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Random games under normal mean-variance mixture distributed independent
linear joint chance constraints

Hoang Nam Nguyen', Abdel Lisser'*, Vikas Vikram Singh?

Abstract

In this paper, we study an n player game where the payoffs as well as the strategy sets are defined using random
variables. The payoff function of each player is defined using expected value function and his/her strategy set is
defined using a linear joint chance constraint. The random constraint vectors defining the joint chance constraint are
independent and follow normal mean-variance mixture distributions. For each player, we reformulate the joint chance
constraint in order to prove the existence of a Nash equilibrium using the Kakutani fixed-point theorem under mild
assumptions. We illustrate our theoretical results by considering a game between two competing firms in financial
market.

Keywords: Chance-constrained game, Normal mean-variance mixture, Nash equilibrium

2000 MSC: 90C15, 90C25, 90C59

1. Introduction

In 1950, Nash (Nash Jr, [1950) showed that there exists a mixed strategy equilibrium point in any finite strategic
game, which is called Nash equilibrium nowadays. In (Nash Jr, [1950), the players’ payoffs and strategy sets are
deterministic, which are not suitable in real life applications. We can deal with the randomness in the players’ payoffs
in at least two different ways. First, the expectation value of the random payoffs of the players (Ravat and Shanbhag|
2011) often used for risk neutral games. Second, the risk measure CVaR (Kannan et al., 2013)) and the chance constraint
optimization framework (Singh et al., 2016} |Singh and Lisser, |2018) used as an alternative payoff criterion. A natural
way to deal with random constraints in the strategy sets is to replace them with chance constraints which is quite popular
in real life applications, e.g., risk constraints in portfolio optimization (Ji and Lejeune} 2018)), resource constraints in
stochastic shortest path problem (Cheng and Lisser,|2012), renewable energy aggregators in the local market (L1 et al.|
2022). The games involving chance constraint either in payoffs or in strategy sets are called chance-constrained games
(CCGs). Several studies exist in the literature on chance-constrained games, e.g., (Singh et al., 2016) showed the
existence of Nash equilibrium for the case where the payoff vector is elliptically distributed. Also, (Singh and Lisser,
2018)) showed the equivalence between Nash equilibrium of a CCG and the global optimal solution of a mathematical
program. The CCGs where strategy sets are defined using individual/joint chance constraint have been widely studied
in the literature (Peng et al., 2018, 2021} [Singh and Lisser, |2019;|Singh et al., 2021} Nguyen et al.} 2022).

To the best of our knowledge, the random constraint vectors in the CCGs are often assumed to be elliptically
distributed or follow a mixture of elliptical distributions. These families include many known distributions, e.g.,
Normal distributions, t-distributions, Laplace distributions, Kotz-type distributions, Pearson distributions. However,
it is interesting to consider different distributions for the constraint vectors since these families of distributions are not
suitable for some practical situations. In power system scheduling problems, both wind power forecast errors and load
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forecasting errors can be better fitted by generalized hyperbolic (GH) distributions (Hodge et al., |2012), which are
neither elliptically distributed nor a mixture of elliptical distributions. This family belongs to a more general family
of distributions, namely normal mean-variance mixture, which is often used to model many financial applications
(Eberlein and Prause, 2002; Bauer, [2000; Rachev, 2003} |Protassov, 2004). In this paper, we study an n player CCG
where the players’ payoffs are defined using the expectation value and the strategy set of each player is defined by a joint
chance constraint. We assume that the random constraint vectors are independent and follow normal mean-variance
mixture distributions which generalize the family of GH distributions (Barndorff-Nielsen et al., [1982)). We derive a
new reformulation of the joint chance constraint and show that there exists a Nash equilibrium under mild assumptions,
by proving the convexity of the feasible strategy set of each player. In (Nguyen and Lisser, [2021), the authors give
some sufficient conditions under which joint chance constraint is convex when the constraint vectors are independent
and follow normal mean-variance mixture distribution. In this paper, we relax those conditions and provide a lower
bound on the probability level vector for which the joint chance constraint is convex. As an application of these games
we study a competition between two firms in a financial market and compute its Nash equilibria using a best response
algorithm.

The remainder of this paper is organized as follows. In Section 2, we introduce the game model and some basic
concepts used in the paper. In Section 3, we show the existence of a Nash equilibrium. In section 4, we illustrate our
theoretical results using a game between two firms from a financial market. We conclude the paper in Section 5.

2. The Game Model and Basic Concepts

2.1. Game Model

In this section, we define a chance-constrained game model. Let H = {1, 2, .., n} be the set of players and S " be the
strategy set of player i € H which is assumed to be a non-empty, convex and compact subset of R% . The set S = [T, S i
is called the set of strategy profiles of the game. For any player i € H, a strategy profile x = (x!,x2,...,x") € § can
be written as (x’,x™%), where x’ € S and x~* € S~/. Here, S~ denote the set of vectors of strategies of all players,
except player i. We consider the case where the strategies of each player i further satisfy the following joint chance
constraint

P(Vix' < DY) > «a;, (1)
where «; is a real number defined in [0, 1], D! = (D"!, ..., D"X)T € RXi is areal vectorand V! = [V%!, ... VEKT
is a K; X d; random matrix, Vik is the k™ row of V¥ and T denotes the transposition. Let Ji = {1,2,...,K;} be the

index set of i player’s constraints. Then, for any i € H, the feasible strategy set S "m_ of player i is the set of all x' € S’
such that x’ satisfies the chance constraint @) ‘We assume that for eachi € H, S‘;,l_ is a non-empty set. Let @ = (@;)iey
and S, =[17, Sin be the set of all feasible strategy profiles. For each feasible strategy profile x € S, we assume that
player i gains a random payoff given by k;(x, ), where ¢ is an m-dimensional random vector. We define the payoff
function of player i by taking the expected value of the random payoff given by

pi(x) =E[ki(x,0)], VxeSa.

The tuple (S‘;,l_, Pi)ien 1s called a CCG. We assume that the CCG is of complete information, i.e., the vector «, the
payoff function p; and the feasible strategy set S‘;,i for all i € H, are known to all the players. Nash equilibrium is
commonly used stability notion for non-cooperative games. For the CCG, a strategy profile z* is said to be a Nash
equilibrium at given confidence level vector « if for any player i € H, the following inequality holds

pi(2*,277) > pi(x',27™), VileSs, .

The proof of the existence of a Nash equilibrium for a non-cooperative game is mostly done in the literature using
fixed point theorems. In this paper, we use the Kakutani fixed-point theorem, which requires the payoft function of
each player i to be a continuous function with respect to the strategies of all the players and a concave function with
respect to their strategies, where the strategies of other players are fixed, for any player i € H. (Peng et al.,[2021)) show
that under the following assumption, the abovementioned properties hold.

Assumption 1. For each player i € H, the following conditions hold: (i) k;(-,x~%, () is concave of x', for every
(x71,2) € STF X R™, (ii) k;(+) is continuous, (iii) p;(x) < oo, for every x € S.
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2.2. Basic Concepts

In this section, we present some basic definitions, which are useful in the paper.

Definition 1. The function f : R — R, is said to be an r-decreasing function for some real number r € R, if f
is continuous on (0, +00) and there exists some strictly positive real number t* such that the function t — " f(t) is
strictly decreasing on (t*, +c0).

Definition 2. Let Q be a convex subset of R* and f : Q — (0, +0). For a real number r € (—co, +c0), f is said to be
r-concave on Q if forany x,y € Q and a € [0, 1],

flax+(1=a)y) = [af (1) + (1 =) f)]7, if r #0,
flax+(1-a)y) > f(xX)2f(y)' ™9, otherwise.

Definition 3. An n-dimensional random vector U follows a normal mean-variance mixture distribution with parameters
(u, v, 2, W), i.e., U~ NMVM(u,y,Z, W), if we have the following representation:

Ul e yws stz

where: (i) Z is an n-dimension standard Gaussian distribution with mean vector uz = 0 and covariance matrix
>z =1, where 1, is the n X n identity matrix.

(ii) W is a positive random variable with a density function independent of Z.

(iii) £ € R™" is an n X n positive definite matrix and Y3 € R™" is an n x n matrix such that £ (E%)T =2.

(iv) u and 7y are n-dimensional real vectors and = implies that the both sides have the same distribution.

Normal mean-variance mixture distribution can be used to model chance-constraints due to its flexibility, robust-
ness, scalability, optimization capabilities, and simulation abilities (Naderi et al.,2023; [Lee and McLachlan, [2021)). In
the following section, we study the existence of a Nash equilibrium of the CCG where the random constraint vectors
follow normal mean-variance mixture distributions.

3. Existence of Nash Equilibrium

For each player i € H, we assume that the row vectors of Vi follow normal mean-variance mixture distributions,
ie., Vik ~ NMVM(pk, y"F, 20K WiK) for all k € J'. Moreover, the row vectors {Vi*¥ | k € J'} are mutually
independent and the support of W is an open interval (w{’k, wik), where 0 < w{’k < wh* < oo, Let St =S\ {0},
then for x' € 5’;{, let
(i) Tyisk . Disk _ ()T ik ) O ZT((DkY 3Ty

( ) Y ik ( ) M é‘:l,k(xl): (( ) ) , (2)

——— VW + )
/(xi)Tzi,kxi VWi-k \/(xi)Tzi,kxi ,/(xi)‘rzi,kxi

where Z refers to Definition [3| It is well known that &% (x’) follows 1-dimensional standard Gaussian distribution
(Fang et al., 2018), for any i € H and k € J'. Using the independence of the row vectors V?-¥, the constraint (I can
be written as [[zc i P {(Vi’k)Txi < Di’k} > «;, which implies that

gk (xl Wik =

ik ) ) — ZT((SHRY )Tl Dbk ()T ik
I_[ P w (xl)T,yt,k + ,Wl’k (( )2) X < ()C ) M > a;. (3)
et ,/(xi)TEi,kxi ,/(xi)‘rzi,kxi ‘/(xi)Tzi,kxi

Using the notations in (2)), we rewrite (3) as follows

[T7(e 6 < g™ 6 wi) = ai. @

keJt



Using the independence between VK, the constraint (@) can be reformulated as

[1Ew (q> (gi’k(xi, Wi’k))) > a, ©)
keJt
or equivalently
> log (Ewes (@ (5747 W) ) ) = log(an), ®)

keJt
where @ be the cumulative distribution function of an 1-dimensional standard Gaussian distribution. The main idea
for the proof of the existence of Nash equilibrium is based on the Kakutani fixed-point theorem, which requires the
convexity of the feasible strategy set S l;,l_. We show that there exists a real number o € [0, 1) such that § ’;ll_ is convex,
for all @; € (a;, 1], where a] is defined in the following assumption.

i i

Assumption 2. For eachi € H, let a; € (a}, 1], where a} = max (al.(l), a.(z), cxl@). The scalars a/(j), j=1,2,3 are

given by
i,k
(1) ™"l [ ik
;) =max P | ———=wy |-
' keJ! \//li,k,min
i,k - ; i k ik ik
@ _ ANyl e [yl (vi” = wi®)
a7 = inaj)lgé - 1 wy + - + >
€ [ . . . N
WI, VA4, k,min ,/li,k,min /wi, /ﬂi,k,min lwi,
3SR vt - i)
@ = max + = L2,
keJt i,k i,k
W; V/li,k,min \[W{
where || - ||2 denotes the Euclidean norm and A; j min is the smallest eigenvalue of the positive definite matrix Tik,

Lemma 1. Let Assumption@hold. Assume that x* € S’;ti,for alli € H. Then, D"* > (u"*)Tx!, for all i € H and
kelJi.

Proof. For each i € H, let x' € 8%, . Since Eyix [®@ (¢7%(x", WF))] € [0,1] and a; > a/l.(]), for any k € J', the
constraint (3)) implies that
Eypi [d) (gi,k(xi’Wi,k))] S ai(l)_

It follows from the definition of g’* in (@) that

—(xi)T)/i’k W_,_ Di,k _ (xi)‘r'ui,k
V(x) Tk VWisk \[(xi)TEiskxi

Due to the following three inequalities

) 16Ty ] < 1 lly 2, () VOO TERx > A gminl 132, i) YWk < (Jwik, (8)

we deduce that

>al, (7

1

O

Ewi.k

(T Aik ik -
V(xH)TEhk A k,min

From (7) and (9), by applying the increasing monotonicity of ®, we get
ik ik iNT ,isk
. - Divk _ i
[ly"* 2 /WL,k_'_ . (x.) ,u. . >a;1)-
VA k,min VWEF \J(xf) TRk
4

Ewi,k @




It is clear from the definition of a'l.(l) in Assumption [2{that the following condition holds

ozi(l) >0

Ily“*l2 ik
—F— \ Wy N
‘V/li,k,min

which in turn implies that

ik i,k N i,k
, , Di-k _ (x , , -
By |@ "2 Wik 4 . ( -) ,U- | > "l wik] . (10)
\/ﬁi,k,min \/Wl’k \/(XI)TZ”kx’ \//li,k,min
If D'F — (x') Tk < 0, using the increasing monotonicity of ® and (10}, we get
ik . ik :
Eyor | @ [y""ll2 wik|| > @ "5z wik] |
V/li,k,min \//li,k,min
which gives a contradiction. Therefore, D"* — (x)T 'k > 0. O

Lemma 2. Fori € H, letx' € 8t . Then, for any k € J' and z'** € [wf’k, w1, we have

\/z i,k
gl,k(xl,zl,k) + 1

ik [ ik
w \//li,k,min wy

o

j i,k
Iy U2 (wy™ = w
Ewi,k q) ‘

> Q.

Proof. Forie Hand k € J', letx’ € S";,i and 7% € [wf’k,wf;
. .. ; ik ik
following condition holds for any Wk € [w;"*, wy"]
‘/Zi’k ik ik (xi)‘r,yi,k Zi,k _ Wi,k
——g" () + ———— . :
\lwz,k \/(xl)TZl,k‘xl '\/Wl,k

. Tt is clear from the definition of g"-¥ in li that the

gk (x, Witky =

By applying the inequalites (i) — (iii) of (8) and the fact that |z"-* — Wik| < wf,’k - wf’k

inequality

, we deduce the following

T ; - ~ ik ik
(x))Ty"k (z”k — W”") . Iyl (wy™ = w)

\/(xi)TZi,kxi VWwi.k m\/ﬁ

which in turn implies that

‘,Zi’k

] ik i,k

ki ko [yl (wy™ = wi™)
gl,k(xl’ Wt,k) < : kgl,k(xt’ Zz,k) + u 1
A/ Wi, i,k
w V/li,k,min VW;’

Taking the expectation value Eyyix (®(+)) on both sides of (1)), we get

Y WER € [whE wik., an

u

- i i,k i,k
VI ik y IR0 = )
—8 X,z

8
Uik :
wi V/li,k,min \[Wi’k

Since Eyix [® (g% (x', WiK))] € [0, 1], for any k € J', the constraint (5) implies that

Eypi [(I) (gi’k(xi,Wi’k))] < Eyix |@

Eywix [d? (gi’k(xi,Wi’k))] > a;,
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which in turn implies that

‘ Lk ik ik
bk gk (el 7Ky 4 Iyl (wy™ = w
9

Uik -
wr V/li,k,min V W]l’k

Ewi,k q)

> ;.

Lemma 3. Let Assumption2|hold. Then, for alli € H
Conv(S},) C ﬂ Qi
keJi
where Conv represents the convex hull and

kT ik
—(x) Tk WTE 4 DY — ()T pt"

Wik _ .
es| I o el > 4/ TERA,
xte s —\/WT{k+— 1_ ’ )

v Wik e [wf’k, wf;k].

Proof. Forie H, letx! € Sl(t, It follows from Lemmathat for any 7'k € [wf’k, wfl’k]

- Lk ik
Iy Kl (wy™ = wi™)

‘,Zi’k |

Ewix |® gk, 70y + > a;. (13)
— _
w V/li,k,rnin \[W;’k
Since a; > al.(z), the constraint (T3] implies that
VIF e RO = wi)
EW“‘ ® < gl’k(xl,zl’k) + u 1 > a(z)

— - i
Wik V/li,k,min \[W;’k

It follows from the definition of a/i(z) in Assumptionthat the following condition holds

4w [ |y : ik Y 1l (Wi = wi)
algz) > @ u |y ik, [1u""]2 u |

> wh + .
ik A/A; : [ ik / i,k
w, £k, min \//li,k,min w, \//li,k,min w,

which in turn implies that

i,k i,k i,k
Iy 12 (wy™ = wp™)

\/Zi,k

Eyix |® g, 2K +
— —
wi V/li,k,min W{’k
A [ gy : bk [yl (v = wi™)
S I AN 2 | P A 174 A I O a4

u
ik W’/l i i,k i,k
Wy i,k,min ‘V/li,k,min \ w, ‘\j/li,k,min aY, w,



If gk (x', z1*F) < 0, the constraint (T4) implies that

i,k i,k k i,k . [k ik ik
Iy Kl (Wi = wi) @ SAVACCI ENTEVALTS ik, [k (] IIy’ [l (wy™ = wy
u

Vi min it | VAiskmin Vikmn it | T i

which derives a contradiction due to the increasing monotonicity of ®. Therefore, gk (x%,z%) > 0. Then, the
following inequality holds for any W'k € [wy’ K wiky

Aok . L. \[Wi’k . A
< l,k(xl Zt,k) < u l,k(xl Zl’k)- (15)
Ve e
k) Wl’

1

It follows from (T4) and (T3)) that

i,k ik i,k i,k
VWG Iy 2 (wg™ = wp™)
gl,k(xl’zl,k) + u 1

(o}
W?k \//li,k,min \[W?
AN I |Iu’k||2 RO - )
>0 . wy + _ (16)
W{’k ,/li,k,min V i,k,min V ‘\j/li,k,min \[W{’k
By applying the increasing monotonicity of @, (I6) is equivalent to the following inequality
ik . ik
gl’k(.xl,zl’k) > 4 ||y ||2 WL’k + ||/’l ||2 : ) (17)
v /li,k,min \/ﬂi,k,min \[Wf’k
Since (T7) holds for any z"-* € [wf’k, wik] and x' € St,., we get
$t, () @tk (18)
keJ?
Note that Q¥ is a convex set. Then, by taking the convex hull on both side of (I8),
Conv (8%,) € ﬂ Qik,
keJi
]

Lemma 4. Let Assumptlonlhold Then, for any convex subset 0" of Nieyi QU such that 0 ¢ QF, gh* (x, Wi-k) is

defined and (=2)-concave with respect to x' on Q, foralli € H, k € J' and Wk € [w { -k wuk].

Proof. For x' € Q and Wik € [wf’k,wf;k], let fi-k(xf, Wik) = W It follows from the definition of gi-*
gik(xi, i,
in (@) that

£ W) = (D TENT) My (1, W T

where Mi,k(xi,Wi’k) — Wi,k[(xi)T,yi,k]Z W' - [Dz k (xi)T'ui,k]Z + 2[(xi)T,yi,k] [(xi)'l'#i,k _ Di’k]. In order
to simplify the notation, for the rest of the proof, we write M;; (resp. f"K) instead of M; ;(x', W:K) (resp.
Fk(xT, WiK)). Tt is clear that the (—2)— concavity of g@¥ is equivalent to the c0nvex1ty of f©¥ on Q'. In order to
prove the convexity of f7-K, we prove that the Hessian matrix of f©-* with respect to x' is positive semidefinite on Q?,
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for any Wk € [w*, wi¥]. Let V.« f* be the gradient vector of f"** with respect to x' and H,: f*** be the Hessian
matrix of £ with respect to x’. Let h(x?) = (x)TZ%¥x’. The gradient vector of & is given as follows

V., ih(x') = 250kyl,

and the gradient vector of M; ; with respect to x' is given as follows

i,k
inMi,k — Z[Wl,k(xl)T,yt,k + (xt)'l'#l,k _ Dl,k]. (yl,k + %) )

Since fi:k = h(xi).Mifll, the gradient vector of f7* with respect to x’ can be written as follows
Vi /% = Vi h(x). M+ h(x').V i (M),

We can write Ml.‘li =uo M, , where u(x) = )l—c By the chain rule of composite function in calculus, the gradient

vector of M, is given by

-1 . . . . ) ) . i,k
in(Mi_,ll) = u/(Mi,k).inMi,k — m Z[Wl’k(xl)-r’yt’k + (XZ)T/Jl’k _ Dl’k]. (,yl,k n ,Lt‘ )’

e Wik
which in turn implies that, for any (x!, Wi-k) € QF x [wf’k, wf,’k]
ik
Vi f0F = 2M 50K = 2MG 2 (xF) [WHR () Ty PR+ () Tt - DR (7”1‘ + %) : (19)

Note that the Hessian matrix of f7-K with respect to x’ can be written equivalently as follows
F k k)
Hfk =V (in i ) :

Then, it suffices to derive the term on the right of (T9) by x'. Let v(x) = x—lz, r(xt) = 2yt s(xf) = WHk(x) Tk 4
(x")Tu’>* — Dk then the gradient vector of f-* with respect to x' is given by

. . . . . l’k
V. fik = 2.le,,l.r(x’) —2vo M k.h(x").s(x"). ()f”k + %) . (20)

Using (20), we get the Hessian matrix as

ik\T
H,ifbk =2.in(Mt._’,l).[r(x’)]T + 2.Mi_,,i.inr(x’) —2vo M;y.h(x").V,is(x"). (y”k + L)

Wl,k
—2.V,i(voM).h(x').s(x"). (7" + Wi’k) —2vo M;,Vyih(x').s(x"). (?’l’ + W)
=A+B+C+D+E,
where
ik\T
A= 2.in(leJi).[r(x’)]T, B = 2.M;,1.inr(xl), C=-2voMih(x")V,s(x'). (7"" + %) ,

ik \ T ik \T
. . . Ijv . . . u
D =-2V,(voM,y).h(x").s(x"). (yl’k + W) , E=-2voM;;.Vuh(x").s(x"). (7”1‘ + W) .



We can verify that the following equations hold

: - -1 i i ok i i
(1) Ve (M) = ——2s(x). [y"F + =], Var(x') =20k,
> MZ Wt,k
i,k
i) Vois(x') = Wokybk 4 bk G n(xt) = 280k
(i) V Y+ x
, -2 ik T T Lk
(iii) Vi (v o Mjx) = v/ (Mi ). Vi Mix = MT~2[W”k(xl)TVl’k + () Tk~ D (7 + ‘/}JW k)
i,k
-2 i ik /Ji’k
=M—3.2S(.X )(’}/ +W ,
ik
which in turn imply that
—4s(xi 2 —2h(x' . : , BT
A= Ajgx ) ()’ ‘/;/ ) (x! )Tzz k’ B= i kzl,k’ C= Mz(x ) (Wz,k,yz,k +ul,k) ) (yl,k + ‘/:/i’k) i
ik b ik
i i i ik \T i ik \T
p = 852 (yi,k N #_’;) ( ik, ﬂ_’;) g D S (yi,k .\ #_")
M?k Wt wt Ml.zk wi.k

ik
Note that s*(x’) = WKM; ;. Then, D = gh(x ) (Wikylk g k) (7’ e k) . Therefore, the Hessian matrix of

l k
f-* with respect to x’ can be rewritten as

Hif"*=A+B+C+D+E
_—4s(x)

[Wl — l k z(lut k)'l' + Wi’k,ul,k(xl)th,k + Zl,kxl(,yt,k)'l' +,yl,k(xl)TZl,k]

PR 16 ik k"

+ sik | (Wl’ ik g ) + 2

e 2, LA B P
2

By multiplying the above equation by —=, we get

(M; x)?
2

i,k
Ho [0 = My Z0 4 3R Wy 4 ) (7"" * —fvi,k)

. 1 S
— 2s(x’) [Wzl’kxl(,ut’k)T + W'M

i,k(xi)'l'zi,k +Zi,kxi(,}/i,k)T+,yi,k(xl')'|'zi,k:| . (21)

We prove that the quadratic form of H,: f©* at z' € R% is positive, for any z' € R% and (x/, W) € Q' x [ ik wflk],
ie.,

(Z)THL f 7' > 0. (22)
In fact, by taking the quadratic from of (21)) at z*, we have
(Zi)T (Mi,k) H lft ki Mi k(zi)TZi,kZi + 3h(xl) ‘[Wi’k((zi)'l',yi,k) + 1 ((Zi)'l'#i,k) ?
2 * ’ VWi-k
— 4s(xi)((zi)TZi’kxi) ((,yi,k)TZi Wl — (Iut k)TZi) ) (23)

Note that the following inequalities hold

(i) —4s(x")((z) =) ((y’*kfz" I UaRlE ) > —4ls (LI TER L M) T o ()T,

(i) 1) "Z ] < V(&) TR V() TR, (i) [T+ e T < | T k|(;ﬂ M),

(24)

Wlk



where (i) and (iii) are trivial. In order to prove (ii), let e = (z/)T(Z"%)2, e5 = (x%)T(X7¥)?, then by Cauchy-Schwarz
inequality, (ii) is rewritten as

lei(e2) | < llerll2llezllo.

It follows from (i) — (iii) of (24) that

—4s(xi)((zi)TZi’kxi) (,yi,k)TZi_l_

Wl - (/Jl k)TZi)

> —4|s(xl)|. \/(Zl)TZl,kZl \/(xl)TZl,kxl' (|(,yl,k)TZl| + W|(/Jl,k)'|'zz|) . (25)
Then, from (23) and (23)), we get

Ml k)

2
Y VNE A L VI (W«zwm ((zi)Tui’k))

1
\/Wi,k

- 4|s(xi)| \/(Zi)Tzi,kzi \/(xi)Tzi,kxi (l(,yi,k)TZi| —_ |(ﬂl k)'l'zii) .

Wi, k
Note that |s(x')| = VW"KM; x and 3h(x") (VWl»k((zl)Ty”k) + ﬁ((z’)ﬁt”k)) > 0, which in turn implies that

(z )T (Ml k) Hxifi,kzi

> Mi,k(zifz"’kz" — 4 M N (&) TE T (1) TE R («/Wf’ﬂ(y*kfzﬂ +

1 . .
kafz’l) .6

Assume that 7/ # 0. Dividing both sides of [26)) by ((z/) TZ"*z7)((x)) TZ"*x?), we have
i,k)TZi 1
Vwik

i,k)T i

(") 'z ).
\/(Zi)Tzi,kZi
27

&y
\/(Zi)Tzi,kzi

VT (Mix)? ik i
(7O Ha M My =
((20)TZikz0) (i) TRikxi) = (i) TXivkyi (xi)Txi-kyi

Note that W = [g"*(x!, WiK)]2. Since x' € Q' and Q' is a subset of (N i QF, then x' € Q" for any
k € Ji. Then, for any Wik € [w{ K, wik], it follows from the definition of QK in (T2) that

gi’k(xi, Wi’k) > 0.

Mlk

GO = g"*(x', Wi-k) and [27) is equivalent to the following inequality

Therefore, we can write

T M) oy ik i i i i i
()T =5 Huf""z > [ghk(x Wi,k)]2_4 ik (o Wik Jwik ()72 1 (172
((2)TZHkZ) [(x1) TREkxi] ~ 8 ’ g ’ INT S,k i ik TSk
z ) [(x x V(@) TEikzi | VWK | ([(z) TRk
It is easy to see that the following inequalities hold
Q) ("7 [y Nzl _ 1™l (ii) 70 N 17 | PO 7
VE)TERZ ] A keomin 1212 \//li,k,min, VE)TERZ ] A kmin- 1212 \/ﬂi,k,mm’

: 71 1
iii) VWik < ik, < :
(i) Wik < i, ——— e
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which in turn implies that

i,k\T i,k\T i,k i,k
Wik (y ). z 1. (p ). 2| < ™"l / i R 115 S 28)
Tzl’kZ \/Wl’k \/ZTZl’kZ \//li,k,min \/ i,k,min [
Then, from (27) and (28), we get
ZT (Ml k) H i, k ) ) ) ik ik 1
f [ i, k( i Wl k)] 4gl,k(xl,Wl,k) ||7 ||2 [ ||,u ”2 (29)

(ZTZl kz)[(x )Tzl kxl] \/ﬂi,k,min \/ i,k,min [

Since x’ € Q"% for any k € J', the term on the right-hand side of (29) is positive, which implies that (Z)TH,i firz >
0. O

Using the abovementioned lemmas, we prove the following convexity result.
Lemma 5. Let Assumptionhold. Then, Six,« is a convex set, for alli € H.

Proof. Leta; € (e}, 1], 1 € (0,1) and y;, y; € S%, . We will show that Ay; + (1 — A)y, € S, . Consider 4 cases as
follows

Case 1: Let y; = 0 or yo = 0. Without loss of generality, we assume that y, = 0. Since yg = 0 € Sl;,i, then
P(0 < Di) > a;. Since @; > 0 and D' is a real vector, we have that D' > 0, which implies that

P(Vidy; < DY) > P(Viy, < DY) > a;.

Therefore, Ay, + (1 — )y, € Sfy,--
Case 2: Let y; #0, yo # 0 and Ay; + (1 — A)y, = 0. In this case, y; = %yl € Si,i and y;| € Slal It follows from
Lemmal [Tl that

. -1 . R R .
t,k)T Dt’k, ('ut,k)‘l'y1 < Dt,k’ Vkel.

1
(u"%) y1 >

This implies that D** > 0 for all k € J*. Hence, Ay; + (1 =)y, =0 € S’;,,_.
Case 3: Let y; # 0, yo # 0 and O € Seg(y;, y2), where

Seg(y1,y2) = {y1+1(y2-y1),0<1<1}.

Then, for any point x € Seg(y,y>), either x € Seg(y;,0) or x € Seg(0, y»). It follows from Case 1 that Seg(y;,0)
and Seg(0, y,) are subset of Si Therefore, Ay; + (1 — )y, € Si forall 2 € [0, 1].
Case4: Lety; #0,y, #0 such that O ¢ Seg(yy, y2). Itis clear that Seg(y1, yz) c Conv(S’ .). From Lemmasand

I g"k (-, WK) is defined and (—2)-concave on Seg(y, y»), for all Wik e [w i Wy ], which implies that

g (A1 + (1= Dyo, W) > (A (r), W24 (1= ) (g (32), W) 2) (30)

i,k

AR wf;k] , the following condition holds

Since, y; € §l;n and a; > 053), using Lemma forany z € [w

; ik ik
(A [y 2 (wg™ = w™)
Ve g (v, 2) + - ! > a'?,

— - i
Wik ‘\//li,k,min \[W;’k

Moreover, it follows from the definition of al.(3) in Assumption [2|that

Ewi.k q)

i,k
1

i,k [ ik
W, V/li,k,min w,

11
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which in turn implies that

. -,k ‘,k i,k [ ',k -,k
Vo Iy K2 (wy™ = wy 3wy R (et = wy
g (v, 2) + > ®

+ .
Wi,k / ik / i,k / i,k
W \//li,k,min W W \//li,k,min W,

If g**(z1,2) < 0, BT) implies that

Ewi,k q)

€29}

ik ik ik ik ik ik i,k
® [y 2 (we™ = w™) .o 3wy +II7“ 2wy = wp™)

A’k .,k ',k ’
V/li,k,min \[W{ W{ V/li,k,min \[W{
which gives a contradiction by the increasing monotonicity of ®. Therefore, g"*¥(y;,z) > 0. For any W'k ¢

[wf’k, wf;k], we have

NG i,k

z uo

s 02) < === (1-2). (32)
> 14}[7

1

From (31) and (32), for any z € [w"*, wi*], we get

ik ; ik i,k i,k j i,k i,k
Wy Yl (wy™ = w) VB3wWeT YR (g = wy

ik

=g () + — > @ =+ — |
i, 1, i, i,

Wl \Vli,k,min \’ Wl \' Wl \Vli,k,min \, Wl

which in turn implies that

0 < g (y, Wwik=2 < 3 VY WhE ¢ [w{’k,wf]’k].
Similarly,
0 < g% (y,, Wik 72 < 3 vV Whk e [w{’k,wf]’k].

By applying the non-decreasing function @(-) on both side of (30), we can write

=

® (g (a1 + (1= Dyo, W) 2 @ ((Mg‘*"(yl, W) 24 (1= D) (g™ (52, W) ) ) YWEE € ik i),
(33)

Since, ®(-) is the cumulative distribution function of a standard Normal distribution, it follows from Proposition 4.1
of (Henrion and Strugarek, 2008) that ®(-) has r-decreasing density, for any » > 0 and t* = +/r, where t* refers
to Definition m By choosing r = 3, it follows from Lemma 3.1 of (Henrion and Strugarek, [2008), the function

1 . . . . K
t—> @ (t‘i) is concave on (0, %). Therefore, for any WK e [w;’k, wﬁ;k], we obtain

® ((A(g“%yl, W) 4 (1= D) (g (2, W‘*k»z)_%) > (@ (g1, W) )+ (1= ) (@ ("5 (2 W0 ).
(34)

For any Wk ¢ [wf’k, wik], it follows from (33) and (34) that
® (g7 (1 + (1= Dy2. W) = (@ (¢4 (1. W) ) + (1= ) (@ (g7 (2. W) ) ). (35)

12



which implies that @ (g"* (-, W'*¥)) is a concave function on Seg(y1, y2), for any W'* € [wi*, wi;*]. By taking the
expectation value Eyi.« on both sides of (33), we deduce that

Eyyik [(D (gi’k(/lw +(1- ﬁ)Yz,Wi’k))] > (Ewnk [CD (gi’k ((YI, Wi’k))]) +(1-2) (Ewi’k [‘I’ (gi’k ((yz, Wi’k))])
(36)

which in turn implies that the function Eyyrx [® (g7 (-, W"))] is a concave function on Seg(y1, y2). It follows from
the discussion in Definition 2.1 of (Henrion and Strugarek,|2008)) that log-concavity is a weaker property than concavity.
Therefore, Eyy i« [d) (gi’k(~, Wi’k))] is also a log-concave function on Seg(yy, y2). Then, Ay, + (1 =)y, € S’;li. |

The convexity of S’;li under normal mean-variance mixture distribution was shown in Theorem 2.3 of (Nguyen
and Lisser, [2021) when x! satisfy certain conditions (e.g. condition 3 and 4 of Theorem 2.3 (Nguyen and Lisser]
2021))). In the numerical section of (Nguyen and Lisser, |2021)), it is shown that these assumptions hold under some
strict conditions, e.g., D'"* > N x d;, for any i € H, k € Ji, where d; is the dimension of x’ and N is a large
number (N > 200 in general). In Lemma 5| we relax the strong conditions on x’ used in Theorem 2.3 of (Nguyen
and Lisser, [2021) and give the lower bound 7}, defined in Assumption on the probability level a; for which § ’;,l, isa
convex set. The lower bound @ can be calculated using the parameters of normal mean-variance mixture distribution.
If we set ||y"K||> and ||u"¥|], small compared to +/A; x.min (Which is relevant as shown in Section 4| due to high

value of eigenvalue of covariance matrix to model risky decision) and wf;k & wf’k, the lower bound of o] tends to

) ( \/3) ~ (0.958 because al.(l) and 052) tend to ®©(0) and al.(3) tends to ®( V3). Therefore, the best possible value of

the lower bound on probability level is around 0.96. The earlier work (Nguyen and Lisser, 2021) does not give any
theoretical lower bound of ;. The authors presented few examples where the lower bound can go up to 0.99. In
practice, a high probability level value (> 0.95) for the chance constraints is desirable as it ensures the reliability of the
solution. In the next section, we consider a competition between two financial firms whose loss vectors follow normal
mean-variance mixture distributions for which o} = 0.96, i.e., it attains the best possible theoretical lower bound.

The closeness of Sla,« is a consequence of Proposition 3.1 in (Romisch and Schultz,[1991). Since S‘m is a subset of
S, which is a compact set, we deduce that S ‘;,I, is a compact set. We show that there exists a Nash equilibrium of the
CCQG by the following theorem.

Theorem 1. Consider an n-player CCG defined in Section[I} where
1. Assumptions[l|and 2] hold.

2. For each i € H, we assume that V"5 ~ NMVM (u"*,y"k 36K WikY and the vectors Vi are mutually
independent, k € J

Then, there exists a Nash equilibrium of the CCG for any a € (aj, 1] X ... X (ay, 1], where {al’.‘} refers to

Assumption

ieH

Proof. Given a € (aj, 1] X ... X (ay, 1], and subject to Assumption the payoff function p; (x’,x~%) is concave in
terms of x* for any x~* € S~ and continuous with respect to x. By applying Lemma it can be deduced that the
feasible strategy set S"m, where i € H, is a convex set for all ; € (a;.“, 1]. Additionally, each S‘;,i is a compact set. As
a consequence, the existence of a Nash equilibrium in the context of the CCG follows from Theorem 4 presented in
(Fanl [1966). a

4. Competition of two firms in financial market

We consider a competition model of two firms in a same financial market. Let J = {1,...,K} be the set of
portfolios and Ay be the set of assets in portfolio k, for k € J. We assume that both firms invest in the same set of
portfolios from J and the portfolios are pairwise disjoint. Each firm i invests its money in the assets. Let x;w. be the

amount of money that firm i invests in asset j of portfolio k. Let x}; = (x;;j) be the investment vector of firm i in
JEAK
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go{ritfogo k and x* = (x}{) re, be the strategy vector of firm i. The strategy set of firm i (or the set of investments) is
efined as

Si:{xi| Z x};st", xijZG;;j, for any k € J, jeﬂk},
JjEAK, ked

where B’ is the budget of firm i and e]ij > 0 is the minimal amount firm i must invest in asset j of portfolio k. Itis clear
that S is a convex and compact set with strictly positive components, for any i = 1,2. The vector (x',x?) € §' x §2

represents a strategy profile (or an investment profile) of both firms. Let L;; = (L}'”.) - be a random loss vector of
. JEAK

firm i from portfolio k. Then, for a given investment vector x* , the random loss incurred by firm i from portfolio & is

(L;;)Tx;;. Let D;'c be the maximal loss level of firm i from portfolio k and firm i wants to keep its random loss below

this level at probability level «;, i.e.,
P{(x})"L, <D\, kelJ}>ae;, Vi=12.
Hence, the feasible strategy set of firm i is defined as
St ={x" eS| P{(x})"Li <Dj, keJ}>a;}

We assume that fqr any i = 1,2 and k € J, the random loss vector LZ follows a normal mean-variance mixture
distribution. Let R} = —L;_be the random return vector of firm i from portfolio k. We consider the case where each
firm wants to minimize their transaction cost which is incurred due to trades from multiple firms. The transaction
cost of a firm usually also depends on the investment of other firms (Lampariello et al.,|2021). Therefore, for a given
strategy profile (x', x?), we consider the quadratic transaction cost as follows

TC! (x',x?) = Z(x,]( +xi)TQ§((x}( +xi),
kedJ

where TC'(x!,x?) is the transaction cost of firm i at strategy profile (x!,x?), the positive semidefinite matrix Q}
represents the market impact of portfolio k on firm i whose entry at position (r, s) is the impact of the liquidity of
asset r on the liquidity of asset s. The same formulation of transaction cost has been considered in (Lampariello et al.,
2021)). The payoff function of firm 7 is defined as follows

ui(xl,xz) =
keJ

Z E(R;;)Tx;;) - TC'(x',x?),

where ;¢ E(R;;)Txf( is the expected return of firm i at strategy profile (x!, x?). It is clear that the payoff function of
firm i is a continuous function of the strategy profile and concave with respect to its strategy vector, for every fixed
strategy vector of the other firm.

In our case study, we consider two firms with three portfolios where each portfolio consists of three assets, i.e,
J ={1,2,3} and Ay = {1, 2,3}, for any k € J. We assume that the random loss vectors follow normal mean-variance
mixture distributions, i.e., for any i = 1,2 and k € J, Li ~ NMVM(u"k, -k S0k Wik where pi* is an 3 x 1
vector taken on [—0.35,0]3 and y*¥ is a 3 x 1 vectors taken on [0,0.02]3. %K is a 3 x 3 positive definite matrix with
all eigen values belong to [5, 10] and high values on the main diagonal and it is given by

ik AAT

= +BX%x I3,
3 x max (1, Apmax) BxIs

where A is a 3 X 3 random matrix whose all the entries are real numbers in [0, 1], Ay is the largest eigenvalue of
the semidefinite positive matrix ATAT, B is a real number taken on [5,9] and I3 is 3 X 3 identity matrix. We take
negative values of location parameters u/>* and high values on the main diagonal of covariance matrix X*-* because
the firms gain positive return in expectation if they decide to invest but they have to make risky decision. W-* follows
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Figure 1: Convergence of payoffs to a Nash equilibrium.

an uniform distribution with support in [w{’k, wf,’k], where wf’k is taken on [0.9, 1] and wf;k is taken on [1,1.1]. We
randomly generate an instance of the above framework and compute the threshold levels (a';‘)l.= | 2> Which is equal to
0.958. Then, we take the probability levels a; = @, = 0.96 such that Assumption [2holds. The other parameters are

given by B! = B? = 10, e,lj = eij =0.1, D, =1, D = 1.5, Q} is a3 x 3 positive definite matrix, generated by

Q’k = BTF, where B is a 3 X 3 random matrix whose all the entries are real numbers belonging to [0, 1]. Then, the
payoff function of two firms are calculated by

u (x!,x?) = -

Z(“i’k>T"il = >+ TR (g +x7).

keJ keJ

The numerical results below are performed using Python 3.8.8 on an Intel Core i5-1135G7, Processor 2.4 GHz (§8M
Cache, up to 4.2 GHz), RAM 16G, 512G SSD. We compute a Nash equilibrium using the well-known best response
algorithm. The algorithm converges to a Nash equilibrium point (x'*, x>*) given by

x!* =[(0.48,0.51,0.63), (0.47,0.31,0.55), (0.67,0.25,0.4)],

x** =[(0.52,0.31,0.73), (0.57,0.54,0.57), (0.47,0.55,0.3)] ,

Figure [I|shows that best response algorithm converges after few iterations.

5. Conclusion

We show that there exists a Nash equilibrium of an n player CCG when the random constraint vectors of the joint
chance constraint are independent and follow normal mean-variance mixture distributions. The convexity of joint
chance constraint, which is crucial for the existence of Nash equilibrium, does not require two strong conditions used
in an earlier work (Nguyen and Lisser, [2021). It only needs a theoretical lower bound on the probability level which
is defined in terms of the parameter of the normal mean-variance mixture distribution.
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