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FOURIER TRANSFORM:
SOME PROGRESS OF A CHAMELEONIC MATH-OBJECT

EDOARDO NICCOLAI

Abstract. The Fourier transform is investigated in some of its multiple forms, inherently to
the initial question, which acts as a fuse to the entire investigation.

Keywords: Furier transform — Fourier transform in 4-Space, fractional Fourier expansion,
Langevin–Einstein equation, Mittag-Leffler function, probability measure, random function,
stochastic gravitation.
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1.2 Status Quo for the Pseudo-Euclidean Space 3

Thierry’s Question

A new writing that takes its spark from a puzzle de mon ami français.
Autre question pour toi: comment se ferait la transformation de Fourier généralisée dans tes espaces fractoides [22]?

Car pour Laurent [Nottale] déjà en relativité d’échelle restreinte on a des super résultats . . .
λLDbB sert bien sûr à la transition classique-quantique tout comme la L de Compton dans le cas relativiste; quand on

fait des changements d’échelles, il faut leur appliquer aussi (comme pour les vitesses, mais avec une autre constant qui est
l’équivalent de c) une transformation de type Lorentz en relativité restreinte, ici vue en relativité d’échelle, ce qui nous
permet de résoudre le problème du rayon du proton, voir par ex. [25].

Ce qu’il y a de plus profond là dessous est que (et utile aussi en mécanique quantique): l’espace des x et l’espace des p
ne sont pas reliés par une simple transformation de Fourier usuelle ici, mais dans le cas de (x, t) fractal (qui sous tend la
mécanique quantique selon la relativité d’échelle) par une transformation de Fourier généralisée [ . . . ].

[Voir le livre] [24] [où se trouve] un exposé détaillé sur le calcul de la constant cosmologique à partir des seules fluctuations
gravitationnelles du vide, et sa comparaison aux mesures.

Autre joli problème abordé avec cette transformation de Fourier généralisée récemment par Laurent est ici [26].

Une autre conséquence d’un espace-temps fractal est qu’il est nécessaire d’introduire une transformée de Fourier généralisée
pour passer de la position x à l’impulsion p (ou de v à pv) ce qui s’écrit sous la forme suivante en relativité d’échelle en
relativité restreinte:

F (p) = f

(
p

p0

a

)
, avec a = 1

/(
1 + ln

2
(p/p0)/C

2) 1
2 . (1)

C étant une constant = rapport d’échelle de longueur = log(L/λg), λg est une longueur caractéristique du système considéré,
et L est telle que Λ = 1/L2, ou Λ est la constant cosmologique.

Il convient de rechercher la généralisation possible en relativité d’échelle-relativité générale de ce type de transforma-
tion . . .

— T. Lehner, via email to me

1. Behind Us

Let us begin ex abrupto.

1.1. Theoretical Background Framework

The aforementioned problem is closely linked to a focal issue: dealing with fractal fluctuations
(and with a locally determinable irreversibility, where it exists and is practicable). This brings us
to what we can call fractal patterns (scilicet: geometry) of the flow paths infinitely countable, with
the variables of fluid dynamics or thermodynamics. We are thus inside a stochastic mechanism,
which is a niche of probability theory. That is, we are inside the world where the calculus (from
Born onwards) is done with the probability amplitude.

If Hµ represent the entropy with reference to probability measures, and vol the volume, the
Fourier transforma ψ̂ of a function ψ(Hµ, vol), relates to the squared modulus, which translates into
the definition of the probability density distribution P(Hµ, vol), or P(x1, . . . , xj , xj+1, . . . , x ℓ)Hµ

in path integrals. This gives a solution to an equation à la Schrödinger — for a solution of the
Schrödinger equation through the Fourier transform method [8] with proof, see my [20, prop.
14.2.1].

NB. The basic Eq. I considered in that book is

ψ(x, t) =
1√
2π

ˆ +∞

−∞
ψ̂0(k)e

ik
(
x−ω(k)

k t
)
, (2)

where ψ0 ∈ L2(R) is a Schwartz function, where L2 is a Hilbert space.

1.2. Status Quo for the Pseudo-Euclidean Space

The Fourier transform for the special scale relativity, acting on a flat Minkowski (or Lorentz–Minkowski)
space-time M4 = R4

1,3, is described by Eq. (1), or by other equations of that type, e.g. Nottale’s
own one [24, p. 539]:

ln

p0

p√
1 + ln2 p0

p

/
C2

= ln

(
p0
p

)
exp

 1√
1 + ln2 p0

p

/
C2

 , (3)

where C = lnCs is a dimensionless scale constant, which is the logarithm of a scale ratio with a
second scale constant Cs.

a Abbreviated as FT.
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2. In Front of Us

To reply to the dilemma, I will move the argument from the physical plane to the geometric
and analytical one.

2.1. Fourier Transform via Stochastic Processes Onto a Probability Measure

2.1.1. Fourier Transform of a Probability Measure

Let µ be a probability measure. To be precise, we choose a Borel-like measure [1] established on
the σ-algebra Bσ(X ) of Borel sets, where X can be considered here as a Lindelöf space [13].

A quick reminder:
(1) a Borel measure on X is nothing more than a measure in which the Borel sets are measurable,

while the latter are the members of the smallest collection with open or closed sets formed by
countable unions and countable intersections (if the Borel sets are in a Hausdorff σ-compact space
[10], one has the members of the smallest σ-ring involving compact sets);

(2) the Borel σ-algebra is the collection of all Borel sets on X (and it is the smallest σ-algebra
that contains all the open or closed Borel sets, and it is closed under the operations of countable
union and countable intersection);

(3) a Lindelöf space is
(i) a topological space, provided that it is possible to extract a countable subcover from any

open cover of X ,
(ii) a (complete and separable) metric space (X , ρ), provided that any open cover of X has a

subcover with a countable number of members, where ρ is the distance between two points, say x
and y, so

ρ(x, y)
eqv
== |x− y|X ,

(iii) a σ-compact space.
The Fourier transform of the probability measure µ can be conceived in this way:

µ̂(t) =
ˆ
Rn

e−2πi⟨t,x⟩dµ(x), (4)

where t ∈ Rn, and ⟨· , ·⟩ denotes the (dot) scalar product, which is a case of the inner product when
one is dealing with the R-field.

Marginalia 2.1 (Imagining a Sn−1-space). Let Sn−1 = {x ∈ Rn | ∥x∥ = 1} be a unit sphere the
surface measure of which is declared by Sn−1, and let ξ = (ξ1, . . . , ξn) ∈ Rn be the spatial frequency
(transform variable), putting φ ∈ C∞

0 (see Section 2.3), and r ∈ Rn. The Fourier transform of µ in
the Sn−1-space is but

µ̂(ξ) =
ˆ
Sn−1

ˆ
e−2πiξ(r+te)φ(t)dtdSn−1. (5)

2.1.2. The Grafting of Stochastic Processuality, ou seja a Random Dynamical System
for the Fourier Transform

Let ( “Ω,Bσ,µ) be a probability space, with a Borel σ-algebra on “Ω, where “Ω is a non-empty set,
and E a random set, that is, a measurable subset E ⊂ “Ω ×X in relation to the product σ-algebra
on “Ω ×X , or a family E = {E“ω}“ω∈ “Ω of subsets of X , where E is a non-empty bounded subset of
X , once it has been fixed that the mapping

“ω 7→ ρ(x,E“ω)

is Bσ-measurable, for “ω ∈ “Ω and x ∈ X .
NB. The set E is
· closed on condition that E“ω serves as a closed “ω-fiber, for “ω ∈ “Ω,
· compact on condition that E“ω serves as a compact “ω-fiber, for “ω ∈ “Ω,
· tempered on condition that

E“ω ⊂ {x ∈ X | ρ(x, x0) ⩽ f(“ω)},
for x0 ∈ X , placing a random variable f(“ω).
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This allows us to define the map

µ : Bσ
probability measure−−−−−−−−−−−−→ E

as a general stochastic measure on the Borel σ-algebra in connection with a fractal Brownian motion
[2] (see below, Sections 2.2, 2.2.1). Note the painless transition from the concept of probability
measure to that of stochastic measure, which come to blend together.

We are therefore able to determine the Fourier transform of a stochastic measure µ, understood
in terms of random function, with the presence of (“ω)-random variables:

µ̂(t) =
ˆ
Rn

e−2πi⟨t,x⟩dµ(x) =
ˆ
Rn

cos 2π⟨t, x⟩dµ(x)− i

ˆ
Rn

sin 2π⟨t, x⟩dµ(x),

Bσ
µ̂t(“ω)−−−→ E ⊂ “Ω ×X .

(6a)

(6b)

2.1.3. The Inversion Formula

It may be useful to see what form the Fourier inversion formula takes. Let us take the most
affordable case. First of all we must state that C∞(Rn) is the set of infinitely, i.e. ∞-times,
continuously differentiable R-functions φµ. We shall introduce probability function P along with a
probability limit. For all

φµ ∈ R → C∞(Rn),

one obtains ˆ
Rn

φµ(x)dµ(x) = P lim
ϵ→0+

ˆ
Rn

φµ(x)dx

ˆ
Rn

e−4π2ϵ∥t∥2

e2πi⟨x,t⟩µ̂(t)dt. (7)

Theorem 2.1. Eq. (7) is a statement that can be proved.

Proof. Let [: · · · :], [: · · · :], and [: · · · :], indicate the left and right repeat signs, over the influence
of the musical symbols:

[:P lim
ϵ→0+

ˆ
Rn

φµ(x)dx

ˆ
Rn

e−4π2ϵ∥t∥2

e2πi⟨x,t⟩:]µ̂(t)dt

= [: · · · :]dt
ˆ
Rn

e−2πi⟨y,t⟩dµ(y)

= [:P lim
ϵ→0+

ˆ
Rn

dµ(y)
ˆ
Rn

φµ(x):]dx
ˆ
Rn

e−4π2ϵ∥t∥2

e2πi⟨x,t⟩e−2πi⟨y,t⟩dt

= [: · · · :][:(4πϵ)−n
2 e−

∥x−y∥2
4ϵ dx:]

=

ˆ
Rn

dµ(y) lim
ϵ→0+

ˆ
Rn

φµ(x)[: · · · :] =
ˆ
Rn

φµ(y)dµ(y). (8)

□

2.1.4. Equality betwixt Probability Measure and Random Function (FT)

To reveal the relationship between the probability measure µ—which we have superimposed
above on a stochastic one—and the Fourier transform of µ̂, just take a bounded function, e.g.
φв ∈ L1(R) ∩ L2(R), belonging to a Lebesgue space Lp, so that

ˆ
Rn

φв(x)µ̂(x)dx =

ˆ
Rn

φ̂в(x)dµ(x). (9)

The proof of this depends directly on the integrability of φ̂в in regard to µ, i.e.ˆ
Rn

φ̂в(t)dµ(t) =
ˆ
Rn

φв(x)dx

ˆ
Rn

e−2πi⟨t,x⟩dµ(t) =
ˆ
Rn

φв(x)µ̂(x)dx. (10)
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2.1.5. The Convergence of the Commensurate Probability Distributions

The above gives the opportunity to rapidly show that the probability measure µ has a classical
consequence, which is associated with a stochastic process

φ

τ : “Ω → M eqv
== M4 viz. M4 = R4

1,3,
a

with each f(“ω), that we assume takes place in a generic Riemannian space, in order to cover
every relativistic possibility. We are talking about a triple ( “Ω,Bσ,µ) of φ

(t) here: see my [22].
The consequence is this, cf. e.g. [28, p. 172]: since every characteristic function, say χ, and
the distribution function are in one-to-one correspondence, the convergence of χ involves a weak
convergence of the commensurate probability distributions.

If C0 illustrates the set of all continuous functions φ ∈ C0, thenˆ
Rn

φ(t)µ̂n→∞(t)dt
Bσ on µ−−−−−→ P

ˆ
Rn

φ(t)µ̂(t)dt, (11)

ergo ˆ
Rn

φ̂(x)dµn(x)
via P-probability density distribution−−−−−−−−−−−−−−−−−−−−−−−−→ 0. (12)

This expression makes it possible to connect Eq. (9) with Eq. (11).

2.2. Fourier Transform of a RRR-valued Random Brownian Measure

We appoint

Bµ(t)
=
∑
k⩾1

ϵkσk
ds

(2π)
n
2

(13)

as the R-valued Brownian random measure, where (ϵk)k⩾1 = ϵ1, . . . , ϵk is a succession of variables,
(σk)k∈N = {σ1, . . . , σk} is an orthonormal basis (a local frame field) of Rn, and ds

(2π)
n
2
= µ(ds).

The integral transform of Bµ(t)
has a punctilious definition. We should start from here:ˆ

Rn

φ(ξ)B̂µ(t)
dξ =

ˆ
Rn

φ̂(s)Bµ(t)
ds =

∑
k⩾1

ˆ n

R-valued
φ(ξ)σ̂k(ξ)

dξ

(2π)
n
2
ϵk, (14)

and the Fourier transform of a R-valued Brownian random measure is

B̂µ(t)
dξ =

∑
k⩾1

ϵkσ̂k(ξ)
dξ

(2π)
n
2
. (15)

2.2.1. Fourier-harmonized Picture of a Brownian Fractal Structure

Is it possible to harmonize (in the sense of Fourier analysis) a Brownian fractal structure? The
answer is yes.

Let φ

t = φ

0 +
´ t
0
βsds+ вRWt be a stochastic process, the generalization of which is a random

field, where βs is a process almost surely with bounded variation of some path, вR > 0 is a real
constant, and Wt is the Wiener stochastic process, which is almost surely continuous in t, and
square-integrable martingale regarding a non-decreasing family Ut, t ∈ [0,∞) of σ-subalgebras of
the σ-algebra B.

Compare all this with [22, secc. 3.1, 7.3.1].
The harmonized math-picture is quickly done:

φ

t(x)

ˆ
Rn

−e−ix·ξ (−1 + eix·ξ
)

C
1
2

V
∥ξ∥V+n

2

B̂µ(t)
dξ, x ∈ Rn, (16)

stabilizing a constant

CV =

ˆ
Rn

−2(cos ξ − 1)

∥ξ∥n+2V

(
dξ

(2π)
n
2

)
(17)

depending on a vector space V, which is a closed subspace of L2( “Ω,Bσ,µ).

a Cf. [21].
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2.3. Fourier Transform Distribution on a Set of Bump Functions

Let λµ
viz
= (λµ)D ∈ D(R) be a (compactly supported) bump function whose set is C∞

0 (having
continuous derivatives of any order) on a Euclidean vector R-space, where D(·) is the space of λµ.
Let it be assumed that the Fourier transform φ̂ coincides with a k-dimensional E-distribution on a
set of bump functions λ̂µ(ω)e

iωτ .
Since λµ is also a µ-integrable function, we will characterize the Fourier transform distribution

on the bump function λµ(τ − t) in such a way that

φ̂
(
λ̂µ(ω)e

iωτ
)
=

E
2π

(
λµ(τ − t)

)
. (18)

I wanted to present this case because it is advantageous in many fields, even if it is not applicable
to fractal structures, because is rapidly decreasing, ergo infinitely differentiable.

2.4. Fourier Transform in Fractal Space thru Mittag-Leffler Function

Next we will take a look at the transform in a fractal dimension (with the famous changes in
scale). There are various analytical techniques. I will use the one that relies on the Mittag-Leffler
function [18] = [19], which originally (in the first part of the equation below) has this form:

Eα(x) = 1 +
x

Γ(1 + α.1)
+

x2

Γ(1 + α.2)
+

x3

Γ(1 + α.3)
+ · · · eqv

==

∞∑
k=0

xk

Γ(αk + 1)
, (19)

where α is a positive constant, and Γ(·) is the gamma function.

2.4.1. Fractional Fourier Expansion of a Periodic Function and its Coefficients

Let

φ(τ) =

∞∑
k=−∞

φα
kEα

(
πi(kτ)

Iτ

)α

, −It ⩽ τ ⩽ +It, τ ∈ R, k ∈ Z∗, (20)

designate a Fourier-type periodic and bounded function, having the peculiarity of being locally
integrable on a fractal space, which we make coincide with a certain interval It. The coefficients of
Eq. (20) are consequently governed by this formula:

φα
k = 1

/
[−It,+It]α

ˆ +It

−It

φ(τ)Eα −
(
πi(kτ)

It

)α
[dτ ]α. (21)

By writing the limit for the two equations above, we arrive at

lim
It→+∞

φ(τ) = lim
It→+∞

{
1

[−It,+It]α

∞∑
k=−∞

[: 1
Γ(1+α)

ˆ +It

−It

φ(τ)Eα −
(

πi(kτ)
It

)α
[dτ ]α:]Eα

(
iτ πk

It

)α}

=
1

(2π)α

ˆ +∞

−∞
[: · · · :]Eα

(
iτ
πk

It

)α(
d
πk

It

)α

, (22)

and

lim
It→+∞

[: · · · :] = lim
It→+∞

(
1

Γ(1 + α)

ˆ +It

−It

φ(τ)Eα

(
−iτ πk

It

)α
[dτ ]α

)

= lim
It→+∞

(
1

Γ(1 + α)

ˆ +∞

−∞
φ(τ)Eα

(
iτ
πk

It

)α
[dτ ]α

)
. (23)

2.4.2. The Case of a Continuously Non-differentiable Transform

Now we have enough to build what we need. The crux of our interest is the non-differentiable
Fourier fractal function. Assembling all the pieces of the jigsaw, this expression can be explained
as follows:

1
2

(
φ(τ + 0) + φ(τ − 0)

)
= [: 1

(2π)α

ˆ +∞

−∞

(
1

Γ(1 + α)

ˆ +∞

−∞
φ(τ)Eα(−iτ “ω · dτ)αEα(iτ “ω)α

)
[d“ω]α:],

(24)
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id est
φ̂(τ) = [: · · · :]. (25)

Eqq. (24) (25) can also be easily linked again to a stochastic process (Section 2.1), see e.g. [11]
[27].

2.4.3. An Algebraic Paradigm

Let φn(t, τ)
viz
= ker

(
φn(t, τ)

)
specify the homomorphic kernel, or the impulse response, so as to

have a universal application for some linear map. If α = n in boundary condition

φn(t, τ)



δ(τ − t), w/ φn=0,

e−i2π⟨tτ⟩, w/ φn=1,

δ(τ + t), w/ φn=2,

ei2π⟨tτ⟩, w/ φn=3,

(26a)

(26b)
(26c)

(26d)

the fractional Fourier transform into generalized version has this formulistic synopsis,

φ̂α(xt) =

ˆ +∞

−∞
x(τ)φα(t, τ)dτ, (27)

and its solution is 4-periodic in α-value.

2.5. Fourier Transform in Fractal Space via Probability Weights and Contractive
Similarities

A fractal measure on Rn can be viewed from a different perspective, returning to the probability
Borel-like measure (and its stochastic nature) but with this specific value, by the system of
contractive similarities П k,

µ =

r∑
k=1

pkµ ◦ П−1
k (28)

where
pk are the probability weights, 0 < pk < 1, with

∑r
k=1 pk = 1, and

П k = П 1, . . .П k are contractions on a (compact) metric space such that

П k(x) = θkΛ(x) + wk,

in which
θk is a fixed value, 0 < θk < 1,
Λ = [Λµ

ν ] is a matrix of an orthogonal transformation (cf. e.g. the general, proper, orthochronous
Lorentz transformation), and
wk is a R-vector.
Let

Df =

∑r
k=1 pk logpk∑r
k=1 pk log θk

. (29)

be the fractal dimension, or the Hausdorff (Hausdorff–Besicovitch) dimension.

2.5.1. The Emergence of an Asymptotic Periodicity of the µµµ-Fourier transform

The µ-Fourier transform presents, within this scheme, an asymptotic periodicity,aˆ
|x|⩽Λ

|µ̂(x)|2kdx = Λn−(DC)k , Λ→ ∞, (30)

where DC = log 2
log 3 is the dimension of the poussière cantorienne [3].

a This coincides with a fractal Plancherel formula for the FT of distributions.
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If c1 and c2 are two constants, and create the condition that θDC =
∑r

k=1 p2
k, the limit inferior

and limit superior of this collection are
lim sup
Λ→∞

1

Λn−DC

ˆ
|x|⩽Λ

|µ̂(x)|2dx ⩽ c1,

lim sup
Λ→∞

1

Λn−DC

ˆ
|x|⩽Λ

|µ̂(x)|2dx ⩾ c2.

(31a)

(31b)

An accurate mathematical orientation of this kind, as it is exposed in the two previous Sections,
can be found in [31].

2.6. Fourier Transform in 4-Space

2.6.1. Quantum Probability Amplitude for a Particle

How does a particle behave if one has to treat it with the Fourier transform and one has to
calculate the probability amplitude according to Feynman’s [7] recipe? Write his path integral in
this way [20, sec. 26.1.3]:

чC(k) = lim
ϵ→0

ˆ
k⊂R4

1,3

Ч C(x1, . . . , xj , xj+1, . . . , x ℓ)dx1, . . . , dxjdxj+1, . . . , dx ℓ, (32)

where чC appoints a probability amplitude for k ⊂ R4
1,3, and Ч C is the probability amplitude

functional of xj demarcating the entire path xτ .
Well, the spatial Fourier 4-transform can be outlined with an integral of this kind:ˆ
k⊂R4

1,3

чC(k)eipjx
j

d4x =
e−

iπ
2

16π2

ˆ ∞

0

ds

s2
e−i(m2−1ϵ)s

ˆ
d4e−

ix2

4s +ipjx
j

=
1

ϵ+ i(m− p)(m+ p)
. (33)

The inverse Fourier transform formula is

чC(k) =
ˆ

d4

16π4

(
ie−ipjx

j

p2 −m2 + iϵ

)
=

ˆ ∞

0

ds

ˆ
d4

16π4
e−ipjx

j−is(m2−p2−iϵ). (34)

2.6.2. Space-Time Fourier Transform (General Definition)

Given a spatial Fourier transform 
φ(x) 7→ φ̂(ξ),

φ̂(ξ) =

ˆ
Rn

e−ix·ξ,

(35a)

(35b)

where x is the independent variable, and stated a complex scalar field

ϝ : R× Rn → C, (36)

a general description of the space-time Fourier transform is this:

ϝ̃(τ, ξ) =

ˆ
R

ˆ
Rn

ϝ(t, x)e−i(tτ+x·ξ)dtdx, (37)

whose inverse formula will be

ϝ(t, x) =
1

(2π)n+1

ˆ
R

ˆ
Rn

ei(tτ+x·ξ)
ϝ̃(τ, ξ)dτdξ. (38)

NB. The norm of this transform can be made more captivating by adding the Sobolev space
W a,b(R1,n−1) in L2

τ,ξ-space, a, b ∈ R, where R1,n−1 is the Minkowski space, so that

∥ϝ∥2Wa,b =

ˆ
R1,n−1

(
1 + |ξ|2 + |τ |2

)a (
1 + |τ |2 − |ξ|2

)b |ϝ̃|2(τ, ξ)dτdξ, (39)

so that W a,b is the completion of the Schwartz space [9] [6] [30] Sc(R1,n−1). A similar result occurs
if we insert the Minkowski space-time M4 = R4

1,3 or R4
3,1.
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Marginalia 2.2. The scalar can be (re)writable in the following manner:

ϝ =

ˆ
R
∥ϝz∥L∞

t W b
x
dz ≲ ∥ϝ∥Wa,b (40)

with ≲ being the less-than or similar symbol. This is because (sketch proof )

ϝ̃(τ, ξ) =

ˆ
R
ϝ̃(z + |ξ|, ξ)δ(a− τ + |ξ|). (41)

Via Cauchy–Schwarz inequality [4] [29], one gets toˆ
R
∥ϝ̃(|ξ|+ z, ξ)∥W bdz ≲ ∥ϝ∥Wa,b . (42)

2.6.3. 4D Space-Time Fourier Transform

We come to a more (classical) deterministic context, to approach the concept of 4-dimensionality,
for the benefit of the theory of relativity.

We can determine the space-time Fourier transform with two procedures. The first is constructed
with the transform variable ξ, or better, with

φ(x) =
1

16π4

ˆ
φ̂(ξ)eiξ·xd4x, (43)

where the denominator of the fraction is equal to (2π)4, and ξ · x = ηµνξ
µxν (ηµν is obviously the

Minkowskian tensor). Hence

φ̂(ξ) =

ˆ
φ(x)e−iξ·xd4x. (44)

The second one explicitly starts from the pseudo-Euclidean 4-vectoriality. Let k ·x = k̇ηx, where
η

viz
= η

(1,3)±

µν is the Minkowski metric tensor with signatures (+,−,−,−) or (−,+,+,+). Imposing
a space-time function

φ :
{
x = (x, t) ∈ R3 × R+

}
→ C, (45)

and symbolizing, classically, the angular frequency with ω, a more remarkable denotation, for the
Fourier transform in 4-space, is achieved in two manner, which are mathematically superimposable,
even if physically (juste pour dire . . . ) they have their own distinction:

φ̂(k) =

ˆ
φ(x)e−ik·xdx =

ˆ
φ(x, t)ei(ωt−k·x)dtd3x, (46)

φ̂(k, ω) = 2π−n
2

ˆ
φ(x, t)ei(ωt−k·x)dtd3x. (47)

2.6.4. Fourier Transform on R4R4R4 with Lorentz Metric

As the title suggests, the 4D transform φ 7→ φ̂ in Lorentz(–Minkowski) space-time L4 = R4
1,3 or

R4
3,1, i.e. M4, is effortlessly describable with the following equality:

φ̂(p) =

ˆ
L4

eipµx
µ

φ(x)d4x, (48)

where x and p are the position and momentum spaces. Its inverse is

φ(x) =

ˆ
L4

e−ipµx
µ

φ̂(p)
d4x

16π4
. (49)

2.6.5. Space-Time Fourier Transform with the Energy-Momentum Tensor

The space-time Fourier transform with the (stress) energy-momentum tensor formalism looks
like this:

Τ̃
µν(ω, ωx) =

ˆ
R3

Τ̂
µν
(ω, ẋ)e−iωx·ẋd3ẋ, (50)

recalling that the transform as regards the time is simply

Τ
µν(t, x) =

ˆ
R
Τ̂

µν
(ω, x)e−iωtdω. (51)
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3. Stochastic Space-time au Moyen de Langevin–Einstein Equation

The easiest climb to reach the top of the resolution is the one known as the col alpin of Langevin
equation for gravitational purposes, with stochastic perturbations — compare with the work of P.
Langevin on Brownian motion [12]:

1

8πGn
Gµν(x)− 2Cκ

s1м
µν
G1

(x)− 2Cκ
s2м

µν
G2

(x)

+
1

4

ˆ (
ker(Θ)мG1

(x− y)мµν
G1

(y) + ker(Θ)мG2
(x− y)мµν

G2
(y)
)
d4y

eqv
== φµν(x), (52)

where
Gn is the Newtonian constant of gravitation,
Cκ

s1 and Cκ
s2 are two dimensionless coupling constants,

мG1 and мG1 are two tensors affiliated with gravity,
ker(Θ) is the noise kernel, and

φµν is the (Gaussian) stochastic component appertaining to this equation.

3.1. Fourier Transform inside the Stochastic Gravitation

From the above we figure out the transform, in the kingdom of Fourerian analysis, of the
Einstein–Langevin Eq. (52),

Fµν
ϱϖ(p)G̃ϱϖ(p) = 8πGn˜φ

µν(p), (53)

expecting that Fµν
ϱϖ is a 4-dimensional (field) bitensor.

Suggestions for Reading

For historical information, the first article that addresses the topic of the Fourier transform of
fractional order, aka fractional or angular Fourier transforms, is that of V. Namias [23]; details in
[15].

There are also a series of articles [16] [17] [14] [5] with a preponderance of engineering, so they
only partially stimulate my interests.

Note. The use of the double formalism, l̂ (widehat) and l̃ (tilde), may appear ambiguous (and
it is indeed, to a profane eye); but it serves to make distinctions on the type of the (Fourier)
transform, or rather, on the contextual mathematical category.
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dedication

To Marsili-Alissi Gálakta,
’cos we were, and are, two lives inextricably intertwined.

(Just the two of us we can understand this).
Death has not taken you away from me.

I remain a mirror of your eyes on which nature reflected its absence of corruption.
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