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Quantization effects for
multi-component Ginzburg-Landau
vortices

Rejeb Hadiji * Jongmin Han' and Juhee Sohn?

Abstract

In this paper, we are concerned with n-component Ginzburg-Landau
equations on R%. By introducing a diffusion constant for each component,
we discuss that the n-component equations are different from n-copies of
the single Ginzburg-Landau equations. Then, the results of Brezis-Merle-
Riviere for the single Ginzburg-Landau equation can be nontrivially ex-
tended to the multi-component case. First, we show that if the solutions
have their gradients in L? space, they are trivial solutions. Second, we
prove that if the potential is square summable, then it has quantized in-
tegrals, i.e., there exists one-to-one correspondence between the possible
values of the potential energy and N™. Third, we show that different diffu-
sion coefficients in the system are important to obtain nontrivial solutions
of n-component equations.

MSC2000 : 35B40, 35J60, 35Q60.
Keywords : n-component Ginzburg-Landau equations, quantization effect

1 Introduction

Let © C R? be a smooth bounded simply connected domain. The classical
Ginzburg-Landau(abbreviated by GL) energy on (2 is given by

1 1 2
GP(u) = §/Q|Vu|2dx+@ [ (= u?)as. (1.1)

Here, u : Q — R? is an order parameter and v = g on 9 for a smooth function
g :Q — 8. For convenience, we often regard u : @ — R? as v : 2 — C. The
corresponding Euler-Lagrange equations are

1 b
—Au = E—2u(1 —|ul®) in Q, (1.2)

u=g¢g on OJf.
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For the last three decades, there have been lots of studies on the solution struc-
tures of (1.2), in particular, on the asymptotics as ¢ — 0.

Such studies started from the seminal work of [4] and [5] which deals fairly
in detail with the asymptotic behaviors of minimizers u. for G® on

H;(Q,RQ) ={uc H' (QR?) :u =g on 00N}.
The main issue in the analysis is the value of the degree of g, say d. If d = 0,

then Hj(Q,S') # 0 and u. converges to a harmonic map ug in Hj(Q,R?). Here,
ug minimizes

/ [Vul*dz on H)(Q,5")
Q
and is the unique solution of
—Aug = up|Vug|? on Q, ug=gondQ, |ug|=1onQ. (1.3)

The main point is that ug serves as a test function for G®. This gives a uniform
boundedness of G®(u.) and hence H'-boundedness of u.. However, if d # 0,
then H (2, S') = 0 and the energy is not bounded:

1
GY(u.) = 2ndIn - +0(1). (1.4)
This phenomena gives rise to the formation of singularities {a1,--- ,a,} C Q
such that u. — u, € H} (Q2\ {a1, -+ ,a,}) where u, is a harmonic map that
has singularities a1, - - , a,.

On the other hand, if §2 is star-shaped, then the Pohozaev identity implies
that the potential is uniformly bounded in the limit € — 0:

1
Eg(ug) = 5—2/ (1 — |u5|2)2d,7: < C. (1.5)
Q
This also implies by (1.4) that

/|Vu€|2%oo as €— 0. (1.6)
Q
If we set u.(x) = u.(ex), then . satisfies
~ ~ ~ 1
—AU. = (1 — [u]?) in Q.=-Q. (1.7)
€
If we take the limit ¢ — 0, %. converges to a function u in C?_(R?) such that
—Au=u(l—|u*) in R2 (1.8)
More generally, let us consider for A > 0
“Mu=u(l —|ul?) in R (1.9)

This can be derived from the limit ¢ — 0 for a variant of (1.2):
1
—di Vu) = —u(l —|uf?) in
1V(a(z) u) E2u( |ul*) in , (1.10)
u=g on Of.

The weight function a(z) > 0 appears in (1.10) when we study the equation
(1.2) on a domain equipped with a background Riemannian metric. See [1, 2, 3]
for the study of asymptotics of solutions to (1.10). If we set a(x) = a(ex) and
Ue(x) = ue(ex) for a solution u. of (1.10), then . satisfies

—div(a(z)Va.) = (1 — [@]?) in Q.. (1.11)



By taking the limit € — 0, we are led to (1.9) with A = a(0). Although (1.9)
can be obtained directly from (1.8) by a scaling u(z) — u(z/v/)), it is helpful
to consider (1.10) when we study n-component generalization on R? as we shall
see.

Meanwhile, since E°(u.) is convergent up to a subsequence in view of (1.5),
it is interesting to find the value of

E'(u) = /R2 (1 —|uf?)*dz (1.12)

for solutions of (1.9). Remarkably, it was verified in [6] that if u is a solution
of (1.9), then E®(u) allows only quantized values. Meanwhile, in the point of
(1.6), it was proved that if u is a solution of (1.9) and Vu € L?(R?), then u is
a trivial solution. This can be summarized as

Theorem A. [6]
(i) If u is a solution of (1.9), then E’(u) = 27Ad? ford =0,1,2,--- , cc.

(i) If u is a solution of (1.9) and Vu € L?(R?), then either u =0 or u = ¢y
for a constant ¢y with |co| = 1.

The classical model with the energy (1.1) can be generalized as an n-component
model. For a pair of maps (u1,--- ,u,) € H) (Q,C) x ---x H} (9,C), we con-
sider an energy

1 [ 1 . 2
Ge(ur, -, up) = 5/Q E |Vu;|?de + = ), (n— g |uj|2) dev.  (1.13)
= =

The Euler-Lagrange equations are

1 S :
—Au; = Ui (n - Z |uj|2) in Q,
j=1

u; =¢g; on 0L,

(1.14)

for i = 1,--- ,n. This direct generalization to an n-component model origi-
nates from a semilocal gauge field model [10, 11]. The energy (1.13) was used
to explain some issues in cosmology related to a particular state of the early
universe that possesses both a local and a global gauge invariance. It also de-
scribes interactions of multiple order parameters. See [8, 11] for more physical
motivations.

It is very natural to ask that the properties of the classical model (1.1) are
still valid for the generalized model (1.13). Regarding this question, a detailed
analysis was firstly performed in [8]. A remarkable thing is that the convergence
of minimizers of (1.13) is not so seriously affected by the degrees

deg(g;,00) =d; e NU{0} for j=1,--- ,n. (1.15)
Indeed, a natural generalization of H (€2, S*) is the space

X(g1, - gni Q)

:{(ul,--- ,Up) € H;I(Q;RQ) X e X H;R(Q;RQ) : Z|uj|2 =n a.e. on Q}
j=1

Then, it is known by [8, Theorem 1.1] that X(g1,---,gn;Q) # 0 regardless

of the values of dj’s. For n > 2, the condition 77, |u;|* = n excludes the



possibility of singular behavior of each u; near its zero. So, if (uf,---,u}) is a
minimizer of

Z/§l|vu3|2d$ on X(gla ag’ruQ)a
j=1

then for a sequence of minimizers (ujc,- -, un) for (1.13), we obtain
1 [ 1 = 2 . .
5/02 Vg o?de + = ) (nf 3 |u]-,€|2) do < Ge(ut,-- ,ut).  (1.16)
j=1 j=1

So, the asymptotics of minimizers can be analyzed as in the degree zero case for
the classical model (1.1). We note that (u},--- ,u}) satisfies

1< .
—Au; = Ui z; |Vu;|? in Q,
=

" (1.17)
u; = g; on 0L, Z |uj|* =n in Q.
j=1
It is an open problem whether (1.17) allows a unique solution.
As in the equation (1.10), let us introduce a positive weight function a,(x)
for w; for each i. So, one may consider the following system: for i =1,--- | n

1 n
—div(a;(x)Vu;) = su;(n — g 1?) in Q,
iv(ai(z)Vu;) U (n 2 ;] ) in (1.18)

u; =g; on OJf.

Given a solution (41, ,un,) of (1.18), if we set U; () = u;(ex) and
a;(z) = a;(ex), then u, s satisfy
—div(@:(2) Vi) = e (n -3 |aj,€|2) in Q.. (1.19)
j=1
By taking the limit ¢ — 0, we are led to
—NiAu; = uy (n - Z |uj|2) in R2? (1.20)
j=1
where \; = a;(0). We recall that (1.9) can be reduced to (1.8), i.e. the case
A = 1, by the change of variables u(x) — u(v/Az). However, if n > 1, such scale
argument does not work anymore for (1.19). A role of the constants A1, -+, A,
will be addressed briefly in Theorem 1.2.

A natural question regarding (1.20) is whether the conclusion of Theorem A
for the single GL system (1.9) is still valid for the solutions of the n-component
GL system (1.20) or not. There is a big difference in this analysis between the
single case (1.9) and the multi-component case (1.20). If a solution u of (1.9)
satisfies (1.5), then one can show two important things

lul? <1 in R?* and |u(z)]* =1 as |z| — oo. (1.21)

These properties play central roles in the proof of Theorem A. Meanwhile, for
a solution pair (uq,--- ,u,) of (1.20) satisfying

E(ui, - ,uy) = nfi|uj|2 2dz<oo, (1.22)
RZ
j=1



we can show by Lemma 3.1 below that

n n
Z luj|* <n in R* and Z luj|* = n as |z| — oc. (1.23)
j=1 j=1
Unlike the single case (1.21), the properties (1.23) do not provide any individual
behaviors of u;. This makes the analysis for solutions of (1.20) sophisticated
and motivates a new research problem. The purpose of this paper is to verify
how such obstruction can be overcome for a conclusion similar to Theorem A.
Especially, we focus on the quantization of the potential E(uy,--- ,u,). Our
idea in this paper can be applicable for other types of n-component Ginzburg-
Landau equations. We will address this topic elsewhere.

We start with a problem analogous to Theorem A (ii). In other words, we
consider the question whether the equation (1.20) allows only trivial solutions
whenever the gradients of u; are square summable. Regarding this problem, we
obtain the following result.

Theorem 1.1. Let (u1, - ,uy,) be a solution of (1.20) satisfying

Z/R2 |Vu,|?dr < oc. (1.24)
j=1

Then, either (uy,--- ,u,) = (0,---,0) or (u1, - ,un) = (c1, -+ ,¢n) for some
constants c1, -+ ,cn € C with |e1|* + -+ + |en]? = n.

By Theorem 1.1, if (u1,- - ,uy) is a solution of (1.20) satisfying (1.24), then
E(uy, -+ ,uy) is either 0 or co. Hence, if a solution (uq,--- ,u,) takes a finite
nonzero value of the potential E(ui,- - ,uy), then Vu; ¢ L?(R?) for some j.
A simple example of such solutions can be constructed from solutions of (1.9).
Indeed, let U(z) be a solution of (1.9) such that |U(x)| — 1. If we assume
A =+ =X, = X and set uj(x) = U(y/nz) for each j, then (uq, -+ ,u,) is a
solution of (1.20) with Vu; ¢ L?(R?).

Another example is a radially symmetric vortex solution. If we put u;(z) =
e% fi(r) where x = re?® and d; is a nonnegative integer, then we can rewrite
(1.20) as

ot B (- =0 for >0
, , \; ~ (1.25)

fi(r) = bir® + o(r®)  for some b; >0 as 7\, 0.

For the case n = 1, by letting u(r) = e f(r), we can transform (1.9) into
f”+lffd—2f+lf(lff)*0 for r>0

r r2 A N ’

f(r)= brd + o(rd) for some b >0 as r \,0.

The existence and properties of solutions to (1.26) are well-known in [7, 9]. In
particular, there exists a unique solution f such that

(1.26)

f(r) /1 as r— oo, (1.27)
and u satisfies the quantization property of Theorem A. When n > 1 and
(f1,-++, fn) is a solution of (1.25), then the condition (1.27) can be generalized
by

fi(r) /oy for some a; € (0,n) with a3 +--- + a2 = n. (1.28)



Since one may consider infinitely many choices of (aq, -+ - , @, ) whereas a; = 1 is
the unique choice for n = 1, it is expected that the solution structures of (1.25)
is richer than those of (1.26). We will address this topic elsewhere. Instead, we

concentrate on the quantization of potential E(uq,--- ,u,) in this paper.
Before proceeding to the quantization problem, it is worthwhile to see that
the constants A1,---, A, play an important role to get nontrivial solutions of
(1.25). We have seen that if f is the unique solution of (1.26), then (f1,--- , fn)
with f;(r) = f(y/nr) for each j is a solution of (1.25) when dy =---=d,, =d
and Ay = --- = A, = A. The next theorem tells us that if Ay = --- = A,
then all d;’s must be equal. So, given a solution (f1,---, fn) of (1.25), there

is a possibility that each f; is a scale of a solution of (1.26). Therefore, it
is necessary to assume that all A\;’s are not equal in order to get a nontrivial
solution of (1.25) in the sense that it doesn’t come from n-copies of solutions of
(1.26).

Theorem 1.2. Let (f1, -+, fn) be a solution of (1.25) that satisfies (1.28). If
Mo=-= Ay, thendy = =d,.

To state the quantization effect, we need a notation. For a nonnegative real
number « and a smooth function u : R? — C, we set

Iy (u) = /Rz (® — |u|?)*dz. (1.29)

The third result of this paper is the following.
Theorem 1.3. Let (u1,---,un) be a solution of (1.20) such that

E(uy, - ,up) < o0. (1.30)
Suppose that there are nonnegative real numbers aq, - -+ , ay such that
i+ tai=n and I, (u;) < occ. (1.31)

Then, there exist nonnegative integers d; € {0,1,2,---} for 1 < j < n such that
n

E(uy, - un) = QWZAja?d?. (1.32)
j=1

The basic strategy for the proof of Theorem 1.1 and Theorem 1.3 is based
on the proof of Theorem A given in [6]. However, there arise many nontrivial
situations in the proof of Theorem 1.3 that do not appear in the analysis of
solutions of (1.9). For instance, any nontrivial solution w of (1.9) with (1.5)
satisfies (1.21). Whereas if (u1,---,u,) is a solution of (1.20), then |uj|* +
-++ 4 |uy|*> — n but there is no information on the behavior of individual u,.
Moreover, the maximum principle only gives the inequality |u1|?+- - -+|u,|? < n
but do not provide any pointwise estimate of individual w;. These properties
make our problem difficult and require some new ideas. Throughout a detailed
analysis, we will deduce why the condition (1.31) is reasonable and necessary in
the proof.

The rest of this paper is organized as follows. In Section 2, we prove Theorem
1.1 and Theorem 1.2. In Section 3, we prove Theorem 1.3. The main idea for
the proofs of Theorem 1.1 and Theorem 1.3 is to derive Pohozaev identities
since we will use finiteness conditions of functional-like quantities such as (1.24)
and (1.30). Meanwhile, Theorem 1.2 is proved by a technique of integration by
parts for the ODE system (1.25).



We close this section by introducing some notations. We denote a by the
complex conjugate of a € C. We write Bgp = B(0,R) and Sg = 0Br. We set
&x(x) = €(x/k) where € € C°(R?) such that 0 < ¢ <1, £ =1 for |z| < 1, and
¢ =0 for |z| > 2. By the symmetry property of (1.20), we may assume that

A <A <o < (1.33)

2 Proof of Theorem 1.1 and Theorem 1.2

This section is devoted to the proof of Theorem 1.1 and Theorem 1.2. Through-
out this section, we put

f= Z|u]|2 and h= Z |uJ|2 (2.1)

We have A\, 1f <h <\ f by (1.33). We often use the following identities:
2.2
~Af=2h(n—f 722|Vu]|2 (22)

Lemma 2.1. If (u1, - ,uy) is a solution of (1.20) satisfying (1.24), then f =
lur|> + -+ + |up|* < n in R% Moreover, Vu; € L=(R?) for each j.

Proof. Let ¢ = /f —+/n. By using (2.2), we derive
Mg =ghf (/T4 Vi) - 3 F (9P~ af 3 V)
j=1
> ohf 72 (VF +/n),

where the inequality comes from the Cauchy-Schwartz inequality:
n 2 n
IVF2 = 4(2Re[ajvuj}) <af > |V,
j=1 j=1

Hence, by Kato’s inequality and (1.33)

Ap™ >X{w>0}A<P>—s0+f VE+vn) =

Again by the Cauchy-Schwartz inequality and (1.24),
1 n ~ n 1
IVet| = W\ZRe[ujwj} < (X IvuP)® e 2@,
j=1 j=1

So, multiplying (2.3) by &k, we can see that
2n C
= [aet<—[ verva<t Vo]

{k<|z|<2k}

gc(/ |V<p+|)2—>0
{k<|z|<2k}
as k — co. Hence, o* = 0.
Now, we note that |Au;| < )\;1|uj|(n - < A;ln\/ﬁ. Thus, for each
z € R?, the function v;,(y) = uj(x +y) for y € B;1(0) is uniformly bounded

(2.3)

& |




in W#?(By) for all p > 1. Hence, Vv;, is uniformly bounded in C*(Bj2) and
thus Vu; € L>=(R?). O

Proof of Theorem 1.1. By multiplying the second equation of (2.2) by
&k, we obtain

h(n— f) = : Y |2, .
2 ng (n—f) /Rngk Vf+2;/RZ§k|Vuj| (2.4)

Since u; € L*(R?) and Vu; € L*(R?), it follows from (1.24) that

/ Vé Vf’<CZ(/

k<|z| <2k

1

|V’u]‘|2) ? — 0
as k — oo. Thus, letting k£ — oo, we are led to

v [ae-n< [ n-n=3 [ [wul 25)
An Jr2 R2 =R
Since Vu; € L°°(R?), this implies that the set {z : 1 < f(x) < 3/2 < n} is
bounded. Thus, we can conclude from (2.5) that either f € L'(R?) or (n— f) €
L'(R?).
Meanwhile, by multiplying (1.20) by &xx - Vu;, we obtain

(LHS) = Z/ A& Au(x - V)

= ;/R Eeui(f —n)(z - Vu;) = (RHS).
We have
(LHS) = Z/\/ (Vér - V) (x - V) — Z /|vuz| x- V).
So,

LHS|<C’Z/ |Vu;|> =0 as k — oo.
{k<|z|<2k}

Now, suppose that f € L'(R?). Then, since f <n and f € L'(R?),

(RHS) / (z-VH(f—n)

Z/R2§kf(n—g)+%/RQf(n_§)($'V§k)

Zg/R2€kf+o(1)

as k — oo. This implies that f = 0 and thus u; = 0 for each i. On the other



hand, if (n — f) € L'(R?), then

(RHS) = % . &z - V(f —n)?

2 1 2
3 atr—n—1 [ @ Ve —n

1 2
=5 [ &t =t +ol)

as k — oo. So, we have f = n, which implies by (2.4) that Vu; = 0 for each j.
This gives us the desired conclusion of Theorem 1.1. |

Proof of Theorem 1.2. Let us assume that \{ = --- = A\, = A. For
instance, suppose that d; > da. Then, we have from (1.25)

”—‘,—lf/:d—%f _;’_lf (ifQ_n)
1 Tl 7’21 )\1 j:1] )

" 1 I d_% l S 2
2 tohh="5ht St > fF—n).
j=1
Choose g > 0 such that f; > a1/2 and fo > ag/2 for r > ry. So, for all r > rg
1 dl Oéloég(d% — d%) 1 €
;[T(f{f2*f1f2/)] = ff — 1 22
Integrating this inequality on (ro, )7 we are led to
Fifo=fifyz P4 2
for some ¢; € R. Set h = fl/fg. Then, h(r) = a1/asz as 1 — oo and
/
h' = 7f1f2 L] (f1f2*f1f2) 20 Jr— for 7 >ro.

f2 asr 0‘27"

This leads us to a contradlctlon. as r — oo,

c r
h(r) > E[(lnr) — (Inro)?] + a—lglna + h(ro) — oc.

Consequently, di = ds. O

3 Proof of Theorem 1.3

In this section, we prove Theorem 1.3. The key part is to classify the values of
potentials I, (u;) into four cases. Throughout this section, let (uj,- - ,u,) be
a solution of (1.20) satisfying
n 2
E:E(u1,"',un):/ (n—Z|uj|2) < oc. (3.1)
R2 =
We begin with the following lemma.

Lemma 3.1. Let (u1,--- ,uy) be any solution of (1.20) satisfying (3.1). Then,
the followings hold.



(i) We have

Z luj|> <n and Z lujl> > n as |z] — 0. (3.2)
j=1 j=1
(ii) We have
Vu; € L= (R?) for each j. (3.3)

(i) There exists a constant C independent of R such that
Z/ |Vu;|*dz < CR. (3.4)
j=1"Br

Proof. (i) Let f = |ui)> +--- + |us|? and ¢ = f —n. By (2.2),
Ay > 2hp.
Multiplying this equation by &xp™, we are led to

1 C
/ (IVet? + 2h|p™|?) pda < —/ A&lp™ Pz < —/ o™ Pd.
]RZ 2 ]RZ k2 Rz

Letting k& — oo, we see by (3.1) that ¢+ = 0. This implies the first part of
(3.2).

Next, to show the second part of (3.2), we argue by a contradiction. Assume
that there exists a sequence |zgx| — oo such that f(xy) < n — 26 for some
0 <0 < 2/5. Let r = min{1,6/(2Mny/n + nM?)}, where we denote M =
max; ||Vu;| e in the rest of this paper. For € B(xg,r), we have by the Mean
Value Theorem

F@) <3 (g ()] + luy(x) —ug(ze)])”

NE

<.
Il
—

Juj (@x)[” + 2M | — 2] > Jug ()| + nM2|ag — 2|
j=1

<n—28+ (2Mny/n+nM?*)r <n —é.
Then, it follows that

NE

<.
Il
—

/ (f —n)’dx > nr262.
B(wk,r)

This is a contradiction since f —n € L*(R?) by (3.1).

(ii) This follows from Lemma 2.1.

(iii) By multiplying (1.20) by w; for each ¢ and integrating them over Bp,
we obtain

Z/ )\i|Vui|2dx:Z/ rulbas + [ fn— fya
i=1 7 Br i=179Br ov Br

< ny/nA,M|0Bg| +nE?|Bg|? < CR.

Here v denotes the outward normal to Bpg. O

We note that although the statement |u|? + -+ + |u,|? < n in Lemma 2.1
and in (3.2) is the same, it is proved under different conditions. The following
lemma helps us classify the values of I, (u;).

10



Lemma 3.2. Let n > 3 and (u1, - ,un) be a solution of (1.20) satisfying
(3.1). For1<j<mn,leta; € [0,y/n] be given such that a} +--- + a2 = n.
If k € {0,1,--- ,n} is the number of o such that I, (uj) = oo, then k # 1.
Moreover, if In,;(uj) < oo, then

luj| = a; uniformly as |z| — oc. (3.5)

Proof. Suppose that I, (u;) < oo for 1 <j <n—1. Let
n—1 n—1 2 %
Xp = {/ (ZO‘?*ZMIQ) dz} :
Br =1 j=1

Vo= [ [ (@2~ lwi] "

Since Iy, (uj) < oo for 1 < j < n — 1, it follows that Xp < C where C is

J

independent of R. By (3.1) and the Cauchy-Schwartz inequality,

n 2
oo>E:/ (nf |u|2) dx
n—1

n—1
> X2+ Y2+ 2/3 (Z a2 =Y |u]-|2)(a$; g |?)da
R =1

j=1
> (Xr —Yg)%

As a consequence, Yy is also uniformly bounded as R — oo and thus I, (u,) <
oo. This implies that either £k = 0 or 2 < k < n. The behavior (3.5) follows
from the same argument for the proof of (i) in Lemma 3.1. O

By Lemma 3.2, if (u,--- ,u,) is a solution of (1.20) satisfying (3.1), then
one of the following four cases holds:

(P1) there exist a; € [0,4/n] for 1 < j < n such that

a; >0 Vi, Za? =n, and Iq;(u;) <oo Vj;
j=1

P2) thereexist l € {1,--- ,n—1} and «; € [0,y/n] for 1 < j < n such that
J
a; >0 for 1<5<I, o;=0 for [+1<j<mn,

J

Za?:n, and I, (u;) < oo Vj;
j=1

there exist [ € {1,--- ,n — and o € |0,y/n| tor 1 < 7 < n such that
P3) th ist [ 1 2 d a; 0 for1<j< h th
Io;(uj) <oo for 1 <5 <1, Iy (uj)=o00 for I+1<5<n,

> =
j=1
(P4) I,,(uj) = oo for any choice of o € [0, /n] satisfying of +--- + o2 = n.

Remark 3.3.
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(a) In view of Lemma 3.2, [ # n — 1 in the case (P3). In particular, (P3)
does not happen for n = 2.

(b) Let us explain the above classification for the case n = 3. Suppose that
a1, a9, a3 € [0,v/3] and o} + a3 + a3 = 3. Assume that I, (u;) < co. By
the same argument of Lemma 3.2, it is obvious that

I, (u1) < oo if and only if J= / (03 + a3 — ual® — |U3|2)2 < 0.
RZ

When J < oo, we have that I, (uz2) < oo if and only if I, (uz) < co. So,
if I, (u1) < 00, then either

(i) Loy (u1) < 00, Lo, (ug) < 00, loy(uz) < oo,
or

(ii) T, (u1) < 00, I, (ug) = 00, In,(us) = oo.
If (i) is true and «; > O for all j = 1,2,3, then it results in the case
(P1). If (i) is true and either a;,as > 0 with az = 0 or a; = /3 with
ag = ag = 0, then we are led to the case (P2). If (ii) is true, then we

have (P3). Finally, if I, (u1) = Ia,(u2) = I, (us) = oo for any choice of
aj with of + a3 + a3 = 3, then we get the case (P4).

(c) We believe that no solutions of (1.20) satisfy both E(u1,- - ,u,) < 00
and (P3) (or (P4)). Of course, one can find an example of (uy,- - ,up)
that violates one of three conditions: (i) (u1,--,u,) is a solution, (ii)
E(uy,- -+ ,up) < 0o, and (iii) (P3) or (P4) is true.

For instance, if n > 2 and we set
ui(z,y) = Vnsin(z® +y?),
u;(w,y) = Vncos? ' (z? + y?)sin(z® +y?) for 2<j<n—1,
un(z,y) = vncos" " (a? +y?),

then (u1,-- - ,uy) satisfies E(uq,- - ,u,) < co and (P4). However, (uj,---
is not a solution of (1.20).

Another example is uj(x,y) = A;e? where A; and w are positive real
numbers for 1 < j < n such that A% o+ A% + w? = n. Then, one may

check that (ui,--- ,u,) is a solution of (1.20). Moreover, if a; = A, for
1<j<n-—1and a, = /A2 +w?, then I, (u;) =0for 1 <j<n-—1
and I, (up) = oo. Thus, (u1,- - ,uy) satisfies (P3) with [ = n — 1 but
we obtain F(uy, -+ ,u,) = 00. O

Based on the above classification and Remark 3.3, we will focus on the
quantization problem only for the cases (P1) and (P2). Thus, the condition
(1.31) in Theorem 1.3 is quite a reasonable assumption. Now, Theorem 1.3 is a
consequence of the following proposition.

Proposition 3.4. Let (u1,--- ,u,) be a solution pair of (1.20) satisfying (3.1).
Suppose (P1) or (P2) is true. That is, there exist | € {1,--- ,n} and o; €
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[0,v/n] for 1 <i <n such that
a; >0 for 1 <<,
a; =0 for [+1<i<n if |<n,
of +- oy =mn,

Iy, (u;) < oo Vi.

Then, there exist | nonnegative integers di,--- ,d; such that

n l
/]R2 (Z luj|? — n)2d$ = 2#2 \iaZd?. (3.6)
j=1 i=1

Proof. We follow the argument of [6] that are based on the Pohozaev identities.
Let us choose small § € (0,1) and a number g > 1 such that

a? 1

0<5<min{?’,1 19‘31},
max{a?aga ‘ 1§i§l}<2(1—5),

2
max{azaz_(s ‘ 1§i§l}<u<2(1—5).

By (3.5), there exists Ry > 0 such that for all || > Ry and 1 <i <[,
a? —§ < |ui(z))? < p(ad —9). (3.7)
For R > Ry, the degrees
d; = deg(u;, Sg) for 1<4i<I

are well-defined. We notice that given a solution (u1,--- ,u,) of (1.20), if we
replace some u; by 4, then it gives also a solution of (1.20). For instance,
if n = 2 and (u1,us2) is a solution, then (@y,us), (u1,42), and (4y,us) are
also solutions. So, without loss of generality, we may assume that d; > 0 for
1 < j < I. In addition, there exist smooth real valued functions v;(x) on
R?\ Bpg, such that

wj(z) = |u;(x)|e 0¥ = p(x)e’® on R?\ Bg, for 1<j<I. (3.8)
We note that ; is a globally defined smooth function whereas ¢; is locally

defined.
We claim that

l
Z/ [Vipi[Pda < oo, (3.9)
=1 RQ\BRO
l
Z/ |Vpi2dz < oo, (3.10)
i=1 R\ Brg
> / [Vu,|? < co. (3.11)
i=i+17R?

We postpone the proof of these estimates to the end of this proof.
By the Pohozaev identity for (1.20), i.e., multiplying z - Vu,; on (1.20), we

13



deduce that for r > 0,

n

Z/ aul 1/BT (n—;|uj|2)2
oy 1 . , (3.12)
- Z;/S)\ g +§/ST (n—;mjﬁ) |

Set

_ /B (iw? —n)2.

Then, E( ) — E as r — oc. By mtegratlng (3.12) for r € (0, R), we see that

Z / 8uz / Z / auz 1

§E(R) (3.13)
y (3.9) and (3.10), it holds that

l
Z/ auz Z/B (Xl Vpil* + Xip}|Vei?) < C
i=1 Y Br

Moreover, it follows from (3.11) that
2
+ / i
Br

_IZH(/BR | 9u;

Hence, by dividing (3.13) by log R and letting R — oo, we are led to

!
1 8uz 2
E= li Ai|
; R0 log R /BR or

For R > Ry, by letting Agp = Br\Bg,, we have

3ui 2
or

)<c

(3.14)

Ou; |2 0p; |2 d; 0; |2
T
Ag Ag Ag T 67'
_ api2  d? o 2dip7 O aid;
_/AR{‘[?T ﬁ(p )+PZ or }+/14R r or +/AR r2

The first integral is uniformly bounded with respect to R by (3.9), (3.10) and
the conditions I, (u;) < co. Moreover,

2 O, ? —a? Oy 1 3
/ p_ll:/ u 1/} S—al(uz)%</ |le|)2_c
Ap T OT Ag r or R o
Consequently, we have
/ aul 2
Agr (97'
Then, we obtain the desired result (3.6) from (3.14) and (3.15). It remains to
prove (3.9), (3.10), and (3.11).

=2raZdilogR+0O(1) as R — oc. (3.15)

Proof of (3.9): Inserting (3.8) in (1.20) and taking real and imaginary
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parts, we obtain that for each ¢ and |z| > Ry,

V- (7Vei) = pilpildpi +2Vp; - Vip;) = 0, (3.16)
—XilAp; + )\ipi|V<pi|2 = p; (n — Zp?) (3.17)
j=1

Letting 2t = (—x2,21) for £ = (z1,22), we can rewrite (3.16) as

di
V- (pf(T—Q:& + Vwi)) =0 for |z|> R. (3.18)
Integrating (3.18) on R? \ Bg for R > Ry, we are led to
di i
0:/ P2 ( =zt + Vi _/ pr——. (3.19)
Sr ( ) Sr 81/

Here, v is the outward unit normal vector to dBg. Let

1
wﬁz—/ Pdx for i=1,---,1
27TR Sk

!
_ 2 12
_ ;/AR(% 5) |V | d.

Multiplying (3.18) by (¥; — ) and integrating it over Ag for each i, we have
by (3.7) and (3.19)

l l 81/)
2 |2 _ ?
R)SZ;/ARMWA + ;{ /3 i

/SR p?%(wiwa/AR {%(afng)%” (3.20)

=)+ II)+ (III).
By the Poincaré inequality

[ st [ 2]
Sn T Sp | OT

(L5 @ 15

[ ()2 o
s — 4]

we obtain

/ i
Sk aV
Hence, by the choice of u

l
(1) sNz/ (07 — )| 2%

<3 RZ [, (o 0wl = guni )

s — pF|

-2

[\

Furthermore, since I, (u;) < 0o, it comes from Young’s inequality that
l 1

(111) Z alul%(AR|Vwi|2)2§co+6no<R)-
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As a consequence, we deduce from (3.20) that

pR / Co R,
< —_— = — 21
() < gt (F) + 125 = Sb(R) +Ci, (321)
where Cp and Cj are independent of R. We claim that ng(R) < C; for all
R > Ry. Otherwise, there exists Ry > Rg such that n9(R1) > Cy. Set m(R) =

no(R) — Cy. Then, we get [R™n1(R)]’ > 0, which implies that

R v
m(R)z(R—l) m(R1) for R> R.

However, we see from (3.4) that 9, (R) < CR for some C' > 0 and for all large
R > R;y. Since v = 2(1 — §)/p > 1 by the choice of § and p, this yields a
contradiction.

Proof of (3.10): Multiplying (3.17) by («; — p;)ér and integrating it on
R?\ Bg,, we have

Ai/ IVpil*ér
R2\Bp,
Op;
< )\i/ P / Vér - V(a; — Pi)2’
SRO 81/ ]RQ\BRO
+>\¢/ |pias — pi)| - |V<Pz'|2+/ Pi(ai*ﬁ’i)(”*zp?)’&z
R2\Brqy R2\Br, j=1

1 11
< O3+ 5 Las (03) + Vil ooy + s (wi) P BF } < o0,

Ai
2

Jag — pil +

where the last inequality comes from E < oo, I, (u;) < oo, and (3.9).

Proof of (3.11):
Let i € {{+1,---,n} be fixed. We remind that

I, :/ ) :/ / lug|*dSdr < oo. (3.22)
R2 o JoB,

So, there exists r,, — oo such that

1
/ |UZ|2dS < —.
0B Tn

Tn

We multiply (1.20) by Efﬂ u; and integrate on B, , and then we have

Ai / & |Vui® + N / 28, uiVu; - V&,
B"‘n

™n

Ou;
oB,, 7" Brp ( )
The right side of the above is uniformly bounded by (3.3) and (3.22). Hence,
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we are led to

A / € |Vui? < C 6, V||V, |
R2

{rn<|z|<2r,}

: C( /{Tn<:b<2rn} 53”’ |Vui|2) ’ (/{""n<1<2rn} V&, |2) :

< C(/Rz & [vul)".

Letting r,, — 0o, we obtain the desired result (3.11).
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