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Abstract

In this work we design and analyse a Discrete de Rham (DDR) method for the incompressible
Navier—Stokes equations. Our focus is, more specifically, on the SDDR variant, where a reduction
in the number of unknowns is obtained using serendipity techniques. The main features of the DDR
approach are the support of general meshes and arbitrary approximation orders. The method we
develop is based on the curl-curl formulation of the momentum equation and, through compatibility
with the Helmholtz—Hodge decomposition, delivers pressure-robust error estimates for the velocity.
It also enables non-standard boundary conditions, such as imposing the value of the pressure
on the boundary. In-depth numerical validation on a complete panel of tests including general
polyhedral meshes is provided. The paper also contains an appendix where bounds on DDR
potential reconstructions and differential operators are proved in the more general framework of
Polytopal Exterior Calculus.

Key words. Incompressible Navier—Stokes problem, pressure-robustness, discrete de Rham method,
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1 Introduction

The construction and analysis of accurate numerical approximations of the incompressible Navier—Stokes
equations remains an open problem. Classical issues in this context are related to the identification of
inf-sup stable couples of velocity and pressure spaces (see, e.g., [19]) and to the robust handling of
convection-dominated regimes. More subtle problems, however, can arise. It has been recently pointed
out in [23] that classical methods for the Navier—Stokes equations or linearised versions thereof may
lack pressure-robustness, i.e., the ability to deliver accurate velocity approximations in the presence of
large irrotational body forces. This issue is tightly related to the non-compliance of these methods with
the Helmholtz—Hodge decomposition of the body force term.

In the context of classical Finite Element methods on standard meshes, pressure-robustness can be
obtained using H (div)-conforming spaces for the velocity [16, 25] or taking projections thereon [12, 22].
The latter strategy can be applied to polyhedral methods such as the Virtual Element or Hybrid High-
Order methods through projections on H (div)-conforming spaces constructed starting from a matching
simplicial (sub)mesh [8, 9, 17]. Working on a submesh, however, can be computationally expensive,
particularly in three space dimensions, as numerical integration has to be performed in each tetrahedron.
An altogether different strategy has been recently proposed in [5], where discrete versions of the de
Rham complex are used to devise compatible (H (curl),H")-like space couples for the Stokes problem.
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Pressure robustness in this context results from the compatibility of the H (curl)-like interpolate of the
body force with its Helmholtz—Hodge decomposition.

Another advantage of using a formulation of the Stokes (or Navier—Stokes) problem based on the
H (curl) space for the velocity and the H' space for the pressure is that it allows for a seamless handling
of non-standard boundary conditions [18]. In the standard weak form of these equations, based on the
H' space for the velocity and L2 space for the pressure, only components of the velocity and/or the
normal component of its gradient can be enforced on the boundary. However, imposing the pressure on
the boundary can be quite relevant in certain applications such as, e.g., blood flows [24]. To enforce such
boundary conditions using (H',L?) space couples, Lagrange multipliers must be used as in [6] for the
Stokes equations, but only result in weak enforcement of boundary pressure values. On the contrary, a
weak formulation based on (H (curl),H") space couples enables to strongly impose the normal velocity
and tangential vorticity or the tangential velocity and pressure on the boundary.

The goal of the present work is to extend the Discrete de Rham (DDR) method of [5], based on a
discrete counterpart of the (H(curl),H") space couple, to the full Navier-Stokes equations. Our focus
will be, more specifically, on the SDDR variant of [14], where the dimension of the discrete spaces
is reduced using serendipity techniques. The proposed scheme hinges on a naturally non-dissipative
convective term designed from the discrete curl and corresponding potential. With this choice, the
aforementioned non-standard boundary conditions can be strongly enforced and, provided a uniform
discrete Sobolev inequality for the curl holds, one can obtain pressure-robust and optimally convergent
error estimates for the velocity as well as for a discrete W3 -like norm of the pressure. Notice that,
while the validity of Sobolev-type inequalities is a consequence of the cohomology properties of the
SDDR complex, proving that the corresponding constants are independent of the meshsize is, to date,
an open problem. Instrumental to our analysis are bounds on potential reconstructions and discrete
differential operators that we prove here in the more general framework of Polytopal Exterior Calculus
[7].

The rest of this work is organised as follows. The continuous setting is described in Section 2.
The new SDDR scheme as well as the main theoretical results are described in Section 3, while the
details of the analysis are postponed to Section 4. In Section 5 we briefly discuss the enforcement of
essential boundary conditions. Section 6 contains an extensive panel of numerical tests. Finally, the
proofs of relevant bounds on potential reconstructions and discrete differential operators are provided
in Appendix A.

2 Continuous setting

We consider the Navier-Stokes equations on a convex polyhedral domain Q ¢ R? with trivial topology:

Find the velocity u : Q — R? and the pressure @ : Q — R such that
—vAu+diviu@u) +gradw = f inQ, 2.1
divu =0 1inQ,

where f : Q — R3 represents the volumetric force and the real number v > 0 is the viscosity of the
fluid. The pressure-robust scheme we design relies on discrete counterparts of the H(curl; Q) and
H'(Q) spaces, which are adapted to the Hodge decomposition of f. We will therefore consider the
reformulation of (2.1) based on the curl operator, obtained applying the following identities (the second
one follows from the Lamb identity):

1
—Au =curlcurlu — graddiva, div(iu®u)= (dive)u +curlu xu + 3 grad(u - u).



Denoting by p = @ + %u - u the Bernoulli pressure and taking into account the incompressibility
condition divu = 0 in the formulas above, the Navier—Stokes equations therefore become:

Find the velocity u : Q — R? and the pressure p : Q — R such that
veurlcurlu + curlu xu + gradp = f inQ, (2.2a)
dive =0 in Q. (2.2b)

Boundary conditions are needed to close the problem. Besides providing the means to design a pressure-
robust scheme for the Navier—Stokes equations, the formulation (2.2) also allows us to consider, as in
[18], non-standard boundary conditions, enforcing either the tangential vorticity and normal component
of the velocity (for natural boundary conditions), or the tangential velocity and the pressure (for essential
boundary conditions). In most of this paper, we consider, for the sake of simplicity, homogeneous natural
boundary conditions:

curlu xn=0 and wu-n=0 ondQ 2.3)

and briefly discuss the case of essential boundary conditions in Section 5. The extension to the non-
homogenous case is straighforward and is considered numerically in Section 6. Natural boundary
conditions lead to a model in which the pressure is only defined up to an additive constant, which we

fix by imposing
/p =0.
Q

The weak formulation of this model is obtained taking the dot product of the momentum equation
by a test function v, multiplying the continuity equation by a test function ¢, integrating by parts the
viscous term, and fixing the Sobolev spaces for the trial and test functions to ensure that all differential
quantities are well defined:

Find (u, p) € H(curl; Q) x H'(Q) such that, for all (v, g) € H(curl; Q) x H'(Q),

v/curlu-curlv+/[curlu><u]-v+/gradp-v:/f-v, (2.4a)

Q Q Q Q

—/u-gradq:O, (2.4b)
Q

/p:O‘ (2.4¢)

Q

In this form, the nonlinear term is naturally non-dissipative since [curl # X u] -u = 0 by orthogonality of
the cross product. Notice that (2.4b) tested with g € Hé (Q) ensures that div# = 0 so that, in particular,
u € H(div; Q). Using this fact in (2.4b) tested with a generic ¢ € H'(Q) and recalling the surjectivity
of the trace operator, we additionally get u - n = 0 on dQ2. Combined with the fact that u € H(curl; Q),
and since Q is convex, the above conditions ensure, in turn, that u € H' (Q) [2, 18] and thus, by the
Sobolev embedding, that the trilinear term is well-defined.

3 Numerical scheme and main result
3.1 Mesh and notation

Given a (measurable) set Y ¢ R3, we denote by Ay its diameter. We consider meshes M;, defined as
the union of the following sets: 7}, a finite collection of open disjoint polyhedral elements such that
Q= Ureq, T and h = maxreg;, hr > 0; F, a finite collection of open planar polygonal faces; &y,
a finite collection of open straight edges; “Vj,, the set collecting the edge endpoints. We assume that
(7, Fn) matches the conditions in [10, Definition 1.4], which stipulate, in particular, that each face is
contained in the boundary of some element, and that the boundary of each element is equal to the union



of a subset of (closures of) faces. The same relations are assumed between edges and faces (e.g. the
boundary of each face is the union of closures of edges) and between vertices and edges. This definition
is very generic and, in particular, allows for situations where a flat piece of a boundary of an element is
cut into several mesh faces, which typically occurs when local mesh refinement is performed..

The set collecting the mesh faces that lie on the boundary of a mesh element 7' € 7}, is denoted by
Fr. Forany Y € 7, U ¥, we denote by Ey the set of edges of Y. Similarly, forallY € 7, U 5, U &,
“Vy denotes the set of vertices of Y.

For any face F € ¥, we fix a unit normal vector ng and, for any edge E € &y, a unit tangent vector
tg. Forany F € Fr, we let wrp € {—1, 1} be such that wrpnp points out of 7. If F € F, and E € Ep,
we denote by npg the vector normal to E in the plane containing F' oriented such that (¢g, npg, nr)
forms a right-handed system of coordinates, and we set wpg € {—1, 1} such that wggn g points out of
F.

For each mesh element or face Y € 7, U ¥, we fix a point xy € Y such that there exists a ball
centered in xy contained in Y and of diameter comparable to 4y uniformly in 2 (when M}, belongs to a
regular mesh sequence in the sense of [10, Definition 1.9]).

Throughout the paper, a < b stands for a < Cb with C depending only on €2, the mesh regularity
parameter and, when polynomial functions are involved, the corresponding polynomial degree. The
notation a =~ b is a shorthand for “a < band b < a”.

3.2 Polynomial spaces

For any integer [ > —1 and any Y € M, we denote by P*(Y) the space of polynomial functions of total
degree < [ on Y, with the convention that P~!(Y) := {0}. We use boldface to indicate vector-valued
polynomial spaces. Specifically, we set P! (F) := P! (F)? for any face F € 5, and P(T) := P! (T)? for

any element 7 € 7j,. The L?-orthogonal projectors on these (full) scalar and vector-valued polynomial
l

spaces are 7y, ,, and 7r17, y respectively. For any face F € ¥, we define the following polynomial
subspaces of P! (F):
G'(F) = grad, P (F), GOU(F) = (x —xp)* P71 (F), (3.1a)
RL(F) = roty P (F), REUF) = (x —xp)PU(F), (3.1b)

where y* is obtained rotating the vector y tangentially to F' by an angle of —7 oriented by nr,

and grad, and roty respectively denote the tangential gradient and rotor (rotation of the gradient
rotr f = (grady f)*). The following direct decompositions hold:

PI(F) = G'(F) ® G*'(F) = R'(F) ® R/ (F).
Likewise, on any mesh element T € 7j,, we define the following subspaces of P (T):

G(T) = grad P1(T), GUT) = (x —x7) x PN, (3.2a)
RY(T) = curl P*(T), REUT) = (x —x7)PI7U(T), (3.2b)

which decompose the polynomial space P'(T) as
PIT) = 6'(T) © 6°'(T) = RY(T) & R!(T).

For any X € {R, G} and any Y € 7;, U 7}, the L?-orthogonal projectors on X'(Y) and X% (Y) are,

. 1 c,l
respectively, Xy and Xy



3.3 Serendipity Discrete de Rham complex

In what follows we briefly present the main elements of the SDDR construction, namely the discrete
spaces and the discrete counterparts of the differential operators gradient, curl, and divergence, and of
the corresponding (scalar or vector) potentials. For the notion of continuous vector potentials for the
curl and divergence operators, see, e.g., [2]. Discrete potentials can be regarded as inspired by this
notion in the sense that they play the role of a potential in discrete integration by parts formulas. For a
detailed presentation, we refer the reader to [14].

3.3.1 SDDR spaces and serendipity operators

Throughout the rest of the paper, we fix an integer k > 0 corresponding to the polynomial degree of the
complex. For each mesh face (resp., element) Y, we select a number iy > 2 of edges (resp., faces) on
the boundary of ¥ such that Y lies entirely on one side of the affine hyperspace spanned by each of the
selected edges (resp. faces). We then set

by =k+1-ny VY € 7, U Fp,.

The SDDR space X' Xk grad,
Q) - X ’g‘ra a5 Ar€, respectively,

1 .
which replaces H' (Q) at the discrete level, and its interpolator 7¥ Loaarn

Xgrad,h = {gh = ((¢7)1e7,» (@F)Fes,» (QE)EcE,, (qVIVey,) :
gr € P(T) forall T € Ty, g € PF(F) forall F € F,

g € PX"Y(E) forallE € &, and gy e Rforall V € (Vh},
Ieaa s = (5L g Drem. (xf pres. (xf pece,. (a(xv)vew,) Vg € CQ).

The SDDR discrete H(curl; Q) space and its interpolator I* :CY(Q) — XK Xeur,, ar€

—curl,h *
koo .
Xewnn = {Kh = ((vR,1. Vi )T VR F VR p)Fe,» (VE)EeE),)
v € RE(T) and v, . € RETH(T) forall T € 75,

vr.r € R¥1(F) and Ve € REFHL(F) for all F € F,
andvg € PX(E) forall E € 8;1},

k tr+1 k-1 c.lp+ 0
Loy = ((71'13 Vs ﬂ-;‘{ e (TR pViF, Ty R.F VtF)Feth, (7Tgo £V tp))Ees,) Yy e CUQ),
where v r denotes the tangential component of v on F.

Finally, the discrete H(div; Q) space and its interpolator I* Lj,,: C °Q) — Xk

=div,h are

Xglvh {wh - ((Wg T> gT)Te']L,(WF)FEﬁ) :
wg.r € G<N(T) and w, - € GSX(T) forall T € 7,

and vp € P¥(F) forall F € Th},
Iglv W = ((71' TW 71' W)Te'ﬁl,(ﬂ'p F(W nE))EeSh) Vw € CO(Q)

The restriction of the above spaces and their element to a mesh entity Y € &, U ﬁ U 7, are denoted

by replacing the subscript 4 by Y. For example, given a mesh element T € 75, X gmd r denotes the

restriction of XXy to Tand g€ XE o 1is ¢ = (q7. (qF)ress- (qE)EcEs (qv)vew,).



SDDR spaces differ from the DDR spaces introduced in [13] when ¢y < k—1 for some Y € 7, U F7,.
The same degree of polynomial consistency is preserved through the following serendipity operators,
that reconstruct, respectively, consistent gradient and vector potentials: For all Y € 7, U 77,

Sgrad Yy ° Xlgrad y — Pk(Y) such that Sgrad vl grad vyd = gradY q for all qge Pk+1 (Y),
Scurl Y - gurl y = PX(Y) such that Scurl Y_curl yv =v forallv € PX(Y).

3.3.2 Gradient space

Based on the vertex and edge components of a given 4, € Xk we can construct a continous function

—grad,h’
g, on the mesh edge skeleton whose restriction gg, | € PHI(E) to an edge E € &y, is the unique
polynomial that takes the value gy at each vertex V € Vg and satisfies 71'70 quh |E = qE-

For any mesh face F' € 7}, we define the face gradient G . Xk — PX(F) and the scalar trace

yket X’g‘rad » — PXI(F) such that, for all q, € Xk

—grad,F

—grad,F’

/FGI;QF‘(W"‘T): Z wFEanh(W‘nFE)""/FS]g(rad,FzF-T V(w,7) € RE(F) x REK(F),

Eec&Er

/71’2”61 diVFWZ_/G];:qF‘W"' > wFE/ YElq (wonpg) Yw e REFA(F),
F - Eec&Er

Similarly, for any mesh element T € 7}, the element gradient Gk X’g‘m ar = PK(T) and the

corresponding potential PX grad.T - X ’g‘rad T — PRI(T) satisfy, for all 4, € Xk Xorad, 7>

/Gqu-(w +1)= Y wTF/y’;fl (w -nTF)+/SIg<rad’TqT-T V(w, 1) € RX(T) x REX(T),
T - F = T -

Fe¥r
/Pérad,rgTdivw =—/G§q W+ Z a)TF/ k+1q (w-npp) Vw e REE2(T).
g Fefr
The global gradient G Gk gmd n = L arl is such that, for all q, € Xk Xorad.n®
Gha, = (167 q,. 7 1" Grq Irem,. (g pGig . w3 17 Glg e, (4, p)Ees,)-

3.3.3 Curl space

For any mesh face F' € ¥, the face curl Ck X« — PX(F) and the corresponding tangential trace

curl,F

— PK(F) are such that, for all Vp € Xk

curl,F°

/CévFr—/vRFrotpr— Z wFE/vEr Vre?’k(F)
F EESF
wFE/vEr+/ curvaF T

/VfFKF -(rotpr+71) = / CIIEKFr+
F F
V(r,t) € PORI(F) x ROK(F).

k . vk
7t,F : Xcurl,F

Eec&F



For all T € 7;, the element curl Ck Xk — PK(T) and the corresponding vector potential

—curl, T
Pfurl T Xﬁurl’T — PK(T) are such that, for all v, € &url .
k _ k
/CTKT-W—/VRT curlw+ZwTF/'thvF (w X np) Yw € P*(T)
T Fe¥r
k _ k k
/Pcurl vy (curlw + 1) = /CTVT w— Z WTF / yt Y- (wXxnp)+ / Sean. 77" T
T T FeFr r
V(w, ) € GZFUT) x REK(T).

The global curl Ck cuﬂ n = ﬁiv, , 1s such that, for ally, € &uﬂ e

k
Q’ZK ((”k lck ch TKT)TE'H,’ (CIIS“KF)FG‘F;!)-

3.3.4 Divergence space

For all T € 7y, the discrete divergence DX : XX — PK(T) and the corresponding vector potential

X T ° =div,T
Pgw . ng P (T) are such that, for all w . € Xgiv,T,
‘/TDI;ETQZ_/WQT gradq + Z wTF/WFq Vg € PX(T),
Fefr

k _ k
'/TPdiv’TmT-(gradr+T)——‘/TDTmTr+ wTF/wFr+/ Wer T
Fe¥fr

V(r.7) € PORU(T) x SH(T).

For future use, we notice that
k _ k
C, dw noCh. 3.3)

3.3.5 Discrete L2-products

For e € {grad, curl, div}, we define a discrete L2-product on X ’f h setting, for all x,, y, € X ’f o
oy o = D (@ps¥ ot
TeT,

with, for all T € 73,

()_CT’XT)o,T = /TPf,T)_CT : PI:,TXT +Se,7(Xp — I P. TEr Y I P. 1Y ),

where the first term is responsible for consistency, while s, 7 is any positive semi-definite bilinear form
that scales in £ like the consistency term and such that (-, -). 7 is positive definite on X" k . Possible
choices of stabilisation forms, used in the numerical simulations of Section 6, are the followmg

. k k k+1
Sgrad,T(ET’g ) = E hr (Pg:ald,TET - yF+ )(Pgrad Tq - yF+ q )
T i F
€Jr

2 k+1 k+1
o 30 [ Pty = Ge)e) (Pl ra, - @ee),

Eecé&Er



. k k k k
Seurl,7 (W, V1) = Z hF/ ((Pcurl,TmT)t,F - 7t,FmF) ) ((Pcurl,TKT)t,F - 7t,FKF)
Fefr F

+ Z hz/ Pl W - te = WE) (Pagn r¥r - tE = VE),

EEST

(recall that “t, F”’ denotes the tangential trace on F'), and

Saiv,7 (W V) = Z hF/ (Plgiv,TﬁT "RE — WF)(PgiV,TKT “np —VE).
Fe¥r F

3.4 SDDR scheme for the Navier—Stokes equations

Denote by X* the subspace of X 4., embedding the zero-average condition, i.e.,

“—grad,h,a

k — k . k _
Xgrad,h,a T {ﬁh € Xgrad,h . (gh’lgrad,hl)grad’h - 0} .
We assume from here on that .
feCc’Q), (3.4)

so that !furl’ ,»J makes sense. The SDDR scheme reads:

Find (u,, p ) e X* n X xk such that, for all (vh,q ) € Xoyan X x*

curl, “grad,h,a —curl —grad,h,a’

V(gzﬁhaghlh)div,h + /Q[C];lﬁh X Pcurl,h!h] : Plc(url,hﬁh + (thhvzh)curl,h = (!lc(url,hf’ Kh)curl,h,
(3.5a3)
-(u,.G hq Jeurl,n = 0. (3.5b)

3.4.1 Relevant constants

To state the convergence theorem, we need to define several constants.

Since the topology of € is trivial, the SDDR complex is exact (see [13, Theorem 2] and [14,
Section 6.6]), and thus (Im G )L (ker C ck 1)+, where the orthogonal is considered for the inner product
(s *)eurl,, ON Lurl n Invoklng the Pomcare inequality [13, Theorem 4] (together with [14, Section 6.6]),
we infer the existence of C;, cur1 not depending on £ such that

”Xthurl,h < Cp,curl“glflzhlldiv,h Yy, € (Imglfl)l (3.6)

The inequalities (A.10) and (A.16) ensure the existence of the two continuity constants Cc ¢y and
C..div> independent of A, for the potential reconstructions:

k k
||Pcur1,hKh||L2(g) < Cc,curl“Kthurl,h VKh Xcurl e 3.7
k k
I1Pgiy 1 Wrllr2 ) < Cedivllwy, lldiv.n Vw, € Xgi - (3.8)
, (Q)

Since Cp curl> Ce,curts and Ce giv can be bounded from above by constants depending only on the mesh
regularity parameter and €, we will possibly include them in the hidden constant in the notation <.
We also need to define the following discrete Sobolev constant:

k
IPeurt,n¥rllLs@)
ICv ), laiv.n

Cs.p = max{ v, € (ImQ’Z)L\{O}}. (3.9)



Remark 1 (Discrete Sobolev embedding). Establishing error estimates on schemes for the Navier—Stokes
problem requires a Sobolev embedding from the velocity space into (at least) L*(€). When considering
a Laplacian-based formulation, the velocity space is contained in H'(Q) and Sobolev embeddings are
available, including for discrete versions of this space; see, e.g. [15, Appendix B] or [10, Theorems
6.5 and 6.40]. For the formulation (2.4), the velocity is only in H(curl; Q) N H(div; Q) (with a zero
divergence and suitable boundary conditions); Sobolev embeddings are then much more challenging
and, for polytopal domains, essentially require the convexity of the domain to ensure an H' regularity
on the velocity [2, Theorem 2.17]. Discrete Sobolev embeddings have been established for Nédélec
finite elements [18], drawing strongly on the inclusion of the discrete space into H (curl; Q), but to our
knowledge still remain a largely open question for polytopal numerical methods.

As aresult of the exactness of the SDDR complex, the constant Cs j, is finite for each &, but a proper
Sobolev embedding for the SDDR method would require to prove that it remains bounded independently
of h. Given the similarity (at least for £ = 0) on tetrahedral/hexahedral meshes between the SDDR
complex and the Lagrange-Nédélec—Raviart—-Thomas finite element complex, and accounting for the
embedding proved for the latter in [18], we believe that Cs j, is indeed bounded with respect to A, at
least on quasi-uniform meshes. This conjecture seems to be confirmed by the orders of convergence
observed in the numerical tests of Section 6. A rigorous proof of this bound is postponed to a future
work, the main novelty of this paper being a new pressure-robust scheme for the Navier—Stokes equations
supporting general polytopal meshes. In the rest of the paper, we always make the dependency on Cs
explicit (i.e., it is not hidden in the constants appearing in <).

3.4.2 Discrete norms

The error on the velocity will be measured in the following graph norm on X* Xeur !

k 2 2
12l = (12 2am s + 1CE2 ) (3.10)

and we denote the corresponding dual norm by |||l n »-

For the error on the pressure, on the other hand, we use a Wl’%—like norm. As shown in [18], it
is indeed expected that the pressure for the continuous model belongs to w3 (). The proof of this
result isn’t, however, based on direct estimates obtained through suitable test functions, and [18] does
not establish error estimates on the approximation of the pressure in this space, only in L>(Q) (through
a duality argument that strongly relies on the conformity of the considered finite element method). For
all s € [1, 00), we define the L°-like norm of w, € X arl, DY setting

1

s
1w, s curtn = (Z [ cm)

TeT,
. k k k
with ”wT”s ,eurlLT ™ ”Pcurl,TmTHi‘(T) + Z hF”(Pcurl,TmT)t,F - yt,FmFH;,S(F) (.11)
Fefr
2 k K
+ Z hE”Pcurl,TmT lE - WEIISLS(E)’

EEST

where (Pcurl TWLF = REX ((Pcurl W) Xnr) is the tangential projection on F' of Pcurl W Wenote
that ||-||s.curl,% is the equivalent of (A.14) (for [ = 1) in the exterior calculus version of the complex and
that, for s = 2, it is actually the norm associated with the Lz-product (s *)curl,n- The discrete W3 -norm
on the pressure space is then defined by: Forall r;, € Xk Xorad,ha’

Iyl = max {(Ghry Ghg e 9, € Xbuaa» 165G, e <1}, (3.12)

9



Taking q, = cry with ¢ > 0 scaled to ensure that ||Q£qh||4,curl,h = 1 shows that Q’h‘gh = 0 whenever

ll7),Il P, = 0 and thus, by the Poincaré inequality for X’g‘rad’h’a [13, Theorem 3], that ||-|| p.;, is indeed a
norm on this space.

3.4.3 Error estimates

Let the H**1:2) (7;)-seminorm be defined by: For all w € H™*(k+1.2) (7,.),

3
) 2
Wlga (g = (Z |W|H(k+1,2)(T)) ’

TeT,

with |W|H(k+1,2)(T) : |W|Hk+1(T) if k > 1.

The convergence theorem, proved in Section 4, is the following.

Theorem 2 (Error estimate for the SDDR scheme). Assume that (2.4) has a solution (u,p) €
H(curl; Q) x H'(Q) such that
uc W1’4(Q) N Wk+l’4(7;1) N Hmax(k+l,2) (ﬁ),
curlu € C°(Q) N H(curl; Q) N H*?(7;,) n W47, (3.13)
curlu xu € H™™ 12 (7 curl curlu € H™ (K12 (7).

We denote by
R, =vcurlcurlu + curlu x u (3.14)

the part of f depending only on the velocity. Under the mesh assumption of Section 3.1, suppose further
that

X =V- Cc,divCé,hcp,curlv_1 H!ﬁuﬂ’hRu”curl,h > 0. (3.15)

Then, if (u,,, Eh) is the solution to the SDDR scheme (3.5), the following error estimates hold:

), = L p2ellon < %o ()~ A, (3.16)
I, = Lgraa Pl < Ko (u)x ™ R, (3.17)

where
Ki(u) = [v(| curlcurl u| g ) + | curla| g gy + | curle| i g )
+ | curlu x u|H(k+1,2)(7;l) + |curlulwk+1,4(771)||u||L4(Q) + |u|W1,4(Q)|u|Wk+1,4(771)]
+Cs nlulyr4 )l gos gy + Ul g ),
Ho () = (1+ Co ™ 1Ly Rucllewr + Ity 14 ) K ().
Remark 3 (Data smallness assumption). Notice that, similarly to [22, Eq. (3.8)] or [8, Eq. (68)], the data

smallness assumption (3.15) only involves the solenoidal part of the forcing term, consistently with the
fact that we aim at error estimates that are robust for large irrotational body forces.

4 Analysis
4.1 A priori estimates and existence of a solution to the scheme

A priori estimates on the velocity are straightforward, and do not depend on Cs .

10



Lemma 4 (A priori estimate on the velocity). If (u,,, ph) solves (3.5), then

k 17k 2 -1 7k
||ghﬂh||div,h < Cp,curlV ||!cur1,hf”curl,h and ”Ehllcurl,h < Cp,curlv ”!cur],hfncurl,h- 4.1)

If, moreover, the pressure in (2.4) satisfies pir € C Y(T) for all T € Ty, then the terms f above can be
replaced with Ry, defined by (3.14), that is:

k -1 7k 2 -1 7k
“ghﬂhlldiv,h < Cp,cuer H!cur]’hRu”curl,h and ”Eh“curl,h < Cp,cuer ”!cur],hRu”curl,h- (4.2)

Proof. Take (Kh,gh) = (gh,gh) as a test function in (3.5), use the fact that Cﬁgh X P’c‘url’hgh is
orthogonal to Pi‘url, 11, and add together (3.5a) and (3.5b) to get

k 2 k k
V”ghﬂhndiv,h = (!curl,hf’ Eh)curl,h < ||!cur1,hf”curl,h”£h”curl,h- (4.3)

The proof of (4.1) is completed using (3.5b) to see that #, € (Im Q;‘l)L and by invoking the discrete
Poincaré inequality for the curl (3.6). _
Assume now that the pressure satisfies pjr € C I(T) for all T € 7j,. Then, the local commutation

property [13, Eq. (3.38)] gives !i‘url’T gradp = Q’;[’g‘md]p. Moreover, since p € H'(Q), p is

actually continuous on Q, and the tangential components of its gradients on the edges and faces
are also continuous; hence, these local commutation properties can be patched together and yield

!i‘uﬂ’ peradp = Q’;l['g‘ra anP- As a consequence, R, = f — grad p also has continuous tangential
components on the edges and faces, and I ’c‘url nf = !ﬁurl nRu + Q’;l[ ’g‘ ad , P+ I (4.3), we can therefore

write

(!ﬁurl,hf s Wy )eurl,h = (!]gurl,hR"’Eh)curlsh +(/Qﬁl§nm

the cancellation being ensured by (3.5b). The estimate (4.2) can therefore be written with R,, instead of
f, which concludes the proof of (4.2). |

The a priori estimates on the pressure are naturally done in the W13 like norm (3.12).

Lemma 5 (A priori estimates on the pressure). If (u,,, 1_7h) solves (3.5), then

k k 2
”Eh”P,h < ”!cur],hfncurl,h + Cs,h”QhEthiv,h- 4.4)

Proof. Take q, € X{g‘rad’h’a andplugy, = Q,’igh into (3.5a). Since gﬁgﬁ = 0 by the complex property,
this gives

k k _ k k k k k k k
(thh,thh)curl,h = (!curl,hf7 thh)curl,h - —/Q[Pdiv,hghﬂh X Pcurl,hzh] ’ Pcurl,hghgh’

where we have additionally used the characterisation (3.3) of Cfl. We then apply a Cauchy—Schwarz
inequality and a generalised Holder inequality with exponents (2,4,4) respectively to the first and
second term in the right-hand side, to get

k k k k
(thh,ghgh)curl,h < ”!cur],hf”curl,h”thh”curl,h
k k k k k
+ ||Pdiv,hgh£h||L2(g>||Pcur1,hﬂh||L4(Q) ||Pcurl,thQh||L4(g)
k k k 2 k
< “!cur[,hf”curl,h”thh”curl,h + CS,h”ghlh||div,hllghzh”4,curl,h’ (4-5)

where the second line follows using (A.10) below with (s,I, f) = (2,2,T) and (s,1, f) = (4,1,T),
the norm equivalence (A.16) to write ||P§iV hgflghlle(Q) < ||Cflgh||div,h and ||P§ur,,hg’,§gh||L4(Q) <

Cru, llaiv, -

I Q;gh |l4.curt, i, and the definition of Cs  together with (3.5b) to write || P,y %1l 4 () < Cs.all

11



The discrete Lebesgue inequality (A.13) with (s,7) = (2,4) and [ = 1 gives, forall T € 7,

3
1659 Newnt, T < 731G g Il .con, 7 (4.6)

Squaring, summing over 7' € 7, using the Cauchy—Schwarz inequality, and invoking the mesh regularity
property to write h3T < |T|, we infer

k 2 3
||thh”curl,h S (Z hT

TeTy

k
“th ||4curlh |Q| ”th ”4curlh

Take the square root and plug the resulting estimate into (4.5) to obtain

k 2 k
(thh _hq eurl,h S (H url,hf”curl,h + CS,h”ghEh”div,h) “thh|l4,curl,h-

Taking the maximum over q, € Xk such that ||G' ’;th l4.curt.r, < 1 concludes the proof. O

“—grad,h,a
4.2 Bound on the consistency error

We define the cons1stency errors Ep, 1 (u, p;-) : — Rand &5 (u, p;-) : XX — R by setting,

—curl h Lgrad,h
for all (vh,q e X _curlh X Xgrad B
Ena (., p;vy) = Ly pnfv)eurn = vV(Cp Ly, Crv ) div.n 4.7
/[Ckllc(url Rl X Pcurl hlcurl ] - Pi(url,hKh - (Qzllgcrad,hp’zh)curlsh’
Enau,piq,) = (I, hu,_hq Jeurl, - (4.8)

We endow X art,, With the norm ||-lu.». defined by (3.10). The space X* Xorad.ha is endowed with the

norm ||-||g.n = ||Q i |lcurt,n and the corresponding dual norm is denoted by ||-||G, n, -

Lemma 6 (Consistency bounds). We have the following bounds on the consistency errors: For all u
satisfying (3.13) together with the boundary conditions carlu X n = 0 and u - n = 0 on 09, it holds

1En1(u, ps)u.ns S A [v(l curl curlulH(kH,z)m) + |curlu|Hk+1(7;1) + |curlu|Hk+z(7;L))

+ | curlu x u|H<k+1,z>(7m + | curluly e g llull g4 q)

+ [y 140y [y rera ) | (4.9)
1En2 @, P )lG,ne < H* || i) (- (4.10)

Proof. We first prove (4.9). The assumption (3.13) gives curlu x u € C°(Q) and (v curl curlu)|r €
H*(T) c C%(T) for all T € 7;. Combined with (3.4), this shows that (grad p);r € C°(T) for all
T € 7. Reasoning as in the proof of Lemma 4, we can therefore split I¥ . f and use the commutation
properties to write

—curl,h

[fuﬂ’hf = v[i‘url’h(curl curlu) +1 url pleurlu X u) + Gh(lgrad wh)-

We therefore obtain, for ally, € X k

Zcurl,h’

k k rk k
Ena(u,p3v,) = vl p(curleurlu), v eur,n — v(C) Ly 4, €y div,n
k k
+ (Icurl h(curlu X u)azh)curl,h - / [Ch—curl L X Pcurl h!curl hu] Pcurl,hKh
=V [(—curl h(Clll’l curlu), Kh)curl,h - (!div,h curlu, gﬁzh)div,h

k k k
+ (Icurl h(curlu X u)’Kh)C“rl,h - / [ch!curl pU X Pcurl h!curl hu] Pcurl,hKh

12



where, for the second equality, we have used the commutation property [13, Eq. (3.39)] (which extends
to the SDDR sequence, see [14, Proposition 8]) to write Qﬁl Igurl, R = Lgiv, , curlu in the second term
of the first line.

We find a bound for the linear terms first. Introducing the integral / curlcurlu - Pcurl »Y, and
splitting into two differences, then using the primal and adjoint consistency [13, Eq. (6.12) and Theorem
10] to estimate each term, and recalling the definition (3.10) of ||-||y.», we get

k
|2 e corl ), v, eun s — (I, , curlu, Chv, )i n

k
(_curl pleurleurlu), v, )eurt,n — /g curlcurlu - P;, v,

+

/ curlcurlu - PX v, — (I% , curlu,C}v, )aivn
o , .
S hk+1| curl curlulH(m,z)m) “Kh”curl,h

+ hiH (l curl u|g e gy + |curlu|Hk+z(7;1)) Iy, v

Next we deal with the nonlinear terms in the same manner, by adding and subtracting successively
fQ(curlu Xu)- Pcurl nYp, and fQ(Cklk puxu)- P* v,,» and using again [13, Eq. (6.12)] in the first

] h=curl, curl,h )
term and generalised Holder inequalities in the remaining terms to obtain

k k yk k k k
(Leun, p, (curle X u), v, )eurt,n — ‘/Q(Ch!curl,hu X PeurtnLeurt. i) - Peurtn¥i

k
(_curl pleurlu xu), v, eurl,n — '/Q(curlu Xu) Py n¥h,

k yk k
[(Cul‘l u—Cpliy ,tt) X "] Pyt n¥n

k k k
/ [ch—curl JLRS (u - Pcurl,h!curl,hu)] ’ Pcurl,hKh

< K curlu X u g g )19, leurtn
+ || curlu — c;{z!ﬁurl hu||L4(Q)||u||L4(Q)||Pcurl williz )
k k
+IC Icurlh"||L4<Q)||” P, h!curl h”||L4(Q)||P arn Vil @) (4.11)

‘We first notice that

G:: 3)

k yk k
Leun, 7W dlv TCT!curl ™ = Pd]V Ile T curlw,

ckr*

where the second equality is a consequence of [14, Proposition 8 and Section 6.6] and [13, Eq. (3.39)]
(for w € H*(T), the adaptation tow € Wh 4(T) such that curlw € W'*(T) being straightforward).
Then, || curlu — Ch_curl hu||L4(Q) = || curlu — PX_ I~ n curlu||L4(Q). We note that, for each T € 7},

div,h=div,
the local operators Pcurl rol ’c‘uﬂ + and P’;iv’T 1 kIV,T are projections by [10, Proposition 1.35] since
they reproduce exactly polynomials up to degree k, cf. [13, Eqgs. (4.7) and (4.12)]. The estimate (A.21)
below (withm = 0, [ = 1,2 and s = 4) give a bound on these projections, which enables us to get the
local approximation properties stated in [10, Lemma 1.43] applied to (p, [, s,q,m) = (4, k, k+1,1,0).

These approximation properties yield
|| curl u — P’giv h!’giv pearlullpsg) S hk+1|curlulwk+1,4(771),

k k+1
lw =Py, nLear i) S T lulyrna gy
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Thus, using (A.10), (A.16) and (A.20) (withm = 0)below tobound || P, v, ll;2q) and [[CH L%y el 4 (g
and plugging the estimates above into (4.11), we obtain

k k k
(—curl h(curlu X u),Kh)curl,h - /(C Icurl A X Pcurl,h!curl,hu) ’ Pcurl,hKh

k+1
< (| curlu Xl () + leurluly cos g lull g4 q) + |u|W1v4(‘7;,)|u|Wk+"4(7,‘1))”Kh”curl,h'

Gathering all the estimates we infer (4.9).
The bound (4.10) is a straightforward consequence of the adjoint consistency for the gradient [13,
Theorem 9], where divu = 0. ]

4.3 Proof of the convergence theorem

: : : — k k —
We start with the error estimate on the velocity. Let e, = u, — I 4 ,u € X ,, and ¢, =p

Ik peXxk

Loraa n By definition (4.7) of the first consistency error, we have, for all y n € Xk

~—grad,h’ —curl,h’

) _ k k
8/1,1 (u, p; Kh) = V(thh, ghzh)div,h
k k k 7k k k
"“/Q (Chlh X Pt nty = Cployn p# % Pcurl h!curl h“) P n¥i + (GR€pYy)eurh
_ k k
= V(ghﬁh’ ghﬂh)div,h

k k k k
[_z (c eh X Pcurl hu + C Icurl hu X Pcurl,hgh) ’ Pcurl,hKh + (thh’ Kh)curl,h, (4‘12)

where we have added and subtracted Ck 1 i“ PR R Pkmrl nU,, inside parentheses to pass to the second

line. We then write IX au = wh 4wt wy € Im Gk ® (ImG )+, where the orthogonal is taken for the

=curl, —h
inner product (-, -)eurl,n. Since gz o Q;‘l =0, we have

Cillu=Crwy. (4.13)
Selecting v, = u, — wj,, so that

“4.13)

gﬁgh Ckeh ande, =y, —w,, (4.14)

we obtain
Ena(u,p;v,) =vICre, 3
h W D3V ) = VIE el div,n
k k k k rk k k
'l-‘/Q (chgh X Pcurl,hﬂh) ’ Pcurl,hzh +/ Ch!curl u curl,hzh ’ Pcurl,hKh

k # k k
L (C I Zcurl, hu X Pcurl hwh) Pcurl,hzh +M’

where the first cancellation is due to the fact that C I* pU X P* 5 1s orthogonal to Pk

—curl, curl, hv curl, h —h’
while the second comes from the fact that y, € (ImG G* )l (see (3.5b)). Using the generalised Holder

inequality with exponents (2,4,4), we infer

V”Cheh”dlv n < Eni(u,piv,) + ”Cheh”Lz(Q)”Pcurl hlh”L“(Q)”Pi(url hKh”L“(Q) @.15)

+lch1 —curl hu||L4(Q)||Pcurl h&h”LZ(Q)”Pcurl wills)-
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Using (3.3) together with (3.7) and the definition (3.9) of Cs ;, (recall that both u, and v, belong to
(Im Qﬁ)l), we have

k k k k k k
”chghan(Q)||Pcurl,h£h”L4(Q)||Pcurl,hKh”L4(Q) < Cc,div”ghﬁh”div,hCS,hHChEh||div,hCS,h||ChKh||div,h

(4.14) k.12 2
= Cc,div||gh£h||div,hCS,h”

“2) 2 -1 k 2
< Cediv Cs,th,cuer ”!ﬁuﬂ,hRu Il curt, 2 ||Qh£h “div,h .

Cru, llaiv,n

Notice that the usage of (4.2) is justified since, as seen in the proof of Lemma 6, the assumptions
(3.4) and (3.13) ensure that pj7 € C ! (T) for all T € 7;,. Plugging this bound into (4.15), recalling the
definition (3.15) of y, and using the definition (3.10) of |||y, along with that of the corresponding
dual norm of &, 1 (u, p; -) leads to

1

k 2 . 2 k 2 2
Xllghghlldw,h < En1(u, p;)|lv.n.x (”‘—)h”curl,h + IIQhKhIIdiv,h)

k pk k # k 4.16
+ ||Ch!cur1,h"||L4(g) ||Pcur1,h£h||L2(Q)||Pcur1,h2h||L4(Q) ( )

S NEn1 (, p3 )l n<IC ke, lldiv,n + Cs,nlulyi4q) Hﬂillcurl,hllciﬂh”div,h,

where the second inequality follows from (3.6) together with C I;LK Z=C ’;Lg e (A20) (with m = 0) below,
(3.8), and (3.9).
We then use (4.8) and recall that !ﬁuﬂ’hu = Ki +wp with wi € (ImG})* to write
(Wh, G g, Jeurtn = (L 42 Glq Deurtn < 1En 2, p3 MG+ IIGEG, et Ve, € XEsa o

#

Taking the supremum over all q, € X’g‘md’h,a such that ||Q£zh||curl,h < 1 and recalling that w; €
Imgllj = Qﬁ(g’g‘md’h’a) leads to
1w lewrtn < €822, i) lGins- (4.17)

Plugging this bound into (4.16), recalling the definition (3.15) of y, and simplifying by ||Qﬁg plldiv,h
leads to
xNChiepllaiv.n < 1181, ps Dlw e+ Cs.nltely 14 1En2 @, p3 )G

Invoking the consistency error bounds (4.9) and (4.10) concludes the proof of the bound on g’,;g n =
Ci(u, —IF , ,u) stated in (3.16).

curl,
Tobound e, =u, — I ’c‘url’ W=V, = mfl itself, we use (4.17) together with the Poincaré inequality

(3.6)ony, € ImGf)* and Cfe, = Cfy, to write

“ﬂh”curl,h < ”gzﬂhlldiv,h + HSh,Z(u, p; ‘)“G,h,*
and conclude with (4.10) and the bound already established on ||C ﬁg plldiv, -

It remains to bound the error €, on the pressure. Take q, €X ’g‘ra d.hq and plugy, = Q’;lgh into
(4.12). The complex property gfl o Qfl = 0, generalised Holder inequalities, (3.3), the bounds (A.10)
on the potential reconstruction and (A.20) (with m = 0) on the composition of the discrete curl and the
interpolator, and the definitions (3.9) of Cs ; and (3.11) of ||-||4,cur1,» yield

(Gre G, eurtn < (cs,hugzgh||div,h||g,€zh||div,h + |u|W1,4m||gh||cuﬂ,h) 1G4, ll4,curin
+ Sh,l(u,P§ngh)-

The estimate (3.17) then follows from the definition of ||-|| p , the error bound (3.16), the a priori bound
(4.2), the consistency estimate (4.9), and the estimate (4.6) which, combined with a Cauchy—Schwarz

inequality on Srcr;, implies G g, leunin < 1G g, l4.curt -

15



5 Essential boundary conditions

The curl curl formulation (2.2) of the Navier—Stokes equations can also be considered with the following
essential boundary conditions:

uxn=0 and p=0 ondQ. 5.1

Due to the boundary condition on the pressure, fixing its integral is not required here to ensure its
uniqueness. The spaces embedding these boundary conditions are

Hy(curl; Q) = {v € H(curl; Q) : v xn =00n0Q} , Hé(Q) = {q e H'(Q) : quon(?Q}.

The traces appearing here are well-defined (weakly for functions in H(curl; Q), strongly for functions
in H'(Q)), see [4]. The weak formulation of problem (2.2) completed with the essential boundary
conditions (5.1) is then:

Find (u, p) € Hyo(curl; Q) % Hé () such that, for all (v, q) € Hy(curl; Q) x Hé (Q),

v/curlu-curlv+/[curlu><u]-v+/gradp-v:/f-v, 59
Q Q Q Q 5.2)
—/u-gradq:O.

Q

The SDDR spaces with essential boundary conditions, which replace Hé () and Hy(curl; Q) at the
discrete level, are

X{g‘radhO:: {a, ex’g;ad,h i qr=0 VFeFl, qe=0 VEe€&), qv=0 WeV'}
D VRE=VRp=0 VFeF, vp=0 VEc&}

—curl h O - {V —curl h

where F; b is the set of boundary faces, Sb is the set of boundary edges, and ‘V,ﬁ’ is the set of boundary
vertices. The SDDR scheme for (5.2) is: Fmd (u,, P, )€ Xk x X ’g‘ra d 1.0 Such that (3.5) holds for

all(vh,q )eXurlhOxX

curl,h,0

grad,h,0"
We can easily check that, for any q, € Xgrad 1.0’ qu e Xk Xeurl.h 0" As a consequence, v, = th
is a valid test function in the scheme and its analys1s can be carrled out as the analysis of the scheme (3. 5)

for the natural boundary conditions, re-defining Cs by replacing in (3.9) the spaces X* X X, éra d.h.a DY
Xt Xk

“—curl,h,0° =grad,h,0"

Remark 7 (Mixed boundary conditions). We can also consider mixed boundary conditions, imposing
natural boundary conditions (that is, curlu X n and u - ) on a subset I'p of 9Q and essential boundary
conditions (that is, # X n and p) on the rest of dQ. The exactness of the de Rham (and thus the DDR)
complex for those — and thus the well-posedness of the continuous and discrete models —, however,
depends on the topology of I'p [20, 21].

6 Numerical tests

The SDDR scheme (3.5) has been implemented in the open source C++ library HArDCore3D (see
https://github.com/jdroniou/HArDCore). Static condensation was used to reduce the size of the
globally coupled system, which was then solved using the Intel MKL PARDISO library (see https:
//software.intel.com/en-us/mkl) [1].
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6.1 Analytical solution

We first test the SDDR scheme (3.5) by selecting the same analytical solution as in [5], namely

% sin(27x) cos(2my) cos(27z)
p(x,y,z) = Asin(2nx) sin(2zy) sin(2rz) and u(x,y,z) = %COS(ZTDC) sin(2ry) cos(2nz) |,

—cos(2nx) cos(2my) sin(27z)

with Reynolds number 1 and forcing term f selected accordingly. Here, A is a parameter that we can
select to demonstrate the robustness of the scheme with respect to the pressure magnitude. We run the
scheme on two families of meshes of Q := (0, 1)3: tetrahedral and Voronoi (see [5, Fig. 1]), and measure
two types of errors on the velocity and pressure: the discrete errors (corresponding to the left-hand sides
in the error estimates (3.16) and (3.17))

Eﬂ = ”Eh - Ilgurl,hu”U,h ) Ef, = ”Qi(ﬂh - !I;rad,hp)”curl,h,

and the potential-based errors

=

Ef = (1Pl ity =l g + 1P Chu, —curlulZ, o ) ED = [Pl ,Ghp, — grad pll 2 g,
where we remind the reader that P’c‘url’ , and Pgiv’ ,, are obtained patching the corresponding local
potentials.

The loglog graphs of the errors vs. i are presented in Figures 1 and 2. The errors estimates (3.16)
and (3.17) are independent of the pressure magnitude, and this is reflected in these figures by the fact that
the discrete errors on the velocity and the pressure are unaffected by a large increase in the scaling factor
A. Using [13, Theorem 6], it can be checked that the continuous errors for the velocity and pressure,
respectively, are bounded above by the sum of the respective discrete error and an approximation error
term depending on the derivative of the corresponding unknowns. The graphs also reflect this: the
potential-based error for the velocity remains unaffected by a change of magnitude of the pressure,
while that on the pressure is, as expected, degraded by an increase of A (but the relative errors remains
similar for both values of 1). Overall, the rates of convergence in these tests follow the prediction
of Theorem 2, except for the error on Vp for & = 0 which is a bit below 1 (this could be due to the
dependence on the error on the mesh regularity factor —which is not uniform on these meshes— or to the
asymptotic rate not being reached yet for this low-order approximation).

6.2 Pressure—flux boundary conditions

The series of tests in this section is not based on a known analytical solution. Instead, still considering
the unit cube Q as domain, we impose mixed boundary conditions, enforcing the pressure on part of
one side of the cube and the flux on part of the opposite side. Specifically, we take

* Essential boundary conditions p(x, y, z) = —z and u xn = 0 on the bottom corner {0} x (0, 0.25) x
(0,0.25) of the face x = 0 of Q,

* Natural boundary conditions curlu X n = 0 and # - n = 1 on the bottom corner {1} x (0,0.25) X
(0,0.25) of the face x = 1 of Q,

* Homogeneous natural boundary conditions curlu X n = 0 and # - n = 0 on the rest of the domain.

The essential boundary conditions that are imposed here are fully compatible with the spaces H'!(Q)
and H (curl; Q) for the pressure and the velocity, and are therefore valid in a mixed boundary conditions
version of (2.4) (since the natural boundary conditions do not require any regularity property on the
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Figure 1: Analytical test of Section 6.1, Tetrahedral meshes: errors with respect to &
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Figure 3: Velocity streamlines and pressure for the test in Section 6.2

spaces). We notice, however, that the boundary conditions on # - » (which are discontinuous along the
face x = 1) prevent u from being in H' (), and that a weak formulation of the Laplacian-based model
(2.1) would not allow us to impose such flux boundary conditions on the velocity (even disregarding the
boundary conditions on the vorticity).

The meshes for these tests are Cartesian meshes made of n> cubes with n € {4, 8, 16,32, 48, 64},
and we consider the SDDR degrees k = 0, 1,2; the finest mesh/highest degrees (n,k) = (64,1),
(n, k) = (48,2) and (n, k) = (64,2) are not shown due to the limitations of our (direct) solver. The tests
are run with a Reynolds number of 100. The velocity streamlines and pressure obtained for n = 32 and
k = 2 are presented in Figure 3.

Figure 4 presents the convergence, as A is refined, of the discrete norms of the velocity and the
pressure. In Figure 5 we show the error between these norms, and reference values obtained with n = 32
and k£ = 2. We notice that the scheme for £ = 0, 1 achieves the expected rate of convergence k + 1, but that
k = 2 only provides a minor improvement over k = 1, and certainly not a gain in terms of convergence
rates. This is probably due to the lack of regularity, discussed above, of the exact velocity, which limits
the benefit of increasing the polynomial degree beyond k = 1. There is, however, a real gain, of about
an order of magnitude, between k = 0 and k£ = 1, which indicates that even when the solution is not
expected to be very smooth, increasing slightly the polynomial degree of the approximation can result
in a real benefit in terms of accuracy vs. cost (a similar conclusion was reached, for a different model
and scheme, in [3]).

A Bounds on potential reconstructions and discrete differential operators

We prove in this section some bounds on the discrete operators of the DDR and SDDR complex, that
are used in the proof of the error estimates.

A.1 Exterior calculus DDR complex

The exterior calculus DDR complex (ECDDR), introduced in [7], is a discretisation of the de Rham
complex of differential forms on a domain € of any dimension n. When n = 3, the spaces of 1 and
2-forms can be identified with vector fields (see [7, Appendix A]), and the continuous sequence becomes
equivalent to the familiar vector de Rham complex. The ECDDR complex then reads

dk dx
=0,h N Xk =1,h
7 21,k

dk
{0} — x¢, > Xk, — xk, — {0} (A.D)
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which, through vector proxies, can be identified with the standard vector DDR complex [11, 13]

k i, vk Chy vk Diy pk
{0} — XE ) — X, — XK, — PR — (0. (A)

The interest in adopting the exterior calculus point of view lies in the unified treatment of spaces and
operators, no matter which part of the sequence they correspond to: the only difference between two
related spaces/operators is the degree of the differential form in the definition, and that degree does not
have any impact on the proof of certain key properties. This is demonstrated in the rest of this section,
where we establish some general results in the ECDDR framework. Note that the results below are valid
in any dimension and, when d = 3, they directly extend to the SDDR sequence through the bounds on
the extension and reduction operators linking the DDR and SDDR sequences (see [14]).

We adopt the same notations as [7, Section 3] in the rest of this section, with the exception of
swapping the placement of the polynomial degree k and the degree of the differential form / throughout
the spaces and operators (notice that k is used to indicate the degree of the differential form in [7]). Let
us briefly describe these notations.

The set of d-cells of the mesh (e.g., edges if d = 1) is Ay(Mj,), and the set of all cells is
AMp) = UgAaMy). If f € Ag(Mp) and d° < d, we denote by Ay (f) the set of d’-cells
contained in f. The discrete space of [-forms is

n

xf, =X X PRI (),

d=l feAg(Mp)

where P5~A9=L(f) is the trimmed polynomial space of (d — [)-forms on f [7, Section 2.7]. If

f e Ag(My) and d > [, we denote by X f 7 the restriction of X' f‘ , to f, obtained by considering only
the components on f and its subcells. The restriction of a vector w, € X f 5 1s then w ;€ X ;‘ e and the
particular polynomial component attached to f is denoted by wy € Pk=A4=L(f). The interpolate of

w € COAI(f) onto X;‘f is

I jw = (my 2y o (KU pw)) preny (), dreltdls (A3)

where nfl;_l’f, is the L2-orthogonal projection on PX~ A4~ (f").
k

For each f € Ay(My) with d > [, we define the local potential reconstruction Pf e X; F

PYA(f) and, if d > [ + 1, alocal discrete exterior derivative df X y P PEAL(£) recursively on
the dimension d:

e Ifd =1, we set
Plk’fgf =x"lwr e PEAI(S). (A.4)

e Ifl+1<d<m

1. Forall w, € X} ,, define df

Xt £ w, € PEAR(f) by

[ty nn= 0 [alopndus | Phows ntopu Ve PATTIp), (a5)
o f of

where P;" PP is the piecewise polynomial form obtained patching (sz, 2z f,) Frehg i (f)-
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2. Then, the discrete potential on the d-cell f is given by: For all w s € X ;‘ e
(- / P;‘fgf A (du +v)
P

= ‘/dk,fo /\,u—/ Pf’afgaf/\traf,u+(—1)l+1/*_1wav
f of f
V(u,v) € KA X KE L (F), (A6)

where K = kP AP (f) is the Koszul complement of dP“*'AP~1(f) in P4AP(f) (k is the
Koszul derivative, that is, the contraction with the field x — x 7, where x ¢ is a fixed point in f).

The discrete derivatives in (A.1) are obtained gathering the local discrete derivatives d;‘ f and projecting

them onto the trimmed polynomial spaces of X' f+1 ,- Through vector proxies, these definitions create
the correspondences between the two diagrams (A.1) and (A.2): [ = 0 corresponds to the gradient space
and discrete operator, [ = 1 to the curl space and discrete operator, and / = 2 to the divergence space

and discrete operator.
A.2 Bounds on P;‘, P and d;" p

Let d be a natural number such that 0 < d < n, and f € Az(My,). For all natural numbers [ € [0, d]
and s € [1, co], define the component L*-like norms on X f‘ p by:

—d’

d-d’
o plls.r.p = > he Ixwplipney Yo e XF (A7)
freaqg (f).dell,d]
Thanks to mesh regularity, this norm is equivalent uniformly in /4 to the component norms defined in [13,
Section 4.5] when s = 2; in passing, some of the bounds below for s = 2 have already been established
in vector proxy form in [13, Proposition 6 and Lemma 6]. For future use, for any s € (1, o), we define
the conjugate index s’ of s such that
-+—==1 (A.8)
s s

This definition is extended to the case s € {1, oo} setting é := 0 and (1—) = 00,

Lemma 8 (Boundedness of the local discrete exterior derivative and potential). For any f € Ag(My,)
and wy € Xf"f,
14X cllspin () S 7l s (A9)

1P @ ellparcry < Ml lls.r. - (A.10)

Proof. Since the definitions of dg‘, F and Pl]" 5 are connected and recursive, we prove both bounds at the
same time and by induction on d.

If d = [, then by definition Pl]" FOF= *Tw > and the inequality (A.10) follows. (A.9) is not defined
in this case.

Ifd > 1+ 1, we first establish (A.9) assuming that (A.10) holds on the boundary of f (i.e. in the
case d — 1), then we prove (A.10) for d using both (A.9) and (A.10) for d — 1, which implies the general
bounds via induction.

Let u € PKAY=I=1( ). Applying Holder inequalities to the definition (A.5) of di P gives

k 1 k
/fdl,fgf A s Ix7  wpllpsar ) ldpll s aa-rpy + 1P] g p@a pllsat oy 1o p il s pa-1-1 5 5)
_1
S wpllpsarcpy il Lo pa-i-1y + llwg pllsrarh >l Lo ga-i-1
f f) f f )
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where, to pass to the second line, we have used the discrete inverse inequality [10, Lemma 1.28] in f for
the first term and the boundedness (A.10) of local potentials together with the discrete trace inequality
[10, Lemma 1.32] for the second term. Taking the supremum over u with [|ul[; s pa-r-1(f) < 1 and

using hy = hy (by mesh regularity) for all f* € Ay_1(f) and the fact that Sl =1- % by (A.8), this gives

”df,fo”LsAl“(f) < h}l I x " wrllsarcs) +h(9f||| Wyrlls.ior| < hy 1|||wf|||slf

Now we show (A.10) for [ < d. Let (u,v) € ‘K’”} () XK l(f). Using the discrete Lebesgue
estimates of [10, Lemma 1.25] together with the L?-bounds in [13 Lemma 9], we have the following
Sobolev—Poincaré inequality for u:

4 _1
il s a1y S |f| 2||/~4||L2Af7’*l*1(f) SIS 7 2hplldpllp2pa-1py S hplldpllps pa-i(py- (A11)

Starting from the definition of Pk , using the Holder inequality to bound the integrals, then (A.9) in
the first term, (A.10) and [10, Lemma 1.32] for the boundary terms, and (A.11) on the norms of u that
appear in the resulting inequality, we get

(=11 ‘/fPifo A (du +v)

”dlf f”L‘A’*‘(f)”r“”U Ad-I=1(f) T ||P1 (')f_af”L’Al(()f)Htr@f/J”Lv Ad-L-1(5F)
+|I* 1a)f”LvAl(f)”V”LS’Ad_l(f) (AIZ)
S Ml pllls.e.plldell s pa-i 5y + ”l_afl”Slfh lIdgell Lo aa-1 )

+]x! wf||L~‘Al(f)”V”Ls'/\dfl(f)-

‘We notice that

_1
el o na-rcy + IV naetry < 1F1 % (Idptlznarcy + 1V 2pei )

11

S 72l du + vl papa-

< |ldp + v s pa- 1(f)
where the first bound comes from the discrete Lebesgue inequality [10, Lemma 1.25], while the second
is obtained translating [13, Eq. (2.19)] (written in vector proxy) in the context of differential forms,
and the conclusion follows applying again the discrete Lebesgue inequality. Plugging this estimate into
(A.12) and taking the supremum over (y, v) such that [|du + v|| ;s pa-1(p) < 1 yields

1PE s oty < Mol + A g oy + 11~ @pllsncr) < eyl

which concludes the proof. |

Lemma 9 (Discrete Lebesgue embedding). Forall f € Ay(My,) and all s,t € [1, o], we have

d(i-1
e fllls, e, = hf(“ )|||Qf|||t,l,f Vo, € X[ /. (A.13)

Proof. We only need to prove (A.13) with < instead of =, since the converse inequality follows by
reversing the roles of s and 7. Let w, € X L For all f/ € Ay (f) with d” € [l,d], the Lebesgue
embedding [10, Lemma 1.25] together with the mesh regularity property yields

_ at-b, (-1
Il * 1wf’”LS/\l(ff) < hf, * U 1wf’“Lt/\l(f') < h ! h o |||wf|||tlf,
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where the second inequality follows from the definition (A.7) of ||w f”l 1,1, f- Write d’(% -2
d— d’

multlply by h , and sum over f’ € Ugep1,q4) Aar (f) to obtain

d

_d
t

d
o (lls..p < > h,
freAg (f).d’ e[l d]

llew plle. -

This concludes the proof since, by mesh regularity, hp =~ hy and the cardinality of Uz c[;,4) Aar (f) 18
bounded above uniformly in & for all f € Az(My,). O

Let us define the potential-based L*-norm by: for f € Ay(My,) and wy € Xk X

d-d’
: Kk Kk
Il s = I1PF p@ llpsaicr) + E he g Ppywe = Pppwpellpsa ey (Ad4)
freda (f),d'e[l,d)

In the case [ = 1 with with vector proxies for differential forms, this norm is equivalent uniformly in &
to (3.11). Additionally, for s = 2, the above norm is equivalent uniformly in % to the one induced by the
discrete L?-product

— k k
(Qf,ﬁf)l,f = '/fPZ’fo /\*Pl,fﬁf

' 2. g / (e Pf jw, = PEpwy ) Ak (tr P Lty =P ff’ﬁf,) ‘
freAg (f),d’e(l,d) ! ;
(A.15)

Lemma 10 (Equivalence of potential-based and component norms). Forall f € Ag(My,), the following
norm equivalence holds uniformly in h:
lwlls.ir = Newllsy Vo, eXf,. (A.16)

Proof. To prove the first inequality ||w f” sf S llw f”| 5.1, f» we expand the definition of the potential-
based norm using triangle inequalities, then use the discrete trace inequalities [10, Lemma 1.32],
hg < hy,and that trgr = trps o - -+ o try to write

_d-d’
||trf'P;<,fo||L~vAl(ff) < hf ° ||Pf,fo||L~VAl(f)- (A.17)
and finish by applying (A.10) to get

d-d’

k s k k
lwells.tp < 1Py pllpsar ) + Z h,, (||trf'Pl,f2_f||LsN(f') + ||P1,f/9ff||LsN(f'))
f’eAd,(f),d/e[l,d)
d
< > S o < Ml Moy

fredg (f).d'ell.d ]

where the last inequality comes from the uniform upper bound on the number of subcells of any mesh
entity f, allowing us to absorb the outer sum into the hidden constant.
For the reverse inequality, we first show that nz’__l f(*Pf o) f) = wy. If d = [, the definition (A.4) of

P;‘, F yields ﬂg,’f_ (*Plk, W f) = wy since the trimmed space of 0-forms is in fact the full polynomial space.
Otherwise, restricting the test functions in the definition (A.6) of Pf sto (u,v) e’ K 5_ -1 (FIXK 5_ () =
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Pk~ A4=L( f), we can plug in the definition (A.5) of df’f, since 7<§—l—1 (f) € PK=A4-1=1(f), to obtain
the desired result.

Then re-expressing the component norm, using the isometry property of x together with the L*-
boundedness of the L? projections on local polynomial spaces [10, Lemma 1.44], taking the case d’ = d
out of the sum, and then introducing the traces tr f/Plk’ oy in the remaining sum, we get

d-d’
s || o1 Lk
|||Qf”|s,l,f = Z hf/ “ * ! ﬂ’d’—l,f’ *Pif’gf’HL?Al(f’)
fredg (F).d'e[l.d]
k
< ”Pz,foHL‘Al(f)
d-d’
= k k k
+ Z hf/ (”Pl’flgf'/ _trf'Pl’fo”LxAl(f/) + ”trfIPl’fo”LsAl(f/))
f,EAd' (f),d,E[l,d)
< Nl llsus-
where again we have bounded the extra trace terms in the second line with (A.17). O

Lemma 11 (Boundedness of the interpolator). Let f € Ag(Mp), and r € N, s € [1, 00] be such that
rs > d. Recalling that lff :CONL(S) — X;‘f is the interpolator on X* ., it holds

_[’f’
,
NIf pwllssr < D Hlolwesaryy Yo € WHAL(S), (A.18)
t=0
where
|U)|Wt,s/\l(f) = Z ||8“a)||LxAz(f). (A19)

aeNd, | a|=t

Remark 12 (Domain of the interpolator). This one-size-fits-all estimate can be improved for certain form
degrees, Sobolev exponents and subcell dimension, which do not require the domain of the interpolator
to be made of continuous differential forms; see, e.g., [13, Eq. (4.28)].

Proof. First note that, since rs > d, w € WS AL(f) belongs to COA!(f). By the definition (A.3) of the
interpolator and (A.7) of the norm |[||-|l|s,z, 7,

d-d’
||k
IZf jwllsr.r = > hyt gy g @)l pspari gy
fredg (F).d’ell.d]
< Z he' g wllpsarp
freny (F.d'e[l.d]
d—iﬂ" L
s > b 1FF suplel
freAq (f),d’'e[l,d] f

gt a1
< Z hf/b |f |S |f| N (Z h}|w|WtsAl(f)) ’
t=0

fredg (f).d'€[l.d]

where for the second line we have used the L*-boundedness of L’-projectors on local polynomial
subspaces (see [10, Lemma 1.44]) and the fact that the Hodge star is an isometry; for the third, we have
bounded the traces of w by the supremum over f; finally, to bound this supremum in the last line, we
have invoked [10, Eq. (5.110)] (valid since rs > d). The regularity of the mesh sequence implies an
upper bound on the number of subcells of dimension d’ of f (i.e. the number of vertices, edges, and
faces of any f € My, are bounded). Applying this, as well as the scaling |f’| ~ k%, |f] =~ h? and
hy < hy,leads to (A.18). O
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Proposition 13 (Boundedness of the discrete exterior derivative and potential of the interpolate). Let
feAg(Mp), andr € N, s € [1,00] be such that rs > d. Recalling the notation (A.19), it holds, for all
integers 0 < m < min(r — 1, k),

,
(df A 1F swlymsn gy € Y B Nwlwesai(py Yo € WHAL(S) (A.20)

t=m+1
and, for all integers 0 < m < min(r, k + 1),

P} AL} pwlwmspt gy S Z Mwlwespr sy Yo € WHAN(S). (A21)

=m

Proof. Let us consider (A.20). Applying (A.9) to [f’f(a) - ﬂf’fw) and (A.18) to w — nl"’fw gives

Idf 15 (= 7f pw) | psprn ) S By Zh | = f ol (p)- (A.22)
t=0

Since m + 1 < k + 1, the approximation properties of nf p (that is, [10, Lemma 1.45] applied to each
component of the differential forms in a fixed basis) yield

|U.) - ﬂ';if(,l)|wt,sAl(f) < /’l}n+1_t|a)|Wm+l,sAl(f) Vit <m+1. (A23)

On the other hand, the W**-boundedness of the L>-orthogonal projectors on polynomial spaces gives
|7rlk’fw|wz,s,\z(f) S |wlwrsar gy (see [10, Remark 1.47] for t < k + 1, the case t > k + 1 being trivial
since the left-hand side vanishes), and thus

|w - ﬂlk,fw|W’>‘Al(f) < |a)lwt,sAl(f) vVt > m+2. (A.24)

Plugging (A.23) and (A.24) into (A.22) leads to

A5 (28 (@ = 7f )l pspinn () S R Nlwmetspt gy + Z W N wlwespt gy = Z ' wlwesat ().

t=m+2 t=m+1

We then use the discrete inverse inequality [10, Lemma 1.28] on each polynomial component of
df‘flff(w - ﬂ;‘fw) to infer

df 15 (@ = 7 ) lymaspin () S Z M wlyos pt ) -

t=m+1

Using a triangle inequality, we next write

,
k 7k k gk _k -m—1
|dl,fll,fa)|wm,sAl+l(f) < |dl,f£l,f7rl,fw|Wm’sl\l+l(f) + Z ]’l} mn |a)|Wt,sAl(f)

t=m+1

r
= |d7T;<’fwlwm,sAl+1(f) + Z h}_m_llwlwt,s/\l(f)

t=m+1

’
k -
< |7rl,fw|W"”1~“‘Al(f) + Z h} m 1|a)|Wt,sAl(f)

t=m+1

-
< |a)|Wm+1,sAl(f) + Z h}_m_llwlwt,s/\l(f), (A.25)

t=m+1
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where the second line follows from the polynomial consistency [7, Eq. (3.10)] of d;‘ e while the

conclusion is obtained by invoking the W”*!-S_boundedness of n;‘ - The first term in the right-hand
side of (A.25) corresponds to the term ¢ = m + 1 in the sum, and this relation therefore gives (A.20).

We now turn to the potential bound (A.21). Applying (A.10) to [f f(a) - w) and (A.18) to

k
Lf

k
ﬂ-l,f

w — 1y LW gives

-
||Pf,f£f’f(w - ﬂf’fw)HLsAm(f) < Z h}|w - ﬂf’fwlwt,sAl(f).
=0

The conclusion is then reached as above, but writing (A.23) with W instead of W”*1>S and t < m
(which relaxes the condition to m < k + 1), and (A.24) with t > m + 1, and invoking the polynomial
consistency [7, Eq. (3.9)] of Plk I O
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