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STATIONARY FLUCTUATIONS FOR THE FACILITATED EXCLUSION
PROCESS

CLEMENT ERIGNOUX AND LINJIE ZHAO

ABSTRACT. We derive the stationary fluctuations for the Facilitated Exclusion Process (FEP) in
one dimension in the symmetric, weakly asymmetric and asymmetric cases. Our proof relies on
the mapping between the FEP and the zero-range process, and extends the strategy in [10], where
hydrodynamic limits were derived for the FEP, to its stationary fluctuations. Owur results thus
exploit works on the zero-range process’s fluctuations [17, 19], but we also provide a direct proof in
the symmetric case, for which we derive a sharp estimate on the equivalence of ensembles for the

FEP’s stationary states.

1. INTRODUCTION

The facilitated exclusion process (FEP) was first introduced in [24] in the physics community,
indicating the existence of a new universality class of nonequilibrium phase transitions in the presence
of a conserving field. In the FEP, particles can jump if and only if their target neighboring site is
empty (exclusion rule) and another neighboring site is occupied (the facilitated rule). Particles with
an occupied neighboring site are referred to as active. As a result of the facilitated rule, the FEP
is ultimately absorbed in some frozen configuration (all particles are isolated) if the particle density
is below a critical value p. depending on the dimension, and can stay active for unbounded times
otherwise. Over the past years, much progress has been made in dimension one, where the critical
value is p. := 1/2. In a series of papers [5, 6, 10], the authors and their collaborators have shown that
the macroscopic behaviors of the FEP are described by parabolic, resp. hyperbolic, Stefan problems
when the process is symmetric, resp. asymmetric. The above results correspond to law of large
numbers for the empirical density of the process and are called hydrodynamic limits in the literature
[22].

A natural question that arises once the hydrodynamic limit of the FEP is established is to consider
fluctuations for the process, which play the role of the central limit theorem for interacting particle
systems. Very recently, Barraquand et al. [3] investigated this issue when the process is weakly asym-
metric and starts from step-like initial distributions. The specific form of the initial distribution allows
them to map the process into the simple exclusion process on the half-line with particle creation (and
no annihilation) at the origin. Different from their setting, we let the process start from its stationary
measure and prove central limit theorems for the density fluctuation fields in the following three cases:

symmetric, weakly asymmetric and asymmetric. Roughly speaking, we show in this article that

(i) in the symmetric case, the density fluctuation fields converge to the solution of a stochastic heat

equation;
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(i) in the weakly asymmetric case with weak asymmetry of order N~!, where N is the scaling
parameter, the density fluctuation fields converge to the solution of a stochastic Burgers-like
equation;

(iii) in the asymmetric case, the density fluctuation fields translates along characteristics of the cor-

responding hydrodynamic equation up to time N7 for v < 4/3.

In the proof of the symmetric case, we obtain a sharp estimate on the equivalence of ensembles (see
Proposition 5.5) for the FEP, improving the bound in [5], which is of independent interest. The latter
is essential to derive the so-called Boltzmann-Gibbs principle (see Proposition 5.4), which plays an

important role when considering fluctuations from hydrodynamic limits.

The mathematical novelty involved in proving the above results and the techniques in this article

are the following;:

e In [10], the authors together with M. Simon proved hydrodynamic limits for the FEP and
FZRP, both in the symmetric and asymmetric cases by using a classical mapping between
the FEP and the facilitated zero-range process (FZRP). In the present article, we extend the
mapping technique to investigate the fluctuations of FEP. We remark that when the FEP starts
from its stationary measure, the FEP can be mapped to the classical rate one zero-range process
(ZRP), which is not degenerate. Despite this, we still need to give sharp and uniform estimates
on the positions of empty sites in order to express the density fluctuation field of the FEP as
that of the ZRP, see Section 4 for details. We also need new non-trivial identities (see. (3.9))
between the two process’s invariant states. Once this is done, the derivation of macroscopic
fluctuations for the FEP follow from previous results on the ZRP [17, 19]. Moreover, we believe
the techniques used in this article should also work for non-stationary fluctuations of FEP, but
we leave this question as future work.

e Over the last ten years, much efforts have been made to understand the weak Kardar-Parisi-
Zhang (KPZ) universality conjecture, which states that for weakly asymmetric systems with
weak asymmetry of order N~ and with only one conservation law, the density fluctuation
fields converge to the solution of the stochastic Burgers equation. Since the seminal work of
[18], this has been proven to be true for a large class of models [19, 9]. The second contribution
of the article is to provide another example of a degenerate system that validates the weak

KPZ universality conjecture.

1.1. Related references. The FEP has been widely explored in recent years after being introduced
in [24]. In the physics literature, its critical behavior, namely its critical density and critical exponents
have been investigated in different dimensions in [4, 8, 23]. In [13] the authors found the phenomenon
of jump continuity at the leading edge of rarefaction waves, which is quite different from asymmetric
simple exclusion. In the mathematics literature, the stationary states of the facilitated exclusion, either
in the continuous or discrete time setting, have been studied in [1, 7, 14, 15, 16]. Limit theorems have
also been proved in [2] for the position of the rightmost particle starting from step initial condition.
We underline that the results mentioned above are concentrated on dimension one, and few rigorous
results are known in higher dimensions.

The mapping between exclusion processes and the zero-range processes is well known, and has been
put to use in varied contexts. It is used for instance in [21] in order to prove a central limit theorem for

a tagged particle in the asymmetric simple exclusion process; in [12], the weakly asymmetric zero-range
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process with a stochastic reservoir at the boundary (associated with the dynamics of two-dimensional
Young diagrams) is mapped to the weakly asymmetric simple exclusion process on the full line without
any boundary condition, for which the hydrodynamic limit is known. In [11], the authors used the
mapping when considering non-equilibrium fluctuations for the rate one zero-range process; more
precisely, they proved a non-equilibrium version of the Boltzmann-Gibbs principle of the zero-range
process, from which the non-equilibrium fluctuations follow directly. Compared with [11] we use the

mapping in the opposite direction and map the two processes at the level of density fluctuation fields.

1.2. Outline of the paper. In Section 2 we start by introducing the facilitated exclusion process,
recalling its basic properties and stationary distributions. Then, we introduce the object we are
interested in, namely the fluctuations field, in Subsection 2.2 and the limiting processes (depending on
the strength of the asymmetry) in Definitions 2.1 and 2.3. We state our main results, characterizing the
macroscopic stationary fluctuations of the FEP, in Theorems 2.2 and 2.3. In Section 3 we describe the
mapping between the FEP and a constant rate zero-range process, which is one of the main ingredients
to derive our main result. Section 4 is devoted to the proof of Theorems 2.2 and 2.3, the main idea
being to express the density fluctuation field of the FEP as that of the ZRP. In Section 5 we give a
alternative proof in the symmetric case, where a sharp estimate on the equivalence of ensembles is
obtained, see Proposition 5.5. Some new and useful properties of the stationary measures of the FEP
are given in Appendix A.

1.3. General Notations. To ease reading, we indicate in color the new notations that are intro-
duced inside of paragraphs. We are interested in the stationary fluctuations (under the stationary
distribution 7, at density p € [0, 1] fixed. Throughout, given a random variable X, we will denote by
X=X- [E, (X) the corresponding centered variable. N := {0,1,2,...,} is the set of non-negative
integers.

Since we are working on two different processes, it is convenient to introduce distinct notations for

these two processes and we summarize them below.

FEP ZRP
Microscopic space variable x y
Configuration Na Wy
Macroscopic space variable u vi=(1-pu
macroscopic density p(u) a(v)
Stationary distributions Ty o
Distribution of the stationary trajectory ]P’LV Py
Expectation w.r.t. the trajectory’s distribution ]Ef)v EY

Note that the static distributions for the zero-range process is parametrized by the exclusion process’s
density p rather than the zero-range density «, but they could straightforwardly be expressed as
distributions of the a through equation (3.6) below. In the case of the trajectory’s distribution, we

parametrize by the initial state v of the system.

2. NOTATION AND RESULTS

2.1. Facilitated exclusion process. Let IV € N be the scaling parameter for our process. The
facilitated exclusion process on 7 is a Markov process on the set of configurations ¥ := {0,1}*. A

configuration n € X is sequences of 0’s and 1’s indexed by Z, namely 7, = 1 if and only if site x € Z is
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occupied by a particle. The infinitesimal generator ruling the evolution in time of this Markov process

is given by %y, which acts on local functions f : ¥ — R as

Lnfm) = (pnceati() + ancayra(m) (F™"T) = F()), (2.1)
TEL
where
py =sN? + N? and qy = sN?, (2.2)

where s € {0,1}, v € RU{—o0}, and 7795"'”/ denotes the configuration obtained from 7 by swapping the
values at sites = and 2/,
N ifz=ux,
et =S, =g,
Mz otherwise.
The jump rates ¢; o/ (1) in (2.1) encode two dynamical constraints:

(i) the exclusion rule, which imposes no more than one particle at each site,
(ii) the facilitated rule, a kinetic constraint which asks for a neighboring occupied site in order for a
particle to jump to the other neighboring empty site.

More precisely, we define

Cw+1(77) = 779:—1779:(1 - 7790+1)7 Cﬂc-i-l,w(n) = (1 - le)%+177z+2- (2'3)

In this article, we consider the following two cases:

o the weakly asymmetric case where s = 1 and v < 3/2;

e the asymmetric case, where s = 0 and y < 4/3.

Note that letting s = 1 and v = —o0, we obtain the symmetric case, which is therefore considered as

a special case of the weakly asymmetric one.

Let us now recall some results from previous work [5, 6]: because of the kinetic constraint (ii), the
facilitated exclusion process displays a phase transition at the critical density p. = % Indeed, pairs of
neighboring empty sites cannot be created by the dynamics, because to do so would require an isolated
particle jumping out. Therefore, if at initial time the density of particles p is bigger than p. (at least
half of the sites are occupied), then particles will perform random jumps in the microscopic system
until there are no longer two neighboring empty sites. Similarly, if initially p < p. (at least half of the
sites are empty), particles will perform random jumps until all particles can no longer move because
they are surrounded by empty sites. The particle configurations can therefore be divided into three
categories:

e the ergodic configurations, where all empty sites are isolated, namely:

n is ergodic if, for any x € Z, n, + nz+1 = 1; We denote, for any connected set B C Z, by
Ep={ne€{0,1}%, ny +nys1 > 1V(z,2+1) € B} (2.4)

the set of ergodic configurations on B.
e the frozen configurations, where all particles are isolated, namely:
1 is frozen if, for any x € Z, n, + nz+1 < 1; Similarly, for a box B C Z, we denote by

Fp = {ne{0,1}7, s +mps1 <1Y(z,2+1) € B}
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the set of ergodic configurations on B.

e the transient configurations, which are the remaining ones, those which are neither ergodic,
nor frozen. They are called transient in [5, 6] because starting from a transient configuration,
restricting the dynamics to a finite box B, the microscopic process will locally evolve towards

either the ergodic or frozen components on B in an a.s. finite number of jumps.

Note in particular that the alternated configurations, where each particle is surrounded by empty
sites and vice-versa, are critical, since their density is exactly %7 and it is convenient for them to be
considered both frozen and ergodic: they are indeed frozen (no particle is allowed jump in them), and
because they have probability non-zero under the grand canonical distribution of the process, whose

support we refer to as the ergodic component, it is natural to see them as ergodic as well.

As a consequence, the infinite volume invariant measures of the facilitated process are not indepen-
dent products of homogeneous Bernoulli measures (as in the standard Simple Exclusion Process for

instance). Instead, they are given for p > %, ¢ > 1, by the measures

{—1—p 2p—L+1—0c(1)—o(¥)
1—p 2p—1
1 (e =0) = Loeen1-0) (2F) (22 , 25)

where Ay :={1,...,¢} for £ > 1, & := &), denotes the set of configurations which are ergodic on

Ag, and p=p(l,0) := 3 .\, 0 is the number of particles in A;. On can think of these measures as
product Bernoulli distributions conditioned to being in the ergodic component. Furthermore, they are
translation invariant, and one can easily check that under 7,, we have E; (10) = p. The formula above,
however, is not always very convenient to compute local function’s expectations. For this reason, we

describe below in (3.9) an alternative construction for m,.

Consider as initial distribution the infinite volume stationary measure m,, and the process 7(t)
started from 7, and with generator .Z on &;. We denote by ]P’fJV its distribution, and by Efjv the
corresponding expectation.

2.2. Stationary fluctuations field. Denote by S := S(R) the Schwartz space of functions with fast
decaying derivatives on R, and by &’ its dual space, namely the space of tempered distributions. Further
denote by D([0,T],S’) the set of cadlag trajectories on S’. We now define the density fluctuation field
trajectory (V)0 € D([0,7],8’) of the process 7, acting on smooth compactly supported functions
GeSas )

WG = 75 SR OG- N, (2.6
where 77,,(t) = n,(t) — p and v := v(p) is the average macroscopic speed of asymmetric particles in the
stationary state, namely

d (1-p)2p—1) _1-2p°

: (2.7)

d
v = T r—1M (1 z =
(p) dpE o (Nz—112(1 = Nzt1)) dp P P

Note that because of the asymmetry, mass moves rightwards at a velocity of order O(N7~1), which is
the reason for shifting in time the test function by v¢tNY~!. In what follows, we will use the notation

vy =vNYTTL (2.8)

for the macroscopic velocity of particles in the system in its stationary state.
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We denote by Q) := P o (YV)~! the pushforward of P) through the mapping
YV {n(t), t >0} = {¥Y, t >0},

that is, @f)v is the distribution of the stationary fluctuation field Y)Y when 7 is stationary state ]P’f)v .
In the asymmetric and weakly asymmetric cases mentioned above, we are now ready to define the

limiting processes and introduce our main results.

2.3. Diffusion coefficient and compressibility. We start by introducing the relevant macroscopic
quantities to appear in the macroscopic fluctuation field of the FEP. The hydrodynamic behavior of
the symmetric FEP (see [6]) is characterized by the Stefan problem

0up = 0u{alp)Lip>1/2y} = 0u{D(P)1(p>1/230up},

where a(p) average density of active particles under 7, and D(p) the diffusion coefficient,

alp) =l =1 e =) = Fo2 o Dlp) = () = . (2.9)
We further define the conductivity
o(p) :==mp(co,1) = (2’01;(1[)). (2.10)
and the compressibility as
X(p) =" Covr, (0,12) = p(1 — p)(2p — 1). (2.11)

T€EZ
Identities (2.9) and (2.10) are direct applications of the explicit formula (2.5). We prove in Ap-
pendix A.2 this explicit formula (2.11) for the compressibility. Note that, as expected, the Einstein

(fluctuation-dissipation) relation o = Dy holds.

2.4. Stationary fluctuations. In order to introduce our main results, we start by choosing s = 1 and
v < 3/2in (2.2) to consider the weakly asymmetric case. We denote by K;(u,v) the one-dimensional

heat kernel
1 (u—v)?2

e i 2.12
vVt ( )

we now introduce the notion of solution to the stochastic heat equation for the case v < 3/2.

Ki(u,v) =

Definition 2.1 (Solution to the stochastic heat equation). We say that Y := (Y)i>0 taking values

a.s. in C([0,T],8’) is a stationary solution to the stochastic heat equation

0y = D(p)02Y; + \/20(p)d W, (2.13)
if it is a stationary generalized Ornstein-Uhlenbeck process on S’ with mean 0 and covariance given by
E(Y(G)Ys(H)) = x(p) - G(u)K (t—s)D(p) (u, v) H (v)dudv = x(p)(T3-G, H),

X

for G,H € S and s < t, where Ty is the semi-group associated with the self-adjoint operator D(p)0d?2

and {-,-) is the L? inner product on R.

We will use the following result, which states that solutions to the stochastic heat equation are

solution to a martingale problem.
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Proposition 2.1 (Characterization of solutions to (2.13)). Fiz a stochastic process Y taking values
a.s. in C([0,T],S"), and assume that for any G € S,

t
Mi(G) = Yi(G) = Yo(G) ~ D(p) [ Y.(@2G)ds
0
and
2
Ni(G) := [My(G)]” — QtU(P)HauGH%z(]R)
are both integrable martingales w.r.t. Y ’s natural filtration, and that for any t > 0,
E(Y:(G)Yi(H)) = x(p)(G, H). (2.14)

Then, Y is a stationary solution to the stochastic heat equation in the sense of Definition 2.1.

In the case v = 3/2, a non-linear contribution coming from the asymmetric jumps appears in the

fluctuation regime. To define the proper limiting equation, we need to introduce further definitions.
First, define

v(u) = (1/2)11-1,3(w),
and let ¢ € S be a mollifier on R, namely a non-negative compactly supported function such that
Jg ¢(u)du = 1. We then define

oo (u) = e Lp(u/e) and te(u) = e Mu(u/e).

We now approximate the dirac measure in u by the smooth convolution §, . = s * tc(- —u) € S,

straightforward computations show that
160,c /|72y < &' and 2%5—1/2”50)6 —tellz2m) = 0.

We now introduce a necessary L? condition in the case where v = 3/2.
Definition 2.2 (L? Energy condition). Fiz a process Y taking values a.s. in C([0,T],S’), and for
0<s<t<T, we deﬁneAi)teS’ by

¢

AS 4 (G) = / / Yo (6u.c)20uG(u)du ds’.
s JR

We say that Y satisfies the L? energy condition if for any G € S(R), AS,(G) is Cauchy in L* as
e = 0, and the limit in L? does not depend on the mollifier ¢. We then denote by Asy = As[Y] the
limit of AS ;.

Note that we do not know a priori whether Ag; is time-differentiable, therefore we do not give an
analogous definition to 2.1 for solutions to the stochastic Burgers equation. Instead, we directly use

the characterization of solutions in terms of martingales, analogous to Proposition 2.1.

Definition 2.3 (Solution to the stochastic Burgers equation). We say that a stochastic process Y

taking values a.s. in C([0,T],S’) is a stationary solution to the stochastic Burgers equation
0%, = D(0)RY: + 5D ()OY2 + VI )0, (2.15)
if
i) For anyt >0, and G,H € S,
E(Vi(G)Y(H)) = x(p) (G, H). (2.16)



8 CLEMENT ERIGNOUX AND LINJIE ZHAO

ii) Y satisfies the L? energy condition (cf. Definition 2.2), so that for any t > 0, the tempered
distribution Ag[Y] € S is well-defined.
iii) For any G € S,

Mi(G) = Yi(G) = Y0(G) = Dip) [ Vi(3EG)ds + 3D ()d0s(C)

N(G) = [M(@)] — 2t0(0)[0u G| 22 g,

are both integrable martingales w.r.t. Y ’s natural filtration.

We are now in a position to state our main result, which derives the fluctuation field in the weakly

asymmetric case.

Theorem 2.2 (Weakly asymmetric case). For s = 1, the FEP’s fluctuation field {Y}), 0 <t < T}
introduced in (2.6) converges in the uniform topology on D([O,T],S’(R)), as N — oo to a process
{V:, 0 <t < T}, which is

i) solution to the stochastic heat equation in the sense of Proposition 2.1 for v < 3/2,

i) solution to the stochastic Burgers equation in the sense of Definition 2.3 for v = 3/2.

This convergence is to be understood as a weak uniform convergence of the distribution of Yy to that
of Y.

To give a more explicit description of this convergence, by Skorokhod’s representation theorem, in
both cases one can build the limiting process {Y;, 0 <t < T} on the same probability space (2, .%,P)
as the facilitated exclusion process {n;,0 < ¢t < T}, and have that for any G € S

limsup sup |V (G)—Yi(G)| =0 P-a.s..

N—oo 0<t<T
Note that this result does not seem to explicitly depend on the value of 7, except through the condition
v =3/2or v < 3/2, which may seem strange since the particle’s motion does. This is natural, however,
because we are looking at the scaling limit of the moving field V¥, which translates at a y-dependent

speed.

We now consider the (totally) asymmetric FEP, and let s = 0 and v < 4/3 in (2.2), in which case
we have the following result.

Theorem 2.3 (Totally asymmetric case). For s = 0 and v < 4/3, the FEP’s fluctuation field
{VN, 0 <t < T} introduced in (2.6) converges in the weak topology on D([O,T],S’), as N — oo

to a stationary Gaussian process Y with covariance
E(Yi(G)Ys(H)) = x(p)(G, H).

In other words, the limiting process Yy = /20 (u)0,W; is a time-integrated space-time white noise, or,

equivalently, the space derivative of a (2,1)-Brownian sheet.

Once again, the limiting process does not depend on the asymmetry exponent -y, because the field

Y} we are looking at is taken in a moving frame that does depend on 7.

The proof of Theorems 2.2 and 2.3 is the purpose of Section 4. In order to prove these two results,

we will rely on a classical mapping to an attractive zero-range process, already exploited to derive the
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FI1GURE 3.1. Representation of the mapping II between a FEP ergodic configurations
7 and zero-range configuration w

FEP’s hydrodynamic limit in both symmetric and weakly asymmetric cases, and described in details
in Section 3. The derivation of the stationary fluctuations field’s scaling limit then follows from a
regularity estimate on the mapping in the stationary state (cf. Proposition 4.1 below), together with
the derivation of stationary fluctuation already obtained in the weakly asymmetric case in [19] and in

the totally asymmetric case in [17].

In Section 5, we then offer a direct, alternative proof of Theorem 2.2 in the symmetric case s = 1,
4 = —o0. The latter relies on a sharp bound (of order £~ log? £) for the equivalence of ensembles (cf.
Proposition 5.5 below) which is interesting in its own right since it significantly improves on the one
obtained so far in [5, Proposition 6.9, p. 697] (of order £=1/4).

3. MAPPING TO THE CONSTANT RATE ZERO-RANGE PROCESS

We start by describing a classical mapping between the facilitated exclusion process and a zero-
range process. In the ergodic component & (cf. (2.4)), we have no ergodicity issues, and this mapping

can be built straightforwardly to the unconstrained, constant-rate zero-range process.

3.1. Static mapping. Recall the definition (2.4) of the ergodic component &7, and fix an ergodic
configuration 1 € &. Let Xo = Xo(n) < 0 be the position, of the first empty site in 1 to the left of
(or at) the origin, meaning that nx, = 0 and 7, = 1 for Xy < 2 < 0. For any y > 0 (resp. y < 0), we
define X, as the position of the y-th empty site to the right (resp. to the left) of X,. We then define

wy =Xy — X, — 2. (3.1)

Recall N={0,1,2,...}, and note that w, € N, so that w € NZ defines a zero-range configuration,
because 1 was assumed to be ergodic. Of course, the mapping 1 — w is not 1-to-1, since knowledge of

the position of the initial empty site X is necessary to revert the construction.

Instead, denote by II : ) — (w, X)), the mapping represented in Figure 3.1 which, with an ergodic
configuration 7, associates the zero-range configuration w € NZ built through (3.1) and the position of
the first empty site left of the origin. It is straightforward to show that the mapping II is a bijection
between the FEP’s ergodic configuration £z, and the set

&= {(w,Xo) EN* X Z| —wy—1< Xy <0} (3.2)



10 CLEMENT ERIGNOUX AND LINJIE ZHAO

The reverse mapping II7! is easily defined; choose a zero-range configuration w € NZ and an integer
—wo — 1 < X < 0. The associated ergodic configuration n is then built by placing an empty site in
n at site Xo, and then choosing the consecutive positions X, of empty sites in 7 according to w and
(3.1). We then have as wanted n = IT"(w, Xo).

3.2. Dynamic mapping. We now consider a dynamical version of the mapping above : to do so,
consider a trajectory {n(t), t > 0} of the FEP starting from an ergodic configuration n(0) € &z. Let
Xo(0) be the position of the first empty site in 7(0) to the left of (or at) the origin at the initial time.
Then, as before we define for any y > 0 (resp. y < 0), X, (0) is the position of the y-th empty site
to the right (resp. to the left) of X((0). We keep track of each trajectory {X,(t), t > 0} of the y-th
empty site for y € Z in {n(t), t > 0}. Since the jumps are nearest neighbor, the orders of the empty

sites are preserved along the evolution of the process, i.e. for any ¢ > 0,
LX) < Xo(t) < Xa(t) < ...
We then define as in the static case
wy(t) := Xyp1(t) — Xy(t) —2 fory e Z. (3.3)

In order not to confuse with the static mapping, we denote IT*[n] this dynamic mapping between
trajectories, meaning that IT*[n](¢) = w(t). Note that we do not have in general that IT*[n](¢) = II(n(¢)),
unless the tagged empty site that was at time 0 the first left of the origin is still the first left of the

origin at time ¢.

It is straightforward to show that if  is a FEP, {w(t), t > 0} = II*[5] evolves as the classical

zero-range process with generator £, which acts on local functions f : N2 — R as

W) =Y Loz {pn (f@¥™h) = fw) +an (f@¥ ™) = f(w)) }. (3-4)
YyeL
Since we use different letters for exclusion () and zero-range (w) configurations, without confusion,
we also denote w?¥*! the zero-range configuration obtained from w after a particle jumps from y to
y+1,
wy—1 ify =y,
Wit = 1 ify =y+1
' wy + Ty =y s
Wy otherwise.

Given a distribution v on N%, we denote by P the distribution of the zero-range process started from

the initial state w(0) ~ v and driven by the generator .Z%* and by EJ the corresponding expectation.

3.3. Stationary states. We now consider the stationary states for the zero-range process. We define
the (grand-canonical) equilibrium distributions for the generator .25 as the product distributions with
marginals in w, given by geometric distributions with parameter the active density a(p) (cf. (2.9)),
namely
oy = k) = a(p)"(1 = alp)), k > 0. (3.5)
Define
alp) _ 2p—1

alp) 1= 0 = L. (36)
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one easily obtains the identity E, (w,) = a(p), and that p, is stationary for Z%;. Further denote by
L, the distribution on & (defined in (3.2)) such that under fi,,

e the zero-range configuration wjz\ oy is distributed as j,, defined by (3.5), everywhere except
at the origin.

e At the origin, wq is distributed, independently from the rest of the configuration, as

fip(wo = k) = (k +2)a(p)*p(1 - a(p))? 3.7)
e the distribution of Xy conditionally to w is uniform in {—wp —1,...,0}.

In other words, for any (w,z) € &, we have

fiolw,) = p(1 - a(p) )y (@) (3.8)

We claim that the stationary state m, for the FEP can be built through the mapping, by
Tp =i, oll and fi, =m, oIl (3.9)

Note that through this mapping identity, sites in the zero-range process are associated with clusters
of particles in the FEP, namely consecutive particles preceded by an empty site. Given the apparent
breaking of translation invariance in the definition of the central cluster (wo) in fi,, it is not a priori
clear that [i, o IT would yield a translation invariant distribution. The core of the argument is that the
central particle cluster, the one of the origin, needs the shifted distribution (3.7) to account for the
multiple ways it can be placed at the origin, since X ~ Unif({—wo—1,...,0}). The proof of identity
(3.9) is given in Appendix A.1, where we given an alternative construction for 7, := ji, o II, and prove

that the latter is translation invariant, and satisfies (2.5).

It might also appear counter-intuitive that the stationary state 7, for the FEP dynamics is mapped
to a distribution fi, whose marginal in w is not stationary for the mapped zero-range dynamics (due
to the loss of translation invariance at the origin in w). This is to be expected however, because the
mapped dynamics must be considered instead on the pair (w, Xo), and jumps at the origin have effects
on both components, so that the term coming from the displacement of the tagged empty site offsets
the loss of stationarity of the zero-range due to the lack of stationarity at the origin. This statement
is explored in more detail in Appendix A.3.

The core of the arguments amounts to the following : to build 7,, one has to put i.i.d. particle
clusters (meaning sets of consecutive particles followed by an empty site) with geometric number of
particles distributed as 1+ p,(-), (i.e. 1+ w) and then randomly shift the configuration by choosing
the origin (i.e. Xp). If the origin is empty, then one can simply build i.i.d. clusters and everything
works as expected. If the origin is occupied, however, one needs to choose “at random” an occupied
site, and choosing an occupied site “at random” biases towards larger particle clusters, because the
latter contain by definition more particles. In other words, building geometric clusters of particles,
and then choosing one particle uniformly among those, the distribution of the cluster of the chosen
particle is no longer going to be geometrically distributed, and its distribution is instead going to be
the tilted distribution (3.7).

In what follows, we will use the following result, which can be straightforwardly proved using the

zero-range process’s attractiveness.
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Proposition 3.1 (Discrepancies due to the distortion at the origin). There exists a coupling Q between
two trajectories w, & of the rate 1 zero-range process such that w(0) ~ p,, £(0) ~ [i,, and such that
D 1y(1) = wy (D] = 160(0) — wo(0)] = &(0) —wo(0)  Q— aus.
yEZ
In other words, there exists a coupling between two zero-range processes such that the total number of

discrepancies at any time between the two is equal to the number of discrepancies initially at the origin.

We do not detail the proof of this result, it is a direct consequence of our choice of initial distri-
butions, and the classical so-called basic coupling, which we now briefly describe. Because the initial
distributions are identical everywhere except at the origin, we can choose wy(0) = &,(0) for any y # 0.
At the origin, we biased the distribution fi, towards large clusters, we can therefore couple w and &
in such a way that wy(0) < &(0). Because the constant rate zero-range process is attractive, we then
endow each site with i.i.d. Poisson clock, and each time the clock rings on a site in which both w and
& have particles, a particle performs the same jump in the two configurations. If instead, only £ has
a particle, we make it jump normally in £ and nothing happens in w. Under this basic coupling, it is
straightforward to show that both w and £ are constant rate zero-range processes, and that Proposition
3.1 holds.

Because it yields a tight control of discrepancies, Proposition 3.1 will allow us to assume that the
mapped zero-range process is initially in a stationary state as well rather than fi,, and therefore to
prove the mapping estimates we need in the stationary state, as well as use the stationary fluctuations
results obtained in [17, 19].

3.4. Position of the tagged empty site in the dynamic mapping. Given a trajectory w :=
{w(t), t > 0} of the zero-range process, we denote by JZ% . | (t) € Z the particle current going through
(z,2+1) in [0, ], namely the total particle number going through the edge (x, 2 + 1) before time ¢. It

can be formally written as

TR L) = Y {wy(t) —wy(0)}. (3.10)

yzax+1
It is straightforward to show that in the stationary state, its expectation is given by
2p—1
B, (T8 (D) = N ptpleop > 1) = tN7 =5 (311)

As before, we denote by JZ% (t) := JZ% (t) — tN7(2p — 1)/p the corresponding centered variable.

Consider now a trajectory {n(t), ¢ > 0} of the FEP, and {w(t), t > 0} = II*[n] the mapped zero-
range trajectory introduced in Section 3.2. Then, the position Xy(¢) of the tagged empty site at time
t can then be expressed in terms of the mapped zero-range process w through the identity

Xo(t) = =J"F () + Xo(0). (3.12)
We now give an estimate of the variance of stationary current going through the origin, that will be
used repeatedly in the proof of Theorems 2.2 and 2.3.
Lemma 3.2. There exists a constant C' independent of N such that

BN [ sup T, (6)?] < Cllog N)*[N7 4+ sNY/2] = O(N*2(1og N)?). (3.13)
0<t<T
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Proof. Because we need an estimate that is uniform in time, the proof of this estimate is rather
technical. We first get back to the zero-range stationary case. First note that according to identity
(3.9),

Ef)’[ sup J%?O(t)ﬂ :E%[ sup J%lio(tf ,
0<t<T 0<t<T

where as before EXY is the expectation w.r.t. the distribution of the zero-range process started from the
initial state w(0) ~ v. The right-hand side above is the expectation of the current going through (—1,0)
for a zero-range process started from the state i, characterized in (3.9). According to Proposition 3.1
above, since the current discrepancy is less than the total particle discrepancy, we obtain that

[ s, 07 - B [ s T | < B2 (n(0) ~ B (o0 1= Clo)

is at most bounded by a constant, so that it is enough to prove (3.13) starting from the zero-range’s
stationary distribution .

We now consider the stationary zero-range process w initially distributed as p,. For £ > 0, let

Getw) = (1= 5) 1pusoy.

Then,
= 2 G ) ~@0)] = 7= 30 GulF) T 0 - T ()]
z€Z €L

— LJZR (t) _ L f LJZR (t) (314)
\/N —1,0 \/Nw:() N/ z,x+1 ’

where JZ® | (t) was introduced after (3.11). Once again, we define

For z € Z,
o t
Mo zi1(t) = J25 1 (8) — / sN?[g(ws(s)) — g(war1(s)] + NG(wa(s))ds
0
are independent Pﬁfp -martingales with quadratic variation
t
(Myi1)s = / (sN? + N")g(w, (5)) + 5N2g(wp41(s))ds = O(sN? + N). (3.15)
0

In particular, (3.14) rewrites

TR =Y Go( &) [@a(t) — @.(0)]

x€EZ
NZY N t N'y—l t N¢
o > Moralt) + N / [F(n(5)) — Feonera()]ds + / D (s)ds. (316)

We first bound the last line in (3.16). For the martingale term, by Doob’s inequality and (3.15),

Eﬁ[p [oilng (Nié ;Aii:)Mz,xle(t))z} < 4Effp [(Nié :Vz_i:)Mz,erl(T))Q} < C’%. (3.17)



14 CLEMENT ERIGNOUX AND LINJIE ZHAO

For the last two terms in (3.16), which are time integrals, by Cauchy-Schwarz inequality and since
both g(w,(s)) and w,(s) are bounded in L2(PIJX]),

N 5N ' a - 2 25N2
sN ~ = 2SN’ |
EM[OEQT( 7 /0 [Gwo(s)) = Flwnesi(s)]ds) | < CT? 2, (3.18)
N"Y vt N 2 N2v-1
i g <OT?——
1 [, (%5 [ Latentonas) < or i 319

Now, we bound the first term on the right side of (3.16). Clearly,

BY [(Ye(z)m.0) ] <o (3.20)

TEZ

[ sup (ZG@ L)w )2} (3.21)

o<t<T

It remains to bound

The main issue to estimate this quantity lies in the time supremum inside the expectation. Without it,
one would straightforwardly obtain a bound of order O(N¥) since the zero-range process is stationary.
Below, we will show that (3.21) is of order O (N (log N)3¢). To this end, we first divide the time interval
[0, 7] into small intervals of size e = e := N 109 More precisely, let t; = iTe for 0 <i < 1 /5 Note
that in order for the set of configurations {w(t;),0 < ¢ < 1/} to be different than {w(¢ )7 <t < T},
there must have been an interval [¢;, t;11[ in which at least two particle jumps occurred. In particular,
we bound (3.21) by

[ sup (ZGE L)@ Z) ]+EN{ sup (ZG@ L)w t)zlAN}, (3.22)

0<iLe™ ot<T

T€EZ
where Ay is the event
1/e—1
Any = U {at least two particle jumps occurred in the box{—1,..., N{+ 1}
i=0

during the time interval [t;,¢; + 1[} (3.23)

Since for any fixed ¢, the number of jumps in the box [—1, N¢+ 1] during the time interval [t;, t;11] is
bounded by a Poisson random variable of parameter Te N2(N{ + 1) = O(N~27¢), we have

PY (Ay) < Ce L (N~90)* = O(N~¢2).

By Cauchy-Schwarz inequality, we bound the second term in (3.22) by

SARTRONACERC )P ()

0<t<T
<{ e By [ s (wa0) ]} P (4)"
T€Z =T

A very rough bound shows that

EY [ sup wo(t)4] < ONB, (3.24)
0<t<T
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Indeed, let No 7 be the number of particles that are initially outside of the box [-2N2T,2N?T] and
visit the origin before time T'. Then,

4
EY | s wo)] <C(EY[( Y w,) | +EY [Nig]) <o(NS+EY [Nig]).
0<t<T
= ly|<2N2T
Dividing the sets Z\[—2N2T,2N?T] into
U (=% = )N°T, ~kN>T| U [EN*T, (k + 1)N°TY), (3.25)
k>2
and since a particle travels at speed at most N2, standard large deviation arguments yield
B [Nir| <O NSO < ONFem OV,
k=1

which proves (3.24). Thus, although this bound is certainly not optimal, the second term in (3.22) by
is finally bounded by CN~40¢2,

We now turn to the first term in (3.22). Define the event
By = { sup Gg
0<i<1/e Z
By Cauchy-Schwarz inequality and (3.24), we write

[ sup (ZGg )}gN(logN)W—FEfY[ sup (ZGZ(

0<i<1/e "Llogigi/e et

> N/2(log N)3/2£1/2} (3.26)

)wz(tl))ngN}

2\?‘

N(logN)%-yEff[ sup (ZG@( )wx(ti))ﬁl}lﬂpfyp(BN)l/Q

"Lo<ici/e Ny

< N(log N)*¢ + CN°(P) (By)'/.

=S

Using the stationarity of the zero-range process and a standard large deviation principle, by union
bound,

C' o NY?
P (By) < —e Cllog N)*,

Thus, the first term in (3.22) is bounded by CN(log N)3¢ for N large enough, which finally yields

[ sup (ZGZ ) ] = O(N~22 4 Ni(log N)?). (3.27)

o<t<T

Putting together Equations (3.17), (3.18), (3.19), (3.20), (3.27), and by the elementary inequality
(Or_jar)? <nd}_, a}, we obtain,

sN + N1 gN? NZ'Y*l)

EY [ sup leio(t)ﬂ gC(N*4°£2+N(1ogN)3€+ Tt —;

#ologe<r
We then prove the first bound in (3.13) by taking ¢ = N3 if 4y < 4/3 and s = 1, and by taking
¢ = N7~! otherwise. For the second bound in (3.13), we simply use our assumption that v < 3/2. O

Remark 3.3. Note that to bound (3.21), the main ingredient is a large deviation principle for the sum
> wez Go(%)w,(t), and the time-uniform bound turns out to have an O((log N)?) correction compared
with the one without the supremum inside the expectation. This technique holds as soon as the quantity

to estimate has exponentially decaying tails (in particular when a large deviations principle holds) and
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result will be used repeatedly in the following section. Since the argument will always be analogous, we

will not always detail the time uniform estimate, and instead refer to the proof of Lemma 3.2. To be

quite explicit, except for Martingales, for which Doob’s inequality yields the wanted result, the scheme

to obtain a time-uniform estimate will always be the following

1. Divide the time interval into a polynomial number (e.g. 1/e := N'0) of small time intervals
[ti,t; + 1[. By observing all the w(t;), one actually observes all the {w(t), 0 < t < T}, unless two
Jumps occurred in one of the small time intervals.

2. Since the process in a box of size K jumps at rate O(KN?), if K = O(N?), the latter happens with
arbitrarily small probability, by letting € be as small as wanted.

3. Then, the supremum over the t;’s is obtained by stationarity and union bound, which makes us loose
a factor 1/e, which is not a problem if the probability that the relevant quantity is too large vanishes

exponentially in N.

4. PROOF OF THEOREMS 2.2 AND 2.3

In this section, we now prove Theorems 2.2 and 2.3, by using the mapping defined in the previous

section.

4.1. Mapping estimates. We need to express the density fluctuation field Y}¥ (G) defined in (2.6) for
FEP through that of the zero-range process. We keep the same notations as in the dynamical mapping
defined in Section 3.2, (X, (t)) is the sequence of successive empty sites in 7(t) seen from the tagged
empty site Xo(t), and w = IT*[n] is the resulting constant rate zero-range process. Straightforward

computations then yield

yt \/*an 77“}1\/)

€L
X1 (t)—1
\/»Z [ <X Y (1) tvN> + Z (1-p)G(% —tvN)}
YEL =X, (t)+1
Xy41(t)—1

1_pZG(

YEL

Jour+ Y S [0l - ) - GO )],

YEL x=X, (t)+1

where according to (3.6),
2p—1

— (4.2)

Wy (t) == wy(t) — Efyp (wo(0)) = wy(t) —

We first deal with the second term on the right side in (4.1), and show that it vanishes in L'(P})
uniformly in time as N — oo. In what follows, we define

2p—1 :N'Y_ll_Qp

yv = yn (T, p) == (1 — p)T NV, vy = ow + N p

L (3)
we claim the following.

Proposition 4.1. For any smooth function G € S with compact support,

X11+1 t) 1

lim IE [ sup )\/»Z Z {G(% — toy) —G(XyT(t) _tUN)}H =0. (4.4)

Nmreo OstsT YEL x=X, (t)+
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Proof. Denote

Mc(y,t) = sup G (% — ton) .
Xy () Sz<Xyt1()

By Taylor’s expansion, since for any y, the number of terms in the sum over x is wy(t) + 1 (cf. (3.3))

SR o) e ) - e~

YEL x=X,(t)+

1
<EN ’— ) +1)2M ,t’. 45
V] e, waez;(wym) awb)|]. @5

The next step is to restrict the support of the sum over y. Recall (4.3) and define
Tni={y€Z : |y—yn| < N*/?},

so that

B sup |~ S (1) + 1Moy, )|
YyEL

0<t<T

< Ei)v[ sup # Z (wy () + 1)2Mg(y,t)} +Ef,v[ sup ﬁ Z (wy(t) + 1)2Mg(y,t)]

0<t<T T 0<t<T yers,
G oo n N s|V/4n 4/3]3/4
< E, [ sup w } E, [ sup (wy, (t)+1 } E [ sup Mg (y,t /} ,
N3/2 0<t<T y;N( u(t)+] ]\73/2 yEZFC 0<t<T wy(t)+1) P Locigr 1)
(4.6)

by Holder inequality. Note that
E;V[ S (wy(t) + 1)2} < ONY/3
yel'n
and that the sum inside the expectation satisfies a large deviations principle. Following the same steps
as in the proof of Lemma 3.13 (see Remark 3.3), we obtain that the first term on the right-hand side
in (4.6) is O(N*/373/2(log N)3) and therefore vanishes as N — co. We now consider the second sum.
First observe that
E;V[ sup (wolt) + 1)8] <EY [ sup Y (W) + 1)8} < C(log N3, (4.7)
0<t<T 0<t<T 5
ly|<(log N)
where in the second inequality we use Remark 3.3 again. Thus, the second term on the right-hand
side in (4.6) is bounded by

C(log N)? 3/4
]E [ sup Mg(y,t 4/3} .
©ON3/2 yGZFC 0<t<T 1)

Denote by A := A(G) > 0 the size of G’s support, meaning that G vanishes on the set R\ [—A, A].
Since Mg (y,t) =0 if |X}’V(t —tun| > A and |L(t) toy| > A, using (4.5) and a union bound, we
obtain that the expectation in (4.4) is bounded from above by

C(p,G)(log N)?

Clo.CNogN)™ = pN( jpp |50 ) < AL OV 0g N (48)

N3/2 e P NogtgT
y or y—1lel'y,

— vnt is w.h.p. outside of the support of G.

We now need to show that for any y ¢ I'y, —X}fv(t)
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Fix y € Z, using (3.3) and (3.12), we obtain

Xy(t) =) fwy -1 () + 2] + Xolt Z wyr 1 ( — PR () + Xo(0). (4.9)
y'=1 y'=

Recall from (4.3) the definition of vy.. Using (3.11) and (4.2), we therefore write,

1
XyT(t)—th:N Zwy/ 1(t) + 2y — ngio(t)—i—Xo(O) —unt

RS IR 2y +Xo(0)  y2p-1
— — ZR /
N yZ,: Gy (t) = I ()| —toy + = oy 1—p
1 ' 7R Y — YN
== Wy (t) — JZR (1) + X,
¥ E/Zliwy L) — JPR () + 0(0)+(1_p)

For y € TS, shorten 7 := |y — yn|/(1 — p) = N*/3. Since p € [0, 1], in order to have

inf |X”T(t) —th| <A
0<t<T

we must have either

7—NA Y 7—NA —— 7—NA
Xo(0) > 2 L D DO Y . or  sup ‘ TP (t) ‘ > yT (4.10)
XX y/:1 XV

By a standard large deviations estimate, the first event occurs with exponentially small probability

under IPf)V , which we denote by

—NA

=P (XO(O) > Y

for some positive constant ¢ independant of y. In what follows, the constant ¢ can change from line

) = O(ec-N4) (4.11)

to line. Under the product geometric distribution p, defined in (3.5), a large deviations estimate also
yields that as y — 400

1 Yy
CYmza | =0, (4.12)
y'=1

for some positive constant ¢. Note that because of the non-stationarity at the origin, w(t) is not a
stationary Facilitated Zero-Range process. However, thanks to Proposition 3.1, the equilibrium large

deviations estimate (4.12) yields

_T-N4
=P su Wy — >
v 0<t£T /Zl w1l 3
y—NA -
= PN sup Z Wyr—1( > > Y = O(N4y6676(y7NA)2/‘y‘ +y7t), (4.13)
0<t<T 3

y'=1

where in the last step, we divide the time interval [0,7] into N*y% small intervals and use the same

argument as in Lemma 3.2 (cf. Remark 3.3). We split the exponent depending on whether y € By :=
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'y n{—2ywn,....2yn}ory e I'y, \ By. If y € By
(G- NAP _ (N3 — NAY

[yl - 2yn
since v is assumed to be less than 3/2. If instead, y € I'S; \ By, we have §/|y| =1 —yn/y > 1/2, so

> cN®/3=7 > ¢N

that the probability above is of order O(e~). Putting those to statement together yields
qy < N4+6’Ye—CN1{y€BN} n N4y66_6§1{y€1—‘?\r\31\]} + y—4. (414)

Finally, to estimate the probability of the last event in (4.10), we use Lemma 3.2 and Chebychev’s
inequality, to get

(4.15)

Ty = IP’,IJV ( sup ‘leio(t)’ >

7— NA) - cN3/2(log N)?
0<t<T

3 - NAP
Since

N( Xy (t)
Py (oglftliT| g7 —ton| < A) <py +ay +1y, (4.16)

putting (4.11), (4.14) and (4.15), we obtain that for any y € T'S
. 9/8 9/4
N/ X, (t) 3/4 _ c¢N?/®(log N)
P (dnf, 1557 —ton] < 4] S 5 ——
Summing this identity over y € T'%; and multiplying by N—3/2 yields that the first term in (4.8) vanishes
as N — oo as wanted, which proves the Lemma. O

Now, we deal with the first term on the right side of (4.1), in which we want to replace
2p—1
Y NP
L—p p
where the second term represents the mean displacement of a tagged empty site in a time ¢t. Recall
from (4.3) that

X,(t) by (4.17)

12p—1 _11=0p
vy =uny + NI - = Nl B
N o ,02 )
which represents the macroscopic velocity of a given particle relative to the position of a tagged empty
site. Lemma 4.2 below justifies replacement (4.17), and proves, together with (4.1) and Proposition

4.1, that for any € > 0,

YN (G) - % yeZG(N(lyP) — 1y )3, (1) > €) =0 (4.18)

lim sup IP’;V( sup
N—oo 0<t<T

We now state and prove the replacement (4.17).

Lemma 4.2. For any test function G with compact support, for any € > 0,

. 1 _ X, (t) _
lim ]P’f)\[[ sup ’ﬁ yze:zwy(t) (G(Z%2 —unt) — G(ﬁ —tv?v)]‘ > E} =0. (4.19)

N—o0 o<t<T

Note that the sum inside the probability can involve an infinite number of non zero contributions
even for a function G with compact support. To overcome this difficulty, fix a smooth compactly
supported test function G € S, and as before let A > 0 be the size of its support. Recall yy =
(1 = p)TNvly. Define

In(G) :=={yn —2AN(1 —p),...,yn + 2AN(1 - p)}.

Then, the above lemma follows immediately from the following two results.
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Lemma 4.3. For any test function G with compact support,

lim ]E [ sup

N—o0 0<t<T ’ VN

Lemma 4.4. For any test function G with compact support,

. — Xy (1) _ _ Y — 4oy
Ry (G) = OE?ET’\F o (G)w s [G (=% ont) G(N(l—p) tvN)]‘ (4.21)

@, (1[G (%2 = ont) = Gy — tun)] || = 0. (4.20)
yel'n (G)

vanishes in probability as N — oo.
We now prove Lemmas 4.3 and 4.4.

Proof of Lemma 4.3. For y € T'n(G), and £ > 1, define
1 zZ

lz—y|<e

Summing by parts, we bound the absolute value in (4.20) by

Ly s 5> S04 )Gty 4]
yel'n(G)

where @y (t) = (20 +1)7" 30, <, @-(t). By (4.7) and Remark 3.3, if £ > N? for some § > 0, then

there exists some constant C' = C(p) such that

Ef,v[ sup wy(t)Q]l/Q < C(logN)*  and IE,IJV[ sup wf;(t)ﬂl/z < C(logt)® Ve,
0<t<T 0<t<T

we obtain that the expectation in (4.20) is bounded from above by triangular and Cauchy-Schwarz

inequality by

C(log N)* Z N £m211/2
—_— EY[ sup AL(G)?]
VN Yy (@) P togtsT
loge N Xy(t) _ _ Yy _ U 212
VNE yelZ(G B OiltlET <G( v o) G(N(l_f’) tvN)) } - (422)
To estimate the first term, rewrite
1
8O =gy X O —uwt) = G o)
lz—y[<e
1 z
— a1 2 [Glad=y —ton) = Gl —toi)]-

lz—y|<e

The second line above is a discrete laplacian, and is therefore of order O(¢2/N?). To estimate the first

Xy (t)
N

line, we shorten U, := — vnt, and develop G(U,) around U, to obtain by translation and time

invariance, and using the elementary inequality (a + b+ ¢)? < 3a® + 3b% + 3b2

2

¢
E)[ sup AL(G)*] = Wﬂ)ﬁff sup G'(U,)? (Z [Xy(t) — XerZ(t)])

0<t<T 0<t<T =

+0 <N4Ef,v ( sup [Xo(t) — Xg(t)]4)> +O(f*/NY). (4.23)

0<t<T
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Rewrite
y

X,(0) = Xo(t) = Y fwy-a(t) +2],

y'=z+1
where the w,/_1(t) are i.i.d. geometric variables, so that by Remark 3.3, for £ > (log N)?
) (sup, [(Xa(t) — Xo(0]*) = O(¢* g ).
0<t<T
In the first term in the right-hand side (4.23), we rewrite the sum as
¢ ¢

D) = Xy (0] = =Y (€4 1= 2) (Wyrama(t) —wy—(1)).

z=—/ z=1

In the right hand side, terms for z # 2’ are independent, mean-0 variables, so that by Remark 3.3,

Y; 2
EY [ sup G'(U,)? (Z (X, (1) —Xy+z(t)]>
0<t<T Py

Combining these bounds yield

{logl)®  *(logt)?
EN( sup ALG)?) = . 4.24
R (1.2

We now deal with the second term in (4.22), and write

|G (25O —uyt) — Gy — toly)]

X0y et | _ - - Y
NG e =57 = =y H T = NG | 3o @) = TR0+ Xo(0)]
y'=1

Since, by Remark 3.3,
2

y
sup Eijv sup Z Wy —1(t) = O(N3/2(log N)?),

yer N (G) 0SEST \ 2Ty

and EJY(X((0)?) is a constant, we can bound the second term in (4.22) by
C(G,p)(10g 0)® [ 574 3/2 N 7 2L o (N4 (log N)3/2(log £)
W{N (log N) —l—\/Ep [OZ?ETjiLO(t) }} =0 e ,
according to Lemma 3.2. Adding up this estimate to (4.24), we bound (4.22) and therefore (4.20) by

g1/2 02 N1/4
N1/2 + N3/2 + ¢1/2 )’

C(log N)*(log ¢)® (

so that choosing ¢ = N°/8 proves the Lemma. O

Proof of Lemma 4.4. Recall that A is the size of the support of G, therefore

y¢In(G) = G(ya=y; —tvy) =0,
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so that the second part of Ry +(G) vanishes, and we can write
. X, (¢
IP’/I)V(|RN7T(G)| >0) < ]P’Jpv (Ely ¢ I'n(G) such that ogl?iT'% —ont| < A)
Since the positions of the empty sites are ordered in y, letting
y1=w1nv =yn —2AN(1—p) and y2 =yon =y~ +24AN(1-p),
we rewrite

N < N/ Xy, (1) _ < N/ Xy, (1) _ <
B (Rxr(@)] > 0) < B (it 2% — ot] < 4) + B ( it 2% — ot] < 4)

Using the same notations as in (4.11), (4.13) and (4.15), we have 7, = 7y = 2AN, therefore (4.16)
yields that IP’LV (|IRn,7(G)| > 0) vanishes as N — oo, and in particular Ry 7(G) vanishes in probability
as wanted. 0

4.2. Proof of Theorem 2.2 and 2.3. We define
«
(o) =
(0) = 1

recall the definition (4.3) of v}y, and that « := «(p) the density of the zero-range process defined in

(3.6). Straightforward computations yield

N1
@I
=, %@

We introduce the density fluctuation field of the zero-range process, namely

ZV(G) = \/Lﬁ S G, ()G (L — toh(1—p)) = JLN S G, (HG(% — N1 (a)), (4.25)

YEL YyEZL

vy =

and given a test function G, define

ép(u) =(1-pG (1 ﬁ ,0) and ép(u) = )G(u(l =),

—

so that (Gy), = G. So far, we have shown in (4.18) that for any € > 0,
limsupPY ( sup |V (G) — 2N(G,)| > ) = 0. (4.26)
N—so0 0<t<T

We now conclude the proof of Theorem 2.2 and 2.3 by stating the following results, which were
extracted from [19] and [17].

Theorem 4.5 ([19, Proposition 2.1 and Theorem 2.2]). Consider a random distribution Zy € S’ with
covariance

E(Z0(G)Zo(H)) = X(G, H), (4.27)
where ,

(a) = %’; (@) _ p(2p— 12)

(@) (1-p)

is the zero-range process’s compressibility. Then, for s = 1, the zero-range fluctuation process {ZN, 0 <
t < T} converges in the uniform topology on D([O,T],S’) to a process {Z;, 0 < t < T} with initial
state characterized by (4.27), which is the solution
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(i) of the stochastic heat equation
0Zy = ¥ (a)02Z; + /2% () 0, W (4.28)

in the sense of Proposition 2.1 with D = ®(«a), 0 = ®'(a), and x = X(«) for v < 3/2.

(ii) of the stochastic Burgers equation
0,7, = ¥ (a)(p)D2Z; + %@”(a)@qu +/28(a) 8, WV, (4.29)
in the sense of Definition 2.3 with x = X(«) for v =3/2.
Theorem 4.6 ([17, Theorem 2.5]). For v < 4/3, and s = 0, the zero-range fluctuation process

{ZN, 0 <t < T} converges weakly in D([0,T),S’) to the stationary Gaussian process {Z;, 0 <t < T}

in C([0,T),8’) with mean zero and covariance given by
E[Z:(G)Zs(H)] = X(G, H),
for any s,t >0 and G,H € S.

Remark 4.7. In [17], the authors considered the fluctuation fields in a different space H_y, instead of
S'. However, the choices of the spaces are only relevant when proving tightness of the fluctuation fields,
and the readers could check directly that the fluctuation fields are also tight in the space D([0,T],S’)
with respect to the weak uniform topology.

Remark 4.8. Although the results in [17] are only stated for v > 0, they are obvious true for v < 0
since in this case the evolution of the dynamics is too weak to affect the macroscopic behavior of the

process.

Clearly, a process {Y;, 0 < ¢t < T} is solution of (2.13) (resp. (2.15)) iff the process defined by
Z(G) = Yt(@p) is solution of (4.28) (resp. (4.29)). Thanks to (4.26), Theorem 2.2 is therefore a
direct consequence of Theorem 4.5.

Similarly, Theorem 2.3 is a direct consequence of Theorem 4.6.

5. PROOF BY SHARP ESTIMATES

In this section, we give an alternative proof of Theorem 2.2 which does not rely on the mapping to
the zero-range process. Doing so, we obtain a sharper estimate (in O(log2 £/0) on the equivalence of
ensembles for the FEP than the one previously obtained in [5] (in O(¢£~/4)) to derive the supercritical
hydrodynamic limit. This estimate is the main argument needed to derive equilibrium fluctuations,

and we feel it is interesting on its own, which is the reason why we give this alternative proof.

Theorem 5.1 (Symmetric case). For s =1, v = —oo, the FEP’s fluctuation field
1
VM(G) = —= D m.(t)G(xz/N), (5.1)
HO =T 2

converges in the weak uniform topology on D([0,T],S’), as N — oo to a process {Y;, 0 <t < T},
which is solution to the stochastic heat equation in the sense of Proposition 2.1, meaning that for any
GeS,

Mﬂ”:nwr4w®—Dm[ﬁq%®w

N(G) = [Mi(G)]” — 2t0(p)|0uG 22z
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are both integrable martingales w.r.t. Y ’s natural filtration, and that for any t > 0,

E(Y; (G)Y:(H)) = x(p)(G. H). (5.2)

First note that in the stationary state, direct calculation immediately yields (5.2). Furthermore, for

any compactly supported test functions G : R — R, by Dynkin’s martingale formula,
M@= V@) - @) - [ 73 @i
is a martingale with quadratic variation given by
M@= [ 4@ - 29N @2V G
Direct calculations yield

INYNG > [rhln(s) — a(p)ozN G(z/N),

) = 1
\/N TEL
where h(n) = n-11m0 + nom — n—1m0m1, a(p) is k’s average under 7, defined in (2.9) and 92VG is a

discrete approximation of G’s laplacian,
O*NG(z/N) = N?[G((z +1)/N) + G((z — 1)/N) — 2G(z/N)].
Furthermore,

t
N _ 1 N 2
M@= [ ¥ S caen (oL Gla/NPds.
where similarly

9y G(z/N) = N [G((z + 1)/N) — G(«/N)].
Note that by the Cauchy-Schwarz inequality and from the exponential decay of correlations under

the measure ,, one straightforwardly obtains the following result :

Lemma 5.2. For any compactly supported test functions G : R — R,

(MN(@))e = ta(p)]|0uGll12w) in L2(x,),

lim
N—oo

where o(p) is defined in (2.10).

Indeed, to prove the above result, one just note that

lim EY[(MN(G))e] = to(p)||0uGl| 12 ()

N —o0

and the variance of (M¥(G)); is bounded by a constant multiple of

2
5 SN Gl /N,

TEZ

which has order O(N~!) and thus vanishes as N — oo. Following classical estimates (see [25] for

example), it is not hard to show the following result.

Lemma 5.3. The sequence {YN,0 < t < T} is tight with respect to the weak uniform topology of
D([0,7],8).
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The main ingredient to derive the equilibrium fluctuations for the FEP is the Boltzmann-Gibbs

principle, whose proof will be adapted from [22]. For any local function 3 : ¥ — R, denote
/‘Z(p) = Efrp [1/]]

Proposition 5.4 (Boltzmann-Gibbs principle). For any local function of the configuration v, any

compactly supported smooth function G, and any t > 0, we have

Jim EY (/O'ds\/lﬁZG(x/N)mvw(n(s») 0, (5.3)

T€EZ

where

Vi (n) = &(n) = $(p) = ¢/ (p) (o — p).
and T:10(n) = ¥ (n._,) denotes the translation of ¥ by x.

By Proposition 5.4 and Lemma 5.2, for any limit Y. of Y and any compactly supported test
functions G € S,

t
Yi(G) = Yo(G) - Dlp) [ Y.(@:G)ds
0
is a martingale with quadratic variation

to(p)||0uGl|L2(r)s

which proves Theorem 5.1. We now prove Proposition 5.4.

5.1. Boltzmann-Gibbs Principle. In this section, we prove Proposition 5.4. Since it is the main
case of interest, let us assume 1 depends only on the values of 79 and n4+1. The proof is divided into
several steps, and it can be straightforwardly adapted when ¥ depends on the value of 7 in a finite
box By.
Step 1. Fix ¢ > 0, which will goes to infinity after N — oco. For i € Z, fix points z; < y; in Z such
that o = 0, and for i € Z

yi—x; =0—1, Yi+3=Tiy1.
Let A; = {x;,...,y;}. Then, the length of the interval A; is ¢ for each i. Denote

A?:{xi'i_lw"vyi_l}) Bi:{yi,"'axi+l}~
Fix some point z; € A?. Then, we rewrite the sum inside the expectation in (5.3) as

> Ga/N)mVy =Y Ga/N)mVy+ > Y (G@/N) = G(zi/N))7Vy

zE€EZL 1€Z xEB; 1€7 x€AY

+> G(z/N) Y mVy. (5.4)

i€Z TEAY

For the first term above, by Cauchy-Schwarz inequality and the invariance of the measure 7,

E) ( /0 dsﬁz > G(x/vam)) <2y, (\}NZ > G(x/N)Tszb(??)>

1€Z xEB; i€Z x€B;

2
= = Covn, | 3 Gla/N) V), Y Gla/ NVl

i1 reB; zEB;/
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2
t2
oy, (Z G(m/N)rzwm)) ~ (59)
€L reB;

Since |B;| = 4, it is easy to see that there exists a constant C' = C(G, ) such that the second term
on the right hand side is bounded by C#?/¢, which vanishes in the limit as £ — oo. Since the distance
between the two boxes B; and By is of order |i — #’|¢, by the exponential decay of correlations of the
measure 7, (cf. [5, Corollary 6.6]), there exists a constant C' independent of N such that the first term
in the last inequality is bounded by

£2

N Z Er,

'Z G(x/N)Tme(n)‘ By, ‘ 3" Gla/N)r V()| | e i1,

i TEB; TEB;,
We may bound the above term by
CN/¢
ct? S Ol ct?
. S
i,/ =—CN/e

for some constant C' = C(G, ¢).
For the contribution of the second term in (5.4), by smoothness of the function G, there exists a
constant C' = C(G, ) such that

1 cY
‘\/*gzgo (z/N) — (Zi/N)>Tach‘ < Noa

which vanishes as N — oo.
Step 2. It remains to deal with the contribution of third term in (5.4). For any finite set F' C Z,

denote by n" the empirical density of particles in the set F in configuration 7,

n" |F|Zm

zel
For i € Z, define

Vw(ﬁ) = Eﬂp |: Z Twa‘UAﬂ??zi—la My;+1|-
TEA?

Then, by Cauchy-Schwarz inequality,

EY (/ dS—ZGZz/N > me(n(s)))Q

TEAY

< 2EY / dszG zi/N) { > Tach(ﬁ(S))*‘N/W'(”(S))})2

€L TEAY

+2]EN[ /ds Zazz/zv Vii(n ()))2]. (5.6)

We first prove the second term above converges to zero as N — oo, ¢ — oo. Shorten

A=Ay=1{0,....0-1},
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and ‘~/¢, = ‘711,70. By Cauchy-Schwarz inequality and the exponential decay of correlations of the measure
7, (¢f. [5, Corollary 6.6]), there exists a constant C' = C(G) such that

E,’ [( /0 t ds\/% g;G(zi/N)%(n(s))ﬂ

< CPUE,, |(Ex, [% > |0 g1 o] @(n”‘))z}

rEA°
+ O, () = dp) = T (o) = ))°] + 0. (5.7)

Fix g9 > 0 such that p — g9 > 1/2 and that p + 9 < 1. We bound the first term above by

1 2
Ctzg{Em [(Ewp [Z Z Tz'l/}’nAa"h?o*lvnyoJrl} - w(ﬂA)) ]l|nA,p|<€0} + Pr, <|7]A —pl 2 60) }
rEeA°
According to Corollary A.1, under 7m,, {7:}s>0 is an ergodic Markov chain with finite state space
{0, 1}, and with transition probability
2p—1

p(0,1)=1, p(1,1)=1—p(1,0) = —

By [20], for any e > 0, there exists a finite constant C' such that
Pr, <|77A —p|l = 5) < Ce=2e=Ct,
Together with Proposition 5.6, the first term in (5.7) is bounded by
Ct? [(log 00+ Ze‘ce] .

By Taylor’s expansion and the above large deviation estimates, the second term in (5.7) is bounded

by
CPLE, [ = )] < OPL|Br, [0 = ) Ly _pjce-1sa] + Pr, (I = pl > €777
<Of? [3—1/3 +£5/3e—cz1/3 )

Step 3. To conclude the proof, it remains to show

lim EY (/Ot ds\/lﬁieZZG(zi/N){ 3 Tsz(n(s))f%,i(n(s))})z = 0. (5.8)

N —oc0
€AY

By Kipnis-Varadhan’s inequality (see e.g. [22, Proposition A1.6.1, p333]), the above term is bounded
by

00 s {Tlﬁ % G(2i/N)Ex, |{ ; ©WVy = Voilf| = Bn [F(-20) M1} (59)

To make notations short, let f; = 7,,_,,f. Define A= AU {xg — 1,90 + 1}. For o € {0, 1}Z7 denote
F(0) = Bu [flns = 0.

Since 7, is translation invariant, and ) 40 72 Vi — ‘N/l/, depends only on the values of (1,,z € A),

E {3 nve Vit = B, [{ 3 Ve =W bh] = B, [{ 2 mve =W }R]. (510)

rEA? TEA° reA°
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We now project on hyperplanes with fixed number of particles in A = {zg...,y0}. However, m, is not
constant on such a set because the probability to see a local configuration depends on its boundary
values. For this reason, aside from conditionning to the number of particles in A, we also condition to
fixed boundary values; For any triplet k = (k,a,b) € {0,...,£} x {0,1}2, define

EA,E = {77 € {07 1}Z> an = k7 Neg—1 = Gy Myo+1 = b} y

z€A

the set of configurations on A with k particles in A and with boundary states (a,b). We can now
rewrite the last term in the right-hand side of (5.10) as

;mkEA,k[{ > Ve - Vw}ﬁ],

reA°

where mz = ’/TP(EA’E), and for any g defined on {0, 1}2,

E,5lgl = Exr, [9(77|Z) In € EA,E}'
For any k = (k,a,b) € {0,...,¢} x {0,1}? and any function g : {0,1}* — R, define LA,E as

Ly79m) =D Cawrr(m(gn™ ) = g(n))

zZ=X0
with the convention that 7,,—1 = a,ny,+1 = b. Note tha the generator does not in fact depend on the
number k of particles in A, just on the boundary states a and b. Recall that 7, only charges ergodic

configurations, we claim that ) T Vip — I7¢ is in the range of .2, 7, i.e. that there exists a function

rEA°
g on ¥,  such that

Z Tl-Vw - ‘7,/, = fszg.

x€A°
The claim follows directly from the fact that E A,E[Zme Ao TeVp — ‘7111] = 0 and from the following
observations:

(i) the codimension of $A7E’s range is one in the space of functions on Yaz Indeed, if .i”A’Eg =0,
then E AR [g$ A_Eg] = 0, implying that ¢ is constant on X AR by ergodicity. In particular, the
dimension of the kernel of . 4 % is one, which proves the claim.

(ii) The set of mean-0 functions is also of codimension 1, and it contains the range of £, 7. In
particular, the range of & AT 18 the set of mean-0 functions.

Then, by Cauchy-Schwarz inequality, for any v > 0,

EA,E[{ > V- %}ﬂ < VEA,EH > V- Vw}(—fA,E)_l{ > V- %H

TrEA° rEA° rEA°
+97 Bz [F- 2, D) F)-
Therefore, we may bound the first term in (5.9) by

\/% éa(zi/N)Eﬂp [{ > V- Vw,i}f}

€AY

< 75 2oGEN EmeBag[{ 3w - B b 20 3 mve - T}

i€z % zEA° zEA°
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i€EL

1 B _ _
+ 72’)/ 1G(Zi/N)ZmEEA,E[fi(_"%A,E)fi . (511)
VN -
It is also easy to see that there exists a constant C; = Cy(7)) such that
EA,E[{ Z Twa—V¢}(—$A’E)71{ Z TxV¢—‘7¢}:| ch

rEA° rEA°

By convexity and translation invariance of the Dirichlet form,

NI N mpB g [F(- 20 )| < B, [F(-20)1]
ik

Taking v = G(z;/N)/(N°/2¢), we may bound (5.9) by Cyt/N?. This proves (5.8) and concludes the
proof of the theorem.

5.2. Equivalence of ensembles. In this subsection, we improve on the equivalence of ensembles

estimate given in [5]. Throughout this section, for £ > 0 and = € Z we define
By(x)={ax—¢,...,x+{} and By :=By(0) = {—¢,...,t}.
For any 4, introduce
E/((0)={(¢+1)(1+90),...,(20+1)(1—-0)} E :=FEp(0)={¢+1,...,20+1},

which are the possible numbers of particles in By after cropping densities § close to 1/2 and 1.
Fix two boundary conditions a := (a1, as) € {0,1}2, and j € Ey, and let

&y = {77653@7 ay+1-¢ 21, az+n > 1and Z Nz Zj},
x€By
which is the set of configurations on By with j particles, and which are ergodic when supplemented

with boundary conditions _¢_1 = a1, 7¢41 = az. Let Tr}f; j be the uniform measure on £} ;, and denote

£,
by Ef ; the corresponding expectation. Denote p¢(j) = j/(2( +1).

Proposition 5.5. Fiz an integer k > 0 and a local ergodic configuration o € Eg,. Then, for any
§ > 0, there exists a constant C > 0 such that for any j € E;(5) and a € {0,1}>
C(log ¢)?

a =) — T, =o)| g 2 12
1631/@11?1{; 02 ‘772,] (77|Bk(x) U) ﬂ—p((])(nlBk 0—)‘ E (5 )

Note that this estimate is much sharper than the one O(¢£~1/4) obtained in [5]. Further note that
the sharp bound for the SSEP would be of order 1/¢, and since the FEP’s stationary states are
locally correlated, it is natural to have corrections of order log(¢) w.r.t. the SSEP. Low densities below
1/2+46/2 are excluded because as p — 1/2, long range correlations appear in m,, whereas high densities
larger than 1 — § are excluded for technical reasons. As a direct consequence of the above proposition,
we have the following version of equivalence of ensembles. Since the proof is straightforward, we do
not detail it here.

Proposition 5.6 (Equivalence of ensembles). Let f : £, — R be a local function, whose support is
contained in By, for some £y > 0. Then, for any § > 0, there exists a constant C' > 0 such that for
any a € {0,1}2, and any j € Ey(6),

1 C(logt)?
7Y BBl < T

TE€By—g,
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In the remainder of this subsection, we prove Proposition 5.5. For integers [£/2| < j < ¢, let Ny ;

be the number of ergodic configurations in Ay := {1,...,¢} with j particles. It is easy to see that

j+1
vo=(355)

since to build an ergodic configuration, the £ — j empty sites need to be placed at one of the extremities,

or at one of the j—1 places in-between particles. We start by stating and proving two technical lemmas.

Lemma 5.7. Fix {1 < {5 such that {1 + ¥y = {. Then
> Nejy X Nejy =Nej+ Y Niyoj X Ny, (5.13)
Jitj2=j Jitj2=j-2
By induction, if {1 is odd, then this formula yields

(61-3)/2

E Ny jy X Ney g, = § Ni—am, j—2m + § N1y X Noy—t,41,4
Jit+j2=j m=0 J1+je=j—41+1

and if {1 is even, then
(e1—4)/2

E Ny, jy X Ny g, = E Ni—am,j—2m + E Najy X Noy—t,42,5s-
J1tiz=j m=0 Jitje=j—1+2

Proof. Note that the left hand side of (5.13) is the number of configurations n € {0,1}*¢ with j
particles, which are ergodic on {1,...¢;} and on {¢; + 1,...¢}. Any such configuration is either
ergodic, or such that 1y, = np,41 = 0, Mg, —1 = Mg, +2 = 1, and is ergodic both on {1,...,¢; — 2} and
on {¢; +3,...,¢}, which yields (5.13). O

Lemma 5.8. Fiz p € [1/2,1]. Then, there exists a constant C = C(p) such that, for any integer £ > 0

large enough,

n —p\™) _ C(logt)?
() < St 610

Proof. Tt is easy to see the term in (5.14) is non-negative. The result is trivial if p = 1/2. Now suppose

p € (1/2,1). Denote
1 Lt o

on =11 1%

n=1

Fix M = M (p) such that M log éf—z > 1. If m < Mlog/¢, then

-1

1 M log ¢ 2
4, < ( - ](Vlﬁp)i)MlOge L1 < CP0og0?e ¢ C(p)(log ¢) _
1+ og E
pl

Therefore,

Observe that

L+ (Tﬂe (?H%e a : v 3
—p —p )t p
Amy1 = 1+m+1(M+1)717 14 mtl m+(m+1) 14 =L
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Sincem+1 < E,
2 - C
p( p) (p)m.

In particular,

Since 2 — p < 1+ p,

= AL - n um (-1 .
m-;oge{glpi? _(1pp) }:m_;oge“m(lpp>
e $ (5 [ ) ) < el <2
O

m=DM log¥
The case p =1 is easier and could be proved in the same way. This concludes the proof.

We are now ready to prove Proposition 5.5.

Proof of Proposition 5.5. Let jo = ZyGBk 7y be the number of particles in 1. Fix a number j of

particles, and boundary conditions a € {0,1}?. Then,
j1+a1+77—k-*1) (j2+112+7]k—1)
b—x—k—jo

o 2j1+j2:j—jo ( r—k+£—7j1
o (j+a1+a2—1) )
20+1—j

76 (N By (z) = 0)

and _
) 2jo—2k—n—k—nk

(1= pe(g) \2E—do 2p,(5) — 1

T, (i =0)=(1- _— —_

(s, =) = (1 =pN(—757) " (00
We only consider the case where £+ z — k + a; + 17— — 2 is odd, and the other case can be treated

in the same way. Without loss of generality, we assume = < 0. By Lemma 5.7,

Z (j1+a1+77—k1)<j2+a2+77k1>
P x—k+{0—7j1 b—x—k—js

§ Nz‘i’w*k‘i’al+7]—k*2;j1+a1+’r]—k*2N‘€*$*k+a2+nk727j2+a2+77k*2

Jitj2=j—Jjo
(x—k+l+a1+n_r—5)/2
= E Nog—2k+as+ar+nr+n_r—4—dm,j—jo+az+ar+nx+n_k—4—2m

m=0

+ E : Nl,jlN*2I+a2*a1+77k*?7—k+1,j2

Jitje=j—jo—z+k—Cl+az+nL—1
r—k+l+ar1+n_r—5)/2 , . .
( R G ot astar e+ ok — 3 —2m
m=0 26*2k7j+j0—2m
j—Jdo—x+k—L+as+mn j—do—a+k—Ll4as+n,—1
+ o T .
b—x—k—j+jo+2—ar—n- b—2—k—j+jo+3—a—n_s

Therefore,
(z—k+Ll+a1+n_r—5)/2 (j—jo+a2+a1+m+mk—3—2m)
a N 20—2k—j+jo—2m
743(01Bu() = 1) = > oo ) + Fo g k,m),
m=0 204+1—j
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where (2 Jj—Jjo—z+k—L+az+n ) + (ej—jo—m+k—€+(l2+7]k—1 )
—x—k—j+jo+2—ar—n_ —r—k—j+jo+3—ar—n_x
fe,j(m,kﬂr)) _ T JTJo ai njja1+a271m J+Jo a1 —n_g . (515)
( 20+1—j5 )

In Lemma 5.9 below, we prove that |Fy ;(z, k,n)| < C¢~1. Observe that

j—jo+as+a1+ng+n_—3—2 .
(7 ;l%f;klf;’ijoi;m ™) (U —Jot+az+ar+np+n_p—3—2m)

(e - (U +ar+a—1)!
% (264’1*])' % (2j72€+a1+a272)!
(20 — 2k —j +jo —2m)! * (2 — 20+ 2k — 2jo — 3 +as +ay + 1 +1_1)!

By Lemma 5.8,

(z—k+l+ai+n-r—5)/2 (j*j0+ag+a1 +nEt+n—k *3*2m)
20—2k—jtjo—2m
(j+a1+a2—1)

m=0 20+1—j5
1 Jot+2—mk—n—k+2m O\ 1H+2k—jo+2m ) 2jo—2k+1—nr—n_k C logf 2
- (*) (1 - Pe(])) (2/)@(9) - 1) < Cllog)”
pe(d) 4

Note also that

>0 1 \Jo+2—mk—n_r+2m N\ 1H2k—jo+2m ) 2j0—2k+1—nk—1_k
> (7) (1 - Pe(])) (%e(]) - 1)

= N pe(d)
1 N\Jdo—me—m-k O\ H2k—jo . 2jo—2k—nk—n—k
= (pé(j)) (1 - Pe(])) (2pe(3) - 1) = T, (j) (M By, = 0)-
Therefore,
. C(log ()?
’”é,j(mBk(z) =0) = Tp, () (B, = U)‘ < 7
1 jo+2—nr—n_r+2m 0\ 1H2k—jo+2m ) 2jo—2k+1—nr—n_g
+ ) (7) (1 - Pz(])) (205(1) - 1)
SV
< C(logE)Q.
l
This concludes the proof. O

Lemma 5.9. The error term defined in (5.15) satisfies

|Fei(z, k,m)| < cet.

Proof. We only prove
( Jj—Jjo—zt+k—L+az+n )
L—z—k—j+jo+2—ar—n_k
(j+a1+a2—l)
24+1—j

since the remaining term could be treated in the same way. Developing the above factorial, we rewrite

<coe,

the left term as

(G—jo—a+k—L+ay+m) (20 41— j)!
(j+a1+az—1)! l—x—k—F+jo+2—ar —n_g)
" (2 — 20+ a1 + az — 2)!
(2 — 20— 2+ 2k — 2jo + n—k + 1 + a1 + a2)!’




STATIONARY FLUCTUATIONS FOR THE FACILITATED EXCLUSION PROCESS 33

There exists some constant C' such that the above term is bounded by
1— AR
C( pg(])) .
pe(d)
Since —¢ + (log£)* < = < 0 and pg(j) > (1 +6)/2, it is easy to see the last line is bounded by C¢~1.
This concludes the proof. O

APPENDIX A. STATIONARY DISTRIBUTIONS

A.1. Proof of (3.9). In this section, we give a more straightforward interpretation of the stationary
measure 7,, and prove (3.9). First note that (3.9) yields the following construction for 7,: we first build
the central cluster, by sampling wy according to (3.7), and then randomly translating it by choosing
X uniformly in {—wp —1,...,0}. We then define X; = X +wo+2 > 1,

Nx, =Nx, =0

and
Ny =1 for Xo<ax< Xy

Then, both (nx,—z)z>0 and (1x,+z)z>0 are Markov chains on {0,1} with the same distribution, and

with transition probabilities for z > 0

Pllletr =111 =1) = alp), Pz =0]70 =1) =1—a(p), (A1)
where a(p) is the active density defined in (2.9) whereas
P(lzy1 = 1], =0) =1 (A.2)

We now prove (3.9). Denote by 7, the distribution following the construction above, we want to
prove that 7, = m,, where 7, is given by (2.5). We first show that 7, is translation invariant. To do
so, fix a local configuration o on A = {—¢, ... ¢}, we can safely assume that there is at least an empty
site to the left of the origin, and two empty sites to the right of the origin. Otherwise, we can simply
derive the value of 7,(nz = o) by extending o on a larger set A. As a consequence of this assumption,
the origin and site 1’s clusters are both fully contained in A, where we call a particle cluster an empty
site followed by all its consecutive particles. Two cases can arise: either ¢; = 1, in which case the
origin and site 1 are in the same cluster. Then, since the position of the origin in the cluster is chosen

uniformly, we have by construction

To(a = 0) = Tp(Nr_,a = T.41),

where we defined 7_1A = {—1 — ¢,£ — 1}. The other possibility is that o1 = 0, in which case by
translating the event {nx = o} by —1, we change the origin’s cluster. For this reason, we need to
compute explicitly the probability of obtaining o. In o, denote by X( := —wg — 2 the position of the
first empty site left of the origin, X; = 1 by assumption is the position of the first empty site right
of the origin, and X» = w{ + 3 the position of the second empty site to the right of the origin. By

construction, to obtain ¢ under fi,, we need

1) To choose the right size for the central cluster (the one of the origin), which occurs with probability

p1 = (W +2)a(p)*S p(1 — a(p))
given by (3.7).
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2) To choose the right position for the central cluster, which occurs with probability ps := 1/(wg + 2).
3) To build the next cluster right of the origin according to the Markovian construction, which then

occurs with geometric probability

ps = pp(wr = wi) = a(p)** (1 — a(p))

given by (3.5).
4) To build, by the Markovian construction, the rest of the configuration o outside of those two

clusters, which occurs with probability denote py := p4(0).
With these notations, we can now write

Tp(Ma = 0) = P1P2p3pa. (A.3)

Similarly, to obtain o.4 in the translated box 7_1 A, we need

1) To choose the right size for the central cluster, which has now changed because of the translation,

this occurs with probability

@1 = (w§ +2)a(p)“T p(1 — a(p))

2) To choose the right position for the central cluster, which occurs with probability ¢a := 1/(w{ + 2).
3) To build the cluster left of the origin according to the Markovian construction, which now occurs
with probability
g3 := pp(w-1 = wg) = a(p)*s (1 - a(p))-
given by (3.5).
4) To build by the Markovian construction the rest of the configuration o outside of those two clusters,

which occurs with probability denote g4 := p4(o)

We obtain
Tp(Mr_ia = 0.41) = 142432 = Tp(Ma = 0), (A.4)

which proves that 7, is translation invariant since A is of arbitrary size.

By translation invariance, the average density Ex (no) is the average density of an arbitrary cluster,

which is 0
1+ 1” L 1
—a(p)
Ex, (n0) = - —p. (A5)
’ 2+ 2l 2—alp)

We now prove that 7, also satisfies the explicit formula (2.5) for m,. To do so, we are going to use
the translation invariance of 7,, and the fact that very far from the origin, the central cluster has
no influence, and the configuration’s construction is Markovian. For this purpose, choose x € Z, an
ergodic configuration o € €5 on A := Ay(z) = {x +1,...,2 + £}, and denote by

Noe 1= card{z € A\ {z+{}, 0, =0, 0,41 =1},

Neo := card{z € A\ {z+ 1}, 0, =1, 0,41 =0},

Nee := card{z € A\ {z+{}, 0, = 0,41 =1}.
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Since o was assumed ergodic, Noe + 6o + Nee = £ — 1. Furthermore, denoting by p = > o, the

zEN
number of particles in o, £ — p is its number of empty sites, therefore

Noe =0 —p— (1 —0s10) and Neo =L —p— (1 —0x41)-

In other words, the number of ce is £ — p except if the last site is empty, in which case it is £ —p — 1,

and similarly for eo. From those identities, we finally obtain
Nee =2p — L+ 1— 0411 — 0pqe.

Fix now x > 1, unless the central cluster reaches x, which occurs with probability exponentially
small in z, we can use the markovian construction of 7,. Since 7,(nz+1 = 0z41) = p7=+1 (1 — p)t ==+

according to (A.5) and translation invariance, we obtain using the transition rates (A.1), (A.2)

Tp(Ma = 0) = Tp(Ma\fa+1} = 1A\ {a+1})Tp(Nat1 = Oo41) + O(e™)
=1"*(1—a(p))™*a(p)"*p=+ (1 = p)' =71 + O(e™").

Letting © — oo and using 7,’s translation invariance, we recover (2.5) and obtain as wanted that
Ty = Tp.

Thanks to (3.9), we also have the following result.

Corollary A.1. Under m,, both (1)z)z>0 and (N—z)z>0 are distributed as homogeneous Markov chains,
started from ng ~ Bernoulli(p), and with transition probabilities given by (A.1) and (A.2). However,
these two Markov chains are not independant.

Proof. For any zg € Z, by construction, P(n,, = 1) = p, and the distribution of (13,+)z>0 converges
as g — oo to that of a homogeneous Markov chain with transition probabilities given by (A.1) and
(A.2), because the influence of the initial cluster’s construction vanishes. But by translation invariance,

this distribution does not depend on xg, which proves the corollary. O

A.2. Compressibility. We prove here for the sake of completeness identity (2.11) for the equilibrium
compressibility for the FEP, namely
X(p) = Covr, (10, na) = p(1 = p)(2p — 1).
T€EZ

To prove it, it is convenient to consider the construction 7, for m, obtained in Section A.1 rather than

(2.5). We start by writing by translation invariance of 7, that

X(p) = lim Z;Covm (My: M-ty) = p(1 = p) +2 lim. Z;l Covr, (1, Ne+y)- (A.6)
€ zz

Because we send y to oo, we do not need to take into account the central cluster, so that the distribution
of (Ngty)z>0, in the limit y — oo is that of a Markov chain with transition probabilities given by
(A.1) and (A.2). Consider therefore the distribution v, of a markov chain (7;),>0 with transition
probabilities given by (A.1) and (A.2).

We now define

Gz = Vp(nonz = 1)7 and hy = gx — ,02 = C'O%p(ﬁo,%)a

and straightforward computation yield hy = p(a(p) — p) = —(1 — p)2. We then write

Grt1 = Vp(MoNaNzr1 = 1) + v, (no(1 — nz)nzyr = 1).
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Because v, only charges the ergodic component, the second term in the right-hand side is equal to
Vp(no(1 —ng) = 1) = p — gz, whereas the first is v,(nonznz41 = 1) = a(p)g,. This straightforwardly
yields

1-p <p1>m
+1 P p(1—p) P

so that using (A.6), we obtain
X(p) =p(L=p)+2 ha=p(1—p)(2p—1)
z>1

as wanted.

A.3. Stationary states and mapping. In this section, we comment on why the mapped distribution
fp(w = -) defined in Section 3.3 is not a stationary state for the zero-range generator (3.4). The reason
is straightforward, because we need to consider instead the generator .,5?]\@‘ on the mapped pair (w, Xj).
More precisely, given a FEP trajectory nn = {n(t), t > 0} the process (w, Xo)(t) := II(n(t)) defined by

the mapping II defined in Section 3.1 is a Markov process with generator .Z%* defined on functions f
on & (cf. 3.2) as

o~

L (w,2) = L3 1 0)(w)
+ 1 supn {f@ 07 = 1) = f@.2) | + L snan{ F@02) = fw.2) |
Loy {1 @O0, 00T a1y + @O0 1 s yry — S (2) ]
+ 1{w021}QN{f(7'1(w0771)7 —w_1 =21y + fW T 2+ D) 1gpcoy — f(w,x)}

where Z5"" is the zero-range generator defined in (3.4), except that all jumps to and from the origin
are suppressed, and (7,w), = wy_ is the configuration translated by z. Note that the contribution of
ZL"" does not affect the position of z, since the tagged empty site in the exclusion configuration only
changes when an w-particle jumps over the edge (—1,0), or when an w-particle jumps from site 0 to
site 1 and an empty site is at the origin in 7.

By applying the mapping back and forth, it is then straightforward to show that, for any function
f(w) of the zero-range configuration,

Bz, (23 ) =0,

so that the distribution fi, is invariant w.r.t. the generator .,2/’”\]? on EAZ. However, projected on w, DE/,’”\]{,R

is not the generator of the constant rate zero-range process, but rather the modified generator
L (W) = L5 ()

L woz1, wm o PN LT @O fem iy 1y =S @) JF L g1, emoyan { F (71 (@)= f (™71

where the two last terms account for the configuration translation when the origin’s cluster changes
because an empty site jumped over the exclusion edge (0,1). Note that obviously, the generator above
is not a Markov generator on the set of zero-range configurations NZ, since it is defined in parts by the
external variable z. This identity shows why the mapped stationary distribution fi, is not invariant

w.r.t. the generator of the constant rate zero-range process.
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