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SILENT SOURCES ON A SURFACE FOR THE HELMHOLTZ EQUATION
AND DECOMPOSITION OF L? VECTOR FIELDS

L. BARATCHART*, H. HADDAR', AND C. VILLALOBOS GUILLEN?

Abstract. We present a decomposition of R3-valued vector fields of L?-class on the boundary of a Lipschiz domain in
R3, that relates to an inverse source problem with source term in divergence form for the Helmholtz equation. Applications
thereof include weak scattering from thin interfaces. The inverse problem is not uniquely solvable, as the forward operator has
infinite-dimensional kernel. The proposed decomposition brings out constraints that can be used to restore uniqueness. This
work subsumes the one in [3] dealing with the Laplace equation, and shines a light on new ties that arise in the Helmholtz case
between solutions on each side of the surface. Our approach uses properties of the Calderén projectors on the boundary of
Lipschitz domains, that we carry out in the L? x H~! setting to handle L? vector fields in the style of [29], dwelling on results
from [18]; it applies for any complex wave number.

1. Introduction. Inverse source problems for the wave equation are classical issues steming from
various applications, notably medical imaging; e.g., ultrasound imaging, microwave imaging, or multimodal
imaging techniques such as photoacoustics [19]. This work is concerned with source terms in divergence
form which arise naturally, for instance when modelling anisotropy in the medium response [13] or when
a static electromagnetic setting is used as in Electro-Encephalography [27] and Paleomagnetism [8]. The
corresponding inverse problems are extremely ill-posed, since the forward operator is not even injective and
the solution is thus subject to fundamental uncertainty that can only be resolved by making additional
assumptions. Our aim is to contribute to this analysis in the time-harmonic case, by bringing out the
structure of this uncertainty when sources are supported on a surface.

Specifically, the model problem we are interested in is governed by an equation of the form

(1.1) Au+k*u=v-M inR?,

where the scalar-valued potential u satisfies a Sommerfeld radiation condition at infinity. The left-hand side
of (1.1) is the Helmholtz operator with wave number k, while the right-hand side is a source term which
is the divergence on R? of a R3-valued distribution M supported on some compact Lipschitz surface I';
the latter is the boundary of a bounded domain Q c R?, assumed to be known. When k is real, Equation
(1.1) can be construed as an approximate model for scattering from thin interfaces, see Remark 3.1 and
references [13, 9]. In the particular case where k = 0, it yields the law of the magnetic potential generated by
a magnetization distribution M [7]. A typical inverse problem associated with (1.1) is to recover M from
knowledge of the field Vu away from the surface, usually either inside or outside 2. In many applications, I"
is connected hence 2 has connected complement, but this does not simplify things much and we shall avoid
this extra-assumption. If M is such that the field Vu vanishes inside (resp. outside) €Q, it is said to be silent
inside (resp. outside). The existence of non-trivial silent M makes the forward operator non-injective,
which is one of the big issues facing such inverse problems. Hereafter, we shall investigate silent sources M
lying in (L?(T"))3, the space of R3-valued (not necessarily tangent) vector fields defined on T' with square
summable components there.

When & =0 and T" is a compact, connected Lipschitz surface, so that (1.1) reduces to a Poisson equation
and I' is the boundary of a domain with connected complement, then a direct sum decomposition of (L?(T"))?
into sources silent inside (but not outside) whose tangent component is a gradient, sources silent outside
(but not inside) whose tangent component is a gradient, and tangent divergence-free sources (which are
silent on both sides) was obtained in [3]; see also [6] for the planar case and weaker regularity assumptions.
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In the present paper, we generalize this decomposition to non-zero (possibly complex) k, and show that in
this case a fourth, finite-dimensional summand is generally required. More precisely, letting I" := 92 be the
boundary of a Lipschitz domain © ¢ R?, we establish in Theorem 4.3 the following orthogonal decomposition
for R3-valued square summable vector fields on I':

L*(T) =M, e M_@ M, & M,,

where M consists of tangent, divergence-free fields in L?(T") (these are silent both inside and outside T'),
while M, (resp. M_) comprises vector fields silent inside (resp. outside) I" whose tangential component is
a gradient, and M, is a finite-dimensional space of normal vector fields M generating via (1.1) a potential
u which is locally constant on I" (equivalently: such that the restriction to I' of the field Vu is also normal).
When k =0 (the case of the Laplacian), no such nonzero field M exists, and we recover the results of [3].
In any case the dimension of M, cannot exceed the number of connected components of I', and it is equal
to the latter in the generic case where k2 # 0 is not a Neumann eigenvalue of (minus) the Laplacian in
nor in R? \ © (note that the exterior Neumann eigenvalue problem is not trivial if I" is not connected).

Beyond its own, differential-geometric interest, this decomposition sheds light on the structure of the
solutions of the inverse problem and allows one to ansatz them, so as to gain insight on how much information
can be recovered from the given data.

Our approach departs from [3] and makes systematic use of Calderén projectors, in particular it is
connected with the data completion algorithm proposed in [1]. Properties of Calderén projectors that we
need are standard on the product H'/2(T') x H-'/2(T") of fractional Sobolev spaces [24], but we must carry
them over to L*(T') x H~*(T') in order to handle the case where M ¢ (L*(T"))? in (1.1); for this, we dwell
on the theory of singular integrals on Lipschitz (and even more general) surfaces expounded in [18], but
several results can also be found in [29]. While it would be possible, and in fact simpler to derive similar
results for vector fields M whose tangential and normal components belong to HY/?(I"), we feel that the
L? theory is not only more general but also more natural and better suited for numerical implementation:
it is more natural because the membership M e (L?(T"))? naturally splits into a product membership of
both the normal and tangent component to L?(T"), whereas fields whose tangential and normal components
belong to H'/ 2(I") cannot be characterized independently of the embedding I' - R?, making them difficult
to describe intrinsically; and the L? theory is also better suited for numerical implementation, because
convergent discretization in H'/? is known to be hard to handle. We work in R® throughout, even though
the generalization to R" is straightforward.

The paper is organized as follows. In Section 2, we set up notation and conventions used for function
spaces and operators in Euclidean space and on a surface. Section 3 states the problem and characterizes
silent sources in terms of Calderén projectors. The main result of the paper, namely the decomposition of
(L*("))? in terms related to silent sources, is stated and proven in Section 4. Finally, this decomposition
is illustrated by explicit calculations in the case of spheres. The paper also contains a technical appendix,
gathering some results on surface potentials and elliptic regularity that we could not find in the literature;
several of them are adaptations to the case k # 0 of material from [18] or reproduction of results from [29].

2. Preliminaries and Notation. If V is a topological vector space over R or C, we denote by V*
its dual space and write G' : W* — V* for the transpose of an operator G : V — W; also, Ker G denote its
kernel and Im G its image. For v € V and w € V*, we let (w, v) indicate the duality product. If V is equipped
with a conjugation, say v — ¥, we define a sesquilinear form on V* x V' by (w,v) := (w,?), and when V
is a Hilbert space we denote the (Hermitian) inner product of v,u € V by {v,u)y. Notice our convention
that such products are linear on the second entry. In the Hilbertian case, one can identify V' with V* via
the linear isometry v — (U, -)y. Then, the adjoint G* : W — V of an operator G : V - W is defined by
(G w,vhv = (w,Gvhw.

When Q ¢ R"™ is open, we put C*(Q) for the space of infinitely differentiable functions on €2, and
C(Q) for the subspace of those having compact support. We denote by £(€2) the space C* () endowed
with the topology of uniform convergence of all derivatives on compact sets, and by D(€2) the space C°(2)
equiped with the inductive topology of subspaces with support in a fixed compact set [28, Chapter I, Section
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2]. Then, D*(Q) is the space of distributions on €, and £*(€2) the subspace of distributions with compact
support. Recall that the support of w € D*(RR™) is the relatively closed set supp(w) c €, no point of
which has a neighborhood where w restricts to the zero distribution. Throughout, we let 9;w denote the
(distributional) partial derivative of w with respect to the j-th coordinate in R".

For 1 <p < oo and Q a Borel set in R? with p a positive Borel measure on @, we let LP(Q, p) denote the
familiar Lebesgue space of p-summable functions on ) (essentially bounded if p = co). When p is Lebesgue
measure, we simply write LP(Q). When E c R™, a map f: F — R™ is Lipschitz if | f(z) - f(y)| < k|x - y|
for z,y € E, and the smallest £ for which this holds is the Lipschitz constant of f, denoted as ky. We set
Lip(£,R™) to be the space of Lipschitz functions E' -~ R™ endowed with the norm | f| 1) +ky. Members
of Lip(E,R™) extend to Lipschitz functions on R? with no increase of the Lipschitz constant [23, Theorem
7.2]; clearly, the extension can be chosen to have compact support if £ is bounded.

For 2 c R? an open set and s € R, let H*(§) denote the Bessel potential space of order s (with index
2); the latter consists of restrictions to Q of tempered distributions 7' on R? whose Fourier transform 7" is
such that (1 + |¢[*)*/?T € L2(R®). On H*(Q) one puts the norm [(1 +[¢?)*/?T 2(gs), and if s > 0 then
H*(Q) is a space of functions [24, ch. 3]. Clearly, H°(Q) = L*(Q) and H'(Q) c H*(Q) for s < t, with dense
inclusion. In particular, H*(IR?) densely contains Lipschitz functions with compact support for s < 1.

A Lipschitz domain © c R? is one whose boundary is locally isometric to the graph of a Lipschitz
function. If Q is Lipschitz then H'(Q) coincides with functions in L?(£2) whose distributional derivatives
again lie in L?(Q2), moreover H*((2) is the real interpolation space [L?(Q), H!(2)], for s > 0, while H*() =
(H5(S2))*, where Hy(2) is the closure of D(Q2) in H*(f), see [24, Theorems 3.18 & 3.30 & 3.33]. In
particular H*(Q) c (Lip(€2))* for s > -1 as soon as 2 is Lipschitz and bounded, and in this range of s a
member of H*(Q) is completely determined by its action on compactly supported Lipschitz functions in .
Still in the case that €2 is bounded and Lipschitz, we also define for s > 0:

(2.1) Hi(R*\Q):={weD*(R*\ Q) : wg, g € H* (B~ Q), for each r > 0 such that Q c B,.},

where B, ¢ R? denotes the open ball of radius r centered at 0. This space is denoted as H, (R*\ Q) in [24],
which conflicts with standard notation and is why we adopt a subscript ¢ (for “local”). For convenience, we
also (redundantly) define H; () := H°(£2) to streamline notation at places. This is consistent with (2.1),
in that H;(Q) is comprised in any case of functions lying in H*(Q2n B,.) for all r large enough.

For a compact Lipschitz surface M c R3 which is the boundary of a Lipchitz open set, we let ¢ indicate
surface measure on M ; hence o = leM, the restriction to M of 2-dimensional Hausdorff measure [32, Remark

5.8.3]. We write L?(M) rather than L?(M, o), and for ¢, ¢ € L>(M)™ with n > 1 we let
(6, 0)r2(aryn = fM ¢-dpdo  and (&, O) ey = fM%E do,

where ¢ denotes the complex conjugate of ¢. For the remaining definitions, we fix a particular compact
Lipschitz surface M c R?® with atlas {(6;,U;)}jes, in such a way that 6;(U;) is a ball B; ¢ R? for each j and,
for some rigid motion R; of R?, the map 07" : B; - R? is of the form R; o (I x 1;) where I is the identity
operator on R? and 1 : Bj = R is Lipschitz-smooth. Without loss of generality, we assume that the charts
are finitely many. A point € M such that 9;1 is differentiable at 6,(z) for all j such that x € U; is called
reqular. By Rademacher’s theorem, o-a.e. x € M is regular. Defined this way regular points depend on the
atlas, but this is unimportant to us; see [32, Section 5.8] for a more intrinsic definition. Given a regular
point = € M, we let T, M c R? denote the tangent space of M at x. The latter is defined as the image of
the derivative D9J71(9j(:£)), and by the chain rule this definition is independent of j such that x € U;. For
a function f: M — C and a point x € U; such that f o 9]’»1 is differentiable at 0;(x), we let Vrf(z) e T, M
denote the surface gradient of f at the point z. Note that if f : M — C is Lipschitz then, for o-a.e.
x e M, Vrf(z) is well defined. We endow Lip(M) with the norm |f|e + |V f|leo, which is consistent
with the norm previously defined on Lip(FE). Lipschitz partitions of unity subordinated to an open cover
exist as in the smooth case. Using Lip(M) and Lipschitz partitions of unity, we can quickly define Sobolev
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spaces of index s € [-1,1] on M, which is all we shall need (more general cases may be found in [24, 15]).
Indeed, if Lip,(U;) denotes the space of Lipschitz functions compactly supported in Uj, we see on using
partitions of unity that a member of Lip(M)* is completely determined by its effect on Lip.(U;) for each j.
In addition, Lip,(B;) and Lip,.(U;) are isomorphic under the map Lip.(B;) 3 f = f o6, € Lip.(U;). Now,
letting ¢ denote the extension by zero to all of M of a function initially defined on a subset of M, we put
for se[-1,1]:

(2.2) H*(M) := {3 € Lip(M)* : ¥j € I, the map Lip,(B;) > f = (¢, f o 0;) belongs to H*(B;)}.

Writing 1% : Lip,(B;) - R for the map 4% (f) := (1, f 0 8;) above, we define the convergence of a sequence
(n)n € H*(M) to ¢ € H*(M) as the convergence wzj - % in H*(Bj) for any j € I. This notion is
independent of the atlas and the H*(M) are Hilbert spaces. Again, for s < t we have that H*(M) c H*(M)
and H°(M) = L*(M), furthermore H*(M) identifies with (H*(M))*. Note that Lip(M) is dense in
H*(M) for s € [-1,1]. This allows one to define the (weak) tangential gradient Vo f of f € H'(M) as the
limit in (L?(M))?3 of the vector fields Vrg,, where g,, is any sequence of Lipschitz functions converging to
fin HY(M). When f e H*(M) with 0 < s < 1, the tangential gradient V- f can still be defined as a current
acting on tangent vector fields of class H'~*(M) (viewed as 1-forms upon pairing them with tangent vector
fields using Euclidean scalar product); see for instance [4].

We refer on several occasions to results from [18] that uses a more general definition of Sobolev spaces,
discussed for example in [16]; in the present context, the latter reduces to the one just described.

We say that f e Lip(M)? (resp. L?(M)3, H'(M)3...) belongs to Lipy(M) (resp. L3(M), Hr(M)...)
if, for o-a.e. x € M, there holds f(x) ¢ T,M. Now, for a ¢ € L2(M), one can define by duality the surface
divergence of ¢, as a member of H~1(M) denoted by Vr-¢; i.e. for each f e Lip(M), it is required that

(Vro, f) = ~(, VTf)L2(M)3.

By density, we get for p e H' (M), ¢ € L2 (M), ¢ € L*(M) and ¢ € HL.(M) that
<VT¢7SD> = _<¢7 VTL)O)LQ(ZM)33 and (VT'CP, ¢>L2(M) = _(907 VT¢>

In this paper, we consider a bounded Lipschitz domain €, with boundary I', and we let Q_ = R?\ ),
This choice of signs, where a “-” is attached to the unbounded complement of the bounded domain (itself
denoted with a “+7), is as in [18] but departs from [24]; we implicitly take this discrepancy into account
when quoting results from [24]. Note that I' is a Lipschitz surface, that needs not be connected in general.
As a short hand, unless otherwise stated, we use the symbol + to mean both + and -, and we employ the
symbol ¥ to designate the opposite sign to +.

Using [18, Theorem 4.3.6] together with Lemma A.1 and its proof (see equation (A.1)), we get that

H'(T)={peL*(T): Vrp e L*(I)*}.

For ¢, € H'(T'), one has VoV € HH(T') = HY(I')* and (V-Vre, §) = —(Vre, Vrd) r2(ry:. We put
A := V-V which is the so-called Laplace-Beltrami operator on I'. We also use the Hermitian form:

{2, 2N 1 (ry = €, PN L2y + (VT0, VTP) L2(1)3

which generates the same topology on H'(T) as the one defined after (2.2), by invariance of Sobolev functions
under composition with Lipchitz maps [32, Theorem 2.2.2]. We denote by |- | z1(ry the corresponding norm.
Also, we denote by | - | g-1(ry the dual norm in H~'(I"), that arises from a Hermitian product written as
(-, ) -1 (ry- In [18], a different norm is used which is equivalent to the present one.

We denote the classical trace on T from Q, by v* : H'(€,) — HY?(T'); it is a bounded linear operator.
If for ¢ € H}(R?) it holds that v*¢ = v~ ¢, we simply write v¢ = v*¢.
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We also use nontangential limits on I'. That is, given a > 0, we define a nontangential domain of
approach to x € I' from Q, by

Ch(x)={yeQ + |z -yl < (a+1)dist(y, )},

where dist indicates the Euclidean distance between a point and a set. Subsequently, for 1) a measurable
function on 2, and x € I', we put
Ya¥(w) = lim o 9(y)

yect(x)

whenever this limit exists. From [18, Proposition 3.3.1] it follows that x lies in €%(z) for o-a.e. x €I, hence
this definition is meaningful o-a.e. If the limit exists for every a > 0, we say that the nontangential limit of
1 from €2, exists at x. In the case that the nontangential limit of 1 exists for o-a.e. x € I', we denote the
resulting function by y*1¢ (same notation as the trace of a Sobolev function), and in case v*¢ = y7¢ we
likewise drop the subscript and write ).

Remark 2.1. The slight abuse of notation assigning the same symbol to the trace and the nontangential
limit should cause no confusion, since for Lipschitz domains and H} functions the trace coincides o-a.e. with
the nontangential limits whenever the latter exist. One way to show this is to prove the result locally, when
the boundary is a Lipschitz graph above a plane A, in which case one can invoke the absolute continuity of
Sobolev functions on a.e. line perpendicular to A [32, Section 2.1].

Note that the restriction mapping 7 : £(R?) — Lip(I'), is continuous; we will use the symbol v* to denote
the adjoint operator of this particular version of the trace.

3. Statement of the problem and layer potentials.

3.1. Statement of the problem. We fix throughout some k € C in (1.1), together with a bounded
Lipschitz domain Q, ¢ R® with boundary T, surface measure o and outward-pointing unit normal v(x) at
o-a.e. x € I'. In applications we have in mind, k is real and may be taken positive, but the decomposition
of vector fields that we establish in Theorem 4.3 holds for complex k as well.

Set G(x) = ¢ which is a fundamental solution for the Helmholtz equation (1.1). We denote with

" 4rlx]’
g its potential operator, that is:
G . E®) — DR
d > G *d,

where G * d indicates convolution. By [30, Theorem 27.6], the map G is continuous and injective. For
M e L2(T)3, let us decompose the normal and tangential components as M = vM,, + My with M, := M -v
and M := M -vM,,. Clearly, Mt € L%(T'), therefore one can define Vr-M7 € H™*(I'). We now introduce
the so-called forward operator of the inverse source problem:

F : L) —  D*(R?
M - G[V(Mo)],

where Mo designates the measure on R? such that d(Mo) = Mdo = Md’HﬁF, and V-(Mo) is the (weak)

Euclidean divergence of Mo in R3. Note that F(M) = VG * (M) and thus, F(M) is a locally integrable
function on R3 which is real analytic on R?® \ T. If we set u = F(M), we see then that u satisfies the
Helmholtz equation:

(3.1) Au+k*u=v-(Mo) on R?,

as well as the Sommerfeld radiation condition:

(3.2) lim |z (8 - zk’) u(x) =0.

|| —o00 8|x|



6 L. BARATCHART, H. HADDAR AND C. VILLALOBOS GUILLEN

Since G is injective, the kernel of F consists of those M e L?(I")? such that V- (Mo) = 0. Also, as F(M)
is continuous off I and lies in L} (IR?), membership of M in that kernel is tantamount to F(M) being

loc
identically zero on R® \ T. In other words, we have the following chain of equivalences:

(3.3) F(M)(z)=0forall ze R\ <= MecKerF <= V-(Mo)-=0.

We say that M is silent inside (resp. silent outside) if (F(M))q, =0 (resp. (F(M))q_ =0). When
M is silent both inside and outside, we say that it is silent everywhere (or simply silent), in which case it
lies in the kernel of F, by (3.3). If M is neither silent inside nor outside, we say it is silent nowhere. The
existence of silent distributions on either side is a major difficulty facing the inverse problem of recovering
M, and the issue that we raise is to describe the vector fields in L?(T')® that correspond to these various
notions of silence. Note that we only distinguish between silence inside and outside 2%, and do not consider
diverse qualifications of silence in a prescribed subset of components of R? \ €, arising when T' is not
connected. While the present approach could be adapted for that purpose, the case under study is entirely
typical already, and the results are simpler to state.

Note that a temperate distribution u and a vector field M e L?(T")3 satisfy (3.1) and (3.2) if and only
if u=F(M). Indeed, the Fourier transform of a temperate solution 7' to AT + k2T = 0 on R" has compact
support, hence T € H*(R"™) for some s. So, if in addition T satisfies (3.2), then we can appeal to [24,
Theorems 7.12 & 9.6] to conclude that T = 0.

Remark 3.1. Besides inverse magnetisation or EEG problems studied for example in [6, 3, 27] that
correspond to the case k = 0, equation (3.1) can serve as a model for scattering from thin films [13, 9].
Indeed, consider a thin layer of constant width € << 1 coating 92 with some material characterised by a
coefficient 3, so that the total field u,. generated by a source f (compactly supported outside the thin layer)
satisfies

V- (1+B)Vue + k*uc = f inR?

together with Sommerfeld radiation condition, where S = 5 inside the thin layer and . = 0 outside. Then,
formally at least,

Ue = Ug + €Uy + 0(€)
where the incident field ug satisfies Aug + k?ug = f in R? and wu; is a solution of (3.1) with M = —AVuy,
the (anisotropic) matrix field A being defined on 9 by

Av and A7 =7, VT tangent to I'.

= v
1+
The scattered field u. — up can then be approximated to the first order by euy, see [13] for a rigorous

justification of this type of model in the case of thin interfaces with constant width e.

3.2. Layer potentials and Green identities. We recall below classical tools such as layer potentials
and Calderén projectors to express the solutions to the Helmholtz equation in Q.. We refer to [24] for the
H'-theory, where the densities of single and double layer potentials lie in H'/?(T") and H~*/?(T") respectively.
However, to deal with L?(I") and H~!(I") densities as is necessary to handle the case that M € L*(T')3, we
need to extend the domain of definition of the operators under consideration, and for this we appeal to the
work in[18]. The results of [18] are derived for the case k = 0 only, but we adapt them to k # 0 (possibly
complex) in Appendix A.1. Regarding reference [24], we warn the reader that the Helmholtz equation there
is minus ours, hence the fundamental solution there differs by a sign from ours; we implicitly take into
account this discrepancy when quoting formulas from [24].

We write v = (v1,v9,v3) for the coordinates of the unit outer normal of ', pointing into Q_. For
we H} () such that Au e L2(Q), we let 9tu € H™Y/2(T) be the interior and exterior co-normal derivatives
for the Helmholtz differential operator [24, Chapter 4]). These are well-known extensions, based on the first
Green formula, of the natural definition:

Ofu=v-y"(Vu) for ue H*(Q,) and Oy u=v- -~y (Vu) for ue H} ().
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As with the trace, if 9 u = 9} u for u e H} (R?®) we simply write d,u := 9Eu.

We denote the single and double layer potentials associated to (3.1) by SL and DL. Recall that formally
SL=Go~* and DL =G o9}, [24, Chapter 6], both being continuous and injective from Lip(T')* to D*(R?)
by density of traces of C2°(R?)-functions in Lip(T") and the injectivity of G already pointed out. Unwinding
the definitions, we find for z e R¥\ T and ¢ ¢ L?(T") that

(3.4) SLo(2) = [ Gla=)o)doy), DLo@) = [ (0, G-1)o(y)da(y),

where 0, , indicates the normal derivative with respect to the variable y; indeed, (3.4) follows from [24,
Equations (6.16) and (6.17)] on taking into account that d, , commutes with complex conjugation. It holds
the mapping properties [24, Theorem 6.11]:

(3.5) SL:HY*(T) — H}(R®) and DL:HY*(I') — H} ().

Remark 3.2. Note that, for any M € L*(T')?, one has F(M) = ¥; 8; SL(M;). Hence, in view of Lemma
A.2 and the corresponding result for harmonic functions (namely, the case k = 0 that follows at once from
[31, Theorem 3.3 (i) & Corollary 3.5 (i)]), we get that F(M) e LE (R?)3.

loc
Recall the three Green Identities: for u,v e H'(€,) with Au e L?(€,) and for + to mean + or —, one
has by [24, Theorem 4.4 (i)]:

(3.62) (Tu, Vo) 2,y = ~ (A0, 0) 12, (050 770)

if moreover Av e L?(Q.), then it holds in view of [24, Theorem 4.4 (iii)] that

(3.6b) <<Au + E2u, v>> - <<u, Av + k21}>> F vy u, o) + (OFu, v*v)

£2(0.) £2(Q) ~

and, for u e LY (R®) with ujq, € H} (%) satisfying

(3.6¢) Ay, + Kk ug, =0 in Q.

as well as (3.2) in the case of _, we get on applying [24, Theorem 6.10] to ®,u for arbitrary large p, with
®, a member of C2°(R™) which is 1 on B,, that

(3.6d) w=DL(v 'u-~"u) - SL(Oju - u).
The boundary version of layer potentials are bounded linear operators, with the mapping properties
S:H*Y(T)— H*(T) and K:H*T)— H%(T)

for s € {1,1/2,0} (these are the only cases we need)’. They have for ¢ € L?(I') and o-a.e. x € I" the integral
representations

(3.7) S6(a) = [ Gla-pé(n)do(y), Ko@) =pv. [ 0,,Glz=y)o(y)da(y),

which connect to jump relations for layer potentials through the following identities for traces, valid for
¢peL*() and ¢ e HY(I):

(3.8) (SLY)r =S¢ and fyi(DL¢):(%1d+K)¢,

IFor the case s = 1/2 these operators are defined in [24, Chapter 7,Eq. (7.3)] by vSL+ and y*(DL®) + v~ (DL¢) (and
so their “K” which they call T differs by (minus) a factor 2 from ours); there, Equation (3.7) is proven for ¢ Lipschitz while
Equation (3.8) is proven for v € H-/2(T") and ¢ ¢ H'/2(I"). When s = 1,0, the case k = 0 is treated in [18, Proposition 3.3.2,
Corollary 3.6.3, Proposition 3.6.2 and Proposition 3.6.4], and adaptation to k # 0 is made through Propositions A.3, A.4, A.5
and A.6 in the Appendix.
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where Id represents the identity operator, see [24, Equation (7.5)]. In (3.8), the first relation means that
St is well defined a.e. on I'. We will also use the operator DL := G o 9;,, where G is simply convolution by
G. In view of [24, Eqn. (7.3)], one can define a bounded linear endomorphism of H'/2(T') by

1
K= 5(7+DL+77DL),

and clearly K, DL have the same mapping properties as K, DL, respectively. We also have a jump relation
for the normal derivative of SL¢ when ¢ € H™'/2(T) [24, Eqns. (7.3)-(7.5)], namely:

(3.9) 9% (SL) = (¢%Id +F*)¢.

In another connection, the following operators are well-defined and bounded for s € {1,1/2,0} %

(3.10) T:=9, DL: H*(I') — H*}(I).

Remark 3.3. Note that [18, Proposition 3.6.2] and Proposition A.5 further imply that the linear oper-
ators ¢ = v*(V DL¢) are bounded from H'(T) into L?(T)3.

Finally, let us introduce the Calderén projectors: P*: H*(I') x H*"1(T") — H*(I") x H*"}(T"), defined for
s€{0,1/2,1} as block-matrix multiplication by

. _(id:K S ¢
(3.11) P = (21 ;mﬂc*)(w)

where, in the case s = 0, the operator K* is adjoint to K : H'(I') — H(I"). These operators are bounded
on the indicated spaces by what precedes, and clearly P* + P~ = Id. When s = 1/2 it is known that P* are
projections [24, Ex. 7.6], so by density and continuity we deduce they are projections in the case s = 0 as
well. The case s = 1 follows by restriction of the case s = 1/2 to H'(I') x L?(T"). Hereafter, we let P (¢, 1)
denote the j-th component of P*(¢,), for j =1,2.

Note that if ¢ € L?(I") then v* ¢ is in fact a measure, absolutely continuous with respect to o, such that
d(v*¢) = ¢pdo. It entails in view of the dicussion before (3.4) that

F(M)=-DL(M,) + SL(Vr-Mr),
which justifies the following definition of a new, related operator:

F : L*(D)xHY(I) — D*(R?)
(¢.4) = —DL(¢) + SL(¥).

Remark 3.4. Note that u = F(¢, ¥)|rsr belongs to C*(R*\T') and that
Au+k*u=0on .

Now, T has finitely many components, say I'y,...,I'} (see Lemma A.12), and for j = 1,...,] we let 1, be
the piecewise constant function on I' with value 1 on T'; and 0 on I'y, when k # j. For ¢ e H*(T'), let us
define ¢y = 23:1(7/)7 1p,)1r, and consider @y_, € H'(I') such that Appy_c, =¥ —cy; such a @y_, exists
by Lemma A.10. Then, we can write

F(6,0) = F(¢, Arpyoc, +cy) = F(dv + Vrpy—c,) + SL(cy),
and thus, by (3.7) and Remark 3.2, the image of F is included in L2 (R?).

loc
2The case s = 1/2 is part of [24, Theorem 7.1]. When s = 1, the result for k = 0 follows from [18, Theorem 3.2.8,
Proposition 3.6.2] together with equation (3.6b), and Proposition A.5 adapts it to the case k # 0. To deal with s =0, let C
indicate the complex conjugation operator and observe from [24, Eqns. (7.3)-(7.5)] (in that reference T is called —R) that

T=CoT*oC:H? —>H_1/2; so, as T maps H' into H°, we can use CoT";{O(F) oC to extend T: HO - H™1.
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To conclude this section, we address that dZu has been defined for those u € H'(£).) such that Au e
L2(€2.) only, whereas we need a definition which is valid for any function in the image of F. To this end,
we will use the following facts and the proceeding lemma.

First, by Equation (3.8), the nontangential limits v*u of u = F(¢,1)) are well-defined and belong to
L*(T). In view of (3.11), they satisfy for any (¢,1) € L*(T') x H™*(T") such that u = F(¢,1)), the relation

(3.12) Y= (%Id—K)(éhS(@) = FP{(,1)).

Second, for (¢,v) € HY?(I') x H'/2(T"), we get from (3.11),(3.8), (3.9) and (3.10) that
(3.13) if uw=F(¢,0) then (y*u,d%u)' =+P*(¢,1p) and Au+k*u=0 on Qy,

where the superscript “4” means “transpose”. Third, extending u € H} () by zero on Q5 while using (3.8),
(3.9), (3.10) and (3.6d) as well as (3.13) and P* + P~ = Id, we get (with + to mean + or —) that

(3.14) Au+ku=00nQ, =— wu=-F(£y*u,+0%u) and (v u, dEu)' = P*(v*u, 0xu).

Finally, the following lemma holds.

LEMMA 3.5. Let (¢,v) € L>(T') x HY(T') and u = F(¢,v). For any fized choice of sign + holds the
equivalence:
ug, =0 <= P*(¢,¢)=0.

Proof. Assume first that (¢,1) € HY?(I') x H"Y/2(T). Then, (3.13) gives us Au + k?u = 0 on Q, and
(v u, O5u)t = FP*(¢,1p). If uyg, =0, then clearly 0 = (v*u,d3u) whence P*(¢,v) = 0. Conversely, suppose
that P*(¢,v) = 0 so that (y*u,d5u) = 0. From (3.5) we see that ujg, € H;({.), and by Remark 3.4 we
know that u e L (R?). Thus, letting @ be the extension by zero of ujq, to Q=, Implication (3.14) gives us
i = —F(+7*u, +3u) = 0. Therefore, it holds indeed that ujg, = 0.

Next, assume that (¢,v) € L?(I') x H~1(T") and suppose that P*(¢,v) = 0, hence P¥(¢,v) = (¢,%). By
density, there exist a sequence, ((¢n,¢n))n c H'2(T') x H™Y2(T") such that (¢n,¥n) = (¢,1) in L*(T) x
H~Y(T'). On the one hand, P¥(¢,,v,) converges to (¢,) in L*(I') x H~*(T") by the continuity of P¥. On
the other hand, as P¥(¢,,v,) € HY/?(I') x H-'/2(T) and the equality P*P7(¢y,,1,) = 0 mechanically holds
because (P*)? = P* = P*(P*+P¥), we get by the first part of the proof that F(P¥ (¢, ¥n))ja, = 0. Noticing
that F(P7(-, )i, is continuous from L*(I") x H'(T') into D*(£2.), we conclude that F(P*(¢n, Un))jo,
ujo, in D*(2;) and therefore uyg, = 0.

Conversely, assume that ujg, =0 and define (é,(@) := P*(¢,%). Then, Equation (3.12) implies that

(3.15) ¢ = PE(p,9) = Fy*u = 0.
Besides, P* (J), 1[;) = P*P*(¢,v) =0=P*P7(¢,v) and thus, by the implication already proven, we get

FPY(6,9))a, =0 and  0=F(P*(¢,9))q, = F(0,9) o, = 5L($)q,

where, in next to last equality, we used (3.15). Furthermore, by the linearity of F and (3.15) again, it also
holds since Id = P + P* and we assumed ujq, =0 that

0=ujo, = F(¢, )0, = F (PT(d,4))jq, + F (P*(6:9))jq, = F (0,9) ,, = SL($) g, -

Thus, one has SL (Qﬁ)m =SL (1;)‘9_ =0, and since SL is injective from Lip(I')* to D*(R?) while SL

F (P*(¢,v)) by what precedes and the latter is locally integrable by Remark 3.4, it follows that ¢ = 0
whence P*(¢,v) =0, as was to be shown. d

)
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From Lemma 3.5 it is clear that, for (¢,v), (¢,4) € L*(I') x H~}(T), one has
F(o o, = F(¢d)o,  if andonly if  P*(¢,9) = P*(¢,%)).

Now, based on (3.13), for u = F(¢,v) with (¢,1) € L*(I') x H-(I') and u* = ujn, we define:

Ogu=05u* = *P5(6,0) = -T(6) + (#5104 K ') (0),
which extends the classical definition of normal derivatives. Altogether, it holds in this case as well that
(3.16) P*(y*u, 0%u) = (v*u, 02u)' = ¥P*(¢,¢) and ujq, = F(y*u, 9tu).
Remark 3.6. Using once more [18, Proposition 3.6.2] together with Proposition A.5 and Lemma A.9,
we get for any u = F(p,¢) with (¢,¢) € HY(T') x L*(T") that
u=~*(Vu) v
and, by an argument similar to the one in Remark 2.1,
¥ (Vu) = 0fu v + Vry*u.

4. Decomposition of L?(I')3. We start by introducing the spaces that we will use to decompose
L?(T)3. First, let us define

Mo ={M e L*(T')? : M is silent everywhere}

and let M} denote the subspace perpendicular to My in L?*(T')?. Next, let us introduce the following
subspaces of M{:
M_={M e My : M is silent outside },

M, ={M e My : M is silent inside }.

Remark 4.1. Tt follows from the definition that M, n M_ = {0}, since this intersection consists of fields
silent everywhere whereas both spaces belong to M. Also, thanks to Lemma 3.5, it holds that

(4.1) Mo:={M e L*(T)3 : Vp-Mp=0and M, =0},

(4.2) M. ={MeM: : PE(M,,vr-My) =0},

and it follows easily from Lemma A.10 that every tangent field in L?(I")® is the sum of a gradient and a
divergence-free one (the Helmholtz decomposition), hence

(4.3) §={M e L*(I")*> : My =VyUns,, for some Upr,. € H'(I')}.

When k # 0, M_, M, and M are not enough to decompose L?(I')3. That is, for k # 0 there exists
a bounded Lipschitz domain 2, with boundary T' carrying a nonzero M € L*(T') \ (M_ & M, & My),
which is thus silent nowhere and whose potential in €2, is not generated by a distribution silent in Q+;
this cannot happen when k = 0 [3]. At the end of this section we will describe the space perpendicular to
(M_ @ M, ® M), but prior to this we shall introduce a space M,, c L?(T')?, whose elements are purely
normal to I', that satisfies

My, e M_e M, e M,=L*T)>

Let {T'; }jes be the family of connected components of I'. The fact that €, is a bounded Lipschitz domain
implies that J must be finite and each I'; has finite strictly positive area (see for example Lemma A.12).

We can index the connected components of 2_ by Q7 for j €J, and assume that
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J={1,...,nr}, so that nr is the number of connected components of T,
Q! is unbounded, '
for each j > 1, the set 7 is bounded, '

e for each j € J, the set I'; is the boundary of Q.
For ¥ cT, we let 15 : T - R denote the characteristic function of . Also, for V' a vector space and {vg}ser,
a family of vectors in V, we indicate by (vg)ser, their linear span. In order to study the dimension of M,,,
we introduce the space O := (1r,)jes ¢ H'(T'), and the spaces NV, defined in the lemma below:

LEMMA 4.2. For a fized sign +, the following subspaces of Hl/Q(F) coincide:

NLi={v*u : uwe H} () satisfies (3.2), Au+k*u=0 on Qy, and diu=0 onT }
NZi={ e H'A(T) : P*(6,0)=(4,0) }
NZ:={ pe HIX(T) : ¢pveM;: }.

We denote them by Ny and there holds Ny n N_ = {0}, moreover these spaces are finite-dimensional.
Of course, condition (3.2) is void if one chooses the “+” sign.

Proof. Remark 4.1 and the identity P* + P~ = Id together imply that N2 = N2. Take now a v*u e N
By Implication (3.14), we have that (y*u,0) = (y*u, 0%u) = P*(y*u, 0Zu) = P*(v*u,0) and thus v*u e N?.
Conversely, if ¢ € N7 and we let u = — DL(F¢), then ug, € H; (Q.) by (3.5) and it follows from Implication
(3.13) that Au+k?u = 0 on Q, and (y*u,dfu)! = FP*(F¢,0) = (¢,0). Hence, ¢ € N} and therefore,
N} =N2 We now see that all three definitions are equivalent.

If Q_ is connected; i.e. if Q_ = Q!, then by uniqueness of the exterior Neumann problem for the
Helmholtz equation when the Sommerfeld condition (3.2) is satisfied [24, Ex. 9.5], we obtain that {0} =
NY = N_. Otherwise, for either choice of sign +, the sets Q, \ Q! are bounded and there exist Neumann
eigenvalues {£7}52; for —A, with 0 < & < &5 < - and §§ — o0 as j — oo, as well as corresponding
eigenfunctions {u;}52, ¢ H'(Q \ QL), satisfying
(4.4) { —Aitj = §juj in Q. Q! (of course Q, Q! =Q,),

Ofu; =0 on T,

where the {u;}32, form a complete orthonormal system in L?(Q, \ Q!); see [24, Theorem 4.12] for the case

of a bounded and connected open set. To deal with the case where {1_ is not connected, one may apply the
previous reference to each Q7 in order to get eigenvalues &7, &7, - and eigenvectors uj, u, - defined on
QY for each j € {2,-,nr}, then extend every u; by zero on Q™ for m # j so as to get an orthonormal basis

of L2(Q_~ Q) = Y Q7 where the last sum is orthogonal, and arrange the f,;’_ in nondecreasing order for
2<j<nr and k € N. That NV, is finite-dimensional now comes from the fact that there can only be finitely
many j for which k2 = 7*, and of necessity each ¢ € N, is a linear combination of the corresponding y*u;.
Finally, that N\ n NV = {0} follows from the definition of N and Remark 4.1. O

Continuing towards the definition of the space M,,, fix an orthonormal basis {w; }jes of O for the L*(T")
scalar product, that contains a basis of O n (N, @ N_) if the latter does not reduce to zero. Define

Ji={jed : wj¢ N, @ N_},

and put fip for the cardinality of J.
~ ~ =\ 1
For each j € J, let A; be the orthogonal projection of w; onto V; := (J\/+ oN_@o (wg)ﬁi‘]]) , so that
0+ A; eV whilew; -Aj e Ny @ N @ (wg)gi‘j. Then, A; = Aj/|A; Hi2(r) satisfies, (Aj,wi) 2y = 6] for
leJ, and (Aj,¢)2(ry = 0 for each ¢ € Ny ® N_. Therefore, by Lemma 4.2 and the Fredholm alternative
for coercive Dirichlet-Neumann problems [24, Theorem 4.10], we can define for each j € J a function
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uf € H'(€,) satisfying
Au;+k2}r20 in Q.
{ Opu; = A; on I,
as well as a function u; € H, ;(Q-) satisfying
Auj + k2uj_- =0 in Q-
{ Opuy =A; on I

together with the Sommerfeld radiation condition (3.2). Let us define functions ¢ and ¢; in H 12(1) by

¢ =7y, ¢;5=7"uj and ¢;i=¢; - ¢;,

to finally put M, := (zi)jl/)jej. The theorem below is the main result of the paper; for the proof, we will use
nr, iir, O, wj, ¢;, ¢7 and A; as defined above.

THEOREM 4.3. There holds the direct sum decomposition,
(4.5) L*(T) =M, @ M_® M, & M,,

where the orthogonal M, to M_ & M, & My in L*(T')3 is finite-dimensional, consists of purely normal
vector fields and can be rewritten as

(4.6) (M_0 M, & Mo)* = (v [vW])jej.
If k=0, then M, ={0} and therefore the decomposition reduces to:
(4.7) L*(T)? = M_ @& M, & M,.
In contrast, if k* # 0 is not an eigenvalue for one of the problems in (4.4) then
codim (M_ @& M, & M) =dim(M,,) = nr;

in particular, this is the case when k € CNR. In general, one has dim(M,) = fir < np.

Proof. We first show that the space M,,, which is clearly contained in Mg, intersects M_ & M, in 0
only, and that the ¢;v are linearly independent for j € J. Indeed, assume for a contradiction that there
exists coefficients ¢; € C together with M* € M, and M~ € M_ such that ¥;c;¢;v = M" + M. By
definition of the ¢3 and Implication (3.14), one has for each j since P* + P~ = Id that

P+(¢;—,AJ’)=O and P_((,ZS;,AJ'):O,
hence also
(4.8) P7(¢;,0) =P (¢;,7;) - P7(8],4;) = =(¢7,4;).

However, since M7 + M7 =0 because M + M~ is a normal vector field by assumption, (4.2) implies:
P_(Z Cj¢j7 0) = P_(M;’ VTME“) + P_(M:7 VT-Z\4’}—’) = (M:7 VT'M;‘L
J

whence ¢; = 0 for all j in view of (4.8) because (A;,wi)r2(ry = 6,k Whereas (Vo-Mp,wi)r2ry = 0, as the
wy, are locally constant on I'. Therefore the sum in (4.5) is indeed direct and the ¢;v, j € J, form a basis
of M,,. Moreover, since M, n (M_ & M, & M) = {0}, one has the inequality

(4.9) fr = dim M,, < codim (M_ & M, & My)
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and thus, for Equation (4.5) to hold it is enough to show that fir > codim (M_ & M, & M,).
Define two continuous linear operators by

T Mé . L2(F)><H_1(F) and n H*l(]_—‘) — Qnr )
M - (M,,Vo-My) (0 = (<w711—‘j>) :

Note that r is injective, by (4.1). From Lemma A.10, we further get for (¢,1) € L*(T') x H'(T) that
(4.10) (¢,) eImm if and only if e Kern.

Since P*P~ = P"P* =0, we get if M1, My € M} satisfy n(M) = P¥(n(M3) that P*(7(M;)) =0,
which entails in view of (4.2) that M e M,. As P* + P~ = Id, it ensues readily that

(4.11) m(M.) = Im (P*r) nIm .
Moreover, still using the identity P* + P~ = Id, we get for any M € Mg that
P*(r(M))eImn if and only if P~ (x(M)) eImm.
Hence, by (4.10), the following four memberships are equivalent for M € Mg:
P(n(M))eKern< P (r(M)) eIm7 < P~ (7(M)) e Im7 < P, (7(M)) € Kern.
Subsequently, we define

(4.12) I:=Ker (nPin)={M eMj : P"(x(M))elmr}
=Ker(nPym)={M eMj : P (n(M))elmmn}.

From (4.2) it is clear that M, & M_ c II, hence 7(M.) = [P¥ ox] (II) by (4.11). Thus, on using that

P*+ P~ =1Id and P*P¥ =0, we obtain 7(M, & M_) = 7(II) and so M, & M_ =1I, since 7 is injective.
Now, for V a closed subspace of Mg c L3(T")3, let us denote by V*° its orthogonal complement in M.

From (4.12) and the continuity of nPym: M{§ — C"T, we get that

(4.13)

————clos
(M, ® M_® Mp)* = (M, ® M_)™ = T1* = (Ker (nPim))™ = Tm (x (FE) i) - = Im (x* (P5) "),
where we used a superscript clos to distinguish topological closure from complex conjugation, and the last

equality uses that Im (7*(P5)*n*) is finite-dimensional (for n is C""-valued), whence it is closed in M.
Taking ¢ = (c1, -+, cnp )t € C"F together with ¢ € H-1(T'), we have for M e M} that

<<77*C»1/’>> = Zq(ﬁ% 1F]‘> = <chlrj’ Z/J) = <<ch]‘rj’ w» '
J J J
Besides, given a pair (¢, ¢) € L2(T') x H'(T'), it holds that

(4.14) (7 (,0), M ) =( (0, 9), (My,Vo-M7) ) = (¢, My )=(Vre, Mr) = { ov=Vre, M )r2(arys-

So, by (3.11) and Remark 3.6, we get on using that 7% = CoT oC on H'/?(T') (see footnote 2 before (3.10)):

T (PE)'n*(e) =%, cj[i(T*lpj Y-Vt (111"]. ??lpj)]

jeJ 2
=2 Cj[—(ﬁrj)v - Vo (Klp, )]
jeJ

o R oy | B R

jeJ jeJ
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Thus, the v [VF(w;v)] are well-defined in L?(T')? for any j € J; i.e., their traces from either side of T
coincide, and in light of (4.13) together with the third definition of Lemma 4.2 one has v [VF(w;v)] =0
whenever j ¢ J. Hence, Equation (4.6) is satisfied and consequently

nr > dim (M- & M, & Mp)") = codim (M_ & M, & M,).

Therefore, it follows from (4.9) that 7ir = codim (M- & M, & M), and so (4.5) holds. In addition, we
obtain that the set {y [VF(w;v)]},.; consists of linearly independent functions.

Clearly, if k2 # 0 is not an eigenvalue for the problem (4.4) then J = J, and hence
nr =nr = dlm(./\/l,,) = codim (M_ oM, o Mo)
Finally, when k =0, we notice that

Fpw) -l Xwar 7=l
T Xoi otherwise,

entailing that v [VF(w;v)] =0 for every j € J. Then, ar =0 and M, = {0}, so that (4.7) is satisfied. |

To conclude this section, let us characterize the orthogonal space to silent sources on either side:

COROLLARY 4.4. For a fixed choice of sign +, it holds that

(M@ Mo) = {77 (VE(p.9)) : (¢,0) € H'(D)x L2(T) |.

Proof. Take n, m and II as in the proof of Theorem 4.3, so that II = M, & M_, and let 7y be the
restriction of 7 to II onto its image:

m : O — «(I)
M - x(M).

Observing that zry is a bijective operator and recalling from the discussion after (4.12) the identity
[PT o] (IT) = 7(M.), we get since the 7! P¥mpp are projections adding up to the identity that

(4.15) M, =Im (7' PTmn), M. =Ker (' P*my).

In particular (4.15) implies that 7! PTmy has closed range, hence so does the range of its adjoint [24,
Theorem 2.13]. Now, for a V c II a subspace, let V1, denote the orthogonal space to V in IT ¢ L?(T)3.
From (4.15) and the closedness of the range of 7j;(P*)* (ﬂ'ﬁl)*, we deduce that

(4.16) M =Tm [WE(P*)* (wﬁl)*].
Let f; designate, for 1 < j < nr, the linear form on L3(T') x HY(T") given by the j-th coordinate of nPj.
It follows from (4.12) that 7(IT) = N7, Kerp; nImm = N7, Kerp; nImm and hence, by the Hahn-Banach

theorem, the dual (7(II))* is the quotient space (Im7)* /(7 )jes = (Im7)* /(] ) jes. Now, given M € IT ~ I1*
and (¢,v) € w(II), we get from (4.10) while using Remark 4.1, Lemma A.10 and (4.3) that

( () M, (6,0 )

<< Ma Wﬁl(ﬁf)ﬂ/)) >> = << Ma ¢V+VT90111 >> = << MVa ¢ >>_<< VTUMT’ VTQDw >>
« Mu, ¢ >>_<< UMT? AT()OTZJ >> = « Mlla ¢ >>_ « UMT’ 1/} >>

Thus, it holds that(rg')” M = (M,,~Unr,) € L*(T') x H'(T') and therefore, by Equation (4.16),

(4.17) M [mfpo (P*)*](L*(T) x HY(I)).
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In another connection, in view of (3.11), we get for (¢, ) € L?(T') x H*(T') that
Y G ¢
+ * -2 o
Py (12 ) (9)
Consequently, using Equation (4.14) and Remark 3.6, we obtain for (¢,¢) € L*(T") x H'(T"),
- 1 — — 1 —_
[0 (P13 -p) =i (4510 + K7)3-T"5, -85+ (v514+ K |
1 — 1 — _
= (—T*¢+ (:t§ +K*)¢)u + Vr (— (:F§Id+K)¢+ S*¢)

-Tp+ i +K olv + V|- ¢lld+K p+So
2
=95 (- DL(¢)+SL<¢)) + Vv (- DL(2) + SL(9))
=7 (VE(2,0)).

Then, noticing that (M, ® Mo)* = Mi" @ (e My)' = M @ (M, @ M_ & M;)" and, recalling
Equations (4.17) and (4.6), we get from what precedes the inclusion

(Mo M) {77 (VF(#,0)) : (¢,0) e H'(D) x LX(T) |.

To finish the proof, it remains to show the opposite inclusion. Take any (¢, ¢) € HY(I') x L?(I") and set
M =+ (V]?(cp, ¢))7 together with w = F (¢, ¢). Using Remark 4.1 and the fact that M is a tangential

gradient, it follows the orthogonality relation M L M. Besides, if we pick M* € M, and w* = F(M™),
then we note by Implication 3.13 and (4.2) that

£(yTw*, Ogw*) = PT(M,;, Vr-M7) = (M, Vo-M7).

Then, since Vp-M7. = £0]w* and M7 = +y7w* by (3.16), (4.2) and the fact that P* + P~ = Id, it ensues

(M, M) r2(ry = (Vo (v w), M7)+(0jw, My) =-(y"w, Vr-M7)+ (9w, M)
$<( w, Opw*) £ (Fw, v w*)
- (Aw,w >>L2(Q;) +<<w’Awi>>L2(Q;)

2 _
<<k >>L2(Q ) (. k*w*) 2 g,y =0
= - (Aw + k*w,w >>L2(Q;) +{(w, Aw* + K*w

- <<(k2 -k )w’wi»m(ﬂ;)

Dizan

where the fourth equality follows from Equation 3.6b and the fifth uses that w satisfies (3.6c) with &k
replaced by k. Therefore M 1 M, as well, and the corollary follows. 0

4.1. Spherical case. In this subsection we assume that I' = S2, the unit sphere on R?, and that
k> 0. In this case, some calculations from the previous subsection can be made explicit using the Addition
Theorem.

Recall that, if we let P/ denote the associated Legendre function of order m, then the following define
a complete orthonormal system in L*(S) [10, Theorem 2.8] and a complete orthogonal system in H'(S) [26,
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Theorem 2.4.4]:

2 1(n- ! )
Y (z) = nr M PLml(COSQ) e?  form=-n,...,n, andn=0,1,2,...,
A (n+|m|)!

where x = (sinf cos ¢, sin §sin ¢, cos ). Note that (Y;™(x)) =Y, ™ (z). These functions also satisfy
(4.18) ATY," =-n(n+1) V"
Note that this implies that (Y,*,Y,")p1(sy = 1 +n(n+1). Given ¢ € L*(S) and M ¢ L*(S)® define the

coefficients:
(Y o) s

e (@) = (Y, ) p2s) = Y, Y ) sy

for m=-n,..,n, and n=0,1,2, ...,

and, for m=-n,...,nand n=1,2,3, ...,

(VoY M) 2 s
n(n+1) ’

<<1/ X VTYTIn, M>>L2(S)3

g (M) = n(n+1)

n

(M) =

)

gQ(M):=0 and (M) = 0.
Then, ¢ = ¥ c™(¢)Y,™ in L*(S). Note that, for any n and m, g7 (M) = g™(M) and r™(M) =r™(Mr).
Additionally, if u € H!(S) then u = ¥ ¢™(u)Y,™ in H'(S) and we have:
gn (Vo) =g (u), ' (Veu) =0, g,"(vx Vru) =0 and  r' (v x Vou) = ¢ (u).
By Hodge decomposition, there exist u,v € H'(S) such that M7 = Vru + v x Vv, and hence,
Myp=vr ) (W)Y, +vxVyp Yy e (v)Y,"
=200 (M)VTY," + 37 (M) (v x VrY,")

in L2(S)3. Therefore, Vo-Mp = -n(n+1) ¥ g™ (M)Y,™ in H1(S).

Further define, for a non-negative integer n, h%l) as the spherical Hankel function of the first kind of

order n, and let j, denote the spherical Bessel function of order n. Then, since we are assuming that k # 0,
we have the following Addition Theorem [10, Theorem 2.11]

Glo-n =ik 5 35 Oy (5 )i(ver (L)) tor > b
n=0m=-n |J)| |y|
where the series and its term by term first derivatives with respect to |z| and |y| are absolutely and uniformly
convergent on compact subsets of |z| > |y|.
Then, using Fubini-Tonelli theorem we obtain:

SL(Y,")(w) = { =ik B (k) gn(Klal) Y (&

for x| < 1

x|

=ik B (Klal) Gu (k) Vi (&) for [2] > 1

~ik? D (Klal) g (k) Yy () for faf> 1

x

\
—ik? (WD) (B) ju(klal) Y (&) for |o <1

||

DL(Y,")(x) = {

thus,
K(Y,;") = —%ikz (RSO (R)jn (k) + (hD) (k) G (k) Yo" T(Y,") = =ik® (b)) (k) G (k) V"

S(Y,") = =ik b (k) ju(k) Y, K (Y,") = K(Y)"),
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Since K, T, S, K* and V- : L*(S)> — H~(S) are continuous, and h%l)(k)j;(k) - (h%l))’(k) Jn(k) =
1/(ik?), using (4.18) we get

P_(vaT‘MT):(Z [(1/2- K(Y"))ep (M) + S(Y")(-n(n+1)g;" (Mr))]Y,

)

n,m

> [T )e (M) + (1/2+K(Ynm))(—n(n+1)9T(MT))]YJ”)

= ( 2 ikh () (k) [k (k)ent (My) + ja(k)n(n + 1)gi (M )] Y,

n,m

> ik (D) (k) [k, (k)€ (M) + ja(k)n(n + 1) gy (M 1)] Ynm) ;

n,m
and

P*(M,,Vr-Mr) = ( > —ikjn (k) [R(RD) (k) (M) + b (k)n(n + 1) g (M 1) ] Y,

n,m

S —ik?, (k) [k(RED) (k) el (My) + hED (k)n(n + 1) gl (M7)] Y,;") :

n,m

Recall that for all n, hg)(k) 0+ (h;l))’(k) for k is real and positive. Therefore,

(4.19) _={M e L*(S)*: kjl (k)c™(M,) = —jn (k) n(n+1)g™(Mr)

for m=-n,...,n, and n=0,1,2,..., },
and

(4.20) M, ={MeL*S)*: k(h{") (k) c(M,) = -h{) (k) n(n +1)g(Mr)
for m=-n,..,n, and n=0,1,2,..., such that j,(k) # 0 or j, (k) # 0}.

Since jo(k) = sin(k)/k, for no real k do we get jo(k) = 0 = jy(k). Hence, for M € M, + M_ and

J(k) # 0, we have that c((M,) = 0 and thus, (M, Ydv)2(a)2 = 0. Otherwise, when jg(k) = 0 and k > 0,
we obtain P~(YY,0) = 0. Therefore, using Theorem 4.3 we deduce the following result.

THEOREM 4.5. For a k > 0 such that ji(k) # 0 (which happens for almost every k), holds in L*(S)?
that

(M_e M, &Myt ={McL*S)® : My =0 and M, is constant};
on the other hand, if ji(k) =0 (this happens in particular when k =0), then
L*(S)? = M_ & M, & M,.
It is worth mentioning that when k = 0, the subspaces M3 of L?(S)? coincide with the Hardy spaces H* of
harmonic gradients inside and outside S introduced by Stein ad Weiss. This follows easily from (4.19) and
(4.20); compare [2].

Appendix A. .
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A.1. L? behaviour of layer potentials on Lipschitz domains for the Helmholtz equation.
The statements in this section are adapted to the case k # 0 from [18], or mere reproductions of material
from that reference. For each of them, we write in parenthesis where in [18] they can be found. We also
want to stress that, as pointed out to the authors by a referee, many results of this subsection can be found
in sections 4 and 5 of [29]. In particular this is true of Propositions A.3 and A.4, of the second part of
Proposition A.5 and of the first equality in Proposition A.7.

For convenience, throughout this section, we will denote the function G and the operators SL, DL, S,
and K by Gy, SLy, DLy, S, and K} respectively. For the operators S; and Kj we will use the definitions
given in [24] (without the 1/2 for K} and K;) and then show that they can be extended with the required
properties.

Recall €%(x) from the definition of the nontangential limit. For a vector valued measurable function 1
on ., we define the function 9%, on I', such that, for z € T,

Mo (x) =sup{[Pp(y)| : ye&(x)},

taking the convention that Mx(z) = 0 when € (z) = @.

In [18, section 3.6], the Sobolev space L3(I',do) is defined as the subspace of L?(I") comprised of those
functions ¢ such that [{ ¢ , v;v(9f) = vv(0; f) Y2y < Clfir|2(ry for all f e CH(R?), any 1,5 € {1,2,3}
and some constant C' = C(¢), with v; to mean the j-th coordinate of the unit normal field on I'. That is, if
one puts as in [18] 0y, , f := v;v(8,f) —viy(9; f) for f e C'(R?) then 0, , f depends only on the restriction
fir and members of L?(T") are those ¢ € L?(I") whose distributional 05, ;i is an L*(I")-function for each j, .
To justify quoting certain results from [18], we will show in the next lemma that this definition agrees with
the one of the Sobolev space H!(I') made in Section 2.

LEMMA A.1. Given j,l € {1,2,3}, one can define a bounded linear operator 0, , : H(I') — L*(T') on
letting, for any p € HY(I') and f e C*(R3):

( Orj 00 V() )i== (o, viy(Of) —viv(0;F) 2y

Moreover, a function ¢ € L*(T) lies in H'(I') if and only if the operators Oy, ; defined above (in the weak
sense) correspond to scalar product with L?-functions.

Proof. Note that a tangent vector field on I" can be regarded as a 1-form, defined by taking the scalar
product in the tangent space at regular points. For {(6;,U;)}er ( I finite) a Lipschitz atlas on I', we say
that a k-form w is of L?-class (here k € {0,1,2}) if its expression in local coordinates (pullback of w under
the Lipschitz map 9]71), say

G D@ = Y al®l () dyy A ady,

11<i2,, <t

has coefficients a;{;m}u that are L? functions on 6;(U;). This notion is independent of the atlas. Now, for

f e C(RR3), it holds that

(Al) (87'2,3f ) 87'3,1]0 ) 87—1,2.]6)26 =Vfxv

Wy ”

where “x” indicates the vector product and the superscript “t” means “transpose”. Thus, observing that
v = 0y, 07" x 0,07 /10,,07" x 8,,05"| on 0;(U;), we get from the double vector product formula that the
1-form associated with V f x v is given in local coordinates (y1,y2) on 6,(U;) by

(A2) (91,100, (F 0071 = 92,10y, (F 0 07") Yy + (91,205, (F 0 071) = 92,20y, (f 0 0;) )y

where (gi,i,) is the metric tensor (the Gram matrix of 8y,6;", 8,,0;'). Since the latter is uniformly
boundedly invertible on compact manifold that are local Lipschitz graphs, the fact that (A.2) is of L2-class
amounts to say that Vfo8;! lies in (L*(0;(U;)))3. By density of traces of C2°(R3)-functions in L*(T), we

conclude what we want. 0
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Then, we have a lemma that was just stated on [18] since it was proven in [14]. However, we add a
proof for convenience of the reader.

LEMMA A.2 (Lemma 6.4.2). For each fized R >0 and k > 0, there exists a constant C > 0 such that,
for 1< 4 <3 the following estimates are uniformly satisfied for 0 < |z| < R:

|Gk (2) - Go(2)| < C
10;Gr(z) - 0;Go(x)| < C
1008;G () = 900;Go ()] |2] < C

Proof. Since G} — Gy is C*(R3 \ {0}), it is enough to show that the limsup when x — 0 in all of the
left hand sides of the equations of the lemma are bounded by a constant depending only on k:

| ETE
limsup |Gx(z) - Go(z)| = lim ————— = —,
-0 =0 47|z 47
and
I 9.C 5. i eik\ﬁflk‘xhieiklx\_i ) |:cjeik|””|k|x|+ieik"”‘—i| k2
imsup |0,G(z) - 0;Go(x)| = limsup |z; < = —.
x40p| J k( ) J 0( )| anp J 47T|£L’|3 20 4’/T‘.’£|2 {7

|eik|‘cl (zk|a:|3 — |z - kzx?|a:|2 - 3ik:a:?|x| + 333]2) +|z? - 3x?|
4|zt

’eik‘x‘ (_ka?|z|2 _ 3ka?|x| + 3395) - 3$§|

limsup |0;0;G(z) — 0;0;Go(x)||x| = limsup
z—0 z—0

|eikm (zk:|x|3 - |$c|2) + |ac|2|

< lim s&lp g + lim S(l)lp Amr||t
e Gkl - 1)+ 1] e (B2 - Bik|a] +3) - 3] £
< lim + lim =
250 47r|z|? 20 Am|x]? dm
and, for j # ¢,

|zj20 (3 + 17 (k2|2|? + 3ik|z| - 3))|
T
|3+ ek |2)? + Bik|x| - 3)| k2

< lim = —, 0
z—0 4r|x|? 8

limsup |0,0;G(z) — 9,0;Go(x)||z| = lim sup
z—0 z—0

Then, we continue with a generalization of a relatively basic result that is just partly stated on [18] and
whose proof, for the k = 0 case, can be found as part of [5, Theorem 4.5.].

PROPOSITION A.3 (Partly stated on equation (3.6.27) and Corollary 3.6.3). Given a ¢ € L*(T), it is
satisfied in the nontangential sense that v* SLy, ¢ = Sx¢, o-a.e. and, for every a >0, there exists a constant
Cq such that |ME(SLy @) |, < Cal@|2. Also, the left equation of (3.7) is satisfied and we have the mapping
property,

(A.3) Si,: L*(T) — HY(I).

Proof. Note that for any z € I" and ¢ € L2(T"), using the k = 0 result,

| [ G- ooty

< [1Gk( -9 loW)] do(y) = [ Go(e =) 16(w)] da(y) = Solel(x),

and thus, we have that in general, for o-a.e. = € T', the integral in the left equation of (3.7) defines a bounded
linear operator from L?(T") to itself. Let’s call this operator S. Now, notice the following facts; Lip(I")
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is dense in L*(T'); both Lip(T') and L?(T) are dense in H:l/z(l"); S, and Sy, coincide in Lip(T); and the
image of Lip(T') over Sy belongs to L*(I"). Then, S and Sy must also coincide in L?(I'). Thus, as a small
abuse of notation we will refer to Sy as simply Si. Next, if |¢[2 = 1, and we take C' from Lemma A.2

£ Lipp (D)
i#les1 r

V1 Sk - VaSodly = sup / ( [ (G=Go)a =) o) da<y>)vT-f<x) do ()

= sup f(f(VGk—vGo)(x—y)-f(x) dU(ﬂf))¢(y) do(y)
feLipT(l")
N

[ flloo'< 1 r
: f ( / |(vak—vc:o><x—y>|da<x>)|¢<y>|da<y>
- r

<V3Ca(D)|¢h < V3Ca(T)([g]3 + o(I) = V3Ca(T)(1 +a(I)),
Then, as S : L*(I") — H'(T") is bounded and [ S,¢] m1(ry < [ Sk® - So¢| zr1.(ry + | S0 ||z (1), We obtain that
S}, is also a bounded linear operator from L?(T') to H*(T).
Take >0, x €I and y € €% (z). Then for any z €T

|z~ y]

(A4) ly — 2| > dist(y,T") > o1 5 ly—z|(a+2) 2|z —y|+|y -2 2|z - 2|
Thus,
310l = | [ G- 00| < [ L4 () - (0 s Do)

Hence, we can use Dominated convergence and the result for k = 0, to obtain for o-a.e. = €T, that it is
satisfied in the nontangential sense v* SLy ¢ = Sp¢. Also, taking C, to be the operator norm of Sy times
a + 2 we obtain that |0 (SLy @), < Co| |- O

PROPOSITION A.4 (Proposition 3.3.2). Take a ¢ € L*(T'). For f = ¢, the principal value of equa-
tion (3.7) exists for o-a.e. x €' and it can be used to extend the operator Ky to

K : L*(I') — L*(1)

which is bounded. Furthermore, the right equation of (3.8) is satisfied in the nontangential limit sense and
for every a.> 0, we have that |5 (DL )|, < Co|@ll2 for some Co >0 depending only on T, k and «.

Proof. By [18, Proposition 3.3.2] the result is valid for k = 0. Take any ¢ € L*(T") and z € I such that
Kop(x) is well-defined, which is o-a.e. Define for any € >0

Kpo(z) = f OuyGr(z~-y) ¢(y) do(y) = - f (VGr) (@ -y) -v(y) ¢(y) do(y).

yel yel
|z -yl>e |z -y|>e

Then, K§ defines a bounded linear operator from L?(I") to itself and, whenever Ko¢(x) is well defined,
K§p(x) - Kogp(z) as € > 0. Thus, for any sequence (g,,), such that £, - 0 as n - oo, the sequence
(K" ¢(x))n is Cauchy, whenever Ko¢(x) is well-defined. Hence, showing that the principal value of equa-
tion (3.7) exists for x is equivalent to showing that the sequence (K;"¢(x))y is Cauchy as well. Take m >n
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and see that,
K5 o) - Ko (@)] < K 6(@) - Ki (o) - Kg»o(a) + K 6(@)| + [K5"o(a) - K5 o(a)
< [ VG- VG (@ -y)l 16(y)] do(y) + K5 () - K5 ()]

en >z -yl>em

< [ VBCIoW doty) + [KG 6(x) - K5 (o)
yel
en >lz—yl>em

where the constant C, taken from Lemma A.2; depends only on k£ and the size of the bounded set T
Thus, the integrability of ¢ and the fact that (Kj"¢(x))se; is Cauchy imply that (K" ¢(x))p, is Cauchy
as well. Since the result is valid for k = 0, the value Ko¢(x) is well defined for o-a.e. x € I'. Then,
Kip(x) =lim.0 K{¢(x) is also well defined for o-a.e. z €T, and it defines a measurable function since it
is the point-wise limit of L? functions.

Note that Kj defines a linear operator on L?(T). Take now any ¢ € L?(T") with |¢|2 = 1. Then using,
Fatou’s lemma we get

2

[K 4o~ Koo, < limint [ (VG - VGo)(x — 1) - v(y) d(y) do(y) | do(z)
xel’ \mg;r;!—:
2
< liminf [ (VGx - VGo)(z -y)| [é(y)] do(y) | do(x)
zel lmgz‘is

<3C%(D)[¢]F < 3C%a(T)([g]3 + o (I))? = 3C%a (1) (1 + o (I))>,

with the same constant C' as before. Then, as Kj is bounded and |K |2 < |[Krd — Kooz + | Kod|2, we
obtain that K}, is bounded having L?(T') as its image. Now, using an argument analogous to the one in
Lemma A.3 for Sy, we can show that K coincides with K}, in L? (T") and thus, as a small abuse of notation
we will refer to K, as just K.

Fix a ¢ € L*(T') such that |¢|2 = 1. By [18, equation (3.3.6)], for any a > 0 there exists a constant C,
such that

|9, (DLo )| < Ca
On the other hand,
IG(DL ) () - NG (DLo ¢)(2)| < NG(DLi ¢ — DLo ¢)()

- s ]F (VG - VGo) (2 - y) - v(y) é(y) do(y)
< sup I(VGr —VGo)(z-y)l lo(y)| do(y)
ze€t (z) JT

<V3C|o)h < V3C(1 +o(T)).
Then,
MG (DL )5 < [NG(DLy ¢) - NG (DLo )|, + [NG(DLo 9) |
<\/30(D)C(1+0(T)) + Cy =: C.
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Therefore, for a general ¢ € L?(I") we get
(A.5) |9(DLy, )5 < Cal @2

With a slightly modified argument to the one of the proof of [18, Proposition 3.3.2], it follows that for
all f € Lip(T'), the nontangential limit v* DLy, f exists and satisfies the right equation of (3.8).

We will prove that the nontangential limits v* DL ¢(x) exists for o-a.e. 2 € I for real valued functions
¢ but the result for the complex valued ones follows immediately by linearity. Take now any real-valued
¢ € L?(T") and, using the the density of Lip(I') in L?(T"), we can take a sequence (fy), c Lip(I') of real
value functions that converge to ¢ in L?(T'). Then define, for any real-valued measurable function 1 on Q.
and for any z € I" such that z € €% («) (which by [18, Proposition 3.3.1], happens for c-a.e. z €T),

(A.6) Vo it () = liirligf Y(x)  and A ,p¥(x) = limsup (z),
y—>x
yéﬁ‘ﬁ(m) ys¢§(x)

and denote the resulting function on I' by v} ; (% and v ,,%, respectively. Then, using Equation (A.5)

|Va,int DL @ =7* DLy, full2 = 72 inf DLk & = Va sup DLk foll2 < 175 ine DL (¢ = fo)l2
< H‘ﬁi DLk(¢ - fn)| 2 < Coz“(¢ - fn)”2

and

H’}/z,sup DLkd)_’Yi DLy fn||2 = HVi,sup DLk(b_in,sup DLy, f7lH2 < ‘|7§,sup DLk(qs_ fn)H2
< Hmcix DLk(¢_ fn)“z < éa”(gb_ fn)HQ

This implies, by the convergence of (fn)n to ¢ in L*(T'), that for any a > 0 it is satisfied that 4% ; rp(2) =
Yasup¥(x) for o-a.e. x e I'. Hence, for any a > 0 the limit 73 DL¢(z) exists for o-a.e. x € I'. Next, note
that for any z € I' and a > 8> 0, if 75 DL ¢(z) exists then 75 DL ¢(x) also exists and is equal to v; DLé(x).
Thus, by taking a sequence of ., - oo, we obtain that for g-a.e. x € ', the nontangential limit v* DL ¢(z)
exists.

Finally, by Remark 2.1, the nontangential limit v* DL ¢(x) is equal to the classical trace and therefore,
by the density of Lip(I") in L?(T'), the continuity of operator Kj, : L*(T') — L*(T) and K}, : HY*(I') —
H'Y2(T), we obtain that v* DL ¢(z) satisfies the right equation of (3.8) in the nontangential sense. ad

PROPOSITION A.5 (Proposition 3.6.2). For each ¢ € H'(T'), the nontangential limit v*9; DLy ¢ exists
o-a.e. on T, for each j =1,2,3. Also, C, >0 can be taken such that,

(A7) [9%.(V DLy @)1, < Call ol a1 ry-
Finally, the restriction of Kj, to H*(T') is bounded as an operator on H*(T') and we get the mapping property,
Ky : H(I') — HY(T).

Proof. Adapting the proof of [18, Proposition 3.6.2], take any = € 0, and j = 1,2,3. Then,

9j DLy p(z) = - l_il[@j@sz](w -y)vi(y)e(y)do(y)

=fw(y)(szk(w—y)Vj(yHZ[azale](iv—y)Vj(y)—[3j31Gk]($—y)Vl(y))dU(y)
1%
T

(A8) = K2 SLu(pvy) + Y [ 0n,0() A (@~ y) do(y),

l#j
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where the second inequality uses the fact that AG + k*G =0 on R?® \ {0} and the third uses Lemma A.1.
The first term in (A.8) is only weakly singular and can be handled as in Lemma A.3. As for the second
term, recalling that the result is known for the case k = 0 [31, Lemma 5.7], we are left to prove: (i) the
existence of the nontangential limit a.e. on I' and (ii) the domination of the L?-norm of the nontangential
maximal function by C|¢| g1 (ry, this time for the quantity

5 fF B, o) (01Gk(z =) - AGo(z - y) ) do (y).

l#j

Now, both (i) and (ii) follow by dominated convergence from the second inequality in Lemma A.2. O

PROPOSITION A.6 (Proposition 3.6.4). The operator Sy : H-Y?(I') — HY?(T") can be extended to the
bounded linear operator

Sp: H () — L*(T),

which is the dual of (Sk) g1 (ry. Also, it is satisfied in the nontangential sense that
v* SLi ) = Sgtp,  o-a.e. for every e H(T)
and, for every a >0, there exists a constant C,, such that,

|97 (SLk )15 < Calllz-1.ry.

Proof. Note that by Lemma A.3 and Equation (3.7), for every ¢ € L?(T"), we get (Sk)rlil(r)(¢) = Sk(o).
Then, using again density of H*(T') in H'(T') for ¢ < s, and Lemma A.3, we obtain that (Sk)rHl(r) is

indeed an extension of Sy : H~Y/2(T") — H'Y?(T"). The rest of the proof follows from similar arguments to
Proposition A.4. O

PROPOSITION A.7 (Proposition 6.3.1). For any ¢ € L*(T") we get

0% SLy, ¢ = (?%1d+K,’;)¢
= V-"}/i(v SLy, (725)

Proof. The first equality is just the classical result [24, Equation (7.5)]. For the second equality, it
can be shown, similarly as in the previous lemmas, that v* o 9; SLy, —v* 0 9; SLy defines a bounded linear
operator from L?(9) to itself, so that, by [18, Proposition 6.3.1], v* 0 9; SLy, is as well bounded Finally, we
can show the result for Lipschitz functions, dividing the integral as in the proof of [18, Proposition 3.3.2]
and also integrating against a test function; and finish the proof by a density argument. 0

A.2. Auxiliary regularity results. In this section, we state an prove a couple of lemmas which are
folklore but not easy to find in the literature.

LEMMA A.8. For €, c R® a bounded Lipschitz domain, the map So : L*(T') — H*(T') is an isomorphism.
Moreover, for each f € L*(T) , the harmonic function SLof has gradient with nontangential mazimal
function NE(|VSLof|) € L*(T). In addition, SLof lies in H*?(1).

Proof. We adopt the notation of Lemma A.12: T'q,...,I'; are the components of I" ordered so that the
connected components Oy, ...,0; of R¥\ Q satisfy Oy = Ext(T';) and O; = Int(T';) for j # 1. When [ = 1, the
lemma follows from [31, Theorem 3.3 & Corollary 3.5], except for the last statement. The latter is made
in [21, Remark (b)], but that part of the argument based on interpolation which is given there is wrong,.
Instead, one can observe like these authors that = ~ [9;0;S Lo f(z)|dist(x,T)Y? € L?(Q) for 1 < i,j < n
(this follows from [12, Theorem 1] using Fubini’s theorem), and appeal to [20, Theorem 4.1] to obtain that
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SLof € H32(Q). In the general case, let us write So(f;) (resp. SLo(f;)) for the single layer potential of
f; € L*(T';) on T (resp. on R®*\T), and consider the map F : II;L*(T';) » II; H'(T;) given by

1
F(fi, f1) = (SO(fj) + VFjSLo(fk))) :
j=1

k#j

Clearly, by the case | = 1, this map is of the form J + K where J(f1,, f1) = (So(fj))§=1 is invertible
and K is a compact operator. Moreover F' is injective, for if F'(f1,-, fi) = 0 then the harmonic function
¥; SLo(f;) is identically zero in €2, as it has vanishing nontangential limit a.e on I and L?(T")-nontangential
maximal function by the case [ = 1 and the smoothness of SLgf; across I'y for k # j, so that we can apply
[11, Theorems 1 & 3] (note that ¥ ; SLo(f;) is zero at infinity by construction); taking the Laplacian, we
conclude that all f; are zero, thereby proving the announced injectivity. Thus, by a well-known theorem of
F. Riesz, I is an isomorphism, and since Spf = ¥; So(f;) when we put f; = fir, the fact that 0N,|V.SLo(f)]

lies in L?(T) and that SLof € H*?(Q) now follows immediately from the case [ = 1. d

LEMMA A.9. Let Q, c R? be a bounded Lipschitz domain, (¢,1)) € L>(T) x HY(T) and u = F(¢, ). If
y*ue HY(T) then uwe H¥?(Q), and if y"u e H'(I') then u e Hg’p(Q,).

Proof. We only prove the statement for y7u, as the case of y*u is analogous but simpler. Let B c R3
be an open ball centered at 0 containing €2, and let u’ = Up o, which is square integrable by remark 3.2.

By [20, Theorem B], there is a w € H*?(B \ Q) such that Aw = —k?u’ and Y. W = 0. Note that
Tt € H'(O(B \ Q,)), since y"u € H*(I') by assumption and u is analytic on Q_. So, by Lemma

A.8, there is a harmonic function v € H3?(B \ Q) whose gradient has Na|VSLo(f)| € L*(T), and whose
nontangential limit a.e. on I' is 5 gru’. Hence, as v +w € H32(B \ ), it is enough to show that

h:=u' —v-w is the zero fonction. For this we shall prove that it lies in H1(B \ Q) and has zero trace;
since it is harmonic by construction, this will achieve the proof. Now, h e H*(B €, ) if and only if u’ does,
and remark 3.2 together with the third inequality in Lemma A.2 entail in view of Lemma A.8 that v’ is the
sum of a harmonic function of the form SLqf with f € L*(T') (that lies in H'(B\ Q,) plus a function with
nontangentially bounded derivative (because x — 1/|x| is locally integrable in dimension 2). Altogether,
u' e HY(B\Q,), and h e HY(B\ Q,) as well. Finally, the trace of w is zero and the nontangential limit of
v, which is also its trace, is VB\mu'. Hence h has zero trace, as wanted. 0

LEMMA A.10. LetT c R? be the boundary of a bounded Lipschitz domain and let {T'j }jes be its connected
components. If 1 € H-Y(T') is such that for every j € J, (1, Ir,) = 0, then there exists a @y € HY(T) such
that ATng = ’(/J

Proof. Let Z denote the space {p € HY(T') : for every j € J, (¢, Ir,) = 0} together with the inner product
(@, @)z = {(Vre, VTd)r2(rys. By the Poincaré inequality (obtained from its Euclidean version applied
in a minimal system of finitely many charts (V;,®;) with Lipschitz smooth image that cover I' to bound
ng—fvj\(ukﬁ vy lLzqvy) by K| Ve[ L2(v;) for each j), one checks that Z is a Hilbert space. Pick ¢ ¢ HY(T)
such that, for every j € J, (¢, 1r,) = 0. Using the Poincaré inequality again, the function ¢ ~ —(¢, ) belongs
to the dual of Z. Thus there exists a ¢, € Z such that, for every ¢ € Z, (¢, p) = —(@y, v} z. Take now any
¢ € H(T) and let, for any j € J, aj = o(T;) "' (¢, 1r,). Then,

(¢,w)=<¢, Sﬁ_zajlfj"'z:o‘jlfj):(d)? @_ZO‘J'lFJ):_«%? W_Zajlrj»
A

jeJ jeJ jeJ jeJ

jeJ

=- (VTS% , VT (90 - ajlrj)> = ~(Vry, VTe)r2rys = (Arey, ©),
L2(1)?

and hence Aty = 1. |
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A.3. Basic topological facts. Using the fact that all surfaces embedded in R?® are triangulable [22,
Theorem 5.12], the following lemma can be found in [25, Corollary 74.2]. This is generally true for any
connected compact hypersurface on R™ and follows as a consequence of Alezander duality [17, Corollary
3.45], but the proof is more involved.

LEMMA A.11. Take a connected surface I' ¢ R® which is compact as a topological space.

Then the set R3\T has two connected components; one bounded, which we will denote by Int(T), and
another unbounded, which we will denote by Ext(T').

Furthermore, 0(Int(T")) =T = 9(Ext(T")).

We say that a set I' ¢ R is locally a Lipschitz graph if for every x € I' there exists an open ball B c R3,
a h >0, aplane H c R? passing through s and with a normal unit vector v, and a real-valued Lipschitz
continuous function g on H such that the set defined as

C:={x+tv : eBnH, -h<t<h},

satisfies:
CnT={z+tv : xeBnH, t=g(x)}.

LEMMA A.12. Let Q c R3 be a bounded Lipschitz domain. Then, T has finitely many connected compo-
nents, say I'1,...,T';, each of which is locally a Lipschitz graph in R3 .

Moreover, the connected components of R® \ Q consist of | Lipschitz domains O1,...,0;, and with a
suitable ordering O1 = Ext(I'y) while O; = Int(T';) for j # 1.

Proof. The connected components  c R? are finite in number; otherwise indeed, there would exist
a sequence (£2x)x of such components, with Q; nQ; = @ for k # j. Then, we could construct a sequence
(g)k € Qk such that xp remains at bounded distance from I'y c I', hence z; would be bounded and
extracting a subsequence if necessary we might assume that xz;, converges in R? to some y. However, this
is impossible for y cannot lie in 2 since the connected components of the latter are open, nor can it lie in
R?\ Q, and it cannot belong to I' either because, as I' is a compact Lipschitz manifold which is locally
a Lipschitz graph, each x € I' has a neighborhood whose intersections with both €2 and I' are connected.
Consequently, by compactness, I' has finitely many connected components, say I'q,...,I';, and each I'; is
locally a Lipschitz graph in R3.

As Q is connected by assumption, for each j € {1, ...,1} one of the following is true; either € c Int(T';), so
that Q c Int(T;) and then, using Lemma A.11, Ext(T;) ¢ R*\Q; or else ¢ Ext(T;) and then, analogously,
Int(T;) ¢ R® \ Q. Since there is exactly one unbounded connected component of R \ Q, say Oq, it must
contain Ext(I';) for all j such that Q c Int(T';); let us enumerate these j as ji, ..., jm. For 1 <i,k <m, it
holds that Int(T';,)n Int(T';, ) # & because 2 lies in this intersection, and since the I'; are disjoint one of
these interiors is included in the other, say Int(I';,) c Int(T';, ). But if j; # ji, then I';, ¢ Ext(T';,) and the
latter is contained in Oy, a contradiction. Consequently, m =1 and €2 lies interior to exactly one of the I';,
say I'1. Necessarily then, O; = Ext(T';) because O; cannot strictly contain Ext(T';) without containing a
point of 'y, which is impossible. Likewise, Q2 ¢ Ext(I';) for j # 1 and then Int(T';) is a connected component
of R\ Q. Next, the closure of every bounded connected component of R? \ Q must meet some I';, and
necessarily j # 1 for each point of I'; has a neighborhood included in O, U, by the local Lipschitz graph
property. Hence, this connected component meets Int(I';) for some j # 1, therefore it must coincide with
Int(T';). Finally, due to Lemma A.11 and the definition of locally Lipschitz graphs, for each j € {1,...,1}
both Int(T';) and Ext(T';) are Lipschitz domains. |
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