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An a posteriori error analysis based on equilibrated stresses
for finite element approximations of frictional contact
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Abstract

We consider the unilateral contact problem between an elastic body and a rigid foundation
in a description that includes both Tresca and Coulomb friction conditions. For this problem,
we present an a posteriori error analysis based on an equilibrated stress reconstruction in
the Arnold—Falk—Winther space that includes a guaranteed upper bound distinguishing the
different components of the error. This analysis is the starting point for the development of
an adaptive algorithm including a stopping criterion for the generalized Newton method. This
algorithm is then used to perform numerical simulations that validate the theoretical results.

Keywords: frictional unilateral contact problem, weakly enforced contact conditions, a posteri-
ori error estimate, equilibrated stress reconstruction, Arnold—Falk—Winther mixed finite element,
adaptive algorithms

MSC2020 classification: 74M15, 74S05, 65N15, 65N30, 65N50

1 Introduction

In the field of mechanical engineering, accounting for contact conditions with friction is indispens-
able for the accurate representation of the behavior of an elastic object. This is particularly crucial
in structural studies, such as those involving dams, where ensuring safety demands a thorough
analysis. The most frequently used friction conditions in mechanical problems are Tresca and
Coulomb conditions. In this work, we consider the Tresca or Coulomb unilateral contact problems
between an elastic body and a rigid foundation. Numerous techniques exist in the literature for ap-
proximating solutions to such problems, including penalty formulations [23], mixed formulations
[19], and methods based on the weak enforcement of contact conditions a la Nitsche [7]. Since
the original work on Dirichlet boundary conditions [24], Nitsche’s technique has been extended
to general boundary conditions [22] and, more recently, to the unilateral contact problem without
friction [9]; see [7] for a review including subsequent developments. From the numerical stand-
point, this technique is appealing as it does not require the introduction of Lagrange multipliers
and results in an easily implementable formulation. The starting point is the general formulation
proposed in [1], which covers both Tresca and Coulomb friction cases.

*Corresponding author



I'p

Figure 1: Example of domain Q with d = 2. The boundary dQ is subdivided into I'p (in green),
I'n (in red), and I'c (in blue).

The primary focus of this paper is the extension of the a posteriori error analysis via equilibrated
stress reconstruction developed in [14] to the frictional unilateral contact problem. This technique,
presented in [16] for the Poisson problem, is based on the Prager—Synge inequality [25]. We provide
a guaranteed upper bound of the dual norm of the error without using any saturation assumption,
see Theorems 3 and 6 below. The presented upper bound is expressed in terms of fully computable
a posteriori error estimators which distinguish the different sources of error. Besides the data of
the problem (volumetric and surface loadings), these estimators involve the approximate solution
uy, and an equilibrated stress reconstruction oy, i.e., an IH(div)-conforming correction of the stress
tensor o () locally in equilibrium with the force source terms.

The paper is organized as follows. In Section 2, we introduce the frictional unilateral contact
problem in both strong and weak forms, along with its discretization a la Nitsche. Additionally,
we provide the main space-related and mesh-related notations that we will use throughout the
rest of the paper in Tables 1 and 2. Section 3 showcases the main results of the work: a basic
a posteriori error estimate, a refined version distinguishing the components of the error, and an
adaptive algorithm based on the latter. This algorithm includes an adaptive stopping criterion for
the linearization iterations. Moreover, we compare the dual norm of the residual with the energy
norm. In Section 4 we explicitly propose how to construct an equilibrated stress reconstruction
with the right properties by assembling the solutions of local problems on element patches around
mesh vertices. Section 5 validates the results of Section 3 with two numerical examples with
Tresca and Coulomb friction conditions, respectively. Finally, Section 6 concludes the work by
presenting results of local and global efficiency.

2 Setting

2.1 Continuous problem

We consider a domain Q € ]Rd, d € {2,3}, which represents a body with elastic behavior, and we
suppose for simplicity that Q is a polygon if d = 2 or a polyhedron if d = 3, so that it can be covered
exactly by a finite element mesh. The boundary of the domain is denoted by 02 and is subdivided
into three nonoverlapping parts: I'p, I'n, and I'c (see Figure 1 for a two-dimensional example)
such that [I'p| > 0 and |T'¢| > 0, where | - | is the Hausdorff measure. The setting of the problem is
the following: the body is clamped at I'p, it is subject to volumetric forces f € L*(Q) in Q and to
surface forces gy € L*(I'x) on the portion of the boundary Iy, in the reference configuration it is
in contact with a rigid foundation on I'c, while in the deformed configuration the contact region is
included in I'c. On the boundary 9€2, we consider the outward unit normal vector # that allows us
to decompose any displacement field v and any density of surface force o (v)n into their normal



and tangential components:
v=v"n+v" and oc()n=c"(v)n+0o'(v). 2.1

The frictional unilateral contact problem then reads: Find the displacement u: Q — R such
that

divo(u)+f=0 in Q, (2.2a)

ou)=2Atre(u)lq+2ue(u) inQ, (2.2b)

u=>0 on Ip, (2.2¢)

o(u)n =gy on I'y, (2.2d)

u" <0, 0™"u) <0, c"(w)u" =0 onTIgc, (2.2¢)
ot (u)| < S(u) ifu' =0

otw) = -S@) e oterwise onle. (2.20)

|’ |

Here, e(v) := %(Vv + Vv T) is the strain tensor field, o-(v) € Rg/fnd is the Cauchy stress tensor, div
is the divergence operator acting row-wise on tensor valued functions, 4 and A denote the Lamé
parameters, and | - | in (2.2f) is the Euclidian norm in R~!.

The first contact condition (2.2e) is a complementary condition representing non-penetration
(u™ < 0) and the absence of normal cohesive forces (if u” < 0, then o (#) = 0). The second contact
condition represents the friction condition and makes it possible to include in this formulation both
Tresca and Coulomb models (see also [1]): S(u) = s € L?(I'c), s < 0, for the Tresca friction
model, and S(u) = —pcou 0" (u) for the Coulomb one, where pcou = 0 is the Coulomb friction
coefficient. We remark that, while Tresca friction is easier to implement and analyze since the
friction threshold s is a known function, Coulomb friction allows us to model the fact that there
is no friction when the elastic body is not in contact with the rigid foundation in the deformed
configuration.

Table 1 summarizes the main space-related notations used in the paper. In addition, we
define the space Hll)(Q) as the space of functions of H'(Q) satisfying the homogeneous Dirichlet
boundary condition (2.2¢), and the space K of admissible displacement:

H(Q) = {veHl(Q) :v=0onIp}, K = {veHll)(Q) : v <0onTc}.

The weak formulation of the problem (2.2) is the following variational inequality (see, e.g. [19, 7]):
Find u € K such that

a(u,v—u)+j(u;,v)—j(u;u) = L(v —u) Vv € K, (2.3)

where
a(w,v) = (o (u),&(v)), L) = (f,v)+(gn:V)ry 2.4
Juv) = (S(m), v Dre. (2.5)

for all (u,v) € H'(Q) x H'(Q). It is known that this formulation has a unique solution for Tresca
friction, while for Coulomb friction the analysis is more intricate. We refer to [1] and the references
therein for a discussion.



Notation Definition

X Measurable set of R? or R?™! typically: Q, a portion of dQ, or the
union of a finite subset of mesh elements

H*(X) Sobolev space of index s on D

H* (X) Vector Sobolev space [H* (X)]¢

H® (X) Tensor Sobolev space [H*(X)]9*¢

L*(X) Sobolev space H’(D) of square-integrable functions on X

L*(X) Vector space [L?(X)]¢ or [L?*(X)]4~!

L2(X) Tensor space [L*(X)]4*¢

I 1s.x Norm of H*(X) or H*(X) according to the argument

|- lx Norm of L2(X), L*(X) or L*(X) according to the argument

|- I Norm of L?(), L>(Q) or L?>(Q) according to the argument

(-, )x Inner product of L2(X), L*>(X) or IL?(X) according to the argument

(-,) Inner product of L2(Q), L*() or L?(Q) according to the argument

H(div, Q) Space spanned by functions of IL?(€) with weak (row-wise) diver-
gence in L2(Q)

Table 1: Space-related notations.

2.2 Discrete problem

We consider now a family {7}, of conforming triangulations of Q, indexed by the mesh size
h = maxreq; hr, where hr is the diameter of the element 7. This family is assumed to be regular
in the classical sense; see, e.g., [11, Eq. (3.1.43)]. Furthermore, each triangulation is conformal
to the subdivision of the boundary into I'p, I'n, and I'c in the sense that the interior of a boundary
edge (if d = 2) or face (if d = 3) cannot have a non-empty intersection with more than one part
of the subdivision. Mesh-related notations that will be used in the a posteriori error analysis are
collected in Table 2. For the sake of simplicity, from this point on we adopt the three-dimensional
terminology and speak of faces instead of edges also in dimension d = 2.

For any X € 7, U ¥, mesh element or face, £"(X) is the space of d-variate polynomials of
total degree < n defined on X, and we set P"(X) = [P*(X)]? and P"(X) = [P"(X)]?*¢. We
will seek the approximate solution in the standard Lagrange finite element space of degree p > 1
with strongly enforced boundary condition on I'p:

Vi = {v, € HH(Q) : vyly € PP(T) forany T € T} . (2.6)

The key idea of the method we focus on consists in rewriting the contact boundary conditions
(2.2e) and (2.2f) in a compact way and enforcing them a la Nitsche. For this purpose, we introduce
the projector [x]gr- = %(x — |x|) on the half-line of negative numbers R™, and the orthogonal
projector [x]o: RY™! — R4~ on the (d — 1)-dimensional ball B(0, @) centered in 0 with radius
a >0, i.e.,

x if |x]| < a,

[xla = a;_| otherwise. 2.7)

In addition, for every real number # and every positive bounded function y: I'c — R*, we define



Notation Definition

Fn Set of faces of 7},

7—2’ Set of boundary faces, i.e., {F € 5, : F C 0Q}

FPUFNUFSC Partition of 7,” induced by the boundary and contact conditions

7'2 Set of interior faces, i.e., F \ 7-;}’

Fr Set of faces of the element T € 7y, i.e,{F € ¥, : F C 0T}

¥r.e€{b,D,N,C} FrOFe.T €T

Vi Set of all the vertices of 7y,

(V}Z’ Set of boundary vertices, i.e., {a € V), : a € 0Q}

(V;l Set of interior vertices, i.e., Vj \ (V;l’

Vr Set of vertices of the element T € 7y, i.e., {a €V}, : a € 0T}

V¢ Set of vertices of the mesh face F € Fp,i.e.,{a € V), : a € 0F}

(V}'l) Set of Dirichlet boundary vertices, i.e., {a €V, : a € F,F € 7-'hD}

Wq Union of the elements sharing the vertex a € Vp, i.e., U T

TeTn,acdT
Table 2: Mesh-related notations.
the following linear operators [7]:
Py W— L*(T¢) and Py, W— L*(T¢) (2.8)
v i 0" (v) =y, v - 00 (v) —p',

where W := {v ceH (Q) : o(v)nlr. € L2(FC)} (notice that V;, ¢ W). Assuming thatu € W,
the two contact conditions (2.2e) and (2.2f) can be rewritten as follows (see [12, 9, 10]):

o u) = [0 w) =yl = [P )|

o' (u) = [0 (w) —yu'] g, = [Ptl’v(“)]sm) (2.10)

2.9

From now on, we assume that vy is the positive piecewise constant function on I'c which
satisfies: For all T € 7}, such that |0T N T'¢| > 0,

Yl =
oTNI ¢ hT >
where yg > 0 is a fixed Nitsche parameter. Finally, we approximate the problem (2.2) with the

following method [6]: Find u;, € V}, such that
i) = || P} ] . ") - [P‘ ] V=L Vv, €V, (2.11
a(up,vp) ([ 1y (un) o V) ( 1y (Un) syt . (Vh) vip € Vi, (2.11)

where S;,(uy) depends on the choice of S(u): for the Tresca case Sj,(uy) = s while, for the
Coulomb case, using again (2.9), S,(un) = —pcoul [P?’y(uh)]]R*, see [1]. For further results
concerning the existence and uniqueness of a solution we refer to [6, 10]. Notice that (2.11) is
the non-symmetric variant of the Nitsche method corresponding to the choice 8 = 0 in the above
references.



Remark 1 (Choice of normal contact conditions). In this work, we will focus on the unilateral
contact problem with no jump on I'c between € and the rigid foundation, but it is also possible to
adapt the present analysis to other cases by replacing the contact condition (2.2f):

* for the bilateral contact problem, we simply replace it with the condition u#" = 0;

* for the unilateral contact problem with normal gap g on I'c in the reference configuration,
we replace it with the three conditions

u"—g<0,0"u) <0, c"(w)(W" -g)=0. (2.12)

In the first case, we do not need to introduce the projection operator [ - |gr- and equation (2.9)
becomes o (u) = P} y(u) while, in the second case, the definition of P y has to be modified by
replacing v"* with v" — g.

3 A posteriori error analysis

The goal of this section is to present an a posteriori error estimate based on the notion of equilibrated
stress reconstruction. In this framework, following the approach of [14], we measure the error
associated with the approximate solution uj, using the dual norm of a residual operator.

3.1 Basic a posteriori error estimate

Starting from the discrete problem (2.11) and denoting by (HII)(Q))* the dual space of Hll)(Q),
for all discrete function wy, € Vj,, we define the residual R(wy) € (H ]13(9))* by its action on the
space HIID(Q):

(R(w1),v) = L) = a(wiw) + ([P vw)| ,v")rc N ([th(w”)]sh(wm ,v‘h)F 3.1)

forallv Hll)(Q). Here, (-, -) denotes the duality pairing between Hll)(Q) and (HIID(Q))*. Let

Ivl? = VvIP+ g, Vv e HL(Q), (3.2)
with :
Pien= D, o-vlE  ¥v e Hy(@). (3.3)
Fe¥Fy F
Given w;, € Vy, the dual norm of the residual R(wj) on the normed space (H}D(Q), -1 is
given by
IRwml = sup (R(wn),v), (3.4)

veH [, (Q), lIvll=1

and the quantity |||R(up)|||. can be used as a measure of the error committed approximating the
exact solution u with u,.

Definition 2 (Equilibrated stress reconstruction). We will call equilibrated stress reconstruction
any tensor-valued field o7, : Q +— R?*9 such that:

1. o), € H(div, Q),

2. (divoy + f,v); =0forevery v € PO(T) and every T € Ty,



3. (oun)|p € L*(F) forevery F € FN U FC and (04n,v) - = (g, V) - forevery v € PO(F)
and every F € ?'hN.

Given an equilibrated stress reconstruction o, for every element T € 7, we define the
following local error estimators:

Nose,T = —|I.f +divoylr, (oscillation)
g
N, = oo — o (up)llT, (stress)
1
MNeuw, T = Z C,,T’FhIéZHgN —oun|F, (Neumann)
FeFX
Nent, T *= Z hzz [P?,y(uh)]R, -opll - (normal contact)
FeFS F
1 . .
Mfre,T = Z hy [P f 7(uh)] -alll . (friction)
’ Sp(un) F
Fe¥Fs

where, C; 7 F is the constant of the trace inequality ||[v — Vp||r < C,,T,thz |Vv||r with vE =
ﬁ fF v, valid for every v € H! (T) and any F € Fr (see [29, Theorem 4.6.3] or [13, Section 1.4]).

The estimator 1,sc, 7 represents the residual of the volumetric force balance equation (2.2a)
inside the element 7', 7y, 7 the difference between the Cauchy stress tensor computed from uj,
and the equilibrated stress reconstruction, 7ney, 7 the residual of the Neumann boundary condition
(2.2d), ncne,7 the residual of the normal condition (2.2e) on the contact boundary, and 7 7 the
residual of the friction condition.

The following result shows a guaranteed upper bound of the dual norm of the residual (3.1)
based on these local estimators.

Theorem 3 (A posteriori error estimate for the dual norm of the residual). Let uj, be the solution
of (2.11), R(uy) the residual defined by (3.1), and oy, an equilibrated stress reconstruction in the
sense of Definition 2. Then,

1/2
”lR(uh)”l* < ( Z ((T]OSC,T + Nstr, T + 77Neu,T)2 + (Ucnt,T + Tlfrc,T)z)) .
TeT,

Proof. Using the regularity of o, and of its normal trace established by Properties 1. and 3. in
Definition 2, the following integration by parts formula holds:

(oh, Vv) + (divoy,v) — (opn,v)ry — (07, vV")re — (O'Z,Vt)rc =0 Yy € HIID(Q). (3.5)

Now, fix v € H]])(Q) such that [[v||? = ||V + |v|é’h = 1 and consider the argument of the
supremum in the definition (3.4) of the dual norm of the residual. Expanding L(-) and a(-, )
according to (2.4) in the definition (3.1) of the residual written for v;, = u;, and summing (3.5) to
the resulting expression, we obtain

R(up),v) = (f +divoy,v) + (o — o (up), Vv) + (gx — onn, V)ry

+([Pn u ] —O'n,vn) +([Pt u ] —a't,vt) =T +--+Ts,
1,‘}/( h) R- h Ic 1,'}/( h) Sh(uh) h Ie 1 5



where we have additionally used the symmetry of o, to replace £(v) with Vv in the second term.
The first four terms can be treated as in [14, Theorem 4], obtaining

< > Moser 197 lIr, o< ) narl Vi,
T<T;, TeT

Ty < ) eV, Ta< ) e Plers
TeT, TeT,

where |- |c 7 is the local counterpart of the seminorm (3.3) on the element 7" € 7}, obtained
replacing Thc with 7—'TC in the sum. Let us consider the fifth term T5. Using the Cauchy-Schwarz
inequality, we get

Ts < H[P @n| ot e
TeT Fe7s “n) F
12 |[[ pt _
< Z Z hF [Pl’y(uh)]sh(u O'h |V|CT— Z 7]frcT|V|CT
TeTh FeFs TeTn

Combining the above results and using the Cauchy-Schwarz inequality and the definition of
the norm ||| - ||| (3.2), we conclude

MR Caen) il

IA

sup { > (mar V¥l +mo.0 |v|c,T)}
veHL(Q). Ivll=1 \7c7,

12 12
sup {(Z((Ua,T)2+(77b,T)2)) (Z(||Vv||%+|v|%,r)) }
TeT,

veH[ (Q), lIv]l=1 TeTh

IA

]/2
( Z ((UOSC,T + Nstr, T + 77Neu,T)2 + (Ucnt,T + Ufrc,T)z)) s
TeT,

where, for sake of brevity, 7,.7 = Nosc,7+7str, 7+1New, 7 ANA 1 7 = Nene, 7 +7fre, 7 fOrallT € 7. O

3.2 Separating the error components

In order to find numerically the approximate solution u#j, we apply an iterative method to the
nonlinear problem (2.11). In particular, in this work we consider the “generalized Newton method”,
also employed in [7], where no special treatment is done to account for the fact the projection
operators [ - Jr- and [ - |, (u,,) are not Gateaux-differentiable. At each Newton iteration k > 1, we
have to solve the linear problem: Find u'h‘ € V}, such that

atuhov) = (PR @hvi) = (P @l o) =Low eV G6)

where the linearized operators are obtained setting

nk—1 k-1 J [P?#(V)]w
Py (wp) = [P7,y("h_ )]]R, L — S(wp—uyh)
k-1
V= 3.7
_Jo if P (u; ') <0
(wp) otherwise
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Figure 2: Regularized operators for d = 2 and constant Tresca friction.

and

9 [Ptlﬁ(v)]sh(uﬁ—‘)

o c(wp—uyh

k-1
h

(P, o) = P k™).

x:Ptl,y (uk-1)

t k-1 —|pt (k-1
P (wy) = [Pl,y(uh )]S;,(uﬁl)-i-

v=u
[Pt e e
[T e Sp (k=1 dx

(3.8)

Remark 4 (Possible regularization of projection operators). Another possible iterative approach
consists in first regularizing the projection operators [ - Jr- and [ -], (k) and then applying the
standard Newton method. For example, introducing two regularization parameters 6" > 0 and
o' > 0, we can define the regularized differentiable operators represented in Figure 2 for the case
d = 2. In this work, for the sake of simplicity, we only consider the analysis without regularization
and refer to [14] for a detailed treatment in the frictionless case.

Assumption 5 (Decomposition of the stress reconstruction). Let a'fl be an equilibrated stress

reconstruction in the sense of Definition 2. Then, O'Ih‘ can be decomposed into two parts

k_ _k k
Oh = Ohdis T Ohtin (3.9)

where o gis Tepresents discretization and 0";l \in Fepresents linearization.

h,dis

For an example of reconstruction that satisfies Assumption 5 we refer to Section 4. Now,
we introduce the following local estimators that depend on the stress reconstruction and use its
decomposition fixed by Assumption 5: For any mesh element 7' € 7},

h
nher = — ||f +divol||,. (oscillation) (3.10a)
? T
nftr’T = ||ff'f,,dis - 0(”;{,)“T, (stress) (3.10b)
k RETI < k . 12| _k,
Mint, 7 = 1) inllTs Minon 7 = Z hy ”Gh,lriln”F’
FeFy (lincarization) (3.100)
inearization .10c
k . 12| kot
Min2t,7 = Z hg ”"'h,nn”F
Fe¥F&
nI]eru,T = Z Ct,T,Fh;é2 ||gN - (T’,in”F , (Neumann) (3.10d)
FeF}



Uicm,T = Z hy [ (uh)] —O'h dlq (contact) (3.10e)
Fe¥FE
— 1/2 t k kit "
Nher = Y h [PI’V("h)]shmg) T - (friction) (3.10f)

The corresponding global error estimators are defined by

> (n’.‘,Tﬂ I/z. 3.11)

TeT,

k .
Ne =

Theorem 6 (A posteriori error estimate distinguishing the error components). Ler u 'h‘ € Vy be
the solution of the linearized problem (3.6) with Pl'i'l’lk_l( -) and P{i’f_l defined by (3.7) and (3.8),
respectively, and let ﬂ(ufl) be the residual of ufl defined by (3.1). Then, under Assumption 5, it
holds

IR (e -

<

1/2
k k k k 2 k k k k 2
Z ((nosc,T + nstr,T + nlinl,T + nNeu,T) + (ncnt,T + nfrc,T + nlin2n,T + nlinZt,T) )] (312)
TeT,

and, as a result,

1/2
IR < [rhe + e+ 4ty + 1 + b b 4l +bn)?] - B13)

Proof. Proceeding as in the proof of Theorem 3, we obtain

IR )l
274 12
|5 [ ol - ot | 3wl ot o, )|}
TeT, Fe¥Fs

Then, decomposing 0';‘1 into its discretization and linearization part according to (3.9), using
the triangle inequality and the definition of the local estimators (3.10), we get (3.12). Finally,
(3.13) is obtained from (3.12) applying twice the inequality Yreq (212, ai,T) (xn, a,) valid

for all families of nonnegative real numbers (a; 7)i<i<m, Te7;, With a; = (ZTEW, a%T) for all
1<i<m. O

We close this section by introducing a fully adaptive algorithm for the refinement of an initial
coarse mesh with a stopping criterion that automatically adjusts the number of Newton iterations
at each mesh refinement iteration. With this goal, we fix a user-dependent parameter vy, € (0, 1)
representing the relative magnitude of the linearization error with respect to the total error and
define the linearization estimators

k 2 k 2 k ._
’71m T - ’hml Tt \/ (’71in2n,T) + (nlith,T) forall 7' € 7j, and np;, =

% "
Z (’hm,T) g

TeT,

and, for T € 7}, the total estimator
2
ntot T [(Uosc Tt ’7str Tt 771m1 Tt ’7Neu )"+ (ncnt Tt 77frc Tt ’71m2n Tt ’71m2t T) ] (3.14)

10



Algorithm 1 Adaptive algorithm

1: choose an initial displacement u9 € V), and fix yjin € (0, 1)

2: repeat {mesh refinement}

3 set k=0

4: repeat {Newton algorithm}

5 setk=k+1

6 setup the operators Pﬁr’l’jgl and Pfi’n’igl and the linear system (3.6)
7 compute uﬁ, 0"]2, and the estimators (3.10)—(3.11)

8: until 771kin < Ylin (n'gsc + né‘tr + nﬁeu + nfm + nfrc)

9: refine the elements of the mesh where nﬁ)t 1 18 higher

10: until nt’; .1 18 distributed evenly over the mesh

Remark 7 (Local stopping criterion). In the proposed algorithm, the stopping criterion for the
number of Newton iterations is enforced in a global sense by comparing the size of the global
linearization estimator with the sum of the other global estimators. It is also possible to introduce
instead a local stopping criterion that has to be verified on all elements of the mesh:

k k k k k k
nlin,T < ylin,T(nose,T + nstr,T + nNeu,T + 7’]cnt,T + nfrc,T) VT € ‘7;1’ (3'15)

with yjin T € (0,1) for all T € 7. This criterion will be used in Section 6 to prove the local
efficiency of the estimators (3.10).

3.3 Comparison with the energy norm

This subsection is devoted to comparing the dual norm of the residual ||R(up)]||. with the energy
norm of the error ||u — uy||., defined in a standard way as

||v||§n =a(v,v) = (a(v),&(v)) Vv € HII)(Q). (3.16)

In the following theorems, the notation a < b, a,b € R will stand for a < Cb where C > O is a
constant independent of the mesh size & and of the Nitsche parameter 7.

Theorem 8 (Control of the energy norm). Assume that the solution u of the continuous problem

(2.2) belongs to H%‘L"(Q) for some v > 0, and let uy, € Vj, be the solution of the discrete problem
(2.11). Then,

2 2
o=t ], |

2\

F) ’
where « is the coercitivity constant of the bilinear form a (cf. (2.4)) such that « ||v||%Q < ||v||grl
foranyv € H]g(Q).

1
o lu = wplley <R @)l + ( >

Feh

3.17)

. ot () - [P, ()|

1
2

Fe?‘—f

Sh (uh)

Proof. Proceeding as in [14, Theorem 7], it is possible to show that

I =l = (R =) + (o) = [P )| =)

(3.18)

teon [ pt t_ .t _.
+(0’ (u) [Pl’y(uh)]sh(uh)’u uh)rc T+ T+ Ts.

11



For the first two terms we use, respectively, the definition (3.4) of the dual norm of the residual
along with the coercivity of @ and the Cauchy—Schwarz inequality followed by the definition (3.16)
of |||l to obtain

1 < a PR @)l 1w — upllen (3.19)

_ 1
w25

Fe

2 ik
cr”(u)—[P?,y<uh>]R_||F) ot = e (3.20)

For the remaining term, we apply Cauchy—Schwarz and trace inequalities to write:

2\ /2
1
I3 < Z hr o' (u) - [Ptl,y(uh)]s h) ) lw —unll o
h\Up
reT ' 3.21)
1 2\ |
< 01_1/2( > |l () - [P'i,y(uh)] ) ) llu —unllen -
FETIS F h\UL)||F
We conclude by inserting the estimates (3.19), (3.20), and (3.21) into (3.18). O

Theorem 9 (Control of the dual norm of the residual). Assume that the solution u of the continuous

problem (2.2) belongs to H 34 (Q) for some v > 0, and let uj, € Vi, be the solution of the discrete
problem (2.11). Then, it holds

1/2

IR @)l < (d2+4p)" ||u —uh||en+( > he
Fe P

o= [rt ], [

2\'~
F) '

Proof. This result can be proved by using the definition of the residual (3.1), an integration by
parts, the symmetry of the stress tensor, and Cauchy-Schwarz inequalities. Here, we report only the
main steps and refer to [14, Theorem 10] for the remaining details. Expanding a and L according
to (2.4) into the definition (3.1) of the residual written for wy;, = uj,, we get

Riun).») = (0w =), 6(0) = (o) = [P )| v")

- (O't(u) - [Ptlﬁ(uh)]sh(uh) ' Vt)FC

— 12 n _ n L
< llo@=u)| 191+ ) bf o = [P7, ]| e

FeFt
+ Z hzz o' (u) - [P1 h)] ” 1/2 vl
Fe¥,
2\
" (u) - [P?,y<uh>]R||F)

2\ 12
Vil
: F) }III Il

(3.22)

ot () = [P, un) |

n(un)

+(ZhF

FeFs

(d/l +4/1)l/2 ”u - uh“en + ( Z hF|

Fe‘fg
+( Z ]’LF

FeFs

o)~ ||
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Figure 3: Illustration of a patch w, around an inner node a € (V;l and around a boundary node
ac (VPE’ .

Here, we have invoked the symmetry of o (u — u},) to replace £(v) with Vu in the first term and
then used Cauchy—Schwarz inequalities in the second step, and recalled the definitions (2.2b) of
o and (3.2) of ||| - ||| and used a Cauchy—Schwarz inequality on the sum to conclude. We obtain
(3.22) applying the definition of dual norm (3.4). O

Remark 10 (Terms depending on u). The comparison results (3.17) and (3.22) contain two terms
that depend on the exact solution u. It should be possible to obtain similar bounds not containing
these terms proceeding like in some recent work [5, 18]. In this paper, the results of Theorems 8
and 9 will be used in Section 5 for defining the two quantities (5.1) and (5.2) used as lower and
upper bounds of the total estimator, respectively.

4 Equilibrated stress reconstruction

This section is devoted to describing the procedure to construct an equilibrated stress reconstruction

satisfying the decomposition Assumption 5. In particular, 0'}]: is obtained working on patches of

elements around the mesh vertices using the Arnold-Falk—Winther mixed finite element spaces
[3]. We adapt the approach of [14] to the frictional contact problem modifying the definition of
one of the spaces involved in the stress reconstruction.

First, we define, at the local level for any element T € 7}, the spaces

T = PP(T), Ur =P’ (T), Ar={peP(T):pu=-p"}.
The corresponding global spaces are

Xy = A{r, € H(div,Q) : 4|y € Zpforany T € T},
Uy = {vy € L*(Q) : vplr € Urforany T € T3},
Ay, = {ﬂh eL?(Q) : uplr € Ar forany T € 771} .
Then, for any vertex a € V}, of the mesh, we consider the patch wg, see Figure 3, and we denote

by n,,, the outward normal unit vector on its boundary, with y, the hat function associated with a
and Xy (wq), Un(wqe), and Aj(wq) the restrictions of the spaces Xy, Uy, and Ay, to the patch w,.

13



At the patch level, we set

va {‘rh € Xp(wa) @ Thlw, =000 dw, \FD} ifa e (V}i)’
h {‘rh € Xp(wa) @ Thlw, =000 dw, } otherwise,
{Th € Xp(wa) @ Thlw, =00ndw, \ 0L,
sa _ Thly, = &, 0N 0w, NN, and ifa e (Vi’, 41
h,N,C,e "~ Thlw, = g,n,, (z//aP.(uﬁ)) on dwg N FC} .1
e otherwise
pa - |Unlwa) ifaeVp,
h {vh €eUp(wa) @ (Vh,2)w, =0foranyz € RMd} otherwise,
A} = Ap(wa),

where e € {dis, lin} and
8dis = th"ma (wagN) and gin =0,
Pa(uf) = |Pr @h)| ne [P @h]| (42)

Sn(uf)

Pin(ub) = (P;;k—l(ug) - [P';y(u;j)] ) n+ PR (k) - [P’Ly(u’,;)] L @3
’ R Sh(uh)
and RM4 is the space of rigid-body motions, i.e., RM? = {b +c(xp,—x))T : beRce R}
and RM? = {b+c¢xx : b,c € R*}. Additionally, let y*-* € RM“ be defined by

" Dy = (~Vaf + @) VWar 2wy = (Mgyn,, (VagN)22) g0, oy

B (HE”'"”" ("b“(ip?”(ui)inf n iP (uh)ish(u )) )awanrc’

forallz € RM?ifa € VP, and y** = 0ifa € V.

Remark 11 (Friction contact condition) Comparing this description with that provided in [14], we
have modified the terms Pdls(u ) and le(u ) defining the local spaces X¢ .N.C.dis and E‘;l N.C.lin’
respectively, to account for the friction contact conditions. These modifications will enable us to
recover the properties of the stress reconstruction outlined in point 4. of Lemma 13, as will be
discussed later. Additionally, they will facilitate the rewriting of the contact and friction estimator

as (4.4c) and (4.4d), respectively.

Construction 12 (Equilibrated stress reconstruction distinguishing the error components). Let, for

e € {dis, lin} and any vertex a € Vy, (%, r®* Ay k) € Z‘;l I]iI .o X Uy X A} be the solution to

) )
the following problem: e
(e T + 0 AV TRy + (A0 Th) g = (T 0 Ty YTh € X,
(divaZ:f,vh)wa (vh .,vh)wa Vv, € Uy,
(0 ), =0 Vi, € A,
where

Lk {wmf) fo=dis. i {—waf+a<u’,;>vwa—y“”< if e = dis,
y

e ™0 if = lin, e ) yaik if o = lin.

. a,k . k. a,k k
Extending (Th . by zero outside the patch wqa, we set Ty = 2acy, e and we define o, =

k

h,dis + 0-

o h,lin"

14



By definition, y* ensures that the forcing terms v he satlsfy the following compatibility
conditions for a € (V}l’ \ (VD.

( h dlS’ z)a)a (thnwa (d/agN) ’z)awaml—*N + (thnwa 'J’aniS(u;;)’ z)

b
waNlc

ok
( h 11[1’ z)a)a (thnwa l/’aPhn(uh), z)au)aﬂrc

foranyz € RM d recalling that Pdis(ufl) and Plin(ufl) are defined by (4.2) and (4.3), respectively.

The obtained tensor 0';‘1 is an equilibrated stress reconstruction in the sense of Definition 2 as stated

by the following lemma.
Lemma 13 (Properties of Uﬁ). Let 0"; be defined by Construction 12. Then

k k k . .
1. T dis O tins T € H(div, Q),

2. Forevery T € T, and every vy € PP~1(T), (div O'fl + fovr)r=0
3. ForeveryF € 77hN and every vy € PP (F), (O'zn,vF)F = (gnsVF)F;

4. Forevery F € FC and every vp € PP (F),

k, k k.t _
orae e = ([P wh]| o) <ah,dis,v;>F—([P (uh)]s,,(uk)’ F)F’

ok k=1, k k
o Vi = (P ) = | PL )| )
and
kt t k 1.t t
hhn VF)F ( lin (uh) - [ ( h)]s (uk) ’ F)F .

Proof. For the proof of 1.-3., the arguments of [14, Lemma 16] can be easily adapted here. We
focus on the proof of 4. Let F € Thc andletvy € PP(F) = (X,n)|r. Then, applying the definition

(4.1) of X% N.C.o» WE get, for e € {dis, lin},

(@ mver= Y (@invrr= Y (vaPo)ovr) = (Po@h).vr) .

acVg acVr

where we have used the fact that >, € Vry,(x) = 1 for any x € F to conclude. Point 4.
follows using the decomposition into normal and tangential components and observing that, by the
definitions (4.2) of Pg;s and (4.3) of Py,

dlb(uh) = [ ?,V(ul;l)]R— ’ dlb(uh) [ (ui)]sh(uk) ’
lm( h) lr:nk_l(ufl) B [P?’V(uz)]R* ’ lm( h) P;"i( l( ﬁ) B [Ptl’y(uz)]sh(uk) ‘

Remark 14 (Alternative expressions of local estimators). Thanks to Lemma 13, we can rewrite the
oscillation (3.10a), Neumann (3.10d), contact (3.10e), and friction (3.10f) estimators as follows:

hr _
n](;sc T “f - Hp 1f”T > (4.4a)
Mewr = D ct r.rh) lgn — gl (4.4b)
Fe?c
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I'p I'c €

Figure 4: Rectangular domain of the numerical cases of Section 5.1 and 5.2 with representation of
internal and lateral forces, and division of the domain’s boundary. In particular, a uniform load gy
is enforced on I'y,;, while homogeneous Neumann conditions are enforced on I'y 2. The portion
of the boundary I'p is fixed, while contact is possible on I'c.

ko _ /2
ncnt,T_ Z hF

FeF<

koo_ /2
nfrc,T - Z hF
Fe¥Fs

[P?,y(u’,i)]Rf ) L [P;l,y(u’,j)]W”F, (440)

: (4.4d)
F

t k pr t k
[Pl’y(uh)]Sh(uﬁ _HF [Pl’y(uh)]Sh(uﬁ)

where I'Ig_l, H’;, and Hf; denote the L2-orthogonal projectors on the polynomial spaces P? 1),
PP(F), and PP (F), respectively. Here, PP (F) is either [PP (F)]< or [PP(F)]¢~! depending on
the context.

5 Numerical results

In this section, we present a panel of numerical results obtained applying Algorithm 1, using the
open source finite element library FreeFem++ (see [20] and visit https://freefem.org/ for
details). With this flexible tool, we are able to implement the discrete problem (2.11) and com-
pute the estimators (3.10)—(3.11) in a manner closely resembling their mathematical description.
Specifically, the command trunc has been used to implement the local problems of Construc-
tion 12 in combination with the definition of hat function ¢,. This command is also used to obtain
sequences of uniformly refined meshes. Adaptive mesh refinement is, on the other hand, obtained
using the splitmesh, ensuring that we automatically generate a conformal mesh satisfying the
regularity requirements.

5.1 Tresca friction

Let Q = (-1,1) x (0, 1) be a rectangular domain with the configuration represented in Figure 4,
characterized by the following parameters: Young modulus £ = 1 and Poisson ratio v = 0.3
(resulting in the Lamé coefficients u ~ 0.385 and A = 0.577), a weight force f = (0,-0.02), a
horizontal surface loading gy = (—0.028,0) on I'yy,; and g = 0 on 'y ». The Nitsche parameter
is set to yp = 10E, and Tresca friction conditions are enforced on the contact boundary portion I'c,
ie.,

P’Ly(uh) if |P’1’y(uh)| <s,

t -
[Pl’V(uh)]Sh(uh) - Pt]ﬁ’(uh)

ST——"" otherwise,
’Pl Y (uh) |
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IsoValue IsoValue

[]
[1]

(a) Vertical displacement in the deformed do- (b) Horizontal displacement in the deformed do-
main (amplification factor = 5). main (amplification factor = 5).

Figure 5: Vertical (left) and horizontal displacement (right) in the deformed configuration for the
Tresca test case of Section 5.1.

with constant friction function defined as s = 5 - 1072 on all ['c. For this problem, a closed-
form solution is not available. Therefore, we adopt as reference solution the solution i, of the
discrete problem (2.11) obtained using P2 Lagrange finite elements on a fine mesh with mesh size
h ~ 8.34 - 1073, The approximate solution u}, is obtained using ' Lagrange finite elements, and
we employ the Newton method outlined in Subsection 3.2 for its computation. We remark that,
although P! finite elements are known to lock in the quasi-incompressible limit, it is admissible
for the set of parameters considered here and it aligns with the use of the lowest-order mixed finite
elements available in FreeFem++ for the computation of the equilibrated stress reconstructions
described in Section 4. Figure 5b shows the vertical and horizontal displacement in the deformed
configuration with an amplification factor equal to 5. In this configuration, the domain is in contact
with the rigid foundation y = 0 in a non-empty interval Ic which is approximately (0.035,0.844).

In our adaptive approach, we base the refinement of the mesh on the distribution of the total
local estimator nu, 1 (3.14), as stated by Algorithm 1. Here, for the sake of simplicity, we omit
the superscript k. Starting with the initial coarse mesh in Figure 6a, after 4, 8, and 10 steps of
adaptive spatial remeshing, we get the meshes shown in Figures 6b, 6¢, and 6d, respectively. In
this example, at least 6.2% of the elements are refined at each refinement iteration. Figure 6d
shows that most of the refinement is along the contact boundary part I'c and at the endpoints
of I'p, where two singularities arise due to the homogenous Dirichlet boundary conditions. In
Figure 7a, we compare uniform and adaptive convergence focusing on the H'-norm ||it — u|| 1.0
and energy norm ||& — uy||., defined by (3.16). As expected, the rate of convergence with respect
to the number of degrees of freedom dim(V},) is better using the adaptive approach. Specifically,
the asymptotic rates of convergence for the H'-norm and energy norms are approximately 0.328
and 0.282 in the uniform case, and 0.450 and 0.463 in the adaptive one. In Figure 7b, we visualize
the value of the global total estimator constructed from the definition of the local total estimator

(3.14) as
1/2
Ntot = (Z (Utot,T)z) )

TeT,

and we compare it with the following quantities defined from Theorem 8 and Theorem 9, respec-
tively:
Lup) = p iy = upllen (5.1)
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(a) Initial mesh (b) 4" mesh refinement iteration

N AT N AT

(c) 8™ mesh refinement iteration (d) 10" mesh refinement iteration

Figure 6: Initial mesh and adaptively refined mesh after 4, 8, and 10 remeshing steps, respectively,
for the Tresca test case of Section 5.1.

and
1/2
12 = ng- n 2
Uuy) =+ 40" i =l +| Y b |0 @) = [PL @] ||
FeFs
2 (5.2)
2
+ Z hF o't(ﬁh) - [P‘l,y(uh)]s ()
Fe¥Fy nitllE
The corresponding effectivity indices shown by Figure 7c are defined in the usual way:
Leftiow = Mot~ Ntot and Legtup = (Lf(t;:th)' (5.3)

C L) g llan - upllen

Notice that, for both the uniform and adaptive approaches, at the end of each mesh refinement
iteration we get L(uy) < moy < U(up) or, equivalently legiow > 1 and Legyp < 1, validating
the results (3.17) and (3.22). Figure 8 displays the evolution of the distribution of the local total
estimator when refining the mesh with the uniform approach (leff) and with the adaptive one
(right). In particular, with the adaptive approach, the interval containing all the local estimators
{nor, T}Te7;, progressively narrows with each refinement step, and the maximum value decreases
significantly faster than with the uniform approach. Consequently, the distribution of the values of
Nior,T becomes more uniform in the adaptive case.

Finally, Table 3 shows the number of Newton iterations (3.6) required to satisfy the stopping
criterion of Line 8 of the fully adaptive Algorithm 1 with yj;, = 0.01. Figure 9a illustrates the
evolution of the global estimators 7, Mstr> Nent and 7 as functions of the number of degrees of
freedom. Additionally, the same estimators are represented as functions of the number of Newton
iterations by Figure 9b and 9c for the 2" and 10" adaptively refined meshes, respectively.

18



@ ||ity, — upll,Q - un.

o —A—|lap —upllq - ad

10 ~- [, — tp|en - un.

liy — upllen - ad.
1072.2 -
1072.4 -
10—2.6 -

T T
10 103
dim(Vy,)
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(b) Global total estimator 7, lower bound L(u), (c) Effectivity indices of the lower bound Zeg 10w and
and upper bound U (up). the upper bound e yp.

Figure 7: Comparison between uniform and adaptive refinement (circles and triangles, respectively)
for the Tresca test case of Section 5.1.

11241 0
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Local total estimator 11,7 .1(~5 Local total estimator nor,7 .10~5

Figure 8: Distribution of the local total estimator 7o, T for each spatial step with uniform (left) and
adaptive (right) mesh refinement for the Tresca test case of Section 5.1.
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Table 3: Number of Newton iterations at each refinement step of Algorithm 1 for the Tresca test
case of Section 5.1.

| Legendl —® ot Nstr —® TNent —— Nfrc
10_2 ] H\\\‘\‘\‘\\‘
107
107 1
T T
102 10°
dim(Vy)

(a) Global estimators

1072 10721
1073
10—3 |
AN 1074
1074 - \»—0—0—0—0—4
T T T T T T T
2 4 6 2 4 6 8
Newton iterations Newton iterations
(b) 2nd adaptively refined mesh (c) 101 adaptively refined mesh

Figure 9: Evolution of the global estimators 7t, Mstrs Nent and 7 using Algorithm 1 with respect
to the number of degrees of freedom (fop), and with respect to the number of Newton iterations for
the 2" and 10" adaptively refined mesh for the Tresca test case of Section 5.1. The circle indicates
the Newton iteration at which the convergence criterion has been reached.

5.2 Coulomb friction

In this section, we consider again the configuration depicted in Figure 4, using the same parameters
as in the previous numerical example but, this time, Coulomb friction conditions are enforced on
F(jl
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-1073

--- T'c - reference conf.
3 | —T¢ - deformed conf. Tresca

b5 I'c - deformed conf. Coulomb -' W

A i

T T T T
0.0 0.2 0.4 0.6 0.8 1.0

(a) Displacement on I'c in the deformed configura-

tion with Tresca and Coulomb friction. (b) Adaptevily refined mesh after 10 remeshing steps.

Figure 10: Contact region and adaptively refined mesh for the Coulomb test case of Section 5.2.

0 it P () > 0,
P (u i 1P (up)| < —pcon P (up),
[Ptl (uh)] — 1,7( h) | 1,7( h)| HMCoul 1’7( h) (5.4)
Y S (up) P (un)
~picon P () "——  otherwise,
B P (un)|

with the friction parameter pucoy = 0.5. In Figure 10b, we compare the profiles of the contact
boundary I'c in the deformed configuration (light blue) with the one in the reference configuration
(black) and with the one in the deformed configuration with the Tresca boundary conditions with
s =5-1072 as in the previous example (blue). With the selected choice of friction parameters,
the opening is more significant in the Coulomb friction case. Starting from the coarse mesh
of Figure 6a, we apply the same adaptive approach as in the previous example, and, after 10
remeshing steps, we obtain the mesh of Figure 10b. Once again, the refinement concentrates near
the endpoints of I'p and on the contact boundary I'c, particularly along the actual contact interval
Ic ~ (0.035,0.802).

We then compare the results obtained with uniform and adaptive approaches: Figure 11
showcases the convergence of the H'-norm ||t — uy|| 1.o and energy norm || — up||.,, along with
the comparison of the global total estimator 7o with the bounds £ (u,) and U (u,) defined by (5.1)
and (5.2), as well as the corresponding effectivity indices (5.3). Additionally, Figure 12 represents
the distribution of the total local estimators {1, 7 }7e7;,. Notably, the results mirror those observed
in the previous example. Specifically, in this case the asymptotic rates of convergence of H'-norm
and energy norm are approximately 0.317 and 0.277 for the uniform case, 0.496 and 0.513 for the

adaptive one.

5.3 A test case from literature

We conclude this section by considering the setting of the numerical test investigated in [21]. We
consider an elastic object represented by the square domain Q = (0, 1)2, with Young modulus
E = 10 and Poisson ratio v = 0.3. This domain is subject to a vertical force f = (0, =76518), it is
clamped on I'p = {0} x (0, 1), and no force is applied on I'y = (0, 1) x {0} N {1}. On the contact
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Figure 11: Comparison between uniform and adaptive refinement (circles and triangles, respec-
tively) for the Coulomb test case of Section 5.2.
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Figure 12: Distribution of the local total estimator 7,7 for each spatial step with uniform (lefr)
and adaptive (right) refinement approach for the Coulomb test case of Section 5.2.

boundary part I'c = {1} x (0, 1), Coulomb boundary conditions (5.4) are enforced with the friction
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(b) Horizontal displacement in the deformed config-
(a) Configuration schematic representation. uration.

Figure 13: Square domain for the test case of Section 5.3 (configuration from [21]) with repre-
sentation of internal forces and division of the domain’s boundary. In particular, homogeneous
Neumann conditions are enforced on I'y. The portion of the boundary I'p is fixed, while contact
is possible on I'c.
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(a) Initial mesh (b) 5™ mesh refinement iteration  (c) 9™ mesh refinement iteration

Figure 14: Initial mesh and adaptively refined mesh after 5, and 9 remeshing steps, respectively,
for the test case of Section 5.3.

parameter pcou = 0.2. Additionally, the Nitsche parameter is set to yg = E as in [7]. Figure 13
shows this setting (left) together with the horizontal displacement in the deformed configuration
(right). For this configuration, as before, the reference solution &, is computed solving the discrete
problem (2.11) using P2 Lagrange finite elements on a fine mesh with mesh size 1 ~ 8.34 - 1073,
while the approximate solution u}, is obtained using ! Lagrange finite elements and the adaptive
algorithm described in Subsection 3.2. Also in this case, on the contact boundary I'c we observe
both slip and separation.

We start from the mesh depicted in Figure 14a and refine at each spatial iteration at least 6.2%
of the elements. After 5 and 9 steps, respectively, we obtain the meshes of Figures 14b and 14c.
Notice that the refinement is concentrated around the endpoints of I'p and the actual contact interval
Ic c Tc. Additionally, Figure 15a shows the evolution of the H'-norm ||ii — u nll1.q and energy
norm ||z — up||.,, Wwhich asymptotic rates are approximatively 0.404 and 0.353 in the uniform case,
and 0.516 and 0.522 in the adaptive one. The total estimators 7, the lower bound £ (u},), and
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Figure 15: Comparison between uniform and adaptive refinement (circles and triangles, respec-
tively) for the test case of Section 5.3.

the upper bound U (uy,) are displayed in Figure 15b, and the corresponding effectivity indices in
Figure 15c. Results similar to the ones of Figure 8 can be obtained for the distribution of the local
total estimators.

6 Efficiency of the estimators

In this section, we prove the efficiency of the estimators introduced in Section 3.2 using the stress
reconstruction o, described in Section 4. As before, we will use the notationa < b, a, b € R when
a < Cb where C > 0 is a constant independent of the mesh size /& and of the Nitsche parameter
vo. We start presenting the results of local and global efficiency, and then we explain the main idea
of their proofs.

To show local efficiency, we work on local patches around elements of the mesh [26]. For any
mesh element 7' € 7j,, we introduce the patch @7 defined as the union of all elements sharing at
least one vertex with T and denote by 77 the corresponding set of elements. Then, we define the
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local residual operator Ry;.: Vi, — (H (&r))* by: Forall w;, € Vj, and allv € H} p(&O1).

(RTT(Wh),V>(;,T = (fsV)ar + (8nsV)oarary = (0 (Wr), &(V)) 5.

+([P?’7(wh)]k’vn)aa)mrc ([P (Wh)]sh(wh )

Here, the space Hll)(a")T) is the natural restriction of Hll)(Q) to the patch @, i.e.,

doTNI'c

H}(o7) = {v e H (&) : v=00n0d@r NTp and on o7 N Q} .
Finally, letting

1/2 1 12
Illar = (19915, + b2 5, :(nwni)ﬁ > Envn%) :
Fe?%

with 7—"79T denoting the (possibly empty) set of faces of 77 that lie on I'c, we get, for a function
wpn € Vy,, the local residual norm

IRy willesr = sup (R (wa)ov) s, 6.1

veH [, (o), lIvllay=1

Theorem 15 (Local efficiency). Assume d = 2. Let u’h‘ € Vy, be the approximate solution obtained
with Algorithm I replacing Line 8 with the local stopping criterion (3.15), and let 0'1;1 be the stress
field resulting from Construction 12. Then, for every element T € Ty, it holds

k k k k k k
Nge,T S ”lRTT(uh)I”*,cDT T Nose, 77 T MNew, 77 T Ment, 77 + Mre, 77> (6.2)
and, as a consequence,
k k k k
nosc,T + 77str,T + nNeu,T + ncnt,T + nfrc,T + nlin,T
k k k k k
g |||R7:1"(uh)|||*,(I)T + nosc’ﬁ + nNeu,"]} + ncnt’ﬁ + T]frc,"]}’ (63)
where

1/2
2
'71:,7% = Z (’llf,T’) ] with e € {osc, Neu, cnt}. (6.4)

T eIr

Theorem 16 (Global efficiency). Assume d = 2. Let ufl € Vy, the approximate solution obtained
with Algorithm 1, and let O'i be the stress field resulting from Construction 12. Then, it holds

k k k k k k
nstr s ”lR(uh)”l* + nosc + nNeu + ncnt + nfrc, (65)

and, as a consequence,

k k k k k k k k k k k
nosc + nstr + nNeu + r]cnt + nfrc + nlin S |||R(uh)”|* + nosc + nNeu + ncnt + nfrc' (66)
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6.1 Proof of the local efficiency

We illustrate the main steps of the proof of Theorem 15. To this end, we will need the notion of
bubble function of an element T € 7}, and of a face F' € ¥, defined starting from the hat function

Va:

Yr = ar 1_[ Va € PHUT), YF = aF n Va € P (wF),
acVr acVp
where the constants ar and ar are determined by the conditions maxyer ¢¥7(x) = 1 and

maxyep Wr(x) = 1. Additionally, we will need the following four properties of these bubble
functions (see [27, Section 3.1]):

VI < rv.v)r < I3 (6.7)
1
Wrvihr < h—||V||T, (6.7b)
T
lell2 < Wre. 9)rF < [loll> (6.7¢)
19 F@llwr + hElWFellwr < BENONE - (6.7d)

where T € 7, F € 5, v, and ¢ are d-valued polynomials of degree at most r defined on 7" and
wF, respectively. The hidden constants depend only on the polynomial degree r and on the shape
regularity parameter of the mesh.

Remark 17 (Extension of (6.7a) and (6.7¢)). Following the path of [15], it is possible to show that
for any S C 7, and any v € P"(S)

1/2
(Zhi‘}llvll%) < sup Z(V,thﬁTW)T- (6.8)
TeS weP (8), Tes
wllwg=1

where ws = UresT and ||w|] g = (ZT€S||w||%)l/2. In a similar way, for any & C ¥, and any
p P (E)

1/2
(Z hF||so||%) < swp > (@ hfYrd)r (6.9)
Fe& ¢ﬁ‘zlr(81)’F68

where [[$llg = (Sreslldl2) "

Following [26], for any element T € 7}, we introduce a local residual based estimator defined
on the local patch @&7:

1/2 1/2
n’ﬁ"T = ( Z h7, ||div o (u}) +Hp,f||2T,) + ( Z hr ”[[O'(UIZ)”F]]“i)

T eTr Fe?:',T

1/2
2
+( g hp Ha(uﬁ)n—ﬂ?lgNHF)

Fe
y ., (6.10)
2
+( Z hF’O'n(uz)_H;H [P?’Y(ufl)]R—”F)
FeﬁC_T
2\
¢ k p+1 14 k
+( Z hF O-(uh)_HF [Phy(uh):lsh(uﬁ) F) '

FeﬁC.T
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Lemma 18 (Control of the residual-based estimator ng T). Letu fz e Vy, let O'fl be the equilibrated

stress defined by Construction 12, and let n;f r be the local residual-based estimator defined by
(6.10). Then, for any element T € Ty,

k k k k k k
nﬁ,T S |I|R7§" (uh)”l*sLDT + nosc,‘]'T + nNeu,‘]'T + ncnt,’TT + nfrc,?‘r' (6’11)

Proof of Lemma 18. Let us fix an element T € 7;,. We analyze each term on the right-hand side
of (6.10) separately. For simplicity, we denote them with 9, , S, Ja, and J5, respectively.
The key idea is to use the above-mentioned inequalities involving the bubble functions: (6.8) with
S = J7 for Ji and (6.9) with & = F, F N, Fr for P, Js, Ja, and Js.

Since (V - a'(uz))|T/ + H?,f|r € PP(T’) for every T’ € T, applying (6.8) we get

Ji < sup Z (divo (uf) + T2, f, hpprw) . (6.12)
wIIESTIP(TTl)’ T'eTr
w or=

Notice that here we simply write [|[w|| 3, instead of [|w|| ey, . Fix w € PP (Tr) with ||w||ap = 1,

and define A|7v := hyypwg for every T’ € T7. Notice that A € PP+ (77) N HL, (&r). Then,
using an integration by parts on each element 7’ € 77, the definition of the residual, and the
Cauchy-Schwarz inequality we obtain

Z (divo(u)) + 102, f, hpprw)r
T €Tr
2 (6.13)

2 v
2
T,) (Z ||wT/w||T,) :
T €9t

Here, we have also used the fact that || f —XI%, f|l7+ < 2| f - 12! f|l7- for p > 0. By the definition
of A, properties (6.7a) and (6.7b), along with the fact that ||w|| 5, = 1, it is possible to show that

S 1R 7 ()l Al + ( > |r-mty

T €Tt

1/2
e, <1 and (ZHWT'WHZT/) <1,

T'eTr
and, combining the above results with (4.4a), we conclude
Ji $ 1Rz @llle, 7 +Nlse. 7 - (6.14)

Now, we analyze for instance the term J5: 2, J3 and J; can be treated in a similar way. Using
t(k p+l | pt k 1 .
the fact that o (u),) — Il [Pl’y(uh)]sh(uf) € PP*(F) forevery F € 7—‘7C~T along with (6.9), we

have
Jis s Y (a't(ufl)—Hf_H [P‘]’y(u’,;)]s(uk),hfw¢) . (6.15)
$ePrU T ). peze i F
ll,c =l
T

Fix ¢ € PP*(FL) with I¢llyc = 1. and define A € PP (T N H (or) satisfying A|p =
T

hiéz:,l/F¢| r for every F € T7C.T and vanishing outside of FegC WF- Then, using the Cauchy—
T
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Schwarz inequality together with (4.4a) and (4.4d) we get
> (a‘(u,ﬁ) s LT R }éﬂmwp)
Fe(f%

== Ry ()), Doy + Y (Vo (uf) + £, )1
T €T

* ([th(“lfz)]sh<uﬁ)_H?+1 i ("”)] uf)’ )F

Fere, (6.16)

1/2
< |||R7—T<u,€>|||*,@T|||A|||@T+<Ja+n§sc,ﬁ>( > ||A||T,)

T egr T’

1 1/2

k 2

+nfrc,7—r( > EIIAIIF) .
Fefic,T

Exploiting the properties (6.7c) and (6.7d), it is possible to show that

1/2 1/2
1 2
Al < 1, (Z h2 ||A||T,) <1 and (Z EH/IHF) <1,

T'e9r Fe?%
and, combining (6.15), (6.16), and (6.14), we conclude taht
S MR (@) lle,or + Mose. 77 + My 77+
Proceeding in a similar way, it is possible to obtain the following bounds:
k k
S MRz (i)l o7 + Moge, 735
k k k
S I”Rﬁ (uh) I”*,(DT + ]703(;’75w + nNeu,ﬁ’
k k k
< |”7€7—T (uh)m*,d)T + Mosc, 77 + Nent, 77+
Combining all the results obtained so far gives (6.11). O

Lemma 19 (Control of the local stress estimator). Assume d = 2. Let ufl € Vy, let O'fl be the
equilibrated stress defined by Construction 12, and let r]g  be the local residual-based estimator
defined by (6.10). Then, for every element T € Ty,

e S My 1 6.17)

Proof. Following the path of [4], for any element T € 7;, we introduce the following local
nonconforming space [2]:

My = {m € PP**(T) : m|p € PP*'(F) forany F € F7} if p is even,
{m € PP(T) : m|p € PP(F)® P (F)forany F € 7} if p is odd,

where P +2(F ) is the L2(F)-orthogonal complement of PP*!(F) in PP*2(F). Then, for any
vertex a, on the patch w, we define the spaces

M (wa) = {my € L*(wa) : my|r € My forany T € 7,
([mn]l.vi)F = 0 for any v, € PP(F) and for any F € Fo \ 777},
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and

{mh € My(wq) : (Mmp,2)e, =0forany z € RM2} ifa e (V;l orae (V;f \ VP,
My, = {my € My(wa) : (mp,v)p =0
foranyvEPP(F)andforanyFeﬂﬂThD} ifae(V;l).

Now, fix T € 7;,. Combining the definition of the local stress estimator (3.10b), of ok . dis given
by Construction 12, of the hat function ¥, with the triangle inequality, we directly get
nftr,T = ||0-Z,dis - O-(MI;L)” h dls 1//a0'(uk (618)

Adapting the argument of [4, Section 4.4] to our problem with Neumann and frictional contact
boundary conditions, it is possible to show that, for any a € V},,

with V;, denoting the standard broken gradient. Then, applying an integration by parts, using the

properties of M“, and the fact that, by definition, ¢ h gm € )2‘;[ N.C.dis Ve obtain

Sup (hdm Va0 (u}), Vimp),, (6.19)
thMﬁ,
”vhmh”wa:l

h dlS ~ Va0 (u),

(@ = VaT ), Viamn)w, = D, (k= Va0 (f), Vimp)r
T €Tq

= Z le(O’h N — Vao (u})), mp) g, + Z ([ao (uf)np], mpy) .+

T'€Tq Fe?j,
_n -
+ ) (Hfi (Vagn) —waa(u,’;)n,mh)F+
Fel
=13
LA RN R
FeFs
T

- 3 (0o ] i),

_ %

The first two terms can be treated as in [4, Proof of Theorem 4.7], obtaining

1/2
Lis| Y B dive@l) + 1 £l | 1Vimall,, .
T €9,
1/2
x| hello@hnell}] 19mmill,, -

FeF}
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In a similar way, using the Cauchy—Schwarz inequality, the discrete trace inequality ||mp||F <
n! zllmh |7+, and the discrete Poincaré inequality [28] when a ¢ (VD and the discrete Friedrichs
1nequahty [28] when a € VP, together with the definition of M%, we have

) (%([Ptl”(ul’(’)]sh<uﬁ>_Ut(uﬁ))’ngmth)

Feﬁ‘f F
— +1 | pt k to k t
Fefs !
- ) 1/2 1/2
1
1
<| > |l (n? P ] (,,k)—v‘(u’zi)) >, o lmall;
FeFg s F FeF$ F
217"
DI vl L] M) [ A2
FeFs i F
and also
1/2
2
+1 k
x| he |0 ey —o@hn| | 1Vwml,
FeF)
1/2
2
1
Lo | Y he [Py @]y n) - o@hanl | 1vimalL,
FefE
Combining all the above results with (6.18) and (6.19) yields (6.17). O

Remark 20 (Case d = 3). In the case d = 3, it becomes more challenging to identify a space
similar to M with the appropriate features to recover (6.19) and do the subsequent analysis. For
this reason, in this paper, we present the proof of Lemma 19 specifically for the case d = 2.

Finally, (6.2) follows by combining the results of Lemmas 18 and 19, and (6.3) by using also
the local stopping criterion (3.15).

6.2 Proof of the global efficiency

With the aim to prove (6.5) and (6.6) of Theorem 16 we introduce the global version of the local
estimator 77’5 7

ny =

1/2
D (U'ﬁ;ﬂ . (6.20)

TeT,

Lemma 21 (Control of the residual-based estimator nﬂ) Let u* n €V, let ok 5 be the equilibrated

stress defined by Construction 12, and let '7;: be the global residual-based estimator defined by
(6.20). Then, for any k > 1

k k k k k k
s |||R(uh) |||* + UOSC + nNeu + ncnt + nfrc' (621)
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Proof. We have

1/2
1/2
0 2 2
ng <| ) by [ldive(uy) +H’T’f||r) | > hrlllo@pnrlll; | +
Te‘Th FE?L,
=L =L
1/2
2
o 3wl mzra |
FeFN
=L3
1/2

2

1 n

o 3 ety - ]|
FeFs
=Ly
1/2
1 2
t ky _ p+ 4 k
#| 2 et (i) -1 [Plﬂ(“h)]shwf)
FeFt '
=Ls
Proceeding as in the proof of Lemma 18, it is possible to show that
L1 5 MR @)l +15c Lo < IR @)l + nese, L35 IR + e + e
-£4 < |||7Q(ulfl)|||* +77§sc + Ufm, '£4 S |||‘R(ll£)|”* + nlgSC + nfrc' =

Lemma 22 (Control of the global stress estimator). Let u’;l e Vy, let 0";1 be the equilibrated stress
defined by Construction 12, and let ’7§ be the global residual-based estimator defined by (6.20).
Then, for any k > 1,

k k
Nsr S Ny

Proof. It is an immediate consequence of Lemma 19. O

Finally, (6.5) follows by combining the results of Lemmas 21 and 22, and (6.6) by using also
the global stopping criterion of Line 8 of Algorithm 1.
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