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Abstract

We prove by induction on dimension the Hodge conjecture for smooth complex projective varieties.
Let X be a smooth complex projective variety. Then X is birational to a possibly singular projective
hypersurface, hence to a smooth projective variety Eo which is a component of a normal crossing
divisor E = U/_oE; C Y which is the singular fiber of a pencil f : Y — A’ of smooth projective
hypersurfaces. Using the smooth hypersurface case ([5] theorem 1), the nearby cycle functor on mixed
Hodge module with rational de Rham factor and the induction hypothesis, we prove that a Hodge
class of Ey is absolute Hodge, more precisely the locus of Hodge classes inside the algebraic vector
bundle given the De Rham cohomology of the rational deformation of Fy is defined over Q. By [4]
theorem 4, we get the Hodge conjecture for Fy. By the induction hypothesis we also have the Hodge
conjecture for X.
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1 Introduction

The main result of this article is an inductive proof of the Hodge conjecture using the results of [4] and
[5]. More precisely, assuming the Hodge conjecture for smooth projective varieties of dimension less or
equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth projective varieties
of dimension d is a birational invariant (proposition 1). On the other hand, if X is a connected smooth
projective variety of dimension d, then X is birational to a possibly singular hypersurface Yy, C P(‘éﬂ of
degree Ix := deg(C(X)/C(z1,- -+ ,z4)). Consider

f:Y =V(f) cPLt x P(lx) — P(lx)

the universal family of projective hypersurfaces of degree lx, and Ox € P(Ix) the point corresponding
to Yp,. Denote A C P(lx) the discriminant locus parametrizing the hypersurfaces which are singular.
Let § :=0x? C P(ix) the Q-Zariski closure of Ox inside P(lx). If Yy, is smooth, then X satisfy the
hodge conjecture since Yy, satisfy the Hodge conjecture by [5] and by the induction hypothesis since X



is birational to Yy, . Hence, we may assume that Yy, is singular, that is Ox € A. Then, S C A since
A C P(ly) is defined over Q. Let T' C P(lx) an irreducible closed subvariety of dimension dim(S) + 1
defined over Q such that S C T and T := T N (P(Ix)\A) # (). Since there always exists subvarieties of
P(Ix)\A of arbitrary dimension defined over Q which are not weakly special (take complete intersections
which intersect A transversaly), we may assume that 7' C P(Ix)\A is not contained in a weakly special
subvariety. We have then TN A = SU S’ where S’ C A is a divisor. We then consider the family of
algebraic varieties defined over Q

Fxeax)T?

fx 1 Vpo = VY, T°

where

z IFx
o fx : = Yk % T with € : ( ) ( » Y5 U Vg ) is a desingularization over Q, in

partlcular & =&U&" with & = U_ f
particular Yp = Vi,

xS ) C Y which is a normal crossing divisor, in

e S C S is the open subset such that S_is smooth and fX X5 S Ei = Nier&; — S is smooth
projective for each I C [0,...,r], T° C T is an open subset such that T°NA =S and T° :=T°NT
is smooth,

e t € S(C) is the point such that V¢, = Yo, and € : Ey := &,ct — Yo is surjective, in particular
Ey is birational to Yp, , hence Ey is birational to X.

Assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1, we
then prove the Hodge conjecture for the F;, more specifically for Ey as follows : Let p € Z. By the hard
Lefchetz theorem on H*(Ey), we may assume that 2p < d. We then have then a morphism of mixed
Hodge module over S (in fact of geometric variation of mixed Hodge structures over S) given by the
specialization map

SPe/fy  Bitig(€/8) = H* s Enag(Vre /T),

whose de Rham part are morphism of filtered vector bundle over S with Gauss-Manin connexion de-
fined over QQ, and whose kernel of the part supported on & is supported a closed subset F C & with
codim(Fy, &) = 1 for all ¢ € S(C). The fact that the kernel is supported on a closed subset of codi-
mension one on fibers follows from the fact that H2*~!(Y;,Q) = 0 = H;? (), by the weak Lefchetz
theorem since Y; and Yy are projective hypersurfaces (2p < d). Consider the exact sequence of variation
of mixed Hodge structure over S

(i Jo<i<ri=
0 — Wap_ 2EHdg(5/S) - E?fpdg(g/s) Hdg(g /S) —

It induces the exact sequence of presheaves on S,

HL*P?(E:/Sc) 5 @l_HL?P(&¢/Sc) <
T(Wap—2 Egfyy(Ec/Sc)) := Bxt! (QF "7, Wap2 By (€c/Sc))  Ext! (Q5"7, B, (Ec/St))

where HL?P(Ec/Sc) C Efn(Ec/Sc), HL?PP(Eic/Sc) C Es(Eic/Sc) are the locus of Hodge classes.
Let A € FPH?P(ES"™, Q), where we recall Eg = & ¢ ;. Consider then A € H*(E, Q), such that g(\) = A,
;nd A= 5pg, 5 (N) € Sppypi (H?P(E* Q)), Since the monodromy of R2pr*Q§];D£ is irreducible, we
ave
Spe,j (kerq) := Sps/fX(W2p72E§)pR(5/S)) =

The locus of Hodge classes passing through A

VE(N) = Vs(\) N FPEY, (Eo.c/Sc) C Efp(Eo,c/Sc),



inside the De Rham vector bundle of fX oig, : &g — S thus satisfy

SPe; iy (¢ (V) = Vg(Spg/fx(:\)) C Ei)pR,vs (Ve c/TE),
where

e Vs(\) C EXn(Eoc/Sc), Vs(A) € EFn(Ec/Sc), are the flat leaves, e.g. Vg(\) := ms(A x S&")
where mg : H?P(E®",C) x S&" — E27*"(Ec/Sc) is the morphism induced by the universal covering
ms  SE" — SE,

e ¢:=q®C:E¥;(Ec/Sc) — Efy(Eoc/Sc) is the quotient map.

Now,

e if Spg s (A) = 0, assuming the Hodge conjecture for smooth projective varieties of dimension less

or equal to d — 1, V&(X) € E#,(Ec/Se) is an algebraic subvariety defined over @ and its Galois
conjugate are also components of the locus of Hodge classes,

o if Spp/sy (5\) # 0, by [5] theorem 1, the Hodge conjecture holds for projective hypersurfaces, hence

Spe 7 (VE(N) = VE(SPe 7, (V) = Vi (Spi/ 15 (V) N0 (S) C Epy (Vo 2/ TE)

is an algebraic subvariety defined over Q and its Galois conjugate are also components of the locus
of Hodge classes, where the second equality follows from [6] lemma 2.11.

Hence, V() C E2Dp »(Eoc/Sc) is an algebraic subvariety defined over Q and its Galois conjugate are also
components of the locus of Hodge classes. By [4] theorem 4, we get

\=[Z] € H(E§",Q), Z € 2¥(Ey).

We recall the key point is that since V&(\) € Eff(Eoc/Se) is an algebraic subvariety defined over Q and
its Galois conjugate are also components of the locus of Hodge classes, we have for each 6 € Aut(C, Q),

0()) € Gal(Q,Q)(VE(N)g) C EFp(Eac.a/Sc.0),

which implies that 6(\) € H**(Eg’, Q) C H*(Eg%,C), that is A € H**(E§", Q) is absolute Hodge and
we apply [4] corollary 1. Since p € Z and A € FPH*(E§",Q) are arbitrary, this proves the Hodge
conjecture for Fy. Since X is birational to Ey, the Hodge conjecture for Ey and the induction hypothesis
implies the Hodge conjecture for X.

I am grateful to professor F.Mokrane for help and support during this work.

2 Preliminaries and notations

2.1 Notations
e Denote by Top the category of topological spaces and RTop the category of ringed spaces.
e Denote by Cat the category of small categories and RCat the category of ringed topos.

e For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/ X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, f'), (Y, f)) consists of
g:Y’ =Y in S such that fog= f'.

e Let (S,05) € RCat a ringed topos with topology 7. For F' € Cog(S), we denote by k : F — E (F)
the canonical flasque resolution in Co4(S) (see [3]). In particular for X € S, H*(X, E.(F)) =
H* (X, F).



e For f: 8 — S a morphism with §,8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— f*i=HIT(S, koad(f*, f.)(F)) : H/(S,F) — HI(S', f*F),
— f* = HIT(S,koad(f*™°d f)(F)) : H/ (S, F) — H/(S', f*modF),

the canonical maps.

e Form: A — B, A,B € C(A), A an additive category, we denote ¢(A4) : Cone(m : A — B) — A[1]
and ¢(B) : B — Cone(m : A — B) the canonical maps.

e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). We denote by PSch C Sch the full subcategory of proper schemes. For a field k, we
consider Sch /k := Sch / Speck the category of schemes over Spec k. The objects are X := (X, ax)
with X € Sch and ax : X — Speck a morphism and the morphisms are the morphisms of schemes
f: X" — X such that foax, =ax. We then denote by

— Var(k) = Sch’* /k C Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) c QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

e Denote by AnSp(C) C RTop the subcategory of analytic spaces over C, and by AnSm(C) C AnSp(C)
the full subcategory of smooth analytic spaces (i.e. complex analytic manifold).

e For X € Var(k) and X = U;erX; with 4; : X; < X closed embeddings, we denote X, €
Fun(A, Var(k)) the associated simplicial space, with for J C I, iry : X5 := N1 X; = Xy := Nies X
the closed embedding.

e Let (X,0x) € RTop. We consider its De Rham complex Q% := DR(X)(Ox).

— Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its
De Rham cohomology H},,(X) := H/ (X, Q%).

— Let X € Var(k). Considering its De Rham complex Q% := Q% := DR(X/k)(Ox), we have
for j € Z its De Rham cohomology HY, 5(X) := H’(X,Q%). The differentials of Q% := Q% /i
are by definition k-linear, thus H (X)) := H7 (X, Q%) has a structure of a k vector space.

— Let X € AnSp(C). Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z
its De Rham cohomology HY,p(X) := H/ (X, Q%).

e For Y € Var(Q) and X = V(I) = V(f1,..., fr) C Y, we consider X = V(I) = V(f1,...,fr) C
Y x A the canonical rational deformation, where

if f= Z arxyt -zt € Cla, ..., zy),
IC[1,...,d]"

f: Z afx?l"'xzn EQ[(GI)IC[I ..... d]"uxlw"axn]'

e For X € AnSp(C), we denote a(X) : Cx — Q% the embedding in C(X). For X € AnSm(C),
a(X): Cx — Q% is an equivalence usu local by Poincare lemma.



e We denote I" := [0,1]" € Diff(R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex

* (X, R) := (ZHomme, (", X)¥) ® R

sing
and for | € Z its singular cohomology Hiing(X, R) := H"C},, (X, R). For f: X’ — X a continuous
map with X, X’ € Top, we have the canonical map of complexes

f7 Clng (X, R) = Cgg (X, R) 0= [0 = (y = o(f o))
In particular, we get by functoriality the complex

C;(,RsingECR(X)7 (UCX)H 3 (U7R)

sing
We recall that

— For X € Top locally contractible, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx + BRx = C%, is by definition an equivalence top local and that we get by the small

(X, R).

Rsing
chain theorem, for all | € Z, an isomorphism H'cx : H'(X, Rx) = HY,,
— For X € Diff(R), the restriction map

ry ZHomDiH(R)(H*,X)V = Ch.(X,R), w— w: (¢ — w(d))

sing
is a quasi-isomorphism by Whitney approximation theorem.

e Let S € AnSm(C) and L € Shv(S) a local system. Consider £ := L ® Og € Vectp(S) the
corresponding holomorphic vector bundle with integrable connection V. Let mg : S — S be the
universal covering. Consider the canonical fiber

Lo :=T(S,n5L) = T(S, 75" E)V.
For A € Ly, we will consider the flat leaf
Vs(\) :=n5(AXx 8) CE, 75 : Lo x S = E, ms(v, z) = (v(2),75(2)).

Note that for t € S, Vg(\) Npg'(t) = m1(S,t)()\) is the orbit of A under the monodromy action,
where ps : F — S is the projection.

2.2 Birational projective varieties and Hodge conjecture

In this subsection, we recall that assuming the Hodge conjecture for smooth projective varieties of di-
mension less or equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth
projective varieties of dimension d is a birational invariant :

Proposition 1. (i) Let X € PSmVar(C) connected of dimension d. Let € : Xz — X be the blow up of
X along a smooth closed subvariety Z C X. Assume the Hodge conjecture hold for smooth complex
projective varieties of dimension less or equal to d — 1. Then the Hodge conjecture hold for X if
and only if it hold for X .

(i1) Let X, X' € PSmVar(C) connected of dimension d. Assume the Hodge conjecture hold for smooth
complex projective varieties of dimension less or equal to d — 1. If X is birational to X', then the
Hodge conjecture hold for X if and only if it hold for X'

Proof. (i): Follows from the fact that
(¢, @frim((-)-h71) + HY(X, Q) @ i H (B, Q) » H"(X2,Q)

is an isomorphism of Hodge structures for each k € Z, where ¢ = codim(Z, X), ig : E — X is the closed
embedding, ¢ g : £ — Z being a projective vector bundle.

(ii):Follows from (i) since if 7 : X° — X’ is a birational map, X° C X being an open subset, then X is
connected to X’ by a sequence of blow up of smooth projective varieties with smooth center by [1]. O



2.3 A family of smooth projective hypersurfaces associated to a smooth pro-
jective variety

In this subsection, we recall that given a smooth complex projective variety X, there exists a family
of smooth complex projective hypersurfaces which degenerates into a normal crossing divisor with one
irreducible component birational to X.

Proposition 2. Let X € PSmVar(C) connected of dimension d. Then there exists a family of smooth
projective hypersurfaces fx : Y — AL with

e Y € SmVar(C), fx flat projective,
o YV, = f)}l(s) - ]P)gJrl for s € AE\O are smooth projective hypersurfaces,

o £ = f)}l(()) = U_oE; = ¢ (Yo) C Y is a normal crossing divisor, where Y, C ]P)fé"H is a
possibly singular hypersurface birationnal to X, € : (Y, E) — (Y',Yy) a desingularization, and Eqy is
birational to X,

Proof. See [2] lemma 1.5.8 . It use the fact that X is birational to a possibly singular projective hyper-
surface Y; and consider the desingularization of a generic pencil f% : Y’ = V(f) C Péﬂ x Af — Al
passing through Yy and fx = f% oe. O

2.4 The nearby cycle functor and the specialization map

Recall from [3] that for & C C a subfield and S € Var(k) quasi-projective, and [ : S — S a closed
embedding with S € SmVar(k), we have the full subcategory

2 MHMy, g (S) < PShpfi.s(S) x1 P(SE")

consisting of geometric mixed Hodge module whose De Rham part is defined over k, where, using the

fact that the V-filtration is defined over k, PShp(1,0)fi1,5(S) X1 Pri(Sg") is the category

e whose objects are (M, F,W), (K, W), a) where (M, F,W) is a filtered Dg module supported on S,
where [ : S < S is a closed embedding and S € SmVar(k), (K, W) is a filtered Perverse sheaf on

Sg, and a: L (K, W) ® C — DR(S)((M, W)®") is an isomorphism in D z; (SE").
e whose morphism between (M, F, W), (K,W),«) and (M', F,W), (K’',W), ), are couples of mor-
phisms (¢ : (M, F,W) — (M',F,W),¢ : (K,W) — (K',W)) such that ¢ o = o’ 0 1.

Then, by [3], we get for S € Var(k) quasi-projective and [ : S — S is a closed embedding with S €
SmVar(k) an embedding

L D(MHMk)qm(S)) — Dpfi[)s(S) Xr D(SE")
consisting of mixed Hodge module whose De Rham part is defined over k, where DD(LO)M)S(S‘) X I
Dyi1 o(SE") is the category

e whose objects are ((M,F,W),(K,W),«) where (M, F, W) is a complex of filtered D5 module sup-
ported on S, (K, W) is a filtered complex of presheaves on S&" whose cohomology are constructible

sheaves, and o : [, (K, W) ® C — DR(S)((M,W)*") is an isomorphism in D f; (S&").
e whose morphism are given in [3],

We have then the six functors formalism :

D(MHMy gm(—)) : Var(k) — TriCat, S — D(MHMj, gn(S)), (f: T = §) —
(f*, f<) : D(MHMj, gm(S)) = D(MH My gin(T)), (fi, f') : DIMH My gin(T)) = D(MH My, g (S5))



and for D C S a (Cartier) divisor the nearby cycle functor

Yp : D(MH My, 4m/(S)) = D(MHMjy, g (D)),
wD((Mv F, W)a (Kv W),OA) = (wD(Mv F, W)awD(Ka W)J/JD(O‘))

For T € Var(k) and €, : Te — T a desingularization with T, € Fun(A, SmVar(k)), we have
ngg = a;HngHdg = (eo*Ezar (OT. , B W), €ox sy (ZT;”L ) W); Q(To))

For f: X — S a projective morphism with X, .S € SmVar(k), we denote
Bnay(X/S) = £.25% = ([ F(Ox.F). Rf Zixgr foa(X)) € DOTHMy g (5)).
For f: X — PN x S & S a projective morphism with X, S € Var(k), S smooth, we denote
Erag(X/S) i= f.21199 .— ( / TH99(Opx .5, F), RfZxan, fo0(X)) € DOMHMy, g (S)).
P

We then have the specialization map :
Definition-Proposition 1. Let k be field of characteristic zero.
(i) Let f': X' — T be a projective morphism with X', T € SmVar(k). Assume that
— fo=f®rT:X°—T° is smooth, T° CT is an open subset,
— Xi=f7YS) Cc X', S:=T\T°. We have by definition X° = X'\ X}.
We have then, see [8], the distinguished triangles in D(MH My gm(Xs)),

ZHdg. ZHdg wxf = (Uxy, (Ox, F),x, Lxo,hx, (X))
(g 70 o(a119)

¢X/ Hdg = COne(pr//XS) —) ZH:g[l]

Applying the functor (f'oix,)«, we obtain the generalized distinguished triangle in D(M H My, g (S))

SPx1 /f::(-foiX’S)*SpX’S/X’

Erag(Xg/S) —=
(f' oixs, Yec(Pxy Load)

(f' o ixy )« (Vx,Z ) YoFErag(X°/T?)
(F'0igs )uc(Z9)
(f' 0 ix) (x5 ZR2) = s Enag(X°/T%) ———"" Epaq(X5/9)[1]

(i)” If for each t € T°(C) we have H*"1(X],Q) = 0 and for each t' € S(C) we have Hf{zll(X’,Q) =0,

then the induced map on cohomology
spxy/f Bliag(X5/S) = H*psEnag(X°/T°)
18 injective.
(ii) Let f: X — T be a projective morphism with X,T € SmVar(k). Assume that

— fOr=f®pT°: X°—T° is smooth, T° CT an open subset

— S:=T\T° E := f~1(S) = Ul_yE; C X is a normal crossing divisor and that for I C [0,...7],
for = f\E; : Er :=NjerE; — S are smooth. We have by definition X° = X\E.



Denote for I C JC0,...7], iy : Ej < Er and i;: Ef — E, igp : E — X the closed embeddings.
In this particular case, c.f. [8], the distinguished triangle in D(MH My, gm(E)) given in (i) become

SPE/X
—_—

234 = 2N = ((10xQe, F, W), (Zg,, W), a(Ey))

c(ypzids

YRZRE = (0% (08 B), W), ¥pZxo, bpa(X))

Hdg
S = Cone(spg,x) <2 ZH[1].
Applying the functor (foig)., we obtain the generalized distinguished triangle in D(M H My, 4m (S))

spp)f=(foir)«spE/x

Erag(E/S) (F 0 i£). (VBZH2) = Vs Buag(X°/(A1\0) x )
AR, (F i) (68 Z2487) = 65 Baaay (X°/(A1\0) x 8)) L7250, gy (/)1

If f = f'oe where e: (X,E) — (X, Xg) is a desingularization, we have spx,/x+ = spg/x © €.

Proof. (i)’:Follows from the exact sequence
o= Hy (X(,Q) = H(Xy, ¢sZxy) a8 H Xy, ¥sZxg) — Hé:’:,l(XICvQ) -

given in [8], where C' C T is a transversal slice to S passing through ¢'. O

3 Hodge conjecture for smooth projective varieties

Theorem 1. Let X € PSmVar(C). Then Hodge conjecture hold for X. That is, if p € Z and \ €
FPH?P(X Q), A = [Z] with Z € ZP(X).

Proof. The Hodge conjecture is true for curves and surfaces. Assume that the Hodge conjecture is true
for smooth projective varieties of dimension less or equal to d — 1. Let X € PSmVar(C) of dimension d.
Up to split X into its connected components, we may assume that X is connected of dimension d. Then
X is birational to a possibly singular hypersurface Yy, C PE™ of degree Ix := deg(C(X)/C(z1,- -+ ,2q)).
Consider

f:Y =V(f) cPL x P(ix) — P(lx)

the universal family of projective hypersurfaces of degree lx, and Ox € P(Ix) the point corresponding
to Yo, . Denote A C P(Ix) the discriminant locus parametrizing the hypersurfaces which are singular.
Let §:=0x2 C P(Ix) be the Q-Zariski closure of 0x inside P(lx). If Yy, is smooth, then X satisfy the
hodge conjecture since Yy, satisfy the Hodge conjecture by [5] and by the induction hypothesis since X
is birational to Yy, by proposition 1(ii). Hence, we may assume that Yy, is singular, that is Ox € A.
Then, S C A since A C P(lx) is defined over Q. Let T' C P(Ix) be an irreducible closed subvariety
of dimension dim(S) + 1 defined over Q such that S C T and T := T N (P(Ix)\A) # (. Since there
always exists subvarieties of P(Ix)\A of arbitrary dimension defined over Q which are not weakly special
(take complete intersections which intersect A transversaly), we may assume that 7' C P(Ix)\A is not
contained in a weakly special subvariety. We have then TN A = S U S’ where S’ C A is a divisor. We
then consider the family of algebraic varieties defined over Q

Fxeax)T®

fx 1 Vpo = VY, T°

where

- T

o fx: YV S Vi T with € : (V,&') — (V5,Ys U Vg ) is a desingularization over Q, in
particular & = EUE"” with £ = U]_,&; = f)}l(S’) C Y which is a normal crossing divisor, in
particular Yr = Vi,

IXpay)



e S C S is the open subset such that S is smooth and fX Xp S0 & = Nier& — S is smooth
projective for each I C [0,...,r], T° C T is an open subset such that T°NA =S and T° :=T°NT
is smooth,

e t € S(C) is the point such that yéﬁt =Yy, and & : Ey := &y,cr — Yo, Is surjective, in particular
Ey is birational to Yy, , hence Ey is birational to X.

Denote for I C [0,...,s], 47 : & — E and for I C J C [0,...,s], iy : €5 — & the closed embeddings.
Then, ie : £ — £ in Fun(A, Var(Q)) is a simplicial resolution with & € Fun(A, SmVar(Q)). We have
then

Erag(€/S) := (fX o iO*EzaT(Q;,‘./Sv By, W), (fX © lox Eysu (foﬂév W)), fo iext(&)) € D(MHMg,gm(S))

/

Then, definition-proposition 1 applied to fr = f Xp(y) T - — T° gives the distinguish in

To
D(M H Mg, g (S)),
Spyr ¢ ::(f';(oiy/ )« 5Dy /v,
Brag(Vs/S) —— % $sErag (Vo /T°)
(froiyy )«c(tyr Z77) (froiy,, )*c(zgg)g

b5 Erag(Vre /T?) Enag(Vs/S)[1]

and definition-proposition 1 applied to fy : Vio — T° gives the distinguish in D(M H Mg, gm (S)),

S;Dg/fxiz(fXOis)*Sps/y

Erag(€/5) s Errag(Yro /T
(Fxoig)c(peZy®) (Fxoig)wc(zd
T b5 Brrag (Vo JT) ———— s Bpaq(€/S)[1]

and Spg/f-x oe* = Spy.,/fr- Let p € Z. By the hard Lefchetz theorem on H*(Ep), we may assume that
2p < d. Taking the cohomology to this distinguish triangle, we get in particular, for each p € Z, the
maps in M HMg, gm(S)

o Spy /i Eifyy(Vs/S) = H*$sEpag(Vro /T°))
¢ Spf/fx : E?fdg(é’/S) — H*psEpay(Vro /T°).

The map Spyls /fr is injective by definition-proposition 1(i)” and the weak Lefchetz theorem since for
t' € T°(C) and t” € S(C), Y}, and Y/, are projective hypersurfaces. For A € H*?(£§¢ ,,,Q), t' € S(C),
we consider 7g : S&" — S&" the universal covering in AnSm(C) and

Vs(A) == ms(A x S&") € Efi™(€oc/Se)
the flat leaf induced by the universal covering (see section 2.1) and
VE(N) = Vs(\) N FPEZR(Eo,c/Se) C Efg(oc/Sc),

which is an algebraic variety by [6]. Note that V&(X) C HLP-?P(£y ¢/Sc) is the union of the irreducible
components passing through \. Similarly, for n € H?P( &1, Q), t' € S(C), we consider g : SE" — Sg"
the universal covering in AnSm(C) and

Vs(n) := ms(n x Sg") C EF" (Ec/Se)
the flat leaf induced by the universal covering (see section 2.1) and

V(1) := Vs(n) N FPER,(Ec/Sc) C EXg(Ec/Se).



We have
H? Epag(Vre /T°) = (EDr(Vre /T°), F), R* fxiZyyo, fxsa(Vre)) € M HMg,gm(T°)
By [8], the filtered vector bundle
(ERp(Vre/T°), F) = H* [x.Eoar ()., 7o) € Vectpa(T°)
extend to a filtered vector bundle
(ERs v (V1o /T), F) i= H? fx.E.qp (05, , /70 (10g €)) € Vectp s(T°)
such that
H*"5Epag(Vre /T°) = (15" By ve V1o /T), F), (s B fx s Zyo, W), s fxwa(Vro)).

For
o€ HP (YU, Q) = HP (2", s Rfx+«Qy,. ), t' € Sc,t" € T°(C),

we consider

Tro

o mpo 1 T — T2 the universal covering in AnSm(C), the factorization 7g : SE* — T 1%
T and

Vo (@) := mro (o x T™) € ERE" (Vro,c/T¢)
the flat leaf (see section 2.1) and

Vi (@) := Vo (@) N FPER (Vre o/ T8) C ERp(Vrec/TE),
which is an algebraic subvariety by [6],

o 5 : SE — S&" the universal covering in AnSm(C) and
Vs(a) :=mg(a x S&) C HPYsEpr(Vro.c/T)™
the flat leaf (see section 2.1) and
Vi(a) = Vs(a) N FPHPps Epp(Vroc/T2))™ C H*¥sEpp(VpocTE)™

Consider the exact sequence of variation of mixed Hodge structure over S

0= Wap-2 B3, (E/S) = B, (€/8) “25h 1 (B, (6/5) — 0
It induces the exact sequence of vector bundles over S

0= Wap 2 ERR(E/S) = ERR(E/S) Lidosisriza, Do ERR(€:/S) = 0
and the exact sequence of presheaves on S&™

HL*?(E:/Sc) & @l_HL*"P(&;c/Sc) <
T(Wap—2 By, (Ec/Sc)) = Ext (Q4 ", Wap—2E3fy, (Ec/Sc)), % Ext' (QG Y, Way o B (Ec/Sc))

where HL?P(Ec/Sc) C Efn(Ec/Sc), HL*PP(Eic/Sc) C EXs(Eic/Sc) are the locus of Hodge classes.
Let A € FPH?P(EZ"™, Q), where we recall Ey = &y ¢ ¢. Consider then \ € H2P(E‘m7 Q), such that g(\) = A,
ind A= Spe . (A) € SpEy 1y (H?P(E“", Q)), Since the monodromy of R? pr*QyTo . is irreducible, we
ave
Spg/fx (ker q) = Spg/fx (W2p72E?)pR(5/S)) =0
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The locus of Hodge classes passing through A

VE(A) = Vs(A\) N FPEZy(€o,c/Se) C Epg(oc/Se),

inside the De Rham vector bundle of fX oig, : &g — S thus satisfy

S 7 (™ (VEON) = VB (Spg 7, (V) € By (Vo o/ TE),

where

Now,

Vs(\) € EZ,(Eoc/Sc), Vs(A) C EXn(Ec/Sc), are the flat leaves, e.g. Vg(\) = ms(A x S&)
where g : H2P(E®", C) x S&* — E"(Ec/Sc) is the morphism induced by the universal covering
ms : SE" — SE,

q:=q®C: E¥:(Ec/Sc) — Efn(&o,c/Se) is the quotient map.

if Spg/fx(:\) =0, since Spg 5, o€ = Spyo/f& and Spyo/ﬂ( is injective, we have Ay = kg Ay with
A € FPH;’;’H( ¢, Q), where k : F — & is the exceptional locus of € : & — ) (note that € :
H?P(Y§h, Q) — H?P(E3", Q) is injective by Poincare Lefchetz duality), hence, assuming the Hodge
conjecture for smooth projective varieties of dimension less or equal to d —1, VE2(\) € E5(Ec/Sc)
is defined over Q and its Galois conjugates are also components of the locus of Hodge classes,

if Spg) 7, (A) # 0, we have,

Spe )7 (V5 (V) = VE(Spe 7, (V) = Vi (Spg 7, (V) Np~H(SE) C ER vy (Vroc/TR)

where p : E%pR vo Yroc/TE) — T¢ is the projection (the first equality is obvious since SPe/jy 18
a morphism of variation of mixed Hodge structures over S, whereas for the second equality the
inclusion D follows from [6] lemma 2.11 which state the invariance of A under the monodromy

Im(71 (p(Vio (\)) N D*) = m(D*)), (D, D*) — (T2, TZ™\S¢"))
but by [5] theorem 1, the Hodge conjecture holds for projective hypersurfaces hence
V%o(Spg/fX () € Ei)pR(yT"yC/Té)

is defined over Q and its Galois conjugates are also components of the locus of Hodge classes, hence
V&) C E »(Ec/Sc) is defined over Q and its Galois conjugates are also components of the locus
of Hodge classes,

Hence V(X)) C E]%p »(Eoc/Sc) is defined over Q and its Galois conjugates are also components of the
locus of Hodge classes. Thus, by [4] theorem 4,

\=[Z] € H**(E§™,Q), with Z € ZP(Ey).

Since p € Z and A € FPH?*P(E§",Q) are arbitrary, the Hodge conjecture holds for Ey. Proposition 1(ii)
and the fact that the Hodge conjecture is true for smooth projective varieties of dimension less or equal
to d — 1 by induction hypothesis then implies that Hodge conjecture holds for X, since X is birational
to By and X, Fy € PSmVar(C) are connected of dimension d. O
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