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This article provides new lower bounds for both Schur and weak Schur numbers by exploiting a "template"-based approach. The concept of "template" is also generalized to weak Schur numbers. Finding new templates leads to explicit partitions improving lower bounds as well as the growth rate for Schur numbers, weak Schur numbers, and multicolor Ramsey numbers Rn(3). The new lower bounds include S(9) 17 803, S(10) 60 948, WS (6) 646, WS (9) 22 536 and WS (10) 71 256.

Introduction

We are interested in partitioning the set of integers {1, ..., p} into n subsets such that there is no subset containing three integers x, y and z verifying x + y = z. We say these subsets are sum-free. If we lessen the above constraint by only considering integers x, y such that x = y, we say the subsets are weakly sum-free. The greatest p for which there is a partition into n sum-free subsets is called the n th Schur number and is denoted S(n) [START_REF] Schur | Über Kongruenz x[END_REF]. Likewise for weakly sum-free partitions we define WS (n) the n th weak Schur number [START_REF] Irving | An extension of Schur's theorem on sum-free partitions[END_REF]. Values of S(n) and WS (n) are known for small n only.

State of the art

Up to recently, the most efficient generic construction for Schur numbers was given by Abbott and Hanson [START_REF] Abbott | A problem of Schur and its generalizations[END_REF] in 1972 with a recursive construction. It gave the best lower bounds for all sufficiently large numbers. No equivalent was known for weak Schur numbers and, as a result, the best known partitions for large weak Schur numbers did not use the weakly sum-free property.

As for smaller weak Schur numbers, the best lower bounds were obtained by computations. Eliahou [START_REF] Eliahou | Investigating Monte-Carlo Methods on the Weak Schur Problem[END_REF], Bouzy [START_REF] Bouzy | An Abstract Procedure to Compute Weak Schur Number Lower Bounds[END_REF] and Rafilipojaona [START_REF] Rafilipojaona | Nombres de Schur classiques et faibles[END_REF] improved the lower bounds with Monte-Carlo methods. This was the main approach during the past decade.

In 2020, Rowley introduced the notion of templates for Schur and Ramsey numbers [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF] which generalizes Abbott and Hanson's construction and produces new lower bounds (and inequalities) for Schur numbers. He also provided two inequalities for weak Schur numbers [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF]. Besides, these two inequalities do use the weakly sum-free property.

The hereunder tables recap the lower bounds for Schur and weak Schur numbers, respectively. Gray cells indicate the exact values. 

Organization of this article

Our main contribution is a generalization of the concept of template to weak Schur numbers. Our templates provide new lower bounds (and inequalities) for weak Schur numbers. As a special case, our construction also includes a construction similar to Abbott and Hanson's [START_REF] Abbott | A problem of Schur and its generalizations[END_REF], but for weak Schur numbers this time.

In Section 2, we explain Rowley's template-based construction for Schur numbers. Then, we give new templates, thus providing new lowers bounds and inequalities as well as showing that the growth rates for both Schur and Ramsey numbers R n (3) exceed 3.28.

In Section 3, we generalize the concept of template to weak Schur numbers and provide new lower bounds for weak Schur numbers. Then, we use a different approach and give a new lower bound for WS [START_REF] Rafilipojaona | Nombres de Schur classiques et faibles[END_REF]. Now, we introduce notations and definitions used throughout this article.

Definitions and notations

We start by defining sum-free and weakly sum-free subsets to introduce regular and weak Schur numbers. The set of positive natural numbers is denoted by N * = N\{0}.

Definition 1.1. A subset A of N is said to be sum-free if

∀(a, b) ∈ A 2 , a + b / ∈ A.
Definition 1.2. A subset B of N is said to be weakly sum-free if

∀(a, b) ∈ B 2 , a = b =⇒ a + b / ∈ B.
Let us notice that a sum-free subset is also weakly sum-free, hence justifying the name of weakly sumfree subsets. Given p and n two integers, we are interested in partitioning the set of integers {1, 2, ..., p}, denoted by [ [1, p]], into n (weakly) sum-free subsets.

Schur proved [START_REF] Schur | Über Kongruenz x[END_REF] that given a number of subsets n, there is a value of p such that [ [1, q]] cannot be partioned into n sum-free subsets for q p. A similar property holds for weakly sum-free subsets [START_REF] Irving | An extension of Schur's theorem on sum-free partitions[END_REF]. These observations lead to the following definitions written for n ∈ N * : Definition 1.3. There is a largest integer denoted by S(n) such that [[1, S(n)]] can be partitioned into n sum-free subsets. S(n) is called the n th Schur number.

Definition 1.4.

There is a largest integer denoted by WS (n) such that [[1, WS (n)]] can be partitioned into n weakly sum-free subsets. WS (n) is called the n th weak Schur number.

Subsets of an n-partition are denoted A 1 , ..., A n . The smallest element of A i is denoted m i = min(A i ). By ordering the subsets, we mean assuming that m 1 < ... < m n . We will make clear in the text when we use a subset ordering.

A partition may be seen as a number coloring.

Definition 1.5. The coloring associated to a partition

A 1 , ..., A n of [[1, p]] is the function f such that ∀x ∈ [[1, p]], x ∈ A f (x) . Likewise, the partition associated to a coloring f of [[1, p]] with n colors is ∀c ∈ [[1, n]], A c = f -1 (c).

Templates for Schur numbers

We use Rowley's template-based constructions [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF] for Schur numbers. To improve lower bounds for Schur and Ramsey numbers, he has introduced special sum-free partitions verifying some additional properties which can be extended using a method generalizing Abbott and Hanson's construction [START_REF] Abbott | A problem of Schur and its generalizations[END_REF]. He called these partitions "templates", and we keep this nomination. Then, we propose new templates and use them to produce new lower bounds for Schur numbers.

Definition of [[1, S + ]]

We begin by introducing S-templates, standing for "Schur templates". The idea is to consider the first line of Figure 1 not as a combination of two blocs, like in [START_REF] Abbott | A problem of Schur and its generalizations[END_REF] but as a whole, single construction. An S-template is then defined as a new object playing the role of the first line but with less, yet sufficient, constraints which allow for an expansion of the partition using a sum-free partition.

Definition 2.1. Let (p, n) ∈ (N * ) 2 . An S-template with n colors is defined as a partition of [[1, p]] into n sum-free subsets A 1 , A 2 , ..., A n verifying for all subsets but A n ∀(x, y) ∈ A 2 i , x + y > p =⇒ x + y -p / ∈ A i . (1) 
The integer p is called the width of the template.

Here n can be seen as a "special" color in the sense that it is not constrained by Assertion (1). Number p is necessarily colored with color n. However, note that n is not necessarily the last color by order of appearance.

Proposition 2.2. Let n ∈ [[2, +∞[[. We define S + (n) as the greatest integer w such that there is an S-template with width w and n colors. S + (n) is well defined and verifies

2S(n -1) + 1 S + (n) S(n).
Proof. The upper bound comes from the fact that an S-template with width p and n colors is also a sum-free n-partition of [ [1, p]]. The lower bound comes from Abbott and Hanson's construction [START_REF] Abbott | A problem of Schur and its generalizations[END_REF].

Construction of Schur partitions using S-templates

We start by reminding the explicit construction of a sum-free partition with the use of an S-template and a sum-free partition. We rephrase in terms of Schur numbers this construction stated by Rowley in the context of Ramsey numbers [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF].

Theorem 2.3. Let (p, k), (q, n) ∈ (N * ) 2 .
If there are an S-template with width q and n + 1 colors and a sum-free k-partition of [ [1, p]] then there is a partition of [[1, pq + m n+1 -1]] into n + k sum-free subsets. m n+1 denotes the minimum element colored with the special color in the S-template.

The idea lying beneath this theorem is similar to Abbott and Hanson's construction [START_REF] Abbott | A problem of Schur and its generalizations[END_REF]. First, they put the integers from [[1, S(k)(2S(n) + 1) + S(n)]] in a table with width 2S(n) + 1 and height S(k) + 1 and they numbered both the rows and the columns, starting from one upwards. Then, they extended a sum-free partition vertically by repeating it. Next, they used another sum-free partition to color the other half according to the line number, as in Figure 1. We give an example for p = 4, q = 9, n = 2 and k = 2 showing that S(2 + 2) S(2) (2S(2) + 1) + S(2), both with Abbott and Hanson's construction (Figure 1) and with an S-template which is not included in Abbott and Hanson's construction (Figure 2). In both cases, the special color is grey. In the general construction with S-templates, the special color may not paint consecutive numbers any longer. However, the special color is still replaced by the colors of the sum-free partition according to the line number and the other colors are still vertically extended. Proof. Let f and g be colorings associated to the S-template with width q and the sum-free partition of [ [1, p]], respectively:

f : [[1, q]] -→ [[1, n + 1]] and g : [[1, p]] -→ [[1, k]].
NB: In the following three predicates, the conditions x + y q and x + y p are omitted for readability. The sum-free condition is expressed as:

∀(x, y) ∈ [[1, q]] 2 , f (x) = f (y) =⇒ f (x + y) = f (x), ∀(x, y) ∈ [[1, p]] 2 , g(x) = g(y) =⇒ g(x + y) = g(x).
The additional constraint for the S-template is:

∀(x, y) ∈ [[1, q]] 2 , f (x) = f (y) n x + y > q =⇒ f (x + y -q) = f (x). For x ∈ [[1, pq+m n+1 -1]],
we write x = (α-1)q+u for certain integers α ∈ N * and u ∈ [ [1, q]]. Obviously, this decomposition unique. Coefficients α and u may be interpreted as line and column coordinates of x in the template. We define a coloring h of [ [1, pq 

+ m n+1 -1]] using [[1, n + k]] colors: h : [[1, pq + m n+1 -1]] -→ [[1, n + k]], x -→ f (u), if f (u) n, n + g(α), if f (u) = n + 1. Function h is well-defined since, by definition of m n+1 , ∀x ∈ [[pq + 1, pq + m n+1 -1]], f (u) n and therefore ∀x ∈ [[1, pq + m n+1 -1]], f (u) = n + 1 =⇒ α ∈ [[1, p]].
Now, we prove that h is a sum-free coloring. Let x, y ∈ [[1, pq + m n+1 -1]] such that h(x) = h(y) and x + y pq + m n+1 -1. We claim that h(x + y) = h(x). We write x = (α -1)q + u and y = (β -1)q + v where α, β ∈ Z and u, v ∈ [ [1, q]]. Two cases are to be distinguished according to the value of h(x).

Case 1: h(x) n

Let us assume that h(x + y) n, otherwise h(x + y) = h(x) obviously holds. By definition of function h and given that h(u) = h(v), we conclude f (u) = f (v). Two cases are to be distinguished according to the value of x + y.

If u + v > q, we write w = u + v -q ∈ [[1, q]]. Consequently x + y = (α + β -1)q + w. By definition, h(x + y) = f (w). Given that f (u) = f (v) n, the additional constraint on f implies f (w) = f (u), that is h(x + y) = h(x). If u + v q, we write w = u + v ∈ [[1, q]]. Consequently x + y = (α + β -2)q + w. By definition, h(x + y) = f (w). Given that f (u) = f (v) n, the sum-free property of f implies f (w) = f (u), that is h(x + y) = h(x). Case 2: h(x) n + 1 Now we have h(x) = n + g(α) = n + g(β) = h(y), hence g(α) = g(β).
As above, we distinguish between two cases according to the value of x + y.

If u + v > q, write w = u + v -q ∈ [[1, q]]. Then x + y = (α + β -1)q + w. Assume that h(x + y) n + 1, otherwise h(x + y) = h(x) obviously holds. By definition, h(x + y) = n + g(α + β). Given that g(α) = g(β), the sum-free property of g implies g(α + β) = g(α) that is h(x + y) = h(x). If u + v q, write w = u + v ∈ [[1, q]]. Then x + y = (α + β -2)q + w. The sum-free property of f implies f (w) = f (u). Therefore f (w)
n and thus h(x + y) n. In particular, given that

h(x) n + 1, h(x + y) = h(x).
Setting q = S + (n + 1) and p = S(k) in Theorem 2.3 yields the following corollary.

Corollary 2.4. Let n, k ∈ N * . Then S(n + k) S + (n + 1)S(k) + m n+1 -1.
The following proposition may improve the additive constant of Corollary 2.4.

Proposition 2.5. Let (q, n) ∈ (N * )
2 and let f be a coloring associated to an S-template with width q and n + 1 colors. Let b ∈ N and assume there is a coloring g of [ [1, b]] with n + 1 colors such that:

∀(x, y) ∈ [[1, q]] 2 , f (x) = f (y) (x + y) mod q b =⇒ g((x + y) mod q) = f (x), ∀(x, y) ∈ [[1, q]] × [[1, b]], f (x) = g(y) x + y b =⇒ g(x + y) = f (x).
Then, for every n ∈ N * , by using on the last row the coloring x -→ g(x -qS(n)), we have

S(n + k) qS(k) + b.
This proposition corresponds to the fact that the hypotheses made on the coloring of the last row can be weakened because the constraints in the definition of an S-template prevent a number from: being the sum of two of numbers of its own color. creating a sum in its own color.

The later is not always relevant on the last row given that it is not completely filled. As a result, we can change the coloring on [[qS(k) + 1, qS(k) + b]] (the last row) to extend the previous partitions.

There is a construction theorem for S-templates as well.

Theorem 2.6. Let (p, k), (q, n) ∈ (N * ) 2 . If there are an S-template with width q and n + 1 colors, and an S-template with width p and k colors, then there also is an S-template with width pq and (n + k) colors.

Proof. The idea is the same as in the Theorem 2.3. The only difference is the S-template property inherited from the second S-template.

The inequality associated with this theorem is given by:

Corollary 2.7. Let n, k ∈ N * . Then S + (n + k) S + (n + 1)S + (k).

New lower bounds for Schur numbers

We now give the inequalities corresponding to the current best S-templates. Definition 2.8. A sum-free partition A 1 , ..., A n of [ [1, p]] is said to be symmetric if for all x ∈ [[1, p]], x and p + 1 -x belong to the same subset (except if x = p + 1 -x).

An S-template with n colors is said to be symmetric if the sum-free n-partition derived from this template by applying the extension procedure of Theorem 2.3 with a sum-free partition with length one is symmetric.

We produced S-templates using the lingeling SAT solver [START_REF] Biere | CaDiCal, Lingeling, Plingeling, Treengeling and YalSAT entering the SAT competition 2017[END_REF], hence providing lower bounds on S + and inequalities of the type S(n + k) aS(n) + b. We sought templates providing us with the largest value of (a, b) (in the lexicographic order). In order to reduce the search space when the number of colors exceeded five we only looked for symmetric S-templates, we assumed that the special color was the last color to appear and we constrained the m c 's out of being too small. Details concerning the encoding as a SAT problem can be found in [START_REF] Heule | Schur number five[END_REF].

The following six inequalities are given by the current best S-templates with n 7 colors.

S(n + 1) 3 S(n) + 1 (2) S(n + 2) 9 S(n) + 4 (3) S(n + 3) 33 S(n) + 6 (4) 
Inequality (2) comes from Schur's original article [START_REF] Schur | Über Kongruenz x[END_REF]. Inequality (3) is due to Abott and Hanson [START_REF] Abbott | A problem of Schur and its generalizations[END_REF] and inequality (4) to Rowley [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF]. The three following inequalities are our result:

S(n + 4) 111 S(n) + 43 (5) 
S(n + 5) 380 S(n) + 148 ( 6)

S(n + 6) 1 160 S(n) + 536 (7) 
The templates corresponding to inequalities (4), ( 5), and ( 6) are listed in A. Inequalities (2), (3), and (4) cannot be further improved (with this definition of S-template). Inequality (5) cannot be further improved by only searching for symmetric S-templates whose special color is the last in the order of apparition (and with a multiplicative factor less than or equal to 118). Inequality ( 6) can most likely be further improved but the improvement probably will not be substantial. Finally, an S-template corresponding to inequality [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF] was found by extending into a S-template the Schur 6-partition used in [START_REF] Rowley | An improved lower bound for s(7) and some interesting templates[END_REF] (owing to the size of this template, its interest is limited and since it can easily be derived from above mentioned partition, it is not given in A). Although we could not find a better S-template with seven colors, inequality [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF] can definitely be improved by a wide margin.

The previous inequalities give new lower bounds for S(n) for n 9. We compute the lower bounds for n ∈ [ [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF]15]] using the four different inequalities. The best lower bounds are highlighted. Proof. It is a mere consequence of the inequality S(n + 5) 380 S(n) + 148. As for Ramsey numbers, the following inequality holds S(n) R n (3) -2 (see [START_REF] Abbott | A problem of Schur and its generalizations[END_REF]) hence the result.

Conclusion on S-templates

First, we formalized Rowley's template-based constructions [START_REF] Rowley | A generalised linear Ramsey graph construction[END_REF] in the context of Schur numbers by introducing S-templates as well as a new sequence, S + . We found new S-templates allowing us to obtain new lower bounds for schur numbers. One may notice that we mostly gave only lower bounds for S + . It should be possible to find better S-templates by making different assumptions or using a different method (Monte-Carlo methods, for instance).

In the next section, we provide similar results for weak Schur numbers. We introduce WS-templates and a corresponding sequence, WS + . Then, we derive similar relations and a construction method allowing us to find new lower bounds for weak Schur numbers.

Templates for weak Schur numbers

We generalize Rowley's constructions for weak Schur numbers [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF]. We give an analogous for weak Schur numbers of Abbott and Hanson's construction for Schur numbers [START_REF] Abbott | A problem of Schur and its generalizations[END_REF]. Then, as in the previous section, we introduce WS-templates, standing for "weak Schur templates", as well as an associated sequence WS + (n).

We find templates and use them to provide new lower bounds for weak Schur numbers. Finally, we give a short explanation for the new lower bound WS (6) 646 which was not directly obtained with a template, contrary to the other lower bounds given in this article.

Inequality for weak Schur numbers using Schur and weak Schur numbers

Up to now, no equivalent for weak Schur numbers of Abbott and Hanson's construction for Schur numbers [START_REF] Abbott | A problem of Schur and its generalizations[END_REF] was known. Here we give a general lower bound for weak Schur numbers as a function of both regular and weak Schur numbers. Theorem 3.1. Let (p, k), (q, n) ∈ (N * ) 2 . If there are a weakly sum-free n-partition of [ [1, q]] and a sum-free k-partition of [ [1, p]] then there is a partition of [[1, p(q + q 2 + 1) + q]] into n + k weakly sum-free subsets. As Theorem 3.1 is actually a particular case of a more general theorem (Theorem 3.17) which will be formulated after the introduction of templates for weak Schur number, we only outline the demonstration. Its complete proof using templates for weak Schur numbers is in Subsection 3.3.

Let (p, k), (q, n) ∈ (N * ) 2 such that there are a weakly sum-free n-partition of [ [1, q]] and a sum-free k-partition of [ [1, p]]. Let a ∈ N with a > q and let us try to build a coloring of [[1, ap + q]] into n + k weakly sum-free subsets. Let l = a -q -1, r ∈ [ [1, q]] and w = a -l -r -1 = q -r.

First, we construct the following table with a columns and p + 1 rows containing the integers from [[1, ap + q]]. The columns are numbered from -l to +q. This table is made of three different blocks.

T (the "tail"): in the row indexed by 0: numbers from [ [1, q]]. R (the "rows"): the integers in columns from -l to +r. C (the "columns"): the integers in the last w columns. 

2 ... r r + 1 ... q -1 q a -l a -l + 1 ... a -1 a a + 1 ... a + r -1 a + r a + r + 1 ... a + q -1 a + q 2a -
R                        C T block
We color this block using the weakly sum-free coloring of [ [1, q]] with colors 1, ..., n.

R block

We use the colors n + 1, ..., n + k in this block. We color an integer x according to its line number λ(x). For any x ∈ R, we color x with n + c where c is the color of λ(x) in the sum-free coloring of [ [1, p]]. Let (x, y) ∈ R 2 . The cases are twofold. In this case, we do not have information about the color of λ(x+y). Thereby, we want to have x+y ∈ C. A simple solution is to limit the horizontal displacement made by summing the two integers. That is, when the sum's row number is different from λ(x) + λ(y), to upper bound |x + y -(λ(x) + λ(y))a| so that x + y stays in C. There, the maximal displacement to the left (resp. to the right) is 2l (resp. 2r). Not crossing entirely C by going to the left is then expressed as -2l > -a + r. Likewise, not going to far to the right is expressed as 2r < a -l. It can then be written as max(l, r) w.

λ(x + y) = λ(x) + λ(y) If x + y ∈ R,

C block

In this block, we use colors 1, ..., n. We color an integer x according to its projection on the first row π(x) offeset by a, that is its column number. A simple solution is to color x with the same color as π(x) -a in the weakly sum-free coloring of [ [1, q]]. As long as 2q a + r (not going two far to the right) and there is no x ∈ π(C) -a such that 2x ∈ π(C) -a, we do not have a sum in C when taking two numbers in the same colum. Finally, the weakly sum-free property of the coloring of [ [1, q]] guarantees that if x ∈ [ [1, r]] and y ∈ C are colored the same, then x + y is colored differently.

Setting w = l = q 2 and r = q 2 satisfies these constraints: it corresponds to Theorem 3.1.

By setting q = WS (n) and p = S(k) in Theorem 3.1, one obtains the following corollary.

Corollary 3.2. WS (n + k) S(k) WS (n) + WS (n) 2 + 1 + WS (n) for all (n, k) ∈ (N * ) 2 .
This can be seen as an equivalent for weak Schur numbers of Abott and Hanson's construction for Schur numbers [START_REF] Abbott | A problem of Schur and its generalizations[END_REF]. This formula also includes the results from [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF] as a special case. For n > 2, the formula from Corollary 3.2 does not give new lower bounds.

Remark 3.3. The inequality from Corollary 3.2 can be improved by adding 1 to the lower bound if WS (n) is odd (more generally if q is odd in Theorem 3.1). However, it lengthens the proof and it is never useful in practice. Now, we introduce WS-templates and the sequence WS + in order to generalize the above construction.

Definition of [[1, WS + ]]

In this subsection, we introduce WS-templates and prove calculative results for the general construction theorem on templates for weak Schur numbers. Definition 3.4. Let (a, b) ∈ (N * ) 2 such that a > b. We define:

π a,b : x -→ (Id +a1 [[0,b]] )(x mod a).
If there is no confusion on the a and b to use, π a,b is denoted by π. Notice that for all x ∈ Z, π(x) = x mod a and for all

x ∈ [[b + 1, a + b]], b + 1 π(x) a + b.
Function π is the projection on the first line mentioned in the intuitive explanation. The following four propositions are calculative properties on π reflecting the behaviour of an element's column number in Figure 3 and that we will use later when we introduce WS-templates. Proof. It is a direct consequence of π(x) = x mod a.

Proposition 3.5. ∀x ∈ [[b + 1, a + b]], π(x) = x. Proof. Let x ∈ [[b + 1, a + b]]. If x < a then x mod a = x / ∈ [[1, b]]. Hence π(x) = x. Otherwise, x mod a = x -a ∈ [[1, b]]. Hence π(x) = x -a + a = x.
After defining the function related to the column number of each element in Figure 3, we introduce the function related to its line number.

Definition 3.9. Let (a, b) ∈ (N * ) 2 such that a > b. Define λ a,b : x -→ 1 + x -b -1 a .
If there is no confusion on the a and b to use, λ a,b is denoted by λ. Function λ maps an element x to its line number as mentioned in the intuitive explanation. As we have just done with π, we prove three more calculative results on both π and λ that are used in Subsection 3. Proof. By Proposition 3.10, x + y = a(λ(x) + λ(y)) + π(x) + π(y) -2a. Then

λ(x + y) = x + y -b -1 a + 1 = a(λ(x) + λ(y)) + π(x) + π(y) -2a -b -1 a + 1 = λ(x) + λ(y) -1 + π(x) + π(y) -b -1 a = λ(x) + λ(y) -1 + 1 since π(x) + π(y) ∈ [[a + b + 1, 2a + b]] = λ(x) + λ(y). Definition 3.13. Let (a, n, b) ∈ (N * ) 3 with a > b. Let (A 1 , ..., A n ) a partition of [[1, a + b]].
This partition is said to be a b-weakly-sum-free template (b-WS-template) with width a and n colors when:

∀i ∈ [[1, n]], A i is weakly-sum-free, ∀i ∈ [[1, n]], A i \[[1, b]] is sum-free,
For A n (the special subset):

∀(x, y) ∈ A 2 n , x + y > b + 2a =⇒ x + y -2a / ∈ A n ,
For the others subsets

∀i ∈ [[1, n -1]], ∀(x, y) ∈ A 2 i , x + y > a + b =⇒ π(x + y) / ∈ A i .
Number a is necessarily colored with color n. Note that the special color n is not necessarily the last color by order of appearance. Now, we introduce the number WS + (n) that plays the same role as S + (n) for S-templates. Definition 3.14. Let (n, b) ∈ (N * ) 2 . If there is a such that there is a b-WS-template with width a and n colors, we define:

WS + b (n) = max{a ∈ N * /
there is a b-WS-template with width a and n colors}.

If there is no such a, we set WS + b (n) = 0. Definition 3.15. Let n ∈ N * . We define:

WS + (n) = max b∈N * WS + b (n).
The following proposition shows how WS + (n) compares to weak Schur numbers.

Proposition 3.16. Let n ∈ [[2, +∞]]. Then: 3 2 WS (n -1) + 1 WS + (n) WS (n).
Proof. The lower bound comes from Corollary 3.2. The upper bound comes from the fact that a WStemplate with width a and n colors is in particular a partition of [ [1, a]] into n weakly sum-free subsets.

Having established these properties, we prove our main result.

Construction of weak Schur partitions using WS-templates

Theorem 2.3 describes a manner to extend an S-template into a larger Schur partitions using other Schur partitions. Likewise, a WS-template can be extended into larger weak Schur partitions by using Schur partitions. This is the object of the following theorem. 

f : [[1, a + b]] -→ [[1, n + 1]] and g : [[1, p]] -→ [[1, k]].
Moreover, we assume that the sum-free coloring of [ [1, p]] is ordered. NB: To keep the notation short, the conditions x + y p and x + y a + b are omitted in the following five predicates.

The sum-free conditions are expressed as:

∀(x, y) ∈ [[b + 1, a + b]] 2 , f (x) = f (y) =⇒ f (x + y) = f (x), ∀(x, y) ∈ [[1, p]] 2 , g(x) = g(y) =⇒ g(x + y) = g(x).
The weakly sum-free condition is expressed as:

∀(x, y) ∈ [[1, a + b]] 2 , f (x) = f (y) x = y =⇒ f (x + y) = f (x),
The additional constraints for the WS-template are expressed as:

∀(x, y) ∈ [[1, a + b]] 2 , f (x) = f (y) n x + y > a + b =⇒ f (π(x + y)) = f (x), ∀(x, y) ∈ [[1, a + b]] 2 , f (x) = f (y) = n + 1 x + y > 2a + b =⇒ f (x + y -2a) = f (x).
We 

T = [[1, b]], C = π -1 (f -1 ([[1, n]])), R = π -1 (f -1 ({n + 1})). We define a coloring h of [[1, pa + b]] using [[1, n + k]] colors: h : [[1, pa + b]] -→ [[1, n + k]], x -→    f (x), if x ∈ T , f (π(x)), if x ∈ C, n + g(λ(x)), if x ∈ R. Function h is well defined since sets T , C, R partition [[1, pa + b]]
. Now, we prove that h is a weakly sum-free coloring. Let x, y ∈ [[1, pa + b]] be such that x = y, h(x) = h(y), and x + y pa + b. We claim that h(x + y) = h(x). Nine cases are to be distinguished according to which of the sets T , C, R x and y belong to. It is sufficient to check only six cases out of nine since x and y play symmetric roles.

Case 1: (x, y) ∈ T 2 If x + y b then h(x + y) = f (x + y). Otherwise, b < x + y < a + b since b < a and therefore π(x + y) = x + y (Proposition 3.5). Hence in both cases h(x + y) = f (x + y). Given that f is a weakly sum-free coloring, f (x + y) = f (x) since f (x) = h(x) = h(y) = f (y) and x = y. That is h(x + y) = h(x).

Case 2: (x, y) ∈ T × C

Given that h(x) = h(y) and by definition of h, f (x) = f (π(y)). Besides, f (π(y)) n since y ∈ C. Two cases are to be distinguished according to the value of x + π(y).

If x + π(y) a + b then f (x + π(y)) = f (π(x + y)) (Proposition 3.7). Given that f is a weakly sum-free coloring, f (x + π(y)) = f (x) since f (x) = f (π(y)) and x = π(y) since x b < π(y). If x + π(y) > a + b then given that f is a WS-template and since f (x) = f (π(y)) n, f (π(x + π(y))) = f (x). Furthermore f (π(x + π(y))) = f (π(x + y)) (Proposition 3.6), such that f (π(x + y)) = f (x). In both cases f (π(x + y)) = f (x). If f (π(x + y)) n then h(x + y) = f (π(x + y)). Therefore h(x + y) = h(x) since f (x) = h(x). Otherwise, f (π(x + y)) = n + 1 and thus h(x + y) > n. In particular, h(x + y) = h(x) since h(x) = h(y) n. Case 3: (x, y) ∈ T × R Necessarily h(x) = h(y) = n + 1.
Two cases are to be distinguished according to the value of λ(x + y).

If λ(y) = λ(x + y) then π(x + y) = x + π(y) (Proposition 3.11). By definition of h, f (x) = f (π(y)).
Given that f is a weakly sum-free coloring, f

(x + π(y)) = f (x) since f (x) = f (π(y)) and x = π(y) since x b < π(y). Hence h(x + y) = h(x). If λ(y) = λ(x + y) then λ(x + y) = λ(y) + 1 since x b < a. Besides, n + 1 = h(y) = n + g(λ(y)).
Hence g(λ(y)) = 1. Moreover g(1) = 1 since g is an ordered coloring. Therefore, given that g is sum-free, g(λ(y)

+ 1) = 1. If π(x + y) ∈ A n+1 then h(x + y) = n + g(λ(x + y)) = n + 1. Otherwise, h(x + y) n.
In both cases h(x

+ y) = h(x). Case 4: (x, y) ∈ C 2
By definition of h and since h(x) = h(y), f (π(x)) = f (π(y)). Two cases are to be distinguished according to the value of π(x) + π(y).

If π(x) + π(y) a + b then π(x) + π(y) = π(x + y). Hence f (π(x + y)) = f (π(x)) since f is sum-free for x > b If π(x) + π(y) > a + b then given that f is a WS-template, f (π(π(x) + π(y))) = f (π(x)) since f (π(x)) = f (π(y)).
Besides, f (π(π(x) + π(y))) = f (π(x + y)) (Proposition 3.8). Hence f (π(x + y)) = f (π(x)).

In both cases f (π(x + y)) = f (x). If f (π(x + y)) n then h(x + y) = f (π(x + y)). Therefore h(x + y) = h(x) since f (x) = h(x). Otherwise, f (π(x + y)) = n + 1 and thus h(x + y) > n. In particular,

h(x + y) = h(x) since h(x) = h(y) n. Case 5: (x, y) ∈ C × R By definition of function h, h(x) = h(y). Case 6: (x, y) ∈ R 2 In particular f (π(x)) = f (π(y)) = n + 1.
Three cases are to be distinguished according to the value of π(x) + π(y).

If π(x) + π(y) ∈ [[a + b + 1, 2a + b]] then λ(x + y) = λ(x) + λ(y) (Proposition 3.

12). By definition of h and since

h(x) = h(y), g(λ(x)) = g(λ(y)). Hence, h(λ(x + y)) = h(λ(x)) since h is a sum-free coloring. If f (x + y) n + 1 then h(x + y) = n + g(λ(x + y)). And h(x) = n + g(λ(x)). Therefore, h(x + y) = h(x). Otherwise h(x + y) n < h(x). In particular h(x + y) = h(x). If π(x) + π(y) > 2a + b then f (π(π(x) + π(y))) = f (π(x)) = n + 1 since f is a b-WS template and f (π(x)) = f (π(y)). Given that π(π(x) + π(y)) = π(x + y) (Proposition 3.8), f (π(x + y)) = n + 1. If π(x) + π(y) b + a then, given that π(x) + π(y) b and f |[[b,a+b]] is sum-free, f (π(x) + π(y)) = f (π(x)) = n + 1. That is f (π(x + y)) = n + 1 (Proposition 3.5).
In both of the last two cases, f (π(x + y)) = n + 1 that is x + y ∈ C. Therefore h(x + y) < n h(x). In particular, h(x + y) = h(x).

We go back to Theorem 3.1 which can be seen as a particular case of Theorem 3.17 in the same way Abott and Hanson's construction [START_REF] Abbott | A problem of Schur and its generalizations[END_REF] can be seen as a particular case of Theorem 2.3. Its deferred proof is given below.

Proof of Theorem 3.1. Let (q, n) ∈ (N * ) 2 such that there is a partition of [ [1, q]] into n weakly sum-free subsets. Let f : [ [1, q]] → []1, n]] be a weakly sum-free colouring. Let b = q and a = q + q 2 + 1. A new colouring g is defined as follows:

g : [[1, a + b]] -→ [[1, n + 1]], x -→    f (x), if x ∈ [[1, b]], n + 1, if x ∈ [[b + 1, 2b + 1]], f (x -a), if x ∈ [[2b + 2, a + b]].
We claim that g is a b-WSF-template with width a and n + 1 colours. The result is then obtained by applying Theorem 3.17.

By setting p = S(k) and a = WS + (n + 1) in Theorem 3.17, one obtains: Remark 3.19. In the S-template construction for Schur numbers, the additive constant comes from the fact that the special color does not necessarily appear at the very begining of the repeating pattern. Likewise, b max can actually be replaced by

max b∈N * min(A n+1 \[[1, b]]) -1 | WS + b (n + 1) = WS + (n + 1) .
As in Corollary 2.4, the additive constant Theorem 3.17 can be improved by weakening the hypotheses made on the last row. The principle behind it is the same as in Proposition 2.5. 

c ∈ [[1, k]], ∀(x, y) ∈ [[1, a + b]] × [[b + 1, a + b]], f (x) = f (y) π(x + y) b + c =⇒ g(π(x + y)) = f (x), ∀(x, y) ∈ [[1, a + b]] × [[b + 1, b + c]], f (x) = g(y) π(x + y) b + c =⇒ g(π(x + y)) = f (x).
Then, for every n ∈ N * , by using on the last row the coloring x -→ g(x -pS(n)), we have

WS (n + k) WS + (k + 1)S(n) + b + c.
The WS-templates can actually be fine-tuned further. However, it only gives minor improvements (most likely only an additive constant) while increasing the size of the search space.

These modifications rely on one main observation: the first row (excluding the "tail") has constraints that other rows do not have because of the tail, especially if the special color appears in the tail as well. Indeed, the line number of the sum of two numbers in the tail is never greater than one. Therefore, having a coloring dedicated to the first row and another coloring dedicated to the repeating pattern would weaken the constraints on the repeating pattern.

These additional constraints on the first row imply additional constraints on the rows of the its color (compared to other colors). However, one may notice that there are never two consecutive rows of this color. Moreover these additional constraints mostly concern two consecutive rows. Having a special coloring for rows of this color as well as another color dedicated to the first row avoids enforcing these constraints specific to one color on the other colors and thus on the main repeating pattern.

Finally, given that the color of the first row is different from the special color of the main repeating pattern, coloring g in Proposition 3.20 can exploit this difference.

There is a construction theorem for WS-templates as well. Proof. The idea is the same as in theorem 3.17 

New lower bounds for Weak Schur numbers

We produced WS-templates using the lingeling SAT solver [START_REF] Biere | CaDiCal, Lingeling, Plingeling, Treengeling and YalSAT entering the SAT competition 2017[END_REF], hence providing lower bounds on W S + and inequalities of the type W S(n + k) aS(n) + b. We sought templates providing the greatest value of (a, b) (in the lexicographic order). Details concerning the encoding as a SAT problem can be found in [START_REF] Heule | Schur number five[END_REF].

Here are the inequalities given by the current best WS-templates. The template corresponding to the third inequality can be found in B.

W S(n

+ 1) 4 S(n) + 2 (8) 
W S(n + 2) 13 S(n) + 8

Inequalities ( 8) and (9) were found by Rowley, they are detailed in [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF].

W S(n + 3) 42 S(n) + 24 [START_REF] Fredricksen | Symmetric sum-free partitions and lower bounds for Schur numbers[END_REF] W S(n + 4) 132 S(n) + 26 [START_REF] Rowley | An improved lower bound for s(7) and some interesting templates[END_REF] Inequality [START_REF] Fredricksen | Symmetric sum-free partitions and lower bounds for Schur numbers[END_REF], found with a SAT solver [START_REF] Biere | CaDiCal, Lingeling, Plingeling, Treengeling and YalSAT entering the SAT competition 2017[END_REF], cannot be improved (with this definition of WS-template). It uses the first sophistication explained in Subsection 3.3 in order to add the last number in the first color. As for inequality [START_REF] Rowley | An improved lower bound for s(7) and some interesting templates[END_REF], it was obtained by combining an S-template with width 33 with a WStemplate with width 4. The best template we could find with a computer search gives the inequality WS (n + 4) 127S(n) + 68. It was also found with the SAT solver. In order to reduce the search space, we only looked for WS-templates with five colors which start with a near-optimal WS (4) partition and we assumed that the special color was the last by order of appearance. We expect that better WS-templates with n 5 colors can be found but one would have not to use the above assumptions.

Like in Subsection 2.3, we compute the lower bounds given by Inequalities ( 8), [START_REF] Heule | Schur number five[END_REF], and [START_REF] Fredricksen | Symmetric sum-free partitions and lower bounds for Schur numbers[END_REF] for n ∈ [ [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF]15]]. The best lower bound for each value of n is highlighted. The weak Schur partitions obtained with WS-templates have an extremely regular structure. Therefore, one may expect to find larger partitions by allowing more freedom in the structure of the partitions while still preserving a structure somewhat close to a template-based partition thus reducing the search space to a manageable size. When applying the inequality WS (n + 1) 4 S(n) + 2, one may realize that it is possible to build a weakly sum-free partition of length 4 S(n) + 3 for small values of n (n 4) by using the construction of Corollary 3.18 for the integers 1, 2, 4i and 4i + 1 for i ∈ [[1, S(n)]] but not constraining the other integers. We did the same for the Schur partitions corresponding to Schur number five. More precisely, we imposed these constraints only for i 50 in order to have more degrees of freedom. The number 50 was chosen arbitrarly so that all of the Schur number 5-partitions could be tested in a few hours.

However, trying out all of the 2 447 113 088 Schur number 5-partitions [START_REF] Heule | Schur number five[END_REF] one by one would not result in a reasonable computation time: it is necessary to test the construction on several partitions at once. We encoded the problem as a satisfiability problem and used the 1616 backdoors that were used in [START_REF] Heule | Schur number five[END_REF] in order to encode a group of partitions in a compact and efficient way. Among all of the 1616 backdoors, only the 911 th backdoor gave a weakly sum-free partition of length 643. This backdoor gave a weakly sum-free partition of length 646 and cannot give a weakly sum-free partition of length 647. A weakly sum-free partition of length 646 can be found in C.

Conclusion on WS-templates

We started by giving a new construction which can be seen as an equivalent for weakly sum-free partitions of Abott and Hanson's construction for sum-free partitions. We then generalized this construction by introducing WS-templates. This allows us to find new lower bounds and new inequalities for weak Schur numbers. One may notice the significant gap between the former lower bounds for weak Schur numbers obtained by conducting a computer search and the new lower bounds obtained with WS-templates; thus questioning the methods used and the assumptions made when obtaining these former lower bounds. We reckon better WS-templates with n 5 colors can be found by making different assumptions and using a different method (Monte-Carlo methods for instance).

Conclusion and future work

We have produced new templates for Schur and Ramsey numbers. We also have generalized the concept of template to weak Schur numbers. These templates provide new general inequalities of the form S(n + k) aS(n) + b and WS (n + k) aS(n) + b as well as new lower bounds for both Schur and weak Schur numbers. We have given a new lower bound WS (6) 646 with a method that can yield slight improvements for fixed values of n over lower bounds obtained with the inequality WS (n + 1) 4S(n) + 2.

Given that the introduction of templates is quite recent, we expect the bounds to be improved as this special type of partition becomes better understood and larger templates are found. One may try to produce better templates by using heuristics or approximation algorithms, such as Monte-Carlo algorithms for instance.

The best lower bound WS (6) 583 achieved with a computer search using Monte-Carlo methods [START_REF] Eliahou | Investigating Monte-Carlo Methods on the Weak Schur Problem[END_REF] is significantly lower than those obtained with a structure: WS (6) 642 [START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF], WS (6) 646. We have evidence that 583 is the maximal value in the search space considered by [START_REF] Eliahou | Investigating Monte-Carlo Methods on the Weak Schur Problem[END_REF][START_REF] Bouzy | An Abstract Procedure to Compute Weak Schur Number Lower Bounds[END_REF][START_REF] Rafilipojaona | Nombres de Schur classiques et faibles[END_REF]. Therefore, it questions the assumption that large partitions for WS (n + 1) start with large partitions for WS (n). It also indicates that WS (5) might need further investigation since the current lower bound WS (5) 196 [START_REF] Eliahou | Weak Schur numbers and the search for G.W. Walker's lost partitions[END_REF] was obtained by considering the same type of search space.
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 1 Figure 1: Visualisation of an Abbott and Hanson construction
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 2 Figure 2: Visualisation of a template-based construction

Corollary 2 . 9 . 5 √

 295 The growth rate for Schur numbers (and Ramsey numbers R n (3)) satisfies γ 380 ≈ 3.28.

Figure 3 :

 3 Figure 3: Construction of the weakly sum-free coloring
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 1 

  we use the sum-free property of the coloring of [[1, p]]. Otherwise, x + y ∈ C which is fine because we only use colors 1, ..., n in block C. λ(x + y) = λ(x) + λ(y)

Proposition 3 . 6 .Proposition 3 . 7 . 5 Proposition 3 . 8 .

 3637538 Let x ∈ [[1, b]] and y ∈ N * . Thenπ(x + π(y)) = π(x + y). Proof. It is a direct consequence of π(x) = x mod a. Let x ∈ [[1, b]] and y ∈ N * such that x + π(y) a + b. Then π(x + y) = x + π(y).Proof. π(y) b + 1 and thus b + 1 x + π(y) a + b. π(x + y) = π(x + π(y)) by Proposition 3.6 = x + π(y) by Proposition 3.Let (x, y) ∈ (N * ) 2 . Then π(π(x) + π(y)) = π(x + y).

3 . 3 . 10 .Proposition 3 . 11 .

 3310311 Proposition Let x ∈ N * . Then x = aλ(x) + π(x) -a.Proof. Let (a, b) ∈ (N * ) 2 such that a > b and let x ∈ N * . We have aλ(x) + π(x) -a = a x -b -1 a + (x mod a) + a1 [[0,b]] (x mod a). If x mod a > b then aλ(x) + π(x) -a = a x a + x mod a = x. If x mod a b then aλ(x) + π(x) -a = a x a -1 + x mod a + a = x. Let x, y ∈ Z such that λ(x + y) = λ(y). Then π(x + y) = x + π(y).Proof. By applying Proposition 3.10 twice, we get aλ(x + y) + π(x + y) -a = x + y = x + aλ(y) + π(y) -a.The result is then obtained by simplifying the equality. Proposition 3.12. Let x, y ∈ Z such that π(x) + π(y) ∈ [[a + b + 1, 2a + b]]. Then λ(x + y) = λ(x) + λ(y).

Theorem 3 .

 3 17. Let (a, n, b) ∈ (N * ) 3 with a > b and (p, k) ∈ (N * ) 2 . If there are a sum-free k-partition of [[1, p]] and a b-WS-template (A 1 , ..., A n+1 ) with width a and n + 1 colors, then there is a partition of [[1, pa + b]] into k + n weakly sum-free subsets. Proof. Let (a, n, b) ∈ (N * ) 3 and (p, k) ∈ (N * ) 2 . Let f and g be colorings associated to the b-WS-template and to the sum-free partition of [[1, p]], respectively:

  split [[1, pa + b]] into three subsets. NB: To keep the notation short, the restriction to [[b + 1, pa + b]] of π defined in Subsection 3.2 is denoted by π in the hereunder equations:

Function

  g |[[b+1,a+b]] is a sum-free colouring. Indeed, let (x, y) ∈ [[b + 1, a + b]] 2 such that g(x) = g(y). If g(x) = n + 1 then z = x + y > 2b + 1 and therefore, either z > a + b or f (z) = n + 1. Otherwise, x + y > a + b. Function g is a weakly sum-free colouring. Indeed, let (x, y) ∈ [[1, a + b]] 2 such that z = x + y a + b and g(x) = g(y). Given that x and y have symmetric roles, we can assume that x y. If x > b then g(z) = g(x) as seen above. If y b then f (x) = g(x) = g(y) = f (y) n and either z a + b and f (z) = f (x) since f is a weakly sum-free colouring or a + b + 1 z 2b and g(z) = n + 1; therefore g(z) = g(x). If x b and y > b then g(x) = f (x), g(y) = f (y -a) and g(z) = f (z -a).We have x = y -a (otherwise, we would have a + b z = 2y -a 4b + 4 -a > a + b) and thusf (x + y -a) = f (x), that is g(z) = g(x).Colour n + 1 verifies the additional constraints for the special colour. Indeed, b + 2a 4b + 2. Hence, ∀(x, y) ∈ g -1 ({n + 1}), x + y b + 2a. Colours 1, ..., n verify the additional constraints for the regular colours. Indeed, let (x, y) ∈ g -1 ([[1, n]]) such that x+y > a+b. Given that x and y have symmetric roles, we can assume that x y. Necessarily y 2b + 2. If x b then z = x + y ∈ [[a + b + 1, a + 2b]] and therefore π(z) ∈ [[b + 1, 2b]]. Otherwise, z = x + y ∈ [[4b + 4, 2a + 2b]] and therefore π(z) ∈ [[b + 1, 2b]]. Hence, in both cases, g(π(z)) = g(x).

Corollary 3 .

 3 18. Let n, k ∈ N * and set b max = max{b ∈ N * /WS + b (n + 1) = WS + (n + 1)}. Then: WS (n + k) S(k)WS + (n + 1) + b max .

Proposition 3 .

 3 20. Let (b, k, a) ∈ (N * ) 3 and let f be a coloring associated to a b-WS-template with width p and k colors. Let c ∈ N and assume there is a coloring g of [[b + 1, b + c]] with k colors such that for all

Theorem 3 .

 3 21. Let (k, p) ∈ (N * ) 2 and (a, n, b) ∈ (N * ) 3 . If there are an S-template with width p and k + 1 colors and a b-WS-template with width a and n colors, then there is a pb-WS-template with width pq and (n + k) colors.

  . The properties specific to WS-templates are inherited from both the S-template and the WS-template. Theorem 3.21 yields the following corollary. Corollary 3.22. Let n, k ∈ N * . Then WS + (n + k) S + (k + 1)WS + (n).

Table 1 :

 1 Comparison of lower bounds for Schur numbers

	n	1 2 3 4 5	6	7	8	9	10	11	12
	State of the art	1 4 13 44 160 536 1 696 5 286 17 694 60 320 201 696 637 856 [9] [10] [11] [7] [7] [7] [7] [7]
	Our results					17 803 60 948 203 828 644 628

Table 2 :

 2 Comparison of lower bounds for weak Schur numbers

	n	1 2 3 4	5	6	7	8	9	10	11	12
	State of the art	2 8 23 66 196 642 2 146 6 976 22 056 70 778 241 282 806 786 [12] [8] [8] [8] [8] [8] [8] [8]
	Our results			646			22 536 71 256 243 794 815 314

Table 3 :

 3 New lower bounds for S(n) with n ∈ [[8, 15]] 

	n	8	9	10	11
	33 S(n -3) + 6	5 286	17 694	55 974	174 444
	111 S(n -4) + 43	4927	17 803	59 539	188 299
	380 S(n -5) + 148	5 088	16 868	60 948	203 828
	n	12	13	14	15
	33 S(n -3) + 6	587 505 2 011 290	6 726 330 21 272 730
	111 S(n -4) + 43 586 789 1 976 176	6 765 271 22 624 951
	380 S(n -5) + 148 644 628 2 008 828	6 765 288 23 160 388

Except for S

[START_REF] Rowley | New lower bounds for weak Schur partitions[END_REF]

, S

[START_REF] Heule | Schur number five[END_REF]

, and S(13), the best lower bounds are obtained thanks to the fifth inequality S(n + 5) 380 S(n) + 148. The table does not go any further, but the same inequality allows one to improve the lower bounds for n 15.

Table 4 :

 4 New lower bounds for WS (n) with n ∈ [[8, 15]] 

	n	8	9	10	11
	4 S(n -1) + 2	6 786	21 146	71 214	243 794
	13 S(n -2) + 8	6 976	22 056	68 726	231 447
	42 S(n -3) + 24	6 744	22 536	71 256	222 036
	n	12	13	14	15
	4 S(n -1) + 2	815 314	2 578 514	8 045 162	27 061 154
	13 S(n -2) + 8	792 332	2 649 772	8 380 172	26 146 778
	42 S(n -3) + 24 747 750	2 559 840	8 560 800	27 074 400
	3.5 Another approach: WS (6) 646			
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A S-templates

This template provides the inequality WS (n+3) 42 S(n)+24 by placing one last number, here represented by (N + 1), in the first subset (see Proposition 3.20).