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Abstract

This study investigates the application of varia-
tional data assimilation to reconstruct the mean flow
over a NACA4412 airfoil at a chord-based Reynolds
number of Re. = 3.5 - 10°. The flow configuration
exhibits challenging features such as strong separation
and recirculation at the trailing edge, which are not
accurately captured by baseline Reynolds-Averaged
Navier-Stokes (RANS) models. The key finding of
this study is the potential of the data assimilation tech-
nique to accurately reconstruct the mean reference
flows obtained from high-fidelity simulations (DNS)
based on the observation of wall pressure. The re-
construction process is validated by first observing all
the synthetic pressure data, then by using only a lim-
ited number of these wall data, and eventually rely-
ing on a single pressure observation. Remarkably, fa-
vorable performance is achieved even when using a
single pressure measurement. Overall, this research
emphasizes the potential of data assimilation in re-
constructing complex turbulent flows based on RANS
simulations and very sparse pressure data. The results
demonstrate the effectiveness of this approach in en-
hancing the accuracy of mean flow predictions, partic-
ularly in challenging flow configurations characterized
by separation and recirculation.

1 Introduction

Experimental fluid dynamics and scale-resolved
calculations are commonly used approaches for study-
ing real-world flow phenomena. However, experimen-
tal measurements are often limited in space and time
and may not provide a full description of the flows of
interest, while scale-resolved calculations such as Di-
rect Numerical Simulations (DNS) can be computa-
tionally expensive. Reynolds-Averaged Navier-Stokes
(RANS) methods provide a faster alternative but suffer
from modeling deficiencies, particularly in predicting
complex flow phenomena such as strong separation
and recirculation near stall. Data assimilation (DA)
techniques have emerged as a promising tool to ad-
dress these limitations by combining experimental re-
sults and RANS simulations to improve flow predic-
tions. This includes adjusting model coefficients or
introducing corrective fields in the RANS equations
[13], as well as using observation data from high-

fidelity simulations or experiments [4, &].

While most DA studies in the RANS framework
have focused on velocity data, only few studies have
examined the use of wall pressure measurements,
which include [8, 11, 1, 9, 2]. Despite this increasing
interest in using wall data, the quantitative assessment
of reconstructed mean flows using such data is still
limited, especially for complex flow configurations for
the majority of studies that have relied on wall data.
This study aims to investigate the potential of data
assimilation to accurately estimate complex turbulent
mean flows using RANS and limited wall data. The
flow configuration considered in this study is the flow
past a NACA4412 airfoil at a chord-based Reynolds
number of Re. = 3.5 - 10° near-stall. These flow con-
ditions exhibit significant separation and recirculation
at the trailing edge, which are not adequately captured
by popular RANS models. Synthetic wall measure-
ments are obtained from the recent Direct Numerical
Simulations (DNS) conducted by Gleize et al. [6].
These DNS data are also used to assess the quality of
the reconstructed mean flows by data assimilation and
for validation purposes.

In this paper, we first describe the flow configura-
tion, the reference DNS results, the RANS model, and
the data assimilation approach for mean-flow recon-
struction in section 2. Section 3 then presents the data
assimilation results, with a focus on the case where
only a single pressure data is considered for recon-
struction. Finally, section 4 provides concluding re-
marks and discusses future perspectives.

2  Flow configuration and data assimila-
tion methodology

DNS results

Recently, Direct Numerical Simulations (DNS)
were performed by Gleize et al. [6] to obtain a detailed
database of trailing-edge separated flows near stall for
a NACA4412 airfoil. The simulations were carried out
at a chord-based Reynolds number of Re, = 3.5 x 10°
and an almost incompressible flow regime with an in-
finite upstream Mach number of 0.117. The study fo-
cused on various angles of incidence denoted by «,
specifically in the pre-stall regime.

Special attention was given to triggering the
laminar-turbulent transition while minimizing distur-



bances to the flow. This was achieved by introduc-
ing small cylindrical roughness elements evenly dis-
tributed in the spanwise direction on the suction and
pressure sides of the airfoil. By placing the rough-
ness elements at specific locations (5% and 50% chord
on the suction and pressure sides, respectively) for the
considered angles of attack (8°, 10°, 11°), the devel-
opment of a laminar separation bubble near the leading
edge was avoided, and transition to turbulence was in-
duced.

The mean flow fields at @ = 8° and av = 11° ob-
tained from the DNS results, are displayed in the top
row of figure 1. It can be seen that turbulent trailing-
edge separation is already present for o = 8°, and this
separation becomes more pronounced as the angle of
attack increases. Such mean flows form reference re-
sults and will be used for validation purpose and the
goal of the following data assimilation methodology
will be to reconstruct these full mean flows using the
synthetic pressure measurements.

Baseline RANS results

To provide a more cost-effective alternative to
DNS, one may consider the Reynolds-Averaged
Navier-Stokes (RANS) models. In this context, we
rely on the widely-used Spalart-Allmaras turbulence
model [12], which was primarily developed for aero-
dynamic applications. This model uses the Boussi-
nesq hypothesis to close the RANS equations. It in-
troduces an equation for an eddy-viscosity-like vari-
able, denoted as 7, which allows to derive the actual
eddy-viscosity field that affects the RANS momentum
equations. RANS simulations are performed based
on a finite element-based implementation in the soft-
ware FreeFEM++ ([7], detailed in [5]). Additionally,
two stabilization methods, namely Streamline-Upwind
Petrov-Galerkin (SUPG) finite elements [3] and Grad-
Div [10], are employed.

The mean flow that is obtained through the RANS
simulations based on the Spalart-Allmaras turbulence
model is illustrated in the bottom row of figure 1. A
comparison between the RANS and DNS results re-
veals noticeable discrepancies near the trailing edge at
a = 8°, that become significant at « = 11° where
RANS fails to accurately capture the recirculation re-
gion. This comparison highlights the limitations of the
RANS approach in capturing complex flow phenom-
ena accurately, especially in regions with recirculation.
In addition, the differences in pressure coefficient (C),)
between the RANS and DNS simulations can be de-
tected in figure 2 leading in particular to a large over-
estimation of lift obtained by RANS compared to DNS
(Cr, = 1.40 versus C';, = 1.26).

Data assimilation procedure

The limitations associated with predicting the ref-
erence flow using the RANS model have been dis-
cussed in the previous subsection. To address these
discrepancies, a data assimilation technique that en-

ables the RANS model to accurately estimate and re-
construct the reference flow, is presented here. First,
we use the full DNS mean flow for comparison pur-
poses then we explore the use of synthetic pressure
data through a data assimilation approach. Follow-
ing a methodology similar to that in Franceschini et
al. [5], we introduce a corrective spatially-dependent
field, denoted as g, in the governing equation of the
eddy-viscosity-like variable 7 in the Spalart-Allmaras
model as follows:

i -Vi—V- @)V — s, Vo, Vi) = go, (1)

where 4 represents the mean-flow velocity field, 7(?)
is a diffusion coefficient, and s(7, VI, V1) combines
production, destruction, and cross-diffusion terms
[12]. Notably, the corrective field g is multiplied by
U in equation (1), allowing for natural focus on re-
gions with significant turbulence intensity and facili-
tating adjustments in areas with high turbulence levels.
The model correction g is determined by minimizing
the discrepancies between reference DNS data m and
the estimated quantity obtained from RANS, denoted
as m(g). This is achieved through a least-square vari-
ational data assimilation approach aiming to identify
the field g that minimizes the following cost function:

J(9) = [lm — m(g)[[3, @

where || - || o represents the norm associated with the
observation space. In this study, the reference data
m primarily corresponds either to a full DNS mean
flow (for purpose comparisons) or to the pressure co-
efficient Cp,. In this case, || - ||a corresponds to
the Euclidean norm for R. The minimization of J
with respect to the model correction is achieved us-
ing an iterative gradient-based descent method. The
low-memory Broyden-Fletcher-Goldfarb-Shanno (L-
BFGS) method is chosen for the descent algorithm.
Note that the gradient of 7 with respect to g is com-
puted using an adjoint approach to account for the
equality constraint imposed by the RANS equations.

3 Results

We now apply the mentioned data assimilation
methodology to reconstruct the mean flow at v = 11°
using pressure observations extracted from DNS. The
main objective of this section will be to identify and
discuss an effective strategy for obtaining satisfactory
flow reconstruction results based on synthetic pres-
sure observations. For comparison purposes, we will
also present the results when considering the full DN'S
mean-velocity field. In this case, m = iy where U4
refers to the DNS mean velocity field. This initial
test will allows to assess the accuracy of the corrected
term ¢ in reconstructing the mean reference flow. It
will also enables to compare the results obtained when
dense velocity measurements and sparse pressure mea-
surements are used. Next, we will proceed to a more
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Figure 1: Streamwise mean velocity obtained with (a)-(b) DNS or (c)-(d) baseline RANS. Left and right columns correspond
to o = 8° and o = 11°, respectively. Streamlines are shown with black curves to highlight the recirculation region

at the trailing edge.

Figure 2: Pressure coefficient C), obtained from DNS (solid
line), and baseline RANS (dash line) at o = 11°.

challenging case where only wall data, such as pres-
sure observations, will be considered. We will first
investigate the use of all the DNS wall pressure ob-
servations on the suction and pressure sides as the
observation m in the data assimilation procedure, i.e
(m = Cp(x)). We recall that the DNS pressure co-
efficient C), is presented in figure 2 with black solid
line. Subsequently, we will explore a more realistic
case where 27 pressure data on the suction side and
13 pressure data on the pressure side, resulting in a
total of 40 data points, are considered. In this case,
m= C’p(xin)izl,m’N, where C), denotes the pressure
coefficient extracted from DNS at N = 40 specific
positions denoted by x,, . This test will be particularly
relevant because it can emulate the data available from
experimental measurements, which are often limited
in practice. Finally, we will explore the efficacy of us-
ing a single pressure data point in the data assimilation
process to determine the minimum amount of pressure
data required for accurate flow reconstruction. By sys-
tematically analyzing these different cases, we aim to
identify the most effective approach for reconstruct-
ing the mean flow based on synthetic pressure obser-
vations.

To quantify the accuracy of the mean-velocity field
reconstruction, we define the relative error e,.(Q) as the
ratio of the reconstruction error e() to the baseline

error (1), given by:

g - @)2d \
e<ﬁ>=(f”m( G ) ,

Jo, w249,
3)

where ug and u, refer to the DNS and baseline RANS
mean-velocity fields, respectively, while §2,,, is a sub-
domain centered around the airfoil defined as €2, =
{x =(z,y); —05<x<15-01<y<0.2}
The error e,(1) quantifies the improvement in ve-
locity estimation compared to baseline RANS, with
e, (0p) = 1 indicating no improvement.

Furthermore, we define the norm of the differ-
ence between the reference DNS and the reconstructed
mean velocity fields denoted by E(1(x)) calculated at
each grid point x = (z,y), as follows:

.. e(n)
= )

E(u(x)) = [[ta(x) —a(x)|| ©)

where || - || represents the Euclidean norm (Lo norm)
of the error vector at each grid point. This evaluation
enables us to identify regions where the reconstruc-
tion performs well and areas that require further re-
finement.

Reconstruction from full or limited pressure data

Figure 3 presents a comparison of results be-
tween the baseline RANS and various data assimila-
tion cases, including the observation of the full DNS
mean velocity field, full Cp, or a limited number of
C), data points extracted from DNS. The left column
shows the velocity field error norms F(1,(x)) and
E(u(x)) (see equation 4), while the right column dis-
plays the streamwise mean velocity.

From the left-hand side figures, it is evident that the
velocity field error norm obtained from the baseline
RANS simulation, E(t,(x)) (figure 3(a)), is substan-
tial, particularly in the trailing edge region. However,
this error significantly decreases when the data assim-
ilation technique is applied in all three cases shown
in figures 3(c)(e)(g), especially when considering the
full DNS mean flow for comparison. Notably, de-
spite some error that remain when assimilating pres-
sure data in figures 3(e)(g), the error norm is signifi-
cantly reduced compared to the baseline RANS sim-
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Figure 3: The norm error of the velocity field E(Q(x)) (left columns) and the streamwise mean velocity (right columns) ob-
tained with (a)-(b) baseline RANS, (c¢)-(d) RANS assimilated using the full DNS mean flow, (e)-(f) RANS assimilated
using the full synthetic C}, of DNS, (g)-(h) RANS assimilated using pointwise C}, of DNS (total of 40 data). Stream-
lines are shown with black curves to highlight the recirculation region at the trailing edge.

ulation. Even when the number of pressure measure-
ments is decreased to a total of 40 data points (fig-
ure 3(g)), the velocity error norm E(d(x)) remains
approximately similar to the case where all synthetic
pressure data points are considered (figure 3(e)). Now
focusing on the figures in the right column, it can
be observed that a significant recirculation region is
clearly obtained for the three assimilation cases, even
when considering only limited pressure measurements
(figure 3(h)), which was not the case with the baseline
RANS (figure 3(b)).

Overall, this study reveals that reducing the num-
ber of pressure measurements in the data assimilation
process did not significantly impact the results. This
finding was further verified by gradually decreasing
the number of pressure data points considered, even-
tually reaching a scenario where only a single pres-
sure measurement is considered. The detailed results
of this specific case will be presented in the following
subsection.

Reconstruction from a single pressure observation

Now, we examine the potential of data assimila-
tion to accurately estimate complex turbulent mean
flows using a single wall observation of the pressure
coefficient (C),) located at the chordwise coordinate
2. = 04, iem = Cp(xz. = 0.4). We note that
this position was randomly chosen. The main objec-
tive is to explore the efficacy of data assimilation in
reconstructing the turbulent mean flows based on such
single information. The results are illustrated in fig-
ure 4. Notably, figure 4(a) demonstrates that assim-
ilating only a single pressure data point yields a sig-
nificant recirculation region, which closely match the
results obtained from DNS (see figure 1(b)). To better

understand the impact of the single wall data assim-
ilation, we analyze the gradient of the cost function
J with respect to the model correction g at the on-
set of the data assimilation process. This normalized
gradient is shown in figure 4(b), revealing its distribu-
tion across the entire suction side. This distribution
supports the successful reconstruction achieved with
only one data point, indicating that the data assimila-
tion procedure directly corrects the Spalart-Allmaras
equation (1) over a substantial portion of the suction
side, including the recirculation region. The final cor-
rected field at the end of the data assimilation proce-
dure is depicted in figure 4(c), presenting the quantity
gv /v normalized by the kinematic viscosity v. The
optimization scheme modifies the model correction g
in the opposite direction of the gradient of 7, resulting
in a predominantly negative corrective forcing g con-
sistent with figure 4(b). Additionally, figure 4(d) show
the variation in the eddy viscosity v; between the as-
similated and baseline RANS cases. Remarkably, the
data assimilation process significantly reduces v; over
the suction side, promoting separation. Conversely,
the recovery of the recirculation region is associated
with an increase in v; downstream of the trailing edge.

Considering the remarkable ability of data assim-
ilation to accurately reconstruct the reference mean
flow using only a single C,, data, we proceed with fur-
ther analysis, focusing exclusively on this case. To
investigate the effectiveness of data assimilation at a
different location, we change the position of the sin-
gle pressure observation to z. = 0.1 on the pressure
side. The data assimilation results for this new con-
figuration are presented in figure 5. In figure 5(b), the
model correction exhibits similarities to that shown in
figure 4(c), leading to a similar improvement in the es-
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Figure 4: Data assimilation results when observing a single C;, at z. = 0.4 on the suction side denoted by a grey circle. (a)
reconstructed streamwise mean-velocity field, (b) normalized initial gradient V3 70/||V3J0l|, (c) corrective field
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Figure 5: Data assimilation results when observing a single C, at z. = 0.1 on the pressure side denoted by a grey circle.
(a) reconstructed streamwise mean-velocity field and (b) corrective field gi/v at the end of the data assimilation

procedure.
Relative Erros e-(1)
DA-Full state 0.081
DA-Full C,, 0.191
DA-40 C,, 0.243

DA-1C,(z. = 0.4), 0.263
DA-1C,(z. = 0.1), 0.260

Table 1: Relative reconstruction error of velocity e-(Q) at
the end of the data assimilation procedure for dif-
ferent cases denoted by DA. The notations of ( R:
and ( ), used in the case of a single pressure data,
corresgond to the suction and pressure side respec-
tively.

timation of the recirculation region, as can be seen in
figure 5(a). This consistent improvement confirms the
impressive ability of data assimilation in reconstruct-
ing the entire flow based on a single pressure data lo-
cated at the pressure side. To evaluate the performance
of the data assimilation results quantitatively, we cal-
culate the relative mean velocity reconstruction error
e, () (see equation 3) A comparison of the relative
error for the different data assimilation cases is pre-
sented in table 1. It can be clearly seen that the as-
similation of the full state DNS case yields the best
results for velocity reconstruction, which is expected.
Equally remarkable is the excellent performance of the
other data assimilation cases, especially when consid-
ering a single pressure data. Notably, no big difference
in the relative error values between assimilating all the
available C,, points, using a limited number of them or
only a single point located either on the suction or the
pressure side.

Aerodynamic coefficients Cp Cy

DNS 0.034 1.259
Baseline RANS 0.028 1.457
DA-Full state 0.038 1.256
DA-Full C, 0.034 1.259
DA-40 C,, 0.033 1.262
DA-1 Cp(z. = 0.4), 0.033 1.255
DA-1 Cp(z. = 0.1), 0.033 1.252

Table 2: Comparison of the aerodynamics coefficient (lift
and drag coefficients C'p and C', respectively) ob-
tained with DNS, baseline RANS and different
cases of assimilation denoted by DA.

Moreover, the reconstructed flow obtained through
assimilating a single pressure data point exhibits also
satisfactory characteristics in terms of wall shear stress
and other parameters. Notably, in all the explored as-
similation cases denoted as (DA) in table 2, the aero-
dynamic coefficients, such as the lift and drag co-
efficients (Cp and C7, respectively), are accurately
reconstructed and exhibit strong agreement with the
DNS results. Particularly noteworthy is the substantial
improvement in the lift coefficient (C'). Upon com-
paring the different assimilation cases, there is no sig-
nificant disparity in the coefficient values among the
various tests. However, assimilating the full pressure
distribution appears to provide the most effective re-
construction of these coefficients.

4 Conclusions

In this study, a variational data assimilation (DA)
technique has been employed to reconstruct the turbu-



lent flow around a NACA4412 airfoil near stall condi-
tions at a chord-based Reynolds number of Re = 3.5 -
10°. The main focus is to investigate the potential of
DA in reconstructing the mean flow using sparse pres-
sure observations extracted from high-fidelity DNS
simulations, specifically for this non-trivial aeronauti-
cal configuration. The synthetic wall data used in this
study was the pressure distribution C), obtained from
DNS. Various assimilation cases have been consid-
ered, including the observation of the full DNS mean
flow, the observation of the full or limited wall pres-
sure data, and a single pressure data initially located
at x. = 0.4 on the suction side. The comparison and
validation have been performed using the assimilation
of the full DNS mean flow.

In all the examined assimilated cases, satisfactory
results have been obtained. The reconstructed veloc-
ity field, aerodynamic coefficients, and pressure coef-
ficients have been accurately captured. The evaluation
of the relative error of the velocity fields and pressure
distribution confirmed the effectiveness of the data as-
similation approach to reconstruct the mean flow. No-
tably, there were no significant differences in the error
values among the different assimilation cases, which
motivated us to progressively reduce the number of
pressure data until reaching the minimum required
data. Remarkably, changing the location of the single
pressure data point to x, = 0.1 on the pressure side
produced similarly successful results. This suggests
to verify the robustness of the data assimilation tech-
nique in accurately reconstructing the flow regardless
of the specific location of the pressure data. The en-
couraging findings of this study highlight the potential
of data assimilation in reconstructing complex aerody-
namic flows.

Future work will explore the influence of noise in
the input pressure data and investigate the impact of
different locations of the single pressure data to the
quality of reconstruction. Additionally, it will be valu-
able to test alternative correction approaches to the one
considered in this paper (§). Moreover, assimilating
other wall data, such as skin friction coefficient (C'y)
measurements, should be explored. Finally, this study
suggests that the need for extensive reference data for
machine-learning techniques, as used in data-driven
predictive turbulence models, may be alleviated if ex-
tremely sparse wall pressure information is sufficient
to calibrate RANS models.
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