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Abstract

We prove by induction on dimension the Hodge conjecture for smooth complex projective varieties.
Let X be a smooth complex projective variety. Then X is birational to a possibly singular projective
hypersurface, hence to a smooth projective variety Eo which is a component of a normal crossing
divisor E = U/_yE; C Y which is the singular fiber of a pencil f : Y — A’ of smooth projective
hypersurfaces. Using the smooth hypersurface case ([5] theorem 1), the nearby cycle functor on mixed
Hodge module with rational de Rham factor and the induction hypothesis, we prove that a Hodge
class of Ey is absolute Hodge, more precisely the locus of Hodge classes inside the algebraic vector
bundle given the De Rham cohomology of the rational deformation of Fy is defined over Q. By [4]
theorem 4, we get the Hodge conjecture for Fy. By the induction hypothesis we also have the Hodge
conjecture for X.
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1 Introduction

The main result of this article is an inductive proof of the Hodge conjecture using the results of [4] and
[5]. More precisely, assuming the Hodge conjecture for smooth projective varieties of dimension less or
equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth projective varieties
of dimension d is a birational invariant (proposition 1). On the other hand, if X is a connected smooth
projective variety of dimension d, then X is birational to a possibly singular hypersurface Yy, C P(‘éﬂ of
degree Ix := deg(C(X)/C(z1,- -+ ,z4)). Consider

f:Y =V(f) c P x P(lx) — P(ix)

the universal family of projective hypersurfaces of degree lx, and Ox € P(Ix) the point corresponding
to Yo,. Denote A C P(lx) the discriminant locus parametrizing the hypersurfaces which are singular.
Let § :=0x? C P(ix) the Q-Zariski closure of Ox inside P(lx). If Yy, is smooth, then X satisfy the
hodge conjecture since Yy, satisfy the Hodge conjecture by [5] and by the induction hypothesis since X



is birational to Yy, . Hence, we may assume that Yy, is singular, that is Ox € A. Then, S C A since
A C P(ly) is defined over Q. Let T' C P(lx) an irreducible closed subvariety of dimension dim(S) + 1
defined over Q such that

ScTand T :=Tn(P(x)\A) # 0.

We take for T = V(f1,---, fs) C P(lx) an irreducible complete intersection which intersect A properly
and such that

e V(f1) Dsing(A)US

o foreachr € [1,---,s], V(f1, -, fr) Dsing(V(f1, -, fr—1)NA)US contain inductively the singular
locus of the intersection with A and S.

Then by the weak Lefchetz hyperplane theorem for homotopy groups, T' C P(Ix)\A is not contained in
a weakly special subvariety since

irs : m(Te) — m(BUx)\A), (A= Ac)

is an isomorphism if dim 7T > 2 (i.e. dimS > 1) and surjective if dim7T =1 (i.e. dimS = 0). We have
then TNA = SUS’" where S’ C A is a divisor. We then consider the family of algebraic varieties defined
over Q

. Ixpa )T —
fx : Yro = Yo T
where
= fx
o fx : < y’ % T with € : (y 5) ( - y’g U Y%,) is a desingularization over Q, in
partlcular & =EU&" with & = Ul_,& = fX (7) C Y which is a normal crossing divisor, in

particular Yr = yT,

e S C S is the open subset such that S is smooth and fX x5 S 1 & = Nier& — S is smooth
projective for each I C [0, ...,r], T° C T is an open subset such that T°NA = S and T° := T°NT
is smooth, for simplicity we denote again & for the open subset &g := fX (S) Cé€,

e ¢ € S(C) is the point such that y{C)t =Yy, and & : Ey := &y ¢t = Yoy is surjective, in particular
Ey is birational to Yy, hence Ej is birational to X. We denote E; := &; ¢+ for each 0 < < r and
E:=8:=U_yE;.

Using [4] and [5], assuming the Hodge conjecture for smooth projective varieties of dimension less or
equal to d — 1, we then prove the Hodge conjecture for the E;, more specifically for Fy as follows : Let
p € Z. By the hard Lefchetz theorem on H*(Ep), we may assume that 2p < d. We then have then a
morphism of mixed Hodge module over S (in fact of geometric variation of mixed Hodge structures over
S) given by the specialization map

Spf/fx qu(g/S)_)Hsz)SEHdg(yTo/T )

whose de Rham part are morphism of filtered vector bundle over S with Gauss-Manin connexion defined
over Q. Moreover, we have, see lemma 1, an isomorphism of variation of mixed Hodge structures over S

ce = H 7! (fx 0ig)ac(QE ) o v : By e (Vpo /T%) =
¢SEqu g(yT"/TO) = ker(Spg/]zX qu(E/S) - T/JSEqu(yTO/TO))-

Consider the exact sequence of variation of mixed Hodge structure over S

0— Wap 1EHdg(5/S) - E?fpdg(g/s) Ldogierma, @zr:oE?fdg(gi/S) -0



It induces the exact sequence of presheaves on Sg",

HIP(Ec/Sc) & Gl HL*P(E;c/Sc) S
J(Wap 1 E3hy, (Ec/Sc) = Bxt! (QE, Way 1 35, (Ec/Se)) 4 Ext! (QE, B3, (€c/5c))

where HL?P(Ec/Sc) C Efn(Ec/Sc), HL*PP(Eic/Sc) C EXs(Eic/Sc) are the locus of Hodge classes.
Let A € FPH?P(ES"™, Q), where we recall Eg = £ c¢. Consider then A € H*(E, Q), such that g(\) = A,
and

\i= SPe ) fy \) e SPE)fx (H?(E“™,Q)).

Since the monodromy of R2pfx*(@§];% is irreducible as igo, : m (T¢) — m(Tc) — m(P(ix)\A) is
surjective, we have ’

Spe e (kerq) := Spg 5 (Wap 1 Efp(€/5)) =0,

using the fact that there exists a neighborhood Vsys: C T¢ of S¢ U S¢ in T for the usual complex
topology such that the inclusion ig/ : £ — Ve v, ., retraction r : Ve v, ., — & which is an homotopy
equivalence. The locus of Hodge classes passing through A

VE(A) i=Vs(A) N FPER,(Eoc/Se) C Efp(€oc/Sc),
inside the De Rham vector bundle of fX oig, : & — S thus satisfy

S 7. (0™ (VEON) = VE(Spg 7 (V) € B2y (Voo TE), 1)
where
e Vs(\) C EXn(Eoc/Sc), Vs(A) € EFn(Ec/Sc), are the flat leaves, e.g. Vg(\) := ms(A x S&")
where g : H2P(E®", C) x S&* — E"(Ec/Sc) is the morphism induced by the universal covering
ms  SE" — SE,
e (:=q®C:EX:(Ec/Sc) = EXy(Eo.c/Se) is the quotient map.

Now,

o If S’pg/fx(j\) = 0, we have by lemma 1 applied to fx : Vso — T° X = ce(\) with

S
F”H?Ep_l( ¢'o,Q), where C' C T¢ is a smooth transversal slice of Sc at ¢ in particular dim(C) = 1,
C N Sc = {t} and V¢ is smooth, and

V() = ce(VEA), VEQN) € Bp e, Vro.c/T0),
with -
ce : (ERp g, Vro o/ T8, F, W) = (Ey(Ec/Sc), F, W),
We have for each t' € S(C), the isomorphism
Bearai=2FPH? (Ef¢ 11, Q) = FP Gry, HP (V.o \Ev)™", Q)

c(Z(Ye . cr \Eyr _ —
( ( C,C\ )) FpGI'IQ/ZHép 1( (&nCH )7

where C’' C T(‘:’ is a smooth transversal slice of S at ¢’ (hence V¢ is smooth) and Ve is a smooth
compactification of Yo/. Hence, assuming the Hodge conjecture for smooth projective varieties of
dimension less or equal to d — 1,

VE(N) € Gryy Effp o (Vro o/T8), VE(N) = ce(VE(N)) C Efp(oc/Sc) C Grly, ERy(Ec/Se)

are defined over Q and its Galois conjugates are also components of the locus of Hodge classes,
since dim(Erc ) =d—1for I C [0,--- ,r] such that cardl =2 and t’ € S(C).



e Consider now the case where Sp, J;X(:\) # 0. By [5] theorem 1, the Hodge conjecture holds for
projective hypersurfaces, hence

Spe 7 (VE(N) = Va(Spe 7, (V) = Vi (Spe 7 (V) N o (Sc) © B v, (Vo ¢/T2),

where p :=p®C : Ef)p rv, Yroc/T¢) = Tg is the projection, is an algebraic subvariety defined over
Q and its Galois conjugates are also components of the locus of Hodge classes, where the second
equality follows from [6] lemma 2.11. Hence,

VE(A) = q(a" (VE(N)) = a(VE(N) € By (Eoc/Se)

is an algebraic subvariety defined over Q and its Galois conjugates are also components of the locus
of Hodge classes, where the second equality follows from the fact that Spg,7 (A) # 0 and (1).

The fact that V() C E%p »(Eoc/Sc) is an algebraic subvariety defined over Q and its Galois conjugates
are also components of the locus of Hodge classes gives, by [4] theorem 4,

\=[Z] € H*(E§",Q), Z € ZP(Ep).

We recall the key point is that since V&(\) C Ef¥,(Eoc/Se) is an algebraic subvariety defined over Q and
its Galois conjugate are also components of the locus of Hodge classes, we have for each 6 € Aut(C, Q),

0(\) € Gal(Q,Q)(VE(N)g) C Efgpg(gotc,e/stc,e),

which implies that 0(\) € H?**(Eg’, Q) ¢ H*(Eg’, C), that is A € H**(E§", Q) is absolute Hodge and
we apply [4] corollary 1. Since p € Z and A € FPH?P(E$™, Q) are arbitrary, this proves the Hodge
conjecture for Ey. Since X is birational to Ey, the Hodge conjecture for Fy and the induction hypothesis
implies the Hodge conjecture for X.

I am grateful to professor F.Mokrane for help and support during this work.

2 Preliminaries and notations

2.1 Notations
e Denote by Top the category of topological spaces and RTop the category of ringed spaces.
e Denote by Cat the category of small categories and RCat the category of ringed topos.

e For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/ X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, f'), (Y, f)) consists of
g:Y’' =Y in S such that fog= f'.

e Let (S,05) € RCat a ringed topos with topology 7. For F' € Cog(S), we denote by k : FF — E (F)
the canonical flasque resolution in Co4(S) (see [3]). In particular for X € S, H*(X, E,(F)) =
H* (X, F).

e For f: 8 — S a morphism with §,8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

= f*=HT(S, koad(f*, f)(F)) : H(S, F) — H/(S', f*F),
— f* = HIT(S, koad(f*™°d f)(F)) : B/ (S, F) — H/(S', f*modF),
the canonical maps.

e Form: A — B, A, B € C(A), A an additive category, we denote ¢(A) : Cone(m : A — B) — A[l]
and ¢(B) : B — Cone(m : A — B) the canonical maps.



e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). We denote by PSch C Sch the full subcategory of proper schemes. For a field k, we
consider Sch /k := Sch / Speck the category of schemes over Spec k. The objects are X := (X, ax)
with X € Sch and ax : X — Spec k a morphism and the morphisms are the morphisms of schemes
f: X" — X such that foax: =ax. We then denote by

— Var(k) = Sch’* /k < Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

e Denote by AnSp(C) C RTop the subcategory of analytic spaces over C, and by AnSm(C) C AnSp(C)
the full subcategory of smooth analytic spaces (i.e. complex analytic manifold).

e For X € Var(k) and X = U;erX; with 4; : X; < X closed embeddings, we denote X, €
Fun(A, Var(k)) the associated simplicial space, with for J C I, ir; : X1 := N1 X; = Xy := Nies X
the closed embedding.

e Let (X,0x) € RTop. We consider its De Rham complex Q% = DR(X)(Ox).

— Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its
De Rham cohomology H}p(X) := H/ (X, Q%).

— Let X € Var(k). Considering its De Rham complex Q% := Q% , := DR(X/k)(Ox), we have
for j € Z its De Rham cohomology HY, »(X) := H’(X,Q%). The differentials of Q% := Q% /x
are by definition k-linear, thus H}(X) := H7 (X, Q%) has a structure of a k vector space.

— Let X € AnSp(C). Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z
its De Rham cohomology HY,,(X) := H/ (X, Q%).

e For Y € Var(Q) and X = V(I) = V(f1,..., f,) C Ye, we consider X = V(I) = V(f1,...,fr) C
Y x Af the canonical rational deformation, where

if f= Z arxyt -zt € Cla, ..., zy),
1Ci

f: Z afx?l"'xzn EQ[(G/I)IC[I ..... d]"uxlw"axn]'

e For X € AnSp(C), we denote a(X) : Cx — Q% the embedding in C(X). For X € AnSm(C),
a(X) : Cx — Q% is an equivalence usu local by Poincare lemma.

e We denote I" := [0,1]" € Diff (R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex

* (X, R) = (ZHomrop(I*, X)¥) ® R

sing

and for [ € Z its singular cohomology HY, (X, R) := H"C}, (X, R). For f: X' — X a continuous

map with X, X’ € Top, we have the canonical map of complexes

0L (X, R) = Ch . (X,R),0— ffo:=(y—a(fory)).

sing sing
In particular, we get by functoriality the complex
O;(,Rsing € CR(X)a (U C X) = s*ing(Ua R)
We recall that



— For X € Top locally contractible, e.g. X € CW, and R a ring, the inclusion in Cr(X)

cx @ Bx = CX ggng 18 by definition an equivalence top local and that we get by the small
chain theorem, for all I € Z, an isomorphism H'cx : H'(X, Rx) = HL . (X, R).

sing
— For X € Diff(R), the restriction map
rx: ZHomDiH(R)(H*vX)V - s*ing(Xv R)a W= w: ((b = w(¢))
is a quasi-isomorphism by Whitney approximation theorem.

e Let S € AnSm(C) and L € Shv(S) a local system. Consider £ := L ® Os € Vectp(S) the
corresponding holomorphic vector bundle with integrable connection V. Let mg : S — S be the
universal covering. Consider the canonical fiber

Lo :=T(S,75L) = T'(S, 75" E)V.
For A\ € Ly, we will consider the flat leaf
Vs(\) :=m5(Ax S) CE, ms: Lo x 8 = E, ms(v, 2) := (v(2), ms(2)).

Note that for t € S, Vg(\) Npg'(t) = 71(S,t)()\) is the orbit of A under the monodromy action,
where ps : F — S is the projection.

2.2 Birational projective varieties and Hodge conjecture

In this subsection, we recall that assuming the Hodge conjecture for smooth projective varieties of di-
mension less or equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth
projective varieties of dimension d is a birational invariant :

Proposition 1. (i) Let X € PSmVar(C) connected of dimension d. Let € : Xz — X be the blow up of
X along a smooth closed subvariety Z C X. Assume the Hodge conjecture hold for smooth complex
projective varieties of dimension less or equal to d — 1. Then the Hodge conjecture hold for X if
and only if it hold for X .

(11) Let X, X' € PSmVar(C) connected of dimension d. Assume the Hodge conjecture hold for smooth
complex projective varieties of dimension less or equal to d — 1. If X is birational to X', then the
Hodge conjecture hold for X if and only if it hold for X'

Proof. (i): Follows from the fact that
(€%, @frin((=)-h71) + HY(X, Q) @ i, H (B, Q) = H"(X2,Q)

is an isomorphism of Hodge structures for each k € Z, where ¢ = codim(Z, X), ig : E — X is the closed
embedding, ¢ g : £ — Z being a projective vector bundle.

(ii):Follows from (i) since if 7 : X° — X’ is a birational map, X° C X being an open subset, then X is
connected to X’ by a sequence of blow up of smooth projective varieties with smooth center by [1]. O

2.3 A family of smooth projective hypersurfaces associated to a smooth pro-
jective variety

In this subsection, we recall that given a smooth complex projective variety X, there exists a family
of smooth complex projective hypersurfaces which degenerates into a normal crossing divisor with one
irreducible component birational to X.

Proposition 2. Let X € PSmVar(C) connected of dimension d. Then there exists a family of smooth
projective hypersurfaces fx : Y — AL with



e Y € SmVar(C), fx flat projective,
o YV, = f;l(s) - ]P)fé""l for s € AE\O are smooth projective hypersurfaces,

o E = f'(0) = U_oE; = ¢ Y(Yy) C Y is a normal crossing divisor, where Yy C P& is a
possibly singular hypersurface birationnal to X, € : (Y, E) — (Y',Yy) a desingularization, and Ey is
birational to X,

Proof. See [2] lemma 1.5.8 . It use the fact that X is birational to a possibly singular projective hyper-
surface Y and consider the desingularization of a generic pencil fi : Y’ = V(f) € P& x AL — AL
passing through Yy and fx = f% oe. O

2.4 The nearby cycle functor and the specialization map

Recall from [3] that for & C C a subfield and S € Var(k) quasi-projective, and I : S — S a closed
embedding with S € SmVar(k), we have the full subcategory

2 MHMy, g (S) < PShpfi.s(S) x1 P(SE™)

consisting of geometric mixed Hodge module whose De Rham part is defined over k, where, using the

fact that the V-filtration is defined over k, PShp(1,0)ri1,5(S) X1 Pru(Sg") is the category

e whose objects are (M, F, W), (K, W), ) where (M, F, W) is a filtered D5 module supported on S,
where [ : S < S is a closed embedding and S € SmVar(k), (K, W) is a filtered Perverse sheaf on

S¢r, and a1 (K, W) ® C — DR(S)((M, W)*™) is an isomorphism in D z; (SE").

e whose morphism between (M, F, W), (K, W), «) and (M', F,W), (K',W),a’), are couples of mor-
phisms (¢ : (M, F,W) — (M',F,W),¢ : (K,W) — (K',W)) such that ¢ o = o’ 0 1.

Then, by [3], we get for S € Var(k) quasi-projective and [ : S — S is a closed embedding with S €
SmVar(k) an embedding

t: D(MHMy g (S)) = Dpyri,s(S) x5 D(Sg")

consisting of mixed Hodge module whose De Rham part is defined over k, where Dp(q )i, S(S‘) X
Dy, o(SE") is the category

e whose objects are ((M,F, W), (K, W), «) where (M, F,W) is a complex of filtered D5 module sup-
ported on S, (K, W) is a filtered complex of presheaves on S¢" whose cohomology are constructible

sheaves, and o : [, (K, W) ® C — DR(S)((M,W)*") is an isomorphism in D y; (S&").
e whose morphism are given in [3],

We have then the six functors formalism :

D(MHMy gm(—)) : Var(k) — TriCat, S — D(MHMj, g (S)), (f: T = §) —
(f*, ) : DIMH My, g (S)) = D(MHMy, gin(T)), (fi, ') : D(MHMp, g (T)) = D(MH My gin(S))

and for D C S a (Cartier) divisor the nearby cycle functor

Yp : D(MH My, 4m/(S)) = D(MHMjy, g (D)),
'@[JD((Mv F, W)v (K7 W)va) = (wD(Mv F, W)u'@[]D(Ku W)va(O‘))'

For T € Var(k) and €, : Te — T a desingularization with T, € Fun(A, SmVar(k)), we have

qu{dg = a}HngHdg == (eo*Ezar (OT. ) Fv W)a eo*Eusu (ZT.Q" 9 W), Q(To))



For f: X — S a projective morphism with X, S € SmVar(k), we denote
Erag(X/S) i= 21199 .— ( / F(Ox.F), Rf.Zxen, f.o(X)) € D(MHMj g (S)).
For f: X — PN x S & S a projective morphism with X, S € Var(k), S smooth, we denote

Enag(X/8) = f.ZXY = ( / I8 (Opn xs, F), RfZxan, foc(X)) € D(MHMj, g (S))-

p

We then have the specialization map :
Definition-Proposition 1. Let k C C be a subfield.
(i) Let f': X' — T be a projective morphism with X', T € SmVar(k). Assume that

— fOr=f®rT:X°—T°is smooth, T° C T is an open subset,
— Xi=f7YS) Cc X', S:=T\T°. We have by definition X° = X'\ X}.

We have then, see [8], the distinguished triangles in D(MH My gm(Xs)),

Zgzg =1 X/ZHdg 1/1X/ = (Yxy, (Ox, F), hxy Lo, hxpa(X))

c(x, 235 (ZHdg)
~ Ox, LR = Cone(Spxr/x;) —— ZR“[1].

Applying the functor (f'oix,)«, we obtain the generalized distinguished triangle in D(M H My, g (S))

SPX'S/f?:(fOiX'S)*SPX/S/X/

Erag(Xs/S)

(f' le’ )*c(éxoZHdg)

(f oixy)«(¥x,Z 199 = o Erag (X°/T°)

.. Hdg Y Y (f OZX/S)*C(ZHdQ) )
(f'oixy)(dxsLyo”) = dpsErag(X°/T?) ————— Enay(Xg/5)[1]

(ii) Let f: X — T be a projective morphism with X,T € SmVar(k). Assume that

— fOr=f®pT°: X°—T° is smooth, T° CT an open subset
— S:=T\T° E := f~1(S) = Ul_,E; C X is a normal crossing divisor and that for I C [0,...7],
for == fig, 1 E1 := Nicr E; — S are smooth. We have by definition X° = X\E.

Denote for I C JC0,...7], iy : Ej < Er and i; : Ef — E, igp : E — X the closed embeddings.
In this particular case, c.f. [8], the distinguished triangle in D(M H My, 4m (E)) given in (i) become

5
ngg = zEzng = ((io*Q.E'vFv W)a (ZE.7W)5 Q(E‘)) %
*1M.0 v ZHgg)
YEZie = (i3 7 (log E), F, W),y pZxe, ppa(X)) —"5
Hdg _ “(Bs™), g
¢ply.” = Cone(Spg,/x) —— Zy"’[1].

Applying the functor (foig)., we obtain the generalized distinguished triangle in D(M H My, 4m (S))

S =(foig)«S R °

Errag(E/S) 20 (foip) (YEZNY) = s Erag (X°/T°)
(foir)wc(ypZiya®) . o0 1oy (foim)ec(Zp®)

YoIe)-CWBBED, (1o i) ($RZH9) = g Bprag(Xo/T0) 22 CE, gy (B/S))

If f = f'oe where e: (X, E) — (X, Xg) is a desingularization, we have Spxg,x» = Spg/x © €*.



Proof. See [8]. O

Lemma 1. Let k C C be a subfield. Let f : X — T be a projective morphism with X,T € SmVar(k).
Assume that

o fo:=frT°: X°— T°is smooth of relative dimension n, T° C T an open subset
o S :=T\T° is a divisor, E := f~1(S) = Ul_yE; C X is a normal crossing divisor and that for
Iclo,...r], for:= fig, : Er := NicrB; — S are smooth. We have by definition X° = X\E.
Denote jo : E§ = Ep\ Ul_, E; Jo, Ey 5 B the embedding.
(i) We have, for each k € Z, a canonical map in MHMj, gm(S)

H1(foip).c(QB)

cp: By g(X/T) =5 ¢s Bl (X°/T°) Efra,(E/S).
(i) If H*=1(X;,Q) =0 for t € T\S, then
- ¢ — o o Hkil(foi )*C(QHdg)
Ce - E];Id;IJ,E(X/T) - ¢SE];1d;1;(X /T°) : = Elkidg(E/S)-

is an isomorphism.
Proof. (i):See [8] for the definition of the map cy.
(ii):Follows from the exact sequences in M H My, g, (S)
— o o — c — o oy V — o o
- g2 (XOTO) = Efgs 5(X/T) <5 ¢s B L (X°/T°) = s Ef L (X°/T) — -,

1 vo oy HETN(foip).c(vpQia)
o s Bl (X0 T0) p TR

H* " (foig).c(Qp)

— o o Sp
05 Bfraq(X°/T°) ) —=

given in [8] for the first one. O

Elraq(E/S Vs Elrag(X°/T%) = -+,

3 Hodge conjecture for smooth projective varieties

Theorem 1. Let X € PSmVar(C). Then Hodge conjecture hold for X. That is, if p € Z and \ €
FPH2 (X, Q), A = [Z] with Z € ZP(X).

Proof. The Hodge conjecture is true for curves and surfaces. Assume that the Hodge conjecture is true
for smooth projective varieties of dimension less or equal to d — 1. Let X € PSmVar(C) of dimension d.
Up to split X into its connected components, we may assume that X is connected of dimension d. Then
X is birational to a possibly singular hypersurface Yy, C P& of degree Ix := deg(C(X)/C(z1,- - ,xq)).
Consider

f:Y =V(f) c P xP(lx) — P(ix)

the universal family of projective hypersurfaces of degree lx, and Ox € P(Ix) the point corresponding
to Yo, . Denote A C P(Ix) the discriminant locus parametrizing the hypersurfaces which are singular.
Let S :=0x2 C P(Ix) be the Q-Zariski closure of 0x inside P(Ix). If Yo, is smooth, then X satisfy the
hodge conjecture since Yy, satisfy the Hodge conjecture by [5] and by the induction hypothesis since X
is birational to Yy, by proposition 1(ii). Hence, we may assume that Yy, is singular, that is Ox € A.
Then, S C A since A C P(lx) is defined over Q. Let T C P(Ix) be an irreducible closed subvariety of

dimension dim(S) + 1 defined over Q such that
ScTand T :=Tn(P(x)\A) # 0.

We take for T = V(f1,---, fs) C P(lx) an irreducible complete intersection which intersect A properly
and such that



e V(f1) Dsing(A)US

o foreachr € [1,---,s], V(f1, -, fr) Dsing(V(f1, -+, fr—1)NA)US contain inductively the singular
locus of the intersection with A and S.

Then by the weak Lefchetz hyperplane theorem for homotopy groups, T' C P(Ix)\A is not contained in
a weakly special subvariety since

iT* : Fl(Tc) — T (P(lx)\A)

is an isomorphism if dim 7' > 2 and surjective if dim 7' = 1. We have then TN A = SU S’ where S’ C A
is a divisor. We then consider the family of algebraic varieties defined over Q

. Ixpa )T —
fx = Yro = Yo T
where
~ fx
o fx : < y’ % T with € : (y & — ( - y'g U Y%,) is a desingularization over Q, in
partlcular & =E&U&" with €& = U_,& = fX (7) C Y which is a normal crossing divisor, in

particular Yr = Vi,

e S C S is the open subset such that S is smooth and fX x5S 1 & = Nier& — S is smooth
projective for each I C [0, ...,r], T° C T is an open subset such that T°NA = S and T° := T°NT
is smooth, for simplicity we denote again € for the open subset s := fx'(S) C &,

e t € S(C) is the point such that y(c)t =Yy, and ¢ : Ey := &c,t — Yo, Is surjective, in particular
Ey is birational to Yy, hence Ejy is birational to X. We denote E; := &; ¢+ for each 0 < ¢ < r and
FE = &C,t = U;N:OEi.

We then prove, assuming the Hodge conjecture for smooth projective varieties of dimension less or equal
to d — 1, the Hodge conjecture for the E;, more specifically for Ey. Denote for I C [0,...,s], i1 : &1 — &
and for I ¢ J C [0,...,s], g5 : £ — & the closed embeddings. Then, iq : €¢ — & in Fun(A, Var(Q)) is
a simplicial resolution with & € Fun(A, SmVar(Q)). We have then

Erag(£/S) = (fX o iO*EzaT(Q;,‘./Sv By, W), (fX © lox Eysy (ngffcv W)), fo iext(&)) € D(MHMg,gm(S))

/

Then, definition-proposition 1 applied to fr = f Xp(y) T° — T° gives the distinguish in

To
D(MHMg,gm(S)),
Sy g =0ty ) SPy g yr
Eitay(Vy/S) —2 2T s Errag(Vie /T°)
(Froiy, )ec(by, ZHE) (froiyy )we(Zy,"d
=21 b5 Errag(Vipo /T°) S5 Brag(V5/9)[1]

and definition-proposition 1 applied to fx : Yo — T° gives the distinguish in D(M H Mg, gm(5)),
Spe ). :=(Fxoig)«Spe,y o
Erag(€/S) —* Vs Errag(Vro /T°)

(fxoie)e(peZ ™) (Fxoig)nc(Zg)

¢sEriag(Vro /T°) —————— Epay(€/S)[1]

and Spg/fx o€e* = Spy._,/¢p- Let p € Z. By the hard Lefchetz theorem on H*(Ep), we may assume that
2p < d. Taking the cohomology to this distinguish triangle, we get in particular, for each p € Z, the
maps in M H Mg, gm(S)

o Spyispr Bty (Vs/S) = H*s Enag(Vro /T)
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© e Bty (€/S) = HPsEpag(Vro /T0).
Moreover, we have, see lemma 1, an isomorphism of variation of mixed Hodge structures over S

~

£ o= H ! (fx 0ig)uc(QF ) 0 oy : By e (Vpo /T%) =
gngqu Y (Vo /T%) = ker(Spg 7, qu(E/S) — ¢5Equ(yTo/T°)).
For A € H* (&% ,/,Q), t' € S(C), we consider 7 : Sgn — S&" the universal covering in AnSm(C) and
Vs(A) = 7ms(A x S&) € E(Eo.c/Sc)
the flat leaf induced by the universal covering (see section 2.1) and
VE(N) := Vs(A) N FPEX.(So.c/Sc) C EX,(Eoc/Sc),

which is an algebraic variety by [6]. Note that V&(X) C HLP-?P(£y¢/Sc) is the union of the irreducible
components passing through A. Similarly, for n € HQP(EC 1, Q), t' € S(C), we consider g : SE" — S&"
the universal covering in AnSm(C) and

Vs () = ms(n x S¢") € B (€c/Sc)
the flat leaf induced by the universal covering (see section 2.1) and
Vi (n) := Vs(n) N FPER(Ec/Sc) C Efp(Ec/Se).
We have

H Errag(Vre /T°) = (ERR(Vre /T°), F), R* fx.Qygs . fx«c(Vre)) € MHMg, g (T°)

70 ,¢
By [8], the filtered vector bundle
(EppVre/T°), F) = H* fx.Ezar (25, 7)€ Vectppu(T°)
extend to a filtered vector bundle
(BB, Vre/T%), F) = H fx.Bear (05, /7. (108 ) € Vectnra(T°)
such that

H**5Epag(Vre /T°) = (5" (B vy V1o /T), F,W), (bs R fx.Qyan W), s fxra(Vro))

,C

and

Spg/-fx = (Spg/.fx’spg/fx) : ((E%?pR(g/S)7 F, W)v (R2p(fX © i')*(@ffﬁjv W), (fX S i.)*a(f,’.))
- (ngOd(EDR Vs (YVre/T°), F,W) = ((Ei)pR,Vs (Yre/T?) ﬁpil(s)vF)vw)a
(s R fx. Qg s W), s fxa(Vro))

where p : E%pRyS (V1o /T°) — T is the projection. For

o€ H (YU, Q) = HP (2", s Rfx+«Qy,. ), t' € Sc,t" € T°(C),

we consider

11



T . . . . . Y ol TTo
o mro : T — T2 the universal covering in AnSm(C), the factorization mg : S¢" — T2 —=

T2 and
Voo (@) := mpo (a x T2™") C EZR"™ (Vro c/TR)
the flat leaf (see section 2.1) and
Vi (@) := Vo (@) N FPERR (Vre o/ T8) C ERp(Vrec/TE),
which is an algebraic subvariety by [6],
o 75 : S& — S the universal covering in AnSm(C) and
Vs(a) == ms(a x S¢") € H*YsEpr(Vro.c/TE)™"

the flat leaf (see section 2.1) and
V2 () := Vg(a) N FPH> s Epp(Vro.c/TS)™ C H*hsEpr(VhocTL)™".
Consider the exact sequence of variation of mixed Hodge structure over S

0— WprlE?dg(g/S) - E?{pdg(g/s) Liosierma, @zr:oE?fdg(gi/S) — 0.

It induces the exact sequence of vector bundles over S

0~ Wy 1 B (€/S) — EFp(€/5) T2 6 B (6/5) =0
and the exact sequence of presheaves on S&",
HL*P(Ec/Sc) 5 B_oHL™P(E; ¢ /Sc)
J(Wap 1 By (Ec/Sc)) = Ext (QG™, Wap 1 B, (Ec/Sc)), - Ext' (QG™, Wap 1 Efy, (Ec/Sc))
where HL?PP(Ec/Sc) C Eibn(Ec/Sc), HL*?(Eic/Sc) C Efq(&ic/Sc) are the locus of Hodge classes.

Let A € FPH?P(ES"™, Q), where we recall Eg = & c,¢. Consider then Ae H?P(E* Q), such that q(S\) =\
and

X = Spe 7 (N) € Spy gy (HP(E", Q).

Since the monodromy of RZ?P fX*Qg,’;O . is irreducible by Picard Lefchetz theory as iros : m(T¢) —
m (Te) = 71 (P(Ix)\A) is surjective, we have

Spejy (kerq) == Spg 5 (Wap 1 ELR(€/5)) =0,

using the fact that there exists a neighborhood Vsys: C T¢ of Sc U S¢ in T for the usual complex
topology such that the inclusion ig/ : £ — Ve v, ., retraction r : Ve v, . — & which is an homotopy
equivalence. The locus of Hodge classes passing through A

VE(A) i=Vs(A) N FPER,(Eoc/Se) C Efp(€oc/Sc),
inside the De Rham vector bundle of fX oig, : & — S thus satisfy
SPe )i (47 (VEN)) = VE(Spg )7, (V) C BB vy Vro.c/TE),
where

e Vs(\) C EZ,(Eoc/Sc), Vs(A) C EXn(Ec/Sc), are the flat leaves, e.g. Vg(\) = ms(A x S&*)
where g : H2P(E*", C) x S&* — E"(Ec/Sc) is the morphism induced by the universal covering
ms : SE" — SE,
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Now,

q:=q®C: E¥:(Ec/Sc) — Efn(Eo,c/Se) is the quotient map.

If S’pg/fx() = 0, we have by lemma 1 applied to fx : Yo — T° XA = ce(\) with A €

F”H2p 1(3)@0, ) where C C Tg is a smooth transversal slice, hence dim(C) = 1 and Yc is
smooth such that C'N S¢ = {t} and

VEQ) = e (VEN), VEQ) € B e, (Vro o/ TE)
with
ce = (cesce) : (ERpe(Vre /T, F,W), (R fxu 0 TeQygy W), a(Vzo))
= (EBR(E/S), FW), (B (fx 0ig).Qezn, W), a(£4))
We have for each t' € S(C), the isomorphism

o) SN
Deardi= 2FpH2p(E](C ' Q) FP GI‘ H2p 2((y(c C/\E) )L>

FpGr2pH123p 10’@ch) FP Gry H2p 1(y<cc” Q)

where C' C Tg is a smooth transversal slice, hence dim(C’) = 1 and Y- is smooth, such that
C'NSc = {t'} and Yoo € PSmVar(C) is a smooth compactification of Ve, the last equality follows
from excision (note that E is proper). Hence, assuming the Hodge conjecture for smooth projective
varieties of dimension less or equal to d — 1,

VE(N) € Gy B 5. (Vo c/TQ), VE(N) = ce(VE(N) C Efp(Eoc/Sc) € Griy Efn(Ec/Sc)

are defined over Q and its Galois conjugates are also components of the locus of Hodge classes,
since dim(Ey) =d — 1 for I C [0,--- ,7] such that cardl = 2.

Consider now the case where Spg 7 (A) # 0. We have,

Spe; e (Vs (A) = V5(Spe 7, (A) = VE, (Spe (M) np~'(Se) C EQDPR,VS (Yroc/T¢)
where p := p® C : EZ? DRV (Vro,c/TQ) — T¢ is the projection (the first equality is obvious since
Spg Jix is a morphism of variation of mixed Hodge structures over S, whereas for the second equality
the inclusion D follows from [6] lemma 2.11 which state the invariance of A under the monodromy
Im(m1 (p(VE (X)) N D*) = w1 (D%)), (D, D*) = (T, T \SE")).
But by [5] theorem 1, the Hodge conjecture holds for projective hypersurfaces hence
V%D(Spg/fx (\) C Ei)pR(yT°7C/TE)
is defined over Q and its Galois conjugates are also components of the locus of Hodge classes. Hence,
VEX) = ala™ (VE(N) = a(VE(Y) € EFgR(Eoc/Sc)

is an algebraic subvariety defined over Q and its Galois conjugates are also components of the locus
of Hodge classes, where the second equality follows from the fact that Sp, ix (A) # 0 and the fact

that Spg/fx (sz—lE?:)pR(&c/SC)) = 0.

The fact that V&(\) C B, (Eoc/Se) is defined over Q and its Galois conjugates are also components of
the locus of Hodge classes gives, by [4] theorem 4,

\=[Z] € H**(E{™,Q), with Z € ZP(Ey).

Since p € Z and A\ € FPH?P(E$™, Q) are arbitrary, the Hodge conjecture holds for Ey. Proposition 1(ii)
and the fact that the Hodge conjecture is true for smooth projective varieties of dimension less or equal
to d — 1 by induction hypothesis then implies that Hodge conjecture holds for X, since X is birational
to Fo and X, Ey € PSmVar(C) are connected of dimension d. O
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