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Abstract

We prove by induction on dimension the Hodge conjecture for smooth complex projective varieties.
Let X be a smooth complex projective variety. Then X is birational to a possibly singular projective
hypersurface, hence to a smooth projective variety Eo which is a component of a normal crossing
divisor E = U/_oE; C Y which is the singular fiber of a pencil f : Y — A’ of smooth projective
hypersurfaces. Using the smooth hypersurface case ([5] theorem 1), the nearby cycle functor on mixed
Hodge module with rational de Rham factor, and the induction hypothesis, we prove that an Hodge
class of Ey is absolute Hodge, more precisely the locus of Hodge classes inside the algebraic vector
bundle given the De Rham cohomology the rational deformation of Fy is defined over Q. By [4]
theorem 4, we get the Hodge conjecture for Fy. By the induction hypothesis we also have the Hodge
conjecture for X.
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1 Introduction

The main result of this article is an inductive proof of the Hodge conjecture using the results of [4]
and [5]. More precisely, assuming the Hodge conjecture for smooth projective varieties of dimension
less or equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth projective
varieties of dimension d is a birational invariant (proposition 1). On the other hand, if X is a connected
smooth projective variety of dimension d, there exists (see proposition 2) a family of smooth projective
hypersurfaces fx : Y — Al with

e Y a smooth complex algebraic variety, fx flat projective,
o Y, = f)}l(s) C ]P’fé+1 for s € AL\0 are smooth projective hypersurfaces,

e F:=fy'(0) =Ul_yE; CY is a normal crossing divisor and FEj is birational to X.



Assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1, we
then prove the Hodge conjecture for the E;, more specifically for Fy as follows : We consider its canonical
rational deformation fx : ) — Aqll x S with

e ) a smooth algebraic variety over Q, S C Aj an open subset, fx flat projective
o Y = fi' (AL x {t}), fx = fx xs {t}, with t € S(C)

o £ =U_y& = fx'({0} x S) C Y is a normal crossing divisor, fxo : & = Nicr& — S smooth
projective for each I C [0,...,r]|, &ct = F

o fx xa (AN0)Y° — A@\O has fibers which are smooth projective hypersurfaces.

We then have the exact sequence of geometric mixed Hodge module over S (in fact of geometric variation
of mixed Hodge structures over S)

(Spg, jy Jo<i<r

r - (igi) o
O et Eitag (Eis/S) = Do By, (Ei/S) H**®0Eprag(Y°/((AG\0) x 5)).

whose de Rham part are morphism of filtered vector bundle over S with Gauss-Manin connexion defined
over Q. Since for 0 < i < r, E?qu(é'i/S) is a geometric variation of pure Hodge structures, this exact
sequence split, in particular

EF, (Eo.c/Sc) = loj (o Bty (E0j.c/Se)) @ Spg, 7 (Bt (E0.0/S¢))-
Let A € FPH?P(E§",Q), where we recall Eg = & c¢. Then,
A= X1\ e FPH(ES",Q), N € @ jepiopnF? ' HP2(E§:,Q), A € Spg, /1y (FPH?(E§", Q)).
The locus of Hodge classes passing through A (see [6])
VE(A) = ms(A x Sc) N FPEZ(Eoc/Se) = VE(AS) NVE(XY) € EFp(Eoc/Se)

is the intersection of two complex algebraic subvariety of the De Rham vector bundle, where 7g :
H?(E§",C) x Sg™ — E#"(Eoc/Se) is the morphism given by the universal covering mg : S&" — S&".
Now,

e by [5] theorem 1, the Hodge conjecture holds for projective hypersurfaces, hence

ey i (VE(AD)) = VTi1 05 (9P 1 (A9)) N p7H0 X Sc) C EF v, (Ve/ (AL x Sc))
is defined over Q,
e assuming the Hodge conjecture for smooth projective varieties of dimension less or equal to d — 1
VE(WS) = ion(VE(NY)) € EFR(Eoc/Sc)
is defined over Q.
Hence, V2(\) C E775(Eoc/Sc) is defined over Q. By [4] theorem 4, we get
\=[Z] € H*(E§™,Q), Z € 2ZP(Ey).

Since p € Z and X\ € FPH?P(E$™, Q) are arbitrary, this proves the Hodge conjecture for Ey. Since X is
birational to Fy, the Hodge conjecture for Ey and the induction hypothesis implies the Hodge conjecture
for X.

I am grateful to professor F.Mokrane for help and support during this work.



2 Preliminaries and notations

2.1

Notations

Denote by Top the category of topological spaces and RTop the category of ringed spaces.
Denote by Cat the category of small categories and RCat the category of ringed topos.

For § € Cat and X € S, we denote §/X € Cat the category whose objects are Y/X := (Y, f) with
YeSand f:Y — X is a morphism in S, and whose morphisms Hom((Y”, f'), (Y, f)) consists of
g:Y’' =Y in S such that fog= f'.

Let (S,0g) € RCat a ringed topos with topology 7. For F' € Co,(S), we denote by k : F' — E.(F)

~

the canonical flasque resolution in Cog(S) (see [3]). In particular for X € S, H*(X, E,(F)) —
H* (X, F).

For f: 8 — S a morphism with §,8" € RCat, endowed with topology 7 and 7’ respectively, we
denote for F' € Cp4(S) and each j € Z,

— [*=HIT(S, koad(f*, f)(F)) : H/(S,F) — H/(S', f*F),

— f*i= HIT(S, koad(f*™°d f)(F)) : (S, F) — H/(S', f*mo4F),

the canonical maps.

Form: A — B, A,B € C(A), A an additive category, we denote c¢(A) : Cone(m : A — B) — A[1]
and ¢(B) : B — Cone(m : A — B) the canonical maps.

Denote by Sch C RTop the subcategory of schemes (the morphisms are the morphisms of locally
ringed spaces). We denote by PSch C Sch the full subcategory of proper schemes. For a field k, we
consider Sch /k := Sch / Speck the category of schemes over Spec k. The objects are X := (X, ax)
with X € Sch and ax : X — Spec k a morphism and the morphisms are the morphisms of schemes
f: X" — X such that foax, =ax. We then denote by

— Var(k) = Sch’* /k  Sch /k the full subcategory consisting of algebraic varieties over k, i.e.
schemes of finite type over k,

— PVar(k) € QPVar(k) C Var(k) the full subcategories consisting of quasi-projective varieties
and projective varieties respectively,

— PSmVar(k) C SmVar(k) C Var(k), PSmVar(k) := PVar(k) N SmVar(k), the full subcategories
consisting of smooth varieties and smooth projective varieties respectively.

Denote by AnSp(C) C RTop the subcategory of analytic spaces over C, and by AnSm(C) C AnSp(C)
the full subcategory of smooth analytic spaces (i.e. complex analytic manifold).

For X € Var(k) and X = U;erX; with i; : X; — X closed embeddings, we denote X, €
Fun(A, Var(k)) the associated simplicial space, with for J C I, iry : X1 := Nier X; = Xy := Nies X
the closed embedding.

Let (X,0x) € RTop. We consider its De Rham complex Q% := DR(X)(Ox).
— Let X € Sch. Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z its
De Rham cohomology H} 5 (X) := HY (X, Q%).
— Let X € Var(k). Considering its De Rham complex Q% := Q% , := DR(X/k)(Ox), we have
for j € Z its De Rham cohomology HfDR(X) = HY(X,Q%). The differentials of Q% := Q% /x

are by definition k-linear, thus H},,(X) := H7 (X, Q%) has a structure of a k vector space.



— Let X € AnSp(C). Considering its De Rham complex Q% := DR(X)(Ox), we have for j € Z
its De Rham cohomology HY,,(X) := H/ (X, Q%).

e For X € AnSp(C), we denote a(X) : Cx — Q% the embedding in C(X). For X € AnSm(C),
a(X) : Cx — Q% is an equivalence usu local by Poincare lemma.

e We denote I" := [0,1]" € Diff(R) (with boundary). For X € Top and R a ring, we consider its
singular cochain complex

* (X, R) == (ZHompop(I*, X)¥) ® R

sing

and for [ € Z its singular cohomology Hbl,ing(X7 R) := H"C},,, (X, R). For f: X’ — X a continuous

map with X, X’ € Top, we have the canonical map of complexes

7 Chng(X, R) = GG (X, R), 0 fro = (v = a(fon)).

sing
In particular, we get by functoriality the complex

sing

(U, R)
We recall that

— For X € Top locally contractible, e.g. X € CW, and R a ring, the inclusion in Cr(X)
cx + Rx = C%, is by definition an equivalence top local and that we get by the small

(X,R).

Rsing
chain theorem, for all I € Z, an isomorphism H'cx : H/(X, Rx) ~ H!

sing
— For X € Diff(R), the restriction map

rx : ZHompigr) (I, X)" = Cl. (X, R), w— w: (¢ — w(e))

sing

is a quasi-isomorphism by Whitney approximation theorem.

2.2 Birational projective varieties and Hodge conjecture

In this subsection, we recall that assuming the Hodge conjecture for smooth projective varieties of di-
mension less or equal to d — 1, the property of satisfying the Hodge conjecture for connected smooth
projective varieties of dimension d is a birational invariant :

Proposition 1. (i) Let X € PSmVar(C) connected of dimension d. Let e : Xz — X be the blow up of
X along a smooth closed subvariety Z C X. Assume the Hodge conjecture hold for smooth complex
projective varieties of dimension less or equal to d — 1. Then the Hodge conjecture hold for X if

and only if it hold for X .

(11) Let X, X' € PSmVar(C) connected of dimension d. Assume the Hodge conjecture hold for smooth
complex projective varieties of dimension less or equal to d — 1. If X is birational to X', then the
Hodge conjecture hold for X if and only if it hold for X'

Proof. (i): Follows from the fact that
(€%, @frip((=)-h'71) - HY(X, Q) @ i, H (B, Q) = H"(X2,Q)

is an isomorphism of Hodge structures for each k € Z, where ¢ = codim(Z, X), ig : E — X7 is the closed
embedding, ¢ g : £ — Z being a projective vector bundle.

(ii):Follows from (i) since if 7 : X° — X' is a birational map, X° C X being an open subset, then X is
connected to X’ by a sequence of blow up of smooth projective varieties with smooth center by [1]. O



2.3 A family of smooth projective hypersurfaces associated to a smooth pro-
jective variety
In this subsection, we recall that given a smooth complex projective variety X, there exists a family

of smooth complex projective hypersurfaces which degenerates into a normal crossing divisor with one
irreducible component birational to X.

Proposition 2. Let X € PSmVar(C) connected. Then there exists a family of smooth projective hyper-
surfaces fx 1Y — Al with

e Y € SmVar(C), fx flat projective,
o YV, = f)}l(s) - ]P)gJrl for s € AE\O are smooth projective hypersurfaces,
o I := f)}l(O) =U_oE; CY is a normal crossing divisor and Ey is birational to X,

Proof. See [2] lemma . It use the fact that X is birational to a possibly singular projective hypersurface
Y and consider the desingularization of a generic pencil passing through Y. O

2.4 The nearby cycle functor and the specialization map

Recall from [3] that for & C C a subfield and S € Var(k) quasi-projective, and [ : S — S a closed
embedding with S € SmVar(k), we have the full subcategory

2 MHMy, g (S) < PShpfi1.5(S) x1 P(SE™)

consisting of geometric mixed Hodge module whose De Rham part is defined over k, where PShp 10y fir, s (S) X 1
Py (SE™) is the category

e whose objects are (M, F,W), (K, W), a) where (M, F, W) is a filtered D5 module supported on S,
where [ : S < S is a closed embedding and S € SmVar(k), (K, W) is a filtered Perverse sheaf on

Sgr, and a1 (K, W) ® C — DR(S)((M, W)®") is an isomorphism in D z; (SE").
e whose morphism are,

using the fact that the V-filtration is defined over k. Then, by [3] theorem , we get for S € Var(k)
quasi-projective and [ : S < S is a closed embedding with S € SmVar(k) an embedding

t: D(MHMy g (S)) = Dpyri,s(S) x5 D(Sg")

consisting of mixed Hodge module whose De Rham part is defined over k, where DD(l,o)fil.,S(g) X
Dy, c(SE") is the category

e whose objects are (M, F,W),(K,W),a) where (M, F, W) is a complex of filtered D5 module sup-
ported on S, (K, W) is a filtered complex of presheaves on SE" whose cohomology are constructible

sheaves, and o : I, (K, W) ® C — DR(S)((M,W)*") is an isomorphism in D ¢;; (S&™).
e whose morphism are,

and the six functor formalisms :

D(MH My, gy (—)) : Var(k) — TriCat, S s D(MHMj, g (S)), (f : T — S)
(f*, f+) : D(MH My, g (S)) = D(MH My gin(T)), (fr, ') : D(MH My g (T)) = D(MH My, g (5))

and for D C S a (Cartier) divisor the nearby cycle functor

®p : D(MHMy,gm(S)) = D(MHMj g (D)),
Op (M, F,W), (K,W),a) := (Pp(M,F,W),®p(K,W),®p()).



For f: X — S a projective morphism with X, S € SmVar(k), we denote

Bnay(X/) i= 124 i= ([ 1(Ox, F). Rf.Zxzn. £.0(X)) € DOLHMygn(S)).

We then have the specialization map :

Definition-Proposition 1. Let k be field of characteristic zero. Let f : X — A} x S be a projective
morphism with X, S € SmVar(k). Assume that

o fo:=f®@u (AN0): X° — (AN\0) x S is smooth

o E:=f"H0xS) =U_yE; C X is anormal crossing divisor and that for I C [0,...7], for :=
f\E; : Er :=NjerE; — S are smooth. We have by definition X° = X\E.

Denote for I ¢ J C[0,...7], iy : Ey < Er and iy : E; < E the closed embeddings. We have then the
generalized distinguished triangle in D(M H My, g (E)), where R :=[1,...,7],

(ad (i3 simsie) (i1iy @ LY SY))

’LR*Z‘R(I)EZ)I?gg - iR*Zgzg (_T) [_2T]

(ad(igatige) (ionil @ EZEE9))

L Hd . Hd
D55 Riigeli; PELx o = ® (5 Rl Ly, (—1)[~2]

g Hdg
v Hdg _ nr  :. Hdg _ v . mHdg (ad(ni)(Pelxo%))o<i<r Hdg
DimolintiPELx0" = Dicolin PN\ (BN (Ujen i B LE, = DizolinLp, PpZyo

P Hdg
c(lR*lR(PEZXo . .1 Hdg
'LR*ZR(I)EZXO [1]

where the second equalities follows from the fact that E; are smooth. Applying the functor (f oig)s«, we
obtain the generalized distinguished triangle in D(MH My, gm(S))

((foir)« ad(isi,izi)(iini} ®RZE L))

Erag(Er/S)(=r)[=2r] = - ©(ijcr Erag(Eij /S)(=1)[=2]

(spy,5;:=(foip)« ad(i;,i ) (PEZEE) ) o<1 <

DizoBrag(Ei/S) (f 0 ip)u(25ZX5") = BoErag(X°/((AN\0) x 5))

0ig)sc(insiy®pzids
(foip)«xc(irxin®PrZyo?) EHdg(ER/S)(—T)[l—QT]

Proof. Follows from the six functors formalism, and the simplicial descent for the morphism i, : Fy — E
in Fun(A, Var(C)), with E, € Fun(A, SmVar(C)) (see [8]), noting that

©Brrag(X°/((AN0) x 8)) = ((f 0 ip)s Baar (1'% /1 5108 E)), PoRfxLixgr, Pofor(X?)).

3 Hodge conjecture for smooth projective varieties

Theorem 1. Let X € PSmVar(C). Then Hodge conjecture hold for X. That is, if p € Z and \ €
FPH?P(X" Q), A = [Z] with Z € ZP(X).

Proof. Up to split X into its connected components, we may assume that X is connected of dimension
d. The Hodge conjecture is true for curves and surfaces. Assume that the Hodge conjecture is true for
smooth projective varieties of dimension less or equal to d — 1. Consider by proposition 2 a family of
smooth projective hypersurfaces fx : Y — Al with

e Y € SmVar(C), fx flat projective,

o Y, = fy'(s) C PLT! for s € AL\O are smooth projective hypersurfaces



e £:= f'(0) =UL_yE; CY is a normal crossing divisor and Ej is birational to X,
and its canonical rational deformation f x: Y — A(b x S with

e Y e SmVar(Q), S C Aj an open subset, fx flat projective

o Y = fi' (AL x {t}), fx = fx xs {t}, with t € S(C)

o & =Ul_,& = f)}l({O} x S) C Y is a normal crossing divisor, fx,o : &1 = Nier&; — S smooth
projective for each I C [0,...,7], & = E,

o fx xu (ANO)Y° — A@\O has fibers which are smooth projective hypersurfaces.

We have by definition the commutative diagram in SmVar(Q)

J

Ve Y £
% l lfx lfx,o
AN} x § —F S AL x s < oy x S
whose squares are cartesian, j the open embedding and ig the closed embedding. Denote for I C [0, ..., 7],

ir:&r—Eandfor I C JCI0,...,r], i1 : E5 — & the closed embeddings. Then, definition-proposition
1 applied to fx : Y — A(l@ xS gives the generalized distinguish in D(M H Mg, ¢ (S)), where R := [1,..., 7],

(igir=(fxoig)«(ad(isi i) (ZE,))) s=@i, )R

Erag(Er/S)(r)[=2r] = -+ @i jyer Erag(€ij/S)(=1)[-2]

(Spe, /75 i=(fxoig) ad(is 7ii)(¢g’fx No<i<

@1_oEnag(£:/S) — ©oBpag(V°/((AH\0) x S))

(fX OiS)*C(iR!qu:'SZyO) Equ (53/5’) (T)[—2T' + 1]

given in definition-proposition 1. Let p € Z. Taking the cohomology to this distinguish triangle, we get
in particular the exact sequence in M H Mg, ¢m (S)

(Spg,/jy Jo<i<r
X

r - (igir) r o
0 yerEig (£/8) —5 @B, (£:/5) H?P®yEgrag(V°/((AG\0) x 9)).

Since H** Epay(£0/S) € M HMg 4im(S) is a geometric variation of pure Hodge structure, and since the
category of polarized variation of pure Hodge structure is semi-simple ([7]), this exact sequence split in
MHM (S¢), in particular we get for ¢ = 0, the splitting in M HM (S¢)
H*Epag(Eo,c/5¢) = is0/(®jerH? *Erag(£oj,c/Sc)) © SPe,/ix (H?" Errag(€0,c/5c))-
For A € H*(£§% ,/,Q), t' € S(C), we consider g : Sgn — S the universal covering in AnSm(C) and
Vs(A) i=ms() C Efp" (€o,c/Se)
with 75 : S&* x H?P(E5,C) — E™(&y,¢/Sc) the universal covering and
Vi (A) :=Vs(X) N FPEFR(&0,c/Se) C Efp(€oc/Sc),
which is a algebraic subvariety by [6]. We have

H? Epag(V°/(A\0) % 8)) = (EFR(V°/(A\0) x 5)), F), R* fx. Ly, fxa(Y?)) € MHMg,gm(S)



By [8], the filtered vector bundle
(EBR(V°/(A5\0) X 9)), F) = H* fxtu Bear(Q50 ) (4110)xs) € Vectpya(5)
extend to a filtered vector bundle
(BB Ry, Y/ (A x ), F) = H? fxu Bear (23,1 5 (l0g €) € Vectpan ()
such that
H**®0E11a(Y°/(A5\0) % 8)) = (15" (B g v, (V/ (A % 5)), F), (PoR* fx.Zys, W), @0 fx1a(Y?)).

For
a € HP(VIy, Q) = HP(E5", @0 R fx.Qye), (5,') € (AL\0) x Sc

we consider
o T5.q, =75 X Ta,, : Gm X SE — (AE\0) x S&" the universal covering in AnSm(C) and
Vianoyxs(@) = msa,, (@) C EEF™(V2/(AE\0) x Se)

with 75, : S x Gy, x HP(Yer,,),C) — Effi" (V2/Sc) and

Vi 0ps(@) 1= Vianops(@) N FPEZ(V/(A\0) x 5¢) © B (V2/(AE\0) x Sc)
which is a algebraic subvariety by [6],
o 75 : S& — S the universal covering in AnSm(C) and
Vs(a) :=ms(a) C HP@oEpr(VE/((AL\0) x Sc))™
with 7 : S&" x HQP(JJ( 1y, C) — H?»®,Epr(Y2/((AE\0) x S¢))*™ and
Vi(a) == Vs(a) N FPH* @0 Epr(VE/((AL\0) x Sc))*" € H*®oEpr(VE/((AL\0) x Sc))™"

Let A € FPH?P(ES",Q), where we recall Eg = & c¢. Then,
A=+ X% e FPH?(ES",Q), N € @ yerion(FP H2(ES!,Q)), A% € Spg,/r (FPH? (ES", Q)

and
VE(A) = VE(X¥) nVE(XY) € B (Eoc/Se)-

Now,
e we have, by [6],
SPeyy i (VE(AD)) = VE(SpE 1 (AD)) = Viii\0) x5 (B0 /15 (X)) Np7H(0 x Sc)
C EQDPR,VO (Ve/(A¢ x Sc))

where p : E%p Ry, Ve/ (AL x Sc)) = Al x Sc is the projection (the first equality is obvious since
SDey/ fx is a morphism of variation of mixed Hodge structures over S, for the second equality, the
inclusion C is obvious, whereas the inclusion D follows from [6] lemma 2.11 and the invariant cycle
theorem of a geometric variation of Hodge structures by strictness of the Hodge filtration), but by
[5] theorem 1, the Hodge conjecture holds for projective hypersurfaces hence

Viano) s(Sp(A\9)) C ERL(V2/((AE\D) x St))

is defined over Q, hence V%(\%) € E3,(Ey.c/Sc) is defined over Q,



e since the Hodge conjecture is true for smooth projective varieties of dimension less or equal to d — 1
by induction hypothesis
VE(NS) = ion(VE(NY)) € Efg(Eoc/Sc)

is defined over Q.
Hence VZ(\) C E2,(Eoc/Sc) is defined over Q. Thus, by [4] theorem 4,

\=[Z] € H**(E§™,Q), with Z € ZP(Ey).

Since p € Z and A € FPH?*?(E§",Q) are arbitrary, the Hodge conjecture holds for Ey. Proposition 1(ii)
and the fact that the Hodge conjecture is true for smooth projective varieties of dimension less or equal
to d — 1 by induction hypothesis then implies that Hodge conjecture holds for X, since X is birational
to By and X, Fy € PSmVar(C) are connected of dimension d. O
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