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HARNACK INEQUALITIES FOR EQUATIONS OF TYPE PRESCRIBED SCALAR
CURVATURE.

SAMY SKANDER BAHOURA

ABSTRACT. We give Harnack inequalities for solutions of equations of type prescribed scalar
curvature in dimensions n > 4.

1. INTRODUCTION AND MAIN RESULTS

We consider on a Riemannan manifold (M, g) of dimension n > 4, the equation:

Au+ hu = Vumt2/ =2 4 5 0, (E)
with, h a smooth function and V' Lipschitz with 0 < a < V(z) < b < 400, ||[VV || < A.

Equation of this type were considered by many authors, see [1-25]. This equation arise in
physics and astronomy. Here we look to a priori estimates of type sup, inf which are character-
istic of this equation.

Let (ug) a sequence of regular solutions of (E).

We fix a compact set K of M. We want to prove that: for each compact, for all terms of
the sequence (uy): supy ux and infps ug are linked. Here we prove a weaker inequality for
blow-up solutions of the previous equation. Equations of previous type are called, Yamabe equa-
tion, prescribed scalar curvature equation, of type prescribed scalar curvature and Schrodinger
equation. Here we prove that for blow-up solutions, precisely for each sequence (uy,), there is a
positive function ¢ > 0, such that for all compact set, there is a sequence of positive numbers,
0 < ex(K) < 1, which link sup ;- ux and inf ps wg.

Here we have two possibilites up to a subsequence we have a compactness result or an in-
equality between sup ug and inf,; ug. Note that for Li-Zhang result in dimension 3 and 4,
they consider the problem around a point, thus the compactness result. Also, for the Harnack
inequality, also, see the introduction of [2]. Also, see [15, 23], locally around each point.

We obtain:

Theorem 1.1. We have:

1) There is a compact Ko of M and a subsequence i; and a positive constant C > 0, such
that:

supu;; < C, Vj.
Ko

Oy,

2) For all compact K, supy uy, — +00 and:

i
n =4, (supuk)l_6 < c(a,b, A, M,K, M,yg),
K (supy ug)®
with e > 0,
and,
_ _ infar ug
n>5, (supug)l ¢ < e "cla, b, A,n, e, ————— K, M,g),
=6 om0

with, ¢ > =4

n—2



We can see that supy ug and infas ug are linked. There is a relation which link these two
quantities. For all compact K and all £ € N, supy uy and inf,; ui are linked by the pre-
vious relations. There is a positive function ¢(-,-,-) > 0, such that for all k, supy ur =
c(n, K, eg,infprug). If we denote F' = {ur}, G = {ex = ex(K)}, F x G = {(ug, )},
0 < e = ex(K) <1, we have:

36(.7 .7 .) > 07 VK C M7 v(’u"el) G F X G7 Supu = C(n’K7 6/(K)’i}\/1[fu)
e ,

or,

infM u

Je(,,) >0, VK C M, Y(u,¢') € Fx G, (supu)~¢ <en, K, (K), ———).
(o) (1.¢) (p ! < e, K, (),

We write this to highlight the rolling-up phenomenon and the distortion.
Remarks:

a) In the previous theorem, the point 1) assert that, up to a subsequence we have a compactness
result.

The point 2) assert that we have a relation between the local supremum and the global infimum.
Also, see the introduction of [2].

b) For the point 1) we have one parameter, the local supremum is controled by its self. For
the point 2) we have two parameters, the local supremum and the global infimum, there is a
relation which link those two quantities. In the paper “Estimations du type sup x inf sur une
variété compacte”, we have 3 paramaters, the local supremum, the local infimum and the global
supremum. Here, we have, 1 parameter or 2 paramaters each time. At most 2 parameters and at
least 1 parameter. Also, see the introduction of [2].

¢) In the transformation v — v = Au(\?/("=2)z), for the rescaling or blow-up, we have
approximatively, the constant c¢(m/A) = ¢(m)/\. Because, v > m = v(0) < ¢(m), but this it
is equivalent to, u > m /X = u(0) < ¢(m)/A, which imply that ¢(m/X) = c¢(m)/\. Thus, the
rescaling by A imply a relation of the type (approximatively): ¢(m/\) = ¢(m)/A.

d) In general as in the paper of Li-Zhang, for the dimensions 3 and 4, of the Yamabe equation,
we look to the estimate around a point. The compactness result is important, but also, we look to
the solutions which blow-up as mentionned by the example z — [¢/(e? + |z|?)]"=2/2 ¢ — 0,
thus the point 2). Also, see the introduction of [2].

e) To summarize the points 1) and 2) in one inequality we have: {1) or 2)} = {1) + 2)}: for
each zo € M, there is a subsequence (u;,) such that around xo:

infar u;,
n =4, (supui].)l_6 < C+cla,b, A, #,K, M,yg),
K (SupK uij)€
with € > 0,
and,
infar u;.
n>5, (supuij)l_€ <C+ e%fsc(a,b,A,n,eg,#,K, M, g),
K ! 7 (supg ui; )°
with, € > %.

In the Theorem 1.1: we have: {1) or 2)} is stronger than {1) + 2)}. We have: {1) or 2)} >
{1) +2)}. We have: {1) or 2)} = {1) +2)}.

For all sequence (uy) and all point zo € M, there is a subsequence (u;,) who satisfies the
Harnack inequality (around the point 2o € M) (summarizing: {1) or 2)} in {1) +2)}), we have
{1) or 2)} in one inequality:

We denote for o € M,3M C M,zo € M: 3F = {ug, 1, 3G = {ei; = e, (K)}, FxG=
{(ui;,€;)}, 0 <€, =€, (K) <1, we have:

~ = = inf -
3é(,-) >0, VK CC M,z € K, Y(u,¢') € FxG, (supu)' € < é(n, K, (K), el VALY
K (sup u)©
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Remarks:

1) Here, we have replaced the alternative by one assertion. For all sequence (uy )y and all
point xy € M, there is a subsequence (u;, ); for which we have locally around x, the Harnack
inequality. This inequality express the rolling-up and the distortion with blowing-up action. In
the point of view of mathematics and physics, for a physical or mathematical phenomenon, we
have the rolling-up and the distortion up to a subsequence. It is sufficient to know this in a part
of the initial physical or mathematical phenomenon, as a signal. If we want to characterize the
rolling-up and the distortion, it is not necessary to know them in the totality of the physical or the
mathematical phenomenon, but, it is sufficient to know them in a part of this phenomenon. To
characterize the phenomenon it’s sufficient to characterize it in a part. Also, one can characterize
it in a part of the other part...etc...but it is sufficient to characterize it in a part, initially.

2) In our result, we have a Harnack inequality locally around each point for subsequences.
We can not prove the Harnack inequality by fixing a compact K and M, for all compact K.
Our result is local around each point of the manifold M. We can not prove (supy u)'=¢ £
c(K,inf pr u/(supg u)€) for all compact K. But one can prove it locally around each point x¢
of the manifold M. Our result is similar to the results of Y.Y.Li-L.Zhang and C.C.Chen-C.S.Lin,
see [15, 23], around each point and locally, but this, is sufficient to characterize the physical
phenomenon.

3) Now, if we consider the problem as a physical problem: we have the existence of blow-up
points, and as mentionned in [2], we look to the case of blow-up, around a blow-up point, thus,
we have 2) in theorem 1.1. As mentionned in [2], (when it blow-up, we have Harnack inequality
for all terms of the sequence around the blow-up point). Also, 1) or 2) are sufficients to explain
all the physical phenomenon. For physical considerations.

If we want to remove the alternative, we have all in one inequality but up to a subsequence and
thus, the physical phenonmenon is explained.(the rolling-up and the distortion without supposing
existence of blow-up points, in one inequality, up to a subsequence). (Here, we remove the
mathematical and physical condition of [5]).

If we want to remove the alternative, then we have the Harnack inequality locally around each
point of the manifold up to a subsequence. But this, it is the case, in the work of Y.Y.Li-L.Zhang
and C.C.Chen-C.S.Lin, see [15, 23]. In the original work of [15, 23], we must look to the
Harnack inequality locally around each point of the manifold.(Here for a subsequence). Thus,
the physical considerations.

4) The real Harnack inequality is the local Harnack inequality. Because, if we fix the com-
pact K, we must fix the open set ) which contains K, we have two variables as sets, we must
extend the open set € until the total space M. But this it is equivalent to fix balls Bg(zo)
and Bag(zo) in the total space M. We can not fix the open set §) and extend the property to
another open set greater than 2. This is equivalent to prove the property in sets of the type
Bgr(xo), Bar(zo), which is equivalent to prove the property locally as in the papers of Y.Y.Li-
L.Zhang and C.C.Chen-C.S.Lin, [15, 23].

5) Here we show that, locally, we have the local Harnack inequality up to a subsequence.
But the sequence of reference is fixed. Each subsequence is in relation with the initial sequence.
Thus, the property, locally around points of the manifolds and up to subsequences.(with the initial
sequence as reference). It is similar to a trace of an initial sequence.

Thus, the mathematical considerations: local Harnack inequality, but up to subsequences.
Thus, the physical considerations: rolling-up and distortion, up to subsequences.

6) For the mathematical considerations, we think as in dimension 4, as in the print:”’Quelques
remarques sur les variétés, fonctions de Green et la formule de Stokes”: we consider sets, as
packages. Because we have the property locally and up to subsequences: we have a partition
of {u;}, by a countable number of sets denoted Jj: the packages, in which we have the local
Harnack inequalities around xg:

- - inf - wu;

Yk, AMy,, VK C My, , 20 € K, (supu;)' ¢ < &5, (n, K, ef]k(K), L),ui e Ji.

K (Supg ;)

Thus, we have globally an inequality of type: for J, M I, VK C M T, To € K
3



inf Ny, u

(sg{pu)l_e§&Jk_(n,K,ef]k(K), ),u € Ji, k € N.

(supg u)©

(the application {Jx} — {u;}: for which we associate to Jj an element of J; in {u;}, is
injective and gives a partition of {u;} by the Ji and gives the fact that we have a countable
number of Ji. The number of .J; is countable. By induction, we construct each .J; and we have
the property(the local Harnack inequality) for Ji,. We have: if uj € Uf;ol J; we stop, if not, we
add uy, € J. In all cases Vk, uy, € UfZOJl and thus J = {u;} CUjsoJj =1 C J=J=1and
{Jx} is a partition of {u;}).

Thus, it is sufficient to consider subsequences, because, by the partition of {u; }, by the sets Ji,
we have the local Harnack inequality for all terms of the sequence, on compact sets K included
in non-increasing open sets M_]k.

Thus, it’s sufficient to consider the local Harnack inequality around x( and for a subsequence.
2. PROOF OF THE RESULT
For the proof, we use the computations of previous papers with modifications, see [4,6,9,10].

D) blow-up analysis:

Let (uy) a sequence of solutions of (E). We fix a compact set K of M. We want to prove
that: for each compact, for all terms of the sequence (uy,): sup i ux and inf ps uy, are linked.

1) If there is a ”big” compact Ky for which there is a subsequence sup g, u;; is bounded, then
we have a compactness result for a “big” K¢ and for X' C K the sequence (u;; ) is bounded.

2) If for all compact K, sup g ur, — +00. We do a blow-up. We consider sup ; uy, = ug (yx)-

Consider Ry, — 0, R,(gn*Q)/2 = [ug(yr)] € with 0 < e < 1. Then:

R](c"_2)/2 Sup  ug > ¢k = [ug (yp)] ~¢ = +o0.

Bry, (yx)

We use the blow-up technique to have, 3y, tx, ug(tr) > ug(tr) > up(yr) — +oc.

th, sup wup = ug(tp) > up(ye) >0,
Bry, (yx)

We consider s5,(y) = (Ry, — d(y, 1)) 2/2u;(y), and,

tk, sup  sg = Sk(tk) > Sk(fk) = R,(cniz)muk(fk) > Rl(can)/2uk(yk) > 0,
Br,, (tk)

We do a blow-up, then we consider:

n =4, v(y) = rpuk(te + rey) = reulexpy, (rey)), 7 = [uk(ye)] ™,
with, € > 0,
and,

n > 5, v(y) = reun(ty + () "2y) = rug(expy, (/")) e = fur(t)] 76

(n=4)
n—2

with, € >

Note that, here we have considered all terms of the sequence (uy).

Let’s consider the blow-up functions (vy) defined previousely with the exponential maps for
n > 4,exp;, (y), like in the previous papers for the dimensions, 4, 5, 6. Because we consider the
compact sets K, 2K, and ¢, € 2K, the injectivity radius is uniformly bounded below by a posi-
tive number. Thus, we can consider all the terms of the sequence (uy) without extraction.(After
supposing the assertion inf v, > m > 0 infinitly many times, we can use extraction, for the
points (¢x)).

We consider, 09 = do(K) = inf{dp/4, P € K}, with § p continuous in P and smaller than the
injectivity radius in P for each P. We have a finite cover of K by small balls of radius dy/2, we
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have a finite set of points z; € K: K C Uy;—
is compact.

We take R,(C"_2)/2 = inf{ug(yx) ¢, (60/2)"~2)/2}. The small balls are all compact, thus,
exist and ¢, exist. We take for n = 4, r, = inf{dp/4,P € Ks,,ur(yx)” } and, forn > 5,
ry = inf{dp/4, P € Ks,, ur(ty) “}. Thus &y, t; and exp,, (-) and vy, are defined for all & > 0.

We fix m > 0, we prove the result by assuming inf vy, > m > 0, like for the dimensions 4
and 6. After we take m = ry inf ug > 0. Suppose by contradiction, that there are infinitly many
(vg) with inf v, > m > 0, the proof imply that [uy(-)]}™¢ = v, (0) < ¢(m) < +oo which is
impossible. Thus, there is a finite number of terms such that inf vy, > m > 0, k1,..., ki)

Thus we have also, v, (0) < ¢(m) when inf vy, > m > 0. In all cases, we have the following
assertion:

.....

infor, >m > 0= [ug(-)'"] = v(0) < ¢(m) < +oo,
we obtain:
There is a non-increasing positive function m — ¢(m) > 0, such that infvy, > m > 0 =

(ug(-))=¢ < c¢(m). then we apply this with m = ry inf s ug, we obtain for all terms of the
sequence (uy):

_ infMuk
n:4a Uk Yk ! egcaab7A577KaMaga
o)) < b A, R K M)
and,
_ infMuk
n>5, [ur(te)] ¢ <cla, b, A, ——— K, M,q).
> 5, fus(te)]' ™ < clo.b A K K M)
Forn > 5, weset, 0 < €, = ZZ((?:)) <1, e = e, (K), we obtain:
inf
n > 57 [uk(yk)]l_e < ellgiec(aavaaeimaKv M7 g)
[k (yi)]¢

We have ug (yx) = supy k.

Here in the blow-up analysis, we supposed that there are infinitly many vy with inf v, >
m > 0, without loss of generality we assume that the subsequence is the sequence, also for the
points ¢, there is a subsequence which converge to a point £ € Ks,, without loss of generality
we assume that the subsequence is the sequence. In the blow-up function (for £k large), the
blow-up of vy, is the blow-up of uy, then we use the diagonal process to extract a subsequence
which converge on compact sets to v and we use Caffarelli-Gidas-Spruck result to have v =

1 (n—2)/2 Wi : : :
(1 TV ORE ) . Without loss of generality we assume that this subsequence is the sequence

and V() = 1. Also we have: inf vy > m > 0,t; —t € Ks,.
II) Auxiliary function and moving-plane method.:

We use the computations of previous papers with modifications, see [4,6,8,9,10]. We consider:

2k (t, 0) = e(”_Q)t/Quk(eXptk (e'9)),

and the blow-up function,

wi(t,0) = "D 2y, (e!0) = 2 (t + log g, 0),

n—2
We have A\, = n;_22 logvg(0), N = % We have:

Let,

by = J(tg, €', 0) = \/det(giji,)(€0), a(ty,t,0) =logJ(ty,e",0).



Lemma 2.1. The function zy; is solution of:
(1 —Opzr — 0radszy, + Nozi + ez = szl(cn-i-2)/(n—2)7
with,

(n—2)?
4

¢ = c(t,t,0) = + Opa + he?t.

Proof of the lemma, see [6,8,9,10].
O¢by "
Now we have, d,a = -5 b1 (tx, t,0) = J(tg, e, 0) >0,
1

We can write,

1 —_ n n—
———0u(V/brzk) + Doz + [c(t) + by 2ba(t, 0)] 2, = Viz TP/ (0 72),
Vb1
1 1
h = _ _ 2-
whnere, bg(t, (9) att(\/ bl) 2\/Eattb1 4(b1)3/2 (atbl)

Let,

2 = \/Ez;c,

and the blow-up function (rescaled function) and the function with the auxiliary function:

2
2 log 7, 0) - wi, we(t,0) = wi(e'd) —
" —

g = (v/1)(t +

we have:

m
M (n-2)t/2
2 ¢ ’

Lemma 2.2. The function Zy; is solution of:

— 0k + Do(Fr) + 2Ve(51). Vo log(v/b1) + (¢ + by %by — ¢2) 7k =

1 N-—-2
) — Vi (E) FrtR/(n=2)

%AW@ + Vo log(vB) ).

Proof of the lemma, see [6,8,9,10].

where, co = |

We have,
_ 9\2
C(tkvtae) = % + 8ta + h'€2ta (al)
bo(t,0) = O (V01) = ——0ub1 — —— (@012 (a2)
2\Yy — Uit 1) — 2\/E ttV1 4(b1)3/2 tV1) 2

o = [ﬁﬁe(\/@ +|Volog(Vo)l],  (as)

We have if we denote the previous operator: L(t,6) = —0u(-)+Ag(-)+2Vo(-). Vg log(v/b1)+
(c+ b1 b2 = 2)()
and,

2
1 0
= logri.6),

61 =b; (t +
We have:

1 N—-2
L(t, 0)(5) = Va (E) 2](:4—2)/(71—2),

6



and for the blow-up function (the rescaled function), we replace ¢ by ¢ + % log ry:

- 2 I\ ) /m2)
0 ~(n+ n—
L(t + — logrk, 0) [k (¢, 0)] = Va(t + —— logry, 0) (E) s
We set,
L(t,6) = L(t + — logry, 0), Vi = Vi(t + — logrs, 6)
Thus,
- ~ 1\ V-2
L(t,0) [ (t.0)] = Vi (b—) =2
1
and,
Wy, (1, 0) = g (e') — %emfz)t/z’
We have:

Proposition 2.3. We have for A\, = =2 log vj,(0);

1) (e, 0) — k(M +4,0) > k>0, VO€ES, 1.
Forall B > 0, there exist cg > 0 such that:

1
2) — eI < (A +1,0) < cgemIV2 V< B VOES, 1.
cs

We want to apply the Hopf maximum principle.

@i (1,0) = d(e'9) - eI,
Like in [9] we have the some properties for wy, we have:
Lemma 2.4. There is v < 0 such that for A\ < v :

w?(t 9) - wk(t7 9) <0,V (t7 9) € [)‘a tO] X Sp-1-
Let & be the following real number,

& = sup{\ < \p + 2, @7 (t,0) — @ (t,0) <0, YV (t,0) € [\, to] X Sp_1}.
We have the same computations as for the previous papers, see [4,6,8,9,10]. We have the
increment of functions and operators.

L(t,0) [ (8,0)— 0 (4,0)) = [L(2,6) Lt O[5 (8, 01+ Lt ) S (1, 01~ L(t,0) (1. 0)] —
— [ij(u 9)_ij(tfk , 9)][@? (ﬁ, 9)]+‘7k€k (%) (wik )(n+2)/(n—2) _f/k (%) wl(c”JF?)/("*?)
Thus,

L(t,0)[a" (t,0) — @k (t,0)] =

N2 N-2

- < - 1 ~ (1 -

= [L(t,0)—L(t%, 0)][@* (1, 0))+ V, (?) (@) (D (=2 <b—) B/ (D),
1 1

Thus,



L(t, 0)[@sk (t,0) — w(t, 0)] =

= [L(t,0) = L(t*, )] a5 (¢, 0)] +

N-2 N9

( / 1 ~ n n— (7 1 ~(n n—

+ V" <z§€> (wik)( +2)/(n=2) _ <a) w]i +2)/(n=2)
1

+O(1)ri/(n72)th(e(n—Q)t/Q _ e(n_g)tik/Q)

)

We have:
[L(t,0) — L, 0)][a* (£, 0)] = O()agery/ "2 (e — ™),
and,
1 N-2 1\ N2
C ~ n n— N ~(n+2)/(n—2
e <b€> () D /=) _ (b_) @(D/(=2) _
1 1
(3) Vs
_ n— ~ 1 R _ —(n n—
- O(l)T:/(" 2),@% (62t*62t€k)+0(1)u~)§k7"i/( 2)(€t76t£k>+Vk (g_) [(w£k>(n+2)/(n 2)71”1(@ +2)/( 2)]
1
Thus,
L(t. 0)[wy (t,0) — ok (1,0)] =
1\ V2 .
=V <a) [(@ik)(n+2)/(n—2) _ w}(cn+2)/(n—2)] + O(l)ri/(n_Q),lDik (€2t — €2t )+

“4) +O(1)w§kri/("*2> (¢! — ™) + O(l)ri/(”*Q)€2t(e(n—2)t/2 =2k /2y

We want to prove that by using the Hopf maximum principle, (like in [3,5,7,8]):

in wg(to,0) < max Wi (28, — Lo, 0
e

For this, we argue by contradiction and we assume that:

min 1w (to,0) > ,ax Wi (28 — to,0),

0€Sn—1 €Sp—1
Thus, our assumption is:

wk@fk —tp,0) — wk(to,e) <0,v0 €S, _1.
Now, we want to prove that:

[@3k (¢, 0) — wx(t,0)] < 0= L(t,0)[w (t,0) — wy(t,0)] <0,
For this:

1) The biggest term is the term of V' (for n > 6): @1/ "~ (et — ™) tg > t > &.
Because we must compare:

(ﬁ)ik )(n+2)/(n—2)ri/(n72) (et . etﬁk) and (wik)(n+2)/(n—2) o (,Lbk)(n+2)/(n—2),
and, we have used the mean value theorem for f(¢) = t(n+2)/(n=2) and u?i’“ < Wy, to have:

(@58 )M +D/(1=2) _ (5, )42/ (0=2) < () (=D (g€ _ ),

and,

(,Lbik)4/(n—2) (wik — 1) < c(wik)4/(n—2) (e(n—2)t5k/2 . e(n_z)t/z)_
8



Now, we write:

el = e(n=2t/2,(4=m)t/2 < A=)k /2, (n=2)t/2

we integrate between ¢ and ¢+, we obtain:
(et . etﬁk) < Ce(4fn)£k/2(e(n72)t/2 . e(n72)t5k /2),
But,

@ik < ce("—Q)(ik—Ak)/Q’

Thus the biggest term is:

@ikri/(n—% (et _ etﬁk) < Cri/("—Q)e(ka7(n72)/\k)/2(e(n72)t/2 . e(n72)t£k/2)

)

but & < A\, + 2, we obtain:

wikrz/(nﬁ) (et _ etik) < cri/(nﬂ)e—(n—4)/\k/2(e(n—2)t/2 _ e(n—2)t5k/2)’

Thus,

~€k, 2/ (n=2) ¢t  tfk c (n-2)t/2 _ (n—2)t%k /2
" (o= [ug (tg )]~ (=D (n=2) (e € ),
n =4, ,L’l"]ngQ/(n—Q) et _ etﬁk < ¢ e(nfz)t/z _ e(n72)t£k/2 ’

pre )= Tl )

These terms are controled by the term: — 1 (e("=2)t/2 _ (n=2)t%/2),

2) Also, we have for n > 6:

Because we must compare:
wikri/(nfm (6215 _ thSk) and (,ink)(n-i-Q)/(n—Q) _ (lbk)(n+2)/(n_2),

We must look to the term:

(@ik)l—(4/("—2))ri/(”*2) (€2t _ 62755’6) — (@ik)("—6)/(n—2)7a:/(n*2) (th _ €2t§k),t0 >t> 6,

We write:
2t = ((n=2)1/2(6=n)t/2 < ((6=n)Ek/20(n=2)t/2
But,
@ik < ce("72)(§k*)\k)/27
Thus,

(wik)(’n76)/(’n*2)r:/(n_2) (e2t _ e?tgk) < CT:/("—Q)ef(nfG))\k/Q(e(n72)t/2 _ e(n72)t5k/2),

we obtain:

(u.,]ik)(n_f;)/(n_Q)T:/(an) (et _ etsk) < CT:/(n72)€—(n—6))\k/2((e(n—2)t/2 . 6(n—2)t5k/2),

Thus,

~&i\(n—6)/(n—2),4/(n=2) 2t 2t5k c (n=2)t/2 __(n—2)t¢k /2
n>6, (") Tk (e”—e = [y, (t)]c~ (7=6)/(1=2) (e € )

But, € > =1, these terms are controled by the term: — 2 (e("=2)t/2 — (=2t /2y

3) For n = 5: we have the terms: we use the binomial formula: we write:

~&n ~7/3 ~ ~1/3
(wik)7/3 . wk/ _ ((wik)1/3)7 . (wk/ )7,
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x7—y75(x—y)(:z:ﬁ+$5y+x4y2+x3y3+x2y4+xy5+y6),x= (,ink)l/g,y:wi/3’
but,

Wy — by, = (2% — y?) = (@ — y)(2® + 2y + ),

Thus,

(,IG +$5y +$492 +.T3y3 +$294 +.Ty5 +y6)

~ExNT/3 _ ~T/3 /3 3
w —w =\ — X
(@) Py (@2 + 2y + y?)

)

Here, we have x < y, thus:

(2® + 2y +9°) < ey?, (2% + 2Py + 2'y? + 2%y + 2%yt + 2y’ +9°) > d2Pytie,d >0

m ,3t/2
5 €

Thus, because y > we obtain:

(@) — @ < e(@f — ) (@) Pa < —ec (@) — M 2) e >0

For the case: A = (d)ik)l/gri/g(e% — %) tg >t > &,
We have:

Al < () or et — ™)

The dominant term is:

B = (,Lbik)l/3ri/3(et _ etgk‘)
We have:

el — = t/23t/2 < Ce*fk/Qegt/Q,wik‘ < ce3Er—2k)/2

Thus,

1B| < Crz/3e—xk/z(e3t/2 . €3t5k‘/2)
A = 7(2/3)(1 — 6) loguk(tk),rk = uk(tk)ie,

e A2y (1) /DA A3 =13 A2y () (/350
The conditionis 1 — 5e < 0, ¢ > &, bute > 2=2 = 3=2 = 1/3 > 1/5.

4) We have the same thing for the dimension 4.
5) When we use the auxiliary function Ze("~2)*/2, there is a term:

T:/(n%)ezt(e(n—z)t/z . e(n—2)t5k‘/2)7
To correct this term, we consider a part of the term :
(wik)(nﬁ)/(nﬂ) _ (ﬁ)k)("”r?)/("*?)

We use the binomial formula as for the previous case of dimension 5. We have:

T = (,Lbik)l/(n—Q),y — (,u'*]k)l/(n—Q)’

"y = — )y )"y = () ()
Thus,

Because x < y and,



We obtain:

xn+2 _ yn+2 S C(.Tn_Q _ yn—2)y4, c> 0,

Thus,

(,Lbik)(n+2)/(n—2) . (wk)(n+2)/(n—2) < C(,ink o 'ka)’uvi/(nim,c >0

Because, Wy, > %e("’Q)t/Q, we obtain:

Thus the term: r

(wik)(n+2)/(n72) - (wk)(nJrQ)/(nf?) < 766%(6("72)”2 - e(n72)t5k /2)7 c> 0,

:/01—2)e2t(6(n42)t/2476(

n=2)t%/2) is controled by the term, —ce? (e(n=2t/2—

e(n=2)t/2) o,

We obtain the same proof in the previous papers, the dimensions 4, 6, see [6,9,10].

If we use the Hopf maximum principle, we obtain (like in [4,6,8,9]):

in wg(tg,0) < 0k (28 — to, 0
A A

thus for £ large:

(ue () = v (0) <,

It is a contradiction.

Finaly, for each m > 0 there is a finite vy such thatinf vy > m > 0,k1,...,k, € N.

Here also, we have the existence of c¢(m) > 0 such that infvy > m > 0 = (ug(-))™¢ =

v (0) < ¢. We prove this by contradiction, suppose that for fixed m > 0, for all ¢ > 0 there
is i € N with infv;, > m > 0and v; (0) > ¢, if we take ¢ — +o00, because the number
of indices is bounded and we have a sequence of integers, this sequence converge and in fact is
constant because we consider integers. Thus there is an index k such that v, (0) > ¢ — 400 and
inf v, > m > 0, and thus vy, is singular at 0, but this is impossible because vy, is regular.

We obtain:

There is a non-increasing positive function m — ¢(m) > 0, such that infvg, > m > 0 =
(ug(-))=¢ < ¢(m). then we apply this with m = 7y, inf 5; ug, we obtain the inequality for all
terms of the sequence (uy,).
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