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Abstract

We prove by induction on dimension the Hodge conjecture for smooth complex projective varieties.
Let X be a smooth complex projective variety. Then X is birational to a possibly singular projective
hypersurface, hence to a smooth projective variety Eo which is a component of a normal crossing
divisor E = U/_oE; C Y which is the singular fiber of a pencil f : Y — A’ of smooth projective
hypersurfaces. Using the smooth hypersurface case ([5] theorem 1), the nearby cycle functor on mixed
Hodge module with rational de Rham factor and the induction hypothesis, we prove that a Hodge
class of Ey is absolute Hodge, more precisely the locus of Hodge classes inside the algebraic vector
bundle given the De Rham cohomology of the rational deformation of Fy is defined over Q. By [4]
theorem 4, we get the Hodge conjecture for Fy. By the induction hypothesis we also have the Hodge
conjecture for X.
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1 Introduction

The main result of this article is an inductive proof of the Hodge conjecture using the results of [4]
and [5]. More precisely, assuming the Hodge conjecture for smooth projective varieties of dimension
less or equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth projective
varieties of dimension d is a birational invariant (proposition 1). On the other hand, if X is a connected
smooth projective variety of dimension d, there exists (see proposition 2) a family of smooth projective
hypersurfaces fx : Y — A{ with

e Y a smooth complex algebraic variety, fx flat projective,
o Yy = f'(s) C P! for s € AL\ {0} are smooth projective hypersurfaces,

o F .= f)}l(O) =Ul_,E; = e }(Yy) C Y is a normal crossing divisor, Yy C Péﬂ is a possibly singular
hypersurface birational to X, e: (Y, E) — (Y’,Y}) is a desingularization and Ej is birational to X.



Assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1, we
then prove the Hodge conjecture for the E;, more specifically for Fy as follows : We consider its canonical
rational deformation fx : ) — Aqll x S with

e ) a smooth algebraic variety over Q, S C Af an open subset, fX flat projective
o Y = fil (AL x {t}), fx = fx xs {t}, with t € S(C)

o £ =U_y& = fx' ({0} x S) C Y is a normal crossing divisor, fx, : & = Nier& — S smooth
projective for each I C [0,...,7], &c = E,

o fx xa1 (AN\0): Y0 — Aé\ {0} has fibers which are smooth projective hypersurfaces.

Let p € Z. By the hard Lefchetz theorem on H*(Ep), we may assume that 2p < d. We then have then a
morphism of mixed Hodge module over S (in fact of geometric variation of mixed Hodge structures over
S) given by the specialization map

SPe e Bty (€/S) = HP®0Enag(V°/(AY)\ {0}) x 5)),

whose de Rham part are morphism of filtered vector bundle over S with Gauss-Manin connexion de-
fined over QQ, and whose kernel of the part supported on & is supported a closed subset F C & with
codim(Fy, &) = 1 for all ¢ € S(C). The fact that the kernel is supported on a closed subset of codi-
mension one on fibers follows from the fact that H2~!(Y;,Q) = 0 = H;? (), by the weak Lefchetz
theorem since Yy and Yy are projective hypersurfaces (2p < d). Consider the exact sequence of variation
of mixed Hodge structure over S

0— WZpﬂE?fdg(g/S) - E?{pdg(g/‘g) Liosierma, @zr:oE?fdg(&'/S) — 0.
It induces the exact sequence of presheaves on Sg",

HL#P(Ec/Sc) % &7 HL#?(Eic/Sc) =
J(Wap 2B, (Ec/Sc)) = Ext! (QE™, Way -2 E3fy, (Ec/Se)) 4 Ext!(QE™, B}, (€c/5c))

where HL?P(Ec/Sc) C Efn(Ec/Sc), HL?PP(Eic/Sc) C EXs(Eic/Sc) are the locus of Hodge classes.
Let A € FPH?P(E™, Q), where we recall Ey = & ¢ ¢ Consider then

o \ € H?(E™,Q), such that ¢(\) = X, and X := Spg/ s, (\) € Spg sy (HP(E™,Q)),

e \p € FPH?(E* C), such that ¢(Ar) = A, and since S is affine y € '(S¢, FPE7,(Ec/Sc)) such
that p(t) = Ap,

o é(\) == [A—p] € T(S&", Wap 2 EFy . (Ec/Sc)/FP @ Vg).

The locus of Hodge classes passing through A inside the De Rham vector bundle of fX oig, : & — S is
thus by the above exact sequence an union of two components

VE(A) = ms(A x SE") N FPER, (So.c/Sc) = q(VE(X) Ups . v(V(EN)) C Efg(€o.c/Sc),
where

o7 H (B C) x S&" — EP#"(Ec/Sc) is the morphism induced by the universal covering
ms : SE" — SE,

o ps.Epay : Vs(A) C EX:"(Eo.c/Sc) — Sc, where V() := mg(\ x S&") C EX3"(Eo,c/Sc) is the
flat leaf,



Now,

q:=q®C: E¥:(Ec/Sc) — Efn(Eo,c/Se) is the quotient map.

if Spgp/¢c (A) = 0, assuming the Hodge conjecture for smooth projective varieties of dimension less
or equal to d—1, VE(X) C E%pR(EC/Sc) is an algebraic subvariety defined over Q, if Spg/ s, (A) # 0,
by [5] theorem 1, the Hodge conjecture holds for projective hypersurfaces, hence

SPe ) fx (Vs(N) = VZ()Al\O)XS(SpE/fX (M) Np (0 x Sc) C E%JpR,VO (Vc/(At x Sc))
is an algebraic subvariety defined over Q, where the equality follows from [6] lemma 2.11,
assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1,
V(e(N) C S

is an algebraic variety defined over Q, since €(A\)(¢') = 0if and only if (X)'—u(t’) € Wap_oH?*(Ec v, C)
is an Hodge class where (A) € mg({t'} x A).

Hence, V2(\) C E775(Eoc/Sc) is defined over Q. By [4] theorem 4, we get

\=[Z] € H*(E",Q), Z € ZP(Ep).

Since p € Z and X\ € FPH?P(E$™, Q) are arbitrary, this proves the Hodge conjecture for Ey. Since X is
birational to Fy, the Hodge conjecture for Ey and the induction hypothesis implies the Hodge conjecture
for X.

I am grateful to professor F.Mokrane for help and support during this work.

2 Preliminaries and notations

2.1

Notations

Denote by Top the category of topological spaces and RTop the category of ringed spaces.
Denote by Cat the category of small categories and RCat the category of ringed topos.

For § € Cat and X € S, we denote S/ X € Cat the category whose objects are Y/X := (Y, f) with
Y eSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, f'), (Y, f)) consists of
g:Y" =Y in S such that fog=f'.

Let (S,0g) € RCat a ringed topos with topology 7. For F' € Co,(S), we denote by k : FF — E.(F)
the canonical flasque resolution in Co4(S) (see [3]). In particular for X € S, H*(X, E,(F)) =
H* (X, F).

For f : 8’ — S a morphism with S,8’ € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— f* = HIT(S,koad(f*, fu)(F)) : HI(S, F) — H/(S', f*F),
— f* = HIT(S,koad(f*™°d f)(F)) : B/ (S, F) — H/(S', f*modF),
the canonical maps.

Form: A — B, A,B € C(A), A an additive category, we denote ¢(A) : Cone(m : A — B) — A[l]
and ¢(B) : B — Cone(m : A — B) the canonical maps.



e Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). We denote by PSch C Sch the full subcategory of proper schemes. For a field k, we
consider Sch /k := Sch / Speck the category of schemes over Spec k. The objects are X := (X, ax)
with X € Sch and ax : X — Spec k a morphism and the morphisms are the morphisms of schemes
f: X" — X such that foax: =ax. We then denote by

— Var(k) = Sch’* /k < Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

e Denote by AnSp(C) C RTop the subcategory of analytic spaces over C, and by AnSm(C) C AnSp(C)
the full subcategory of smooth analytic spaces (i.e. complex analytic manifold).

e For X € Var(k) and X = U;erX; with 4; : X; < X closed embeddings, we denote X, €
Fun(A, Var(k)) the associated simplicial space, with for J C I, ir; : X1 := N1 X; = Xy := Nies X
the closed embedding.

e Let (X,0x) € RTop. We consider its De Rham complex Q% = DR(X)(Ox).

— Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its
De Rham cohomology H}p(X) := H/ (X, Q%).

— Let X € Var(k). Considering its De Rham complex Q% := Q% , := DR(X/k)(Ox), we have
for j € Z its De Rham cohomology HY, »(X) := H’(X,Q%). The differentials of Q% := Q% /x
are by definition k-linear, thus H}(X) := H7 (X, Q%) has a structure of a k vector space.

— Let X € AnSp(C). Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z
its De Rham cohomology HY,,(X) := H/ (X, Q%).

e For Y € Var(Q) and X = V(I) = V(f1,..., f,) C Ye, we consider X = V(I) = V(f1,...,fr) C
Y x Af the canonical rational deformation, where

if f= Z arxyt -zt € Cla, ..., zy),
1Ci

f: Z afx?l"'xzn EQ[(G/I)IC[I ..... d]"uxlw"axn]'

e For X € AnSp(C), we denote a(X) : Cx — Q% the embedding in C(X). For X € AnSm(C),
a(X) : Cx — Q% is an equivalence usu local by Poincare lemma.

e We denote I" := [0,1]" € Diff (R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex

* (X, R) = (ZHomrop(I*, X)¥) ® R

sing

and for [ € Z its singular cohomology HY, (X, R) := H"C}, (X, R). For f: X' — X a continuous

map with X, X’ € Top, we have the canonical map of complexes

0L (X, R) = Ch . (X,R),0— ffo:=(y—a(fory)).

sing sing
In particular, we get by functoriality the complex
O;(,Rsing € CR(X)a (U C X) = s*ing(Ua R)
We recall that



— For X € Top locally contractible, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx @ Bx = CX ggng 18 by definition an equivalence top local and that we get by the small

chain theorem, for all I € Z, an isomorphism H'cx : H'(X, Rx) = Hsling(X, R).
— For X € Diff(R), the restriction map

ryx ZHomDiH(R)(H*,X)V = CL.(X,R), w— w: (¢ — w(d))

sing

is a quasi-isomorphism by Whitney approximation theorem.

2.2 Birational projective varieties and Hodge conjecture

In this subsection, we recall that assuming the Hodge conjecture for smooth projective varieties of di-
mension less or equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth
projective varieties of dimension d is a birational invariant :

Proposition 1. (i) Let X € PSmVar(C) connected of dimension d. Let € : Xz — X be the blow up of
X along a smooth closed subvariety Z C X. Assume the Hodge conjecture hold for smooth complex
projective varieties of dimension less or equal to d — 1. Then the Hodge conjecture hold for X if
and only if it hold for X .

(i1) Let X, X' € PSmVar(C) connected of dimension d. Assume the Hodge conjecture hold for smooth
complex projective varieties of dimension less or equal to d — 1. If X is birational to X', then the
Hodge conjecture hold for X if and only if it hold for X'

Proof. (i): Follows from the fact that
(", ®1ima((=)1'71) : HY(X, Q) & @ H* (B, Q) » H"(X2,Q)

is an isomorphism of Hodge structures for each k € Z, where ¢ = codim(Z, X), ig : E — X is the closed
embedding, € g : E — Z being a projective vector bundle.

(ii):Follows from (i) since if 7 : X° — X' is a birational map, X° C X being an open subset, then X is
connected to X’ by a sequence of blow up of smooth projective varieties with smooth center by [1]. [

2.3 A family of smooth projective hypersurfaces associated to a smooth pro-
jective variety

In this subsection, we recall that given a smooth complex projective variety X, there exists a family
of smooth complex projective hypersurfaces which degenerates into a normal crossing divisor with one
irreducible component birational to X.

Proposition 2. Let X € PSmVar(C) connected of dimension d. Then there exists a family of smooth
projective hypersurfaces fx : Y — AL with

e Y € SmVar(C), fx flat projective,
o YV, = f);l(s) - ]P)fé""l for s € AE\O are smooth projective hypersurfaces,

o E = f'(0) = U_oE; = ¢ Y(Yy) C Y is a normal crossing divisor, where Yy C P& is a
possibly singular hypersurface birationnal to X, € : (Y, E) — (Y',Yy) a desingularization, and Ey is
birational to X,

Proof. See [2] lemma 1.5.8 . It use the fact that X is birational to a possibly singular projective hyper-
surface Y and consider the desingularization of a generic pencil fi : Y’ = V(f) € P& x AL — AL
passing through Yy and fx = f% oe. O



2.4 The nearby cycle functor and the specialization map

Recall from [3] that for k¥ C C a subfield and S € Var(k) quasi-projective, and [ : S S a closed
embedding with S € SmVar(k), we have the full subcategory

vt MHMj,gm(S) = PShp g s(S) x1 P(Sg")

consisting of geometric mixed Hodge module whose De Rham part is defined over k, where, using the

fact that the V-filtration is defined over k, PShp(1,0)fi1,5(S) X1 Pri(Sg") is the category

e whose objects are (M, F, W), (K, W), a) where (M, F, W) is a filtered D5 module supported on S,
where [ : S < S is a closed embedding and S € SmVar(k), (K, W) is a filtered Perverse sheaf on

Sgr,and o L (K, W) ® C — DR(S)((M,W)*") is an isomorphism in D ¢;; (S&™).

e whose morphism between (M, F, W), (K,W),«) and (M', F,W), (K’',W), ), are couples of mor-
phisms (¢ : (M, F,W) — (M',F,W),¢ : (K,W) — (K',W)) such that ¢ o = o’ 0 9.

Then, by [3], we get for S € Var(k) quasi-projective and [ : S — S is a closed embedding with S €
SmVar(k) an embedding

L D(MHMk)gm(S)) — Dpfi[)s(S) X1 D(SE")

consisting of mixed Hodge module whose De Rham part is defined over k, where Dp(j )i, 5(5') X1
Dyi,o(SE") is the category

e whose objects are ((M,F, W), (K, W), «) where (M, F,W) is a complex of filtered D5 module sup-
ported on S, (K, W) is a filtered complex of presheaves on S&" whose cohomology are constructible

sheaves, and o : [,(K, W) ® C — DR(S)((M,W)*") is an isomorphism in Dy, (S&™).
e whose morphism are given in [3],

We have then the six functors formalism :

D(MHMy gm(—)) : Var(k) — TriCat, S — D(MHMj, g (S)), (f: T = §) —
(f*, ) : DIMH My, g (S)) = D(MHMy, gin(T)), (fi, f') : D(MHMp, g (T)) = D(MH My gin(S))

and for D C S a (Cartier) divisor the nearby cycle functor

®p : D(MH My, 4, (S)) — D(MH My, 4, (D)),
(I)D((Mv F7 W)v (K7 W)va) = ((I)D(Mv F7 W)a (I)D(Kv W)v(I)D(a))'

For T € Var(k) and €, : Te — T a desingularization with T, € Fun(A, SmVar(k)), we have
27 = ai MY = (€4 Bear(O1,, F, W), €asBusu(Zgn , W), a(T4))
For f : X — S a projective morphism with X, .S € SmVar(k), we denote
Bnay (X/S) = £.25% = ([ F(Ox.F). Rf Lz, foa(X)) € DOTHMy g (3)).
For f: X < PN x § & S a projective morphism with X, S € Var(k), S smooth, we denote
Binay(X/S) = [.24% i (| T49(Opn 5. F), B L f.0(X)) € DOTH My gn(9))

p

We then have the specialization map :



Definition-Proposition 1. Let k be field of characteristic zero.
(i) Let f': X' — A} x S be a projective morphism with X, S € SmVar(k). Assume that

— fo = f®u (AN\0) : X° — (AN\0) x S is smooth
— Xo:=f"1(0x S) C X'. We have by definition X° = X'\ X,.

We have then, see [8], the distinguished triangles in D(M H My, gm (X0)),

sp
LR = i T =5 By, IR = (B, (Ox1, F), ®x,Zxo, Px, (X))

(@ x, 21 49) (2559
FoTxe ¢EZ’“9 = Cone(spp, x) ——— Z5[1].

Applying the functor (f'oix, )., we obtain the generalized distinguished triangle in D(M H Mj, g (S))

sPxg, 41 =(f 0lxg ) «sPx /X

Erag(Xo/S)
(f/ o iXO)*(q)XOZg(jg) = (I)OEHdg(XO/((Al\O) X S))

(f 0ixy)w(dx0Zxe") = G0 Erag(X°/((A'\0) x 5)) (oixg)-e(25"9),

(floixo)*c((bxozigg)

Erag(Xo/S)[1]

(i)” If for each t € S(C), H*~ 1( Q) =0 forse AENO and HE- 1(XA1X“Q) =0, then the induced
map on cohomology

sDxo/f" ¢ Birag(Xo/S) = H"®oEpaq(X°/((AN\0) x 5))
15 1njective.
(i) Let f: X — A} x S be a projective morphism with X,S € SmVar(k). Assume that
— fo = f®u (AN\0) : X° — (AN\0) x S is smooth

—E = f750x S) = U_yE; C X is a normal crossing divisor and that for I C [0,...7],
for == fig; : Er := Nier By — S are smooth. We have by definition X° = X\E.

Denote for I C J C[0,...7], iyr: Ey = Er and iy : Er < E, ig : E — X the closed embeddings.
In this particular case, c.f. [8], the distinguished triangle in D(MH My, gm(E)) given in (i) become

ng.‘] = Zgzgdq = ((iO*Q.E'vFa W)u (ZE. ’ W)u Oé(E.)) T
Hdg -«mod c(@pzf3?)
OpZyo? = ((ig QX/Alxs(logE) FW), ®pZxo, Ppa(X)) ——

(ZF")

QSEZqu := Cone(spg,x) RizEEN ng‘q[l].

Applying the functor (foig)., we obtain the generalized distinguished triangle in D(M H My, 4m (S))
s :=(foig)«s . °

) T (f o) (@BLEL) = R0Brag(X°/(AN0) x 9))

. ) (Foir)we(2H99)

(f 0 in)+($RZX) = G0 Brag(X°/(AM\0) x S)) ~———"— Enay(E/S)[1].

If f = f'oe where e : (X, E) — (X', Xo) is a desingularization, we have spx, x+ = spg/x © €*.

Erag(E/S

(foir)«c(®rZH2%)

Proof. (i):Follows from the exact sequence

T Hé((,,t(Xz/&lxth) — H'(Xo,t, ¢oZxo

(A1\0) xt

) —%H(XO t,(I)()ZX ) H‘l;[_)lr(XAUd,Q) — e

(A1\0) x t

given in [8]. O



3 Hodge conjecture for smooth projective varieties

Theorem 1. Let X € PSmVar(C). Then Hodge conjecture hold for X. That is, if p € Z and \ €
FPH2 (X, Q), A = [Z] with Z € ZP(X).

Proof. Up to split X into its connected components, we may assume that X is connected of dimension
d. The Hodge conjecture is true for curves and surfaces. Assume that the Hodge conjecture is true for
smooth projective varieties of dimension less or equal to d — 1. Consider by proposition 2 a family of
smooth projective hypersurfaces fx : Y =V (I) C ]P’g x AL = AL with

e Y € SmVar(C), fx flat projective,
o YV, = f)}l(s) C ]P’fé+1 for s € AL\0 are smooth projective hypersurfaces

o F:= f;'(0) =U_yE; = ¢ 1(Yy) C Y is a normal crossing divisor, f5 : Y’ C P& x AL — Al is a
generic pencil of hypersurface passing through a possibly singular hypersurface Yy C ]P’([d;r1 which is

birationnal to X, fx = fxoe where e : (Y, E) — (Y, Y)) is a desingularization, and Ej is birational
to X,

and its canonical rational deformation fx : Y = V(I) C Py x Af x S — Af x S with
e Ve SmVar(Q), S C Ag an open subset, fX flat projective
o V= f' (AL x {t}), fx = fx xs {t}, with t € S(C)

o £ =Ui & = fx'({0} x S) C Y is a normal crossing divisor, fx,o : & = Nier& — S smooth
projective for each I C [0,...,s], Ec. = E,

o fx xa (ANO)Y° — A@\O has fibers which are smooth projective hypersurfaces.
o fx =fkoe withe: (¥,€) = (I, V) and fi : ¥ =V(f) P! x § = 8.
We have by definition the commutative diagram in SmVar(Q)

J

Ve Y £
| B [
AN} x § —F S AL x s < oy xS
whose squares are cartesian, j the open embedding and ig the closed embedding. Denote for I C [0, ..., s],

iy:& = Eandfor I C J C0,...,s], iyr : E; — &1 the closed embeddings. Then, iy : £&¢ — & in
Fun(A, Var(Q)) is a simplicial resolution with & € Fun(A, SmVar(Q)). We have then

Eray(E/S) == (fx o iosBar (8, /5 Fo, W), (fx o iox Busu(Qean, W)), foiea(&)) € D(MHMg gm(S))

Then, definition-proposition 1 applied to f} Y = A(b, x S gives the distinguish in D(MH Mg, gm (S5)),

) Spyo/fX: (.f&oiyo)*sl’yo/y

Erag(Vo/S

re . Hdg
(fé( Otyq )C(‘I’yo Zyo y

Do Er1ag(V°/((AN0) x 9))

(Fx0ivg)sc(Zy,

)y G0 Erag(V°/(A10) x 5) 20y Brrae (Vo) )]

and definition-proposition 1 applied to fx : Y — Aqlz x S gives the distinguish in D(M H Mg, ¢m (5)),

S;Dg/fxiz(fXOis)*S:DE/y

Do Errag(V°/((AN\0) x )

(fxoig)we(Zi™

) G0 Erag(V°/(AN0) x §)) ————— Epay(€/5)[1]

Erag(€/5)

(Fxoie)e(PeZys?



and Spg/];x o€* = Spyo/f&. Let p € Z. By the hard Lefchetz theorem on H*(Fy), we may assume that

2p < d. Taking the cohomology to this distinguish triangle, we get in particular, for each p € Z, the
maps in M HMg gm(S)

® SPyyfx E?fdg(yo/s) = H*®0Eraqg(V°/((Ap\0) x S))

 Spepe t Eimg(E/S) = HP®Epag(¥°/((AH\0) x S)).
The map Spy, /ix is injective by definition-proposition 1(i)’ and the weak Lefchetz theorem since for
t" € S(C) and s € Ag\0, V(s+) and Yo 1 are projective hypersurfaces. For A € H*?(E¢¢ ,,,Q), t' € S(C),
we consider 7g : S’ — SE" the universal covering in AnSm(C) and

Vs(A) := ms(A x S&") C B (Eo,c/Sc)
with
s 8¢ x H(E%,C) = EfE" (€o,c/Sc),
(D,D*) N ( 6, S(%n)7 775(217 . ,Zr,h) — (621‘”21, . ,e2z7rzr,ef(lelerJrer,ﬂ)h)
the flat leaf induced by the universal covering and
VE(N) := Vs(A) N FPEX:(o.c/Sc) C Es(Eoc/Sc),
which is an algebraic variety by [6]. Note that

e Vs(N) Npgl(t) = mi(S&,¢')()\) is the orbit of A under the monodromy action, where pg :
E7.(E0,c/Sc) — S is the projection,

o VE(X) C HLP?P(&yc/Sc) is the union of the irreducible components passing through .

Similarly, for n € H*"(£47,,Q), t' € S(C), we consider 7 : Sgn — S&" the universal covering in AnSm(C)
and
Vs(n) = ms(n x SE") < B (Ec/Sc)

with
s 2 S x HP(E4",C) — EpR" (Ec/Sc),
(D,D*) — (AL, S&), Ts(z1,- -, 2, h) i= (2721, @22 o= (N1t 4z N py
the flat leaf induced by the universal covering and
Vi(n) = Vs(n) N FPEfR(Ec/Sc) C Bp(Ec/Se).
We have
H? Errag(V°/(AG\0) x 8)) = (EZR(¥°/(AG\0) x 5)), F), R* fx.Zyo, fx.(Y°)) € MHMg,gn(S)
By [8], the filtered vector bundle
(E%pR(yo/((A}@\o) x 8)), F) = H2pr*Ezar(QS)O/(Aé\O)><S) € Vectpya(S)
extend to a filtered vector bundle
( DR Vo (y/(AQ x S)), F) = H2pr*EzaT(Q;.y/Aé><S(1og5) € Vectpri(S)
such that
H?P 00 Brag(V°/(A5\0) % 8)) = (i "N (BB v, (V/ (A x 9)), F), (PR fxuZyo, W), Bofx (V7).

For
a € HP(Vily, Q) = H(E1", ®o R fx.Qyo), (s,1') € (AE\0) x Sc

we consider



o M5, =75 X Ta,, : Gm X SE — (AE\0) x S&" the universal covering in AnSm(C) and

Vianoyxs(@) == Ts.a,, (@ x G x SE") C ERF™(V2/(AE\0) x S¢)
with
T5.Gy 0 SE X G x HP(VEr,,),C) = EFE™(V2/Sc), (D, D*) = (AR, (AL\0) x SE™),

(6217rz1, . 29T 2y

e e—(21N1+'"+ZrNr+1)h)
b b)

T8,Go (21570 5 2p41, h) 1=
and
Vi) xs(@) = Vianoyxs (@) N FPERR(V2/(AE\0) x Sc) C EFR(VE/(AE\0) x Sc),
which is an algebraic subvariety by [6],
o 75 : S& — S& the universal covering in AnSm(C) and
Vs(a) = ms(a x S5¢") C H**@oEpr(VR/((Ag\0) x Sc))™"
with
ms 2 SE x HP (V). C) = HP@oEpr(V2/((AE\0) x Sc))™",
(D, D*) = (AL, SE™), ms(z1,-+ 20, h) v= (2771, 2Tor o= (AN b2 o)
and

Vig(a) :=Vs(a) N FPH*®Epr(Ve/((AE\0) x Sc))* € H*®oEpr(Ve/((AL\0) x Sc))*"

Consider the exact sequence of variation of mixed Hodge structure over S

(ifJo<i<ri=q

0— WZpﬂE?dg(g/S) - Ei;(ndq(g/s) &= OEqu(gi/S) —0
It induces the exact sequence of vector bundles over S

q

0= Way 2 EXH(E/S) — EXp(€/8) L2200 o 220 (6,/5) —
and the exact sequence of presheaves on S&",
HL*?(Ec/Sc) L @f_oHL*P (& c/Sc) =
J(Wap 2B, (Ec/Sc)) = Ext QG Y, Wap 2 EF, (Ec/Sc)), - Ext' (QE ™, W, 2 Efl (Ec/Sc))

where HL?P(Ec/Sc) C Efn(Ec/Sc), HL?PP(Eic/Sc) C EXs(Eic/Sc) are the locus of Hodge classes.
Let A € FPH?P(E™,Q), where we recall Eg = & ¢ ¢ Consider then

e \C H?P(E* Q), such that q(S\) =\ and \:= SPE/fx (5\) € SpE/ iy (H?*(E",Q)),

e \p € FPH?P(E*" C), such that ¢(Ar) = A, and since S is affine y € T'(Sc, FPEX(Ec/Sc)) such
that p(t) = Ap,

o &) :=[A—y] € T(S¢", Way— 2EDR an(€c/Sc)/F? @ Vq).

The locus of Hodge classes passing through A is then an union of two components
VE(N) = ms(A x Sc) N FPERR(Eo.c/Sc) = a(VE(N) Upg v (V(EN)) € ERp(€oc/Sc),

where
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o 15 : H®(E™ C) x S&" — E"(Ec/Sc) is the morphism given by the universal covering 7g :
Sgn — Sgn

o psEprv  Vs(N) C Efp(€oc/Sc) 7 S,
e ¢:=qRC: E%pR(&C/S(C) — E%PR(SO)C/SC) is the quotient map.

Indeed, let N, € Vg()\), ¢ € S(C). If \, € VE()), then either e(\,,) = 0 and X, € Vg(X) Ng~1(\,,) is
a Hodge class by the above exact sequence, or e(A,,) # 0 and t(e(\,,)) = 0 hence é(A\)(¢') = 0. On the
other hand, if é(A)(¢') = 0, ¢(e(X},)) = 0 hence by the above exact sequence X, € V&(X). Now,

o if Spr/sy (5\) = 0, since Spg/];x oe* = S’pyo/fé( and Spyo/f;( is injective, we have Ay = ke
with Ay € FPH;{ (8@)’;/,(@), where k : F — & is the exceptional locus of € : & — ), hence,

¢

assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1,
VE(X\) € B, (Ec/Sc) is defined over Q, if SpE/fx(A) # 0, we have, by [6],

Spe ) 7 (VE() = VE(Spi 1 (V) = Vo (S22 ) Np~ (0% Se) € By, (Ve /(A x S¢))

where p : E%p Ry, (Ve/ (AL x Sc)) = Al x Sc is the projection (the first equality is obvious since
Spg i 82 morphism of variation of mixed Hodge structures over S, whereas for the second equality
the inclusion D follows from [6] lemma 2.11 and the invariant cycle theorem of a geometric variation
of Hodge structures by strictness of the Hodge filtration), but by [5] theorem 1, the Hodge conjecture
holds for projective hypersurfaces hence

Vianoyxs(SPE/1x () C EFR(V8/((AE\O) x St))
is defined over Q, hence V() C EX5(Ec/Sc) is defined over @,
e assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1,
V(é(N) C Sc

is an algebraic variety defined over @, since é(\)(#') = 0if and only if (\)'—u(t')) € Wap_o H??(Ec4r,C)
is a Hodge class where ()" € mg({t'} x A).

Hence V4(\) C Efs(Eoc/Sc) is defined over Q. Thus, by [4] theorem 4,
\=[Z] € H*(E§™,Q), with Z € ZP(Ey).

Since p € Z and A\ € FPH?P(E§™, Q) are arbitrary, the Hodge conjecture holds for Fy. Proposition 1(ii)
and the fact that the Hodge conjecture is true for smooth projective varieties of dimension less or equal
to d — 1 by induction hypothesis then implies that Hodge conjecture holds for X, since X is birational
to By and X, Fy € PSmVar(C) are connected of dimension d. O

References

[1] D.Abramovich, K.Karu, K.Matsuki, J.Wlodarczyk, Torification and compactification of birational
maps, AMS, 15, p531-572, 1999.

[2] J.Ayoub, The motivic vanishing cycles and the conservation conjecture, Algebraic cycles and motives
Vol 1, 3-54, London Math. Soc., Cambridge University Press, 2007.

[3] J.Bouali, The De Rham, complex and p-adic Hodge realization functor for relative motives of algebraic
varieties over a field of characteristic zero, preprint, arxiv 2203.10875, 2022.

11



[4] J.Bouali, De Rham logarithmic classes and Tate conjecture, preprint, arxiv 2303.09932, hal 04034328,
2023.

[5] J.Bouali, Hodge conjecture for projective hypersurfaces, preprint, arxiv 2312.09268, hal 04312948,
2023.

[6] E.Catani, P.Deligne, A.Kaplan, On the locus of Hodge classes, AMS Volume 8, Number 2, 1995.
[7] P.Deligne, Theorie de Hodge II, Pub. Math. IHES, Tome 40, p5-57, 1971.
[8] C.Peters, J.Steenbrink, Mized Hodge Structures, Springer Verlag, Volume 52, 2008.

LAGA UMR CNRS 7539
Université Paris 13, Sorbonne Paris Cité, 99 av Jean-Baptiste Clement,
93430 Villetaneuse, France,
bouali@math.univ-paris13.fr

12



