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Abstract

We review the generalized Lyapunov matrix inequality for continuous-time systems and we provide a solution based on a modifi-
cation of the Jordan normal form. The proposed construction allows to obtain explicit bounds to the decay rate and the inertia of

the solution to the generalized Lyapunov matrix inequality.

1. Introduction

In this article, we study the solution to the generalized Lya-
punov matrix inequality

PA+A'P<2aP,

in which A is a given matrix (possibly non-Hurwitz), « is a real
number, and P is an unknown symmetric matrix which may be
non-positive definite. Such an inequality arises in many con-
trol problems and plays a fundamental role in p-dominance [3|]
and k-contraction theory [13| [1]. The generalized Lyapunov
matrix inequality has been deeply studied and it is well-known
that the inertia of P, namely the number of eigenvalues with
positive, negative, and zero real part, is directly related to the
inertia of the matrix (A — o), see, for instance, [9] 6] [11} [12].
In this work, which extends our preliminary contribution [[10],
we provide a new explicit solution based on the solely algebraic
properties of the matrix A, namely on its eigenvalues and (gen-
eralized) eigenvectors, focusing on the special case in which A
is a non-diagonalizable matrix, for which it is known the pa-
rameter ¢¢ cannot be arbitrarily chosen. In particular, we show
that we cannot select ¢ equal to an eigenvalue with non-unitary
geometric multiplicity and that selecting « arbitrarily close to it
provides a solution P which is ill-conditioned. These facts are
provided thanks to a modified Jordan’s normal form. We be-
lieve that these new results allow to better understand the decay
rate of stable systems possessing nontrivial Jordan blocks (of
large dimensions), e.g., when designing a high gain observer
characteristic polynomial via a Lyapunov equation design as
described in [4, sec. 2.3.1], or in large-scale systems obtained
via the spatial discretization of PDEs or in the case of linear
first order (nonstrictly) hyperbolic systems as addressed in [2],
see also [7, Part II].

The paper is structured as follows. In the next section, i.e.,
Section |2} we introduce the definition of the inertia of a matrix
and some preliminary ingredients to define the modified Jordan
normal form. Then, in Section 3] we introduce such a modifi-
cation of the Jordan block normal form as proposed in [10] for
continuous-time systems, and we then analyze a closed-form
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solution of the generalized Lyapunov inequality. Some numeri-
cal tests to show the effectiveness of the proposed approach are
given in Sectiond] Finally, conclusions are drawn in Section 3]

2. Notation and Preliminiaries

We denote with R (resp. C) the set of real (resp. com-
plex) numbers, and with i the imaginary unit. Given s € C,
s =a+ ib, we denote with R{s} = a its real part. Given a ma-
trix P € R, we denote by Omax (P), resp. Omin(P), its largest,
resp. smallest, eigenvalue. We recall the following definitions
of inertia of a matrix, see [[11].

Definition 1. The inertia of a matrix P with respect to the imag-
inary axis (c-inertia) is defined by the triplet of integers

Inc(A) = {n*(P)anO(P)’ﬂJr(P)}

where n_(P), my(P) and .y (P), denote the numbers of eigen-
values of P, counted with their algebraic multiplicities, with
negative, zero, and positive real part, respectively.

Definition 2. The inertia of a matrix P with respect to the unit
circle (d-inertia) is defined by the triplet of integers

Ing(A) = {71 (P), m(P),7>1(P)}

where w1 (P), my(P), and m-1(P), denote the numbers of
eigenvalues of P, counted with their algebraic multiplicities,
which are inside, on, and outside the unit circle.

Given any n € N, we define the following matrices

1 1 ... 0 0 1
01 .
Jup =L +N, = . , Np=
: | |
0 N | 0

where I, is the identity matrix of dimension n and N, is the
matrix with ones on the upper diagonal and zeros elsewhere.
Given a number € € R and a natural number n € N, we denote

[ diag(l,e,...,e" 1), ife#0,
Du(e) '_{ I, ife =0. )
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Then, with the previous definition, the following identity
N,D,(g) = €D, (&)N, 3)

holds for any € € R/{0} and n € N. Similarly, for a matrix
A € R™" we can define

[ diag(I,A,...,A" ), ifA#0,
Dn(A) T { Irn; ifA = O, (4)
and in this case, the following identity can be verified
D,(A)~ (N, @1,)Dy(A) = N, @A. ©)

Finally, we have the following properties on the matrix J,.

Lemma 1. For any n > 1, the matrix J,, satisfies the following
properties.

1. The matrix J,+J, satisfies
2[14cos ()]l = Ju+T, = 2[14cos (%)] I
2. For any real number € € (0,1, the following holds
2(1+€cos () =
Da(e)"! [J,,+Jﬂ Du(e) <2 (1+&cos (;57)) .-

n+1

Proof. From [8, Ex. 7.2.5], we recall that given a matrix A €
R™" with a # 0 and ¢ # 0, of the form

b a
c b a

A= =bl,+aN,+cN,, (6)

c b a

c b

an explicit formula for its eigenvalues A; is given by

c i .
li:b+2a\/;cos(7rn+l>, ie{l,...,n}. (D

As a consequence, applying such a formula to J, one directly
shows item 1. We show now item 2. By applying (3)), we have

Da(e)"! [Jﬁm D,(€) = 2L, + (N, + N ),

and therefore, by using again (7), we obtain

2(1+e€cos (nnil))

< D(e)™" [1a+ 1] | Dule) 221 +€cos ()

concluding the proof. O

3. Main Result

Given a matrix A of c-inertia {n — p,0, p}, we are interested
in studying the solutions to the generalized Lyapunov matrix
inequality

PA+ATP<2aP, acR, P=P", (8)
in which @ € R may be a positive or negative real number and
P is a symmetric matrix of c-inertia {p,0,n— p}, as show in [9,
Lemma 1, Section 3] and [[L1, Theorem 2.5].

In this short note, we focus on the case in whichA isan xn
non-diagonalizable matrix and we look for an explicit solution
to the inequality (8). We denote by T the transformation putting
A in its canonical (real) Jordan form [6], namely

T~'AT =J,  J:=blckdiag (J,Ll - ,JM), ©)
where m < n is the number of Jordan blocks, J. A is the Jordan
block corresponding to the eigenvalue A; with dimension g; €
N, with the convention that if A; is real then

J)L,- = )L,'Ii-i-N” (10)

while, if A; is related to a pair of complex conjugate eigenvalues
of the form a; & 1b;, then and its corresponding Jordan block is
described as

AL O ... 0
0O A L ... O
Sy, =l QN+N, b=
Ai b
0 0 A 2gix2g;

QY

where A; is defined as

v=(5 0

and one can verify that o (A;) = {a+1b,a— ib}. Note also that
Ai+ A =2a;l, = 2R{A;}I,. With such a notation, we also
have n = }/" | g;. Without loss of generality, the eigenvalues
M,..., Ay are ordered as

R} > ... >R{A}>0>R{Aa1} > ... > R{A}, (12)

where g € [0,n] is the number of eigenvalues (associated with
a Jordan block) with positive real part and we let p = Z?:l gi.
The first observation is that the matrix 7' could be exploited to
design a solution to the Lyapunov matrix inequality (8) if A is
diagonalizable, otherwise this might not be the case. To sim-
plify the explanation, consider the case in which A is a Hurwitz
matrix, with only real eigenvalues and we look for a P and
satisfying (8). By taking P = T~ "T~!, simple computations
yields
J+JT <20l

Due to the block-diagonal structure of J, one can verify that it is
possible to find a solution with a negative a only if R{A;} < —1



for any i = 1,...,m. This can be easily computed using (7).
Thus, for a matrix in Jordan form, the identity is in general not
a good candidate solution of a Lyapunov matrix inequality.

As a consequence, in order to construct an explicit solution
to the inequality and provide the main result, we first need
to introduce the following two sets of matrices which allow us
to modify the standard Jordan canonical form. In particular,
for any Jordan block Jj, related to a real eigenvalue, we define
the corresponding matrices Dy, (4;) and Dy, (€) following the
definition given in (2), while, for a complex pair of eigenvalues
Ai, we define, with some abuse of notation Dg,(A;) = Dy, (A;)
and Dy, (€) = Dy, (€hy), with Dy, defined as in (). With such a
definition, we construct the matrices ID and D, as follows:

D := blckdiag (Dg1 (A1), ..., Dy, (am)) ,
D, := bickdiag (Dy, (€),..., Dy, (€)).

(13)

The two set of matrices ID and D have different interpretations.
First of all, the effect of the matrix Dg(A) is to rescale the cor-
responding Jordan block as follows:

D, (A)J3Dg(A) = 2.

In particular, with the new rescaling factor, one obtains that
for any A with negative real part, AJ, + /'LJJ;,r =< 0 in view of
. Therefore, for this new modified Jordan form (in which
the value of the eigenvalues multiplies also the upper-diagonal
matrix), the identity is a good candidate solution to a Lyapunov
matrix inequality (8) for o in a certain interval, as expressed by
the result in Corollary |1| below. It is then readily seen that by
applying to the matrix A the transformation T = 7D, defined in

(T6) and (T3], one obtains
T=7D, T 'AT=1J:=bickdiag(J;,,...,J5,) (14)
where, for i = 1,...,m, J, is defined as J) = 4;J, if 4; is

real, or as Jy, = Jg, ® A; if A; corresponds to a pair of complex
eigenvalues, with J, defined as in @, for g; € N, that is

_ li‘]]gi
J]Ai B { ‘]]gi QA

if A; is real,
if A; is complex,

Then, the second transformation matrix, i.e., D¢, is used to
further modify the structural matrix J, of each block, by impos-
ing an € value on its off-diagonal terms. This later coefficient is
instrumental in getting some degree of freedom on the conver-
gence rate, so to select an o to be as close as possible to 4, as
one can observe from item 2 of Lemmal[ll

To summarize, the matrix P solution to the inequality (8] that
we propose, is obtained by composing the matrices 7', D and Dy
back in the original basis of A. We remark that the selection of
these matrices is similar to the change of coordinates which is
used in high-gain observers theory, see, e.g., [3]. Finally, given

6 €(0,1), we let €5 be defined as

ek ok R{4;
comminteet), 7y~ 202
-1
* . o _ B .
&= le{r?lr{f]} {COS (gi+1) {1 (1 6)7}1,1:| } ) (15)
st gi>
-1
* . P _ B -
gtE{;I?Ewm}{COS<gi*1) [1 (1 5)rq+14}},
s.t.ogi>1

Note that €7 is always nonnegative for any 6 € (0, 1) because,
cos(m/(g1 + 1)) is positive for any g; > 1, and the ratio r; is
always less than or equal to one, i = 1,...,g. Similar arguments
hold for £*. We then have the following theorem providing an
explicit solution to the Lyapunov matrix inequality (8] based on
solely knowledge of T and 4; in (9), although the Jordan form
transformation T might not be trivial to obtain.

Theorem 1. Let A be a matrix with c-inertia {n— p,0, p}, satis-
Sfying Q). For any 8 € (0,1) there exists €5 > 0 defined in (13),
such that, for any € € (0,€s], the following P with c-inertia

{p,0,n—p}
P:=T "ID.°T"!, T:=TD
I := blckdiag ( flp,ln,,,),

)

(16)

with T, D and D¢ defined as in ) and (13), is a solution to the
generalized Lyapunov matrix inequality (8) with a € R satisfy-
ing

(1=0)R{Ay41} < < (1-06)R{A,}. an

Note that, for diagonalizable matrices A, i.e., g; = 1, for all
i € {1,...,n}, Theorem|[I|boils down to the forthcoming Corol-
lary [I|below since, when g; = 1 for all i, then by definition one
obtains D = I. See also the remark at the end of this section.

Proof. First, note that P has the same inertia of I. Take in-
equality (8) and pre-multiply (post-multiply) by DT " (TD,).
Using the definition of P and recalling (9) we obtain
DT (PA+A"P—20P)TD; <0
1D, (D~ 'JD)De + De(D'JD) "D, T — 201 < 0
1D, 'JD, + D J "D, 'T— 20l <0,
where J is a modified Jordan form defined in (T4). As a con-

sequence, due to the block-diagonal structure, the previous in-
equality corresponds to the following set of inequalities

~R{ID, (€) [T, + 77 | Dy, (6) + 20, <0,
i=1,....q,
R{AIDL () [Ty, + T3 | Dy (€) — 20, =0,

i=q+1,...,m.
(18)



It is readily seen that the inequalities (T8) are satisfied for all
i€{l,...,m} if a is chosen such that a, < o <@, with

@< min {(1ecos (m5r) ) i} .

ie{l,...,
)i}

As a consequence, by selecting for any € € (0, g5] one can ver-
ify that

IR

<  max {(H—ecos(ﬂ: &
€ ie{g+1,...,m} gitl

o < (1 —5)9{{),,,}, Q. < (1 —5)9{{Xq+1}, (19)

thus concluding the proof. O

In the previous theorem, one can thus select § in order to ob-
tain a value « in (§) which is as close as possible to the real
part of the eigenvalues A, and A,41, see equation (I9). How-
ever, as explained before Theoremm one can still consider the
solution with € = 1 but obtaining more conservative values of
a, as shown in the next corollary.

Corollary 1. Let A be a matrix with c-inertia {n— p,0, p}, sat-
isfying (O). Then, the matrix P with c-inertia {p,0,n — p} de-
fined as
= Tym—1 . . :
pP:=T"'IT", T:=TD, I:= blckdlag(—lq,ln,q),

with T satisfying (), is a solution to the generalized Lyapunov
matrix inequality (8) for any a € [0, Q] with

. ) 8i
cpin, {0 |1 cos (x5}

o= max {9?{&,'} {1 +cos (n i >] }
ic{g+1,...,m} gi+1

In particular, the previous corollary can be derived from The-
orem[Tlin which € = 1.

o

(20)

Remark. It is worth noticing that in case A is Hurwitz, i.e.,
p = q =0, we obtain a closed-form solution to the standard
Lyapunov inequality, for more details refer to [10].

Remark. In case A is diagonalizable, i.e., fori=1,...,m we
have g; =1, then D¢ = I and the solution P given in Corollary
[1)is valid for a € [, @] with &0 = R{A,} and & = R{Ay11}

4. Numerical tests

The main theorem of this article provides an explicit solu-
tion to the generalized Lyapunov matrix inequality which can
be optimized in the set of admissible values for &. We don’t
claim however that our choice is always the optimal one in
terms of conditioning number Gmax(P)/Omin(P) of P, because
of the presence of € that may be very small. For instance, one
could improve the previous design by selecting a different &; for
each block in (T3)) correlated to each Jordan block.

As z numerical test, we fix a Jordan block matrix J with di-
mension 9 with 3 distinct eigenvalues, i.e., {—0.5,—2,—4} with

associated block dimensions (g1, £2,83) = (3,5,1) and we con-
struct the matrix A by taking an invertible random matrix trans-
formation T. We compare the analytic solution P to (§), pro-
posed in Corollary |l|and Theorem 1| with a numerical solution
Py v obtained employing a standard LMI solver such as the one
implemented in Matlab. We repeat this experiment 5000 times
and compute the relative average condition numbers to compare
the two solutions P and P .

We thus consider an application of Corollary |1} and accord-
ingly, from the convergence rate formula (20) we have

a=-0.5 (1 + cos (431”>> ~—0.1464, a=0

with P = T~ TT~!, thus the condition number of P is equal to
the condition number of T. By comparing the solution P
of LMI solver (getlmis()) implemented in the Robust Control
Toolbox™" of Matlab version R2022a with the given &t = O, we
get approximatively, over 5000 comparisons, 99% of the times
a better condition number of T than that of P y. The numerical
testing details are summarized in Table I}

Table 1: Numerical results

# tests ‘ % ‘ average u(T'T) ‘ average [ (PLmr)
5000 | 99% | 1.4839¢+03 | 1.0417¢+06

Moreover, when we consider the application of Theorem [I]
we fix a = —0.45, we get, over 5000 comparisons, 100% of the
times a better condition number of TD, than that of P py. The
numerical testing details are summarized in Table 2}

Table 2: Numerical results
#tests | % | average u(T D2T) | average p(Piai)
5000 | 100% | 6.2556e+03 | 13463¢-+ 16

5. Conclusions

In this work, we exploit a modification of the Jordan block
normal form to obtain an explicit solution of the generalized
Lyapunov inequality for continuous time systems. Moreover,
we show that the proposed solution of the inequality preserves
its matrix inertia when selecting a desired convergence rate to
be arbitrary to either the slowest unstable or the slowest stable
eigenvalue, with the price of worsening the condition number
of the proposed solution if those eigenvalues have geometric
multiplicity larger than one. Some numerical test results are
also provided to show that the proposed solution most of the
time provides a better-conditioned matrix than the one obtained
via numerical optimization. However, the proposed solution is
mainly a theoretical result because its numerical implementa-
tion might not always be feasible due to the lack of a reliable
numerical algorithm for computing the Jordan canonical form.
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