N

N

Set estimation under dependence

Catherine Aaron, Paul Doukhan, Laurence Reboul

» To cite this version:

Catherine Aaron, Paul Doukhan, Laurence Reboul. Set estimation under dependence. 2024. hal-
04375650v3

HAL Id: hal-04375650
https://hal.science/hal-04375650v3

Preprint submitted on 27 Sep 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04375650v3
https://hal.archives-ouvertes.fr

Set estimation under dependence

C. Aaron?, P. Doukhan®, L. Reboul®

“University Clermont Auvergne
bCy Cergy Paris University, AGM Mathematics, 2 Bd. Adolphe Chauvin, 95000 Cergy-Pontoise, AGM-UMR 8080
CInstitute of Mathematics of Marseille, 13288 Marseille Cedex 9, UMR 7373 and CY Cergy Paris University, AGM Mathematics

Abstract

In this paper, we extend estimation results on the R-convex hull of the points of a random sample from indepen-
dence to some dependent cases. Explicit convergence rates are obtained in that case; we deal with R-convex hulls
and its natural plug-in to estimate the support S or level-sets together with their volume and perimeter of the marginal
density f on RY, of a strictly stationary process.

For this we assume some weak dependence conditions and different distributional assumption depending on the
estimation purpose (support or level sets estimation).

The loss with regard to the classical independent case depends on the current dependence structure.

Keywords: Strictly stationary process, strong mixing, weak dependence, multidimensional density, density
estimation, density support estimation, set estimation

1. Introduction

Set estimation has many applications. In ecology for instance, it may be used to study the home-range or the core-
area of species [25]], based on the observation of the spatial distribution of species or the movement of one or more
representative members. Assimilating the position of a member to a random variable with a given density distribution
f : RY — R, the home-range corresponds to the support S = {x, f(x) > 0} of f and the core-area to a level set of f
which is defined as the set L, = {x, f(x) > ¢} for a given threshold ¢ > 0. If L f(x)dx = a then the level set L, is also
interpreted as a multidimensional @—quantile, see [12}[17]].

The estimation of a density support and of its related quantities -level sets, boundary, volume and perimeter- has
been the focus of several works for i.i.d. data sets. The historical Devroye-Wise estimator of S in [[13} [16] (see also
references therein) has universal properties but non-optimal rates. If S is convex then optimal rates are achieved by
the convex hull estimator of the sample. More generally, under “convexity type” assumptions on S, optimal rates may
be achieved by estimators defined as some extensions of the convex hull. This is the case of the R-convex hull, studied
for example in [3}7,135H37, 140]] (other estimators of S have also been proposed, as in [[1] or [27]).

The R-convex hull of a set S is defined as :

c

)= | Bew|,

B(x,R)NS =0

where E€ and E respectively denote the complement and the interior of the set £ and B(x, R) is the closed ball of radius
R centered at x. The use of the R-convex hull to estimate the support of a density f admits the following heuristic
justification.

If S is regular enough, we have Cgr(S) = S so that a natural estimator of S is §,, = Cr(X,), whereX,, = {X;,...,X,} C
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R? denotes a n-sample with marginal density f having a support S and Cr(X,)) = (U B(x.R)NX, =0 B(x, R))C.

The study of :S‘\,, has been introduced by [40] and [35)]. They derive convergence rates of the Hausdorft distance
dH(§n, S) towards 0 and obtain the minimax rate of [27] under regularity assumptions on S. Similar rates are obtained
for dH(afS’\,,, 0S). Functionals of the R-convex hull may also be used to estimate related quantities such as the volume
[[7, 18], the perimeter [3]] and level sets [36] of S.

In the above results, the density f is bounded below on S by some positive constant and the sample X, is i.i.d..
Hereafter we extend the study to densities which are not bounded below and to dependent settings. Indeed for real
life applications, independence hypothesis is generally unrealistic. This is the case for instance if the location of a
member of an animal specie is observed via GPS or if the sample consists of the trajectory of one or more members
observed over a given time period. Our hypothesis is that X,, is a n—sample from a strictly stationary process X.
Additionally, we assume some dependence condition: we consider here both strong mixing and 6-weak dependence
conditions, introduced respectively in [38] and [[15].

Set estimation under dependence has been little studied. A few related works are those of [10], [[11] and [9] who
consider continuous time trajectories of a reflected Brownian motion. In the recent paper of [29] the authors extend
results on reconstruction of density supports of i.i.d. random variables to supports of dependent stationary R?-valued
random processes with the use of the Devroye-Wise estimator.

In this article, we study the asymptotic properties of S, and some of its natural plug-in as estimators of the support
(and boundary, perimeter, volume) in a non-independent framework: thus we extend the results of [3} /7,18 135, 136, 40]
to dependent cases. Plug-in estimates also lead to the case of level sets estimation. Namely, we derive convergence
rates in Hausdorff distance of those estimators. Finally we show that, with probability one for n large enough, the
estimated support (resp. level sets) is homeomorphic to the support (resp. to the level sets) of f.

The rest of the paper is organized as follows. Section [2] presents some notation and general useful results. Section
[3] dedicates to asymptotic results for the R-convex hull and its natural plug-in as estimators of the density support
and of related quantities, such as volume and perimeter. Section 4] deals with the estimation of level-sets of f. As a
conclusion, Section [6] proposes some perspectives for data-driven tuning of the geometric parameter R. The proofs
are postponed to Section 5]

2. General framework

In this paper, we are interested in several geometric non-parametric estimation problems, based on a n—sample
X, = {X1,...,X,} € R? of a strictly stationary weakly dependent sequence X. In this section, we first give some
notation and preliminary material that will be useful to settle and prove our main results.

2.1. Notation

e For each set E ¢ R?, we respectively denote by |E|;, OF and |0E|,-; its d-dimensional volume, its boundary
and the (d — 1)-dimensional volume of OE.

For the sake of simplicity, we sometimes refer to volume and perimeter when talking about |E|; and |0E|;-;.

e B(x,r) c RY denotes the closed ball of radius r > 0 centered at x and S(x, r) is the surface area of its boundary,
i.e. the sphere of radius r centered at x.
For the sake of simplicity, we set w,; = |B(0, 1)|; the volume of B(0, 1) C R? and oy = |S(0, 1)]4—; the surface

of its boundary.

e Foreach E ¢ R? and each positive number r, we denote by E@rB and E©rB the Minkowski sum and difference:

E®rB={x¢ RY, dx,E)<r} = U B(a,r), and EorB={x,B(x,r) C E}.
acE
e For each compact set E ¢ R and each x € R? we set d(x, E) = minyeg [|x — y|[%, where || - || denotes a norm on
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e For two subsets E and F of R, we denote by dy(E, F) their Hausdorff distance:

ack beF

dy(E, F) = max (supg(a, F),supd (b, E)|.

e Weset E =~ F if and only if E and F' are homeomorphic, i.e. there exists a bi-continuous bijection ¢ : E — F.

e For two non-negative sequences (u,) and (v,) in RY, we set u, < v, if and only if there exists ¢ > 0 such that,
foralln > 0, u, < cv,. If u, < v, and v, < u, then we set u, = v,.

~ ~

e For k € N, we denote by C* the set of k-times continuously differentiable functions f : R — R.
For f € C' we denote by f its gradient and in case f € C* we denote by f® its Hessian matrix.

e We denote by || - ||,, the operator norm on the set of n X p matrices.

e Letp > 2. We say that K is a kernel of order p if and only if f P(x)K(x)dx = P(0) for each polynomial with
degree (strictly) less than p.

2.2. Dependence conditions

Let X = (X;).ez be a strictly stationary sequence on a given probability space (2, ¥, IP). For all —co < j < I < +00,
we set 77]’ = 0(Xy, ] < k < [, k € Z) the o-field of events generated by the random variables (Xj) j<k<;. We denote by
X, = {X1,...,X,) ¢ R a n-sample of X with marginal density f : R — R.

In this paper, we consider two weak dependence conditions for X. These conditions cover a broad class of classical
models of times series as in Remark [T}

Strong or a-mixing. Let (a(q))4>0 be the decreasing sequence of strong mixing coefficients of X, defined as

og)= suip  [P(ANB) - FAE®B).
AeFS,, BEF®

Note that the above expression can also be written as the supremum of | cov(1y4, 15)|. We say that X is strongly mixing,
a-mixing, if lim,_,., a(g) = 0.

0-weak dependence. Letv > 1 and let us define the Lipschitz modulus of a function 4 : (Rd )V — R by

. I(x) — h(y)|
Lip (h) = su .
B R I =yl + -+ 1% — ol

The process X is #-weakly dependent, [14]], if there exists a decreasing sequence (6(¢))4>0 With lim,_,., #(g) = 0 such
that
|cov(W, h(X;,, ..., X;)| < vLip (h) - 0(q) ,

for any v € N* any sequence of indices i1, ..., i, > g and any random variable W measurable with respect to 7—'?00 and
such that ||W||, < 1.
Notice that for v = 1 this simply writes: |COV(W, h(Xq))| < Lip (h) - 6(g).

Remark 1. A large number of classical models which satisfy strong mixing conditions is provided in [18]; in par-
ticular the class of linear processes based on innovations with an absolutely continuous density function, such as
strictly stationary ARMA processes and also certain bi-linear, ARCH or GARCH models. Another example is that of
a stationary Gaussian process with a continuous positive spectral density. Notice also that this property remains valid
through images by measurable functions.

Some classical processes are not strongly mixing. A famous counterexample is displayed in [5], in which X is the
stationary solution of the recursion

X =L (X +a) vt > 0,

where X is independent of (&), Which is a sequence of i.i.d. random variables with Bernoulli distribution of
parameter 1/2. This example and many others, such as linear processes with discrete innovations fit the 6-weak
dependence condition. Notice also that this property is hereditary through Lipschitz functions.
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2.3. A key result under dependence
Let E be a measurable subset of R? with P(X; € E) = p > 0. If X,, is an i.i.d. sample, then

PX,NE =0)=(l - p). (1)

This is a key property to derive results on set estimation. This relation essentially extends for some dependent cases
of interest quoted in the following remark.

Remark 2. (Cases related with independence).

e Consider a negatively associated process, see [39]. In the proofs of Subsection [5.I] we let ¢ = 1, and for
Z;i = Lix,epy (Vi 2 0), cov(Zy X - - - X Zy—1, Zy) < 0, hence (I) holds.

The lemmas 7.1 and 7.2 in [30] entail that the same result (T)) holds for two other cases of interest
e X is a m—dependent process, P(X, N E = 0) < (1 — p)n,
o X is a geometrically ergodic Markov process, P(X, N E = 0) < (1 - p)".

In the dependence settings of Remark [2] we obtain the same rates as for the independent case when dealing with set
estimation.
We relax the independence assumptions to settings such that a weaker version of Equation (T)) holds. Namely, we will
give some explicit values of Eg(g) such that for each ¢ € N with 1 < g < n we have
» &
PX,NE=0)<(l-p)i ;&9 2)
p

Property (2) weakens (I)) for several dependence structures and for some cases of sets E of interest. This allow to
derive convergence rates for the estimation of S, 95, |S|; and [0S |4-1 in Sectionand for level sets in SectionE}

Proposition 1. Let X = (X))ez be a stationary strongly mixing sequence with mixing coefficients (a(q))4>0. Let
E c R? be an arbitrary measurable set such that P(X, € E) = p > 0. Then @) holds for each 1 < q < n with
Ee(q) = a(g).

Proposition 2. Let X = (X;),cz be a stationary 6—weakly dependent sequence with dependence coefficients (6(q))q>0
then we restrict to two special cases of measurable sets E C R of interest.

1. For E = B(x,r), then there exists ¢ > 0 such that @]) holds with

0
Er(g) < inf (@ +cwg2dertt. (3)
&€(0,r) £
2. For E = B(x,r,) N B(y,ry) withry + 1, — |lx =yl = £, and £ < ry A ry, then there exists ¢ > O such that @) holds
with
g < inf (D4 Virrito) ad  Virr.te) ~ 4 farry\F @)
X m - Xy Ty, Uy X s Uy ~ — .
EDS oo\ "¢ e hn b8 an P Ty & 8) 2 Fe@a1 8| T ry
In order to get explicit rates, we will propose in the sequel two scenarii:
e Exponential decays, a(q) < Bb™4, or 6(q) < Bb™4, for some b < 1.
e Polynomial decays, a(q) < Bg™, or 6(q) < Bg~?, for some b > 0.
Remark 3. In Proposition 2} for both cases, the constant ¢ > 0 is defined through:

P(X, € E) < c|E|,. (5

Notice that this condition holds for instance if the distribution of X, admits a bounded density f w.r.t. Lebesgue
measure.

Remark 4. Our results may be extended to alternative dependence structures, yielding other values of Eg(g), possibly
involving other methods of proofs.



3. Support estimation

In this section, we derive convergence rates for the R-convex hull estimators of the support S, its boundary, and
their measures in the context of strictly stationary strong-mixing or §-weakly dependent sequences X.

We first give in Subsection in [3.T|regularity conditions on S under which are derived our main theoretical results.
We then provide in Subsection[3.2]the main lines of the proofs by enlightening the differences between the independent
case and the dependence setting for which an additional term for a probability bound appears.

3.1. Distributional background

In order to obtain a consistent estimator Cz(X,,) of the support S we will assume that S is compact and regular enough
in order that Cg(S') = S. More precisely, we need that S satisfies the following

Definition 1 (Rolling ball property). A closed compact set S C R satisfies the R,-outside (resp. R;-inside) rolling
ball property if and only if:

Vx € dS,30° e RY,|lx - O°|| = R,, and B(O°,R,) C §¢
(resp. A0 € RY, ||x — O|| = R;, and B(O',R;) C §).

If S satisfies the R,-outside (R;-inside) rolling ball property, we also say that balls of radius R, (resp. R;) roll freely
outside (resp. inside) S'.

Sets satisfying the rolling ball property have nice properties due to the generalization of Blaschke’s rolling ball’s
theorem, see [40]]’s theorem 1. In particular, they satisfy Cg (S) = S, which ensures the convergence of the plug-in
support estimator Cr (X,) since dy(X,,S) — 0.

To derive explicit convergence rates, we have moreover to assume that the density decreases regularly enough. Specif-
ically, we will assume a power decay as in [27]:

Definition 2. A density f belongs to the class Mg, g, f.o If it has a compact support S that satisfies the R,-outside
rolling ball property and the R;-inside rolling ball property and that

S = fod(x,08)*, VxeS.

Notice that the special case @ = 0, known as "close to uniform" hypothesis, corresponds to the classical class of lower
bounded densities on §'.

3.2. Main Theoretical results

Hereafter, we provide explicit convergence rates that generalize to a dependent framework and to @« > O in
Deﬁnition@]the previous works of [3l135]] on the R-convex hull, obtained in the independent case and when @ = 0. As
a reference point, we first extend these previous results to the i.i.d. case but with @ > 0:

Theorem 1. Let R;, R, and fy be positive constants and « > 0. Let X,, = {X1,...,X,} be an i.i.d. n—sample with
density f € Mg, g, jy.o supported by S and R < R,. Thus, there exists a constant A(d, a, fo, R, R;) such that for n large
enough, one has with probability 1

dy(0CR(X,).0S) < &, dy(Cr(X,),$) < &, (6)
0Cr(X,) ~ S, Cr(X,)) =~ S, 7
0CRK a1 = 108 la=1| S &nn [ICREK D = 11| £ &0 (®)

with ,

e, = A, a, fy,R,R;) (IHTH)M

Optimal results for several classes of dependent models leading to the same convergence rates as for independence
are obtained from Remark [2]in Proposition 3] below:



Proposition 3. Let X = (X)),cz be a negatively associated or m—dependent or is a geometrically ergodic Markov
chain. Then P(X,, N E = 0) < (1 — p)" and the conclusions of Theoremalso hold.

Theorem below extend Theorem [I]to samples X, of a strictly stationary sequence which is either strong mixing
or 8—weakly dependent with either exponential decay or polynomial decay of the dependence coefficients.

Theorem 2. Let R;,R, and fy be positive constants and @ > 0. Let X,, = {X},...,X,} be a n—sample of a strictly
stationary process X = (X;)ez with marginal density f € Mg, g, 1o Supported by S. Assume that X is strongly mixing
or 0-weakly dependent. Choose R < R,.

e [fthe sequence of dependence coefficients of X has an exponential decay rate a(q) < Bb™?, or 6(q) < Bb™4,
for some b < 1, then, with probability 1 for large enough n, Equations (6], and are satisfied with the
following &,

2
1n2 n d+1+2a

87! = A(d’ (Y, f09R’ Ri’ b)(

where the constant A(d, a, fy, R, R;, b) is explicit.

e [f the sequence of dependence coefficients of X has a polynomial decay rate a(q) < Bq™ or 6(q) < Bq™ with
b > by then, with probability 1 for large enough n, Equations (@), (7) and (@) are satisfied with the following &,

2
1In¢ n\ @
&y = .

nl-v

Explicit values of by, a and y are given by

in the strongly mixing case: bp=1 1= 3d+1+2a a—b_z_dand —M
8L TS case: e S I A T [
3d+1+2a  b/2-2-d A+1

— in the 6-weakly dependent case: by =2, 1 =

d+1+22 " Tp2—a1 YT i

Theorem [2] firstly highlights that in the exponential decay case, the estimation error achieves, up to an additional
power of Inn, the same rate than in the independent setting whatever the dependence structure is (strong mixing or
60— weak dependence). In the exponential decay case, the dependence structure only impacts constants. Secondly in
the polynomial decay the loss in convergence rate with respect to the independent case is of the order of an additional
power of n. Moreover, contrary to the exponential decay case, both the error and the loss depend on the dependence
structure.

Moreover, as in [36], our results highlight the different roles of the outside and inside radius R, and R;: in both cases,
the tuning parameter R must be less than R, in order to achieve the convergence and the convergence rate depends on
R;.

3.3. Main arguments for Theorems|[I|and
The proofs are split into two parts.

o First, geometric and deterministic arguments allow to prove that:

YO e R, VR € (0,R,),de>0: d(0,5) <R-e= B(O,R)NX, #0.

Then for each R < Ry and for a convenient &, we prove that if volume and perimeters are close of each other
du(Cr(X,),S) < &, du(0Cr(X,),05) < &,

and the homeomorphism property holds. Those results are stated in Proposition [ and Corollary [T} which is a
part of theorem 4.1 from [3].
We defer the reader to the fourth point in the proof of Corollary T]to explicit an homeomorphism S — Cg(X,,).
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e As a consequence of Proposition [f]and Corollary [T} if there exists a sequence (g,), such that

D pa<oo, with p,=P(30, d(0,S) <R-5,and BO,R) "X, =0), foreach n>1,

n=1

then the Borel-Cantelli lemma allows to conclude.

Seeking suitable sequence (g,), is the probabilistic part of the proof and make use of the key inequality (2).
A compactness argument allows to exhibit a coverage of {x, d(x,S) < R — g,} by a finite number of balls
0i1,...,0,, €{x,d(x,S) < R — ¢g,} centred at O; and with radius &,/ logn :

~
n

Vn ’ 1 d
{x, d(x,S)<R- 8,,} - U B (0[, 18—) ,  where a dimension argument implies v, < ( nn) .
nn
i=1

Now foreachn andi € [1,v,] we set

Ei, = B(O,-,R - i)
Inn

From the triangular inequality, we infer
pn< ) P(EinNX, =0).
i=1

— In the independent case:
P(E,NX,=0)=(1-P(E,))"

and the problem boils down to bound P(E;,) uniformly, with respect to i € [1, v,], by using of the inside
rolling ball property combined with d (0;,S) < R — &,(1 — (Inn)™!) and the property on f assumed in
Definition[2l

o)

We thus can exhibit a sequence (g,), such that the series Z Pn < oo are summable.
n=1

— Under dependence, the key inequality () yields an additional term,

SE in (CI n)

PEin 0 X =0) = (1 =P En))™ + 5pS

for each ¢, € Nsuch that 1 < g, < n.
The probability bounds with the additional term for dependent data are set precisely in Subsection [2.3]and
they are proved in Subsection[5.1] In Subsection[5.3|we give detailed proofs of Theorems [I|and [2]

4. Level set estimation

We now focus on level set estimation. For a given ¢t € R*, the level set L, is defined as

L ={zeRd, f(z)>1).

If t = 0 we turn to the case of support estimation.
In the i.i.d. case, [36] introduced and studied the following empirical level set estimator

E,R = CR(Xn N {z, J?(Z) P t}),

where ﬁ is a suitable density estimator of f.

In this section, we aim at extending [36]]’s convergence rates to our dependence setting. We first recall the classical
assumptions when dealing with level set estimation. We prove Theorem [3] which explicits the convergence rates for
our level set estimator in the dependent case as the sum of two terms
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e a set estimation error &,, due to the use of the r-convex hull,
e adensity estimation error term &;,.

Possible values for g, in different contexts of dependence are given in Subsection Finally, a sketch of the proof
of Theorem [3]is given in Subsection 4.4

Remark 5. Suitable levels ¢ defined in the sequel as regular levels see Deﬁnitionsatisfy that L, = {z eRY, f(z) > t}
and ¢; is a (d — 1)-dimensional manifold, see [36].

4.1. Distributional background

In the context of level set estimation, we assume different distributional hypotheses than those required in the support
estimation problem.

Namely, the compactness of the support of the distribution is useless since L, = {z, f(z) > t} is compact for all 7 > 0.
Moreover, the rate of decay of f near the boundary is no longer important. As a counterpart, we require that f € C
for some k > 2 to derive uniform convergence rates for kernel density estimation. Also, for regular levels ¢, as defined
in Definition[3|below, and by Proposition4] see theorem 2 in [40], we derive that the sets L, naturally inherit the inside
and outside rolling ball properties.

Definition 3 (Regular levels). The level t > 0 is a regular level if there exist A, > 0 and m; > 0 such that

Ly c8, and  min  [|fV@)l=m, >0.
z2€L1-a \Lisa,

A corollary of theorem 2 in [40] writes:

Proposition 4 ([40]). Let f € C% we assume that {2, = sup,s IfP @y < 0. Ift € R* is a regular level, then
there exists 8, such that, for allt' € (t — 6;,t + 0;), Ly satisfies the inside and outside rolling ball properties for balls of
radius m,/féi)x.

4.2. Main Theoretical results

Hereafter, we study the asymptotic behavior of ’L\,,R, its boundary and its volume under weak dependence condi-
tions. We also obtain topological guarantees and perimeter estimation rates using ideas inspired from [3]].
We focus here on the geometric part &,. Explicit rates taking into account all the parameters of the model are given in
[Appendix C|and[Appendix B}

Theorem 3. Let X,, = {X},...,X,} be a n-sample of a strictly stationary sequence of a strong mixing or a 0-weak
dependent sequence X marginal class C* density f on its support S.

1 2
Assume that sup_cg || fV(2)I| = 1) < to0, and sup,cs lfPllop = D) < foo.

Assume that the density estimator ]/(; satisfies sup, Iﬁ(x) - f(0)| < g, for a sequence &, such that g;,, — 0.
Let t > 0 be a regular level. Let R be a constant such that 0 < R < m,/ f,%)x and define X} (1) = X, N {f(z) > t} and
L, g = CR(X;(1)). Then, with probability 1 and for n large enough, one has

du(0Lig,0L) < &, + &), du(Lig, L) S &0 + &),
6Lt,R = 6Ll’ Lr,R =~ L,
[ILigla = Ldal < & + &, 0L, gla-1 = 10Lila-1] < & + €}

With

o [fthe sequence of dependence coefficients of X has an exponential decay rate a(q) < Bb™?, or 6(q) < Bb™4,
for some b < 1, then:
&n = (In> n/n)71.
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o [f the sequence of dependence coefficients of X has a polynomial decay rate a(q) < Bq~" or 8(q) < Bg™" with
b > by, then:
&, = (In“ n/n' =7y @D,

Explicit values of by, v\ and y, are respectively:
b-2-
b-a "’
2—-d+b/2 A+ h = 5d -1
b2—2 YT e MM T 2a

— Strong mixing: by=1a=

— 6-weak dependence: by=2,and a=2

4.3. Explicit rates for uniform consistency of kernel density estimators under dependence

Density estimation is an important question and it is a widely investigated problem in the literature. We defer
the reader to [26] under independence and e.g. [20] under strongly mixing and [22] for the weakly dependent case.
Indeed the density is a d—th order partial derivative of the c.d.f. which is easily fitted from the empirical c.d.f. F
and describes the marginal distribution of a stationary process. Each functional of F, including f, is thus of a main
importance for statistics. Anyway the herein assumptions do not fit the current setting, see Remark [] The density
estimation error relies on the dependence structure, and on the regularity of the density and the dimension d.

To obtain results on level set estimation, we need an upper bound on

Fio) = 1),

/ —
g, = sup
xeR4

where f : RY — R as above is the marginal density of the strictly stationary R¢-valued process X and }‘; is its kernel

density estimator:
o= Sk (E2 ©
" nd hy |

t=1

We provide below bounds for &, in the a-mixing and #-weakly dependent cases. Proposition [5] concerns exponential
and polynomial decays. For that task, we first introduce some regularity assumptions on f and K:

(K1) K : RY - R is a bounded function with compact support and integral one.
(K2) K :R? - R is of order k for some k > 2.
(M1) For some k > 2, f € C* and ||f®||,,, is bounded.
(M2) The marginal density f is bounded on R?.
(M3) The joint densities f; of (Xo, X;) are bounded, uniformly with respect to i > 0.
(M4) E||Xp||€ < co for some ¢ > 2.
Proposition 5. Let X, be a n-sample of a strictly stationary sequence X and ]‘:, be defined by (9). Assume that (K1),
(M2), (M3) and (M4) hold, and that (K2) and (M1) hold for some k > 2.
e [fthe sequence of dependence coefficients of X has an exponential decay rate

(A1) In the strong mixing case a(q) < Bb™4, for some b < 1,

Inn Inn

— Ifk > d + 3, the choice h, = O (—) yields €, = Oy, ((—) ]
n n

n n

1-y k(1—y)
In 1\ 36 Inn\ @6
— Ifk < d+ 3, any choice hy, = 0( n”) with y € (0,1) yields &, = Oq.s ((ﬂ) ]

(T1) In the 8-weak dependent case, 6(q) < Bb™4, for some b < 1,
9



Inn Inn

— Ifk > d + 2, the choice h, = 0(7) yields &, = O, ((7) ]

Iy ki)

1 3d+4 1 3d+4
— Ifk < d+2, any choice h, = O (ﬂ) with y € (0, 1) yields &, = O, [(ﬂ) ]
n n

e [fthe sequence of dependence coefficients of X has a polynomial decay rate then,

(A2) In the strong mixing case a(q) < Bq~" for some b > max(2 + 3/d,d + 2).

d+2- 22 Inn \#% Inn |7
Letyy = — o then the choice h, = O —— foranyy € (yo, 1), yields &), = Oy 5. || — .

b+1-— 442 nl-y nl-v

2bk+d
(T2) In the 6-weak dependent case 6(q) < Bq™ for some b > 3(d + 2).

d B déz:—? . Inn ﬁ . Inn 21{/1r

Letyy = W’ then the choice h, = O (nl_‘V) foranyy € (yo, 1), yields €, = Ogs. (}11_‘7) .
6 2b+d

Remark 6. Comments on the assumptions and on the results.

e The (Inn)-terms may be omitted in the above mentioned rates because the presence of an additional power term
make them essentially non optimal.

e In the strong mixing case with polynomial or geometric decreasing rates, [20]] achieved optimal asymptotic
rates for g, that generalize [26]’s theorem 2.3. Such rates are also achieved in [22]] and [23])) in the 6—weakly
dependent case with polynomial and geometric decreasing rates of the coefficients. However, the assumptions
on f, h, and the rate of decay of the dependence coefficients under which such rates may be achieved are more
demanding than ours. Namely, it is required some Holder conditions on f. Note that in case of strong mixing
coefficients decaying at a polynomial rate to 0 not quickly enough, [[6] also provide convergence results.

e To have a control of the error term on the whole set R, we need that the marginal density f satisfies (M5) :
lim)yj»e f(x) = 0. Remark that if (M1) and (M2) hold with some k > 2 thus every derivative of order less or
equal to k are bounded and this entails (M5), see [31]].

e (M2) and (M3) are necessary in particular to have an equivalence of the variance o2 = var(]";). (M2) can be
dispensed with at the cost of additional technicality. To cancel the singularities, one may for instance consider
g = vf with v(x) = (x| X- - - X x4)° and an estimator g, = vf, of g. Thus the variance term admits the convenient
decay rate.

4.4. Main arguments for Theorem 3]
In Subsectionwe obtained explicit decay rates (&),),~0 such that sup, | f,(x) — f(x)| < g, with &, — 0.
This entails: L., N X, € X(f) C L,_g, thus, for any R > 0 we have Cr(L+s, N X)) C Cr(X (1)) C Cr(Li—g).

n

First notice that, using the regularity of the level ¢ we have that, for n large enough

1. By Proposition [Zi_f] L,y and L., admit the R-rolling ball property (in other world Cr(L,—) = L, and
Cr (Lt+£,’,) = Lt+£,’,

2. By use of the mean value theorem, we also derive L, C L, @ 26

my

and L, © Zmir C Liyg,.

The proof is then divided into two parts.

1. Firstly notice that we yet have Z,,R =CrX} () C Cr(Li—g)) =Li—g C L ® %B.

2. By the r-convex hull properties, as in the section § [3]devoted to support estimation part, we have:
(V0. (0, Lis) < R =& = B(O,R) N (Lis, N X)) # 0) = dp(Liss, CrLirsy N X)) < &

To bound the probability p, that there exists O with d(O, L;+») < R — ¢, and P(B(O,R) N (Liie) N X)) = 0 we
morally proceed as in the proof of results for the support estimation with an additional initial step.

10



(a) By use of the inner rolling ball property we can find O such that ||O — O’|| = 2R - g, and B(O',R) C L.,
thus B(O’,R) N B(O,R) N X,, = (. We thus have

Pu < P(30.d(0. Livsy) < £2, 30", BO',R) C Livy;, 0 — O'l| < 2R - £,, BO',R) N BO.R) "X, = 0)

(b) As for the support estimation, we define coverings Oy,...,0,, and O1,..., O’V; on R? such that (Lite, ©
(R—&,)B)\ Ly, and L, © RB are covered with balls with radius g,/ Inn. Let us introduce B; j(R, &,) =
B(O’]., R—-¢&,/Inn)NB(O;, R—¢,/ Inn), as for the case of support estimation then using (2) then the display
in the point (a) may be written as:

. < 1 P(B(O’,R — &,/ Inn) N B(O;,R — &,/ Inn) N X,, = 0
P Z]] fio-on<an-n_aymn) (B(O} R — &/ Inm) N BOO.R ~ &,/ Inn) N X, = 0)

S le: 1{\|01—0;||<2R—sn(1—2/ nm) P (Bis(R.en) = 0)

83 i(R.g )(Qn)
< 1 1 — P((B; j(R, &))" + —L——"
,Zj: {uoi—0;||<2R—sn<1—2/1nn>} {( (B:j R, €a))) +P(Bi,j(Rs5n))}

The additional term &g, ;(.¢,)(g,) Writes a(g,) in the strong mixing case and it is given by () in Proposition
[2) for the 6-weak dependent case.
In order to conclude, we work out sequences &, and g, such that ., p, < +oo.

(c) With such g, we conclude by arguing that L,.o, C Cr(Lise, N X,)®&,B C L, ,®&,B. Then, the preliminary

remark entails L,G%B - 'L\,,Reas,,B, that, with regularity of the level finally implies L, C Zt,RGB(an + zﬂ) B.

my

5. Detailed Proofs

5.1. Proofs of Propositions|[I} 2] B]
Set first k = |n/q] and t; = ig for 1 <i < k. Define Z; = 1¢X”¢E} and py = E(Z; X --- X Z;). Then

pr=E(Z X - X Zi DE(Z) + cov(Zy X -+ X Zy_1, Zp).
The propositions will result from bounds of cov(Z; X - - X Z_1,7Z;) by some Eg(g) then applying a recursion on

pi < (1= p)piy + Ex(q). We obtain p < (1 - p)'p; + 35, (1 - p)Ex(qg) that is

pe< (1= p)t + 2D
p

Proof of Proposition[l] From the heredity of strong mixing, the sequence (Z,), is still strong mixing with mixing
coeflicients less than a(g), and the fact that Z; X - - - X Z;_; writes as the indicator function of (1 <i<,/4 (X, ¢ E) implies
[cov(Z) X -+ X Zy—1, Zi)| < a(q). We thus have py < (1 — p)pr—1 + a(q) hence a recursion yields

pe<(-pf+ 2D,
p

Indeed, if the above relationship holds for & — 1 then

pe=( —p)(pkl + ?)+Q(Q) <d-pf+ ?.

O

Proof of Proposition 2] Under 6—weak dependence we have by definition | cov(Z; X - - - X Z_1, h(Xy))| < 6(q) Lip (h)
for any Lipschitz function /& and we specialize the function for the two cases considered in the Proposition.

11



1. Case E = B(x, r).
Now as in the lemma 4.1 page 68 of [15] we consider H,, . and H}

+re two Lipschitz approximations R? —» R
of 1{M¢E]’ with

H., () < lyep < HY, (u),
then

cov(Zy X -+ xZj_1,Zy) < B(Zy X -+ X ZiHY, (X)) = E(Zy X -+ X Zi)E(H (X))

< coV(Zi X+ X Zier, Hy (X)) + B(HS, (Xe) — Hy o (Xi)

Now we build such Lipschitz functions with Lip (H},,) < 1/&. More precisely, we introduce intermediary

functions:
1, s<(r—e 1, s<r
_ r—s . s—r
m,(s) =8 ——, s€lr—gr] andm; (s)=§ 1 ———, se[rr+¢g]
’ £ ’ &
0, s>r 0, s>r+e

Then the functions m;, are piecewise linear and satisfy Lipm;, = 1/e.
Now we define Hy, (1) = 1 —m, (llu — x|) and H, () = 1 —m~ + r, &(|lu — x]|), thus we get:
. H;,S(u) = lifu ¢ B(x,r)and H, (u) = 0if u € B(x, (r — &)").
H, () =1ifu¢ B(x,(r +&))and H,, (u) = 0if u € B(x, ).

Those functions inherit Lipschitz property Lip (H7,.) = 1/&. Moreover, because Hy, .~ H, . is bounded above
by the indicator function of an annulus with radius r and thickness &.

E(H, (X0 = Hy,o(X0) < c-wa(0r+8) = ((r—2)))
< crwgr! ((L+e/m' = (1 - /1))
< e e

for all € < r, since a binomial expansion entails (1 + 0= (1 -x9<2x Zk 1 ( ) < 291xif x € [0, 1].
Thus, setting A’ = cwy2%t!, we derive forall e < r:cov(Z) X -+ X Zj_1, Zi) < g@(q) + Alerd !,
For the reverse inequality, we obtain analogously for all € € [0, 7] cov(Z; X -+ X Z;_1,Z;) > —ée(q) — Algrd!

Indeed
cov(Zy X -+ X Zp_1,Zy) 2 EB(Zy X+ X ZiH, (X0) —E(Z) % - - X Zi_)EH], (X))
> cov(Zy X - X Zp 1, Hy, (X0) — E(H;”(Xk) H, (X0)
and thus: 0
Ep(g) € min %a) +Aler™!,
e€l0,r] &

2. Case E = B(x,ry) N B(y, ry) with r, + 1, — ||x ¥l =

Consider the two 2/e-Lipschitz functions: H (u) = x e A H
the concentration inequality (3)), we have for some ¢ > 0 :

(u) and H w)=H,, (WANH o, vr.e). By

yré‘

E(H (Xo) —H (X0) < c|[BGx, 7+ 8) 0 By, 1y + £) \ (B(x, 7 =€) 0 B(y,ry — &), -

Thus according to Proposition (7| in ife < reAryande < reAry: ]E(ﬁ+(Xk) - H Xp) <
cV(ry, 1y, €, ). Asin case 1, this allows to conclude that cov(Z; X -+ - X Z;_1,7Z;) < %H(q) +cV(ry, 1y, L, €). As
in the end of the proof for case 1 we infer [cov(Z] X --- X Zi_1, Zy)| < %O(q) + cV(ry, 1y, €, &), which concludes
the proof of point 2 in Proposition 2]

Proof of Proposition[3] This proof is based on the inequality p, > p”, and it is left to the reader.
12



5.2. Preliminary results for the R-convex hull

In this section, we give some technical tools on the R-convex hull and the rolling ball condition. That will allow
us to derive asymptotic properties of the R-convex hull estimator for the support S of the density of X, as well as that
of its related quantities. In this preliminary section we mostly only present rephrasing of results obtained in [40], [35]]
and [3]]. Thus proofs might be either left for the reader -as for Properties[T]and [2}, or only sketched -as for Corollary
[I] To have a self content paper we retate those results, also we aim at presenting deterministic results that emphasize
the difference between dependent and independent settings.

For a set S € R, recall that its R-convex hull Cg(S) is defined as:

CR(S>=[ U é(x,m]_

B(x,R)NS =0

Hereafter, we recall some obvious properties of the R-convex hull:

Property 1. Let Ci(S)¢ be the complement of Cg(S) on R?, then Cr(S)° = {x € R?, 30 € R such that x € B(O,R)
and S N B(O, R) = 0} so that

1. IfR < R, then Cgr(S) C Cr(S).

2. If S’ C S, then Cg(S’) C Cg(S).

3. Let H(S), be the convex hull of S a convex set, then

Rlirfm Cr(S) = Cu(S) = H(S).

w.r.t. the Hausdorff distance.

Sets satisfying the inside and outside rolling ball properties have nice properties listed in theorem 1 of [41]]; we recall
them below in Property [2] together with some hints; they are illustrated in the Figure[I]

Property 2. If S satisfies the inside and outside rolling ball property for some positive R; and R, then

1. ForallR < R,, Cr(S)=S.

2. For all R < min(R,, R;) we have (S © RB)® RB = S = (S ® RB) © RB, in fact the second part of the equality
does not involve rolling ball conditions.

3. For each z € 8S, the unit vector i, normal to 0S and pointing outside S is well defined and n, = (07 — 2)/R,.

4. Foreach x € S withd (x,0S) < R;, the projection mys (x) onto 0S is well defined and x = rys(x)—d (X, 08 My (),
O’ = 755 (X) = Rillys (-

5. Forally € §¢ withd(y,0S) < R,, the projection mas (y) onto 85 is well defined and 'y = nas (y) +d (v, 08 Mnys (v
0;) = mas (¥) + Ronnag )

llx = ¥l

6. Forallz,7 €8S, |In; — |l € —=——.
min(Ro, Ry)
continuous (this follows from theorem 4.8 in [24]).

Thus 0S has a positive reach min(R,, R;) and mys s @(min(r;.R,)B IS

Moreover, using the arguments of [35], we can prove the following result which will be a key point for the study of
the asymptotic properties of the R-convex hull estimator.

Proposition 6. Let S’ ¢ § c R?. Assume that balls of radius R, roll freely outside S and that balls of radius R;
roll freely inside S. Let R < R, and € < min(R;, R). If for each O € RY such that d(0,S) < R — & we have that
B(O,R)NS’ # 0, then

SeeB={xeS,d(x,d5) > &} cCr(S’)CS.

Proof of Proposition[6] The second inclusion is a direct consequence of §” C § C R? thus Cg(S’) € Cgr(S) then,
because R < R, and due to the outside rolling ball condition we have Cg(S) = S.

Now let prove the first inclusion by contradiction. Suppose that there exists x € § with d(x,05) = & > € and
x € Cp(S7)°. As x € Cp(S’)° there exists O, ||O — x|| < R with B(O,R) NS’ = 0. Introduce z = [0, x] N S(x, &) we
have z € S then, because [|O — x|| < R we have d (0, S) < R — ¢’ that contradicts B(O,R)N S’ = 0. O

13
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Fig. 1: All you have to have in mind concerning the rolling ball property

From Proposition[6|and by using theorem 4.1 in [3] we derive general deterministic results on the R-convex hull:

Corollary 1. Let S’ ¢ S c R? be a finite set. Assume that balls of radius R, roll freely outside S and that balls of
radius R; roll freely inside S. Let R < R, and € < min(R;, R). If, for all O € RY such that d(0,S) < R — & we have
that B(O,R) NS’ # 0, then we have
dy(0CR(S'),08) < &, du(Cr(S"),S) < &,

ICR(S " = 1S la] < 10S la—1&(1 + o(1)), ase— 0.
1 Rmin(R;,R,)

M fdu(S".S) < 5o ————%
oreover if dy( ) 2 R+ min(R;, R,)

and ¢ is small enough with regards to d, R and min(R;, R,), one has

ICr(S")= 3S, Cr(S)= S

and there exists some constant Cqrg, g, > 0 depending on d, R, Ry and R; such that

I0CR(S a1 = 10Sla-1] S Carror,e(l +0(1)),  whene— 0.

Proof of Corollary[l] Here we provide the main arguments. By Proposition [6] we have
SoeeBcCg(S)cCS (10)

e Since ¢ < min(R;,R) and R < R, we have ¢ < min(R;,R,) and by application of point 2 in proposition |Z|
S C Cr(S") @ B, the fact that Cr(S’) € S € S @ eB yields dy(Cgr(S’),S) < e.

e To get a upper bound of dy(dCg(S"), dS) we quote that:

- By inclusion (T0), for all x € dCr(S’) we have x € S. Suppose first that x € S and set &, = d(x,05) > 0.
For each 0 < t < §, there exits x; ¢ Cg(S’) with ||x — x,|| < ¢, thus x, € S. Therefore, by the first part
of inclusion (]E[), we have d (x;,0S) < &. Thus d(x,05) < €+t and we have d(x,d5) < gast — 0.
Secondly, if x € S then d (x,dS) = 0 so we conclude that for all x € dCg(S’): d(x,05) < e.

— For all x € 85, lety = x — en, with 7, defined in Property |2} then by the inside rolling ball property of S,
we have y € § © &B and thus the segment (x, y) intersects Cg(S ") so that d (x, dCr(S")) < &.

o |[Cr(SNHls < |S \(§ e eB)|d ~ £|0S|4-1, indeed it is the inner Minkowski content of a set with positive reach,

its asymptotic behaviour can be deduced from the Minkowski content of a set with positive reach, see [24]], and
for its outer part see [4].
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e ICR(S") ~ 0S and ||0CR(S)Na-1 = 10S|4-1| S Carr,.r,(1 + 0(1)) are direct consequences of theorem 4.1 in [3].
In [3] it is proved that ¥ : ICr(S’) — S defined as x — mys(x) is an homeomorphism, as it is mentioned in
Property[2|point 4, g the projection onto dS is well define since £ < R;. The Figure[2]supports the construction
of ¢ : Cr(S’) — S and the proof that it is an homeomorphism. To get a proper definition of ¢, introduce, for
x€S8,d(x05) < R, To(x) = mas(x) — 2eny,,(x) Where 7, is defined in Property and T1(x) = ¢~ (ma5 (x)).
Then ¢ : Cr(S’) — S is defined as

{so(x) = x, if xS ©2¢B,

= M . 1 ’ .
@(x) = To(x) + 28||T1 = Tol nas(x), ifxe Cr(S)\ (S ©2¢&B).

Also define g : § — Cg(S) as follows

-T .
8(x) = To(x) + [IT1(x) — To(X)IIM nos(x),  if x €S\ (S ©2eB).

{g(x) = x, if xe S o2sB,
2e

Arguments to prove that ¢ is an homeomorphism for € small enough, and thus Cr(S’) ~ S, are provided below.
- g=¢ lis easy.

— The continuity of ¢ and g on the sets Cr(S") \ (S © 25B) and S \ (S © 2¢B) follows from the continuity
of mys and from the continuity of x — 7, for &€ < min(R,, R;) : for this we use the last point of Property
[2l Then the global continuity of the functions ¢ and g is a consequence of the fact that To(x) = x if

x€dS \(Soe2B) = {x €S, dx,S) = 28}. This point is thus a consequence of the regularity of the
support for € small enough.

O

Tas(x)

Fig. 2: The white zone is S, the yellow zone is Cg(S”) and its boundary is indicated by the thick orange line, moreover the green zone is § © &B.
ITo(x) = 7as (O 2e

@ : [To(x), T1(x)] = [To(x), mss (x)] is an onto homothety with ratio Mo =T10l o0 = Tiol°

and centered at To(x).

To derive convergence rates for the R-convex hull of a set of points X,,, we will exhibit sequences &, such that

> P(A0,d(0,5) < R = £, BOO,R) N, = 0) < +o.

n=1

Also we will prove that dy(X,,, S) — 0 almost surely in order to apply the last part of Corollary[T} we will also deduce
the necessary topological guarantees and the convergence for the measure of the boundary.
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The dependence is taken into account when we deal with P(B(O, R) N X,, = 0) in which the Propositions or|2| are
used; this replaces a trivial product in the independent case.

We now use the notations and results of Propositions [T] and 2} and according to the dependence conditions we
obtain under the assumptions of the corresponding proposition that if:

(A) X s strong mixing then &,(g) = a(q),
. I ()] d, d-1
(T) X is #-weak dependent then &,(q) = n’[l&n] - + cwy2°tr' .
te|0,r

Lemma 4. Assume that the marginal density f belongs to the set Mg g, , «» defined in Deﬁnition we set:
P,=PA0eS®R-¢,)B, BO,R)NX, =0).

Then there exists a constant C depending on the parameters fy, @, d, R;, R such that:

d+1+2a 8 _i?(q)
P, < (Inn)ed exp(—CE(an—% ’ )+R+M . (1D
q n £
C(S"_ lnn) i
1 d n d+a Sr,l—’—"(q)
P (%, 8) > 1) S (“”) [exp(—C"f(rn——h’1 | )+—( ) (12)
I'n q n |\
n nn

Here, according to the dependence frame, r — &,(q) is defined in conditions (A) and (T) above from the Assumptions
of Propositions|[I|and 2] respectively.

diam(S) + R,

Proof of lemma[)} Let us cover S & (R — &,)B with a finite number of v, < Cd(
£

d
In n) deterministic

balls of radius &,/ Inn and centered at x; € S & (R — &,)B.
Then the Propositions [T|and 2] together with the triangle inequality imply:

VVI

P, < Z]P’(B(x,»,R— 1?:1)0X” =®) < i((l — i+ W) with p; = P(X; € B(x;,R - En ).

i=1 i=1 i Inn

By Proposition 8] we obtain

d-1 d+1+2a
, (min((R—2),R)\ = ( . & | min((R—72), R)\|
pi = ﬁ)cd,a (f) {mln ((Sn - lnn)’ f)}
. &L
Since &, — 0 as n — oo, thus for any C < foC7/, (%) * if n is large enough. We finally obtain:
“Png Epa()
P, S, (lnn)dé‘;d (1 _C(En_ e ) ) + T d+is2a |°
Inn C(e _ E_)T
- Inn
and thus
d+12+2a 6 —‘l‘(q)
Py < (nnyleyd exp (—cE (0 - ) ) o,
q Inn C(s 3 8_) 5
n Inn

which concludes the proof of Equation (TT).
Suppose now that dy(X,,,S) > r, with r, < R;, then there exists x € S with B(x,r,) N X, = 0. Define Q as :
X ifd(x,08) > 1/3,
75 (X) = Ny i d (x,08) < 1/3.
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Then B(Q,r,/3) C S and B(Q,r,/3) C B(x, ry).
As a first conclusion: if dy(X,,S) > r,, then there exists Q € § © %”B with B(Q, r,/3) N X,, = 0. The sequel of the
proof consists in bounding the probability of the existence of such a point.

d
o (3diam($)1Inn)
Cover the set SG%’B with N balls of radius 7, /(3 In n), centered at yy, ..., yy in S@T”B with N < CdT
Now "
2r, rn
P(dy(X,.S) > r,) = IP’(EIQ REED) B(Q, g)nxn - @)
ul 1
< Ye(sly.2(1- —)|nx, =0
2e(ep (175 =)
from the triangular inequality.
Let now g; = }P’(B (y,, 3 (1 - m)) NX, = (Z)) by Propos1t10nl qi > OCda( ( ﬁ))dw.
Thus, with C" = f,C,4,/3%** we obtain
1 d . d+a Vn In_ (q)
P(di(X,,S) > 1) < ( n”) exp(—C'E (r,, - r—) )+ SR | (13)
I q Inn < _ r_,,) +a
n Inn
O

5.3. Proof of Theorem([l]
First, let us focus on the i.i.d. and negatively associated cases. Those conditions entail, for all ¢ € N* and R € R, that
Er(q) =0

Apply Lemmaf|and Equation (TT) withg = 1 and &, = (% L
3d+2a Inn\#
WJrZ) %) , we obtain: P(dy(X,, ) = ra) < In n - 2400,

The Borel-Cantelli lemma and the Corollary [I|together allow to conclude the proof of Theorem T}

T 112
l—”)d " then P, < In?pn~' 2705+ thus ¥, P, < +c0.

Also from equation (I2) with g = 1 and r,, =

5.4. Proof of Theorem 2]

When independence is not assumed, the proofs are similar. We only need to take into account the & term and to
find suitable sequences &, and g, in order to get convergent series. Then we apply the Borel-Cantelli lemma and the
Corollary [T]

Proof under exponential decays.

o In the strong mixing case, Eg(q) < Bb? for all R € R.

22d + 1 +2a)(3d + 1 +2
~ Choose &, = y(In® n/n) 7% withy > v = ( ( di 1: 2(2)(2 a 1; (b:) a), let write y = y5*(1 + u).
2(2d + 1 + 2a)

d+1+2a)In(bh)

d+1+2a
Cvl 1 2 141 In(b)
P, < I n - pam [exp [— yan (l - —) )—i— HT .

Set g, =B11nn, B = (1 + g), we finally introduce v = % By Equation (TT)
u

Bi Inn In“n
d+1+2a
Because d > 1 and > 0 then ©22 > | wehave(l —ﬁ) P> - b2l and thus
3d+1+2a 2d+1+2a
Pn S, lnd n( -1- A1 2a v+o(1) +n -1- d+1+2a u) , (14)

thus 3, P, < +oco.
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1
— Choose r, = (c%)d” and g, = B1Inn by Equation (12):

P (K0, 5) > 1) S In s (=540 4 01

choose first 8 large enough that: SInb+1+ ﬁ < -2 and second ¢ large enough to have — €€ + -4 < 2.

B d+a
We then obtain ), P(dy(X,,,S) > r,,) < +o0 and we let r,, — 0.

¢ In the #-weak dependence case, we have

— Now Eg_s,/nn(qn) = MiNse(o r-s,/Inn] (Bbq" /t + cwg2? th’l). For any choice of sequence &, — 0, and for
n large enough, t, = Vb4 isin [0, R — &,/ Inn] thus Eg_g, /1nn(gn) < B’ exp(q, In(b)/2)) thus as previously
any &, = (yIn® n/n) #t% with y > 276" provides a sequence with )., P, < +oo.

1
In? n \ #a

— Choose again r, = (c - ) . Here again, t, = Vb# € [0,r, — r,/Inn], for n large enough. Thus

Er—ryyinn(qn) < B exp(— gy In(b")/2)) and similar to 1 — (b) we obtain 3, P(dx(X,,S) > r,) < +oco0 and
r, — 0 for a suitable constant c.

2
. 2 +1+a .
To conclude, in all the cases we found ¢, = O (h‘T”)z "*) such that Y, P, < +co, and sequences r, — 0 with

>aP(X,,S) > r,) < +0co, thus the Borel-Cantelli lemma and the Corollaryimply the result.

Proof under polynomial decays. According to the dependence assumption we check that

e In the strong mixing case, Eg(q,) < Bg,”, forab > 1. Set A = 3;’:1':22;’, a= bﬁ;d and y = % Choose

2 _

_ In“n \d+1+2a _
Ep = (An'_‘y) and qn =

From Equation (TT)) it comes that

n’
(Inn)a-1*

d
1 1
nn) AC

P, < _- .
~ ( n(Inn)?

n

So that, for A large enough }, P, < +c0.

1

L r _ 2d+a o _ b=2-d r_ A+l _ e — Y a—1
Similarly, Set A" = e 4 = 5p andy’ = B choose r, = (A _nH') and ¢, = n” /(Inn)*".

From Equation (TT) it comes that

1
n(ln n)?

Inn\¢ ..
P(du(X,, 8) = 1) < (M) nhC 4
E

n

This yields the summability of the series >, P, for A large enough.

Bg;’ _ .
q[" + cw2¢tR? 1). For any choice of se-

o Under 0-weak dependence, Here Eg_g, /inn(gn) = Milsejo R,/ lnnl(

quence &, — 0 and for n large enough, 7, = Vgt isin [0, R — &,/ In n] thus Er—g,inn(qn) < B’q;b/ % and we can
use the sequences exhibited in the strong mixing for changing b into b/2.

d+a ,_b2-2-d . X+l P
—— d="—"—an = ——— choose r, =
dva’’ b— 1 LN

tn = Vq,”. Check that t, < &, From Equation (TT) we obtain

Similarly, set 1’ =

;o ,
lna n d+a n‘y
nl=v 2 dn = (Inn)e! and

Inn\’ .. 1
Pdy(%.8) = 1) < (=) n 2 4 —— .
» n(lnn)?

This again yields the summability of the series ), P, for A’ large enough.

18



5.5. Proof of Theorem3]
LetR < m,/ félza)x be a positive constant, we first prove that, for n large enough:

—_ 2
LrcL®—"B (15)
ny

First a simple chain of inclusions entails Z,)R = CR({Xi,ﬁ(X,-) > 1) € Cr({X;, f(Xi) = t—¢&,}) € Cr(Li—g). In the
sequel, we consider n large enough to have &), < max(A;,t — #o) so that Proposition 4| ensures that Cr(Li—z) = Li—,
— / (1) (-
thus we have L,z C L. Now forallz’ € L,_p, letz =7 + 2&# :
my || fO)|

2

& & 2¢&’

@ = f&)+ 2221V - 2(—};) AT s:,(l - ”f&?X),
t t

m m?

e 2¢e!
thus, if # is large enough so that &, < m,2 /2 f,fgx, we have f(z) > ¢, thus L,_y C L, & —

inclusion (T3).

We will now prove that, with probability 1, for n large enough:

B which ends the proof for

ny

L cZ,,Ree(sn +28—”)B. (16)
m;
Notice that X, N Ly, € X5 (#), thus Cr(X, N Lyyg) C E,R. Let us first prove that Cr(X,, N Ly, ) contains Ly, © ,8
with probability one for »n large enough. Proceeding by contradiction suppose that there exists x € L., such that
d(x,0Lig) > &, and x ¢ /L\Z,R. Because x ¢ Z,,R there exists O with ||x — Ol < R and B(O,R) N X} (1) = 0, thus
B(O,R)N X, N L1, = 0. Moreover because d (x, dL;..,) > &4, thus we have d (O, Li.) < R — &,.
We set now
Py =P(30 € Lisg, ® (R £,)B, B(O,1) N Ly N X, = 0).

Cover Ly, ® (r — &,)B with v, deterministic balls with radius (g,/ Inn) and centered at x; € L., @ (R — &,)B. Using
the fact that the density on L, is greater than ¢, we obtain |L,» | < t~1; thus

g | < flL () f(dz < 1.

1+e)y

We obtain

Vn

P, < ZP(B(Xi,R— lg—n)mLH—s,’, nX, = ®)
p nn

Now by Proposition L;,¢, admits both the (m,/ frﬁx)—inside and outside rolling ball properties.

. m X5 =X
Thus if we set x} = 7y, (x;), and y; = x + —— - ———__ then we have
2 ;= xill
@) )
B()’h mt/fmax) C Lt+e; and ||Xi - yl” < R- & t mt/fmax'

Set also E; = B(x;, R — &,/ Inn) N B(y;, m,/fl%)x), we obtain

< . &g
P, < Z ((1 - p)e+ E'(CI)), with pi =P(X; € Ey). (17)
i=1 i
A bound of the covering number is
24 (Inn)!
Vp < — . (18)
twg \ &,
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By Proposition@ we derive, with the choices fy = ¢, =0 :

d+1

2

d-1
- min ((R - ), }%) . ( . ) min ((R iy %)
. t mmnj{e, — —|,
bi z 1L, 2 " 1nn 2

d-L
2

if n is large enough, we finally obtain

min (R, m,/ fﬁjx)]
2

Since &, converges to 0 as n — oo, then for any C <1 Cy/ [
by using the key inequality (2) and from (T7) and (I8):
Inn\? 2\ max; Eg,
P, < ( nn) exp(—C. n (gn _ & ) ’ )+ —E‘(qzﬂ
En q Inn C & V7
(80— 1)

This equation is similar to Equation (TT)) with & = 0. The difference consists in Eg, since E; is now the intersection of
two balls instead of being a ball.

e Under strong mixing, &g, does not depend on the set E;, there is no change and the proof of Theorem |Z| still
holds. The given choices of ¢, (with @ = 0) ensures ., P, < +co.

e Under 6-weak dependence, then the value of &g, depends on the shape of the set E;. Nevertheless, due to
Equations (2)) and (@), we obtain

6(q) &l )

Er(g) < inf [A + Bt,g,”
E,(LI) X tne(O,en/Z)( t ncn

for some positive constants A and B.
Now

e In case of exponential decay, there exist suitable constants a;,a, and a3 such that with &, = (a; In* n/n)@*D/2,

d-1
t, = \a20(qy)e,* and choosing g, = az Inn, there exists #, € (0, &,) with:

ZP,, < +00.
n

5d -1 1+ 2—-d+b/2
e In case of polynomial decay with b > 2, set 1 = 2d+ 1) v = }57 2 anda=2- T/l/
As above there exist suitable constants a;, a, and as such that with &, = (a; In® n/n' =) 4*D/2 g = n? /(In“"" n),
t, = azﬁ(qn)eﬁld_l)/ 2 and choosing g, = a3 Inn, there exists ¢, € (0, &,) with:
Z P, < 400,
This ends the proof of the inclusions
Live, © £4B C Cr(Xy N Livgy) C L. (19)

Now considering Ly, as in the proof of inclusion (I5) we easily obtain L, & %B C Ly, for n large enough in order
that &, < m2/(2fa).
& 7

’ 8/ 2 8
@ =222 D)l +2(;”) o > f(z+ n u) > 1.
t t

m 2m,
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Indeed, consider z € L, © 2g,, /m, - B, we have that for each vector u with ||u|| < 1, f (z + 2% u) >t
Consider now the special choice u = —f(2)/||fV(z)||, then we have

8/ 8/ 2 2 8/
f@ =222 @I+ 2(—”) o > f(z + u) > 1.
m; m; 2my
Thus
4 | &\’ 2) 2¢e! 2)
n n n
f(Z)>t+2_||f( )(Z)“—Z(—) max>t+8;1+8;z(l_ 2 max)>t+8;,-
my m; m;

We thus obtain, with the inclusion (I9) that (L, © ZiB) ©¢g,BC Z,,R. Now from [41]] and [24], since L, admits the
ny;

inside and outside (m;/ f; 2 )—rolling ball properties, we obtain that &, + 2% < my/ frﬁax and then,

max

L, C Z\,,R &) (sn + 28—") B,
my
which concludes the proof of inclusion (I6); this, together with inclusion (I3) allow to apply Corollary [Tjand we thus

conclude the proof of bounds _ .
dy(Li, L)) Sen+e,, duy(OL,0L) < e, +¢),.

We also obtain the bound IIEId — |Ldal < &, + €, and the proof of Theoremis complete.
To obtain the homeomorphism property and the convergence for the perimeter estimator, we may also prove

(L. X, 0 {2, f(2) > 1}) =5 0,

using the same techniques as above.

6. Conclusion and perspectives

In conclusion, we have shown that, as in the independent case, the R—convex hull of the observations and that of
the observations whose estimated density is greater than a threshold, allow us to find the support and the level sets and
to derive convergence rates.

Two points at least remain to be explored: the minimax aspects of those convergence rates and the adjustment or the
automatic choice of the parameter R. The most difficult point of these three perspectives seems to be the the automatic
choice of the parameter R [36]] for the estimation of the support. Indeed, the existing method (cf [35]) is based on the
asymptotic law of maximal spacing [28] and [2] which is only known under the assumption of independence.

Finally an important application of the above results is the control of the of the territory of competitive species along
the time. For this a prediction result for the level sets of the considered density is of importance.
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Appendix A. Some bounds for the measure of the intersections
Proposition 7. let x,y € R4 and r,, ry, U be positive numbers such that ||x — y|| = vy + ry — €, £ < min(ry, 1)) and
h < min(ry, ry). let V(ry, 1y, €, h) = |(B(x, e +h) N B(y, ry + ) \ (B(x, re — h) N B(y, ry, — h))|, we have that, when £ — 0

d—

2y )2 4h(1 + o(1)).

(V(r)(’ ryag»h) < wd—l (

Fy ry

Proof. Let u; be a unit vector of RY, we can define the portion of ball B(O, r) N {z,{z.u; > a} and we have

V(r,a) = |B(O, N N{z,(zu) > a}|d Wy-1 f Qrx — x2) T dx. (A.1)
0
Thus by derivation
0< 0D <oy )
a (A.2)
2 - 1 d-3 d+
0< 0D ¢, 292D 0% (%,
or d+1

V(ry + hla:) h,a,)

(ry + h—a,)*+ 2% = (r, + h)? (ry+h—a)+z*=(r, +h)?

Fig. A.3: The convex body is B(Oy, rx + h) N B(Oy, ry + h).

Solving
(ry _h_ax)z +Zz = (ry _h)2
(ry—h- ay)2 +72 = (ry - hy?
a, + ay = (+2h
yields
3 (&+2h)Q2ry -0
= G —2h-20)
(€ +2h)2r — 0)
ay

2(ry +ry—2h = 20)
and this complements the Figure A.2 which proves that indeed:

€ +2h)Q2ry -0 v
’ 2(rx+ry—2h—2€)) (

(BCx, e + ) 0 By, 1y + h))| = V(rx +h o, Ex20Cr -0 ) .

Y e 4y — 20— 20)
Substracting |B(Oy, r, — h) N B(Oy, ry — h)|, we obtain the upper-bound.
£+ 2h)Q2ry, - ¢ £+ 2n)Q2ry—¢€
Vx+’( )2ry =) +Vry+h,(+)(r )
2ry + 1y —2h=20) 2(ry +1ry—2h = 2¢)

I PR G (C St U W B (Gt 1) e Pt
B 2+ 1y 20— 20) T e 1y + 20— 20)
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(£ +2h)2ry — 0) (€ = 2h)2ry — )

. t’ry +
asf{ — 0, withh < €/2,leta = , AT =

= - dA” =a- —a (th
et 1y 2retry—2n-20 " N+ 2h—20 s
_ 4hr,
AT+ A < (1 + o(1))) we have
X ry
{+2h)Q2ry — ¢ {-2hn)Q2ry—¢
Vo on EFCH=0 \ (€202 =D
2(ry +ry—2h —20) 2(ry + 1y + 21— 20)
=V +hAY)=V(re—ha—A")
< 2h0—v(rx, a)+ (A" + A_)Oﬁ’—‘/(rx, a)
or da
d+1 d-1
2(d-1) as [ 20ry, \Z  4hr, 2rry\ 7T
< 2hwy-y ———— (2ry 1 1)wq- .
T (r)z(er—i-ry +rx+ry( toDws- Tyt 1y
We finally obtain that
E2ryr, T
V(re,ry, 6, h) < wg-i P 4h(1 + o(1)),
X y
which concludes the proof. O

Proposition 8. Suppose that balls of radius R; roll inside S. Suppose that the density is such that f(x) > fod (x,0S)".
If O is such that d (O, S) = R — e with 0 < & < R then, exists positive constants Cy o and C(’L(y such that

d-1
2

RR[ +1+2a .
P(B(O,R)) > foCuu (m) 5™, ifO ¢S and e < min(R, R;)/4,
. X d+a
Ri\,R .
P(B(O,R)) = foCy, (%) , otherwise.

Proof. In all the proof we introduce a point of S O* which is not n uniquely defines, such that d(O, O*) = d(0, 9S),
and O; = O" — Rinp-. By the inside rolling ball condition B(O;,R;) C S.
- First case O ¢ S and £ < min(R, R;)/4.

P(B(O,R)) > P(B(0O;,R;) N B(O, R)).

Decompose the calculus on small "lens" £(z) = S(O;, R — z) N B(O, R) on witch d(x,dS) > z (due to inside rolling
ball properties), see Figure[A.4] it comes that

F(B(O,R)) > fo L@, dz

Then | L(D|4-1 = fOO(Z) o4-2(R; — 2)* ' sin(a)?%da. From inequality sin(a) > 2a/n if 0 < @ < /2 (condition

. . oy (2001 d-1
& < min(R, R;) allows that) we obtain that | L(2)|4-1 = 75 (T) (R; — 2)“~". Now we have

0(z) = arcsin( h) ) > &

R,‘—Z Ri—Z'

Thus we obtain

d-1  ng
B(B(O.R) > fo- 7= (;) f h(x)"dz,
0

d-1
with () = \/(S—Z)(ZR—8+Z) (Z(R,- - (e —2)(2R - s+z)).

2(Ri +R—¢) 2(R; +R— &)
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Fig. A.4: Integration

Under the condition £ < min(R;, R)/4 < (R + R;)/8, we obtain that

7x17 RR, 1 RR,
h(z) > | ——— —D) > A =—(e-
@ \/16><14R+R,-(8 2) \/2R R( 2

which finally yieds:

d-1

U1 RR\T (7, 1
2R+R Z(e-2)2dz
i 0
RR, \? &1 d+1
e 2 B a/+1,T

RR )2 d+1+2a
2 .

P(B(O.R) > ford=2 (

z  foCaa (

- Second case O ¢ S and ¢ > min(R, R;)/4.

P(B(O,R)) = P(B(O;,R;) N B(O, R)).

Now define Q = O + (¢ — min(R, R;)/4)no- we have P(B(O, R)) > P(B(O;,R;) N B(O,R)) > P(B(0O;,R;) N B(Q,R))
and we can apply previous calculus

d+1+2a

d-1
RR,‘ 7 rnin(R, R,) 2 Cd( (1
P(B(O,R)) = foCa.a (R n R,-) ( 7 ) 2 foTLa (min(R, R .

- Final case O € S.

1. if d(0,8S) > R, then P(B(O, R)) > P(B(O,R/2)) > f; (B)“ (E)"
. d y . 5 = 5 = JO\2 Wq 2)

2. ifd(0,8S) < R and R < R;, define Q = O — 5., then P(B(O, R)) > P(B(Q, R/2)) > fy (’-;)“ 2y (g)"
3. ifd(0,8S) < Rand R > R;, define Q = 0, — &i1., then P(B(O, R)) > P(B(Q, R;/2)) > fo (%)" w4 (Rf)d.

in(R:. R d+a
Hence,  P(B(O,R)) > fowd(%) .

Appendix B. Proof of the Proposition[3].

We will first introduce the two preliminary lemmas. We set here &, = A, + B, with A, = sup g« Iﬁ(x) - E(ﬁ(x))l
and B, = sup, e [E(f,(x)) = f(X)]. Propositionis a direct consequences of Propositions@and below. Proposition
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[ gives a control of B,, while the two items of Proposition[I0] give a control of A, in the exponential and polynomial
decay cases respectively.

Proposition 9. Let X,, be a sample from a strictly stationary sequence X with marginal density f and E be defined
by ), with h, — 0 and nhﬁ — 00 as n goes to co. Assume that (K1), (M1) and (K2) hold for some k > 2. Thus,
B, = O(h¥).

Proposition 10. Let X, be a sample from a strictly stationary sequence X and E be defined by ().
e Assume that (K1), (M2), (M3) and (M4) hold and that one of the conditions below is fulfilled:

Inn

B
(A1) X is strong mixing with a(q) = O(b™9) for some b > 1 and h,, = O((—) ]fOr some 3 < 1/(3d + 6).
n

1 B
(T1) Xis 6-weakly dependent with 8(q) = O(b™?) for some b > 1 and h, = O ((%) ]for some 3 < 1/(3d+4).

A, = 0qs. ln_n .
nh¢

o Assume that (K1), (M2), (M3), (M4) and (K2) hold for some k > 2 and that one of the conditions below is
Sfulfilled:

Then

Inn

(A2) X is strongly mixing with a(m) = O(m™") and h, = O ((T
n
_d+2-pdd-?2)

= T T Bdd-2)

B
) )for some 0 < B < 1/d, somey > vy with
and some q > d +2 and b > max ((2d +3)/d,q - 1).

1 B
n;z) )for some 0 < B < 1/d, some

(T2) X is O-weakly dependent with 8(m) = Oo(m™) and h, = 0((T
n

_d+2-pdd-2)

VI = T T pdd - 2)

and some even integer ¢ > d + 2 and b > max(2(d + 1)/d,3(q — 1)).

/ Inn
An - Oa.x.[ nl—Vhif]

Remark 7. In the literature, classical results assume in place of (M1) and (K2) the following assumptions to control
the bias term, here the proposition 3.3.1. in [[19] is extended to the multidimensional case:

Then

e f belongs to the set of Holder p-regular functions
C, = {f : fis|p]-differentiable, AL > 0/,¥(x,y) € S, | (y) — f¥P ()] < Ly - 2},
for some 0 < ¢ < 1 where p = |p] +c¢ > 2 and S is any compact set of R,
e K is a kernel of order p.

In this case B, = O(K,). These assumptions are somehow more restrictive than (M1) and (K2). Indeed, if f € C* and
f® is c—Holder then f € Cy,. but the converse does not seem to hold even if ¢ = 1 and for an integer k, C* # Cj.

In the following, except in the statement of propositions and lemmas, we systematically set & = h,, (and & should
be understood as £, for simplicity sake.

26



Proof of Proposition P|lunder geometric decays. Let us prove (Al) (the case (T1) can be handled in the same way).
By Proposition [0]and item 1 of Proposition [I0]

Bk 7
g;zoa,&[(m_n) +(1n_n) ]
n n
with 8 < 1/(3d + 6).

o If k > d + 3, thus 1/(2k + d) < 1/(3d + 6) and an optimal choice for 8 is 8 = 1/(2k + d) so that &, =
k
Ous ((—h‘")]
n
Inn

Bk
o If k < d+3,thus 1/2k+d) > 1/(3d +6) and &, = O, ((—) ] and the result is obtained by setting
n
B =(1-v)/(3d + 6) for some y € (0, 1).
O

Proof of Proposition[S|under polynomial decays.

e Proof of item (A2) of Proposition@ For any b > max((2d+3)/d,d+1),setqg = b+1—tforeacht € (0,b—d—-1)
and then apply item (A2) of Proposition [I0|and Proposition [9]to obtain for all 0 < 8 < 1/d :

1-Bd

Inn\* (lnn\? d+2—pBdd-2)
=045 || == - , forall ,
En "((nl‘y) +(n1‘7) ] Y Y 1= —pdd-2)

then choose 8 = ﬁ and let # — O to end the proof.

e Proof of item (T2) of Proposition[5] First notice that, to find an even number ¢ larger than d + 2 and smaller
than /3 + 1 we need the condition b > 3(d + 3). Assume now that b > 3(d + 3) and introduce ¢* = ZL%J the
largest even number smaller than b/3 + 1 then apply item (T2) of Proposition [I0]and Proposition [0 to obtain,
forall 0 < B < 1/d

.= Ogs.

n

1-d
mna V¥ (Inn\7 d+2-pdd-2)
— — , forall Y sl
(nH) +(n1-7) ] oY T B )

then choose 8 = ﬁ allows to achieve the result.

Proof of Proposition 9]
E(fu(x) = L K f(x— huydu.

Since f € C*, k > 2 and ||[f?|l, < M by (M1), we use a Taylor-Lagrange expansion of f with order k, around x.
Using the fact that K is an order (k — 1) kernel by (K2),

— W
IE(fu(x) = fFODI < MH fRdlluII"IK(u)ldu-

Therefore, N
sup [E(f,(x)) - f(x) = O (A).
xeR?
Notice that the result still hold when k = 1 as soon as f llue]] | K (10)| dus # O. 0
R4
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Proof of Proposition[I0] We first start by providing in each case (the two items of the proposition), a bound for A, on
a compact set of R? of the form

A(n) )
n E n ’ B.l
sup |70 - G| = 0 ( T (B.1)

with v > 2/c (c defined in (M4)), for some appropriate A(n) — oo such that A(n) = o( Vnh9). Then, to state the
convergence on the whole set RY, we have to show that

L= sup S\~ B 0 (B.2)

¥l =n” /l( )

Since K has a compact support, say included in the ball B,4(0, C) of R then if for each i < n, ||X; — x|| > Ch we have
Ly = supjs, E(fu(x)). Now since h < 1,

G| =| [ kaseund < s so),
R4 lx=yli<1
thus keeping in mind that n” — 1 > n"/2 for n large enough, and now:
sup [EG(n| < sup )
[|xl[>n” [Iyll=n"—1

which tends to zero by (M1) and (M2) by Remark [6] To prove that L, converges a.s. to 0, we have to assume (M4).
We thus have

= EIXill€ + - - - + EIX,|I
ZIP’(rEaX Xl > n” —Ch) Zl/\ I ‘”( Ch)C” L

<i<n
n=1

for v such that v > 2/c so that the series converges by (M4) (quote that here i = h, indeed depends on n). This with
the Borel-Cantelli lemma entails that sup -, |f2(x)| tends to 0 as n goes to infinity a.s. as fast as needed. Indeed

|IX; — x|| > Ch a.s. uniformly over 1 < i < n and |[x|| > n” and thus the kernel vanishes.

Let us now prove (B-I). Set for all x € RY,

Go(x) = Z‘ Y(x) = nlﬁ Z‘ Uix), with Ui(x) = K(%) - JEK(X _hX"). (B.3)

To prove (B.I), we use the chaining argument of [32]]. Let I = [-M, M]¢ be a cube of RY. Since I is compact, it can
be covered by &% cubes 14, . .. , Isa with centers xi, ..., xs and sides of length 2M/§, where 6 is such that 6h/M — co.
Here, notice that lz, 0 and M are allowed to vary with n but it is omitted in the notation to make the reading easier.
Setting é\n(x) = fu(x) — E(f,(x)) we have for all j

1G] < [Fa(x) = Fulxel + 1 Fa(x)) = Ef(xp)] + [Ef(x;) — Ef ().

Under (K1), [32] proves that for some positive constant L and for all x € [;,

x—X; xj—X; 2M Lip (K)
K -K <
' ( h ) ( h ) oh

LX< n)-

Using this fact it is easy to deduce that there exists another kernel density estimator f for f, obtained by replacing
K in (9) by the piecewise linear and compactly supported kernel K defined by K(x) =1if|lx]] < Land K(x) =0
otherwise, such that for some n > ny (see [32], page 78),

—~ M
sup|Gu(0)| - < IGu(xpl + === (IGu())l + [Ef, (x)])

x€l;
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with C; = 2Lip(K) and G,,(x) = f,(x) — E(f,(x)). Therefore,

= = M
sup |Gl < max lGn<xj>l+1—( max [G,(x;) + max IEfn(xj)I)
Il <M 1<j<o! he \i<j<e! <ot

X

so that we can write as soon as SUP| < md IEﬁ(x)l < thé/(BMC) (which is true when thé/M > C, for some C, > 0),

]P’[ sup |5,,(x)| > t] < ]P’( max IG (xp] > ;)+]P’( max IG (xpl > tho )

llall < M N 1< 3MC,
—~ t ~ théd
< & su IP’(|Gn(x)|>—)+}P’(|Gn(x)|> )} (B.4)
uxugl/)wd { 3 3MC,

An)

We then set t = C = for some appropriate A(n) — oo such that A(n) = o( Vnh?) and M = n"/¢ and have to control

n
each term at the right hand side of (B.4). If the right hand side is the general term of a convergent series then using
Borel-Cantelli lemma we obtain (B.I).

Therefore, the main goal of the proof of Proposition [I0| consists now of finding in each case (A1), (T1), (A2), and
(T2) sequences A(n) and §(n) such that the right hand side of is the general term of a convergent series.
We will need the following

Lemma 5. Let X be strictly stationary sequence with density f and kernel estimator ﬁ defined by ). Assume that
(M3) holds and that (K1) holds with h — 0 and nh® — oo, and that we have one of the following conditions

(A1) X is strongly mixing with a(m) = O(b™™) for some b > 1.
(T1) X is 6—weakly dependent with 8(m) = O(b™™) for some b > 1.
(A2) X is strongly mixing with a(m) = O(m™") for some b > 2 + 3/d.
(T2) X is O—weakly dependent with 0(m) = O(m™") for some b > 2 + 2/d.
Then:
o-,zl(x) = varﬁ(x) = f(x) sz(u)du + 0( ;zd)

Proof of item 1 in Proposmon- In cases of exponential decays rates of the dependence coefficients, we may use a
Bernstein’s type inequality for G,(x) and G,(x) in order to bound the right hand side of (B.4). Namely we will use
Theorem 1 and Proposition 8 of [23]]. Let us recall them below in our special setting

Lemma 6 ([23]], Proposition 8). Let Y, be a n—sample of a R-valued strictly stationary sequence Y such that E(Y;) = 0
and ||Y|le < H in probability. Assume that there exists some 0 < ¢ < 1 and some L > 0 such that for all u- tuples
(S15...,8,) and all v-tuples (t1,...,t,)with1 <51 <--- <5, <H <--- <, <

|COV (Ysl XX Y, Y, X XY, )| < HYV 22yt (B.5)

Then, for all t > 0,

S 1 7
. < -
P[;Y,>t)\exp( 20-%+G,1,/3t5/3]’
2 a nL?
UnzvarZY,-, G,,~(LVH)?V1.

i=1 n

with
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Now, let ¥; = Y;(x) be defined by (B.3). Notice that Y;(x) = F,(X;), where F, is a bounded Lipschitz function with
1Yi(Olleo < H = [IFulleo < 2lIKlloo/nh? and Lip F, < Lip K/(nh™*"). Assume that

1
02 = Oy, (W) (B.6)

o Strong mixing case. If X is strong mixing with a(m) = O(b™), for some b > 1, thus Y is strong mixing with
ay(m) < a(m) by measurability of F,,. Moreover, by [21]’s Lemma 6 and [23]]’s Remark 7, (B.3) is satisfied
with L? = (Lip F,)? and ¢ = 1/b. Therefore Lemma E] applies with H ~ 1/(nh?), L? ~ 1/(n*h***?) and
G, ~ 1/(nh*!*3). Setting t = C +/In n/nhd for some convenient constant C > 0, we get

— Inn —C2/2

as soon as u, = nh?GL*£3 - 0, which is true as soon as 8 < 1/(3d + 6) with h = O((In n/n)?).

o O—weak dependent case. If X is 6—weakly dependent with 8(m) = O(b™), b > 1, thus Y is f—weakly dependent
since F, is a Lipschitz function, by heredity of this property through Lipschitz functions, with 0y(m) < 6(m).
Moreover, using Remark 9 and Proposition 8 of [23]], is satisfied with L? = H Lip F and ¢ = 1/b. Therefore
LemmalEI applies with H ~ 1/nh¢, L* ~ 1/(n*h***") and G, ~ 1/(nh?**?). Setting ¢t = C +/Inn/nhd for some
convenient constant C > 0, we get

—~ Inn —c18
]P(|Gn| >C T <n ,

as soon as u, = rzth,],/3t5/3 — 0, which is true as soon as 8 < 1/(3d + 4) with & = O((Inn/n)?).

Therefore, we obtain in both cases a bound for the first term at the right hand side of (B.4). The second term can be
handled in the same way, with identical values of [* Hand G, setting 6 = MC,/h®, & > 1.
Finally, one obtains by setting M = n"/4,

IP’( sup |G,(x)| > t) <670 = A"t P4=P(In n) P,

IIxll<n”

for some constant A > 0 and some conveniently chosen C in the expression of ¢ such that D > 1 + v + Sed so that

—~ —~ Inn

sup |fu(x) = E(fu(O)| = Ous. | 7 =7 |-
lli<n® nh

using Borel-Cantelli. It remains to show that (B.6) holds, which is true by Lemma [5|under (K1), (M2) and (M3).

Proof of Proposition [0} item 2. Our proof relies on the following lemma.

Lemma 7. Let X, be a n-sample of a strictly stationary sequence X and ﬁ be defined by (9).

() Assume (K1) with h — 0 and nh® — co. Assume moreover that there exists some ¢ > 0 and some q > 2 such that

forn > ng
- - c
sup [|fn(x) — E(fa())llg < . (B.7)
xeR4 ! Vnhd
Then, for every sequence (A,) such that A,, — oo and A,, = 0( Vnhd) as n tends to oo and every v > 0 satisfying
o ( Vnhd o
; [ | < (B.8)

- — Ay
' - E(f, = Ous. | ——|-
ngv a6) = BCfuO) ( Vnhd )
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I B
(ii) Assume that (B.7) holds and h = O (( il ) Jfor some 0 < B < 1/dand 0 <y < 1. Then, under (K1) one has

— — Inn
5P 1) ~ B! = O (\/ W]

as soon as vy, B and q are such that
vq+ (1 —y)Bd(d-2)>d+2. (B.9)

In the following lemma, we give the conditions under which (B.7) holds in arithmetic decay cases (A2) and (T2). The
point (ii) of this lemma together with (7)) yields item 2 of Proposition [T0}

Lemma 8. Let X, be a n-sample of a strictly stationary sequence X and E be defined by (9).

(A2) Assume that X is a-mixing with a(m) = o(m’b)for some b > 0. Assume moreover that (M2), (M3), (K1) and (K2)
hold for some k > 2, with h — 0 and nh? — co. Thus ([B.7) obtains for every q > 2 and b > max(2+3/d,q—1).

(T2) Assume that X is 0-weakly dependent with 0(m) = o(m™) for some b > 0. Assume moreover that (M2), (M3) and
(K1) hold, with h — 0 and nh® — co. Thus (B.T) obtains for every even q > 2 and b > max(2 + 2/d, 3(q — 1)).

O

Proof of Lemma] Let f, be the kernel estimator analogue to ]"; but built on independent copies of Xy. A well known
result (see for instance [33]) is

Varfn(X)= f(x)sz(u)du—i-o( ;zd)
We have
- 2
var f(x) = var fu(x) + —-7 > covUi), Ui,

1<i<j<n
So, by stationarity of the process (U;(x)),

n—1

- < 2
An(x) = | var f,(x) — var f,(x)] < pYEz] Z | cov(Uo(x), Un(x)).

m=1

e On the one hand,
[ cov(Up(x), Up(x))| = h* f (K (s) — E(K(X0))) (K (t) = E(K(X0))) fo(x — hs, x — ht)dsdt < C,h**,  (B.10)
by (K1) and (M3).

e On the other hand one has the property (B.5) withu = v = 1, s, — t; = m, M and L? depending on the dependence
structure of X. Namely,

e If X is -weakly dependent then by (B.3)
pK
[ cov(Uo(x), Un(x))| < 2||K||°°T 6(m).
Therefore with C,, defined through (B-10),

—571cov(Uo(x), Un(x))| <

6(m) N APS & pe=aCd+D gy,
nhd

th -+l

for all 0 < a < 1 by relation (12.18) of [19] so that setting @ = d/(2d + 1) A, tends to zero as soon as
Z O(m)+1 < co.

In case 6(m) ~ m™", this holds if b > 2 + % In case of exponential decay rates 8(m) ~ b™", for some b > 1, this
is always true.
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e If X is strongly mixing, we have by (B-3)

(LipK)?

|cov(Uo(). Un(0)] < =5

a(m),

SO

1 C, (a(m) Co 4w o
—57l coV(Uo(x), Un(0)] < —5 ( e h") < —Gh e a(m)

for all 0 < a < 1 so that with @ = d/(2d + 2), we obtain A,, tends to zero as soon as

d
Z a(m)22 < oo,

m

In case a(m) ~ m~" this holds for all » > 2 + 3/d. In case of a exponential decay rate 8(m) ~ b™™, for some
b > 1 this is always true.

O
Proof of Lemmal[]]

e Proof of (i). Let A(n) — oo such that A(n) = o( Vnh?). We deduce Markov inequality in (B.7) that there exists
some C3z > 0 such that

= A(n) C35°
P| sup |Gu(x)|> ) <
(IxIISM,'f Vahd )~ An)?
A
as soon as there is some Cy > 0 such that 64 > C4M, Vnh. For that task, set 1 = (n)d in (B:4). One has
nh
— A 349 - q C
IE”(IG"(X)I ) ) < (Sup ‘/nhdIIG,,(x)Hq) <=
3Vnhd) AT\ era A(n)

with Cs = (3¢)4. Moreover, ||5n(x)||q is uniformly bounded so as soon as 6h > C4M Vnh,

~ An)ho C
P(|Gn<x)| > AW ) <5
3CM, Vnhd) — An)?
with Cs5 = (3C1C4)_1. Set
M Nnhd
0= .
h
We have
sup 1750 — B ()l = 0 (”(”)) ®B.11)
<M ! N\ Vind ) '
This holds from Borel-Cantelli lemma as soon as
d
M, Nnhd 1
> RIMLLH BN RPN (B.12)
a h An)?

The result of Proposition|[7)is obtained by setting M,, = n”/4.

e Proof of (ii).
With the conditions on & we have & — 0 and nh? — co. Set A(n) = Vn? Inn. Since 0 < y<land0 < g < 1/d,
we have A(n) — oo and A(n)/ Vnhd — 0. To achieve the proof we need to ensure that we can find v > 0 such
that (B:12) converges. Set u,, the general term of (B:12). With the assumptions on 4 and A(n),

1
= 0( )’
n¢log n¢
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with 2¢c = yg—2v—d +d(1 —y)(d —2) and a = (¢ — Bd(d — 2))/2. The series (u,), is of the Bertrand type and
converges if and only if ¢ > 1 or ¢ = 1 and a > 0. One thus need that there exists some v > 0 such that 2v < ¢
with0 < & =yg -2 —d + Bd(1 —y)(d — 2) which holds as soon as yg —2 — d + Sd(1 — y)(d —2) > 0.

O
Proof of Lemmal8]

e Proof of (A2). In the strong mixing case we apply [34]]’s theorem 6.3 to the sequence U(x) = (U;(x))1<i<n, for
a given x € R?. Notice that strong mixing still holds with @y )(m) < a(m) from the heredity properties of
strong-mixing. Set

Sa(x) = ) Uix) = nh'G,().
i=1
For all ¢ > 2, U;(x) admits finite moments with order ¢ since ||U;(x)|| < 2||K||~- Thus, applying Theorem 6.3
yields for all n > ny,

1
15,0l < as,Co” +ne [ (o'00)" Ol
0

where a and c are positive constants that only depend on g, a ') = Z 1,<a(n), and Qy denotes the generalized

n>1
inverse of the tail function ¢t — P(|Uy(x)| > ¢) and

576 = ) )" leov(Ui(x), U ().
i

Using [34]’s inequality C.3 on page 157 for some r > ¢ there exists ¢’ > 0 that only depends on ¢, r and ||K]|
such that

1-q/r
— qr=2r+q .
1,0l = (nh!) NGOl < asn<x)q+c'n||Uo<x>||‘Z(Z<i+1)rq a(z)J :
i=0

1-q/r
< as,(0)? + ¢'nh®" [Z(i + l)qri:;q a/(i)] .
i>0
Using Lemma and setting & = O((Inn/n'~7)#), we obtain (B.7) under (K2) for some k > 1 as soon as (M2)
and the following conditions are fulfilled for some r > g:

hdq(l/r—l/Z)

(D) a1 — 0,as n — oo.
@ Y+ D ali) < oo.
i>0

(3) b>2+3/d.

If g(1 — (1 — y)Bd) > 2, Condition (1) is fulfilled for all » > g. On the other hand, condition (2) is fulfilled as

soon as -1
b> 122 - .
r—
Since u is decreasing with lim,_,, u(r) = g — 1, we can take b > max(qg — 1,2 + 3/d) to meet the conditions (1)
to (3).
If g(1 — (1 —y)Bd) < 2, obvious calculations entails that we have to choose r such that

__ 20 -ypdq
2-q(1-(1-y)pd)’
33
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In this case, one can choose
2(0 —ypdg -1
(q=2(1 = -y)Bd)’
to meet (2). Since g(1 — Bd) < 2,b > u(r;) > g — 1 so that b > max(q — 1,2 + 3/d) meet the conditions (1) to
3).
Finally, (B.7) obtains as soon as b > max(q — 1,2 + 3/d).

e Proof of (T2).

In the 6-weakly dependent case, it straightforwardly follows from [22]]’s theorem 1: under the conditions (M2),
(M3), (K1) with 1 — 0 and nh? — co (B.7) obtains for any even g > 2 as soon as

o7 = O0(1/nk"), and Z(m + 1)9°20(m)'? < oo
m2=0

b>u(r) =

When 6(m) = o(m™"), the first condition implies b > 2 + 2/d by Lemma and the second condition is obtained
with b > 3(g — 1).

O

Appendix C. Explicit rates

In this final section we explicit the rates for level set estimation in the case of polynomial dependence decay rates.
We show which of the two components involved g,, &), is the convergence rate. For dimensions d < 3 the convergence
rate reduces to the density estimation rate &, whatever is the regularity of the density. For larger dimensions, the rate
is the set estimation rate, &,, if density is regular enough and under convenient dependence assumptions.

More precisely, we obtain the rates:

e Under strong mixing
— For d < 3, then the convergence rate is limited by the density estimation step.
Namely for some a > 0:
% if k < d + 3, then for all ¥ € (0, k), we have &, + &, = O((In” n/n)ﬁ).
« itk > d + 3, then &, + &, = O((In* n/n)x).

— Ford > 4.
) . d+2 i
x if k < min (d +3,6- m), then for all k" € (0, k), we have ¢, + €], = O((In” n/n) 7).
d+2

% if k > min (d +3,6- ), then we have g, + &, = O((In" n/n)*@*D),

d+1

e Under #-weak dependence then for some a > 0:

— For d < 3, the convergence rate is limited by the density estimation step. Namely
% if k < d + 3, then for all ¥ € (0, k), we have &, + &, = O((In” n/n)%).
« if k> d+3, then &, + £, = O((In® n/n)7x);
— Ford =4,
% if k < 7, then for all &’ € (0, k), we have ¢, + &, = O((In” n/n)%).
« if k = 7, we have &, + &, = O(In® n/n) ).
« when k > 8, then we have &, + &, = O((In" n/n)3).

— Ford > 4,
. . d+2 a a
* ifk < min|d+2,6- T , then for all ¥’ € (0, k), we have g, + &, = O((In“ n/n)3ss).
. . d+2 2
% if k> min|d + 2,6 - T+1) then we have &, + &, = O((In” n/n)@T). |
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