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Abstract

In this paper, we survey and generalize results on the R-convex hull of the points of a random sample. We provide
explicit convergence rates for the R-convex hull and its natural plug-in, as estimates (estimators ?) of the support S,
its volume and perimeter, and level-sets of a density f € R?, when the underlying sequence is strictly stationary and
admits some kind of weak dependence condition and when the density satisfies f(x) > cd(x,dS)* forall x € §. We
obtain convergence rates that exceed those obtained in the i.i.d. case which is of order (Inn/ n)ﬁ . The loss depends
on the dependency condition, it can be an extra power of Inn or an extra power of n in the worst cases.

Keywords: Strictly stationary process, Linear processes, density, support

1. Introduction

Set estimation has many applications. In ecology for instance, it may be used to study the home-range or the
core-area of species [19], based on the observation of the spatial distribution of species or the movement of one or
more representative members. Assimilating the position of a member to a random variable with given distribution
f : RY = R, the home-range corresponds to the support, S = {x, f(x) > 0}, of f and the core-area to a level set
of f, defined, for a given threshold # > 0 as the set L, = {x, f(x) > t}. Setting fL[ f(x)dx = a, L, can be seen as a
multidimensional @-quantile.

The estimation of a density support S and of its related quantities -level sets, boundary, volume and perimeter-
has been the focus of several works for iid data sets. The historical Devroye-Wise estimator of S has been studied
by [10, 12] (see also references therein). It has universal properties but non-optimal rates under reasonable regularity
hypotheses. When § is convex, optimal rates are achieved by the convex hull of the sample. More generally, under
"convexity type" assumptions on §, optimal rates may be achieved by estimators defined as some extensions of the
convex hull. This is the case of the R-convex hull, studied in [2, 5, 26-28, 31], among other (other estimators of S
have also been proposed, as in [1] or [20]). The R-convex hull of a set §' is a generalization of its convex hull, defined

as follows : .

)= |J Baw|,

B(x,R)NS =0

where E¢ and E respectively denote the complement and interior of a set E and B(x, R) is the closed ball of radius
R centered at x. The use of the R-convex hull to estimate the support of a density f has an heuristic justification:
when the set S is regular enough, we have that Cr(S) = S so that a natural estimator of S is §n = Cr(X,), with
Xy = {X1..... X,} € RY is a sample of f and Cp(X) = (U ey, -0 B B)) -

The study of §n has been intrgfluced by [31] and [26]. They derive convergence rates of the Hausdorff distance
between S and its estimator (dg(S,,S)) towards 0 and obtain tthe minimax rate achieved by [20] under regularity
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assumptions on §' and when f is bounded below by a positive constant (similar rates are obtained for dp(8S,,5)).
In [28], a data-driven way to tune the parameter R is proposed and applied to home-range estimation of the extent of
occurrence of invasive plant species in the Azores archipelago. The R-convex hull may also be used to estimate related
quantities, such as the volume (see [5] and [6]) and perimeter (see [2]) of S. In [27], the authors propose an estimator
of level sets derived from the R-convex hull of conveniently chosen sample points with a data-driven R-parameter.

In all those papers, the sample X, is i.i.d. and the density is bounded below on S by some positive constant.
However, for real life applications, the independence hypothesis is generally unrealistic. This is the case for instance
when a member’s location is observed via GPS or when the sample consists of the trajectory of one or more members
observed over a time period. A more realistic hypothesis should be to consider the strict stationarity of the sequence
X, as well as some kind of short memory condition. Set estimation under dependence has been little studied and the
two related works are to our knowledge that of [8], who considers trajectories of a reflected Brownian motion and
the recent paper of [21] in which the authors extend results on reconstruction of probabilistic supports of random i.i.d
variables to supports of dependent stationary R?-valued random variables with the use of the Devroye-Wise estimator.

In this article, we study the asymptotic properties of S, its related quantities and estimators of and level sets

estimators derived from §,, in a non i.i.d. framework, extending the results of [2, 5, 6, 26, 27, 31]. Namely, Namely,
we derive convergence rates in Hausdorff distance of estimators of support, its boundary, level sets and their boundary.
We also derive rates for related estimators of the volume and perimeter of the support and its level sets. Finally we
show that, with probability one and for large enough n the estimated support (resp. level sets) is homeomorphic to the
support (resp. the level set). Regarding the dependency, we assume that Xn is a strictly stationary sequence that admits
some kind of short memory property. We consider here strong mixing and -dependence, introduced respectively by
introduced by [29] and [11].
The rest of the paper is organized as follows. Section 2 presents some notation and general results that will be used
in the sequel. Section 3 concerns asymptotic results on the R-convex hull and its natural plug-in as estimators of the
density support and its related quantities, volume and perimeter. Section 4 deals with the estimation of level-sets. The
proofs are postponed to Section 5.

2. General framework

In this paper, we are interested in several geometrical nonparametric estimation problems, based on a strictly sta-
tionary weak dependent sequence X, = {Xi,...,X,} C R. In this section, we first give some notation and preliminary
material that will be useful to settle and prove our main results.

2.1. Notation
e B(x,r) c RY denotes the closed ball of radius r > 0 centered at x and S(x, r) is its boundary, i.e. the sphere of
radius r centered at x.
e For each set E ¢ R?, we denote by |E|, its d-dimensional volume and |0E|,_; the (d — 1)-dimensional volume
of its boundary.
For the sake of simplicity, we set wy; = |B(0, 1)|; the volume of B(0,1) C R? and oy = |5 (0, 1)|4—, its surface

(i.e. the (d — 1)-dimensional volume of its boundary).

e For each set E c R? and positive number r, we denote by E ®rB and E ©rB the Minkowski sum and difference,
namely E®rB = {x € RY, d(x,E) < r} = Uaer Bla,r), FerB={x,B(x,r) C E}.

e For two subsets E and F of R, we denote by dy(E, F) their Hausdorff distance:

dy(E, F) = max(supd(a, F),supd(b, E)).
ack beF

e Weset E =~ F if and only if E and F are homeomorphic.



< v, if and only if there exists ¢ > 0 such that,

~

e For two non-negative sequences (u,) and (v,) in RN, we set u,
foralln > 0, u, < cv,.

e Let f: RY - R be a differentiable function, we denote by V its gradient and by H; its Hessian matrix if it is
twice differentiable.

e We denote by|| - [|,, the operator norm on the set of n X p matrices.
e For k € N, we denote by C* the set of k-times continuously differentiable functions f : R — R.

e Let p > 1. We say that K is a kernel of order p if and only if f P(x)K(x)dx = P(0) for each polynomial of
degree less than or equal to p.

2.2. Dependence background

In the sequel, we make use of a strictly stationary short memory process X = (X;),cz. We consider X, =
{X1,...X,} ¢ R? a sample of X with marginal density f : RY — R.
We first recall below the short memory properties considered in the sequel, namely the strong mixing and 6-dependence
conditions as well as some covariance properties and density estimation results for each of them.

2.2.1. Weak dependence conditions

Let X = (X))ez be a strictly stationary sequence on a given probability space (Q, 7, P). For —co < j < I < +00,
let the o-field 7—'1 I'= 0(X;,1 <k <1, k€ Z)of events generated by the random variables (X) j<x<:- In the sequel, we
consider the following dependence conditions for X.

Strong or a-mixing. Let (a(q))4>0 be the decreasing sequence of strong mixing coeflicients of X = (X;)cz, defined as

alg)=  sup  [P(AN B) - PAP(B)
AeFO, BeF®

Quote that the above expression also writes as the supremum of |cov(14,15)|. We say that X is strongly mixing (or
a-mixing) if lim,_,., a(g) = 0.

6-weak dependence. Letv > 1 and let us define the Lipschitz modulus of a function 4 : (R?)" — R by

h(x)—h
Lip(hy = sup MO =L
ey =yl + =+ b, =l

where || - || is a norm of R¢. Let W be any random variable such that || W||., < 1 measurable with respect to 7°,.. We
say that X is §-weakly dependent if there exists a decreasing sequence (6(q)),>0 With lim,_,., 6(g) = 0 and a set of
indices iy, ...,7, > 1 such that |cov(W, A(X;,, ..., X; )| < vLip h - 8(q). Notice that for v = 1 we have |[cov(W, i(X,))| <
Liph - 6(q).

Examples. A large number of classical models which satisfy strong mixing conditions is provided in [13]; in particular
the class of linear processes based on innovations with an absolutely continuous density function, such as strictly
stationary ARMA processes and also certain bilinear, ARCH or GARCH models. Another example is that of a
stationary Gaussian process with a continuous positive spectral density. Notice also that this property remains valid
through images by measurable functions.

Some classical processes are not mixing. A famous counterexample is in [4], in which X is the stationary solution of

1
X = E(Xz—l + &),

where Xy is independent of (g&/);-0, which is a sequence of i.i.d. random variables with Bernoulli distribution of
parameter 1/2. This example and many others, such as linear processes with discrete innovations [4], on the other
hand, also fit the 8-weak dependence condition. Notice also that this property remains valid through images by
bounded Lipschitz function.



2.2.2. A covariance based result
Let E be a subset of RY with P(X, € E) = p > 0. In each of the above-mentioned dependence conditions, under
covariance based arguments we derive a useful upper-bound for P(X,, N E = 0).

Proposition 1. Let (X;)cz be a strongly mixing sequence with mixing coefficients (a(q))4>0. Then, setting Ep(q) =
a(q), we have

P(XHOE=®)S(1—p)$+M.
p

Proposition 2. Let (X,),cz, be a 6—weakly dependent sequence with dependence coefficients (6(q))4>0. Assume more-
over that there exists ¢ > 0 such that for each measurable set E:

P(X, € E) < c|E|,. (1)
If now,
1. If E = B(x,r) we have that

PX,NE=0)<(l-p)i+ SEp(C])

with Eg(g) < inf )(@ + cdedsrd_l) 2)
e

£€(0,r

2. If E = B(x,r,) N By, ry) withry + 1y, = |lx =yl = €, and £ < ry A 1y, we have that

P(XHOE:O))S(I—p)§+@

. : 20(q)
with  Ep(q) < se(l(?{f/ » (T +cV(ry, 1y, L, 8)) 3)

d-1

21y ) 2

rx+ry

“

and  V(ry, 1y, L, €) o 4cwd_18(

Remark 1. Notice that condition (1) holds for instance if the distribution of X, admits a bounded density f wrt
Lebesgue measure.

Remark 2. Our results may be extended to alternative dependence structures, yielding other values of Eg(g), possibly
involving other methods of proofs, such as coupling.

e An alternative to the above result involves couplings. For instance if X is absolutely regular, see [13], Berbee’s
coupling inequalities ([7]) yield Eg(q) < B(g).

e Another case of interest is that of negatively associated processes, see [30]. Considering the proof, we set in
this case ¢ = 1 and k = n and here
COV(ZI s Zk—l»Zk) <0.

In this case blocks are useless (here ¢ = 1) and p, > p" and the results are conducted as in the classical
independent case.

The above upper bounds for P(X,, N E = 0) will allow to derive convergence rates for the estimation of S, 95, |S|,
and |0S |;-1 in Section 3. In order to get explicit rates, we will propose two scenarii

o Exponential decays, a(m) < Bb™ or 8(m) < Bb™, for some b > 1.

e Riemaniann decays, a(m) < Bm™" or 6(m) < Bm™, for some b > 0.



2.2.3. Uniform consistency of kernel density estimators under dependence
To obtain results on level set estimation, we need an upper bound on

€ = sup |f,(x) = f(0,

xeR4

where f : RY — R is the marginal density of the strictly stationary R¢-valued process X and }‘; is a kernel density

estimator of f:
— 1 < X, —x
e g )

not=1
We provide below bounds for €, in the a-mixing and #-weakly dependent cases. Proposition 3 concerns ex-
ponential decays and Proposition 4 concerns Riemanniann decays. For that task, we fist introduce some regularity
assumptions on f and f;:

(K1) K : R? - R is a bounded square-integrable density with compact support.
(K2) K :R? > Ris of order (k — 1).

(M1) Forsomek > 2, f € C* and f(k) is bounded.

(M2) The marginal density f is bounded on R.

(M3) The joint densities f; of (Xy, X;) are bounded, uniformly with respect to i > 0.
(M4) The marginal density f tends to zero as n tends to infinity.

(MS5) E||Xol||¢ < oo for some ¢ > 2.

We thus have

Proposition 3. Let X, be a strictly stationary sequence from X and E be defined by (5). Assume that (K1), (M2),
(M3), (M4) and (M5) hold, and that (K2) and (M1) hold for some k > 2.

(A1) If X is strong mixing with dependence coefficients a(m) = O(b™™) for some b > 1, thus

Inn o logn k/Qke+d)
1. Ifk > d + 3, the choice h, = 0( ) yields €, = Oy, [( ) )
n

n

Inn

n

-y
306
) withy € (0, 1) yields €, = O, ((

logn k(1—y)/(3d+6)
2. Ifk<d+3,anych0iceofhn=0( ) ]

(T1) If X is 6-weakly dependent with dependence coefficients O(m) = O(b™") for some b > 1, thus

Inn\7% log n\F/2+)
1. If k > d + 2 the choice h, = O (—) yields €, = Oy, ((_) ]
n n

Inn

n

logn

e
) withy € (0, 1) yields €, = O,.;. ((

k(1-y)/(3d+4)
2. Ifk<d+2anych0iceofhn=0( ) ]

Now, in case of (plus forte) dependence with coefficient with Riemanian decay we have the following result.

Proposition 4. Let X, be a strictly stationary sequence from X and E be defined by (5). Assume that (K1), (M2),
(M3), (M4) and (M5) hold, and that (K2) and (M1) hold for some the same k > 2.

(A2) If X is strong mixing with dependence coefficients a(m) = O(m™) for some b > max(2 + 3/d,d + 2). Let

1
_dd-2) Inn \#%* k/(2k+d
Yo = ijf,tg’) . Then the choice of h, = 0(_n1‘7) , foranyy € (yo,1) yields €, = O, (( 1,?]“’1?) @k )).

2k+d

(T2) If X is O-weak dependent with dependence coefficients with 6(m) = O(m™") for some b > 3(d + 2), let yy =

d+2- 42 )k/<2k+d))

1
2k+d .. _ Inn \d+2% . ’ _ logn
W then the choice of h, = O (_nH) , for any y € (yp, 1) yields €, = O, . ((—n,,7

2k+d




3. Support Estimation

In this section we give the convergence rates of the R-convex hull estimator of S and that of their boundaries in
the context of strictly stationary dependent strong mixing or -weak dependent sequences X,,.

3.1. Distributional Background

In order to obtain a consistent support estimator Cg(X,,) of S we will ask the distribution to have regular enough
compact support S to have Cr(S) = S. This will be ensured by sets satisfying the rolling ball property defined as
follow

DEFINITION (ROLLING BALL PROPERTY). A closed compact set S ¢ R satisfies the R,-outside (resp. R;-inside) rolling
ball property if and only if Vx € 95, 09 € RY, |Ix — 0°|| = R, and B(O%,R,) C S¢. (resp. A0 € RY, |jx — Ol =
R;and B(O',R;) C S).

When § satisfies the R,-outside (R;-inside) rolling ball property, we also say that balls of radius R, (resp. R;)
roll freely outside (resp. inside) S. Such sets have nice properties due to the generalization of the Blaschke’s rolling
theorem (cf [31]’Theorem 1). As aforementioned sets with rolling ball property satisfy that Sz (S) = S, this ensures
the convergence of the plugin support estimator S (X,,) since dy(X,,S) — 0. In order to derive explicit convergence
rates, we have to complete this assumption with another on the density. Specifically we will require the density to
have an a polynomial decay (f(x) > fod(x,dS)* for all x € §') as proposed in [20].

DEeriNiTION. A density f belongs to the class Mg g, 5o if it has a compact support S that satisfies the R,-outside
rolling ball property and the R;-inside rolling ball property. Also, for all x € § we have f(x) > fod(x,05)".

Notice that the special case of @ = 0 corresponds to the classical class of lower bounded densities on S, known as
"close to uniform" hypothesis.

3.2. Main Theoretical results

In this section we give explicit convergence rates. This rates generalize those obtained in previous works on the
R-convex hull in the independent case with @ = 0. Namely, [26] give rates for dy(0Cg(X,),dS) and dy(Cr(X,),S),
while [2] gives rates for ||0Cr(X,)|4-1 — |0S |4-1] and OCr(X,) ~ 0S e.a.s.

Also notice that, in these works author choose to work with sets S satisfying the R inside and outside rolling ball
property. As in [27] we propose to emphasize the different roles of the outside (resp. inside) radius R, (resp. R;). The
tuning parameter R must be less than R, to have the convergence and the convergence rate depends on R;.

The following results recall that obtained in the aforementioned works. Our contribution consists in generalizing these
results to @ > 0. Nevertheless it seems important to present the independent reference rate.

Theorem 1. Let R;, R, and fy be positive and a be nonnegative. Let X, = {Xi,...,X,} be an iid n—sample with
density f € Mg, g, f.o Supported by S and R < R,. There exits A(d, a, fo, R, R;) such that for n large enough, one has
with probability 1

dOCK(E,).05) < &, d(Ch(%,).8) < &
CR(X,) ~3S , Cr(X,)~S
I0CR it ~ 108kl S €0+ ICRCED 151l S &
with ,
&0 = Ad,, fo, R, R) (1“7")

Remark that in case of negatively associated process as in [30] we can obtain the same rates as in the iid case.

In Theorem 2, which deals with exponential decay rates, we obtain, up to an additional power of Inn, the same
rates as in the independent case whatever the dependence structure (strong mixing or 6-dependence) is. Indeed the
dependence structure only impacts constants.



Theorem 2. Let R;,R, and fy be positive and « be nonnegative. Let (X;)cz be a strictly stationary sequence
with marginal density f € Mg, g, fo Supported by S. Let R < R,. Assume that (X;)cz, is strong mixing or 6-
weakly dependent sequence with an exponential decay of the sequence of dependence coefficients. Then, there exists
A(d, a, fo, R, R;, b) such that for large enough n, one has with probability 1

d(OCR(X,),08) <&, , d(Cr(X,),S) <&y
GCR(Xn) ~ 0§ ’ CR(XH) ~ S
IOCRX a1 = 10Sla-1l S &n» NCRK DN = ISlal < &n-

with

2
1 2\ drir2a
o =A(d,a,f0,R,R,~,b>(( nm) )

In Theorem 3 below, we provide rates in the case of Riemannian decay of the dependence coefficients. This time,
the loss in convergence rate consists of an additional power of n. The rate and the loss also depend on the dependency
structure.

Theorem 3. Let R;, R, and fy be positive and a be nonnegative. Let (X;)cz, be a strictly stationary sequence with
marginal density f € Mg g, f.o Supported by S. Let R < R,. Assume that (X;)z, is strong mixing or 6-weakly
dependent sequence with an Riemaniann decay of the sequence of dependence coefficients. Then, there exists by such
that, if b > by then, for large enough n, one has with probability 1

d(acR(Xn)a aS) < Ens d(CR(Xn)a S) < &En
ICr(X,) ~ 05, Cr(Xy) = S
I0CR(Xla-1 = 10Sla-1l S €y ICRKDla = IS lal S &

With g, = (Inn)*/n' =)@ 1420 explicit values of b, a and y are

. _ _ 3d+l420  _ b-2-d _ A+l
1. Strong mixing by = 1, A = 755 a = 2= and y = 7.

_ _ 3d+1+2a¢  _ b/2-2-d — A+l
2. O-weak dependence by = 2, A = =752, a = b andy = T3

4. Level set estimation

We now shift our focus to level set estimation. Recall that for a given t € R, the level set L, is defined as
L ={z EA]Rd, f(z) = t} and its associated level line ¢; is defined by ¢; = {z, f(z) = t}. Given a suitable density
estimator f;, of f, [27] introduced the following level set estimator

Lix = Cr(X, N {z, f(2) > 1)

and studied its asymptotic properties in the i.i.d. case. We aim at generalize the rates to dependence setup.

4.1. Distributional background

When dealing with level set estimation, the distributional hypotheses are somewhat different. The support no longer
needs to be compact since the set L; = {z, f(z) > t} is compact when ¢ > 0 (when ¢ = 0 we are in the support estimation
framework). Also, the rate of decay of f near the boundary is no longer important. As a counterpart, we require that
f € C* for some k > 2 which has two important consequences. Firstly, it allows the density estimator to converge
with suitable rates. Secondly, with implicit function theorem, it enables L, to satisfy the inside and outside rolling ball
property for suitable values of . The explicit condition to have suitable level is the following

DeriniTiON. [Regular levels] ¢ > 0 is a regular level if there exits A; > 0 and m, > 0 such that

Li_s, € S and min ||Vl = m; > 0.

Z€Lr—A, \LH-A,

7



When ¢ is a regular level and f is C* (k > 2), then by Theorem 2 in [31], the level set L, naturally inherits of the inside
and outside rolling ball property.

Proposition 5. Corollary of Theorem 2 in [31] If f € C* and sup, ||H/l| = fim < +co and if t is a regular level, then
there exists 8, such that, for allt' €)t —0,,t + 6,(, Ly has the inside and outside rolling ball property for balls of radius

ny
«(2) *
Smax

4.2. Main Theoretical results

Hereafter, we establish the asymptotic behavior of E,R under weak dependence Assumptions and deduce the
asymptotics of its boundary and volume. By incorporating tools provided in [2], we also obtain topological guar-
antees and perimeter estimation rates. We give explicit convergence rates in the particular cases of exponential and
Riemannian decay of the weak dependence coefficients. We show that the convergence rate can be decomposed into
asum g, + &, where &, is a set estimation error and &/, is a density estimation loss which depends on the dependence
structure and coefficients, the regularity of the density and the dimension d (see section 2.2.3). We focus in this section
on the geometric part €,. Some explicit rates taking into account all the parameters of the model are given in following
section.

Theorem 4. Let X, = {Xy,...,X,,} be a n-sample of a strictly stationary sequence of a strong mixing or 0-weak

dependent sequence with exponential decay rates and with marginal class C? density f on its support S. Assume that

supg [IVyll = f,;l;x < oo, supg [Hsllop = ,ﬁx < +o0o. Lett > 0 be a regular level. Let R be a constant such that

0 < R < m,/f2, and define X; (1) = X, N {f(z) > 1} and L,z = C,(X}(t)). Then, with probability 1 and for n large
enough, one has
AL g.0L) < & + £, d(Lip. L) S &0 + &,
IL g ~ OL,, Lig~L

ILigla = |Lilal S €0+ &) NOLgla—1 = 10Lila-1] S €, + &),
with &, < ((In n)z/n)ﬁ

We now focus on the case of the Riemmaniann decay. As for support estimation, Riemmaniann decay slows down
the convergence and convergence rates now depend on the dependence structure.

Theorem 5. Let X, = {Xi,...,X,,} be a n-sample of a strictly stationary sequence of a strong mixing or 0-weak
dependent sequence with Riemanian decay rates and with marginal class C* density f on its support S. Assume that
supg [IVyll = élla)x < oo, supg [Hsllop = f,ﬁx < +4o0o. Lett > 0 be a regular level. Let R be a constant such that

O0<R< mt/f,%)x and define X () = X, N {f(z) >t} and Z,,R = C,(X}(1)). When b > by, with probability 1 and for n
large enough, one has
d(OL; g, OL) < &, + €, dLig, L) < &, + €,
(92:,,13 ~ 0L, ZLR ~ L,
IZikl = \Ldal S &+ &0 1OLikla-1 = 0L a-1] S &0 + &,
With €, = (Inn)*/n' =24 explicit values of by, y1 and vy, are

1. Strong mixing by = 1, a = 2224 and y = 4L with 1 = 3!

b-2 A+b d+1-°
2-d+b/2 el 5d-1
2. B-weak dependence by =2 and a =2 b/;_/{ andy = A+er;/2 with A = -

5. Proofs

5.1. Proofs of Propositions 1 and 2
Set first k = [n/g] and t; = ig for 1 <i < k. We have Z; = I[X/‘_QE} and we define p; = E(Z; - - - Z;), then

P = E(Zy - Z )EZ) + cov(Zy - - Zy_1, Zy).

The propositions will result from proving that cov(Z; - - - Z;_1, Z;) can be bounded above by some Eg(q) then applying
arecursion on py < (1 — p)pi—1 + Ee(g).



Proof of Proposition 1. From heredity of strong mixing the sequence (Z,), is still strong mixing with mixing coeffi-
cients less than a(g) and the fact that Z; - - - Z;_ writes as the indicator function of (1, <;<,/4(X;, € E) implies|cov(Z; - - - Zy_1, Z)| <
a(q), we thus have p; < (1 — p)pr—1 + @(q) hence a recursion yields

pe<(-pf+ 2D,
p

Indeed if the above relationship holds with £ — 1 then

pe<(l —P)(Pk1 + ?)ﬁta(Q) <(1-pf+ ?.

O

Proof of Proposition 2. Under §—weak dependence we have by definition |cov(Z; - - - Z;_1, h(Xy))| < 6(q)Lip (h) for
any Lipschitz function 4 and we specialize the function for the two cases considered in the Proposition.

1. Case E = B(x, r).
Now as in the Lemma 4.1 page 68 of [11] we consider H,, and H

+r.e two Lipschitz approximations RY - R
of l{ueE]s with

H;,r,s(u) < 1[14655 < Hx ra( u),
then
cov(Zy -+ Zi1,Zy) £ B(Zy---ZiHY, (X)) - B(Zy - Zi-)E(H,, (X2))
< cov(Zy - Zpy, HY, (X)) + E(HT, (X)) — H, (X))

Now we build such Lipschitz functions with Lip (H;,,) < 1/e. More precisely, we introduce intermediary
functions:
I, s<(-ég L s<r
m.(s) =3 =%, selr—er] andm)(s)= r, se[rr+e¢]

0, §>r 0, s>r+¢

Then the functions m;, are piecewise linear and satisfy Lip m;, = 1/e. Now we define H}, (1) = m] (|lu — x||)
and H,, (1) = m_(|lu — x||), thus we get:

° H;m(u) =1ifu ¢ B(x,r)and H xm(u) =0ifu € B(x, (r + €)).
H, () =1ifu ¢ B(x, (r—&)*)and H xra(u) =0ifu € B(x,r).

Those functions inherit Lipschitz property Lip (HY, .
by the indicator function of an annulus with radius r and thickness &.

.) = 1/&. Moreover, because Hy, . — H, , is bounded above

E(H, (X0 - Hy,o(X0) < cwq((r+e)! = (r = )"))
< cwgr ((1L+/r)' = (1 -e/n*))
< cw2™ e

for all & < r, since a binomial expansion entails (1 + 04— (1 -x7 < 2x 22:1 (‘If) < 2%1x if x € [0, 1]. Thus,
setting A" = cw 2%*!, we derive for all & < r: cov(Z, -~ Zx—1, Z) < 16(q) + A’er’™! For the reverse inequality,
we obtain analogously for all € € [0, 7] cov(Z; -+ - Z4—1,Z;) > —é@(q) — A’er?"! Indeed

cov(Zy -+ Zi,Zy) =z B(Zy---ZiH, (X)) - B(Z; - Zi-)EH], (X))
> cov(Zi - Zp1, Hy, (X)) — E(H], (X)) — H, (X))
and thus:
Ex(q) < min 29 4 gy
e€l0,r] &
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2. Case E = B(x,r) N B(y,ry) withr, + 1y, = [lx =yl = £.
Consider the two 2/&-Lipschitz functions: ﬁ+(u) =Hy, (A H; r,.e() and H () = H, [(u)ANHy, (u).By
the concentration inequality (1), we have for some ¢ > 0 : ’

E <ﬁ+(Xk) - ﬁ_(Xk)> <c |B(x, re+&) N By, ry+e)\ (B(x,ry —&) N B(y, ry — s)|d

Thus according to Proposition 9 in Appendix A, if { < r,Aryande < ry A7y E(E+(Xk) - H (Xp) <
cV(ry, 1y, £, &). Asin case 1, this allows to conclude that cov(Z; - - - Z;_, Z;) < %9(6]) +cV(ry, 1y, t,€). Asin the
end of the proof for case 1 we infer [cov(Z; - - - Zy_1,Z;)| < %O(q) +cV(ry, 1y, £, €), which concludes the proof of
point 2. in Proposition 2.

O

5.2. Proofs of Propositions 3 and 4

In the following we set €, = A, + B, with A, = sup, g« Iﬁ(x) - E(ﬁ(x))l and B, = Sup,cpu IE(ﬁ(x)) - f(x).
Propositions 3 and 4 are direct corollaries of Propositions 6 and 7 below. Proposition 6 gives a control of B, while
item 1 and item 2 of Proposition 7 give a control of A, in the geometric and Riemaniann decay cases respectively.

Proposition 6. Let X,, be a strictly stationary sequence from X with marginal density f and E be defined by (5), with
h, — 0 and nhZ — 00 as n goes to oo. Assume that (K1), (M1) and (K2) hold for some k > 2. Thus, B, = O(hﬁ)

Proposition 7. Let X, be a strictly stationary sequence from X and ﬁ be defined by (5).
1. Assume that (K1), (M2), (M3), (M4) and (M5) hold and that one of the conditions below is fulfilled:

1 B
(A1) X is strong mixing with dependence coefficients a(m) = O(b™™) for some b > 1 and h,, = O [( 0;?—:”) ]for
some B < 1/(3d + 6).

1 B
(T1) Xis 6-weakly dependent with dependence coefficients O(m) = O(b™™) for some b > 1 and h, = O ((E) )
n

for some B < 1/(3d + 4).
logn
Ay, =0y —a |
nh¢

Then
2. Assume that (K1), (M2), (M3), (M4), (M5) and (K2) hold for some k > 2 and that one of the conditions below

is fulfilled:
. .. . b logn\’
(A2) X is strongly mixing with a(m) = O(m™") and h, = O - for some 0 < B < 1/d, some 0 <y <
n
d+2-Bdd-2
Yo = w and some g > d +2 and b > max (2d + 3)/d,q—1).

q—pdd-2)

logn
nl-r

(T2) X is 0-weakly dependent with 6(m) = o(m™) and h, = 0((
d+2-Bdd-2)
q—pd(d-2)

B
) )for some 0 < B < 1/d, some

O0<y<y-= and some even integer ¢ > d + 2 and b > max(2(d + 1)/d,3(q — 1)).

logn
A, =0gs. ( £ ] .

Then

n'=vhe

Remark 3. In the literature, classical results assume in place of (M1) and (K2) the following assumptions to control
the bias term (see e.g. Proposition 3.3.1. in [14] extended to the multidimensional case):
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e f belongs to the set of Holder p-regular functions
C, = {f: fislpJ-differentiable, AL > 0/,V(x,y) € S, ¥ (y) — fP(x)| < Lly - x),
for some 0 < ¢ < 1 where p > 2 and S is any compact set of RY

e K is a kernel of order p.

In this case B, = O(/,). These assumptions are somehow more restrictive than (M1) and (K2). Indeed, if f € C* and
f® is c—Holder then f € Cy. but the converse does not seem to hold even if ¢ = 1 and for an integer k, C* # C;.

Proof of Proposition 3. Let us prove (A1) (the case (T1) can be handled in the same way). By Proposition 6 and item
1 of Proposition 7,
Bk (1-pd)/2
€, = Oy [(logn) + (bﬂ) ]’
n n
with 8 < 1/(3d + 6).

e If k > d+ 3, thus 1/(2k + d) < 1/(3d + 6) and an optimal choice for B is B = 1/(2k + d) so that €,
| k/(2k+d)
o 2
n

logn

Bk
e If k < d+3,thus 1/2k+d) > 1/(3d + 6) and €, = O, [( ) ] and the result obtains setting 8 =

(1 =v)/(3d + 6) for some y € (0, 1).

Proof of Proposition 4. By Proposition 6 and item 2 of Proposition 7,

a=on (2] + (22
nl-y nl-y

for some y > . To prove (A2) notice that we have d + 2 < ¢ < b + 1. Proposition 4 obtains by setting g = b + 1 in
vo with b > max(d + 1,2 + 3/d) in item (A2) of Proposition 7. In case (T2) we have d + 2 < g < b/3 + 1 where g
is an even integer. Proposition 4 obtains by setting b/3 + 1 in place of g in ¥y and we must have b/3 +1 > d + 3 so
b > 3(d + 2) in item (T2) of Proposition 7.

O
Proof of Proposition 6.
E(fu(x) = fR K f(x = huydu.

Since f € C*, k > 2 and ||f¥]|, < M by (M1), we can use an order k Taylor-Lagrange expansion of f around x and
using the fact that K is an order (k — 1) kernel by (K2),

— h*
[E(fu(x) — f()] < MﬁL{/IIMIIkIK(u)Idu.

Therefore,

sup [E(f,(x) = f()l = O ().

xeRd
Notice that the result still hold when k = 1 as soon as
[luel|| K (1) |du # O.

RY
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Proof of Proposition 7. We first start by providing in each case (item 1 and 2 of the proposition), a bound for A, on a
compact set of R? of the form

—~ —~ A(n)
[f(x) = E(fu(0))| = Og.s. (_) s (6)
uj\ug%v I I Vnh?

with v > 2/c (c defined in (M5)), for some appropriate A(n) — oo such that A(n) = o( Vnh?). Then, to state the
convergence on the whole set R4, we have to show that

Vnhd — —~
L, = sup Llfn(x) - E(f,(x)| — 0 (7
i A(m)

Since K has a compact support, say included in the ball B,(0, C) of R then if for each i < n, ||X; — x|| > Ch,, we have
L, = supjs, E(fu(x)). Now since h, < 1,

G =1 [ KafCes un)dil < sup SO,

thus beeping in mind that n” — 1 > n”/2 for n large enough, and now:

sup [E(f(x) < sup f(y)

[Ixl>n” [lyllzn"-1

which tends to zero by (M4). To prove that L, converges a.s. to 0, we have to assume (M5). We thus have

(o]

Z > EIX I+ -+ BIIXI
IP’(max [1X:| >”V—Ch,,) < E 1A (Il 11X | <,
fsisn n=1 (

n — Chy)*

n=1

for v such that v > 2/c so that the series converges by (M5). This with the Borel-Cantelli entail that SUP |y > If;(x)l
tends to 0 as n goes to infinity a.s. as fast as needed. Indeed ||X; — x|| > Ch, a.s. uniformly over 1 < i < n and ||x|| > n”
and thus the kernel vanishes.

Let us now prove (6). Set for all x € RY,

n n

—~ 1 1 < -X; -X;
G, (x) = Z‘ Y= —g Z:‘ Uix),  with Us(x) = K(x . )— JEK(x - ) (8)

To prove (6), we use the chaining argument of [22]. Let I = [-M, M]¢ be a cube of R“. Since I is compact, it can be
covered by 5% cubes I, . .. Is« with centers xi, . .. xs« and sides of length 2M/6, where § is such that 64/M — co. Here,
notice that £, 6 and M are allowed to vary with n but it is omitted in the notation to make the reading easier. Setting
5n(x) = fu(x) — E(f,(x)) we have for all j

1Ga (O < £ (%) = Fulxe )l + () = B ()] + B S (x)) = Efp(2)].

Under (K1), [22] proves that for some positive constant L and for all x € [;,

’K(x—hxi)_K(xj;X,.)

Using this fact it is easy to deduce that there exists another kernel density estimator ffor Jf obtained by replacing
K in (5) by the piecewise linear and compactly supported kernel K defined by K(x) = 1 if ||x|| < L and K(x) = 0
otherwise, such that for some n > ng (see [22] p 78),

_ 2MLip(K)
X Sh [lx;j=XilI<Lh-

— —~ CiM , ~ —
sup |G, ()] < Gl + === (1G] + IEf(x)))

12



with C; = 2Lip(K) and G, (x) = f,(x) — E(f,(x)). Therefore,
sup G, < max Gyl + S max Gyl + max [EF(x)
up n(x < 1gj<)§>‘d n(Xj o xd n(X; lgjg)isd (X)),

el < ISiso

so that we can write as soon as SUP| < md IEﬁ(x)l < thé/3MC; (which is true when thé/M > C, for some C, > 0),

]P’[ sup Ign(x)l > t] < ]P’( maxdlan(xj)| > 1) + ]P’( maxdlén(xj)| > tho )

< M 1<j<6 3 1</<6 3MC,
< & su IP(|5 (x)|>£)+}P’ G > 0 )
- HXHQIIJW‘{ " 3 " 3MC1

A(n)

. nhd . . . . . .
each term at the right hand side of (9). If the right hand side is the general term of a convergent series then using
Borel-Cantelli lemma we obtain (6).

We then sett = C

for some appropriate A(n) — oo such that A(n) = o( Vnh?) and M = n"/¢ and have to control

Therefore, the main goal of the proof of Proposition 7 consists now of finding in each case (A1), (T1), (A2), and
(T2) sequences A(n) and 8(n) such that the right hand side of (9) is the general term of a convergent series. We shall
need the following

Lemma 6. Let X be strictly stationary sequence with density f and kernel estimator ﬁ defined by (5). Assume that
(M3) holds and that (K1) holds with h,, — 0 and nhjf — 09, and that we have one of the following conditions

(A1) X is strongly mixing with a(m) = O(b™™) for some b > 1.

(T1) X is 6—weakly dependent with 8(m) = O(b™™) for some b > 1.

(A2) X is strongly mixing with a(m) = O(m™") for some b > 2 + 3/d.
(T2) X is O—weakly dependent with 0(m) = O(m™") for some b > 2 +2/d.

Thus one has

O'ﬁ(x) = varﬁ(x) = Lf(x) sz(u)du + O(L).
nhd

nhd

Proof of item 1 of Proposition 7. In cases of geometric decay rate of the dependence coeflicients, we may use a
Bernstein’s type inequality for G,(x) and G,(x) in order to bound the right hand side of (9). Namely we will use
Theorem 1 and Proposition 8 of [17]. Let us recall them below in our special setting

Lemma 7. Let Y, be a n—sample of a R-valued strictly stationary sequence Y such that E(Y;) = 0 and ||Y|l < H
in probability. Assume that there exists some 0 < ¢ < 1 and some L > 0 such that for all u- tuples (sy, ..., s,) and all
v-tuples (t1,...t,)withl <51 < ... <5, <H <...<t, <n,

cov(Yy ... Y, Y, ... Y,) < H™V 22w, (10)

Then, for all t > 0,

& 1 2
P Y, >t < _— 1,
[Z ) 0|1 o)

2 a nL?
o, =var ZY,- G,,~(LVH)—2V1.
o

i=1 n

with
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Now, let ¥; = Y;(x) be defined by (8). Notice that Y;(x) = F,(X;), where F,, is a bounded Lipschitz function with
1Y;(Olleo < H = [[Falloo < 2l|Klloo/nh? and LipF,, < LipK/(nh®*"). Assume that

1
ﬁz%%%ﬂ (1

o Strong mixing case. If X is strong mixing with a(m) = O(b™), b > 1, thus Y is strong mixing with ay(m) <
a(m) by measurability of F,,. Moreover, by [15]’s Lemma 6 and [17]’s Remark 7, (10) is satisfied with [? =
(LipF,)* and ¢ = 1/b. Therefore Lemma 7 applies with H ~ 1/nh?, L> ~ 1/(n*h***?) and G, ~ 1/(nh***3).
Setting t = C +/log n/nh? for some convenient constant C > 0, we get

—~ logn —cpn
]P)(|Gn| > CHf Py lgn

as soon as u, = nth,l/3t5/3 — 0, which is true as soon as 8 < 1/(3d + 6) with &, = O((log n/n)P).

o O—weak dependent case. If X is 6—weakly dependent with 8(m) = O(b™), b > 1, thus Y is §—weakly dependent
since F,, is a Lipschitz function, by heredity of this property through Lipschitz functions, with 8y(m) < 6(m).
Moreover, using Remark 9 and Proposition 8 of [17], (10) is satisfied with L> = HLipF and ¢ = 1/b. Therefore
Lemma 7 applies with H ~ 1/nh?, L* ~ 1/(n*h*** ') and G, ~ 1/(nh*¥*?). Setting t = C \/log n/nhd for some
convenient constant C > 0, we get

- IOgn _C2/18

as soon as u, = nh?GL*13 - 0, which is true as soon as B < 1/(3d + 4) with h, = O((log n/n)f).

Therefore, we obtain in both cases a bound for the first term at the right hand side of (9). The second term can be
handled in the same way, with identical values of I[* Hand G, setting 6 = MC,/h®, & > 1.

Finally, one obtains for (9) setting M = n'd,

IP’( sup |Gu(x)| > t] < 8P = AL (1og n) P

llxll<n”

for some constant A > 0 and some conveniently chosen C in the expression of ¢ such that D > 1 + v + Bed so that

- — 1
wpmm—mmmbom{ %q

Il <n? nhg
using Borel-Cantelli. It remains to show that (11) holds, which is true by Lemma 6 under (K1), (M2) and (M3).
Proof of item 2 of Proposition 7. The proof relies on the following
Lemma 8. Let X, be a n-sample of a strictly stationary sequence X and ﬁ be defined by (5).

(i) Assume (K1) with h, — 0 and nh? — co. Assume moreover that there exists some ¢ > 0 and some q > 2 such that

forn > ng
- - c
sup || fn(x) = E(fu()lly < : (12)
xE]Rg f * f ol \/nhﬁ

Then, for every sequence (A,) such that A,, — oo and A, = O ( \/nhﬁ) as n tends to oo and every v > 0 satisfying

d
(o9 hz v
I CTE )

n=1 n n

— — A,
sup |fu(x) = E(fp(x))] = OM( ]

lIxll<n? nhe
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logn
nl-r

B
(ii) Assume that (12) holds and h,, = 0(( ) )for some 0 < B < 1/dand 0 <y < 1. Then, under (K1) one has

- — 1
sup |f,(x) — E(f,(x)] = 0( et ]

l<n” n'~vhj
as soon as vy, B and q are such that
vq+ (1 —y)Bd(d—-2)>d+2. (14)

In the following lemma, we give the conditions under which (12) holds in Riemmaniann decay cases (A2) and
(T2). The point (ii) of this lemma together with 8 yield item 2 of Proposition 7.

Lemma 9. Let X, be a n-sample of a strictly stationary sequence X and ﬁ be defined by (5).
(A2) Assume that X is a-mixing with a(m) = o(m‘b)for some b > 0. Assume moreover that (M2), (M3), (K1) and (K2)
hold for some k > 2, with h,, — 0 and nhff — oo. Thus (12) obtains for every g > 2 and b > max(2+3/d,q—1).

(T2) Assume that X is 0-weakly dependent with 0(m) = o(m™) for some b > 0. Assume moreover that (M2), (M3) and
(K1) hold, with h, — 0 and nh® — co. Thus (12) obtains for every even q > 2 and b > max(2 + 2/d, 3(q — 1)).

O

Proof of Lemma 6. Let f, be the kernel estimator analogue to ﬁ but built on independent copies of Xy. A well known
result (see for instance [24]) is

varf;,(x) = # F(x) f K*(u)du + o(i)

nhd
‘We have

- . 2
varf,(x) = varf, () + —55 ) cov(Ui(n), U ().

1<i<j<n
So, by stationarity of the process (U;(x)),

n—1

— v 2
An(x) = Narf, () = varf, (D] < —7 > leov(Up(@). Un(@).
m=1
On the one hand,

lcov(Up(x), Un(x)| = 1™ f (K (5) — E(K(X0))) (K (£) — E(K(X0))) fom(x — hs, x — ht)dsdt
< Cth

by (K1) and (M3).
On the other hand one has the property (10) with u = v = 1, s, — t; = m, M and L? depending on the dependence
structure of X. Namely,

o If X is 8-weakly dependent then by (10)

LipK
lcov(Uo(x), Un(x)] < 2||K||m%e(m).

Therefore,

1 D (6(m) D ..
—571coV(Uo(x), Un(0)] < @( o Ahd) < —h e Veem)”

for all 0 < a < 1 by relation (12.18) of [14] so that setting @ = d/(2d + 1) A, tends to zero as soon as
Z a(m)ﬁ < 00,

When 6(m) ~ m™®, this holds for all » > 2 + 2/d. In case of geometric decay 6(m) ~ b™", b > 1, this is always
true.
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o If X is strong mixing, we have by (10)

LipK)?
oV (U0, U] < C2a(my

SO

1 D [a(m) D .. o
— 37100V, Un(0))] < W( e Ahd) < G D am)

for all 0 < a < 1 so that setting @ = d/(2d + 2) A, tends to zero as soon as
Z a(m)Tdﬂ < 00,

When a(m) ~ m™, this holds for all b > 2 + 3/d. In case of geometric decay 6(m) ~ b™™", b > 1, this is always
true.

O

Proof of Lemma 8. e Proof of (i) Let A(n) — oo such that A(n) = o( \/nh,”f). We deduce from (12) by Markov
inequality that there exists some C3 > 0 such that

c A(n) C30?
P| sup |G,(x)| > ] <
[||x||<M:{ \nh? An)?

as soon as there is some C4 > 0 such that 64, > C4M,, \nh¢. For that task, set ¢ =

A(n)
nh?

in (9). One has

. A(n) 3¢ S\ G
P[lGn(x)|> 3m]< Ay (feu]]g nhn”Gn(x)”q) < A

with Cs = (3¢)?. Moreover, ||5,,(x)||q is uniformly bounded so as soon as 6k, > C4M +/nhd,

P(|5,,(x)|> An)hnd ]< Cs

3CM, nhd )~ AW

with Cs = (3C1Cy)~". Set

5= M nhﬁ‘
hy,
We have
— — A(n)
sup |fu(x) = E(fu(X)| = Oys. (—) (15)
Il <M Vnhd
This holds from Borel-Cantelli lemma as soon as
d
M, \/nhd 1
_ < 00, 16
Z( , ] Ay = (10
The result of Proposition 8 obtains setting M, = n*/%.

e Proof of (ii)
With the conditions on /4, we have h, — 0 and nhz — oo. Set A(n) = +/n”logn. Since 0 < y < 1 and

0 < B < 1/d, we have A(n) — oo and A(n)/ Vnh? — 0. To achieve the proof we need to ensure that we can find
v > 0 such that (16) converges. Set u, the general term of (16). With the assumptions on %, and A(n),

1
un=0( ),
n¢log n¢
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with 2¢c = yg—2v—d +Bd(1 —y)(d —2) and a = (g —Sd(d — 2))/2. The series of general term u, is a Bertrand’s
series that converges if and only if ¢ > 1 or ¢ = 1 and @ > 0. One thus need that there exists some v > 0 such
that 2v < e with 0 < & = yg -2 —d + Bd(1 —y)(d — 2) which holds as soon as yg—2 —d + Bd(1 —y)(d - 2) > 0.

O

Proof of Lemma 9. e Proof of (A2) In the strong mixing case, we apply, for given x € R?, [25]’s theorem 6.3
to the sequence U(x) = (U;(x))i<icn- Notice that it is strong mixing with ay(m) < a(m) by heredity of
sequences expressed as measurable functions of strong-mixing sequences. Set

Su(x) = D Ui = nh'Gy ().

i=1

For all g > 2, U;(x) has an order ¢ moment since ||U;(x)|| < 2||K||. Thus, applying Theorem 6.3 yields for all
n > ny,

1
15,0l < as, 4 [ (o)™ Qo
0

where a and c are positive constants that only depend on g, a’l(u) = Z Li<am)> Oy is the generalized inverse

n>1

of the tail function ¢t — P(|Uy(x)| > t) and

i

5207 = )" 3" [eov(Ui(x), U,
J

Using [25]’s inequality C.3 p 157 for some r > ¢ there exists ¢’ > 0 that only depends on ¢, r and ||K]|. such
that

1-q/r
IS 2CoE = () NGaOE < asu(x)? + cmllUp (I [Z(i + 1>”r—5”a<i>]

i>0
l—q/r
r=2r+q
< asn(x)q+c’nh‘n"”’[2(i+1)q rq’a(i)] .
i>0

Using Lemma 6 and setting 4, = O((log n/n'~7)?), we obtain (12) under (K2) for some k > 1 as soon as (M2)
and the following conditions are fulfilled for some r > g:

hdq(l/r—l/Z)

(1 —"nq/z_] - 0.
@ Y+ D7 i) < oo
>0

(3) b>2+3/d.

If g(1 — (1 — y)Bd) > 2, Condition (1) is fulfilled for all » > g. On the other hand, condition (2) is fulfilled as
soon as
g-1) _

7 —

b>

u(r).

Since u is decreasing with lim,_,, u(r) = g — 1, we can take b > max(q — 1,2 + 3/d) to meet the conditions (1)
to (3).
If g(1 — (1 — y)Bd) < 2, obvious calculations entails that we have to choose r such that
2(1 - y)Bdq
2-q(1-(1-y)Bd)

q<r<r =
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In this case, one can choose " y
- -1
b> u(r) = (1 —ypdg-1) )
(g=2)(1 = (1 -y)Bd)
to meet (2). Since g(1 —d) < 2, b > u(r;) > g — 1 so that b > max(q — 1,2 + 3/d) meet the conditions (1) to
(3).

Finally, (12) obtains as soon as b > max(qg — 1,2 + 3/d).

e Proof of (T2)

In the 8-weakly dependent case, it straightforwardly follows from [16]’s theorem 1: under the conditions (M2),
(M3), (K1) with h, — 0 and nhfj — o0 (12) obtains for any even g > 2 as soon as

o2 =0(1/nh%) and Z(m + D720m)'3 < 0.
m=0

When 6(m) = o(m™"), the first condition implies b > 2 + 2/d by Lemma 6 and the second obtains with b >
3(g—-1).

O

5.3. Preliminary results for the proofs of Section 3

In this section, we give some technical tools from [31], [26] and [2] on the R-convex hull and the rolling ball
condition used to derive the results of Section 3. The proofs are omitted or only sketched. The presentation of theses
deterministic results allow to make the paper self contained and to highlight where the main differences lie between
the dependent and independent settings

For aset S € R?, recall that its R-convex hull Cg(S) is defined as:

CR<S>=[ U éu,m].

B(x,R)NS =0

Hereafter, we recall some obvious properties of the R-convex hull:

Property 1. Let Cg(S)° be the complement of Cr(S) on R?. One has
Cr(S) ={xeR? xe B(O,R) and S N B(O,R) = 0}

so that
1. If R < R’ then Cg(S) C Cg/(S).
2. il S’ C S then Cgr(S’) C Cr(S)
3. Let H(S) be the convex hull of S. One has

Rlirfw Cr(S) = Cu(S) = H(S).

Sets satisfying the inside and outside rolling ball property have nice properties detailed in [32] which are recalled in
Property 2 and illustrated in Figure 1.

Property 2. If S satisfies the inside and outside rolling ball property for some positive R; and R, then

1. ForallR < R,, Cr(S)=S.

2. For all points z € 3S the "unit outward normal" vector (i.e. normal to 3S and pointing outside S ), denoted 1,
is well defined as 1, = 01%,:1

3. Forall x € S with d(x,0S) < R;, its projection mys (x) onto 3S is well defined and x = mss (x) — d(x, 0S Mrys(x)»
O’ = 75 (X) = Rillgs (-
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Fig. 1: All you have to have in mind concerning the rolling ball property

4. Conversely, for all y € S€ with d(y,dS) < R, its projection nys(y) onto S is well defined and y = mys(y) +
d(y, as )777r.95 o) 0; = T3S (y) + Ronﬂﬂs O)-

Following the arguments of [26], we can prove the following result which will be a key point for the study of the
asymptotic properties of the R-convex hull estimator.

Proposition 8. Let S’ ¢ S ¢ RY. Assume that balls of radius R, (resp. R;) roll freelly outside (resp. inside) S. Let
R < R, and & < min(R;, R). If, for all O € R? such that d(0,S) < R — & we have that BOO,R)N S’ # 0, then

SoeeB={xeS,dx,d5)> ¢ cCrS’)CS

Proof. Proposition 8. The second inclusion is a direct consequence of S’ ¢ S ¢ R¢ thus Cg(S’) c Cg(S) then,
because R < R, and due to the outside rolling ball condition we have Cr(S) = S.

Now let prove the first inclusion by contradiction. Suppose that there exists x € S with d(x,dS) = & > e and
x € Cr(§7)°. As x € Cr(S’)° there exists O, ||O — x|| < R with B(O,R) NS’ = 0. Introduce z = [0, x] N S(x, ") we
have z € S then, because ||O — x|| < R we have d(0, S) < R — &’ that contradicts B(O,R) NS’ = 0. O

From Proposition 8 and using theorem 4.1 in [2], we can derive general deterministic results on the R-convex hull
summarized in the following

Corollary 1. Let S’ ¢ S c RY be a finite set. Assume that balls of radius R, (resp. R;) roll freely outside (resp.
inside) S. Let R < R, and & < min(R;, R). If. for all O € RY such that d(O,S) < R — & we have that B(O,R)N S’ # 0,
then we have

d(0Cr(S'),08) < &, d(Cr(S'),S) < &,

ICR(S ) = 1S la| < 10S lac1&(1 + o(1)).

1 Rmin(R;,R,)

M fd(s’ S 2R+ minRi,Ry)
oreover if d(S',S) 2 R + min(R;, R,)

and & is small enough with regards to d, R and min(R;, R,), one has

ACR(S") ~ 8S, Cr(S") ~ S

and there exists some constant Cqgr,.r;, > 0 depending on d, R, Ry and R; such that
IOCR(S Na-1 = 10Sla-1] S Carrore(l +0(1))
when & — 0.

Proof. Corollary 1
Here we only sketch the proof of Corollary 1, giving main arguments. By Proposition 8 we have S © ¢B C
Cr(S’) C §. Thus
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1. About d(0Cg(S’),dS)
e Since S © B C Cg(S’), then, for all x € ICg(S’) exists d(x,05) < &

e For all x € S consider y = x — &n,, by inside rolling ball property of S we have y € S © &B and thus the
segment (x, y) intersects dCg(S”) and d(x, dCg(S")) < &.

2. About d(Cg(S’),S) we clearly have by inclusions that d(Cg(S’),S) < d(S © &B,S) = max,cs d(x,S © eB) =
MmaXyes\sesp) d(x, S ©€B). Now take x € S \ (§ ©&B), there exists y € 95 with |[y—x|| < & thus ||mss (x) = x]| < &.
We have x = mys (x) = [|x — o5 (X)|[177,5 (x)- Introduce x” = w5 (x) — €1y, x) Which belongs to S ©&B, [[x—X|| < &
that proves d(Cg(S’),S) < ¢

3. |ICr(S)a < IS\ (S ©eB)|y =~ €[0S |4-1 indeed it is the inner Minkowski content of a set with positive reach, its
asymptotic can be deduced from the Minkowski content of a set with positive reach (see [18]) and its outer part
see ([3]).

4. ACg(S") = S and ||0CR(S)Na=1 —10S la-1] S Carro.r, (1 +0(1)) are direct consequences of Theorem 4.1 in [2].
The homeomorphism between dCr(S’) and dS being myg it is easy, and let to the reader, to prove that, since
is small enough ¢ : Cg(S’) — S define as

o(x)=x ifxeS e2eB
o(x) = Xo(x) + 2ol (x) if x € Cr(S7)\ (S © 26B)

where Xo(x) = mas(x) — 2&n,,(v and X;(x) = (Xo(x), mss(x)) N OCR(S’) is a homeomorphism and thus that
Cr(§") = S

O

A way to derive asymptotic rates for the R-convex hull of a set of point X,, clearly consists in finding sequences
&, such that
Z P(A0,d(0,S) <R - &,, BO,R) N X,, = 0) < +0o.

Also we have to prove that d(X,,, S) — 0 almost surely to apply the last part of Corollary 1 and deduce the topological
guarantees and the convergence for the measure of the boundary.

Dependence has to be taken into account when dealing with P(B(O, R) N X,, = 0) where Propositions 1 or 2 are
applied (instead of a trivial product in independent case).

Lemma 10. Assume that we are under the assumptions of Propositions 1 or 2. Assume moreover that the marginal
density f belongs to the model Mg, g, 1, o- Let E.(q) = a(q) in case of strong mixing and E,(q) = min(o s ( YD 4 cw2tr )
in case of 6-weak dependence). Introduce

P,=P@0 €S &R -&,)B, BOO,R)NX, = 0)

We have the existence of a constant C (depending on model parameters, fy, a,d, R; and the parameter R) such that

&y )% ) Ep_o (@)

P, < (Inn)e? |exp (—cE (g,, - PR~ - Ml (17)
q Inn & \ T
C (8,, - m)
We also have that
1 d . d+a 8:’;1 ™ (Q)
IP’(d(Xn,S)>r,,)§(nn) exp(—c’f(rn— L ) )++ (18)
T q Inn (rn . ) ta
nn

Proof. Let cover S @ (R — &,)B with v,, < C (M Inn)¢ deterministic balls of radius &,/ Inn and centered at
x; €S ® (R — &,)B we have by Propositions 1 or 2 and by the triangular inequality:
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Vn Vn

Py < ) P(BOG R -
i=1

1 8;@2(‘])
INX, =0) < (1—pl-)3+%

In i
n i=1 !

where p; = P(X; € B(x;, R — 2&)). By Proposition 10 it comes that

" Inn

d+1+2a

d-1
min((R — 2),R)\ * min((R — &), R; 2
p; 2 ﬁ)CZI’ (( lnn) ) min (En _ En ), (( lnn) )
“ 2 Inn 2

min(R,R;)

d-1
5 ) * for n large enough we finally obtain:

Thus as &, converges to 0 for any C < foC// | (

d+l+da\ o S;Q,i'(q)
P, < (nn)'s,? (1—C(sn— 8") i ) "
Inn C & 2
(8n ~ Tan

and thus

d+1+2a

8;373 @)

Inn

d+1+2a

)+c(s,,—ﬂ) ’

Inn

P, < (In n)ds,_ld exp (—C 1 (8” _ G )
q Inn

that concludes the proof of Equation (17).
Suppose Now that d(X,,,S) > r, with r,, < R; then there exist x € S with B(x, r,,) N X, = 0. Define Q as :

_Jxifd(x,08) > 1/3
795 (X) = Z2 N v if d(x,08) < 1/3

We have that B(Q2, r,,/3) € S and B(Q,r,/3) C B(x, r,).

As a first conclusion if d(X,,,S) > r, then there exists Q € S © %B with B(Q,7,/3) N X,, = 0. The sequel of the
proof consist in bounding the probability of existence of such a point. Cover S © % B with balls of radius 57 centered
atyy,...,yyinS © %BwithN < de.

Introduce

2
P((X,.S) > r,) = ]P’(EI,Q cSe %B,B(Q,g—")ﬁx,, - @).

By the triangular inequality

N
PA(Xn, ) > 1) < P(B(yi, In (1 - i)) NX, = 0).
- 3 Inn

i

Let now g; = IP’(B (y,-, Z (1 - ﬁ)) nX, = (Z)) by proposition 10 we have g; > fyCyq (% (1 - ﬁ))dw and thus,
setting C’ = foCyo/3%

d a & (@
Pd(Xn, S) = 1) < (m”) [exp (—c'g (r,, - i)d )+ ﬁ] (19)

" Inn
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5.4. Proof for theorems on support estimation

5.4.1. Independence
First Let us focus on the iid case, that is, for all g € N* and R € R Ep(q) = 0.

2

Proof. of Theorem 1. Apply Lemma 10 Equation (17) with ¢ = 1 and &, = (%mT”)‘”'“”” it comes that P, <

1+2a
(Inn)?n'"2znm o0 thus Y, P, < +co.

1
Also by Equation (18) with g = 1 and r, = (242 188)™ we obtain P(d(X,,S) > r,) S (Inn)?n 20,

From Borrel-Cantelli and Corollary 1 we infer the proof of Theorem 1. U

When independence is not assumed, the proofs are similar. We just have to take into account the & term and find
suitable sequences &, and g, in order to obtain convergent series and apply Borrel-Cantelli and Corollary 1.

5.4.2. Exponential decay
First we deal with the case of Exponential decay i.e. a(g) or 8(g) bounded by Bb? with 0 < b < 1

Proof. of Theorem 2.

1. Strong mixing: for all R € R we have E(q) < Bb.
2Q2d+1+22)(3d+1+2a)
(@+1+20)*CIn(p 1) °

(1+ %) finally introduce v = 3. By Equation (17)

24u”

(a) Choose &, = (y(Inn)? /)@= withy >y =

. 202d+1+2
Choose g, = ) Inn with 8 = W

d+1+2a
Cvl 1 ) 1+ In(b)
Pn 5 (ln n)dndﬁ-ﬁz(r (exp [_ Znn (1 ) ] + n—

let write y = ygd(l + u).

| " Inn (Inn)2
d+1+2a
Because d > 1 and @ > 0 then “L22 > 1 we have(l - ﬁ) P> - b0 L and thus
3d+1+2a 2d+1+2a
P, < (Inn)* (,flfmvw(l) + ") (20)

we have ), P, < +oo.

1
(b) Choose r, = (c%)m and g, = B1nn by Equation (18):
P, $) > 1) S (s (w50 4 fn0+1)

choose first 8 large enough to have S1n(b) + 1 + ﬁ < —2 and second c large enough to have —% + d% <
—2. We then obtain ) P(d(X,,,S) > r,) < +oco (and r,, — 0).
2. #-weak dependence.

(a) Now S;Q_En /In 2(@n) = MiNeioR—¢,/1nn] (@ + deZdth‘l). For any choice of sequence &, — 0, for n large
enough, t, = Vb isin [0,R—g,/Inn] thus & __ /hm(qn) < B exp(—qy In(»~")/2)) thus as previously any
&, = (y(In n)? /n)d+12+2rr with y > 2y8d gives sequence ), P, with )} P,, < +oo.

1

(b) Choose again r, = (c%)dm. Here also the choice of t, = Vb is in [0, r, — r,,/ Inn] for n large enough.

Thus & (gn) < B exp(—g,In(b~")/2)) and similar to 1.(b) we obtain Y P(d(X,,S) > r,) < +o

rp—rp/Inn .
(and r,, — 0) for suitable constants c.

2
2 +1+a .
%)2 " | such that 3 P, < +co and sequences r, — 0 with

To conclude, in all the cases we found &, = O (
> Pd(X,,S) = r,) < +oo thus by Borrel Cantelli and Corrolary 1 we achieve the proof. O

Now we finish this section by the proof of Theorem 3 that deals with the Riemanian Decay.
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5.4.3. Riemaniann decays
Proof. Theorem 3

1. Strong mixing‘ Ep(gn) < Bg,? forab > 1. Set A = 3dHtde g — b-2d gpd gy = 4t Choose &, = (A (]n“,”za)‘””z"

and g, = From Equation (17) it comes that

nn\" . 1
P, < ntt —
~\ &, n(ln n)?

(In n)“ T

So that, for A large enough ) P, < +oo.

1

L ; _ 2dta s _ be 2 d _ X+l _ [ pr ) \ @
Similarly, Set A" = ara =3 andy’ = ST choose r, (A o )

and ¢, = From Equation (17) it comes that

(ln n)“ L.

Inn\’ .. 1
Pdy(X,,S) > 1) < [—2 | 0¥ +
&, n(Inn)?

that, again allows to obtain summable series since A’ is large enough.
2. #-weak dependence

—b
3. Now &, /1,,(qn) = MiNeor—z,/Inn] (Bq” + cwy2¢ tR’H). For any choice of sequence &, — 0, for n large

enough, t, = +/g;” is in [0, R — &,/ Inn] thus &y ., /]nn(q,,) < B’q;b/ 2 and we can use the sequences exhibited

in the strong mixing for changing b into b/2.
1

.. 0 ’ '\ dra
Similarly, Set X' = 2te v = b2Z27d 5nq 0y = A4l choose r, = (A’%) and ¢, = 2. and

d+a ’ b= V+b[2° (nnyT1*
=+ g,b. Check that t, < &, From Equation (17) it comes that

Inn\’ .. 1
Pdy(X,,8) = 1) < (=) n 2 +
& n(lnn)?

that, again allows to obtain summable series since A’ is large enough.

O
5.5. Proofs concerning level sets
Proof. Theorem 4
LetR < m,/ fmax be a positive constant, we first prove that, for n large enough:
— 8;1
LrcLe-2p @1
my

First by a trivial chain of inclusion, ZZ,R = CR({E(Xi) 2 t}) € CrUX;, f(Xi) = t - &,,}) C Cr(L—g;). In the sequell
we consider n large enough to have &, < max(A,, ¢ — #p) so that Proposition 5 ensures that Cr(L;—) = L,y thus we

V@)

e 9, Ve have that

have Z\,,R C Li—. Now for all z € L,_y, introduce z = 2’ + 25

’ 8:1 ’ ‘9:1 (2) ’ 281/1 (2)
J@) 2 @)+ 2=V = 2| = | fnax = 1+ &, |1 = — finax
m[ ml m

t

thus, since n large enough to also have &), <

f’m we have f(z) > tthus L,y C L, ©® 2;, B. that achieves the proof of

Inclusion (21).
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We now aim at proving that, with probability one for n large enough

LcLz® (sn + 23) B (22)
ny

Notice that X,NL,» C X} (?) thus Cr(X,NLs1e) C Z, r. Let first prove that Cr(X,,N L) contains L., ©¢&,B with
probablhty one for n large enough Proceeding by contradiction suppose that there exists x € Ly, with d(x, 0L;.¢) >
gpand x ¢ L,R Because x ¢ LtR there exists O with [[x—O|| < R and B(O, R)NX} (¢) = 0 thus B(O,R)NX,N L. = 0.
Moreover because d(x, 0L..¢) > &, we have that d(O, Li,¢) < R — &,.

Introduce

P, =P(30 € Ly, ® (R—&,)B , B(O.7) N Ly, N X, = 0).

Cover Ly, © (r — &,)B with v, deterministic balls of radius &,/ Inn and centered at x; € L., ® (R — &,)B. Notice
that we clearly have |L;.»| < ! (because the density on L., is greater than ¢). Thus by bound on packing and
ln_n)" .

&En

. . . . . d
covering numbers it is possible with v, < ti}—[ (

Yn

P, < ZP(B(X,’,R— lg—n)mLH—s,’, N X, :(D)'
nn

i=1
Now by proposition 5, L,+g/ has the m,/ fmax -inside and outside rolling ball property) and thus, let define x; =
(o) and yi = 37 + J ﬁ we have B(yi, m/ fim) C Lise, and [l — yill < R — &, + my/ famy. Then Let

E; = B(x;, R — £,/ Inn) 0 B(yi, m,/ fi2,

/+a

& » Eg(q)
Pn < (1 - Pi)" + -
; ( pi
where p; = P(X; € E)).
By Proposition 10 (with fy = ¢, @ = 0) it comes that

d+1

mm((R oy ) N

d-1
min (R - ), 2 ) -
2

2
S
2

. €En
> 1CY min (s - —),
Y " Inn

d-1

2
min|R, )
( oy ]

for n large enough we finally obtain:

Thus as g, converges to 0 for any C < tC;J’O[ 5

d axt '
P, < (lnn) exp (—CE (8n B lsn ) 3 )+ max; 85,-(61(11
En q nn g\ 2
C(Sn - m) ?

This equation is highly similar to Equation 17 with @ = 0. The only difference consist in &g, which is now related
to intersections of balls instead of Ball.

For strong mixing &g do not depend on the set E there is no change from the proof of Theorem 2, the given choices
of g, (with @ = 0) ensures ), P, < +co.

Considering #-weak dependence Eg depend on the shape of the set E, nevertheless, due to Equations (3) and (4)
we have that

. 0(q) &L
(q) < - 2
Ee(q) < t’le(})l?i . (A y + Biye,® |,

for some constants A and B.

1. In case of exponential decay one can easily check that there exits suitable constants a;,a; and az such that

&y = (a1(Inn)?/n) D12t = \Ja,0(q,).(€,)4D/2 and g, = a3 Inn allows to have sequences such that £, € (0, &,)
and P, satisfying ), P,, < +co.
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5d-1 . _ 1+A
2+ Y T Taa

exits a suitable constant a; such that &, = (a;(Inn)*/n' D2 g = n¥/(Inn)*', 1, = \Jar0(g,).(g,)4"D/2

and g, = a3 Inn allows to have sequences such that 7, € (0, &,) and P, satisfying ) P, < +co.

_ H2-d+b/2
and a =245

2. In case of Riemanian decay with b > 2, set A = one can easily check that there

That achieves the proof of _
LHS;, © EnB c CR(Xn N Lt+s,’,) C Lt,R- (23)

Now, considering L, , as in the proof of Inclusion (21) we easily obtain L, © ;—:’B C Ly, for n large enough to

have g, < % Indeed, consider € L; © 2 n B we have that for all vector u with |ju|| < 1, f (z +25 u) t consider
i "o

now the special choice of u = ~1%,01 We have

’ 7 \2
8’1 8” n
f@ - 2;HVf(Z)H + 2(;) o > f(Z + M) >t
t t

Thus
f@)=t+22 ||vf(z>||—( ) > t+e, +s( fé?x) t+é),

We thus obtain, with Inclusion 23 that (L, © 28—’/’8) og,BC Z, R

Now by [32] and [18] because L, has the inside and outside m,/ f;ﬁdx rolling ball property, when &, + 2 < my/ frﬁax
it comes that

LcLge (en + 2‘9—") B
m;

Which concludes the proof of Inclusion (22) which together with Inclusion (21) allows to apply Corollary 1 and thus

concludes the proof of dy(L, L;) < &, + €, du(0L,, L,) < €, + €}, and || Ly, |L 4| S €, + €], in Theorems 4 and 5.
To obtain homeomorphism and convergence for the perimeter one have to also prove that dy(L,, X, N {z, ]?(Z) >

t}) £% 0 which as easily obtained by use technics extensively used in this paper is let for the reader. O
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Appendix A. Some bounds for the measure of the intersections

Proposition 9. let x,y € RY, and r,, ry, € be positive numbers such that ||x = Y|l = ry + ry — €, £ < min(ry, ry) and
h < min(ry, ry). let V(ry,ry, £, h) = |(B(x, rc+h) N B(y, ry+ h)) \ (B(x, re — h) N B(y, ry, — h))|, we have that, when £ — 0

d-1

)2 4h(1 + o(1))

{21,

V(ry, ry, €, h) < wg- (

P+ Ty

Proof. Let u; be a unit vector of R? we can define the portion of ball B(O, r) N {z, {z.u; > a} and we have

V(r,a) = |B(O, ) N {z,{z.u1 = a}lawa-1 fa(er ~ )T dx (A.1)
0
Thus by derivation
0< 259 < wyy (2ra) 7 A2
oV(ra — d=3 d+l .
0< 2P w52 20T (@

See the Figure ?? to be convinced that indeed:

( (€ +2h)Q2ry =) ) (
|(B(x,rx + h) N By, ry + )| =V|r, +h +V

"2(ry + 1y —2h = 20)
Substracting |B(Oy, r, — h) N B(Oy, ry — h)| we obtain the upper-bound.

.k € +2h)Q2r,—0)
YT + ry —2h—2¢)

(+2h)2r, - 0) (€ + 202 — 0)
V( e ety — 2 - 25)) i V(ry M Pa—— 2£))
S G 1C%s et N WY B (g ) /s
B 2+ 1y + 20— 20) T e+ 1y + 20— 20)
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Fig. A.2: The convex body is B(Oy, ry + h) N B(Oy, ry + h).

(re — h— ax)z + 22 = (re— h)2 _ ((+2h)2ry=0)
Solving{ (ry—h—a)?+22 = (r,—h)? yields R
ay + ay = {+2h Yoo T 20ratry=2h-20

as € — 0, withh < €/2,leta = -2 A" = 2000 _gand A™ = a— 5ot =D—q (thus AT +A™ < 22 (1+0(1)))
we have ' ' '
€ +2h)Q2ry - 0) (€ -2m)Q2ry-0)
Vir, +h, - V|r.-nh, =V(iry+hA)=V(@y-ha-A
(r 2re + 1y — 20— 20) B e+ 1y + 20— 20) (r )=V (=ha=-a7)
d+l d-1
v 0V 2(d-1) s [ 20ry \ T 4hry 2rry\ T
<2h—(re, )+ (AT + A7) —(ry, a) < 2hwy 2r,) 2 - + ~(1+0(1 _ - )
ar(r @)+ ( )Oa(r @) @d-1 d+1 2r2) (er+ry Iy ry( o(D)wa-1 Pyt 1y
We finally obtain that
{21y T
V(ry, ry, €, h) < wy- 4h(1 + o(1))
re+ 7y
which concludes the proof. O

Proposition 10. Suppose that balls of radius R; roll inside S . Suppose that the density is such that f(x) > fod(x,dS)".
If O is such that d(O,S) = R — € with 0 < &€ < R then, exists positive constants Cy, and C;m such that

d+1+2a

d-1
{P(B(o, R) > foCua(nte) ™ &5 if O ¢ S and & < min(R, R;)/4

=
P(B(O,R)) > foC), (w

d+a .
) otherwise

Proof. In all the proof we introduce O* a point of dS such that d(0, O*) = d(0, dS) (not necessarily uniquely defines)
and O; = O* — Rinp-. By inside rolling ball condition B(O;, R;) C S First case O ¢ S and & < min(R, R;)/4
P(B(O,R)) = P(B(O;,R;) N B(O, R))

Decompose the calculus on small "lens" £(z) = S(O;, R — z) N B(O, R) on witch d(x,3S) > z (due to inside rolling
ball properties), see Figure 1
it comes that

F(B(O,R)) > f Fo L L@ lardz
z=0

Now | L(2)|4-1 = f,i(OZ) 0 4-2(Ri—2)"" sin(@)?*da. By use of sin(@) > 2@ when 0 < @ < /2 (condition & < min(R, R;)

d-1
allows that) we obtain that | £(2)|s—; > Z< (%) (R; — 2% !. Now

d-1 Vg
@\ @)
0(z) = arcsm(Ri _Z) > R_:
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Thus

d-1 g
P(B(O.R) > fo 2 (7%) f h(z)'""'dz
z=0

d-1
_ [(e-2QR-e+7) . _(e-29QR-e+2)
h(z) = \/ R IR—9) (2(R, 2) 3R TR=2) )

The condition € < min(R;, R)/4 < (R + R;)/8 we obtain that

7x17 RR; 1 RR;
h(z) > —2) > /= —
@ \/16><14R+Ri(‘S 2 \/2R+R,-(8 2

d-1 ot
Oa—2 (2 1 RR; \? f's &t
z - Vo d
_1(n) (2R+R,~) | LEmDTd
d-1

d-1 &1 &l
T4-2 2 1 RRi 2 d+1+2a d+ RR 2 d+1+2a
— — B 1, —
1(7r) (2R+R,-) £’ (0” 3|7 hCaal TR f

P(B(O,R)) = fo 7
Second case O ¢ S and ¢ > min(R, R;)/4

that finally gives:

P(B(O,R)) = fo

P(B(O,R)) = P(B(O:, R;) N B(O,R))

Now define Q = O + (¢ — min(R, R;)/4)no- we have P(B(O, R)) > P(B(0;,R;) N B(O,R)) > P(B(0;,R;) N B(Q, R))
and we can apply previous calculus

d+1+2a
2

RR; )"5' (min(R, R,«))

P(B(O,R)) > fOCd,a( R+ R 4

Cia . (
P(B(O,R)) > fo# (min(R, R)))**
2

Final case O € §
1. if d(0.3S) > R then P(B(0. R)) > P(B(0.R/2)) > fo (§)" w (E)d
2. if d(0,8S) < R and R < R;, define Q = O — £5¢., then P(B(O,R)) > P(B(Q, R/2)) > fo §)" w4 (g)d

3. if d(0.8S) < Rand R > R;, define Q = 0; - &7o.. then P(B(0.R)) > P(B(Q.Ri/2)) > fo (%) wa (%)"
As a conclusion,
min(R;, R) )"“’

P(B(O,R)) > fowd( >
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