢ :=

(2)

R(E) | -R(E) | oNe|leVe| I3V v e
R(Z) |

2
—R(E) | eApleVe| T 0| vEva. @

Hodges’ semantics of DIF formulae is defined on teams. There are two types of semantics rules, one
for each flag 8 € {3,v}, which are dual of one another. The V-semantics is the classic one reported
in Hodges [20], also denoted as ‘+’-semantics in Mann et al. [32], while the J-semantics corresponds to
the (meta-level) negation of the ‘—’-semantics. Before recalling the definitions of these two semantics, we
need to provide two additional operators. For the Boolean connectives, we define a partition operation for
teams as follows: par(X) £ {(Xy,X,) € 2% x 2% ‘ X1 NXy =0 AX; UXy =X} The rule for quantifier uses
the extension operator ext, when the quantifier is not coherent with the flag 5. When the quantifier is co-
herent, instead, the semantics requires a cylindrification operator on teams. Intuitively, the cylindrification
of a team X w.r.t. some variable x extends each of its assignments with every possible value for x. Formally,
eyl(X,z) & {x[x = a] | x € X,a € A}.

Definition 4 (DIF Semantics). The Hodges’ semantic relation 2, X )zfm ¢ for B-DIF is inductively defined
as follows, for all -DIF formulae ¢ and teams X C Asgc(sup(y)), with 8,5 € {3,V} and 3 #

1) a) %X [’ R(@) if, for all x € X, it holds that ¥ R,
A, X | ~R(Z) if, for all x € X, it holds that ZX¢ R%
UX =y 1 A A X ] o1 and A X =) o

A, X |:ilp 01 Vg if A X, ’:XIF 1 and A, Xs ':\;IF 2, for some bipartition (X;,Xs) € par(X);
A, X ':im Wz o if A ext(X, F, x) |::]F ¢, for some F € Fncpiwy;

A, X |:ZIF v 0. if 2, cyl(X, x) ):ZIF ®;

A, X |:§IF R(Z) if there exists y € X such that #Xe€ R%

A, X |:iw —R(%&) if there exists x € X such that #¥¢ R%

A X 2 o1 A if A, Xy .1 or A, Xy =2 s, for all bipartitions (X1, Xz) € par(X);

]

-
0O T ® - 0o A o O
NEANSENG N ENL VNS AN NN
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3 . 3 3
d) X = o1V if A X = o1 or A X = 095

) A,X |:21F 3 9. @ if 2 eyl(X, z) Filp ©s

f) A, X ':; vEW . o if A, ext(X, F, z) |:[3)IF ¢, for all F € Fncpiwy.

In order to show that ADIF is indeed a conservative extension of DIF, we need to be able to simulate
the semantics on teams with hyperteams. As a first step, we lift the cylindrification operator to hyperteams
in the obvious way, by defining cyl(X,z) £ {cyl(X,z)|X € X}. While the semantics of ADIF does not
provide a primitive operator for cylindrification, this operation can easily be simulated by first dualising the
hyperteam, then by applying the extension for x uniformly over all the variables in the domain of X, and,
finally dualising the result again. The following lemma establishes the equivalence of these two different
operations.

Lemma 7 (Cylindrical Extension). Let X € HAsg be a hyperteam. Then, cyl(X,z) = extw (X, x), for all
variables x € Vr and sets of variables W, with vr(X) C W C Vr.

A similar problem arises with the team partitioning operator that is not present in the semantics of
ADIF. Once again, the dualisation operator, together with the hyperteam partitioning operator, allows us
to simulate it. More specifically, we first apply the dualisation of the hyperteam X, then the partitioning
to obtain (X1,X2) € par(i), and, finally, dualise the two resulting hyperteam and obtain X; and X5, each
of which happens to contain teams that would result from the team partitioning operation applied to the
teams in X.

Lemma 8 (Team Partitioning). Let X € HAsg be a hyperteam. Then:

1) for all hyperteam bipartitions (X1,%X2) € par(?) and teams Y1 € X1 and Yo € X3, there exists a team
X e X such that X C Y1 UYy;

2) for all teams X € X and team bipartitions (Xy,Xs) € par(X), there exist a hyperteam bipartition
(%X1,%9) € par(?) and two teams Y1 € X1 and Yo € X5 such that Y1 C Xy and Yo C Xo.

Based on these two lemmata, one can prove the following theorem, which establishes the required ade-
quacy result.

Theorem 6 (DIF Adequacy). For all DIF formulae ¢ and hyperteams X € HAsg (sup(y)), it holds that:

1) if ¢ is 3-DIF then A, X =" iff there is a team X € X such that A, X =7 o:

DIF

2) if ¢ is V-DIF then A, X ="y iff, for all teams X €X, it holds that A, X > .

DIF

From now on, for every DIF formula ¢, we denote by 3 and ¢y the 3-DIF and V-DIF variants obtained
from ¢ by removing the constraints on the universal and existential quantifiers, respectively, i.e., by substi-
tuting —f for the variable restrictions of such quantifiers. Recall that, Hodges [20] (see also Mann et al. [32])
defines an IF sentence ¢ to be true in a structure 2, in symbols & = ¢, if A, {2} =" o, and false in 2,

namely % = o, if 2, {@} =~ ¢. As observed above, this means that ¢ is true in 2, if A, {@} ):Xw 3, and
false in 2, if 2 {2} b&gw pv. Therefore, thanks to Theorem 6, we can assert the following.

Observation 1. For every DIF-sentence ¢, we have that:

e AR ¢ iff A {2 Epa, ie, A @3, and
o« AW, 0 A DN Ty, de, A oy
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The following example illustrates the connection between ADIF and DIF.

Example 8. In Example 5, it has been observed that the two ADIF sentences 3 = V. 3%, (z = y) and
¢4 = J2.¥ty. =(2 = y) evaluate to false and true, respectively, in the binary structure 2 = ({0,1},=")
against the trivial hyperteam {{@}}. We also claimed that they are the semantic negation of each other,
something that now can be easily proved thanks to Corollary 5 and Theorem 3. Note that all these properties
hold true for the two 3-DIF and V-DIF sentences ¢ = v 2. 30y, (z = 9) and ¢}, = 3 2. v0. =(z = y)
as well. At this point, we can show that the truth and falsity of ¢} and ¢}, convey different meanings when
evaluated in IF (equivalently, DIF). Both ¢} and ¢} are IF sentences. Moreover, as previously stated, ¢}
is an 3-DIF sentence, while ¢/ is a V-DIF sentence. Thus, from Observation 1, we immediately obtain
that, when evaluated in IF, ¢% is not true and ¢ is not false. However, again by Observation 1, ¢4 is not
false and ¢ is not true either, since A, {{@}} = ¢4, and A, {{@}} ¥ ¢)5. Therefore, the two sentences are
undetermined.

The considerations discussed above allow us to characterise elegantly in ADIF some meta-properties
of IF sentences, such as indeterminacy and sensitivity to signalling phenomena. These results witness the
expressive advantages of ADIF over IF and substantiate the intuition that ADIF can be thought of as a
logic to reason about imperfect information, as opposed to IF, which can be viewed more as a language to
reason with imperfect information.

Let us start with indeterminacy of IF sentences first. Hodges [20] defines an IF sentence ¢ to be undeter-
mined in a structure 2 if it is neither true nor false in 2. Hence, an immediate application of Observation 1
gives us the following corollary.

Corollary 7 (Definability of IF-Indeterminacy). For every IF sentence ¢, let ¢, be the ADIF pseudo sen-
tence ~p, A @,,. Then, it holds that

A E oo iff ¢ is undetermined in 2.

The second phenomenon is called signalling [20,32]. In game theoretic terms, the phenomenon arises
in situations where, for instance, one of the existential (resp., universal) players can store inside one of
his variables, say variable z, the value of some variable = of the opponent that another existential (resp.,
universal) player is not allowed to see. However, by merely being able to access the value of z, this last
player can infer the value of the forbidden variable x and choose a response accordingly.

The logical analogue of this phenomenon is captured in IF by forms of information leaks, where informa-
tion about the value of a variable may leak toward another variable by means of a third, possibly unused,
one. The typical example of this phenomenon already emerges in the simple IF sentence Vz3(y/{z}).x = y.
Clearly, Eloise, who cannot see the value of x when choosing the value for y, does not have a uniform
winning strategy to satisfy for equality. Since also Abelard does not have one to falsify it, the formula is
undetermined in IF. However, the sentence V23z3(y/{x}). x = y, where the dummy quantifier for z has been
added, becomes determined, and specifically true. The reason is that now Eloise, who intuitively represents
the team of existential players, does have a winning strategy. Indeed, when choosing z, she is allowed to see
the value of x and can just copy that value onto z. This time, however, when choosing the value of y, while
she still has no direct access to the value of z, she does have indirect access to its value through z, which
she is allowed to see. The winning move here is then to copy whatever value is inside z onto y to satisfy the
equality.

In general, then, we say that an IF sentence ¢ is sensitive to signalling w.r.t. some variables not in sup(p),
if the introduction of vacuous quantifiers over them in ¢ changes its truth value. For sentences in prenex
normal form this means that, if we change the quantifier prefix p with one of its extensions @, then the
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two sentences p¢ and ¢ have different truth values. In IF, this may only happen when ¢ is undetermined,
while its extension @ is determined. In other words, either ¢ is not true, while @ is true, or ¢ is not false,
while @ is false. Once again, by applying Observation 1, we obtain the following.

Corollary 8 (Definability of IF-Signalling). Let ¢ = p¢ be an IF sentence in pnf with quantifier prefix
© € Qn and quantifier-free matriz ¢. Moreover, let § € Qn be a quantifier prefix extending o and pf the
ADIF pseudo sentence (—p, A P5) V (¢, A =@,), with = Hé. Then, it holds that

A= f iff o is sensitive to signalling in A w.r.t. (.

It is important to observe here that the ability of ADIF to restrict both the universal and existential
quantifiers at the same time, that is to treat the two players in a completely symmetric way, is essential to
characterise the above definability properties. Both ¢, and ¢, on the other hand, are undetermined in IF.

It is also worth remarking that the hyperteam semantics and pseudo sentences interact in quite a peculiar
way, giving rise to a new form of information leak, separate from the one occurring in connection with
signalling and dummy quantifiers. This is evidenced by the pseudo sentences @5 and ¢g of Example 6. We
showed there that 2, {{@}} K77 s and A, {@} 77 @6, hence, A, @} 7 @5 and A {2} =77 ws.
However, the example also shows that 2, X |:\G o5 and A, X béav g, where X = {{z:0,z:1}}. Here, the
information on z contained in X may leak into y through the hyperteam. Observe that hyperteam X can be
obtained by means of a suitable dummy quantification of variable z and, therefore, we immediately obtain
that 2, {{o}} £ 32. 05 and A, {2} 77 V2. ps. As a consequence, introducing a dummy quantifier for
a variable that is free but not in the support of a pseudo sentence can change the truth value, even if such
a variable cannot depend on any other variable. Note that this specific form of information leak does not
actually reflect any signalling phenomenon in the classic game-theoretic sense and does not occur in IF
either.

4. Meta theory

We now introduce a meta-level interpretation of the quantifiers by means of a Herbrand-Skolem semantics
extending the compositional one based on hyperteams, which results to be essential for 1) the solution of
the model-checking problem, 2) the proof that ADIF covers the entire polynomial hierarchy, by means of an
encoding of Second-Order Logic (SOL, for short) [15,5,36] and Team Logic (TL, for short) [40], and 3) the
adequacy of the game-theoretic semantics presented in Section 5.

4.1. Meta extension

The game-theoretic interpretation of the quantifiers 3*Wx and V+#Wx implicitly identifies strategies for
Eloise and Abelard satisfying the [+W]-uniformity constraint. The meta extension of ADIF we propose
here makes these strategies explicit, by augmenting the logic with the two quantifiers, X*Wx and [[*Wz,
ranging over [£W]-uniform Herbrand/Skolem functions [4]. Intuitively, W z. ¢ ensures the existence of a
[=W]-uniform Skolem function assigning to = values that satisfy ¢, while II=Wz. ¢ verifies ¢, for all values
assigned to x by some [£W]-uniform Herbrand function.

Definition 5 (META-ADIF Syntaz). The ADIF Meta Extension (META-ADIF, for short) is the set of
formulae built according to Definition 1 extended as follows, where z € Vr and W C Vr with [W| < w:

¢ :=ADIF | ©tVz. o | IV z. .
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The set of support variables sup(¢) of a META-ADIF formula ¢ is defined as in ADIF, with the additional
two simple cases sup(Q*Wx. ) = sup(y) \ {z}, for Q € {3, 11}. The definition of free variables is, instead,
quite more intricate and requires the introduction of the following supplemental functions of free variables
under (meta) dependency context free: META-ADIF x (Vr —2Y%) — 2V and dependence variables under
(meta) dependency context dep: META-ADIF x (Vr — 2V%) — 2V* where by dependency context we mean
any partial function ¢ € Vr —2V*. The transitive closure of ¢ is a dependency context :* € dom(t) — 2V*
such that, for each variable x € dom(¢) in its domain, ¢*(z) is the smallest set of variables such that (a)
t(x) CvX(z) and (b) t(y) C (), for all variables y € ¢*(z) N dom(:). Finally, ¢ is acyclic if x ¢ *(z), for all
variables z € dom(¢). The functions free and dep can be defined in a mutual recursive fashion as follows.

T,0)20;
ZUU{(x) |z € &N dom(1)};
Ok

o free(L,t),free

o free(R(Z),.) =

o free(— ¢, 1) = free(yp,

o free(p1® o, 1) = free(ipr, ) U free(pa, 1), for © € {A, V};

o free(Q*War. p, 1) = (free(p, /) \ {z}) U [£W], if = € free(p, '), and free(Q+Wz. ¢, 1) = free(p, '), otherwise,
where / £ 1\ {z}, for Q € {3,v};

o free(Q*Wr. p,1) = free(p, ), if © € dep(p,t’), and free(Q*Wx. 1) = free(p,t') \ {x}, otherwise, where
V& [z [£W]], for Q € {%, 11}

—~

Intuitively, a variable y can be free in a META-ADIF formula ¢ under a dependency context ¢ only for one
(or more) of the following three reasons: (i) it is explicitly used in some relational symbol; (ii) it occurs in
the (transitive) dependency set ¢*(x) of some meta-quantified variable = used in a relational symbol; (iii) it
appears in the dependence/independence constraint set [£W] of some first-order quantifier Q=Wz of a free
variable . Notice that a meta quantifier of a variable z masks such a variable only if it does not appear in
the set of dependence variables of its matrix.

ep(L,t),dep(T,t),dep(R(Z),t) £ 0;
. p(ﬂp t) £ dep(p, 1);
o dep(p1® p2,1) = dep(p1,t) Udep(pz,t), for ©® € {A, V};
o dep(Q*Wz. ¢, 1) = (dep(p, ') \ {z}) U [£W], if = € free(yp,), and dep(Q*Wx. ¢, 1) = dep(p, '), otherwise,
where / £ 1\ {2}, for Q € {3,V};
o dep(Q*Vz. ¢, 1) = dep(p, '), where i/ £ [z — [£W]], for Q € {%, I1}.

Intuitively, a variable y belongs to the set dep(¢p, ¢) if it appears in the dependence/independence constraint
set [W] of some first-order quantifier Q=Wx of a free variable z and, at the same time, is not removed,
i.e., is not under the scope of another first-order quantifier for y itself. Notice that the dependencies of the
variables quantified by a meta quantifier, which are maintained by the dependency context ¢, are not taken
into account here, as they are only used to determine which variables are free. At this point, the sets of free
variables free(p) and dependence variables dep(yp) of a META-ADIF formula ¢ are defined as free(yp, @) and
dep(p, &), respectively.

To keep track of the Herbrand/Skolem functions already quantified, we use a function assignment § €
FAsg = Vr — Fnc mapping each variable x € V = dom(F) to a function §(x) € Fnc. To extend a hyperteam
X € HAsg(U) with §, we make use of the extension operator ext(X,F) = {ext(X,F)|X € X}, where (i)
ext(X,F) = {x € cyl(X, V) |Vx € V\ U. x(x) = F(x)(x)} is the extension of the team X over the variables in
V, so that the value x(z) given by an assignment x to each (not yet assigned) variable x € V\ U is coherent
with the one prescribed by §(x) and (ii) cyl(X, V) £ {x € Asg(UU V) | x|y € X} is the cylindrification of a
team X € TAsg(U) w.r.t. the set of variables V \ U. Finally, a function assignment § € FAsg is acyclic if
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there is an acyclic dependency context ¢ € Vr — 2V, with dom(§) C dom(¢), such that §(z) € Fnc,(, for
all variables z € dom(g).

Definition 6 (META-ADIF Semantics). The Hodges’ alternating semantic relation 2, §,X E® ¢ for
META-ADIF is inductively defined as follows, for all META-ADIF formulae ¢, function assignments
§ € FAsg, hyperteams X € HAsgc (sup(y) \ dom(3J)), and alternation flags o € {3V, V3}:

1,2,4-8) All ADIF cases, but those ones of the atomic relations, are defined by lifting, in the obvious way,
the corresponding items of Definition 2 to function assignments, i.e., the latter play no role;
3) a) A, F,X =77 R(&) if there exists a team X € ext(X, ) such that, for all assignments y € X, it
holds that X € R%
b) A, F, X =72 R(&) if, for all teams X € ext(X,F), there exists an assignment y € X such that
¥ec R%,
9) A, 5, X E"n=Va. ¢ if A, Flz — F|, X =% ¢, for some function F € Fncpiwy;
10) 2,3, X E"*Va. ¢ if A,z — F|, X = ¢, for all functions F € Fncprwy.

Essentially, to evaluate an atomic formula R(&), we extend X with the functions dictated by § and then
we check the assignments following the alternation given by the flag o € {¥3, 3V} as in plain ADIF. Indeed,
Item 3 above can be re-stated in the following equivalent form, which allows for a unified treatment of the
alternation flags:

A F, X = R(F), if A, ext(X, §) =° R(),

where the second occurrence of the satisfaction relation = refers to the Hodges’ alternating semantic
relation for ADIF', as per Item 3 of Definition 2. The semantics of the meta quantifiers Y=V x and [TV x is
the classic second-order one, where the functions chosen at the meta level are stored in the assignment §.

The notions of satisfaction, implication, and equivalence, given at the end of Section 2.2 immediately
lift to META-ADIF. In addition, all relevant results proved for ADIF in Section 2.4 clearly lift to the
META-ADIF semantics of ADIF formulae. These results are, indeed, proved in this generalised form in
Appendix C. In particular, satisfaction in ADIF and in META-ADIF coincide.

Proposition 2. 2, X =" ¢ iff A, &, X =" ¢, for every ADIF formula ¢ and hyperteam X € HAsgc (sup(y)).

At first glance, the semantic rule for the meta quantifiers might seem to mimic the corresponding quantifier
rule of DIF and TL, as in both cases a choice of a Skolem/Herbrand function is involved. However, unlike
in DIF and TL, the application of the functions to the hyperteam is delayed until the evaluation of an
atomic formula. This makes the behaviour of quantifications in the two semantics diverge significantly. Such
a difference is also mirrored in the more complex definition of free variables given above.

The following lemma characterises the connection between the compositional semantics of first-order
quantifications 3*Wz and V*Wx and the corresponding choice of a Skolem/Herbrand function.

Lemma 9 (FEztension Interpretation). The following four equivalences hold true, for all hyperteams X €
HAsg(V) over V. C Vr, properties U C Asg(VU{x}) over VU {z} with x € Vr\'V, sets of variables W C Vr,
and quantifier symbols Q € {3,V}.

1) Statements 1a and 1b are equivalent, whenever Q is a-coherent:

a) there exists X' € exto (X, QW) such that X' C ¥,
b) there exist F € Fncppwy and X € X such that ext(X,F,z) C W.
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2) Statements 2a and 2b are equivalent, whenever Q is a-coherent:

a) for all X' € ext,(X,QtWa), it holds that X' NW £ (;
b) for all F € Fncpiwy and X € X, it holds that ext(X, F,z) N W # ().

3) Statements 3a and 3b are equivalent, whenever Q is @-coherent:

a) there exists X' € exto(X,Q*WVa) such that X' C ¥;
b) for all F € Fncpiwy, it holds that ext(X,F,z) C ¥, for some X € X.

4) Statements 4a and 4b are equivalent, whenever Q is &-coherent:

a) for all X' € exty(X,QtWz), it holds that X' N'W # (;
b) there is F € Fncpywy such that ext(X,F,z) NW # 0, for all X € X.

Equivalences 1 and 4, when Q = 3, implicitly state that an existential quantification can always be
simulated by an existential choice of a suitable Skolem function, independently of the alternation flag «
for the hyperteam. Dually, Equivalences 2 and 3, when Q =V, state that a universal quantification can be
simulated by a universal choice of a suitable Herbrand function, again regardless of «. These observations
can be formulated in META-ADIF as follows.

Theorem 7 (Quantifier Interpretation). The following equivalences hold true, for all FOL formulae ¢, vari-
ables x € Vr, sets of variables W C Vr with x ¢ [£W], acyclic function assignments § € FAsg with
dom(§) N [£W] = 0, and hyperteams X € HAsg((sup(¢) \ {x}) \ dom(F)) with x ¢ vr(X):

1) %,F, X 0TV ¢ iff A, F, X EO SV 6
2) AT, X EvEVT. ¢ iff AT, X EC IV, 6.

Given an ADIF formula p¢ with quantifier prefix p € Qn and FOL matrix ¢, we can convert each
quantification in g, from inside out, into the corresponding meta quantification, by suitably iterating the
result reported above. The meta quantifiers in the obtained prefix are in reverse order with respect to the
order of corresponding standard quantifiers in the original prefix. To formalise this idea, we introduce the
Herbrand-Skolem prefiz function hsp as follows:

a) hsp(e) = e
b) hsp(p. F=Wx) £ 2=V a. hsp(p):
c) hsp(p.v+Wx) £ 1=V a. hsp(p).

We can show that p¢ = hsp(p)$, by exploiting Theorem 4. This conversion resembles a merging of
the standard Skolem/Herbrand-isation procedures [12,4] that convert a FOL sentence either into an equi-
satisfiable/equi-valid FOL sentence without existential/universal quantifiers, or into an equivalent SOL
formula. Note that the Herbrandisation approach here is connected with the notion of Kreisel counterexam-
ple [25,26] applied to DIF [32].

Theorem 8 (Herbrand-Skolem Theorem). Let p1p2¢ be an ADIF formula in pnf with quantifier prefic
o192 € Qn and FoL matriz ¢. Then, A, T, X E* p1p20 iff A, F, X =" hsp(p2) p1¢, for all acyclic function
assignments § € FAsg with dom(F) N dep(p1p2¢) = 0 and hyperteams X € HAsgc (sup(p1p2¢) \ dom(F))
with vr(X) Nvr(p1p2) = 0 and dom(F) Nvr(p1p2) = 0.
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Example 9. Let us consider again the sentence from Example 7, i.e., o7 = J2. v 9. 32 (2 = y) A (y = 2).
We already saw that the sentence is true in the original binary structure 2 of the same example. If we
convert 7 into META-ADIF via the function hsp, we obtain %2, T, 2402, (z = y) A (y = 2). To show
this sentence true in 2, it suffices to assign to z the identity function that copies the value assigned to x.
Then, whatever value is chosen for y, the same value can be assigned to x. By the semantics of META-ADIF,
the result immediately follows.

Thanks to this Herbrand/Skolem-isation procedure, we can transform an ADIF sentence in pnf into a
META-ADIF sentence in pnf, where only the meta quantifiers W and V+Wz occur. Since one needs only
polynomial space in the size of the underlying structure to represent the quantified functions, the same
approach used for FOL model checking is also applicable here.

Theorem 9 (Model-Checking Problem). Let 2 be a finite structure and ¢ an ADIF sentence in pnf. Then,
the model-checking problem 21 |= ¢ can be decided in PSPACE w.r.t. |2].

As is the case of ADIF, we do not know whether META-ADIF enjoys a prenez normal form, even when
we only take into consideration the two meta quantifiers ¥+W and TT=W.

Open Problem 2 (META-ADIF Prenex Normal Form). Is every META-ADIF formula equivalent to a
META-ADIF formula in pnf?

4.2. Second-order & team logics

We have previously shown that ADIF is a conservative extension of DIF. However, its game-theoretic
determinacy gives us a considerably more expressive logic than DIF, with a full-fledged second-order flavour,
even in the absence of a contradictory negation. Indeed, the meta-theory interpretation allows us to show
that every SOL and TL formula can be interpreted in the ADF fragment of ADIF. Vice versa, every ADF
formula, over a restricted class of hyperteams, can be interpreted by corresponding SOL sentences and TL
formulae. This implies that, from a descriptive-complexity viewpoint, ADF formulae cover at least the
entire polynomial hierarchy PH [22].

Every non-null hyperteam X € HAsg(Z) defined over a sequence of variables & € Vr*, which is at most
equipotent to the domain of the underlying structure 2, i.e., |X| < |2, can be encoded by a k-ary relation
symbol R, with k £ |Z| 4+ 1, whose interpretation R®* C AF is defined (up to isomorphism) as follows: for
every team X € X, there is an element a € A and, vice versa, for every element a € A, there is a team
X € X such that

x €X iff AW{R™} X[y~ a] Fpo, R(Ey),

for all assignments x € Asg(Z). Such an interpretation R is later on called Rel(X). It is not clear whether
there exist other relational encodings of hyperteams with greater (possibly infinite) cardinality than the
domain of the structure. Now, by Theorem 8, every ADIF formula in pnfcan be translated into an equivalent
META-ADIF formula, where the semantics of the meta quantifiers can be easily modelled via second-order
quantifications. This leads to the result below, which implies that every ADF-definable hyperteam (under
the above restriction) is SOL-definable.

Theorem 10 (ADF-SoL Interpretation). For every ADF formula ¢ in pnf with quantifier prefix p € Qn
over a signature L, set of variables sup(p) C V C Vr with VNvr(p) = 0, and relation symbol R ¢ L with
ar(R) = |V| + 1, there exist two SOL sentences ®ay and $y3 over signature LW {R} such that, for all
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L-structures A and non-null hyperteams X € HAsg(V) with |X| < ||, the following equivalence holds true:
A,X =" iff AW {Rel(X)} g, Pa-

Using a similar approach, every non-empty non-null hyperteam X € HAsg(V) defined over a set of
variables V. C Vr, with |X| < |2, can be encoded in a team Team(X,y) € TAsg(V U y), with y ¢ V, as
follows: for every team X € X, there is an element a € A and, vice versa, for every element a € A, there is
a team X € X such that

x €X iff x[y+— a] € Team(X,y),

for all assignments y € Asg(V). Since every SoL-definable relation can be encoded in a TL-definable
team [24,23], the next result easily follows from the previous one.

Corollary 9 (ADF-TL Interpretation). For every ADF formula ¢ in pnf with quantifier prefiz p € Qn,
set of variables sup(p) C V C Vr with VNvr(p) = 0, and variable y ¢ V U vr(p), there exist two TL
formulae P3y and Pyz with free( Pay) = free(Pyz) = V Uy such that, for all structures A and non-empty
non-null hyperteams X € HAsg(V) with |X| < ||, the following equivalence holds true: A, X E* ¢ iff
A, Team(X, y) =rpp, Pa-

It is unknown whether the above two interpretation results still hold when the constraint |X| < || on
the size of the hyperteam and the domain of the structure is violated.

Open Problem 3 (ADF-SoL/TL Interpretations). Is it possible to obtain interpretation results in a similar
vein to Theorem 10 and Corollary 9, when |X| > |2|?

In addition, it is not clear what the distinguishability power of ADIF is w.r.t. the cardinality of the
hyperteams, especially in the infinite case.

Open Problem 4 (Hyperteam Cardinality). Is there an ADIF satisfiable formula ¢ such that, if %, X =% ¢,
then |X| > || > w, for some « € {3V,V3}?

For the converse direction of the interpretation results, given an L-structure 2, a relation symbol R € L,
and a sequence of variables # € V™) we denote by Team(R* &) € TAsg(&) the standard encoding in a
team (up to isomorphism) of the interpretation R® of R defined as follows:

x € Team(R* Z) iff A x Fpo, R(F),

for all assignments x € Asg(&). Every SOL sentence can be put in a canonical form, where every quantifica-
tion over functions can be simulated by a meta quantifier that only depends on the variables to which the
function is applied. Thus, by exploiting Theorem 8, the result below can be proved.

Theorem 11 (SOL-ADF Interpretation). For every SOL sentence ® over a signature L, relation symbol
R € L, and sequence of variables & € v with vr(®) N Z = (, i.e., no variable in & occurs in @,
there exists an ADF formula ¢ in pnf over signature £\ R with sup(p) = free(p) = & such that, for all
L-structures A, the following equivalence holds true: A =g & iff A\ R, {Team(RQ‘, i")} |:Ev<p.

By using the translation from TL to SOL (see [40,11], for the sentences, and [24,23], for the formulae),
we can show the following.
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Corollary 10 (TL-ADF Interpretation). For every TL formula @, there exists an ADF formula ¢ in pnf
with sup(p) = free(yp) = free(P) such that, for all structures A and teams X € TAsg (free( D)), the following
equivalence holds true: A, X = @ iff A, {X} )zavgo.

5. Game-theoretic semantics

As discussed in Section 2, the alternating Hodges semantic relation 20 = ¢ implies the existence of a
semantic game D?,ﬂ played by Eloise and Abelard, with the property that Eloise wins the game iff the ADIF
sentence ¢ is indeed satisfied in the structure 2. In that game, basically, the two players battle each other
in challenge-response trials, where each of them tries to win the matrix or force the other one to break
the (in)dependence constraints. In this section, we formalise such a game, thus providing a game-theoretic
semantics for ADIF and a proof of its adequacy w.r.t. both the compositional semantics of Definition 2
and the Herbrand-Skolem semantics of Theorem 8. Thanks to Corollary 10, this result also provides an
indirect game-theoretic semantics for TL, a result that, as far as we know, was still missing [40]. Note that,
unlike for DIF [19,32], Dg needs to be a zero-sum perfect-information game in order to comply with the
game-theoretic determinacy of the logic (see Corollary 4), which for sentences is reflected in the law of
excluded middle (see Corollary 5).

A two-player turn-based arena A = (Ps, Psg, Psy, vy, Mv) is a tuple where (i) Ps is the set of all positions,
(ii) Psg, Psy C Ps are the sets of positions owned by Eloise and Abelard with Psg N Ps, = 0, (iii) v; € Ps is
the initial position, and (iv) Mv C (Psg U Psy) x Ps is the binary left-total relation describing all possible
moves. A path m € Pth C Ps™ is a finite or infinite sequence of positions compatible with the move relation,
i.e., (M), (M)it1) € Mo, for all ¢ € [0, |n| —1); it is initial if |7] > 0 and (7)o = vr. A history for player
a € {E,A} is a finite initial path p € Hst, C Pth N (Ps*- Ps,) terminating in an a-position. A play
7 € Play C Pth is a maximal (7.e., non-extendable) initial path. A strategy for player o€ {E, A} is a function
0w € Str, C Hst, — Ps mapping each a-history p € Hst, to a position o,(p) € Ps compatible with the
move relation, i.ce., (Ist(p),ca(p)) € Mv. The induced play of a pair of strategies (og,0y) € Strg X Stry is
the unique play m € Play such that (7);41 = ox((7)<;), if (7); € Psg, and ()11 = oa((7)<;), otherwise,
for all i € [0,|7] —1). A game O = (A, Wn) is a tuple, where A is an arena and Wn C Play is the set of
winning plays for Eloise; the complement Play \ Wn is winning for Abelard. Eloise (resp., Abelard) wins
the game if she (resp., he) has a strategy og € Strg (resp, op € Stry) such that, for all opponent strategies
op € Stry (resp., og € Strg), the corresponding induced play does (resp., does not) belong to Wn. A game
is determined if one of the two players wins.

With the notation put in place, we can now describe the semantic game, called independence game, where
not only the players perform the choices corresponding to the operators in the formula, but also check that
the choices of the opponent conform to the associated independence constraints. Although a specific move
for each ADIF syntactic construct can be given, for the sake of a simpler presentation, we only define the
moves for the quantifiers. Any quantifier-free FOL formula v, indeed, can be interpreted as a monolithic
atomic relation, whose truth can be immediately evaluated once an assignment on all its free variables is
given. For this reason, we assume @ = ©1 to be in pnf, for some quantifier prefix p € Qn, where no variable
is quantified twice. Finally, as a standard assumption from a descriptive-complexity viewpoint [22,9], we
restrict to finite structures only. The general case, as well as the lift of the approach to formulae, will be
the focus of future work.

The game for ¢ = p1) consists of two recurrent stages/phases, called decision and challenge. The decision
phase is almost identical to a classic Hintikka’s FOL game [19], where the player associated with the current
subformula ¢ = Q+Wz. ¢’ of ¢ chooses a value for the bound variable x to be stored in the current assignment
X- Once all quantifiers are eliminated, however, instead of declaring the winner by simply evaluating the
truth of 2, x =g, ¥, the game enters the challenge phase. Here the players, following again the order of
quantification, are asked to confirm or change their choices. Making a change here is intended to allow for
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verifying that the independence constraints declared in g are satisfied; after all, if the opponent’s choice is
indeed independent of the player’s one, such a change should not make any difference in the satisfaction
of the formula. In more detail, the player associated with ¢ can either (i) confirm her/his own choice
maintaining both the assignment x and phase unchanged or (ii) challenge the adversary, by modifying the
value assigned to the variable x in y, deleting all values for the variables quantified in p after x, and reverting
to the decision phase. In both cases, the control is passed on to the player of the formula ¢’ in the scope
of the quantifier Q*Wz, so as to allow her/him to reply to the challenge. As it should be evident from the
alternation of phases, unlike the semantic game for For, a?; is an infinite-duration game that allows for
both finite and infinite plays. The finite ones necessarily terminate in a position of the challenge phase with
current subformula 1), where the winner can be determined by evaluating the truth of 2, x |=p,, ¥. The
infinite plays, instead, are won by the player able to force the adversary to change infinitely often the values
of one of her/his own variables z in a way that violates the independence constraints, without being able,
at the same time, to force the challenger to do the same on a variable subsequent to = in p. We clarify this
point later on.

For an ADIF sentence ¢ = @, with quantifier prefix p = ngoxo ...QE%Y g, the formalisation of
the arena Ag underlying the independence game D% is reported in Construction 1 below, where psf(y)
denotes the smallest set of subformulae of ¢, called prefiz subformulae, such that (i) ¢ € psf(y) and
(i) if ¢ = Q*WVa.¢’ € psf(p) then ¢’ € psf(p). In addition, mvr(p) is the set of meaningful variables
of ¢ defined as mvr(¢) £ {z € Vr|Q*Wz. ¢ € psf(p) and z € free(d)} and mvr,(¢) is its subset defined as
mvry,(¢:) 2 {x; | 7 < i} Nmvr(p), for ¢; € psf(p) with ¢; = QVz;. it 1, and mvr, (1) £ mvr(p), otherwise.

As an example, for the sentence

=3 vy vw. 3Tz 3T (y = 2),

we have

psf(p) = { Fz. v vw. 3tz 3t (y = 2),
V. vw. 372 3 (y = 2),
Yw. I 2. 3¢ (y = 2),
Iz I (y = 2),
It (y = 2),
(y=2) 1},

mvr(¢) = {z,y, 2}, and, finally,

mvr, (EI e Yy v w. 3Tz 3w,
mvr, (VH0y. v w. 302, 3t
mvry, (Vw. 32 3¢,

(
(
(
mvr, (3772, 3¢ (
(
(

Construction 1 (Independence Arena). For a finite structure 20 and a pnf ADIF sentence ¢ = pi, with
1 € FOL, the independence arena Agz (Ps, Psg, Psyvr, Mv) is defined as prescribed in the following:
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1) the set of positions Ps C psf(p) x Asg x {l,O} contains those triples (¢, x,¥) of a prefix subformula
¢ € psf(p) of ¢, an assignment x € Asg, and a phase flag ¢ € {1, O} such that x € Asg(mvry,(9)), if
¢ =1, and x € Asg(mvr(p)), otherwise;

2) the set Psg of Eloise’s (resp., Psy of Abelard’s) positions contains the triples of the form (3=WVxz.¢) x, ¢)
or (¥, x,1) (resp., (V*Va.d) x, ¥));

3) the initial position v; = (p, @, 1) contains the original sentence  associated with the empty assignment
& and the phase flag |;

4) the move relation Mv C Ps x Ps contains exactly those pairs of positions (v1,vs) € Ps x Ps satisfying

one of the conditions below:

a) v = (QFVYx. ¢, x, 1) and vy = (¢, x, 1), with = ¢ free(¢’);

b) v1=(Q=Vz. ¢, x, 1) and vo=(¢', x[x+>a], ), for some a€ A, with x € free(d’);

c) v1 = (Y, x, 1) and vy = (v, x, O);

d) vi = (@Y. @', x, ©) and va = (¢', x, O);

e) vi = (QVa. ¢, x,O) and vy = (¢, X'[x + a], 1), for some a € A such that a # x(x), with X' =
Xavr (qtwa.¢) and @ € free(¢').

Intuitively, a position (¢, x, ) maintains the information about the formula ¢ that still has to be played
against, the assignment y containing the variables whose values have already been chosen, and a flag ¢
identifying the phase, either | or O. Item 4a forces the trivial move for the vacuous quantifications, Item 4b
defines the moves for the decision phase, Item 4c switches from the decision to the challenge phase, Item 4d
defines the confirmation of the choice already made, and, finally, Item 4e describes the challenge to the
adversary, where the phase is reverted to the decision one, the value for the variable involved in the challenge
is changed, and all values for the subsequent variables are deleted.

The winning condition for the game is defined as follows. Since the winner of finite plays is easy to
determine, as it only depends on whether the assignment in the last position satisfies ¢, we shall focus on
the infinite ones. Let us consider an arbitrary prefix subformula ¢ = Q*Wa. ¢’ € psf(p) with x € free(¢’).
By Fy: Asg(mvry,(¢')) — 22w we denote the map associating each assignment x € Asg(mvr,(¢')) defined
over the variables in mvr,(¢') with the set Fy(x) = {F € Fncppwy |F(x) = x(#)} of all the =W-functions
compatible with the value assigned to x in x. In addition, by B,: Hst — oFnesw with Hst £ Hstg U Hsty,
we denote the map assigning to each history p € Hst the set By(p) of all the £W-functions compatible with
the most recent assignments along p. Formally:

. B¢(’U[) e FnCiw;
Fs (0, if By(p) N Fo(x) = 0;
°B¢(p-(¢’,x,i))é{ ’ Y
By(p) NFp(x), otherwise;
o By(p-v) = By(p), in all other cases, i.e., v # (¢, ,1).

Essentially, the bucket B4 (p) maintains the most updated set of Herbrand/Skolem functions for the variable
x that the associated player can use to reply to all the variables which x depends upon. When a play starts,
no choice has been made yet, so By(vy) is full. Once a position (¢, x, 1) is reached after a history p, a fresh
value x(z) for  has just been chosen to resolve the quantifier Q, so the bucket is updated by removing from
By(p) all the functions that are not compatible with this new value. If such resulting set becomes empty,
the player is caught cheating and the bucket is replenished taking into account only the choice just made.
In general there are two reasons for a player to cheat. Either she/he is changing the value of the variable
to challenge the adversary to prove that he/she is complying with the independence constraints (Item 4e),
or she/he chooses a new value because is unable to both satisfy her/his goal and comply with the constraints
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on her/his variables (Item 4b). Obviously, the second type of cheating, called defensive cheat, can, in turn,
induce one of the first type, called challenge cheat. Hence, complex chains of different types of cheating can
occur. In order to identify which player is the last one who was forced to cheat, we consider an arbitrary
map pr: psf(¢) — N assigning to each prefix subformula ¢ = Q=Wz. ¢’ € psf(p) a priority pr(¢) such that i)
pr(¢) is even iff @ = V and ii) pr(¢) < pr(¢’). To each history p € Hst we can then assign the sequence of
cheats cht(p) occurring in it via the map cht: Hst — N* as follows:

o cht(vr) 20;

o cht(p-(¢',x, 1)) £ cht(p)-pr(¢), whenever B,(p) N Fy(x) =0, with x € free(¢’) and ¢ = Q+Wa. ¢';
o cht(p-v) £ cht(p) - 0, in all other cases.

This construction easily lifts to infinite plays 7 € Play“£ Play N Ps® through the map cht: Play” — N“ such
that (cht(m)); = cht((m)<;), for all ¢ € N. Finally, pr(m) denotes the maximal priority seen infinitely often
along cht(w). Note that every infinite play necessarily contains at least infinitely many challenge cheats
(Item 4e). Thus, pr(7) uniquely identifies the right-most variable in p over which the corresponding player
cheated, without being able, at the same time, to force the adversary to do the same. If pr(7) is even,
Abelard is cheating infinitely often, so he loses the play 7, which is, therefore, won by Eloise.

Construction 2 (Independence Game). For a finite structure 2 and a pnf ADIF sentence ¢ = @i, with
1 € FOL, the independence game D?pl: (A, Wn) is defined as prescribed in the following:

1) A is the independence arena .Ag defined in Construction 1;
2) Wn C Play is the set of all the plays m satisfying the following conditions:

a) if m is infinite then pr(m) is even;
b) if ™ is finite then Ist(m) = (¥, x, ©) and A, X [Fpy, ¥, for some assignment x € Asg(mvr(yp)).

Example 10. Let us consider @7 = Jz.vty. 3722, (¥ (x,y) A 1a(y, 2)), the sentence of Example 7 from
Section 2.3, which is true in the binary structure 2 of that example. Therefore, Eloise, who controls the
values of the variables  and z, must have a strategy to win the independence game 927. One possibility is
to choose, during the decision phase, the constant function f, = 0 for « and the identity function f,(z) =«
for z. Clearly, she wins any finite play where Abelard chooses the constant function f, = 0 for y, since the
resulting assignment satisfies both (z = y) and (y = z). Let us assume, then, that he chooses f, = 1, instead,
in the decision phase. Since at the end of this phase Eloise knows she is losing, she will challenge Abelard
by changing her function f, for z to the constant 1. This raises the priority of the current play fragment to
1. Now, if Abelard sticks to function f, = 1 for y, he loses, since f,(2) = « would now give z value 1 as well,
leading to a finite play. So he needs to modify his choice to f, = 0, this time raising the priority of the play
fragment to 2 and generating a challenge for Eloise on z. Eloise, however, can stick to the identity function
and make way to a new challenge phase. Now, since Eloise is losing with the current assignment, she will
challenge once again, choosing f, = 0 and raising priority 1. Abelard is then forced to change function and
raise priority 2 and we are back to where we started. This cyclic process ends up forming an infinite play
whose maximal priority is 2, since Eloise can force Abelard to defensively change bucket infinitely often,
thus satisfying her winning condition.

It is worth noting that the game devised above bears some similarities with the team-building game pro-
posed by Bradfield [3] for DL [40]. Both ours and his are complete-information games extending Hintikka’s
game for FoL. In addition, Bradfield’s game also checks the uniformity of the choices made by Eloise by
means of a challenge mechanism, where the sentence is played over repeatedly by the players. The similar-
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ities, however, end here as the two games differ significantly in nature. First, the repeated evaluations of
a sentence ¢ in Bradfield’s game allow him to build teams during a play, one for each dependence atom
occurring in . Each team is then used to check whether Eloise’s choices have been made in accordance to
the dependency constraint encoded by the corresponding atom. All these teams are explicitly recorded in
each state of his game, together with the partial assignment recording the choices made by the players so
far in the current repetition. In this sense, then, Bradfield’s arena is intrinsically second order, as it records
sets of assignments in each state and contains moves that update such sets. Second, Bradfield’s game on
finite structures only admits finite plays and its winning condition, then, boils down to a simple reachability.
On the contrary, our game is played in a purely first-order arena, whose states only keep track of players
choices collected in the partial assignment. Moreover, it always admits infinite plays, where players can
repeatedly challenge each other forever. The second-order power of our game, then, resides entirely in the
winning condition, where the priority-based mechanism accounts for the alternation of the quantifiers along
the, possibly infinite, repeated evaluations of the sentence.

To conclude, by exploiting Theorem 8, it is possible to prove the adequacy of the game-theoretic semantics
w.r.t. the model-theoretic one of Definition 6 and, in turn, w.r.t. the compositional one of Definition 2, where
the Skolem (resp., Herbrand) functions obtained by the evaluation of the existential (resp., universal) meta
quantifiers of the META-ADIF sentence hsp(p) ¥ induce a winning strategy for Eloise (resp., Abelard) in
Di‘, whenever the ADIF sentence ¢ = gt is true (resp., false) in 2. This also implies the determinacy of the
independence game, without the need to rely on topological determinacy theorems, as those of Martin [33,34].

Theorem 12 (Game-Theoretic Semantics). For a finite structure 2 and an ADIF sentence ¢ in prenex
form, there exists an independence game Dg such that A = ¢ (resp., A = @) iff D?Dl is won by Eloise (resp.,
Abelard).

6. Discussion

We have introduced Alternating Dependence/Independence-Friendly Logic (ADIF), a conservative ex-
tension of Independence-Friendly Logic (IF), that incorporates negation in a very natural way and avoids
the indeterminacy of the logic. This is achieved by means of a generalisation of team semantics, where the
choices of both players are represented in a two-level structure, called hyperteam. This allows us to treat
the two players symmetrically and force both of them to make their choices according to the (in)depen-
dence constraints specified in the corresponding quantifiers. Thanks to the fully symmetric treatment of the
(in)dependence constraints, the new semantics allows for restoring the law of excluded middle for sentences
and enjoys the property of game-theoretic determinacy. Interestingly enough, this also grants ADIF the full
expressive power of Second Order Logic (SOL) and, as a consequence, also of Team Logic (TL), without the
need of including additional connectives in the language. The expressive power gained with respect to IF
can be leveraged, for instance, to define directly in the logic notions such as indeterminacy and sensitivity
to signalling of IF sentences. This gives ADIF the flavour of a logic suitable to reason “about” imperfect
information in a general sense. For the prenex fragment, a Herbrand-Skolem semantics is also provided that
directly connects ADIF with SoL, as well as a game-theoretic semantics on finite structures, given in terms
of a determined turn-based infinite-duration perfect-information game played on a first-order arena.

Interesting questions that remain open concern whether a prenex normal form theorem holds for the
language. Equally unsettled is the actual expressive power of ADIF. We do show that it is at least as
expressive as SOL and, thus, covers the full polynomial hierarchy PH. The proof for the other direction,
however, relies upon the assumption of equipotency between the hyperteam X and the domain A of the
underlying structure A, which allows us to encode hyperteams by means of a suitable relation Rel(X). There
seems to be no straightforward way to do the same for “big” hyperteams. Yet again, it is not clear whether
such “big” hyperteams actually matter, in the sense of there being a formula that can distinguish between
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“big” and “small” ones. Usually, similar questions have been addressed by defining suitable Ehrenfeucht-
Fraissé games (EF) to precisely characterise the expressive power of the logic. For this reason, one may
think to do the same for ADIF as well. The main difficulty we foresee here is, however, the treatment of
quantifications, for which no explicit commitment to a specific valued is made in the semantics (all choices
are evenly encoded in the hyperteam). In a classic EF game, instead, the moves corresponding to the choices
of a value by a quantifier make explicit commitments. Currently, it is not clear to us how to circumvent this
discrepancy.
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Appendix A. Proofs of Section 2

Before each proof of a theorem, we display its dependency graph: the vertices are the results used to
prove the theorem (they can be lemmata, propositions, other theorems, etc). There is an edge from Result 1
to Result 2 iff Result 1 is explicitly used in Result 2’s proof.

Let W C Vr and X € HAsg. For a team X € X[y, we denote by XV one (arbitrarily chosen) of the teams
Y € X such that Y|y = X.

Lemma 1 (Dualisation I). For all hyperteams X € HAsg, it holds that X =w ?, for all W C Vr. In addition,
X C X, if X is proper.

Proof. First, observe that, by Proposition 1, X = X holds for every non-proper hyperteam X.
Next, we show that X C X, for a proper hyperteam X. Let X € X. Observe that, since X is proper,
X' NX # 0 for all X' € X. For every x € X, fix a choice function b, € Che(X) such that v, (X) = x € X.

Now, consider & € Chc(X) such that d(img(b,)) = x for all x € X, and 8(X’) € X N X' for all the other
teams X’ € X \ {img(b,) | x € X}. Clearly, X = img(d) € X, hence X C X.

Since X C X implies X C X, it suffices to prove that X C X holds to obtain X = X. To this end, let
X/ = img(S) € X, for some b € Chc(?). We show that there is X € ¥ such that X C X’. Assume, towards
a contradiction, that this is not the case, i.e., for all X € X there is xyx € X\ X’. Then, define ¢ € Che(X)
as: b(X) = xx for all X € X. Clearly, b(img(b)) ¢ X', thus raising a contradiction. Now, the thesis follows
from the observation that X = X is equivalent to ¥ =v, X, which implies X =w X, due to W C Vr. O

Lemma 2 (Dualisation II). The following equivalences hold true, for all hyperteams X € HAsg and properties
U C Asg.
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1) Statements 1a and 1b are equivalent:

a) there exists a team X € X (resp., X € X) such that X C ¥;
b) for all teams X' € X (resp., X' € X), it holds that X' N ¥ # ().

2) Statements 2a and 2b are equivalent:

a) there exists a team X € X such that X NV # (;
b) there exists a team X' € X such that X' N # (.

3) Statements 3a and 3b are equivalent:

a) for all teams X € X, it holds that X C ¥;
b) for all teams X' € X, it holds that X' C V.

Proof. We consider the three equivalences separately.

1) First, we show that there exists a team X € X such that X C ¥ if and only if for all teams X’ € X, it
holds that X' N # (.
(only-if direction) Let X’ be a generic element of X. Thus, X’ = img(b) for some d € Chc(X). Thus,
0(X) € XN X'. The thesis follows from X C ¥.
(if direction) By Proposition 1, if X = ), then () € X, and the thesis immediately follows since (} C .
If, instead X # (), then assume, towards a contradiction, that for all X € X, there is yx € X\ ¥. Define
b € Che(X) as: 9(X) = xx, for all X € X. Since img(b) € X and img(b) N ¥ = (), we get a contradiction.
The rest of the claim, i.e., there exists a team X’ € ¥ such that X’ C VU if and only if for all teams
X € X, it holds that X N ¥ # (), follows from above and the fact that X = X (Lemma 1).
2) (only-if direction) Consider b € Che(X) such that d(X) € XNW. The thesis follows from 8(X) € img(b) €
Xx.
(if direction) Let X’ = img(d) € X, for some b € Che(X), be such that X’N ¥ # () and let ¥ € X' N V.
Thus, there is X € X such that d(X) =¥ € X, which means that X N ¥ # (), hence the thesis.
3) The claim follows by instantiating ¥ with Asg\ ¥ in the previous claim, and observing that 3a and 3b
correspond to the negations of 2a and 2b, respectively. 0O

Lemma 3 (Empty & Null Hyperteams). The following hold true for every ADIF formula ¢ and hyperteam
X € HAsgc (sup(p)):

1) a) 0,0 "0 b) A, X =" o, where O € X;
2) a) A0 =" ; b) A XL @, where ) € X.

Proof. The claim follows from the more general Lemma 10, reported in Appendix C, by instantiating §
with the empty function @. O

Theorem 1 (Hyperteam Refinement). Let ¢ be an ADIF formula and X, X' € HAsgc(sup(p)) two hyperteams
with X Ceegpy X'. Then:

1) if A, %X =77 0 then A, X =7 ¢;
2) if A, X =7 ¢ then A, X E" .
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Theorem 13

Fig. A.2. Dependency graph of Theorem 1.

Fig. A.3. Dependency graph of Theorem 2.

Fig. A.4. Dependency graph of Theorem 3.

Proof. (See Fig. A.2.) The claim follows from the more general Theorem 13, reported in Appendix C, by
instantiating both § and ¢ with the empty function @. O

Theorem 2 (Double Dualisation). For every ADIF formula ¢ and hyperteam X € HAsgc(sup(y)), it holds
that A, X =" ¢ iff A X = iff A, X ="

Proof. (See Fig. A.3.) The claim follows from the more general Theorem 14, reported in Appendix C, by
instantiating § with the empty function @. O

Theorem 3 (Boolean Laws). Let @1, o and ¢ be ADIF formulae. Then:

1) a) "L=T;b) T =1;c¢c)p=—gp;

2)a) pANL=1NANp=1;0) pAT=TAp=p;

3) a) oV T=TVep=T;b)pVLI=1LVep=y;

4) a) pr Apa=pa Ap1;b) 1V s =pa Vg

5) a) p1 N2 = 915 0) 1 A (P Awa) = (1 Ap) Apa;

6) a) o1 = p1Vp2;b) o1 V(9 Vp2) = (01 V@)V p2;

7) a) o1 A2 = (=01 V p2); b) o1 Vpa = a(mpr A —gpa);
8) a) IFWx.p = (VEVx. —p); b) VEV L. o = (V. ).

Proof. (See Fig. A.4.) Proving that an equivalence (resp., implication) ¢1 = @2 (resp., 1 = ¢2) holds
true amounts to showing that both ¢; =" ¢o and 1 =" o (resp., 1 =" Y9 and p; == @s) hold true.
However, as a consequence of Theorem 2, we have that 1 =% s iff o1 =% pa (resp., p1 =% pa iff o1 =% ©2)
for all « € {3V, V3}. Therefore, for every claim in the statement of the theorem, it is enough to focus on one
of the two alternation flags 3V and V3 only. We could avoid the use of Theorem 2 by proving each claim
for both alternation flag. However, this would not be interesting as for all claims, the arguments for both
flags are the same.! In the following, when proving an equivalence 7 = @2 (resp., implication ¢; = ¢2),

we assume X € HAsgc (sup(e1) Usup(p2)).

) AUXET LB A X LS AXAOD AXETT.
D) AXET-TEAXE TEAX=0L AXE" L
) WX EC B AUX R B AXE

) First, we prove that ¢ A L = L holds. To this end, we show that if 2, %)zavgo/\L, then 2, %)ZHVL, and
vice versa. By semantics, 2, X[=""o A L implies that for all (X1, X5) € par(X), it holds that 2, X; ="
or 2, X )ZHVJ_. In particular, since (f), X) € par(X) and, by Item la of Lemma 3, 2, I#EW ©, we have
that 2, Zﬂ:avj_. Conversely, 2, }II:EIVJ_ means that § € X. Thus, for every (X1, X3) € par(X), it holds

! Nonetheless, this is why Theorem 2 does not occur in the dependency graph of Theorem 3.
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that @ € X1 or § € X,. Thanks to Item 1b of Lemma 3, we have 2, X Izavgo or 2, XQIZHVL, which,
by semantics of A, implies %,Xlzavgp A L. To conclude, observe that ¢ A L = 1 A ¢ holds, due to
commutativity of A, formally proved below (Item 4a).

b) First, we prove that o AT = ¢ holds. To this end, we show that if 2, .’{|:3Vg0/\ T, then A, 35):%, and
vice versa. By semantics, %A, %Favcp/\'l' implies that for all (X1, X2) € par(X), it holds that 2(, X; |:3ch
or 2, %QI:HVT. In particular, since (X,0) € par(X) and, by Item la of Lemma 3, 2, %HVT, we have
that 2, ﬂzavgo. Conversely, assume QJ.,XIZHV@ and let (X1,X5) € par(X). If X; = X, then 2, X |:3V<p;
if X1 # X, then X3 # (), and thus, by semantics of T, it holds that 2, 3€2|:3VT. Therefore, for
every (X1,X2) € par(X), it holds that 2, X; Izavgo or A, X |:3vT, which, by semantics of A, implies
2, X'zavgo A T. To conclude, observe that ¢ A T = T A ¢ holds, due to commutativity of A, formally
proved below (Item 4a).

3) a) First, we prove that VT = T holds. To this end, we show that if 2, }C):VHQOVJ_, then 2A, %}:VHT, and
vice versa. By semantics, 2, ﬂzvago V T implies that there is (X1, X2) € par(X) such that 2, X, |:\ﬂ<p
and 2, xgy:\ﬂT. By Item 2b of Lemma 3, it must be § ¢ X;, for each i € {1,2}, and thus 0§ ¢ X,
which, by semantics of T, implies 2, XI:\GT. Conversely, assume 2, %):\GT. The claim follows from
the fact that (0, X) € par(X) is such that 2, 0="" (by Item 2a of Lemma 3) and 2, X=""T (by
assumption), which implies that 2, X ):vago V T. To conclude, observe that ¢ VT =T V ¢ holds, due
to commutativity of V, formally proved below (Item 4b).

b) First, we prove that ¢V L = ¢ holds. To this end, we show that if 2, .’{|:V3g0\/ L, then 2A, %}:ﬁgp, and
vice versa. By semantics, 2, ﬂzvaga V L implies that there is (X1, X2) € par(X) such that 2, X, |:\ﬂcp
and 2, X I:VHJ_. From the latter, it follows X5 = (), meaning that X; = X. Therefore, we have
A, x':va(p. Conversely, assume 2, %):\ﬂgp. The claim follows from the fact that (X,0) € par(X¥) is such
that 2, X[="" (by assumption) and 2, )k=""L (by semantics of L), which implies that 2, X=""pV L.
To conclude, observe that ¢ V L = 1 V ¢ holds, due to commutativity of V, formally proved below
(Ttem 4b).

4) Both Items 4a and 4b follow from the observation that (X, X2) € par(X) iff (X2, X1) € par(X).

5) a) If A, XE=""p1 A @a, then for all (X;,%,) € par(X), it holds that 2, X1}=""; or A Xa=""ps. In
particular, since (X,0) € par(X), we have that Ql,%lzavwl.

b) The claim follows from the observation that partitioning is associative.

6) a) Assume 2, X=""p;. The claim follows from the fact that (X,0) € par(X) is such that 2, X=""p; and
A, @Izvagog (by Ttem 2a of Lemma 3), which implies that 2, %)zvatpl V 0.

b) The claim follows from the observation that partitioning is associative.

7) a) A XET"(mr V) B A X Ty V gy < it does not hold that 2, X=""p; V —gpy "2 there
is no (X1,%,) € par(X) such that A X" and A, Xof=" gy < for all (X1,%,) € par(X) it
holds that 2, X1 b7 gy or A, Xy K7 —py “E for all (X1, X2) € par(X) it holds that 2, X1}="¢1
or A, X Izavgog &, ﬂzavgol A 3.

b) 2, 3€|:V3—\(—\<p1 A=pg) "E AKX béavmpl A =g & it does not hold that 2, %)zav—'gol A =y " there
is (X1, X2) € par(X) such that 2, X; K=" —p; and A, Xy p&° —s & there is (X1, X3) € par(X) such
that 2, X1 |:\ﬂ<p1 and 2A, X, |:va<p2 &, %|:va<p1 V @a.

8) a) A XET"(VEV L. —p) "B A X BT vEW ., g E 9 extprwy (X, x) - extprwy(X, x) =%
WL X 3EV . .

b) 2, ﬂ:va—\(ﬂiwx. —p) "E A X b&av FEWVz. - "8 A, extprwy (X, 2) b&av & A extpprwy (X, z) |:V3g0
WL XEEV L . O

Theorem 4 (Prefiz Extension). Let p¢ be an ADIF formula, where p € Qu is a quantifier prefix and ¢ is an
arbitrary ADIF formula. Then, A, X =% p¢ iff A, extq (X, p) =" ¢, for all hyperteams X € HAsgc (sup(pg)).
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Fig. A.5. Dependency graph of Theorem 4.

Proof. (See Fig. A.5.) The claim follows from the more general Theorem 15, reported in Appendix C, by
instantiating § with the empty function @. 0O

Appendix B. Proofs of Section 3

Lemma 4 (FoL Dualisation). The following equivalences hold, for all FOL formulae ¢ and hyperteams
X € HAsgc (sup(y)).

1) Statements 1a and 1b are equivalent:

a) there exists a team X €X such that A, x FEg,, @, for all assignments x € X;
b) for all teams X €X, there exists an assignment x € X such that A, x ErpoL -

2) Statements 2a and 2b are equivalent:

a) for all teams X € X, there exists an assignment x € X such that A, x Fpy,. ©;
b) there exists a team X €X such that 2, x EroL @, for all assignments x € X.

Proof. The first equivalence follows from Lemma 2, Item 1, by letting U= {x € Asgc(sup(¢)) | 2, X EroL ¢}

The second equivalence follows from the first one and from X = X (Lemma 1). O

Lemma 5 (FoL Quantifiers). The following equivalences hold, for all FOL formulae @, variables x € Vr, and
hyperteams X € HAsgc (V) with V £ sup(p) \ {z}.

1) Statements 1a and 1b are equivalent:

a) there exists a team X € X such that A, x =g, 3. @, for all x € X;
b) there exists a team X € exty (X, x) such that A, x Eg,, ¢, for all x € X.

2) Statements 2a and 2b are equivalent:

a) for all teams X € X, there exists x € X such that A, x Ep,, V. ¢;
b) for all teams X € exty(X,x), there exists x € X such that 2, x =gy, ©-

Proof. (1a = 1b) Let X € X be such that 2, x }=p,, J2.¢ holds for every x € X. By the standard FoL
semantics, for every x € X, there is an element a, € A such that 2, x[z — ay] Fp,, . We safely
assume that a,, = ay, whenever xily = Xalv, for all xi,x2 € X. Let F € Fncy be such that
F(x) = ay for every x € X and let Xr = {x[z — F(x)] : x € X}. Since X € exty(X,z) and
2, X Fpo, @ holds for every x € X, the thesis holds.

(1Ib = 1la) Let Xgp = {x[z — F(x)] : x € X} € exty(X,z), for some X € X and F € Fncy, be such that
A, X Epo, ¥ holds for every x € Xg. Clearly, by the standard FOL semantics, this implies that
2, X Fpo, 3. ¢ holds for every x € X, hence the thesis.

(2a < 2b) By statement 1 of this lemma, we have that la is false if and only if 1b is false (not la < not 1b,
for short). By instantiating, in this last equivalence, ¢ with =y, we have la’ < 1/, where 1a’
and 10’ are abbreviations for, respectively:
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— for all teams X € X, there exists an assignment y € X such that A, x Fp,, Iz.7¢;
— for all teams X € exty (X, ), there exists an assignment x € X such that 2, x g, —¢.

By applying standard FOL semantics for negation and the duality of 3 and V in standard ForL,
it is straightforward to see that 1la’ and 1b" correspond to 2a and 2b, respectively, hence the
thesis. O

Lemma 6 (FOL Boolean Connectives). The following equivalences hold, for all FOL formulae o1 and w2 and
hyperteams X € HAsg (V) with V £ sup(p1) U sup(p2).

1) Statements 1a and 1b are equivalent:

a) there exists a team X € X such that A, x =p,, @1 A 2, for all x € X;
b) for each bipartition (X1,X2) € par(X), there exist an index i € {1,2} and a team X € X; such that

2, X Epo, wis for all x € X.

2) Statements 2a and 2b are equivalent:

a) for all teams X € X, there exists x € X such that A, x Fpy, ¥1V @25
b) there exists a bipartition (X1,X2) € par(X) such that, for all indezes i € {1,2} and teams X € X;, it
holds that A, x g, @i, for some x € X.

Proof. (1a = 1b) Let X € X be such that 2, x }=p,, 1 A2 holds for every x € X and consider an arbitrary
pair (X1, X9) € par(X). Since (X1, X2) is a partition of X, either X € X; or X € X5: in the former
case, let i = 1; in the latter, let ¢ = 2. Since X € X; and A, x =, ¢; holds for every x € X, the
thesis holds.

(1b = la) Consider the hyperteam X} = {X € X : Vx € X . 2, x [y, ¢1} and the pair (X; £ X\ X, X, =
X7) € par(X). Observe that, by definition of X, there is no X € X; such that 2, x =, ¢1 holds
for every x € X. Thus, by 1b, there must exist X € X5 such that A, x [=p,, @2 holds for every
X € X. By definition of X, it also holds that 2, x =g, ¢1 for every x € X, hence the thesis.

(2a < 2a) By statement 1 of this lemma, we have that la is false if and only if 1b is false (not la < not 1b,
for short). By instantiating, in this last equivalence, @1 with —¢; and o with —ps, we have
la’ & 1V, where 1a’ and 10’ are abbreviations for, respectively:

— for all teams X € X, there exists an assignment x € X such that A, x g, 701 A ~@2;
— there exists a pair of hyperteams (X1, X2) € par(X) such that, for all indexes 7 € {1,2} and
teams X € X;, there exists an assignment x € X for which it holds that 2, x Ep,, —¢i.

By applying semantics of negation and De Morgan’s laws, it is straightforward to see that la’
and 18’ correspond to 2a and 2a, respectively, hence the thesis. O

Theorem 5 (FoL Adequacy). For all FOL formulae ¢ and hyperteams X € HAsgc (sup(y)), it holds that:

1) A, % )zavga iff there exists a team X € X such that, for all assignments x € X, it holds that A, x FEg,, ¢;
2) A, X 'z\ﬂga iff, for all teams X € X, there exists an assignment x € X such that A, x Fp, ¢-

Proof. (See Fig. B.6.) Both Items 1 and 2 are proved together, by induction on the structure of the formula.
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Proposition 1

Lemma 5 Theorem 5
5

Fig. B.6. Dependency graph of Theorem 5.

o If  is an atomic formula, i.e., it is L or T, or it has the form R(&), then the claims immediately follow
from the semantics (Definition 2, Ttems 1-3).

o If ¢ = —¢, then we have, by semantics, 2, X % ¢ if and only if 2, X b&a ¢. If « = 3V, then, by inductive
hypothesis, it is not the case that for every X € X there is x € X such that 2, x =g, ¢, which amounts
to say that there is X € X such that for every x € X it holds 2, x (4, ¢, from which the thesis follows.
If, instead, a = V3, then, by inductive hypothesis, there is no X € X such that for every x € X it holds
A, X Epo, ¢, which amounts to say that for every X € X there is x € X such that 2, x (&, ¢, from
which the thesis follows.

o If o = 1 Ay and o = 3V, then we have, by semantics, 2, X = ¢ if and only if for every (X1, X5) € par(X)
it holds that 2, X; =% ¢ or A, Xo E ¢2. By inductive hypothesis, this amounts to say that for every
(X1,%2) € par(X) there is ¢ € {1,2} and X € X; such that for every x € X it holds &, x =p,, ¢i- The
thesis follows from Lemma 6, Item 1.

If ¢ = ¢1 A @2 and a = V3, then we have, by semantics, A, X = ¢ if and only if A, X ):& . By
proceeding as before, i.e., by applying semantics, inductive hypothesis, and Lemma 6, Item 1, we have
that there is X’ € X such that for every x’ € X’ it holds 2, x’ Fpou - The thesis follows from Lemma 4,
Item 2.

o If o = 1 Vs and @ = V3, then we have, by semantics, 2, X = ¢ if and only if there is (X1, X2) € par(X)
such that 2, X; E” 1 and 2, Xs E” o. By inductive hypothesis, this amounts to say that there is
(X1, X2) € par(X) such that for every i € {1,2} and X € X; there is x € X for which it holds 2, x =, ©i-
The thesis follows from Lemma 6, Item 2.

If o = 1 Vo and a = 3V, then we have, by semantics, 2, X =% ¢ if and only if A, X ':a . By
proceeding as before, i.e., by applying semantics, inductive hypothesis, and Lemma 6, Item 2, we have
that for every X’ € X there is x’ € X’ such that 2, x’ ., ¢. The thesis follows from Lemma 4, Item 1.

o If ¢ = 3z.¢ and a = 3V, then we have, by semantics, A, X =% ¢ if and only if 2, extgyp) 123 (X, ) " ¢
By inductive hypothesis, this amounts to say that there is X € extsuy¢)\ 2} (X, ) such that for every
X € X it holds &, x =, ¢. The thesis follows from Lemma 5, Item 1.

If p = d2.¢ and a = V3, then we have, by semantics, A, X =% ¢ if and only if 2, X |:E . By
proceeding as before, i.e., by applying semantics, inductive hypothesis, and Lemma 5, Item 1, we have
that there is X’ € X such that for every x’ € X' it holds 2, X’ Ep,, ®- The thesis follows from Lemma 4,
Item 2.

o If ¢ = Va.¢ and a = V3, then we have, by semantics, 2, X =% ¢ if and only if 2, extgyg) (23 (X, ) = .
By inductive hypothesis, this amounts to say that for every X € extsyy¢)\ 2} (X, 2) there is x € X such
that A, x =g, ¢ The thesis follows from Lemma 5, Item 2.

If p = Va.¢ and o = 3V, then we have, by semantics, 2, X = ¢ if and only if 2, X =% ¢. By proceeding
as before, i.e., by applying semantics, inductive hypothesis, and Lemma 5, Item 2, we have that for every
X' € X there is X’ € X’ such that 2, ¥’ Fp,, ¢ The thesis follows from Lemma 4, Item 1. O

Lemma 7 (Cylindrical Extension). Let X € HAsg be a hyperteam. Then, cyl(X,z) = extw (X, x), for all
variables x € Vr and sets of variables W, with vr(X) C W C Vr.
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Proof. The proof is done by showing the two directions of the equivalence.
First, we prove the following:

oyl(X, z) C extw (X, z).

Let X, € cyl(X,2). There is X € X such that X, = cyl(X,z). Remark that for every X’ € X there is
xx’ € X'NX. Then, for every F € Fncy, it holds that xx/[z — F(xx/)] € X,. Now, observe that for every
X € extw (X, ), there is X’ € X and F € Fncw such that X = ext(X’,F,z). Consider b € Che(extw (X, 7))
defined as follows. For every X € extw (X,2), we define o(X) = xx/[z — F(xx/)]. We can deduce immediately
that img(b) C X,,.

We turn now to showing that

extw (X, z) C cyl(X,z).
Let X € extw (X,z). We have X = img(b) for some choice function b € Che(extw (X,z)). Then,
VF € Fnew, VX' € X,3) € X s.t. X[z — F(x')] € X. (B.1)

Toward contradiction, assume that cyl(X,z) ¢ X for all X € X. Then for all X € X, there is xx € X and
ax € A such that xx[r — ax] ¢ X. We assume that ax, = ax, if xx, = xx, so that each x is associated
with only one a € A. Consider b € Che(X) such that d(X) = xx for all X € X, and F € Fncw such that
F(xx) = ax for all X € X. By construction, for all ' € img(b), it holds that y/[z — F(x’)] ¢ X and, since
img(d) € X, we have a contradiction with (B.1). O

Lemma 8 (Team Partitioning). Let X € HAsg be a hyperteam. Then:

1) for all hyperteam bipartitions (X1,X2) € par(%) and teams Y1 € X1 and Yo € X5, there exists a team
X € X such that X C Y UYy;

2) for all teams X € X and team bipartitions (X1,Xs) € par(X), there exist a hyperteam bipartition
(X1,%2) € par(?) and two teams Y1 € X1 and Yo € X5 such that Y C Xy and Yo C Xo.

Proof. In the following, we assume index i to range over {1,2}.

1) Let (¥1,%9) € par(?) and Y; € X;. Then, there are b; € Chc(X;) such that Y; = img(b;). Let b € Chc(%)
be defined as: d(X) = b;(X) if X € X;, for all X € X. It clearly holds that img(b) = img(b1) U img(b2)
and img(bd) € X. Finally, thanks to Lemma 1, there is X* € X such that X* C img(b) = Y; U Ys.

2) Let X € X and (X3, X2) € par(X). Consider X; and X5 defined as follows: X; = {img(d) | o € Che(X) and
b(X) € Xy} and X = X\ X;. Clearly, it holds that (X1,X3) € par(X). Moreover, for every X, e %,
it holds that X;N X; # 0. Let d; € Che(%;) be such that 0;(X)) € Y; N X;, for every X, € X;. Then,
img(b;) € X; is such that img(d;) C X;. O

The proof of the DIF adequacy property for ADIF uses the following monotonicity property known for
IF (and thus DIF).

Remark 2. For all DIF formulae ¢ and teams X, X C Asgc(sup(p)), with X C X/, it holds that:

1) I AX = o, then 2, X = o,
2) A X = ¢, then A, X |2 ¢
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Fig. B.7. Dependency graph of Theorem 6.

Theorem 6 (DIF Adequacy). For all DIF formulae ¢ and hyperteams X € HAsgc (sup(y)), it holds that:

1) if ¢ is 3-DIF then A, X ’:av@ iff there is a team X € X such that A, X ):v ©;

DIF

2) if ¢ is V-DIF then A, X =" iff, for all teams X € X, it holds that A, X =2 .

DIF

Proof. (See Fig. B.7.) In the following, we assume index ¢ to range over {1,2}.

To begin with, we prove Item 1. The proof is done by structural induction on the formula .

(base case) If ¢ = R(&) or ¢ = —R(Z), then the property holds by the semantics rules.

(inductive cases)

(¢ =1 Ap2)

(p =1V )

(p=3F*Vr.0)

(o =v"2.0)

Suppose that the property holds for the subformulae of .

A,X =77 o1 Ay "B for all (X1,X5) € par(X) it holds that 2, %, 7" ¢ or 2, X, =77
P2 P for all (%X1,X2) € par(X) it holds that there is X; € X; for which it holds
A, X |:v 1 or there is Xy € X5 for which it holds 2, X5 )zv 9 < there is X € X such

DIF DIF
DIF-sem.

that 21, X ’:\;F o1 and A, X ):\;F @2 & there is X € X such that 2, X |:§IF 01 N 3.
If2A,x ’:3\1(‘01 V g, then A, X ):va ©1V 2. By semantics, there is (¥1, X2) € par(?) such
that 21, X; hvagpl and A, X5 |:\ﬂ<p2, which amounts to say that there is (X1, Xs) € par(%)
such that 2, Z{_llzavgal and Q(,X_gizavcpg. By inductive hypothesis, there are X; € X, and
Xy € Xz such that A, X1 = o1 and A, Xy =7 ¢o. By Item 1 of Lemma 8, there is X € X
such that X C X;UX,. By Item 1 of Remark 2, we have that X;2 X; N X and X,2 X \ X
are such that 2, X, =7 1 and 2, X, =7 2. Since, in addition, (X3, X3) € par(X) holds,
we conclude 2, X ’:XIF 01V pa.

Conversely, if there is X € X such that 2, X |:ZIF ©1 V o, then there is (X1,X3) €
par(X) such that 2, X; |::]F ¢;. By Item 2 of Lemma 8, there are (X1,X3) € par(X) and
Y; € X, such that Y; C X,. Then, by Item 1 of Remark 2, it holds that 2(,Y; |::]F ;. By
inductive hypothesis, we have 2, E'Zav%_’ or, equivalently, A, X; ':va ;. Therefore, there
is (X1,X2) € par(X) such that 2, X; )z\ﬂ ©;, which implies A, X ):va 1V 2, and we can
conclude 2, %Favgm V po.
2l7f{)=3v JEWg.p "8 A, extprwy (X, z) I:Ewcp PEP there is X € extp1wy) (X, z) such that
A, X ':v ¢ € there are X € X and F € Fncpiwy such that A, ext(X, F, z) |:\;F @ rE

DIF

there is X € X such that 2, X ):ZIF FEWV2. p.
AXE" v 0.0 "8 A TE v 020 "B A extyy (X,z) = T A extyy (X,z) =%
PR T o eyl(X,2) = M there is X € cyl(X,z) such that 2, X ':Xw ¢ € there is

DIF-sem.

X € X such that 2, cyl(X, x) |:Z1F ¢ & there is X € X such that %, X |:\;F vz .

We turn now to proving Item 2. We proceed by structural induction on the formula .

(base case) If ¢ = R(&) or ¢ = = R(Z), then the property holds by the semantics rules.
(inductive cases) Suppose that the property holds for the subformulae of .
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(o =01 Np2)

(¢ =1V )

(p=37"2.0)

(p =V=Va.0)
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We assume that 2, X ):va ©1 A o and we show that for all teams X € X, it holds that
A, X |:iw ©1 A @2, which amount to showing that for all teams X € X and (Xy,X3) €
par(X), it holds that 2, X; |:31F o1 or A, Xy |=im 2. To this end, we let X € X and
(X1,X2) € par(X). By Item 2 of Lemma 8, there are (X, Xs) € par(X), Y; € X1, and
Y, € ¥, such that Y; € X5 and Yo C Xo. From A, X ':\13 w1 A g, it follows that
A X |:av ©1 A 2. By semantics, for all (X1,X2) € par(X) it holds that 2, X; )zavgol or
2A, Xy ="y, which, by Theorem 2, amounts to saying that for all (X;,X2) € par(%X) it
holds that Q[,i_ﬂ:\ﬂgol or 2, %_2|:V3g02. By inductive hypothesis, for all (X1, X2) € par(X)
it holds that 2, X1 f=, 1 for all X; € X7 or it holds that 2, X = s for all Xs € Xs.

Equivalently, for all (¥1,X2) € par(?), X, € X1, and Xy € X, it holds that 2, X; |:3 V1

DIF

or A, Xs ':im 2. Therefore, we have that 2, Y, }:iF w1 or A Yo |:§IF 2, and, due to
Y; € X; and Ys C X5, and thanks to Item 2 of Remark 2, we conclude 2, X1 |:iw Y1 or
S2[7 X2 ':3 Y2.

DIF

Conversely, assume that for all teams X € X, it holds that 2, X '22117 1 A 2, which
amounts to saying that for all X € X and (X;,X5) € par(X), it holds that 2, Xy =2 ¢

DIF
or A, Xo )zgw 2. First, we show that for all (X1,%5) € par(?), X, € X1, and Xy € Xo, it
holds that_%l, X1 |:[3)IF p1 or A Xo ):iF a. To this end, let (X1,%2) € par(?), X; € ¥,
and X € X5. By Item 1 of Lemma 8, there exists a team X € X such that X C X; U Xs.
Let X; = X; NX and X, = X \ X}. Clearly, (X}, X3) € par(X), X; C X;, and X, C X,. By
assumption, it holds that 2, X, f=_ @1 or 2, X, = 2. From X; € X and X; € Xo,
and thanks to Item 2 of Remark 2, it follows 2, Xy |:3 o1 or A Xo ’:3 2. Therefore,

DIF _DIF

we have showed that for all (X1,%.) € par(?)7 X, € X1, and Xy € X, it holds that
A, X, )zgw w1 or A Xo |:3 ¢2. This amount to saying that for all (X1,X2) € par(X), it

DIF

holds that A, Xy = ¢y for all X; € X7 or it holds that %, X, |=> s for all X5 € X5. By
inductive hypothesis, we have that for all (%1, X2) € par(?)7 it holds that Ql,f_ﬂ:\ﬂcpl or
2[,.’{_2|:vag02, which eventually amounts to saying 2, .’ﬂ:\ﬂgol A ©a.

A,X =701 Vg "B there is (X1, X,) € par(X) such that 2, X; £ ¢y and A, Xy =7°

V2 PP ere is (X1,X2) € par(X) such that for all X; € X; it holds 2, X; ':iw 1 and
for all Xo € X it holds A, Xy [ s < for all X € X it holds that %,X = ¢; or
DIF-sem.

A X 2 pp E™ for all X € X it holds that 2, X =2 o1 V .

DIF __
AXE 372,08 A X" 3020 B A extyy (X,2) =% T extyy (X,z) =%

def.

FRE T eyl(X,2) =T "E for all X € cyl(X,z) it holds that 2, X = ¢ & for all

DIF
DIF:-sem.

X € X it holds that 2, cyl(X, z) ¢ ""&™ for all X € X it holds that 2, X > 3702, .

DIF
A XE"T vEW . extprwy (X, x) =" "E for all X € extprwy) (X, z) it holds that
AX . ¢ & forall X € X and F € Fncpewy it holds that 2, ext(X,F,z) . ¢ " &™
for all X € X it holds that %, X |=, v+Va. ¢. O

Appendix C. Proofs of Section 4

Lemma 10 (Generalised Empty €& Null Hyperteams). The following hold true for every META-ADIF formula
¢, function assignment § € FAsg, and hyperteam X € HAsgc(sup(y) \ dom(3F)).

1) G,) m,g,@ Féavsp; b)gl7 g’% lZEWQD7 where Q) S ff;
2) a)2A, 5,0 =" b) AT, X -2 o, where 0 € X.
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Proof. We proceed by structural induction on the size of ¢. For the four inductive cases concerning the
two binary Boolean connectives and the two standard quantifiers, it is useful to recall that, thanks to
Proposition 1, = {0} and X = 0 iff 0 € X.

o [Base case ¢ = ] Both subitems of Item 1 directly follow from the meta-variant — A, §, % I:HV L iff
() € X — of Item 1a of Definition 2. Similarly, Item 2 follows from the variant — 2, §, X #va LiffX=0-
of Item 1b of the same definition.

« [Base case ¢ = T] Both subitems of Item 2 directly follow from the meta-variant — 2, §, % =" T iff
() ¢ X — of Item 2a of Definition 2. Similarly, Item 1 follows from the variant — 2(, §, X )ZSVT ix+£0-
of Ttem 2b of the same definition.

+ [Base case ¢ = R(&)] By observing that ext(,§) =0 and 0 € X iff 0 € ext(X,F), it is easy to see that
Items 1 and 2 immediately follow from Items 3a and 3b of Definition 6, respectively.

o [Inductive case ¢ = —¢] Item la (resp., Item 1b, Item 2a, and Item 2b) follows from the meta-variant
- 4,5, X EY ¢ iff A, T, X béaqﬁ — of Item 4 of Definition 2 and Item 2a (resp., Item 2b, Item la, and
Item 1b) of the inductive hypothesis applied to ¢.

o [Inductive case ¢ = ¢ A ¢o] Items 2a and 2b directly follow from Items 1b and 1a, respectively, via the
meta-variant — A, §, X ="y A da iff A, F, X =" ¢1 A ¢o — of Item 5b of Definition 2. We can therefore
focus on the latter two.

— [Item 1a] By the meta-variant of Item 5a of Definition 2, it holds that 2L, F,0 béav @ iff there
exists a partitioning (X1,X2) € par(f) such that 21, F, X, b&av ¢1 and A, F, X %Hv ¢2. Now, from
the inductive hypothesis applied to ¢; and s, it follows that 2, F,0 b ¢ and A, T, 0 B ¢o.
Moreover, (,0) € par(@). Thus, the thesis clearly holds.

— [Item 1b] By the meta-variant of Item 5a of Definition 2, it holds that 2, §, X ):av o iff, for all
partitioning (%1, X2) € par(X), it holds that 2, §, X; ):av ¢1 or A, F, Xo ':3\1%7 where () € X. Now,
from the inductive hypothesis applied to ¢; and ¢, it follows that A, F, X’ ):av ¢1 and A, F, X’ |:av
@9, for every hyperteam X’ such that ) € X’. Moreover, for every partitioning (X1, X,) € par(X),
one can observe that ) € X1 or f € X5. Thus, the thesis clearly holds.

o [Inductive case ¢ = ¢1 V ¢2] Items la and 1b directly follow from Items 2b and 2a, respectively, via the
meta-variant — A, §, X ):av OV o iff AT, X ':va @1V ¢o — of Item 6a of Definition 2. We can therefore
focus on the latter two.

~ [Item 2a] By the meta-variant of Item 6b of Definition 2, it holds that 2, F,0 E" ¢ iff there
exists a partitioning (X1, X2) € par(0) such that 2, F, X, ':va ¢1 and 2, F, X ':va ¢2. Now, by
the inductive hypothesis applied to ¢; and ¢, it follows that 2, F,0 =" ¢, and A, F,0 £ ¢o.
Moreover, (§,0) € par(D). Thus, the thesis clearly holds.

— [Item 2b] By the meta-variant of Item 6b of Definition 2, it holds that 2, F, X %va @ iff, for all
partitioning (X1, X5) € par(X), it holds that 2, F, X1 K" ¢1 or A, T, X2 "~ ¢9, where ) € X. Now,
by the inductive hypothesis applied to ¢1 and ¢o, it follows that 2, §, X’ %va ¢1 and A, §, X’ béva @2,
for every hyperteam X’ such that @ € X’. Moreover, for every partitioning (%1, X2) € par(X), one
can observe that ) € X; or () € X5. Thus, the thesis clearly holds.

o [Inductive case p = 3=V z. ¢] Items 2a and 2b directly follow from Items 1b and 1la, respectively, via the
meta-variant — 2, §, X |:va FEwa. ¢ iff AT, X Favﬂiwx. ¢ — of Item 7b of Definition 2. We can therefore
focus on the latter two.
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— [Item 1a] By the meta-variant of Item 7a of Definition 2, it holds that 2A,§,0 b&av w iff
A, §, extprwy (0, ) %HV ¢. Now, by the inductive hypothesis on ¢, it follows that 2, F, 0 %av ?.
Moreover, extprwy (0, ) = 0. Thus, the thesis clearly holds.

— [Item 1b] By the meta-variant of Item T7a of Definition 2, it holds that 2, §F, %X |:3v o iff
A, extprwy (X, x) }:av ¢, where ) € X. Now, by the inductive hypothesis on ¢, it follows that
A5, X ):av ¢, for each hyperteam X’ with () € X’. Moreover, () € extjiw)(X,z). Thus, the thesis
clearly holds.

o [Inductive case ¢ = V+*Wx. @] Items la and 1b directly follow from Items 2b and 2a, respectively, via the
meta-variant — 2, §, X |:av VEV . ¢ iff AT, X |:\ﬂ VEW . ¢ — of Item 8a of Definition 2. We can therefore
focus on the latter two.

~ [Item 2a] By the meta-variant of Item 8b of Definition 2, it holds that 2,F,0 E"" ¢ iff
2, §, extpewy (0, x) ):VH ¢. Now, by the inductive hypothesis on ¢, it follows that 2, F,0 |=\G 0.
Moreover, extjiwy (0, z) = 0. Thus, the thesis clearly holds.

— [Item 2b] By the meta-variant of Item 8b of Definition 2, it holds that 2,§,X K" ¢ iff
2, extprwy (X, ) %va ¢, where ) € X. Now, by the inductive hypothesis on ¢, it follows that
AT, X bé\ﬂ ¢, for each hyperteam X’ with () € X’. Moreover, () € extpiw)(X,z). Thus, the thesis
clearly holds.

o [Inductive case ¢ = S*Wx. ¢| Since the semantics of the existential meta quantifier does not depend on
the alternation flag «, we consider the two satisfaction (resp., non-satisfaction) cases altogether.

— [Items la and 2b] By Item 9 of Definition 6, it holds that 2, §, X £* +Wz. ¢ iff, for all functions
F € Fncprwy, it holds that 2, [z — F], X £ ¢. Now, by the inductive hypothesis on ¢, it follows
that 2, §', X £ ¢, for every function assignment §’, where either o = 3V and X = ) or a = V3 and
() € X. Thus, the thesis clearly holds.

— [Items 1b and 2a] By Item 9 of Definition 6, it holds that A, §, X E“ 2*Wz. ¢ iff there exists a
function F € Fncpyiwy such that 2,z — F|,X =% ¢. Now, by the inductive hypothesis on ¢, it
follows that 2§, X E“ ¢, for every function assignment §', where either « = V3 and X = () or
o =3V and () € X. Thus, the thesis clearly holds.

o [Inductive case ¢ = [T*Wz. ¢] Since the semantics of the universal meta quantifier does not depend on
the alternation flag «, we consider the two satisfaction (resp., non-satisfaction) cases altogether.

— [Items 1a and 2b] By Item 10 of Definition 6, it holds that 2, §, X K [*Wz. ¢ iff there exists a
function F € Fncpywy such that 2, §[z — F], X K~ ¢. Now, by the inductive hypothesis on ¢, it
follows that 21, §, X FE“ ¢, for every function assignment §', where either « = 3V and X = () or
a=V3 and () € X. Thus, the thesis clearly holds.

— [Items 1b and 2a] By Item 10 of Definition 6, it holds that 2, §, X " [I*Wz. ¢ iff, for all functions
F € Fncpiwy, it holds that 2, §[z — F], X =% ¢. Now, by the inductive hypothesis on ¢, it follows
that 2,3, X £ ¢, for every function assignment §’, where either « = V3 and X = () or a = 3V and
() € X. Thus, the thesis clearly holds. O

The following result states monotonicity of the dualization, extension, and partition operators w.r.t. the
preorder C.
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Lemma 11 (Monotonicity I). Let X,X € HAsg be two hyperteams with X Cyw X', for some W C Vr. Then,
the following hold true:

1) X' Cw X;
2) a) X =w exty(X,z), if t ¢ W, with U C Vr;
b) exty(X,r) Cwuisy extu (X', x), with x € Vr, UC U C Vr, and U C W;
3) for every (X,X5) € par(X'), there is (X1,%X2) € par(X) such that X1 Cyw X} and X3 Cy X5.

Proof. 1) By X Cyw X', there is a function f : Xy — X'l such that f(Xly) € X]y for all X € X.
Moreover, for all X € X, since f(X]w) € X|w, there is a function gx : [ {X' € ¥' | X'Tw = fXw)} = X
such that xlw = (9x(x))lw for all x in | {X' € ¥’ | X'Iw = f(XIw)}. In order to prove the claim,
consider a generic team X’ € X'lyy. We have to show that there is X € X such that Xy C X'. By the
definition of X’lyy, we have that X’ = (img(d’))lyy, for some b’ € Che(X'). We define b € Che(X) as:
0(X) = gx (0" ((F(XIw))I™)) for all X € X. Clearly, (img(d))lw C (img(t'))lw = X'. Since (img(b)) € X,
the thesis holds.

2a) The claim follows from the fact that for every F € Fnc, x € Asg, and z ¢ W, it holds that
ext(x,F,z)lw = Xlw, which implies ext(X,F,z)l\w = Xl for every X € X and F € Fncy, and the
claim follows.

2b) By X Cyw X/, there is a function f : X[y — ¥l such that f(Xyw) C Xl for all X € X. In order
to prove the claim, take a generic team X € exty(X,z). Thus, X = ext(X,F,z) = {ext(x,F,z)|x € X},
for some X € X and F € Fncy. Let X' = (f(XIw)IWY € ¥'. Clearly, X'I\v = f(XIw) € Xly. Moreover,
ext(X',F,z) € exty/ (X', ), since F € Fncy C Fncy: (as U C U’). To complete the proof, it is enough
to show that ext(X', F, ) Iwuiay C Xfwu{x}. To this purpose, take ext(x’, F, z) lwuiay for some x €X'
Observe that xTw € XTw = f(XIw) € Xlw, which means that there is x € X such that x|y =
X'Tw- Since U C W, it holds that x|y = x|y, which implies F(x) = F(x’), as F € Fncy. Therefore,
ext(X, F,2) lwugey = e<t( Fo2) Twugey € Xiwugey-

3) By X Cw X/, there is a function f : Xy — Xl such that f(Xlw) € Xy for all X € X. Let
(X,,%5) € par(X’) and define X; = {X € X | (f(X]w)IW € X/} for i € {1,2}. We have to show
that X; Cw X, (i € {1,2}). To this end, let X € X; and consider team (f(Xlw))" € X}. Clearly,
(FXIw)Mhw = f(XIw) € Xlyy- The thesis follows as ((f(XIw))IV)lw € ¥lw. O

Lemma 12 (Extension Monotonicity). For all sets of variables W C Vr, function assignments § € FAsg,
and hyperteams X1, X9 € HAsg, where X1 Cyw X2 and §F(x) € Fnew, for all x € dom(F) N'W, it holds that
ext(¥1,5) Cw ext(X2,5)-

Proof. Let X; € ext(%1,5)[w. We show that there is Xy € ext(Xq,F)[w such that Xy C X;. By X; €
ext(X1, %) Iy, it holds that X; = ext (X'l, g) ' for some X| € X1. By X1 Ty Xa, there is X, € X such

that Xoly C X,lv. Thus, ext (X’Q, g) 'y € ext(X2, §) lw. From Xy C Xl and the fact that §(z) € Fncw
holds for all € dom(F) N W, it follows that ext(X%, F) [w C ext(X%, F)[w = X1. Hence the thesis. O

Theorem 13 (Generalised Hyperteam Refinement). The following hold true for every META-ADIF formula
¢, function assignment § € FAsg, function ¢ : dom(t) — 2V, with dom(F) C dom(:), and hyperteams
X, X" € HAsgc (sup(p) \ dom(3)), with F(x) € Fnc,(y), for all v € dom(F), and X Cpeqyp,) X':

1) if A3, =" ¢ then A, 3, X =" ¢;
2) if WX E ¢ then WF,XE .
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Fig. C.8. Dependency graph of Theorem 13.

Proof. (See Fig. C.8.) Due to X Cpeqy,) X', thereis a function f : Xlgeq ) — X'lred,0)» Such that f(X) € X
for every X € XJ
flag a.

freqp,1)- Lhe claim is proved by induction on the structure of the formula and the alternation

o If p = 1, then 2, F, X )zavgo implies ¢ € X, which means that § € Xredp,)- BY X Creqip) X', we have
0 € X'freqp,)- Thus, O € X', which amounts to 2, F, X’ )zavga.

On the other hand, we also have that A, §F, X’ |:va<p implies X’ = ), which means that X'[feq,, ) = 0.
BY X Creqp,) X', we have X|geq,,,) = 0. Thus, X = (), which amounts to 2, §, X =".

o If o =T, then 2, F, X |:3vg0 implies X # (), which means that Xlfeq,.,) 7 0- By X Cfeqyp,) X', we have

Xfredp,) 7 0. Thus, X’ # 0, which amounts to 2, §, X' =70
On the other hand, we also have that 2, §, X’ =""¢ implies ) ¢ X', which means that ¢ X free(p,0)-
By X Creqp,) X5 we have 0 ¢ Xlqeq, ). Thus, 0 ¢ X, which amounts to 2, §, X ="

o If ¢ = R(Z), then A, F, % |:av © implies the existence of a team X € ext(X,§) such that, for all
assignments x € X, it holds that Z¥€ R¥ By X Cfreq,,) X' and Lemma 12 (notice that ¢(z) C free(p, 1),
for all € dom(F) N free(p,t)), we have that ext(X,§) Creqy,) ext(X',§), and thus there is a team
X' € ext(X', ) such that X'peq,) € Xlfreqyp,.)» Which implies X7z C X[z, since Z C free(, ¢). The thesis

follows from the fact that #X € R if and only if 7z c pa holds, for every y € Asg.

On the other hand, we also have that 2, §, X’ ):\13 © implies that for all teams X' € ext(X’,§), there
exists an assignment x’ € X’ such that #X e R By X Cfeqyp,) X' and Lemma 12, we have that
ext(X, §) Chreqp,) (X', F), and thus for every team X € ext(X,J) there is a team X' € ext(X’,§) such
that X'lgeq ) © Xlfreqip,i)- The thesis follows from the same argument used above.

o If p = —¢, then A, F, X Izavgp implies 2, §, X %va ¢. By inductive hypothesis, this implies 2, §, X’ %va o,
which amounts to 2, §, X’ ):av ®.

On the other hand, we also have that 2, §, X’ |:\ﬂ o implies A, F, X’ %av ¢. By inductive hypothesis,
this implies 2, §, X lyéav ¢, which amounts to 2, §, X |:\ﬂ ®.

e Let ¢ = ¢1 A ¢po. We assume 2, §, X |:3v ¢ and we show that 2, §, X} ):Ev ¢1 or 2, F, X, |=av b2
holds for all (X1,%5,) € par(X’). To this end, let (X},X%) € par(¥X’). By Lemma 11, item 3, there is
(X1,X2) € par(X) such that X Cegp,,) X| and Xo Chegy,) X5, and, by the semantics of A, we have that
(X1,X32) € par(X) implies that 2 F, X; |:HV ¢1 or AT, X ):HV ¢2. Moreover, since free(¢pq,t) C free(yp, )
and free(¢a, 1) C free(p,t), we have that X1 Cpeqgp,,) X7 and Xo Cpegg,,) X5 Finally, by inductive
hypothesis it holds that 2, §, X} =" ¢y or A, F, X, =77 ¢s.

On the other hand, we also have that 2, §, X’ ):va @ if and only if A, F, X/ ):av . By inductive
hypothesis and Lemma 11, Item 1, this implies 2, §, X |:Hv ¢, which amounts to A, §, X #va ©.

o Let ¢ = ¢1 V ¢o. In this case, we first prove the second item of the claim. We assume 2, §, X’ ):VH %)
and we show that there is (X1,X3) € par(X) such that 2, F, % |:\ﬂ ¢1 and A, F, X |:\H ¢2. By the
semantics of V, we have that there is (¥], X}) € par(X’) such that 2, §, X} =""¢; and 2, §, X} =""¢. By
Lemma 11, item 3, there is (X1, X2) € par(X) such that X; Cgeqy,) X and Xo Cieqy,) X5. Moreover,
since free(¢1,¢) C free(p,t) and free(¢z,t) C free(p, ), we have that X1 Cpeqg,,) X1 and Xo Ceeqp,,) X
Finally, by inductive hypothesis it holds that 2, §, X, =~ ¢; and 2, F, X2 =" ¢s.

On the other hand, we also have that 2, §, X I:EV ¢ if and only if A, §, X |:V3 . By inductive
hypothesis and Lemma 11, Item 1, this implies 2, §, X’ ):VE 0, which amounts to 2, §, X’ |:3V ©
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Fig. C.9. Dependency graph of Theorem 14.

o If p = 3F=Wa. ¢, then A, F, X |:av ¢ implies A, §, extrwy (X, ) ):3\1 ¢. If © € free(e, t[x — (]), then
[+W] C free(p,t), and thus, by Lemma 11, item 2b, we have extj+w](X, ) Creqy,)u{z} t[xw] (X', 7).
Since free(¢, [z +— 0]) C free(p,t) U {x}, we have extp+w](X, %) Ceqg,izs]) eXtirwy (X', ). From the
inductive hypothesis, it follows 2, §, extj1wy (X', z) ':av ¢, which amounts to 2, 3§, X’ }:av . If, in-
stead, © ¢ free(o, [z — 0]), then free(p,:) = free(d, [z — @]), which means that = ¢ free(p,t). By
Lemma 11, Item 2a, we have that X =freq,.) extpewy (X, ) and X' =geqp,) extprw) (X', 2), which means
that extpw(X, 2) Chreq o, [z0)) Xtprw] (X', 1), as free(p, 1) = free(d, t[x + (]). By inductive hypothesis,
it holds that 2, §, extpawy(¥',2) =" ¢, which amounts to 2,F, %' " ¢

On the other hand, we also have, by semantics, 2L, §, X’ ):va @ if and only if A, §, X’ ):av . By inductive

hypothesis and Lemma 11, Item 1, this implies 2, §, X ':av ¢, which amounts to 2, §, X ):va Pp.

o If o =V+Wa. ¢, then 2, F, X' 7" ¢ implies 2, §, extprwy (X, 2) =7 ¢.

If = € free(p,t[x — 0]), then [+W] C free(p,t), and thus, by Lemma 11, item 2b, we have
extirw](X,7)  Chedp,u{e}  extprw)(X,2). Since free(¢, [z — 0]) C free(p,t) U {z}, we have
exti+w](X,7)  Chedpufze)) trwy(X', 7). From the inductive hypothesis, it follows 2,3,
extpewy (X, ) "7 ¢, which amounts to A, X E'° . If, instead, = ¢ free(,.[z — 0]), then

free(p, 1) = free(¢, [z — 0]), which means that = ¢ free(¢,t). By Lemma 11, Item 2a, we have that
X =freqp,) extrw) (X, 7) and X' =geqq,.) extrw) (X', ), which means that extpiw)(X, %) Cheqs,i[z0))
extprw) (X', z), as free(p,1) = free(¢,i[r — 0]). By inductive hypothesis, it holds that %A, F,
extpewy (X, z) ’:va ¢, which amounts to 2, §, X |:va ©.

On the other hand, we also have, by semantics, 2, §, X ':Hvap if and only if A, §, X |:V3 . By inductive

hypothesis and Lemma 11, Item 1, this implies 2, g, X’ }:va , which amounts to 2, §, X’ I:HV %)

o If p = Wz ¢, then A, F, X |:Hv o implies A, Flz — F|, X |:3v ¢, for some function F € Fncjrwy). By
inductive hypothesis, we have 2, §[z — F], X’ }zavqﬁ, from which 2, F, X’ ':av © follows.

On the other hand, we also have that A, §, X’ ':va o implies A, Fx — F], X’ |:va ¢, for some function

F € Fncpywy. By inductive hypothesis, we have 2, [z — F], X |:VEI ¢, from which 2(, §, X ):VH @ follows.

e Finally, let ¢ = I1¥Vx. ¢. Then, A, §, X I:EW o implies 2, F[z — F], X I:EW @, for all functions F € Fncpiwy.
By inductive hypothesis, we have that 2, §[z — F], ¥’ |:3V¢ holds for all functions F € Fnepiwy, which
amounts to A, F, X’ ':av ©.

On the other hand, we also have that 2, §, X’ ):va ¢ implies A, F[z — F|, X’ |:va ¢, for all functions

F € Fncpiwy. By inductive hypothesis, we have that 2§z — F], X lzva ¢ holds for all functions
F € Fncpiwy, which amounts to 21, §, X ):va p. O

Theorem 14 (Generalized Double Dualisation). For every ADIF formula ¢, function assignment § € FAsg,
and hyperteam X € HAsg(sup(p) \ dom(F)), it holds that A, T, X =" ¢ iff A, F, X " . Moreover, if § is
acyclic, then it also holds that A, F, % =% iff 2,3, X =% .

Proof. (See Fig. C.9.) The fact that 2, §, X E“ ¢ iff A,5,X =" ¢ immediately follows from X =feq..) X,
for every function ¢+ € Vr — 2V* (Lemma 1), and Theorem 13.

We turn now to proving that 2, &, X =% ¢ iff A, §, X =% ¢. As a preliminary result, notice that if § is
acyclic, then for every X C Asg(U), for some U C Vr, there is a bijection 7 between X and ext(X, §), with
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Theorem 14

Fig. C.10. Dependency graph of Theorem 15.

7(x)ly = x. Consequently, it holds that ext(?, S) = ext(X,F). The proof is done by case analysis of the
syntax of the formula.

o If p = 1, then we have:

~AFXET B (e
- AFAEToE x =
e If p =T, then we have:

QIS,’x):EIV sem 7& Propl 5_'EQLerr1<:>rr1a 5é@l:’rop li#(z)Prop l®¢xsemmg7x)zvag07and
_ Q[ .3,7 x ):Vfl bem ¢ 7& @ sem. Ql, 8,7§ |:E|Vg0-

« If o = R(&), then the claim follows from the semantics, Lemma 2, Item 1, and the fact that ext(X, ) =
ext(%,F).

o If ¢ = —), then we have: 2, T, X £ ¢ "8 A, § X"y "EP A 5 XL 0 "B AFXE" ¢

o If o = 1 A @2, then we have:

Thm. 14 (part 1)

AT EET 0B AFIE" ¢ AT X" ¢, and

- ma Sa x ):VH ¥ sgA 9’[7 3:7% ':av @.
o If o = 1 V 2, then we have:

- A F, X ):av & AFX lzva ©, and

_ m’ S,? ):HV SD Sg. 2[, S,i ':VH Thm. 14 (part 1) 2[ %, x ':VH (p

o If ¢ =3*Wz. ¢, then we have:

Thm. 14 (part 1)

—AFEET 0B AFEE A,3,% =" p, and

~AFIET 0B AFIE o
o If p =V+Wa. ¢, then we have:

~AFTEET 0B AUFIE ¢
- Qla Sa¥ ):HV ® Sg' 2[7 37% ':VH

Thm 14 (part 1)

AFXE"T . O

Theorem 15 (Generalized Prefix Extension). Let p¢ be an ADIF formula, where ¢ € Qu is a quantifier
prefiz and ¢ is an arbitrary ADIF formula. Then, 21,§, X E” p¢ iff A, F, exto (X, 0) E™ ¢, for all acyclic
function assignments § € FAsg and hyperteams X € HAsgc (sup(p¢) \ dom(3F)).

Proof. (See Fig. C.10.) We proceed by induction on the structure of the quantification prefix p € Qn.

o [Base case p = €] Since ext, (X, p) = X, there is really nothing to prove as the statement is trivially true.
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o [Inductive case p = Q*Wz. '] We proceed by a case analysis on the coherence of the quantifier Q with

the alternation flag a.

— [Q is a-coherent] By the meta-variants of Items 7a and 8b of Definition 2, it holds that 2, §, X E“p¢

iff A, F, extpow) (X,2) E9¢ iff AT, exto(X,Q+Ve) E* ¢'¢. Now, by the inductive hypothesis, it
follows that 2, §, ext (X, QW) = 0/ ¢ iff A, F, exta (exta (X,Q5V2) , 0') E* ¢ iff A, §, exto (X, p) E*
¢, which concludes the proof of this case.

[Q is @-coherent] By the meta-variants of Items 7b and 8a of Definition 2, it holds that 2, §, X E*
b iff AT, X |:a p¢. Now, by the meta-variants of Items 7a and 8b of the same definition,
AFX " po iff AU, extpew)(X,2) EY ¢'¢. Thanks to Theorem 14, 2, §, extpaw (X,2) =~
o' iff AT extpwy(X,z) EY 9o iff AT, exta(X,02Vz) E* ©'¢. Summing up, AF, X E”
o iff AT, exto(X,QVe) EY ©'¢. At this point, by the inductive hypothesis, it follows that
AT, exte (X,Q5Vz) = 9'd iff A, T, exto(exta(X,Q5Vr), o) EY ¢ iff A, T, exta (X, p) E” ¢, which

concludes the proof of this case as well. O

Lemma 9 (Extension Interpretation). The following four equivalences hold true, for all hyperteams X €
HAsg(V) over V. C Vr, properties U C Asg(VU{x}) over VU{x} with x € Vr\'V, sets of variables W C Vr,
and quantifier symbols Q € {3,V}.

1) Statements 1a and 1b are equivalent, whenever Q is a-coherent:

2)

3)

4)

a) there exists X' € exty (X, QW) such that X' C ¥;
b) there exist F € Fncppwy and X € X such that ext(X,F,z) C W.

Statements 2a and 2b are equivalent, whenever Q is a-coherent:

a) for all X' € ext,(%,Q*WVz), it holds that X' N'W £ {);
b) for all F € Fncpyw) and X € X, it holds that ext(X,F,z) N W # .

Statements 3a and 3b are equivalent, whenever Q is @-coherent:

a) there exists X' € exto(X,Q*WVa) such that X' C ¥;
b) for all F € Fncpywy, it holds that ext(X,F,z) C ¥, for some X € X.

Statements 4a and 4b are equivalent, whenever Q is a-coherent:

a) for all X! € ext,(X,QtWz), it holds that X' N'W £ (;
b) there is F € Fncpiwy such that ext(X,F,z) "W # 0, for all X € X.

Proof. We first prove Items 1 and 2 altogether, where Q is a-coherent, and then we proceed with the
remaining ones separately. In particular, for these last two, we make use, given an arbitrary function F €
Fnciw, of the auxiliary notation prj(¥,F,z) = {x € Asg(V) |ext(x, F,z) € ¥} satisfying the following two
properties, for every team X € TAsg(V): (i) ext(X,F,2) C ¥ 4f X C prj(¥, F,z); (ii) ext(X,F,z) N ¥ # 0 iff
X Nprj(P,F,z) # 0.

o [Items 1 and 2] By definition of the extension function, when Q is a-coherent, we have that

extq (X, Q*Vz) = extprw (X, z) = {ext(X,F, z) ]X € X,F € Fncppwy } -
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Fig. C.11. Dependency graph of Theorem 7.

Thus, for every possible team X' € TAsg(V U {z}), it holds that X' € ext,(X,Q+Wx) iff there exists
a function F € Fncpiwy and a team X € X such that X’ = ext(X,F,z). Hence, both equivalences
immediately follow.

« [Item 3] Since Q is @-coherent, extq (X,Q*Wz) = extprwj (X, ), and thus Condition 3a holds iff there
is a team X' € extpiw) (?, x) such that X’ € ¥. By Item 1 of Lemma 2, this holds iff for all teams
X" € extprwy (?, x) = exty, (%, inac), it holds that X’ N¥ # (). Thanks to Item 2, the latter is true iff for
all functions F € Fncpiwy and teams X € X, it holds that ext(X, F,2)N¥ # (), and thus XNprj(¥, F, x) # (.
At this point, again by Item 1 of Lemma 2, for all X € X, it holds that X Nprj(¥, F,z) # () iff there exists
a team X € X such that X C prj(¥,F, z), and thus ext(X, F,z) C . Therefore, the following equivalence
concludes the proof: for all functions F € FncjLwy and teams X € X, it holds that X N prj(¥,F,z) #
iff for all functions F € Fncpiwy) there exists a team X € X such that ext(X,F,r) C ¥, which coincides
with Condition 3b.

o [Item 4] Since Q is @-coherent, ext, (X, Q*Vr) = extiyw] (§7 x), and thus Condition 4a holds iff for all
teams X' € extyw] (f, :c), it holds that X’ N'¥ # (). By Item 1 of Lemma 2, this holds iff there exists a
team X € extj+w] (f, :c) = ext, (?, ﬁiwx) such that X C W. Thanks to Item 1, the latter is true iff there
exist a function F € Fncp+w) and a team X € X such that ext(X,F,z) C ¥, and thus X C prj(¥, F, ).
At this point, again by Item 1 of Lemma 2, there exists a team X € X such that X C prj(U,F,z) iff
for all teams X’ € X, it holds that X' N prj(¥,F,z) # 0, and thus ext(X’,F,z) N ¥ # (. Therefore, the
following equivalence concludes the proof: there exist a function F € Fncpiwy and a team X € X such
that X C prj(¥, F, ) iff there exists a function F € Fncpywy such that for all teams X’ € X, it holds that
ext(X’',F,z) N ¥ # (), which coincides with Condition 4b. O

Theorem 7 (Quantifier Interpretation). The following equivalences hold true, for all FOL formulae ¢, vari-
ables x € Vr, sets of variables W C Vr with x ¢ [£W], acyclic function assignments § € FAsg with
dom(§) N [+W] = 0, and hyperteams X € HAsgc ((sup(¢) \ {x}) \ dom(F)) with x ¢ vr(X):

1) AF X EC I v ¢ iff AF, X EC DV, ¢;
2) AT, X ECvEV L. ¢ iff AT, X ECIIEV 2. 6.

Proof. (See Fig. C.11.) First, observe that, by a generalisation of Theorem 5 to META-ADIF, the following
two equivalences hold true, where we define [¢] = {x e Asgc(sup(¢)) ’ A, X Epo, ¢} for every FoL formula
¢ and acyclic function assignments § € FAsg:

a) A, 3§, X |:3V¢ iff X C [¢], for some team X € ext(X, §);
b) A, 3, X E ¢ iff XN [¢] # 0, for all teams X € ext(X,F),

which are equivalent to the following, respectively:

e UFXET ¢ iff ext(X,F) C [¢], for some team X € X;
e UTXET iff ext(X, )N [¢] £ 0, for all teams X € X.
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For technical convenience, given U C Vr and ¥ C Asg(U U dom(F)), let us introduce the notation
pri(V, U, F) = {x € ¥|Vx € dom(F) \ U. x(x) = F(x)(x)} [y Thanks to the assumption of F being acyclic,
the following two properties hold, for every team X € TAsg(U): (i) ext(X,F) C ¥ iff X C prj(¥, U, 3);
(i) ext(X,F) NW # 0 iff XN prj(¥,U,F) # 0. In the light of this notation, we can rewrite the last two
equivalences above as follows:

o AT, X }zavqﬁ iff X C pri([o], vr(X) , ), for some team X € X;
e ATXETo i XN pr([¢],vr(X),F) # 0, for all teams X € X.

By applying to a formula Q*Wz. ¢, where Q € {3,V}, a combination of Theorem 15 and what we have just
derived, we obtain the two equivalences below:

i) A, 3, % =77 Q4. ¢ iff there exists a team X € extsy(X,Q+Wz) such that X C prj([¢], vr(X) , );
i) 20L,F, X |:\ﬂ QtWz. ¢ iff, for all teams X € extyz(X, Q*Wz), it holds that X N prj([¢], vr(X),T) # 0.

At this point, we proceed by a case analysis on the type of quantifier Q and the alternation flag o, where we
exploit the fact that for every function F € Fncpiwj, there exists a function F* € Fncj+w) and, vice versa,
for every function F* € Fncjiwy, there exists a function F € Fncpiwy such that the following equivalence
holds for every team X € TAsg and variable x € Vr, with = ¢ vr(X):

ext(ext(X,F, z),§) = ext(X, §[z — FY).

Notice that, since § is acyclic, z ¢ [+W], and dom(§) N [£=W] = 0, it holds that F[z — F* is acyclic as
well.

e [Q = 3 & a = 3V| By Equivalence i) and Item 1 of Lemma 9, 2§, X |:3v JEWz. ¢ iff there exist a
function F € Fncpiw) and a team X € X such that ext(X,F,z) C prj([¢], vr(X) U {z},§), and thus
ext(ext(X,F,z),§) C [#]. This means that A, F, X ':av J+Wx. ¢ iff there exist a function F* € Fncpiwy
and a team X € X such that ext(X, §[z — FY) C [¢] iff there exists a function F* € Fnc+wy such that
X C [¢], for some team X € ext(X,§[z — FY). By Equivalence a), the latter statement can be rewritten
as: there exists a function F* € Fncpiwy such that 2, §[z — F9, X ):av ¢; this in turn is equivalent to
A5, X ):HVEiW:r. ¢, due to Item 9 of Definition 6. This concludes the proof of Item 1 for o = 3V.

« [Q@ = 3 & a = V3] By Equivalence ii) and Item 4 of Lemma 9, 2, §, X ="~ 3*Wx. ¢ iff there exists a function
F € Fncpwy such that, for all teams X € X, it holds true that ext(X, F,z) N prj([¢], vr(X) U {z},F) # 0,
and thus ext(ext(X,F,z),¥) N [¢] # 0. This means that 2, §, X " 3+Wa. ¢ iff there exists a function
F* € Fncppwy such that, for all teams X € X, it holds that ext(X, §[z — F4) N [¢] # 0 iff there exists a
function F* € Fncpywy such that XN [¢] # 0, for all teams X € ext(X, §[z — F¥). By Equivalence b), the
latter statement can be rewritten as: there exists a function F* € Fnc4wjp such that 2, Flz — F, X |:\ﬂ o;
this in turn is equivalent to 2, §, X ':va YWz, ¢, due to Item 9 of Definition 6. This concludes the proof
of Ttem 1 for a = V3.

o [@ =V & o = 3V] By Equivalence i) and Item 3 of Lemma 9, 2, §, %X ':av vEWx. ¢ iff, for all func-
tions F € Fncpiwy, there exists a team X € X such that ext(X,F,z) C prj([¢], vr(X) U {z},§), and thus
ext(ext(X, F,z), ) C [¢]. This means that 2, §, X =" v=Wa. ¢ iff, for all functions F* € Fncpiwy, there
exists a team X € X such that ext(X, [z — FY) C [¢] iff; for all functions F* € Fncpiwy, it holds that
X C [¢], for some team X € ext(X,§[x — F*). By Equivalence a), the latter statement can be rewritten
as: for all functions F* € Fncpiwy, it holds that 2, §[z — F,X ):av ¢; this in turn is equivalent to
A5, X )ZEV =W x. ¢, due to Item 10 of Definition 6. This concludes the proof of Item 2 for o = 3V.
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Fig. C.12. Dependency graph of Theorem 8.

e [@ =V & a = V3] By Equivalence ii) and Item 2 of Lemma 9, 2§, X l:\ﬂ v=EWx. ¢ iff, for all func-
tions F € Fncprwy and teams X € X, it holds that ext(X,F,z) N prj([¢], vr(X) U {z},F) # 0, and thus
ext(ext(X,F,z), %) N [¢] # 0. This means that 2, F, X ’:va vEWz. ¢ iff, for all functions F* € Fncpiwy
and teams X € X, it holds that ext(X, §[z — F*) N [¢] # 0 iff, for all functions F* € Fncpyyyy, it holds
that X N [¢] # 0, for all teams X € ext(X, [z — FY). By Equivalence b), the latter statement can be
rewritten as: for all functions F* € Fncpiwy, it holds that 2, §[z — F], X ):va ¢; this in turn is equivalent
to A, §, X }:va IV . ¢, due to Item 10 of Definition 6. This concludes the proof of Item 2 for a« = V4. O

Theorem 8 (Herbrand-Skolem Theorem). Let p1p2¢ be an ADIF formula in pnf with quantifier prefiz
o192 € Qn and FoL matriz ¢. Then, A, T, X E* p1020 iff A, F, X =" hsp(p2) p1¢, for all acyclic function
assignments § € FAsg with dom(F) N dep(p1p20) = 0 and hyperteams X € HAsgc (sup(p1p2¢) \ dom(F))
with vr(X) Nvr(p1p2) = 0 and dom(F) Nvr(pip2) = 0.

Proof. (See Fig. C.12.) The proof proceeds by structural induction on the quantifier prefix g2 € Qn.

 [Base case po = €] Since hsp(pz) = ¢, there is really nothing to prove as the statement is trivially true.
o [Inductive case py = ¢'.Q*Wz] By Theorem 15, it holds that 21, §, X E p1020 iff A, F, exta (X, p19") E”
Q*Wz. ¢. A case analysis on the type of quantifier is now required.

e [Q = J] By Item 1 of Theorem 7, 2, §, exto (X, p19') E* IJ+Wx. ¢ iff A, T, exto (X, p19') E* TEV . ¢,
since ¢ is a FoL formula, being pi92¢ in pnf Thus, by Item 9 of Definition 6, we have that
A, T, X E p1p20 iff there exists a function F € Fncppwy such that 2, [z — F,extq (X, p1¢') " ¢.
Observe that dom(F[z — F])Ndep(p1p'¢) = 0 and F[x — F] is still acyclic, due to assumptions made
at page 17 on Qn and the facts that dom(F) N dep(p1p2¢) = § and dom(F) N vr(p1p2) = 0. Again
by Theorem 15, 2, F[z + F, extq (X, p19’) E" ¢ is equivalent to A, F[x — F],X E* p19’¢, which in
turn, by the inductive hypothesis applied to g1¢'¢, is equivalent to 2, F[z — F], X =" hsp(p’) p16.
Summing up, we have 2, §, X =" p1p2¢ iff there exists a function F € Fncpywy such that A, §[z —
FJ, X E"hsp(g’) p1¢. At this point, again by Item 9 of Definition 6, we obtain 2, F, X E 01026 iff
A5, X EY SV hsp(p) o160 iff A, T, X E" hsp(p2) p10, where the latter equivalence is due to the
definition of the hsp function satisfying the equality hsp(p2) = hsp(p’. 3=V x) = 2+W . hsp(p’). This
concludes the proof of the existential case.

e [Q = V] By Item 2 of Theorem 7, 2, §, exto (X, p19) E*VEVx. ¢ iff A, §, exto (X, p190') X TFV . 6,
since ¢ is a FOL formula, being pip2¢ in pnf. Thus, by Item 10 of Definition 6, we have that
A, T, X E" p1p20 iff, for all functions F € Fncpiwy, it holds that A, Fz — F,exto (X, p1¢') = ¢.
Observe again that dom(F[z — F]) N dep(p1p'¢d) = @ and Flz — F] is acyclic. By Theorem 15,
A, [ — Fexto (X, p19’) E” ¢ is equivalent to 2, F[x — F],X E p19'¢, which in turn, by the
inductive hypothesis applied to p1¢'¢, is equivalent to 2, F[x — F],X E hsp(p’) p1¢. Summing
up, we have 20, §, X £ p1020 iff, for all functions F € Fncpiwy, it holds that 2, §[z — F|, X =
hsp(p’) p1¢. At this point, again by Item 10 of Definition 6, we obtain 2, §, X =~ 1020 iff A, §, X
=W hsp(p') p1¢ iff A, F, X = hsp(p2) p1¢, where the latter equivalence is due to the definition
of the hsp function satisfying the equality hsp(p2) = hsp(p’. VW z) = II1=Wa. hsp(g’). This concludes
the proof of the universal case. 0O
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Fig. C.13. Dependency graph of Theorem 10.

Fig. C.14. Dependency graph of Theorem 11.

Theorem 10 (ADF-SoL Interpretation). For every ADF formula ¢ in pnf with quantifier prefix p € Qn
over a signature L, set of variables sup(p) C V C Vr with VNvr(p) = 0, and relation symbol R ¢ L with
ar(R) = |V| + 1, there exist two SOL sentences ®ay and $y3 over signature LW {R} such that, for all
L-structures A and non-null hyperteams X € HAsg(V) with |X| < ||, the following equivalence holds true:

A, X =% iff AW {Rel(X)} gy, Pa-

Proof. (See Fig. C.13.) Let ¥ be a vector of all the variables in V. As first step, consider a formula ¢ = p¢
in pnf, where p is a quantifier prefix and ¢ a quantifier-free matrix. Then, by Theorem &8, we transform ¢
into the equivalent Meta-ADF formula hsp(p) ¢. Obviously, hsp(p) = (Q; " 2;)%_,, for some k € N, where
W; C Vrand Q; € {%,T1}. Now, let $2 (Qif;)%, be the second-order function-quantifier prefix, where
(i) the arity of each function symbol f; equals the number of variables x; depend on, i.e., ar(f;) = [W;],
and (ii) each second-order quantifier symbol Qe {3,V} is existential iff the meta-quantifier symbol Q; is
existential. At this point, the SOL sentences ®3y and ®y3 can be defined as follows, where y ¢ V U vr(p)
and ;5 is obtained from the matrix ¢ by replacing each occurrence of a variable z; with the corresponding

term f;(@;), where w; is a vector of all the variables in W:

Vo)
A o).

1> 1>

$

-(39. R(vy)) A (v ¥. ~R(vy)
2) 3

©.3y
P.Yy.~(39. R(vy)) vV (3. R(Vy)

To conclude, the correctness of the translation can be proved by a simple induction on the length of the
quantifier prefix g, where, as base case, we exploit the extension of Theorem 5 to Meta-ADIF. O

Theorem 11 (SOL-ADF Interpretation). For every SOL sentence ® over a signature L, relation symbol
R € L, and sequence of variables & € Vra'(R), with vr(®) N Z = 0, i.e., no variable in & occurs in P,
there exists an ADF formula ¢ in pnf over signature £\ R with sup(p) = free(p) = Z such that, for all
L-structures A, the following equivalence holds true: A =q,, ® iff A\ R, {Team(R* &)} .

Proof. (See Fig. C.14.) To begin with, let us assume w.l.0.g. (see Kontinen and Nurmi [23] for a proof) that
the SoL sentence @ is of the form

(Qifi)izt- V2 (R(§) ¢+t = t2) A,
which in addition complies with the following constraints:

a) ¥ C Z, i.e., the vector of variables § used in the atom R(%) is included in the vector of universally-
quantified variables Z;

b) every function f; only appears in a single term ty, = f;(;);

¢) every term ¢ (including ¢; and ¢2) is of the form f;(w), for some index i € [1, k] and vector of variables
w C Z;

d) the relation R does not occur in the FOL formula 1.
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Now, let p £ (ﬁ:’wzl)ll:k be the first-order quantifier prefix, where (i) the set of dependence variables W;
coincides with the vector of variables w; used in the term ¢, corresponding to the function f;, and (ii) each
first-order quantifier symbol Q; € {3,V} is existential iff the second-order quantifier symbol Q; is existential.
Notice that the order of quantification is reversed w.r.t. the one in (Q; f;)%_,. At this point, the ADF formula
¢ can be defined as follows, where (1) (¥ = &) denotes a shortcut for a conjunction of equalities between
corresponding variables in § and &, (2) 2} and 2} are the variables corresponding to the functions used in
the terms ¢; and to, and (3) ¢’ is the FOL formula obtained from v by replacing each occurrence of a term

iy, with the corresponding variable z;:
PEVZ . ((§=3) 2 =) A

To conclude, the correctness of the translation can be shown by first applying Theorem 8 to ¢, obtaining
the Meta-ADF formula

hsp(p) .V 2. ((§ = Z) < 21 = 25) A/,
and then proceeding with a standard induction on the length of the quantifier prefix (Q;f;)%_,. O
Appendix D. Proofs of Section 5

In order to prove Theorem 12, we shall first prove two additional lemmata. The first one states a Skolemi-
sation property for META-ADIF. A sentence of META-ADIF in prenex form that only has meta quantifiers
3 or II can be viewed as an SOL formula. Therefore, we can use classic Skolem results to define a function
Sk, for the first existentially quantified variable x such that if § is a function assignment of variables (univer-
sally) quantified before x, then Fx — Sk, (§)] satisfies the subformula that follows the quantification of .
We need some preliminary notation. For a quantifier prefix p = Qg Yoz ... Qi "z, and a quantifier symbol
Q € {3, 10}, the set vrg(p) = {x;|Q; = Q} collects all the variables quantified in p using the specific symbol
Q. A Skolemisation for p is a sequence (Sky; : ([[;-; Fncpaw,p) — Fncaw,])e;ews(p) of functions, one for
each variable x; of g quantified by the existential meta quantifier > and each one intuitively mapping the
interpretations of the variables preceding z; in g to some interpretation for x;. A Skolem extension of § w.r.t.
a Skolemisation (Skz, ), evrs(p) for @ is a function assignment §’ such that: (7) dom(F’) = dom(F)Uvr(p); (i)
§/(2) = §(), for o € dom(§) \vr(p); (iii) §'(x,) € Fncpaw, . for @, € p and (iv) §(2:) = Sko, (' (2));<),
if x; € vry(p). Observe that § assigns a function to each variable in p, using the Skolemisation for the
existentially quantified variables and arbitrary functions for the universally quantified ones. We can now
state the following lemma.

Lemma 13 (META-ADIF Skolemisation). Let X be a hyperteam, § a function assignment and ¢ = @i
a META-ADIF formula in prenex form, where p = Q§W°x0 Q@ ra, with Q; € {10} for i < n. The
following holds: A, T, %X =" ¢ iff there exists a Skolemisation (Skz,)u;ews(p) fOr © such that A, F, X "1,
for all Skolem extensions §' of § w.r.t. (Skz,)z,cvrs(p)-

Proof. We prove the result by induction on the size of vrs(p).

Base case vry(p) = (). The only Skolemisation for g is the empty sequence of functions. A simple application
of the semantic rules for the universal meta quantifiers, applied to ITz; for each i < n, gives the result.

Inductive case. Suppose the property holds for all formulae with |vrg(p) | < n. We construct Sk, for each
x € vry(p) with the desired properties. Let ig be the smallest integer such that z;, € vrs(p), so that
we can set ¢ = [[*Woxg...[[TVio-1x; 1 2 Vioz; ¢ and ¢ = Q;ﬁif“xio_s_l...ﬁliw"xnw = p'1. By
application of the semantic rules for the first ig — 1 universal meta quantifiers and the first existential
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one, we obtain that 2, §, X E ¢ iff for every sequence of functions (Fz,)j<io, with Fy, € Fnepew, g,
there is function F;, € Fnecppw, ) such that 21, §, X E* ¢, with § = §[zo — Fup,...,Tiy — Fa, -
Now, since vrs (') < n, by inductive hypothesis 2, §, X = ¢’ iff there is Skolemisation (Sk}, )u;curs(p/)
for ¢’ such that 2§, X % v, for every Skolem extension §” of § w.r.t. (Sk;i)zie\,rz(@/). We then
have that A, F, X =" ¢ iff for all sequences of functions (Fu;)j<i, with Fy, € Fncpiw,], there exist a
function F;, € Fncprw, | and a Skolemisation (Sk!, )asevrs(er) for @ such that A, F”, X =", for every

Skolem extension §” of Flzg — Fay, ..., @iy — Fo, | w.r.t. (SK},, )a,curs(er)- Since the choices of Fz,, and

quo
of the Skolemisation (Sk, ). evrs(p) depend on the sequence (Fy;);<i,, where Fy, € Fncpiw,], obviously

there exists a Skolemisation (Sku,)q,cvrs(p) for o such that A, §”, X = ¢, for all Skolem extension §”
of § w.r.t. (Sku,)s,curs(p)- Indeed, for all sequences (F.;);<i,, the function F,, and the Skolemisation
(Sk;ik )z evrs(pr) defined as follow satisfy the properties shown above:

° ino = Skxio ((ij)j<io);
. Sk;ik ((Fa; )io<j<in) = Ska;, ((Fz;)j<iy), for all z;, € vrs(p’) and sequence of functions (Fu;)ig<j<is- O

The second lemma proves a property of the independence game Dg defined in Construction 2 for an ADIF
sentence ¢ and a structure 2. It states that, after a history p, no matter how the functions in each bucket
are chosen, the only assignment that is coherent with the functions in the bucket is the one associated
with the last position of p. In the following, we consider an ADIF sentence ¢ = 1) in prenex form, with

o =0y 20 ...Q5 """z, for Q; € {V,3}, and 1 quantifier free. For every subformula ¢ = Qiiw"'xicﬁ’, we rename
the buckets By (m) by Bg, (7) and the functions Fy(x) by Ty, (x), and associate priorities with variables by
setting pr(z;) = pr(¢). Let B = 2F¢ denote the set of all buckets. For convenience, we set X = {zo,...,7,}
and X; = {xo, ...,2;}, Xg={z; € X|Q; =3} and Xy = X\ X3. We also introduce choice functions over

buckets. Basically, a choice function over buckets chooses, for each variable x, a function F in the bucket of
x. It takes both B, (7) and x in input because there might be multiple variables with the same bucket (for
instance, when they all depend exactly on the same variables and the same value have been played for all
of them during the play). The set ChcB of choice functions over buckets is defined as follows:

CheB = {pu: (Bx X) — Fnc|VB € B,Vz € X, u(B,x) € B}.

Given a function F; € Fncpyw, for each variable z; € X; with i < n, we define x((F;);<i) € Asg(X;) as

the unique assignment x such that x(z;) = F;(x| LW ¢,>) for every j < i. We say that y is coherent
;.

mvr¢<Qj

+Wo +Wnp
n

Lemma 14 (Buckets soundness). Let o = @p an ADIF formula in prenex form, where p=Q;" °xzg ... T
For every choice function u € CheB over buckets and every play m = pv of Di‘, with v = (¢, x, ) where

& € {1,0}, the following holds:

o if & =1, it holds x = X((1(Ba, (7), T5))z; emvro(s)):
o if & = O, it holds x = x((11(Ba, (W),xj))xj@vw)).

Proof. We prove this lemma by induction on the history p.

For the base case history, the property is trivial.

For the induction case, suppose the lemma holds for a history p = p'v" with o' = (¢, X', ). Consider a
history of the form pv. There are two cases to consider: either & = |, or & = O.

(% = 1) There are again two cases to look at:
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Fig. D.15. Dependency graph of Theorem 12.

Theorem 12

1. if ¢’ = 1), then the only possible successor position v in the game is (¢, x’, ©). So, by the definition
of bucket, the fact that mvr, (1) = mvr(y), and a direct application of the inductive hypothesis, the
property holds for pv.

2. if ¢ = waixi.gzﬁ, then v is of the form (¢, x, ). The only bucket that might change is B,,. By
definition, if z € free(¢), then any function F € B,, (pv) C F,, (x) satisfies F(x) = x(z;). Moreover,
by Construction 1, it holds that x(z;) = x'(z;), for every x; € mvr,(¢'). The thesis follows from the
inductive hypothesis.

(% = O) If ¢’ = 1), there is no reachable position. So, the only possibility is ¢’ = Qiiw'ixi. ¢. There are again
two possibilities:

1. v is of the form (¢, x’,©). In this case, by the definition of bucket and a direct application of the
inductive hypothesis, the property immediately follows for puv.
2. v is of the form (¢, x[z; — al,!), for some a € A with a # x'(v;), where ¥ = X' (@i
mVrp| Wy i

and z; € free(¢). The only bucket that may change is B,,. Clearly, every function F € B, (pv) C
Fz, (X[zi — a]) satisfies F(x[x; — a]) = x[x; — a](z;) = a. Moreover, by Construction 1, it holds that
X[zi = a](z;) = x'(x;), for every z; € mvr,(¢’). The thesis follows from the inductive hypothesis. O

Theorem 12 (Game-Theoretic Semantics). For a finite structure 2 and an ADIF sentence ¢ in prenex
form, there exists an independence game Dg such that A |= ¢ (resp., A = ) iff Dg is won by Eloise (resp.,
Abelard).

Proof. (See Fig. D.15.) We prove that if the sentence is true in 2, then Eloise wins the game and if the
sentence is false, then Abelard wins the game.

First, suppose that the sentence ¢ is true in 2. By Theorem 8, ¢ is equivalent to the META-ADIF
sentence hsp(p) . So, by Lemma 13 and recalling that in hsp(p) the order of the quantifiers is reversed,
we can conclude that there is a Skolemisation (Skz, : (I[;+; Fnepew;)) — Fncpaw,))z,exs for p such that
A, 5, {o} E* ¢, for every Skolem extension § of the empty assignment w.r.t. (Sky, )z, ex5. We now define
a strategy for Eloise and then prove that it is winning. Intuitively, the strategy consists in looking, by
means of the buckets, at one possible function assignment of the variables controlled by Abelard and, then,
applying what is prescribed by the Skolemisation (Skg, )., x5 to select the values for the variables controlled
by Eloise. Formally, let us fix a choice function p € CheB on the buckets. Given a history p, we define F?
for i € {0,...,n} as follows. If »; € Xy then F} = u(B,,(p),z;), otherwise, F} = Sk, ((F});>:). When Eloise
must make a move for the variable x; at the history p = p/v’, with v' = (¢, x, _), she moves to the position
v=(¢',x/, ) with x'(z;) = F{(x). Observe that this strategy does not depend on the current phase of the
game.

Consider now a finite play m = pv, with v = (¥, x, ©), compatible with the strategy. We define a choice
function /i as follows: for all z; € mvr(p)

(B, (m), i) = FF
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Fig. D.16. Dependency graph of all Theorems.

The function /i is a choice function since, if z; € Xy, by definition, FF € B, (7) and if z; € X3, then because
Eloise played according to F7, this function is in the bucket of x;. Lemma 14 ensures that the assignment
X is coherent with (fi(B(7),%))senv(e). By definition of (Sks,)s,exs, it holds that x = 9. Therefore, the
play is won by Eloise.

Let us now consider an infinite play 7 € Play” compatible with the strategy (F{)o<i<n,penst- Toward a
contradiction, suppose that the priority pr(m) of the play is odd. Then, there must be a variable z; € X3
such that (i) pr(x;) appears infinitely often in cht(m) and (i) for all j > ¢ the priority pr(z;) appears only
a finite number of times. Recall that if a variable x is not “caught cheating” in a finite infix 7" = pv of
7, then B, (7") C B,(p). But then, since we assumed the domain to be finite, starting from some index N
along the play 7, the buckets for each x;, with j > 4, remain constant forever. Let us denote the constant
bucket of x; by B;j. Then, for j > 4, it holds that Ff is the same for all histories p longer than N (due to
B;j being constant). Therefore, F? is also constant for all histories p longer than N, and thus it belongs to
B!, . As a consequence, the bucket of z; is never emptied and z; would never get “caught cheating”. This is
a contradiction. We proved that if the sentence is true, then Eloise has a winning strategy in Di‘.

The second part of the proof proceeds similarly, in that we can apply the same exact reasoning, with only
the roles of Eloise and Abelard exchanged, to obtain a winning strategy for Abelard when the sentence is
false. O

Fig. D.16 is a dependency graph of all theorems. Theorem 3 does not appear in the tree as its proof is
independent from the other theorems and is not used in any proof.
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