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STABILITY OF TRAVELING WAVE SOLUTIONS IN A CREDIT RATING
MIGRATION FREE BOUNDARY PROBLEM

CLAUDE-MICHEL BRAUNER, YUCHAO DONG, JIN LIANG, AND LUCA LORENZI

ABSTRACT. In this paper, we study the stability of traveling wave solutions arising from a
credit rating migration problem with a free boundary, After some transformations, we turn
the Free Boundary Problem into a fully nonlinear parabolic problem on a fixed domain and
establish a rigorous stability analysis of the equilibrium in an exponentially weighted function
space. It implies the convergence of the discounted value of bonds that stands as an attenuated
traveling wave solution.

1. INTRODUCTION

1.1. Financial motivation. The evolution and globalization of the financial market have am-
plified the significance of credit risks, often elevating them to pivotal roles within the market
dynamics. This influence became unmistakably evident during the 2008 financial crisis and the
more recent wave of defaults among small banks in the United States. These instances serve as
poignant illustrations of the profound impact that credit risks can exert on the financial land-
scape. Consequently, the imperative of effectively managing credit risk has surged in importance
over time, underlining the critical need for robust risk mitigation strategies and practices.

Credit risks encompass two primary facets: default risk and credit rating migration risk. De-
fault risk signifies the likelihood that a company will fail to meet its debt obligations, while
credit rating migration risk pertains to alterations in a company’s credit rating triggered by
shifts in its financial condition, typically impacting the company’s equities and the potential
risks associated with related financial contracts. The quantification of credit risk through math-
ematical methodologies falls within two distinct frameworks: structural models and intensity
models. The intensity model posits that credit risk emanates from external factors, often mod-
eled using Markov chains, as referenced in [16]. In this context, the occurrences of default and/or
credit rating migrations hinge on an external transition intensity, as elucidated by Jarrow and
Longstaff in [10,11]. However, in practical markets, it is evident that a company’s prevailing
financial condition significantly influences the probabilities of default and credit rating migra-
tions. To incorporate this endogenous factor, structural models emerge as pivotal tools for credit
risk modeling, with historical roots tracing back to Merton’s seminal work in 1974, as outlined
in [17]. Within such models, credit rating migrations and defaults are linked to the firm’s asset
value and its outstanding obligations.

In 2015, Liang and Zeng [13] first study the pricing problem of the corporate bond with credit
rating migration risk, where a predetermined migration threshold is given to divide asset value
into high and low rating regions, in which the asset value follows different stochastic processes.
Hu, Liang, and Wu [9] further develop this model, where the migration boundary is a free
boundary governed by a ratio of the firm’s asset value and debt. Furthermore, one contribution
of their work is to show that this problem admits an asymptotic traveling wave. Dong, Liang
and Brauner [8] further extend this framework to include default in the model. They also find
the asymptotic traveling wave. For some other works relative to this model, the readers can see
the survey paper [7]
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In previous research, the asymptotic behavior takes an important position and it also brings
up stability problem. Besides its own mathematical interest, the study of stability is also of
financial importance. As the traveling wave has a closed form, stability means the approximation
of the original solution by the traveling wave. In [9], the asymptotic traveling wave equation
offers insights into pricing a specific debt instrument subject to credit rating risk. This pricing
methodology hinges on evaluating the discounted value of a company’s assets. Given that [9]
focuses on a particular type of debt, a natural question is whether this pricing rule is suitable
for other kinds of long-term debts and robust when confronted with slight variations in model
coeflicients. From a mathematical point of view, this question is closely related to the stability of
the traveling wave solutions. If stability can be established, it signifies the existence of a robust
and general pricing framework with credit risk, thereby expanding its utility beyond the specific
debt instrument initially considered in the study.

1.2. The model. Throughout the paper we will adopt the following notations as far as financial
parameters are concerned:

6 > 0 is the risk discount rate;

0 < 7 < 1 is the threshold proportion of the debt and value of the firm’s rating;

r > 0 is the risk free interest rate;

og > 0 and op > 0 represent the volatilities of the firm under the high and low credit
grades, respectively.

They verify the condition (see [12, (4.12)]),

1 1
Loy <o <ot (1)

which hereafter defines the domain (A) of financially admissible parameters.
Our starting point is the Free Boundary Problem for the discounted value of the bond in
finance ¢ (see [12, Section 3])

d¢ 1 ,0% 1 5\ 09
— - -0 — —(r—= - = 1.2
at (t7x) 20- axQ (t7x) T 20. ax (t?x) + T(b(t?x) 07 ( )
where x € R is the spatial coordinate and ¢ denotes the time. In the equation (1.2),
o=0(¢,x) =0op+ (op —on)H(p—ye" "),

where H is the Heaviside function.
The free boundary (or free interface) s(t) and the interface conditions are

. _ |99, _
CCRIFY [856 (& )L:s(t) > (1.3)
o(t,s(t)) = ye* 70,

where [f],_, = f(&) — £(&).
In order to establish convergence, as ¢ tends to 4+00, of ¢(¢,x) to a traveling wave solution, it
is convenient to make the following change of dependent variable (see [12, Section 3])

u(t,z) = e o(t, x). (1.4)
From (1.2) and (1.3) it follows that u satisfies the differential equation
ou 1 ,0% 1 ,\ Ou
(ta)— o= (t,x)— (r— =0 ) —(t,z) = 1.
8t(’x) 27 8:62(796) <T 27 8x(’x) ’ (1.5)
with interface conditions at x = s(¢):
Ou
) ey = |go0] =
=s(t) Ox z=s(t) (16)

u(t, s(t)) = e OO,
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In addition, the following boundary conditions hold at +oo:

IEIPOO u(t,z) =0, IBIEOO u(t,z) = 1. (1.7)

We look for a traveling wave solution K (x + ct) of system (1.5)—(1.7) which propagates at
velocity ¢ = r — ¢. In the moving coordinate (see [12, Section 3])

E—wtet,  nlt)=s(t)+ct,
the system for u = u(t,€) and free boundary n = n(t) reads
ou 1 ,0%u 1 5\ Ou
a(tvg) - io'Laigz(af) + (5 - ioL 875(1;76)1 £ < n(t)7 (1 8)
ou 1, 0% 1 5\ Ou '
a(t@) = 5”}18752@,5) + (5 - 20H> afg(taﬁ), £>n(t).
From (1.6) we derive the following free interface conditions at & = 7(¢):
ou
[ut, )] ey = {(u -)} =0,
= Lo e (1.9)
ult,n(t)) = ye",
together with the boundary conditions:
li t,&) =0, li t,&) =1. 1.10
dm u(t, §) Jm u(t,§) (1.10)

System (1.8)-(1.10

=

admits a unique steady solution (K, n*) which verifies the following system

(see [12, Lemma 4.7])
;aicf;é(—&— (5—20%)622(:0, £<n®,
;az‘gj+ (5—;@)652:0, -
Kl = ] _ =0 Ko =3¢
K(-) =0, K(+o0)=1,

which is defined by

and

ve exp [(1—;;)(5—77*)} £ <t
L

K(§) = (1.11)

1—(1—~e")exp Kl—:g)(é‘—n*)} £>n'

The convergence of u(t, &) to K () as ¢ tends to +00 was proved in [12] in the case of a particular
initial condition. In this paper, we prove the nonlinear stability of the traveling wave K for all
the admissible values of parameters, using the techniques of [2—4, 6] developed for applications
in physics, especially in combustion theory. As we have already said, here stability indicates a
robust general rule of pricing under credit risk and our mathematical results confirm the validity
of the model of [12]. In other scientific fields, domains of instability are more likely to be identified
(see, e.g., [5]).

The paper is organized as follows: in Section 2, we fix the free interface n(t) to n*. The new
spatial variable is denoted by y = £ — n(t) + n*. Then, we consider the perturbations

o(t,y) = ult,y) — K(y), f@)=n(t) —n"
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According to the method of [3], we introduce the ansatz:

vmw:fm%%w+www

where w is the new unknown. After eliminating f and its derivative, we show that w verifies the

problem

dw
W 1) = Lult) + Flu(t)),

Biw(t) = G(w(t)).
The system for w does not contain the free interface which has been eliminated. It is a fully
nonlinear parabolic problem (see [15]) because the nonlinear term contains traces of second-order
derivatives with respect to the spatial variable y and, therefore, is of the same order as the linear
operator.

The analysis of the stability of the traveling wave solution K is now equivalent to the stability
of the trivial solution w = 0 of problem (1.12).

In Section 3, we prove that the realization L of the operator £ in a suitable weighted space 2
of continuous functions generates an analytic semigroup. As it is well known, the introduction
of exponentially weighted spaces for proving stability of traveling waves has been widely used
since the pioneering work of Sattinger (see [18]). The spectrum o (L) consists of the union of
a halfline, strictly included in (—o00,0), and the solutions of the dispersion relation D) = 0.
Section 4 is devoted to a thorough analysis of the dispersion relation. It turns out that, in the
domain of financially admissible parameters, the dispersion relation has no solutions. Therefore,
we establish the nonlinear stability of w = 0 in Section 5. The main result is Theorem 5.3.

In the last Section 6, we return to the problem for the discounted value of the bond ¢ =
e~ "tu. We observe that, when t — +oc0, ¢(t, z) is asymptotically equivalent to the discounted or
attenuated traveling wave ®(t,z) = e "' K (z+ct). It is worth noting that attenuation of traveling
waves is a common phenomenon in physics due to loss of energy; for example, propagating seismic-
waves attenuate with time because Earth is not perfectly elastic (see [1]).

(1.12)

Notation. Throughout the paper, the derivatives of functions which depend on a single variable
will be denoted using a prime. For example, K" will denote the second-order derivative of the
function K. Sometimes, we will find it convenient to write D, and D,, instead of a% and 6‘9—;,
respectively. Moreover, for every interval I C R and every k € NU {0}, we denote by CF(I;C)
the set of all functions u : I — C which are continuously differentiable up to the order k in I
and are bounded together with all their derivatives. This space is endowed with its natural norm
lullor ey = Z?:o lu) || oo where u(®) = u, and || - || denotes the sup-norm over I.

2. THE LINEARIZED MODEL

2.1. The system with fixed interface. We set t' = ¢, y = & —n(t) +n*, i.e. y =z —s(t) +n*.
When & = n(t), y = n*, that is, the free interface is now at y = n*.
In the coordinates (¢',y), omitting the prime for simplicity, system (1.8)-(1.10) reads for y # n*:

ou ou 1 ,0% 1 5\ Ou

B B R * 2.1
ot oy 20L3y2+<5 571 ) gy VST (2.1)
ou . Ou 1 , 0% 1 ou .
at—nay:20?18y2+<5—2012q> oy’ y>n, (2:2)

d
where 7) = dit? At the fixed interface y = n*, the following interface conditions are satisfied:

h@ﬂ%m=ﬁgmﬂ%w=a

u(t,n*) = ye".
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Next, we define the perturbations

and write the system verified by the pair (v, f). From (2.1) and (2.2), we get the partial differential
equations:
v 1 ,0% 1 o2 v 81} dK .
at—QULag‘*‘(é 27 87y+ e dT/ y<mn, (2.4)
81} 1 2 82 1 5\ Ov 81} dK
= R [ & * 2.
The following interface conditions are satisﬁed at y = n*:
v
ot = [ 5o -)} ~o,
[ ]yfﬂ Oy — (2.6)

v(t,n*) = ~ve (ef® —1).

It is readily seen that the term with f’ contributes additional difficulties that we will overcome
in the next subsections.

2.2. Ansatz. According to the method of [3], we introduce the following ansatz:

v(t,y) = FOK (y) + w(t,y), (2.7)

where w is the new unknown. We are going to derive a system verified by w.
Plugging (2.7) into (2.4)-(2.5), the system for (f,w) reads:

awil 232 1 5\ 0w , o Ow .
8w71 262 1 2 ow ow N

The interface conditions at y = n* demand more attention, see [2,6].
(i) Asv(t,y) = f(t)K'(y) + w(t,y), it follows that

[U(tv ')]y:n* = f(t)[K/}y=77* + [w(tr )]
Hence, [w(t,-)]y=n- = 0.

(i) Since v(t,n’) = FOK' (") + w(t,n®) = 7¢7 (/D — 1) and K'(") = ye" (1 5 > it
L
comes:

y=n*"

wlt, ) = e (70 — 1) = f(Eyyen” (1 - 2‘5) (2.10)

oL

(iii) Differentiating formula (2.7) for y # n* and, then, taking the limit as y tends to n* from
the left and from the right, it follows that

ow
ECIEE I
y=n*
Now, twice differentiating formula (1.11) and, then, taking the left- and right-limit at y = n*

gives so that
. 20\ 26
(K Jy=n= = (ye" —1) <1 - U) — e’ <1 - 02) : (2.11)
" L

. 26 . 25
(ve" — 1)<1 - ) = e’ (1 - )
o o}

Since
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from formula (2.11) we deduce that
. 26\ 26
€ = (1 3 ) g =)
Hence,
ow
|:a(ta )}
Y

Remark 2.1. In contrast to v and v, w is not continuously differentiable at y = n* (see [3]).

— IO o = 00 (123 ) ot ot (@22
L HYL

*

y=n

The next point is to establish a relation between f(t) and w(t,n*). According to formula
(2.10), let us define the function ® : R — R, by setting

. 20
O (z) = ve" (ex—l—x—i——zx), z € R.
oL

.26
Clearly, ® vanishes at the origin and ®'(0) = ~e" It is easy to show that the function @

g.
is increasing in [zg, +00) and ®(zg) < 0, where zg = log< - 3—;;) < 0 (note that 1 — 3—§ >0
L L

due to condition (1.1)). Therefore, the restriction of the function ® to the interval (zq, +00) is
invertible. Let us denote its inverse by ¥, which is an increasing function defined on (®(z), +00)
and vanishes at the origin.

We may rewrite equation (2.10) in the more compact form w(t,n*) = ®(f(t)). Therefore, is
w is small enough in some convenient norm, we can write f(¢) in terms of w, via the formula

f@) = (w(t,n")). (2.13)

Remark 2.2. Since ¥ is smooth in in (®(z), +00), using Taylor expansion centered at zero, we
can write
2
* * * _np* 0 * *

W(w(tn)) = W O)wltn) + Rw(tn) = e Shutn) + Rluwltr), — (214)
where R is the remainder.
2.3. The fully nonlinear problem. Thanks to equation (2.13) and Remark 2.2, f(¢) can be
eliminated in the relation (2.12), obtaining the equivalent condition

50| = (17 5) et b s R e (125 ) ot o

oy o5 ) 0% 05 ) 05071

The last step in the method consists in getting rid of f’ in equations (2.8)-(2.9).
From (2.13), it comes:

18) = Wttt ) S ). (2.15)

0
To compute a—?(t, n*), we take the trace of (2.8) at y = n* (or equivalently the trace of (2.9) at
n%) and get
ow

w 27.U
Cettr) =yt sttt + (5 302 ) Sttt + 10 (Wt K ) + Gt )

Let us multiply (2.16) by ¥’(w(t,n*)). Taking (2.15) into account, we deduce that

PO =5 (ol )o 5 ) + Wt ) (3 - 5ot ) G2 en)

W (it )P OBl DK 00 + o)),
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or, equivalently,

76 (1= ¥ ot (w0 + Ge)})

il ! * 2827“) * / * 7} 2 87'10 *
fQ‘P(w(t,n ))ULayg (t,nZ) + ¥ (w(t,n))| ¢ 501 ay(t’”—)'

Assuming that w is small enough (in some norm), we get to the following formula for the velocity
of the perturbation of the free interface

W (wt ) G () + W (w(t ) (5 - 3o7) Ge(ta’)
L= 0 (w(t, ) {C(wlt,n )K" () + 32(tn=)}

Remark 2.3. Formula (2.17) is an implicit second-order Stefan condition, see [4].

(@)

(2.17)

Now, we define the linear differential operator £ and the boundary operator B; by setting

O*w ow .
%O%Tyz (5_%0%)87/’ y<mn,
Lw = 5 (2.18)
102M+(5_102)8£ y >
2V H 5'y2 2°H 8y’ )
and
2 1
Biw = [8“}] — Aw(n®), where A = <1 - g) — (0} —a%) > 0. (2.19)
27— o1 ) oy
Using such operators, we can rewrite the fully nonlinear parabolic problem in the form:
dw
“(t) = Lw(t) + F(w(t)),
L0 = Lul) + Fu(®) 220
Biw(t) = G(w(t)),
where the nonlinear (quadratic) terms F and G are defined by
Flult.y) = SV (w(t,n*))o? G (tn™) + W (w(t,n")) (6 — 507) §2(t,n")
’ 1= W (w(t, ) { W (w(t,n*)) K" (n*) + 52 (t,n2) }
ow
* " ow
x (Wl )K" () + 5 (49), (2.21)

Glw(t)) = R(w(t, 1))ye" (1 - jé) Jgj%w% o),

. 25\ ?

where K" (n*) = ~e" <1 — 2) .
9L

Remark 2.4. The problem for w does not contain the free interface which has been eliminated.

It is a fully nonlinear parabolic problem (see [15]) because the nonlinear term (2.21) contains

traces of second-order derivatives with respect to the spatial variable y and, therefore, it is of the
same order as the linear operator L.

3. ANALYSIS OF THE LINEAR PROBLEM

For notational convenience, we set

26 26

cg = E, Cr, = E
For financial motivations (see [12]), the domain (A) of admissible parameters is more specifically
cp <l<ecyg <3 (31)

In this section, we will prove that the realization of the operator £ in a suitable weighted space
of continuous functions generates an analytic semigroup. We also characterize its spectrum. For
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this purpose, we introduce the weights gy : [n*,+00) — R and ¢qr, : (—o0,n*] — R, defined as
follows:

qr(y) = exp (_ %(CL - 1)y>7 y e (—00»77*]7

qH(y)=eXP<—;(cH—1)y>, y € 0", +00),

Definition 3.1. We denote by 2~ the space of all the pairs w = (w1, w2), where wy : (—oo, n*| —
C and wsy : [n*,4+00) — C are continuous functions such that

w1 (y) wa(y) ’
qr(y) qu(y)
We also introduce the subspace 25 of X of pairs w = (w1, ws) such that w; € C?((—o0,n*]; C)

and wy € C*([n*,4+0); C) and both Dyw := (Dyw1, Dyws) and Dy,w := (Dyywi, Dyyws) belong
to 2. It is normed by setting

|lw|l2 = sup < 400

y<n*

yzn*

w2, = l[lwl2 + |Dyw|l 2 + [ Dyyw] 2
Remark 3.2. From the definition, it turns out that if w belongs to 2" and ¢;, < 1 < ¢y, then
wy and wq decrease to zero, with exponential rate, at —oo and +oo, respectively.
Lemma 3.3. The space Z3 can be equivalently characterized as the set of all pairs w = (wq, ws)

such that the functions Y ang 2 belong to CE((—oo,n*];C) and CZ([n*,+0);C), respec-
qr qH
tively. Moreover, the norm of %3 is equivalent to the classical norm of CZ((—oo,n*];C) x

Ci([n*, +00); C).

Proof. A simple computation shows that

D 1
Dy(wl) = 2 G (e - 1),

qr qr 2 qr
w1 Dyywl Dywl 1 2Dyw1
D = Zw 4 (e — 1)
yy(QL) qr (er = 1) qL 4(L ) qL
in (—oo0,n*]. Hence, o belongs to CZ((—o0,n*]; C) and
qr
D 1 D
‘ wy <oy sup |Prn®) ‘ L e ) sup | 1) ‘ + sup | Pon®) ‘
qr |2 ((—oome)) y<n- | qw(y) 4 v<nr | ae(®) | y<n= | aL(y)
Similarly, 2 belongs to C%([n*,+o0); C) and
D 1 D
sz < ey sup yw2(y) ‘ 4o — 1) sup w2 (y) ’ + sup yy W2 (Y) ‘
UH Nz ([ +00)) v | qu(y) |4 v | g W) | yzne | ar(y)

Combining these last two estimates, we can infer that there exists a positive constant C,
independent of w such that

| |2 < Ol
iz ((—oom  NIHNCE([n* +o0)

Vice versa, suppose that z; € CZ((—o0,n*];C) and 22 € CZ([n*, +00); C) and set w = (wq, ws),
where w; = 21q, and wy = 22qg. Clearly, w belongs to 2" and [|w| 2 = [|21llc,((=cc.n*]:c) +
|22l ¢y ((n* +00);c)- Moreover, since

1 1
Dyw, = {Dyzl - §(cL - 1)z1} qr, Dy,w, = [Dyyzl + (1 —cr)Dyz + Z(CL — 1)221} qr

in (—oo,n*] and

1 1
Dyw,y = [DyZQ — i(CH — 1)22} qH, Dyywy = |:Dyy22 —(cg —1)Dyze + Z(CH - 1)222} qH
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in [n*,4+00), it is an easy task to check that w € 25 and

w2, < 02(||21||cg((—oo,n*];© + HZ2||C§([7;*,+<X>);<C))
for some positive constant Cs, independent of w. This completes the proof. g
3.1. The generation result. This the main result of this subsection.
Theorem 3.4. The realization L of the operator L in Z , with domain

DL)y={we 2 : LweZ, Blw)=0}={we Z>:Bw)=0}

generates an analytic semigroup. Here, Bw = (Bow, Byw), where Bow = wa(n*) — w1 (n*) and
the operator By is defined by (2.19). Moreover, its spectrum o(L) consists of the union of the
halfline (—oo, — min {%(C% —1)2 %(qu —1)2%| and the solutions of the dispersion relation
Dy =0, where

D)\:A_,ulj—i_uia

and
1 1 2\
wl=—s(es—1) £, [7s =12 +25,  Je{H, L}
2 4 o7

Proof. Let us fix f € 27, A € C and consider the resolvent equation Aw — Zw = f. We need to
distinguish some cases.

2

CH

Case 1. If X ¢ (—oo, —%(C% - 1)2} u (—oo, — (- 1)2} , then an easy computation reveals

that the more general solution w) of such an equation, which belongs to the space 2, is given
by

1 " 1 v ,
wm(y) :(Cl,/\ + 7 / 6_“isf1(s)d8) e“iy +— B (/ e_“Léfl(s)ds> eufy
My — K= Jy Hy — H= —00
(3.2)

for every y € (—oo,n*] and

1 +oo 1 v
woz(Y) =—f—5 (/ e‘“fsfg(s)ds) ety 4 <d17>\ +—F—7F / e_”Hsfg(s)ds> ety
py —p- Y Hy — pZ Sy
(3.3)

for every y € [n*, 4+00).

Let us now impose the boundary conditions at n*. The first condition is Bow; x = 0, i.e.,
wy A (7*) = wa A (n*), which means that

[ s T [ e s,

_— e P-°fi(s s+7/ e H+%fy(s)ds, (3.4
ph—pt ) ph = ’
ng Bwl
") ==~
dy dy

L
nZn
L, * H__x (&
LAt —dy zetm = —

whereas the second condition Bywy =0, i.e., *)—Awa(n*) = 0, reads as follows:

L L, _x H H_ *
p et ep x+ (A —pZ)et =" dy 5

H — A +oo " H_ L m L Lo
“+H</ e“+8f2(s)ds)e“+” - ILL_L(/ eﬂsfl(s)ds>e“’7 ' (8:5)
g L

ol =\ ph —pE\ )
The system (3.4)-(3.5) is uniquely solvable if and only if and only if Dy # 0, i.e., if and only if
o? 1 1 2A 1 2A
1—e)( 2 1)+ = Sl =12+ 22 e — 12+ 22 0,
( CL)<U%I >+2(CH+CL) +\/4(CH ) +012q \/4(CL ) +U%7é0

In this case,

A_,UI_{‘F/JE(/W* L L_ Ly« 1 oo H H_ Ly
CIN=— —F T e_“sfl(S)ds> eln=—rom™ 4 (/ e_“+5f2(s)ds> elis —Hx)n
(e — pB)DA\ J Di\ Jy-
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and
n* _ H L 400
diy = 1(/ e—ﬂLsfl(s)ds> el —pm™ AH Hy I"{"/hr (/ e—ufsz(S)ds) e(uf—u’f)n*’
Da\J-w (nf — pZ)DA\ Sy

On the other hand, if Dy = 0, then the equation Aw — Lw = 0, subject to the boundary
conditions Bw = 0, admits more than a unique solution, i.e., every solution to the dispersion

relation Dy = 0 lies in the point spectrum of the operator (L, B).
2
Suppose now that \ € (—oo, —%(C% — 1)2] We claim that A belongs to the spectrum of the
operator L. For this purpose, we observe that, if we take f = 0, then the more general solution

to the equation Aw — Lw = f, which belongs to 2", has the first component which is given by

wily) = e’V e,y € (—o0,,
whereas the second component is given by

L
2
if \¢ (—oo7 -2 (% - 1)2}, and
L L *
w2(y) = dleu_y + d26u+ya Y€ (70077’ }7

2
if A e (—oo7 -2 (% - 1)2}. Therefore, we have at least three parameters to identify and two

boundary conditions. Clearly, this is not possible. Hence, the interval (foo7 f%(c% — 1)2] is
contained in the spectrum of the operator L.

A completely similar argument shows that also the interval (foo7 f%(cﬁi — 1)2} is contained
in o(L).

Now, we observe that the function wy, defined by (3.2) and (3.3), has first- and second-order
derivatives which belong to 2". Indeed,

Oowi A I 1 n” L L ME voo_L L
—=(y) =p5 | ciaA+ ——F / e H+3 f1(s)ds |et'+Y + — / e =3 f1(s)ds |et-Y
ay * ,U'i - /LE Y :U’—Li- - ,LL£ —o0
for every y € (—oo,n*] and
8w2 A ,LLE +oo _ . H H H 1 Y _ . H H
= (y) = / e M+ fa(s)ds | e +Y + pu dl,)\+7/ e H-%fy(s)ds |e-Y
dy ph = pf\ J, pfl = )

for every y € [n*,+00). These two functions are clearly continuous in (—oo,n*] and in [n*, +00),
w1, w2\
= and —

are bounded

respectively. Moreover, it is an easy task to show that the functions

qar qH
in (—oo,n*] and in [n*, +00), respectively. Since
621111,,\ 2 1 *
ay2 = g (AU}L)\ - <6 - 201%>Dyw1,>\(y) - fl(y)>7 Yy e (_OO’ n ]a
DPwyy\ 2 1, .
o o (sz,x - (5 = 508 | Dyw2a(y) = fi(y) ), y €7, +00)

and wy, Dyw)y and f belong to 2, by difference we conclude that Dy, w € 2.

The characterization of the domain of L and of its spectrum is complete.

To conclude the proof, we need to show that L is a sectorial operator. For this purpose, we
set R(A\,L)f := w, for every A € p(L) and show that there exist two positive constants C' and
M such that

IR L) fllncary < MIATH £l 2, (3.6)

for every A € C, with ReA > M. In view of [14, Proposition 3.2.8] this will be enough to conclude
that the operator L is sectorial in 7.
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We begin by estimating the function wy 1,5 : (—oo,n*] = C, defined by

1 " 1 v
wl,l)\(y) =7 </ eHiSfl(s)dS> e#iy + 7 </ 67#£Sf1 (5)d8> e#fy
By —p= Y By — HZ —00

for every y € (—oo,n*]. Observe that

w1,1,>\(y)’ < fi(s) (/ o3 (nh—n")(y— S)d3+/y e_;(ui—uL)(y—s)ds)
qar(y) W — 1] 22 | az(s) oo
+
sup f1(s) (/ e—%Re(;ti—uf)st+/ me—%Re(“i_”L)sds)
STk = pE] e an(s) 0
2 1 sup fi(s) 2 Re(uf —u) (1" )
|k — pl| Re(uk — pk) s<n | qr(s)
4 1 fi(s)
sup
|k — | Re( 1) s<n lac(s)
for every y € (—oo,n*]. Since
8\
ph—pl = [(ecc =12+ =
oL

it follows easily that

ik = pE | =Vl

8
>-\/|A 47? — |A| >-447\/|A

provided that |A] > of(eL=1)*
> L)

Moreover, recalling that by /- we mean the main determination of the square root in C and

Reyz = f\/ |z| + Re(z) for every z € C, we can also estimate
A 8R
Re(ui \/ + (CL - 1) e f\/

8
72
oL
if the real part of A is nonnegative. Summing up, if Re(\) > %, then
w1 (Y )‘ V20 L fi(s)
S sup .
q.(y) qr(s)

In a completely similar way, we can estimate the function ws 1, : [n*,+00) = C, defined by

1 400 1 Y
woiaY) = —F—5 (/ e‘“fsfg(s)d5> ety T (/ e_“Hsfg(s)ds) ehZy
M-}- — M= Yy /J/+ — M= n*

for every y € [n*, +00). It turns out that

w217 (y )’ < V2o

qu(y)

8\
CL—l 72

CL — 1 N (37)

y<n* ‘)‘| s<n

f2(s)
ar(s)|

sup
y<n*

‘)‘| 8277
We now turn our attention to the function y — w22 (y) = c17>\e“JLry and note that

w12.2(y)
qr(y)
Hence, we need to estimate the constant ¢y . For this purpose, we observe that
\A — 4t

no
ol <t | [ no
— —o0

—+oo
/ e‘”fsfg(s)ds
-

< ey alerRebE=r20m- Y e (o0, "] (3.8)

eRe(ul —pl)n*

1

eRe(ud —ul)n*
Dl

+
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H L
<0L|A—u_ + p=| f1(s)

n" 1 L L L Ly, *
IRe(pt —pt)s Re(pZ —p)n
< sup </ ez et ds>e +
2\/|T||'D>\| s<n QL(S) —00

+oo
i 1 sup fQ() (/ 6éRe(MfHH)SdS)eRe(Mfﬂi)n*
D] s>n qm(s) n*
f1(8)

oA —pf 4 pt| 1
< I3 i3 sup
VNP Re(uk — ) 3 lan(9) |
L fa(s)
+ sup
|D>\‘ R'e(:u’f - NI_—I) s>n QH(S)

Re(pf—pf)n”

e s Re(ul! +p =2 )n” (3.9)

Note that
Dy :A—uil—l—ui
26\ 1 1 1 2\ 1 2\
Z(l—2)2(U%—O%{)+2(CH—CL)+\/4(CH—1)2+2+\/4(CL—1)2+2

0L/ %H OH oL

cH 1 1 2\ 1 2
Y e . Slem—12+ 2 4 e —1)2+ 2
( cL)<CL ) 2(cH CL)+\/4(CH ) +U%{+\/4(CL ) +U%

cg 1 1 2A 1 2A
CL+2(CLCH)1+\/4(CH1) ++\/4(CL1)2 72,

OH

so that
1 2 1 2
> _ —1)2 i _ —1)2 R
|D>\|\/|>‘|’\/4/\(CH 1) +0%{+\/4/\(CL 1) +0’%
>Civ/I (3.10)

for a positive constant C and every A € C with sufficiently large real part. In a completely
similar way, we can check that there exists a positive constant Cy such that

A= p + ul] = Co/A (3.11)

for every A € C with sufficiently large real part.
From (3.9)-(3.11) we deduce that

Csf |Als)| - fils)
leral < 5] (Z‘éi’ (s | 0(3)

for every A € C, with sufficiently large real part, and some positive constant Cs, independent of
A, and then that

1 L, Ly, *
sRe(uy—pZ)n + sup
s<n

e Re(uf +p —2p1 )0 )

‘uﬂ,z,x(y)‘ <C?’<sup f1(s) ( ) 1Re(ufj+uH—ui_M£)n*)
ar(y) |~ \sznlar(s)| <y lanls)
:C3<sup f1(s) +su fils) (CH_CL)"*> (3.12)
A\ s<nlae(s)|  s<nlac(s)
for every y € (—oo,n*] and the same values of A as above. From (3.7) and (3.12) it follows that
w5 (y) ‘
sup = £l (3.13)
v<n® | aL(y) ‘)‘|

for every A € C with ReA > M;. Here, C4 and M; are positive constants, independent of .
H
To complete the estimate of the function ws », we need to consider the term d; ye#-Y. For

this purpose, we observe that
-
fi(s) </ e;Re(ui—uL)st) eRe(ul —pl)n*
— 00

qr(s)

ldia| <

|DA| s<n*
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|A — pf 4+ pk| f2(s) (/+OO e—;Re(uf—HH)st) eRe(ul —un*
(Wl = DAl s+ | qu (s) [\ -
< 2 Ll 7~ sup f1(9) e~ 3Ry —pE)m’
DAl Re(ul — nk) s<n+|ar(s)
|A — /J,I_—I + Mi' 2 sup fQ(S) B%Re(muff,uf)ﬂ*
(plf — p) DA Re(ul! — p) s>+ | qn (s .
It follows that
_1 H_ H 2 1 J108) | 1Re(ubap® —p —pHyn*
e Rt - < sup | Yoottt sttty
1.5 DAl Re(uk — i) o |z (s
At 1k oy | 20
(nd = p)IDA| Re(pd — ') s>p- [qu (s)
Cs
SWHfH% (3.14)

for every y € [n*,+o0) and A € C, with sufficiently large real part. From (3.8) and (3.14) we

deduce that there exists a positive constant Cg such that

f2(y) ’

1 < Cs||flla 3.15

LU < Gl (3.15)

for every A € C with Re\ > My and some positive constants Cg, independent of A, and Ms.
From (3.13) and (3.15), estimate (3.6) follows at once, with M = max{M;, M>}. The proof is

now complete. U

sup
y=n*

For further use, the following corollary will be particularly useful.
Corollary 3.5. For every A € p(L), every f € Z, every g € R, the Cauchy problem

{ Aw — Lw = f,

Bus — (0.0), (3.16)

admits a unique solution w € Z5. Moreover, there exists a positive constant C, independent of
the data and of X\, such that

Alllwll 2 < CUFI + vIAlal) (3.17)
for A € C with sufficiently large real part.

Proof. In view of the results in Theorem 3.4, it suffices to deal with the Cauchy problem

Aw — Lw =0,
Bw = (0,a).

Adapting the arguments used in the quoted theorem, it can be easily checked that the solution
to the previous equation is given by w = (w1, ws), where

a + () —m* *
'U)]_(y) = aelLL(y K )7 Yy e (‘00,77 ]7
a — N
wZ(y) = aele(y_n )7 Y€ [77*, +OO)

Clearly, w € 2 and taking (3.10) into account, we can show that ||w|| 2 < |A|~2]al.
Estimate (3.17) now follows from the previous estimate and (3.6), observing that the solution
to the Cauchy problem (3.16) is given by R(A, L) + w. O

We conclude this section by characterizing some interpolation spaces between 2~ and D(L).
For this purpose, we introduce the following definition.
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Definition 3.6. For every a € (0,1), we denote by Z,, the set of all functions w € £ such that

w w

the functions — and —= are a-Hélder continuous in (—o0,n*] and in [n*,400), respectively. It
L qH

is normed, by setting

w1

qr

w2
w2, = + =
Cp((=ooume))  NH llCg ([n* 400))
for every w € Z,.
We also introduce the space Zata, defined as the set of all functions w € 22 such that

Dy,w = (Dyywi, Dyyws) € Zo. It is normed by setting
D w1 D w2
ol 7s... = ol + | 222 v [Pe]
- Jop((=eom)) L (n +oo))
for every w € 2544
Theorem 3.7. For every o € (0,1) it holds that
Dp(a/2,00) = {w € Z, : Bow =0}, Dr(1+a/2,00) ={w € Z5: Bw =0, ByLw = 0},
with equivalence of the corresponding norms. Moreover, {w € 27 : Bow = 0} < D (1/2,00).

Proof. Throughout the proof, C' denotes a positive constant, independent of ¢, A and the functions
that we will consider, which may vary from line to line.

Let us fix a function w € %2, (here, a € (0, 1]). Since w1 (n*) = wa(n*), the function ¢ : R — R,
defined by

_Jwy), y<n,
C(y)_{ wa(y), y>n*

is a-Holder continuous in R. Moreover, its Cf*(R)-norm coincides with the 2, -norm of w.
We regularize function ¢ by convolution. For this purpose, let ¢ € C°(R) be a nonnegative
function with L'-norm over R equal to one. For every t > 0, we set

Glw) =t / St)C(@ —y)dy,  zER.

It is an easy task to check that

16t = Clloe < Ct™[|w]| 2, (3.18)
IDaGelloc < CH || 2, (3.19)
[DszGilloe < O w] 2, (3.20)

for every t > 0.
Now, we are ready to prove that w € Dy (a/2,00). For this purpose, we recall that Dr,(a/2, 00)
can be characterized as the set of all functions w € 2" for which there exists Ao > 0 such that

[W]D, (a/2,00) = SUP /\%HLR()\,L)wH% < 400
A> Ao
and the norm of Dy (a/2,00) is equivalent to the norm || - | 2= +[-]p, (a/2,00)-

We introduce the function ¢, 5, whose components are the restrictions of ¢ s to (—o0,n*] and
to [n*,4+00), respectively. Next, we split,

LR\, L)w = LR(\, L)(w — € /5) + LR(X, L)C /5,
so that
ILR(A, L)w| 2 <[[LR(A, L)(w — ¢ 5)ll 2 + +ILRA, L) 5l
<ONF LR Dl o ] 2, + LR L) g5l (3.21)

To estimate the second term in the last side of the previous inequality, we rewrite the function
uy := LR(\, L) /5 in the following form:

uy = (L—=A+ AR\ L) 5= —Cyux + AR L) 5,
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so that, applying operator £ to the first and the last side of the previous formula, we deduce
that wy is a solution to the equation Auy — Luy = —L( /5. Moreover,

Bu) = *BC\& + )\BR(/\, L)Cﬁ = 7BC\5
Using (3.19) and (3.20), we can easily infer that
1£¢yslla < A% flw] 2,

and

IBS 5l < OXZ7% w4,

for every A > 1.
Now, applying estimate (3.17), we deduce that, if X is sufficiently large, then

Murllz < C(lILw sl 2+ VINIBE 5l ) < CAE €,
so that
ILRO\, L) yxll 2 = lluall < CIA7 2 |w] 2,
This estimate and (3.21) show that there exists Ag > 0 such that

AFIILR(N, L)w 5l 2 < Cllwll o,

for every A > Xg. The embedding {w € 2, : Bow = 0} — Dy, («, c0) follows for every « € (0, 1].

Let us now fix o € (0,1) and prove that Dy («/2,00) is continuously embedded into {w €
X, : Bow = 0}. For this purpose, we recall that Dr(a/2,00) = (27, D(L))a/2,00 With equiva-
lence of the corresponding norms. Since D(L) is continuously embedded into 23, it follows that
Dp(a/2,00) <= (£, Z2)a/2,00- To characterize this latter space, we take advantage of Lemma
3.3 and introduce the isomorphism 7' : 2" — Cp((—00,n*];C) x Cp([n*,+00);C), defined by

Tw = <ﬂ ﬂ) for every w € 27, which is also bijective between 25 and CZ((—o0,n*];C) x

qr’ qH
Cy([n*,+00); C). The theory of interpolation spaces, it follows that T is also bijective between
(2, 22)a,00 and (Cp((—00,7°]; C) x Cy([n*, +00); C), C (=00, 7*]; C) x CF ([0, +00); ©)) 2,00 =
(Cb((—OO, n*]; (C)7 Cl?((_oo7 7]*]; C))Q/Q,oo X (Cb([n*a +OO); (C)a Cl?([n*a +OO); (C))a/Q,oo; with equiv-
alence of the corresponding norms. Since this latter space coincides with C((—o0,n*];C) x
C([n*, +00); C), i.e., with the space 2, with equivalence of the corresponding norms. We have
so proved that Dy, («/2,4+00) is continuously embedded into Z;,. To complete the proof of the
inclusion Dp, ()2, +00) = {w € 2, : Bow}, we recall that D(L) is dense in Dy («/2, 4+00), with
respect to the norm of this latter space. Thus, we can determine a sequence {v,,} C D(L) such
that |[v, — w| b, (a/2,4+00) cOnverges to 0 as n tends to +oo. In particular, [|v, —w|| 2 vanishes
as n tends to +o0o. Since Byv,, = 0 for every n € N, letting n tend to +o00, we get the condition
B()’LU =0.
The topological equivalence Dy (a/2,+00) = {w € X, : Bow = 0} is now checked.

Let us now prove the second characterization, For this purpose, we begin by recalling that
Dr(14 «/2,400) is the set of all w € D(L) such that Lw € Z,. From Theorem 3.4 it follows
that D(L) C 23 and

lwlpr) < Cillwl 2, w e D(L). (3.22)
On the other hand, since

1 282’(1}1 1 2 8'11)1 1 2 82’(1)2 1 2 8w2
L'LU<2O'L8yQ+ (5*50'[/ Ty,igHTyg*F 5*50’]{ Ty s ’LUGD(L),

it follows that

62wj 2 1 2 8U)j .
o = (e (0-90t)52). a=e 529
so that
Dywl

qr

<C<MwW+H

OO) . (3.24)
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Further, we recall that the space Cj ((—o0, n*]) belongs to the class J; /5 between Cy((—00,7*])
and CZ((—o0,n*]), which means that

1flle((—oom)) < CUFIZNIN 2~ ooy € Ci((—o0,"]).
b(( M%)

Applying this estimate with f = E, it follows that
‘Dywl wy wy wy D,w, N H D,uq
o0

qL
1 1
2 2
qr qr qr | oo ( qL qr qr Oo) '
Therefore, using Cauchy-Schwarz inequality, from the previous inequality we deduce that

_C‘

<c|

oo oo oo

Dywy wy Dyywq wy Dywy
qr qr qr qr qr

for every € > 0 and some positive constant K., independent of w and blowing up as € tends to
0. Taking e sufficiently small, we conclude that

-C <e

+C’5‘

o0 o0 oo oo o0

D D
H 7 H o R P (3.25)
qL 0o qr o 4L |l 0o
for some positive constant K., independent of w;. Replacing this inequality into (3.24), gives
D,,w D, w w
‘yyl <CL’w||gg+CEHyyl +CK |2
qr 00 qrL 00 9L || 5o

Taking € smaller, if needed, we can get rid of the norm of Dy, w; from the right-hand side of
the previous estimate and conclude that
Dyywl

‘ qrL
From (3.25) and (3.26), it follows that
wy Dyw; ” Dyyw;
qr qrL qrL
Arguing in the same way, we can deal with the function ws and we conclude that
w2, < Cllwlpw), w e D(L). (3.27)
Estimates (3.22) and (3.27) show that the graph norm of L is equivalent to the norm of 25
on D(L).
We can now complete the characterization of Dy (1 + a/2,400). For this purpose, we fix
w € Dp(1+ «a/2,+00). Then, Lw € %, which in view of (3.23), implies that Dy, w € 2, so

that w € Z54,. Moreover,
D 2 1 D
[yywl < <|Lw||%a+’5—20% |: ywl] )
qL Jco((—oom*))
Cé((—OOJI*D)
<C(|Lwl =, + [w]z2,)
<Clwlp,1+a/2,+00)

I Lu(—oo,m) ol

for every w € D (1 + a/2,+00). Clearly, Bw = 0 since w € D(L), Moreover, BoLw = 0 since
Lw € Dp(a/2,400). We have so proved the topological inclusion Dy (1 4+ a/2,400) < Z244.

Viceversa, let us suppose that w € 254, is such that Bw = 0 and ByLw = 0. Then, w € D(L)
and Lw € Xy, . Since BoLw = 0, from the characterization of the space D, («/2, +00), it follows
that Lw € Dp(a/2,+00). Therefore, w € Dp (1 + a/2,400). Moreover, ||Lw| 2, < Cllw||a,.,. .
From this estimate and the previous results, we conclude that 254, < D (1 + «/2,4+00). The
proof is now complete. (|

chwww%+le
0o qr

) < Cllwlo, (3.26)

< Clwlpw)-

oo

+

o0

wy

1
<C <||Lw|,9fa + + ‘5 - 70%
2 qr
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4. A THOROUGH ANALYSIS OF THE DISPERSION RELATION

In this subsection, we analyze the space the solution to the dispersione relation D, in order
to have a complete characterization of the spectrum of the operator L and its localization with
respect to the imaginary axis.

Theorem 4.1. The solutions of the dispersion relation Dy = 0 are contained in the left-halfplane
{A € C: ReX > 0} if and only if

(cp, —2)(cy —cr) >0,

(e —1)(2¢% + cuyc? —deger, +¢2) <0,

(cr —cm)(—o%4cucd +20%cyer, — 205 ey — 0%5¢2 + 20%cp, + 203 cyer, — 20%cn
+o02c3 — 3022 +203cr) >0

or

(ct. —2)(cg —cr) >0,

(er, —1)(2¢% + cucd — deger, + ¢2)<0,

(cr —cm)(—o%4cucd +20%cyer, — 204 cy — 0%5¢2 + 20%cr, + 202 cyer, — 202 ey
+02c3 —302c2 +20%c1,)<0

crler — 1) (ey —cp)*(cu + c3 — 2¢1)<0,

A >0,

where A is defined in (4.6).

Proof. We recall that the function A — D, is defined by

cH 1 1 2\ 1 2\
Da= 4 Zer —em) =14 (e —1)2+ 2 4= (er —1)2 4+ 2
A= +2(CL cH) +\/4(CH ) +U%+ 4(CL ) +0%

for every A € C. The equation Dy = 0 is easily seen to be equivalent to

1 2\ 1 2A CcH 1
2 )24 22 Sler —12 4 2
\/4(CH )+ o + \/4(CL )+ o? cr Q(CL cn)

Clearly, if 1 — ‘z—’z — %(CL — ¢g) < 0 then the previous equation does not admit solutions in C
since the left-hand side of the above equation has nonnegative real part (we recall that by /- we
denote the principal square root).
Hence, from now on, we assume that
CH 1 .
1— P §(CL —cy) >0, ie., (c. —2)(cg —cp) > 0. (4.1)

Then, squaring the above equation, we find the equivalent equation

1 2x /1 2
2/ =(cy —1)2+ 2 [Z(cr, —1)2 + 2
\/4<cH )+U%¢4(Q 2t

2 2

cyg 1 1 cg 5 ¢y 1 1 1

= _ = ) L R P D] e i |
T R N 2

Clearly, the previous equation cannot admit solutions A with

2 2 2 2
050 c 1 1 cg O c 1
Re(\) > cp g =it [ 2 — —cpe ——2 T 4 eyp—H ¢
( ) H,L 2(0_%1_1_0_%)(0% 2 H L+2 L +2 H cL 2 L

0202 (c, — 1)(2¢% + cyc? —deper, + ¢2)

Aof +oi)e
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In particular, from (4.2) it follows that the dispersion relation D) = 0 cannot admit solution
with nonnegative real parts if (c;, — 1)(2¢% + cuyc2 — deger, + ¢2) > 0. Hence, from now on we
assume that

(cp —1)(2¢% + cpyc? — degep +¢2) < 0. (4.3)

On the other hand, if Re(A) < c¢p 1, then we can square once more the above equation and

get

02 2 + —-c 2 Zc? c,;—&-lc2 + 1 - 1cL - 161{02 — 1CH—|—CHCL
HOL T 40~ 5°H 4Ty 2 2 L9
1 16
2) 1-2 — (2 +1-2 A2
#2( oy (chr cH>+g%{<cL+ ) + 2y
t1o2eg+ 2 (ta oL 2
2 —2c —c - ——c —
H H O‘H D) L 0’%

4 2 4 2 3 3
¢y 1, 1 cy 37 2 4 Cu 1 of 1 1 Cyr Cyy
==+ - 5— 4+ — - 4+ - AN -+ — | —6— —4—=
C% +4CHCL+4+ %+ 4 H+ %+4 L+ 0_1211 + % cL C%
c? c 1 1 1 cg O c? 1
g-H _9ZH _ 4y — 9 4y Y., _ZH _ Z
e e ( % >< e+ 2o+ gon = 2~ g

5 cg 9 1 c?
— 3cHcer — 56HCL+CH+§CH% 25+§CH—§CL—12£

i.e.,

1 1\? 1
AN — =) -2\ +2+3cH+2——chL—4——2——cL
L Cy, Cy,

1 2
+2(C%+2—3CL+QC§I—CHCL—4CH+5CH—QCH>:|
C C

Oq T cL L
4 2 4 3 3 3 4 2
C C C C C C C
H H 2 H H H H 2 3
= - 9 —74—6 +4T—972+273+127+4CHCL+2CHCL—CH
53 cL 2 cr cy 7 e cr
—cpcd + 20— — 5ey. (4.4)
L

Summing up, the dispersion relation Dy = 0 is equivalent to the system

eqn. (4.4)
Re()\) <cHu,L

provided that conditions (4.1) and (4.3) are both satisfied.
We turn back to the equation (4.4) and we begin by observing that the term in square brackets

can be factorized as follows

(cL —cn) 2 2 2 2 2 2 2 2 2
W( — O0yCHCY, +20HCHCL — 20HCH — 0yl + 20HCL + QO'LCHCL — 20LCH

+o07c} —30ict +207cr). (4.5)

Clearly, if (4.5) is nonnegative, then (4.4) admits a solution with nonnegative part.
Now, we suppose now that (4.5) is negative and compute the discriminant of (4.4)

1
A= |: (CH+2+3CH+2—CHCL—4—2—CL)
(TL CcT, Cr, Cr,

1/, % CH % 2
+T CL+2—3CL+2T—CHCL—47+5CH—27
o cy, CcL L

2 4 2 4 3 3 3 4 2
1 1 c c c c c c c
—4(—) [—f— B _9c3 — H+6 +4-4 9 H 42 4128
cr, cy, L cr, cy, ct, cy, cr,
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CH
— —5CH

2 3 2
+4cpcer + 2cyer, — ¢y —cpcp + 2 o

2
cyg — ¢ 1
:%74}) —(cr, — 12(8¢k + Sench — 16eger +cl — 4c) +4c3)
L H
1
o (Gl —Ackch + 12cjc) —16ckep 86 + Geprel — 2enc]

+32cpci — 16cger, + cf — 4c} +4c3)
2
——(cr — 1)(2¢}¢, + cucy — depe] + ¢, — 4c +4c}) | (4.6)
9HOL
Clearly, if A > 0, then the equation (4.4) does not admit solutions with nonnegative real part.
On the other hand, if A > 0, such an equation admits a real solution with nonnegative real part
if and only if and only if the term on the right-hand side of (4.4) is nonnegative. Such a term
can be factorized as follows:
cr(cer, —1)?(cy —cp)*(cu + 2 — 2¢y)

1
cr

Summing up, we have proved that the condition to have roots of the dispersion relation with
nonnegative real part are

(c —2)(ew —cr) >0,
(e —1)(2¢% + cuyc? — deger, +¢2) <0,
(cr —cm)(—o%4cucd +20%cyer, — 205 cy — 0%5¢2 + 20%cp, + 203 cyer, — 20%cy
+o2c3 — 302t +20%cr) >0
or
(e —2)(eg —cp) 20,
(cr — 1)(2¢% + cyc? — deger, + ¢2)<0,
(cr —cm)(—o%4cucd +20%cycr, — 205 cy — 0%5¢2 + 20%cr, + 203 cyer, — 203cy
+o2c3 — 302 4+ 20%c1)<0
CH(CL — 1)2(CH — CL)2(CH + C% - QCL)SO,
A > 0.
The proof is complete. O

Corollary 4.2. In the domain (A) of financially admissible parameters, the spectrum of the

operator L consists of the halfline (—oo, — min {%(C% —1)2, %(C% - 1)2}} .

Proof. By condition (3.1), it holds that ¢, < 1 < cq, so that (¢, — 2)(cg — ¢1) < 0. Hence, the
dispersion relation has no solutions and the statement follows from Theorem 3.4. g

5. NONLINEAR STABILITY ANALYSIS

In this section, we analyze the nonlinear Cauchy problem (2.20).

For further use, we introduce some notation. For every T € [0,4+00) x {+oc0}, by Iy we
denote the interval [0,7T], if T € R, and the halfline [0, +00) otherwise. Moreover, I_ and I}
denote, respectively, the intervals (—oo,n*] and [n*, +00). Finally, for every w > 0 and every

t
pair v = (v1,v2), with v; : Zp x I_ — R and vy : Zp X I — R, we set v? Ltx) = e“’tvl((’g;)
’ qr(T

t,
and vg’w(t,x) = eth and, then vf, = (”?,w”g,w)-

Let us introduce the following function spaces.

Definition 5.1. For every T € (0, +00) U {+o0}, every w > 0 and every o € (0,1), the space
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o Zuo(T,w) is the set of all pairs v = (v1,v2) such that vng € CS’O(IT x I_;R) and
Ung € C'ba’O(IT x I1;R). It is endowed with the norm
[0l o (rw) = ”vrll.,w”cg»‘](ITx],;R) + ||Ug,w||cl‘jv0(1T><1+;R)§
o Zus2.a(T,w) is the set of all pairs v = (v1,v2) such that v?w c 05/2’0‘(IT x I_;R) and
Ugw € CS/Q’D‘(IT x I1;R). It is endowed with the norm
||U||3?fa/2,a(T7w) = HU%M”C’;’/Q’“(ITXI,;R) + va,w”C;‘/Z’ﬂ(ITX]Jr;R);
lw € C;+a/2’2+a(IT X
IR # 1+a/2,24« . . .
—;R) and v , € C, (Zr x I+;R). It is endowed with the norm

o Zitas22+a(T,w) is the set of all pairs v = (v1,v2) such that !

||U||%1+a/2,2+a(T7w) = ||,U§3WHC;+Q/2’2+Q(ITXI,;R) + ”vgw”C;+O‘/2’2+“(IT><I+;]R)'

Sometimes, we find it useful to denote by ||'UH=%YO(T,W) the sum ||U§ch(ITxI,) + va||cb(IT><I+)'
To begin with, we observe that the function F is well defined in the subset of 25 of pairs

(w1, ws) such that 1 — ¥’ (wq(n*)) {’ye"* ( - %)2 U(wy(n*)) + Dywl(ni)} # 0 and

Fw) = %W’(wl(n*))Dyywﬂn*) + (6 = 302) W' (wi(n*))Dyw: (n*)
1= W) {er (1= ) W) + Dyt |

X (Dyw + ye (1 - jij)QqJ(w)) (5.1)

L
for such functions w. Since ¥(0) = 0, it follows immediately that F is well defined in B(0, p) C
D(L) for a sufficiently small p. In the following lemma we prove some properties of this function
and of function G, defined by

G(w) = Rlw ("7 (1 - 35) %(ﬁ o2, (5.2)

for every w as above, where R is a smooth function (see (2.14)), which are crucial in the stability
analysis.

Lemma 5.2. There exists po > 0 such that for every p € (0, po, every T € (0,+00) U {oo} and
w € (0,00), the following properties are satisfied.

1 e function F maps the ba ,pP) o 11a/2941a(l w) mnto Ly /o.o(lw). Moreover,
i) The f jon F he ball B(0 f Z14a/2,24a(T into Zoy2,a(T M.
there exists a positive constant C such that
[F(wz) — Fwi)ll 2, 5.0 (rw) < Cpllwz —will2, o0 (Tw) (5.3)
for every wy,wz € B(0,p) C Z14a/224a(T,w).
(i) The function G maps the ball B(0,p) of Z1ta/22+a(T,w) into CAFT/2([0,T]). More-
over, there exists a positive constant C such that
e (G(w2) — G(w1))l|carar2qor < Cpllwz —willa, , poia(Tw) (5.4)
for every wy, ws € B(0,p) C Zipas210(T>w).

Proof. To prove the estimate in (i) and (ii), we need some preliminary results. More precisely,
we need to show that 27 /2 244 (T, w) is continuosly embedded both into 27, /2 (T, 0) and into
%kl+a)/2.0 (T7 O)

To begin with, we show that 274/2.2+(T,w) is continuosly embedded into 2} (T, 0) for
every 3 € (0,1). For this purpose, we recall that, if g € C*([0,T]), then

lg(t2) — g(t1)] < |1¢lolt2 — t1] < ||¢||colta — t1]?
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for every t1,tg € Ir, with |t2 — t1| <1, and
19(t2) — g(t1)] < 2l|glloe < llglloltz — t1]”
for every t1,ts € Iy, with |t3 — t1| > 1. Hence,
[v] 25 o(1,0) L2[[€¥ V]|o0 + [[De(e™ (e v)) | o
<2 v][oo + [ De(e V) |00 + wl[e” v]|oo
§(2 + w)||v||£‘1+a/2,2+a(T,w) (5'5)
so that
1]l 255 0(10) < (3 +w)p. (5.6)

Next, we show that if w € 2714/224a(w.T), then the spatial a-Hélder seminorm of w can be
estimated in a completely similar (and easier) way. It turns out that

[wh ot Vesay <2lwh glleyiry + I1Dywh Llley i)

1 D wl(t, )
<56 - colludolt Mer + | 22 (5.7
qar Cu(I-)
and
1 D,w(t,")
[wh o(t, Neg ) < SB+ cr)llwh o(t, ey r,y + Hy ‘ (5.8)
qH Cy(I14)

for every t € Zr.
Combining estimates (5.6), (5.7) and (5.8), we deduce that w € 2, /3 (7, 0) and

”w” Zay2,a(T,0) <y ”wH Xltas2,24a(Tw)

for some positive constant c,, independent of w. which can be explicitly computed using the
quoted estimates.

Finally, we show that, if u € 27 4/294a(T,w), then Dyu € 2, /5 o(T,0). For this purpose
we recall that there exists a positive constant ¢q such that

1 1
lgllorry) < collgldry loldacyy g€ C2(L),

so that we can estimate
Dy’wl(tg,.’ﬂ) Dywl(tl,x)

qr(x) qr(7)

1
<Dy} o (t2, 7) = Dywh o(tr, 2)| + (1 = e)wi o(t2, 2) — wi (b1, 2)]

f iz LTS 1 # o
S 200”thLO”cb([o,T]xI_)”wl,o”cg([o,T]xI,) + 5(1 —cu)|IDewi gl o,ryxry |1t —s|>
for every x € I_ and every s,t € Iy with |t — s| < 1. Moreover,

’Dywl(tg,l‘) Dywl(tl,x)

a
2

qr(z) qr(z)

< QHDywl
qrL

|t — s
C([0,T)x1_)

for every x € I_ and s,t € Iy, with [t —s| > 1. A complete similar estimate can be proved when
x € [n*, +00), with 1 — ¢z, being replaced by ¢y — 1. Further, arguing as in (5.7) and (5.8) it can
be shown that

[Dywl(tv):l + l:Dywl(tv)]
. Jepa - Jopay

1
§§ ma’X{5 —CL, 3+ CH}HDyw(ta ')||5%’0,0(T7w) + ||Dyyw(t7 ')||%0,0(T,w)~



22 C.-M. BRAUNER, Y. DONG, J. LIANG, AND L. LORENZI
for every t € [0,T]. Combining all these estimates, we conclude that there exists a positive
constant c,, such that
||Dyw||$‘fa/z,a(T70) S C**||wH%1+a/2,2+a(T7W)’ w e ‘%1+0¢/272+0‘(T’ w)' (59)
(i) Let po > 0 be such that

LW (12 2) e + Do)} = )

for every w € B(0,p) C Z14a/2,2+a(T,w) and every p € (0, po]. From now on p is arbitrarily
fixed in the interval (0, po].
To begin with, we observe that, for every v € B(0, p) C 21ta/2,24a(T, w), it holds that

() = T ) Dy (t7) + (8 = ) (") Dy 1.7)
1 — W (wi(t,n*)) {’ye"* ( — %) U(wi(t,n*)) + Dywl(t,n*_)}
2
X (Dyw + e (1 - jg) \I/(w)>

L

for every t € ZIp.
Using (5.5), (5.6) and observing that

U (wi(,n") = W21 (7)) = (wil,n") = 21(,n")) /01 U (owi (") + (1 —0)z1(n"))do
we deduce that
199 w1, n*)) = ¥ Do
<[ UV, + %H\Il(j“)Hoo,pq*([w]%a/zyo(T,o) + 2l o@o)]@llw = 2l 2, . o (10)

<[PV oo + 2+ )T oo 0] (B + w)allw = 2] 24y o)
=: Cjqullw — 2l 2, )20y 0 (T0) (5.10)

for every w, z € B(0,p) C Z14a/2,2+a(T,w) and every j = 0, 1, where [ w*)]| ., denotes the sup-
norm of the k-th derivative of the function ¢ on the interval [0, pg.] and q. = max{qr(n*), qu(n*)}.
Analogously,

9 @i Dllcor2zey STED lloop + 195 [lo,ps (2 + )Wl 2, o)

<N oo, + 1Y o0 g (2 + w)p =2 C; (5.11)

for every w € B(0,p) C Zi4a/2,24a(T,w).
Straightforward computations based on (5.5), (5.6) and (5.9)-(5.11), reveal that

- 1~
”‘Fl(w)”Ca/z([O,T]) §501Q* [U%HDyywH@%/zo(TW) + |26 - U%H‘Dyw”ﬂfn/zo(w-T)]

1~
SiC’lq* (07 +126 — oFle]p =: Kip

[F1(w) = F1(2)[|cerzo,m)
1
Sgclfﬁ [U%”Dyyw”%a/z,o(ﬂw) + |25 - O—%H‘Dyw”%a/z,o(w-T)] Hw - Z“‘%l+a/2,2+a(T7w)

1~
+ §Clq* [U%HDyyw - DyyzH%u/z,o(va) + |25 - U%l”‘Dyw - DyzH%a/z,o(Taw)]
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1
<(5Cr2lot + 128 = otlenlp Ko )0 = 2o

=: Ka(p)l|lw — 2|27, . )50y 0 (Tw)3

. 26
_ <2440 (367 (1= 2) 19, + 1D 0l o)
Hf@(w) Ccer2([0,17) of g o)
26
+4||‘I/’|oo,p(ve" (1—;) Co + @.[Dywl 2, . o(1.0)
L
. 26
<24 4C | 2ve™ (1—0—) Co + qucnp | =t K3(p);
L
1

H%(w)  Talz)

C/2((0,77)
20

23

<q.(K3(p))? [76" (1 - 0*) (C1Co + C1Co) + (Crgs + élp)c**] lw = 2l 214022y (Tw)
L

=: K4(p)||w - z||%1+u/2,2+a(T7W)‘

To estimate F3(w), we observe that

U(wn(2) ¥l )

1
- =(w} (-, 2) — 2} o (-, 2)) / ' (owi(,2) + (1 — 0)21(-,x))do
0

QL(x) (IL(OC)

for every z € I_.

From this formula and arguing as in the proof of (5.10), it can be easily shown that

[j(v )] cel(zr) = 2”\1}””00 P(wg 0( )] cP*(zr) + [Zg,o('vm)}csﬂ(zqn))(h

for every z € (—o0,n*] and

1 "
[T epay < 51Y oo, ([w(t, Ve oy + [21(t )]ew (1)), telr.

Observing that
[wi(t,)]cer_) < [w o(t, Nep 12y + wf ot )lloolar]ep 1)

and

1 *2
nte2) ~ (ol <[5~ en) [ et

Z1

for every x1,x9 € (—o00,n*]. Hence,
1
[T Nep o) < 511 oo [q*([wﬁ,ou, Negay + Z ot Nopay)
1— Cy, «
+ < D) > (”wl ot oo + Hzl ot )”oo)]

From (5.12)-(5.15), we conclude that

H‘I’(wl) ()
qL qL

Col(TrxI)

(5.13)

(5.15)
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<llwi o = 2 ollgerza zper )1 loous

1
519l plleef o = Z?,oHoo(xsgg koo 2y + 592 [0 Dlgprazy

=+ sup [wﬁ,o(t,')]cg(l,) + sup [Zﬁ,o(tw)]cg(l))-
telr telr

Y(w)) _ ¥(z1)

In a completely similar way, we can estimate the function o

Putting everything together and observing that

—w-

[e_w.wg,o('vx)}cg“’(zﬂ S[w§70('737)]03/2(IT) + ||w§70 e }C;"/z(IT)

11—
coW )

S[w§70('7 x)]cgﬂ(zﬂ + ||w§,0

where we have adapted (5.14) to estimate [e™“"]ga/2(7,.), and a similar estimate holds true with
wy being replaced by z1, we conclude that

|73 (w) — F3(2)|| 2, 5.0 (T.0)

< " 1—15 ’ v’ 2 i 20c% —

<<+ e = [ p.occs + (2 + w)pgul[¥" |loo,p + 20¢h 1 | plw — 2ll2, 0000 (Tw)
L

= K5(P)||w - Z||%-1+a/2,2+a(T7w)’

where cy ;, = max {1_%, %}
Summing up, we have proved that

[F(w) = F(2)|| 2, 5.0 (1) < Ke(p)pllw = 2|l 2,0 g0 (T0)s

where Kg(p) = [K2(p)Ks(p) + pK1(K3(p) + Ka(p))| K5(p) and (5.3) follows at once.
(ii) We observe observe that, since R(0) = R'(0) = 0, we can write

e [R(wi(-,7%)) = R(z1(n7))) =e (wi(,07) = z1(,07)) /O R (owi(-,n") + (1 = 0)z1(-,n"))do

= (') = 21) [ (owaon) + (1= @) ))do

0
X / R'(rowi(-,n*) + 7(1 — 0)z1(-,n"))dT.
0
(5.16)

Using the second equality in (5.16) to estimate the sup-norm of the function e [R(w(-,n*)) —
R(z1(-,n*))] and the first equality to estimate its (1 4+ «)-Ho6lder seminorm, we easily conclude
that

lle“ [R(w1(-,n™)) — R(Zl("77*))]||c,§1+°‘)/2(IT)
1
SiQEHw - Z”%(pru)/zyo(T,O)||RN||OO,P(||w||%(1+a)/2,0(T70) + ||z||=%(1+a)/2,0(T70))‘

Taking (5.6) into account, we from the previous estimate we deduce that

1G(w) — Q(Z)HCéua)/z(IT)

. 26 6
<a2eere” (1= 2) S 0~ IR o2+ )00 = st
L HYL

and (5.4) follows.
The proof is now complete. (]

Based on these remarks, we are now in a position to prove the following theorem.
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Theorem 5.3. Fiz « € [0,1). Then, the null solution to problem (2.20) is stable in the Zoyq-

2 2
norm. More precisely, for every wg € (O, min {%(c% —1)2, %’(ch - 1)2}) there exists a positive
constant p such that, for every initial datum wy € B(0,p) C Zota, satisfying the compatibility

conditions
B(’u}o) = g(’UJO), Bo([/UJO + ]:(U)())) = 0,

the solution w to problem (2.20), with initial datum wy, exists for all the positive times, belongs
to 214a/2,2+a(+00,wo) and there exists a positive constant C' such that

lw(t, ) 250 < Cem " lwoll 25, t>0. (5.17)

Proof. Since it is rather long, we split the proof into several steps. We provide the proof in the
case when « € (0, 1), since in the case o = 0 is similar and even simpler. Hence, throughout the
proof, « is arbitrarily fixed in (0,1) and we use the notation introduced at the beginning of this
section.

Step 1. Here, we prove that for every T' > 0, the Cauchy problem

‘%f’(t,-) — Lw(t, )+ f(t), teo,T],

(Bw)(t) = (0,9(t)), t € [0,71,

11](07 ) = Wy,

(5.18)

admits a unique solution w € Z744/2.2+4a(T,0), for every wy € 25, every f = (f1,f2) €
Zo)2,0(T,0) and for every function g € C 1+Ta([O, T]; R), satisfying the compatibility conditions
Bw, = g(0), Bo(Lwo + £(0)) = 0.
Moreover, there exists a positive constant C' such that
lwll 2,05 0samo) < Cllwoll 2pn + 1 Fll 2 o 0r0) + l9llcreo) (5.19)

where the constant C' depends on only on the quantity My = sup,c(o 1] [tFLFet || Loy (k =
0,1,2), Mg = SUP¢e[0,741] ||tk_5LketLHL(DL(@OO)’L%) (k=0,1,2,3) suitable choices of S.

For this purpose, we begin by introducing a lifting operator N, defined by Na = (a(,0) for
every a € R, where ( is a smooth function, which vanishes at = n* and satisfies the condition
¢'(n*) = 1. A straightforward computation reveals that BA'a = (0,a) for every a € R.

The candidate to be the solution to the above Cauchy problem is the function w, defined by

w(t,-) = elwy + / elt=s)L (f(s,) + LNg(s,))ds — L/ eI (Ng(s,-))ds, (5.20)
0

0
for every ¢ € [0, 7).
To check all the above properties, we begin by introducing the function z : [0, 7] — 2", defined
by

t
z(t) =/ N (g(s)) = N (g(0))]ds, t€[0,T].
0

Since the function ¢t — N (g(s)) — N (g(0)) belongs to C1+)/2([0, T]; 23) which is contin-
uously embedded into CM+*)/2([0, T); D1 (1/2,00)), from [15, Theorem 4.3.16], it follows that
the function z belongs to C'([0,7]; 27) N C%([0,T); D(L)) and solves the equation z'(t) =
Lz(t) + N(g(t)) — N(g(0)) for every t € [0,T]. Moreover, Lz belongs to C**3([0,T]; Z°),
z’ is bounded in [0,7] with values in Dy (1 + a/2,00) and there exists a positive constant C,
independent of w such that

12l qo.m1.2) + IL2lloqo.my2) + 112 B0, 1100 14a/2.000) < Cllgl 1 g 1, (5.21)

By interpolation, it follows that z’ is continuous with values in D(L). Writing,

z(t) — z(tg) = /t 2'(s)ds, t,to € 10,7,

to
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and applying L to both sides of the previous equation, we conclude that

t
Lz(t) — Lz(tg) = / Lz'(s)ds, t,to €10,T].
to
Hence, function Lz is differentiable in [0, 7] with values in 2" and (Lz)' = Lz’ = LLz+ LN (g) —

LN (9(0)).

Let us now introduce the function wy; = —Lz + 4 (g(0)). Since (Lw,) € C%([0,T]; Z) N
B([0,T]; Dr(a/2,00)), the function (Lw;)" belongs to 2, /2.4 (T,0). As a byproduct, w; belongs
to this space. Further, we observe that Lz = 2’ — N(g) + N (g(0)), so that Lz is bounded in
[0,T] with values in 2344, due to the characterization of the interpolation space Dp(1+ a/2, 00)
in Theorem 3.7. Moreover,

w)(t) = —(Lz)'(t) = —=LLz(t) — LN (g(t)) + LN (9(0)) = Lw(t) — LN (9(t))

for every ¢ € [0, T].
To get the smoothness of the spatial derivatives of w; = (w1, ws) with respect to the time
variables, we write
t
wi(t,x) —wi(to,z) = | Dywi(s,z)ds, to,t €10,T] x € (—o0,n*],
to

which allows us to easily prove that
kot ) —wi o(to, Mieg 1oy <Clt —tol sup_Jlwf (¢, log i)
s€1[0,T]
<Clt = tol||[ Dywil 2, ,,..(T,0)
for some positive constant C', independent of w;. In the same way we can show that

[wh o(t, ) — wh o (to, )]

Since X5 belongs to the class J;_, /2 between 2, and 234, it follows that there exist positive

cay) < Clt = to| | Dewall 2, ,, . (1.0-

constants C' and C1, independent of w1, such that
lwi(t, ) = wito) | 2, <Cllwi(t:) —walto)l %, wi (k) —walto)
<Cy t S[up [|wi (2, )||ggz+a | Diwill 2, 5 (T0) [t — o] 2 :
for every t,to € [0,T]. From estimate (5.21) and the previous arguments it follows that

0121 200r0) < Cllgll 152 o 7 (522)

for some positive constant C, independent of w.

Summing up, we have proved that w; belongs to 27 4/2.9+a(T,0). Moreover, since 2’(t) €
D(L) for every t € [0,T] and 2" = Lz + N (g(t)) — N(g(0)) = —wy + N (g(t)), it follows that
0=B(—wi(t)+N(g(t)) = —Bw1(t) + N (g(t)) = —Bw1(t)+g(t) for every ¢ € [0,T]. Therefore,
w; is a strict solution to the Cauchy problem

%(t’ ) = Lwi(t,) — LN (g(1), te€0,T],
(Bws)(t) = (0,9(t)), Le 0,7,
w1(0,-) = 0.

Finally, we consider the Cauchy problem

%(t ) = Lwa(t,) + f + LN (g(t)), te0,T),
(Bws)(t) =0, te[0,T], (>:29)

w2 (0, ) = wo — N(g(0)),

Since ug € £5 and B(wo—N(g(0))) = Bwy—(0, g(0)) = 0, due to the compatibility conditions,
it follows that wy — N (g(0)) belongs to D(L). Moreover, f + LN (g(t)) € Zuj2.(T,0) =
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B([0,T); Zo)NC*/2([0,T); 27) and Bo(L(wo—N(9(0)))+ £(0)+ LN (9(0))) = Bo(Lwo+ f(0)) =
0, again by the compatibility conditions. By classical results for abstract Cauchy problems
associated with sectorial operators, we conclude that problem (5.23) admits a unique classical
solution wy which actually belongs to 271, 4/2,24a (T,0) and satisfies the estimate

lwall 27 o 5000 (1.0) < Co2llwoll 2y + 1 Fll 22 o (7.0))- (5.24)

The function w = w; + wy is easily seen to be the (unique) strict solution to the Cauchy
problem (5.18) and, in view of estimates (5.22) and (5.24), (5.19) follows at once. To complete
this step, we observe that

wy (t) = — L/O "IN (g(5)) — N(g(0)))ds + N (g(0))

=1 f N (g(s))ds + I / A (g(0))ds + A (5(0)
0

0
=— L/ e(tfs)L./\/'(g(s))dS + "N (g(0))
0

for every t € [0,T]. Moreover,

wat) = e (ug — N(g(0)) + / 9L (£ (s) + LN (g(s))]ds

for every t € [0,T]. so that the function w = w; + ws is given by (5.20).
Step 2. In this step, we consider the nonlinear problem

B (1) = Lw(t, ) + Flawlt, ), +€ (0,7,
(Bw)(t) = (0,G(w(t,-))), telo,T], (5.25)

w(0,-) = wy,

where F(w) and G(w) are defined by (5.1) and (5.2).
By the results in Step 1, the solution to the previous problem is a fixed point of the operator
I': % — % defined by

(T(w))(t,-) =eTwy + /Ot e(t_s)L(}"('w(s, )) + LNG(w(s,-)))ds — L /Ot e(t_S)L/\/'g(w(s, ))ds

for every t € [0,T], where % = B(0,p) C Z1ta/2,2+a(wo,0) endowed with the norm of
Z14a/2,24a(wo, 00), where p > 0 needs to be properly fixed.
Note that

e (D(w)) (¢, ) =e )y + / (=) (+e) (08 F(ap (s, ) + LN (€05 G (aw (s, ))))ds

t
I / eI (LFw0) N (205G (w(s, -)))ds
0

Using estimates (5.3) and (5.4) and (5.19), where the constant C' therein appearing can be
made independent of T since it depends only on My r (k= 0,1,2) and Mg g 4+ (k=0,1,2,3),
which can be estimated from above by = sup; [[t* (L+wg)*e!E+<0) || 5y and sup,s [[tF =P (L+
wo )R et =9 L b, (8.00),2), Tespectively (these constants are finite since the semigroup (ef(L++))
is of negative type) it is immediate to check that I' is a contraction from % into itself, pro-
vided that ||wol|2,,. < po and pg, p are sufficiently small. Hence, for every wo € B(0,po) C
Z24a, problem (5.25) admits a unique solution which belongs to 274/22+a(wo, +00), with
21 4a/2,24a(Wo, +oo)-norm which does not exceed p. Using a standard unique continuation ar-
gument, it is easy to infer that w is is the unique solution which belongs to 274 /2 2+ a (wo, +00).
Estimate (5.17) follows at once. O




28 C.-M. BRAUNER, Y. DONG, J. LIANG, AND L. LORENZI

6. CONVERGENCE TO THE ATTENUATED TRAVELING WAVE

In this section, collecting all the previous results we go back to the original problem (1.2) and
(1.3) and state the main result of the paper. To enlighten the notation given a function 1, we
write 1f both to denote the functions q% and q%. No confusion may arise since when we use the

notation 1 on a left-halfline it means that we are considering the function q% and when the use

the same notation on a right-halfline it means that we are considering the function q%.

2 2
Theorem 6.1. For every wy € (O,min{%(c% —1)%, & (cf; — 1)2}> there exists po > 0 such
that, for each ¢o such that the function ¢),—K belongs to CZt((—00,1(0)]) and to CZ+([n(0), +00))
and ||wg - K||C§+a((—oo,n(0)]) + ||wg - K||C§+a([n(0)7+m)) < po, the Cauchy problem (1.2), (1.3)
admits a unique solution (¢,n), such that in the variable t and y = x + ct — n(t) + n*, u belongs
to 21 4a)2,2+a(wo, +00). Moreover, there exists a positive constant C such that

[s(t) +ct —n"| < Ce™ o (n(0)) — K (n(0))], t=>0, (6.1)

and
||¢ﬁ(ta ) - e_TtKﬁHCerO‘((—oo,s(t)]) SCe_U’t(”(bg - Kn”oﬁ*ﬂ((_oo,s(o)]) + H(bg - Kﬁ||c§+a([s(o),+oo)>
and
165t ) — e K¥ ]l gate 50y o0)) < Ce o+ (|16 — K|l g2+a (oo sy + 66 — Kﬁ||C§+a([s(O),+oo)>

for every t > 0, where o_ = —%c +wo+ 7 and oy = =2k

= —c+wo + 1 are positive numbers.

Proof. Throughout the proof, by C' we denote a positive constant, which can vary from line to
line but it is independent of ¢ > 0 and the functions that will appear.
To begin with, we observe that, by (2.7) and(2.13), the smoothness of ¥ and Theorem 5.3, it
follows that the function v = (v1, v2), where
vi(t,) = U(w(t,n") K +w;(t, ), t>0, j=12, (6.2)

belongs to 27 14/2,24a(w, +00) and

K’ K’
o0t .. < 100 )| = )+ ce s unllza..
dH llogte (—oom) WAL lOZte (I +o0))
(6.3)
for every t > 0. Now, since
1
U (wi(t,n")) = W(wi(t,n")) — ¥(0) = wl(tﬂ?*)/ ' (ow(t,n"))do, t>0
0
we deduce that |¥ (w1 (¢, n*))| < Ce“°t||wy]|| 2 for every t > 0. Hence,
vt )220 < Ce™ ™ wol 2, t>0.

To get rid of the norm of wy from the right-hand side of the previous estimate, we denote by
wp = (wo,1,Wo,2) the value of w at ¢t = 0 and, similarly, by vg = (vo1,v0,2) we denote the value
of v at t = 0. From formula (6.2) we can infer that vy = wo + ¥(wo1(n*))K’, so that

v0.1(n") = wo1 (") + (w1 (n*)) K' (") = wo,1(n*) +ve" (1 a ig) W (wo,1(n"))-

o

Since 1 — 3—‘25 = 1—c; > 0 by (3.1), the function = — A(z) := z + e ( - @) U(x) is
L L
strictly increasing in a neighborhood of the origin. Hence, A is invertible in a neighborhood of
the origin and we can write wo 1(n*) = A7 (vp,1(n*)). We have so proved that

wy = vy — V(A (vo1(n*))) K’



STABILITY IN A CREDIT RATING MIGRATION PROBLEM 29

The functions A=! and ¥ vanish at zero and are smooth in a neighborhood of the origin. From
this remark, we obtain that [|wo| 2., < C|lvol 2, so that, from (6.3), we deduce that

lv(t, ) 22s0 < Ce™ lvo]l 24, t=>0. (6.4)

Next, we go back to function u, by means of formula (2.3), which shows that u(¢, &) = vy (¢,& —
n(t) +n*)+ K(&) if t > 0 and £ < n(t) and u(t,&) = va(t,& — n(t) +n*) + K (&) if t > 0 and
&€ > n(t). Moreover, n(t) —n* = f(t) = V(w1 (t,n*)) for every ¢ > 0, again due to formula (2.13).

It turns out that n € C;"_O‘/Q([O7 +00)) and

[n(t) = n*| < Cae™ o1 (n")| = Ce™"|ug(n(0)) — K (n"), t>0. (6.5)

We have so proved estimate (6.1). Moreover, since qr,(£) = qr,(€ — n(t) + n*)qr.(n* —n(t)) and a
similar formula holds true with qr being replaced by gz, we can infer that

u(t,§) _ K(§) _ vy (t,§ —n(t) +1%) . v1(t, € —n(t) +1*) .
ar(§)  an(§) ar(€) = e =) ) wm® =),

for every t > 0 and & < n(t), and

u(t,§) K _ u{—nl)+n") .
qa (&)  qu (&)  qm(€—nt) +n*) qu(n(t) —n"),

functions q% and qLH are smooth in space and time and

||uﬁ(t, ) = KﬂHcgw((foo,n(t)]) < ||”§(t, ')Hcgw((foo,n*DQL(ﬂ(t) -n") < C€7w0t|‘vo||%2+a
(¢, ) — KﬁHch([n(t),Jroo))) < ||Ug(ta ')||c§+~([7,*’+oo))QH(77(t) -n) < C@7w0t||170||%2+a

for every ¢ > 0, where we took into account (6.4) and (6.5), which shows that the functions
qr.(n —n*) and g (n —n*) are bounded in [0, +00). Since

Ivoll .. < C(lluf - Kl gavo (oo ey T luf — K¥llgzse e oo
where ug = u(0, -), from the previous two estimate we can infer that
—wot i #
(2, ) = Kl oze (oo mion < O™ (Iug = KPllez v ooy + 11 = Killgzee e 1oo))
—w 8 #
ub(t,-) — Kﬁ||cg+a([n(t),+oo))) < Ce™o (||uf, — Kﬁllcgw((foo,n*]) + ||lug — Kﬁ||c§+a([n*,+oo))'

Finally, we go back to problem (1.2), (1.3). Using condition (1.4), it is immediate to check
that s(t) = n(t) —ct fot every t > 0 and ¢(t,x) = v(t,x+ct) for every t > 0 and « € R. Therefore,
ot,z) K(zx) ult,z+ct) K(x+ct) ( u(t,x +ct)  K(t,xz +ct) ) (ct)
_ _ .

qr(t,x +ct)  qr(t,z + ct)

qr(z)  qu(z)  qu(z) qr(x + t)
for every t > 0 and z < s(t) and
o(t,x) K(z) wult,z+ct) K(z+ct) u(t,x + ct) K(t,z + ct)
_Eo) - - - an (ct)
qu(z)  qu(x) qu () qu (z + xt) qu(t,z+ct)  qu(t,xz+ct)
for every t > 0 and x < s(t). It thus follows that

6%t ) = €T Kl gz (oo, SN () = EEll gz e (oo ey (et)

Sce_o_t(H(b(u) - Ku”ci*“((—oo,s(o)]) + H‘bg - Kﬂ||c§+“([s(0),+oo)>
and

168 (t, ) — ™" K[| gz gy 0,00y SIUF () = K[l ata gy 4y, 400y 9 (€E)

Sceiut(nﬁbg - Kﬁ||C§+a((—oo,s(0)]) + ||¢g - Kulc§+a([s(0),+oo)>

for every t > 0, where 0_ = —1_20L0+w0 +rand o = 1_20Hc+w0 + 7.
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Since ¢ = r — § we can write

1— Cr, 1-— CL
_= —94
o r 5 +wp + 5 ,
1-— 3— -1
o4 = 720Hc+wo +r= 726Hr+w+ 7CH2 d
and the right-hand sides of the previous formulas are positive since we are assuming that ¢y €
1) and ¢y € (1, 3] (see (3.1)). The proof is complete. O

(0,
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