N

N

Comparison theorems for multi-dimensional BSDEs with
jumps and applications to constrained stochastic
linear-quadratic control
Ying Hu, Xiaomin Shi, Zuo Quan Xu

» To cite this version:

Ying Hu, Xiaomin Shi, Zuo Quan Xu. Comparison theorems for multi-dimensional BSDEs with jumps
and applications to constrained stochastic linear-quadratic control. 2023. hal-04364600

HAL Id: hal-04364600
https://hal.science/hal-04364600

Preprint submitted on 27 Dec 2023

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04364600
https://hal.archives-ouvertes.fr

arXiv:2311.06512v1 [math.PR] 11 Nov 2023

COMPARISON THEOREMS FOR MULTI-DIMENSIONAL BSDES WITH JUMPS AND
APPLICATIONS TO CONSTRAINED STOCHASTIC LINEAR-QUADRATIC CONTROL

YING HU, XTAOMIN SHI, AND ZUO QUAN XU

ABSTRACT. Inthis paper, we, for the first time, establish two comparison theorems for multi-dimensional
backward stochastic differential equations with jumps. Our approach is novel and completely different
from the existing results for one-dimensional case. Using these and other delicate tools, we then construct
solutions to coupled two-dimensional stochastic Riccati equation with jumps in both standard and singu-
lar cases. In the end, these results are applied to solve a cone-constrained stochastic linear-quadratic and
a mean-variance portfolio selection problem with jumps. Different from no jump problems, the optimal

(relative) state processes may change their signs, which is of course due to the presence of jumps.

Keywords: Backward stochastic differential equations with jumps, multi-dimensional comparison
theorem, stochastic Riccati equation with jumps, cone-constrained linear-quadratic control, mean-
variance problem.
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1. INTRODUCTION

The study of backward stochastic differential equations (BSDEs, for short) can be dated back to
Bismut [3], who studied the linear case, as an adjoint equation in the Pontryagin stochastic maxi-
mum principle. The general Lipschitz continuous case was later resolved in the seminal paper of
Pardoux and Peng [28]. Since then, BSDEs have attracted strong interest of many researchers and
found widely applications in partial differential equations, stochastic control, stochastic differential
game and mathematical finance; see, e.g., [6, 8, 9, 10, 12, 16, 30]. In particular, the solvability of qua-
dratic BSDEs in one-dimensional case was firstly obtained in Kobylanski [20], and then generalized to
multi-dimensional case by [11, 15, 25, 38].

BSDEs that are driven by a Brownian motion and a Poisson random measure, which are named
as BSDE with jumps (BSDEJ) in this paper, were firstly tackled by Tang and Li [37], then followed
notably by Barles, Buckdahn and Pardoux [2], Royer [33], Quenes and Sulem [32] in the Lipschitz
case. Quadratic BSDEs with jumps and their applications in utility maximization problems have also
been investigated; see, e.g., Antonelli and Mancini [1], Kazi-Tani, Possamai and Zhou [17], Laeven and
Stadje [21], Morlais [26, 27] among many others. Please refer to Papapantoleon, Possamai, Saplaouras
[29] for a synopsis of these topics.
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BSDE:s arising from stochastic linear quadratic (LQ) control problems, called the stochastic Riccati
equations (SREs), form an important class of BSDEs. In these BSDEs, the first unknown variable
appears on the denominator and the second unknown variable grows quadratically in the generator.
These features distinguish them from those well-studied BSDEs with Lipschitz or quadratic growth
generators, so that they have to be studied by new methods.

Bismut [4] firstly found that a linear state feedback form optimal control for a stochastic LQ control
problem is available, provided that its associated SRE admits a solution in some suitable space. Unfor-
tunately he could not show the existence of such a solution in general. Nowadays numerous progresses
have been made in solving SREs. Kohlmann and Tang [19] resolved the existence and uniqueness
issues for one-dimensional SREs, then Tang [35, 36] resolved the matrix-valued case using the sto-
chastic maximum principle and dynamic programming method respectively. Sun, Xiong and Yong
[34] studied the indefinite case. Inspired by Tang’s [36] dynamic programming method, Zhang, Dong
and Meng [39] established the existence and uniqueness of solutions to SREs with jumps (SREJ). Li,
Wu and Yu [22] studied the indefinite case using a so-called relax compensator.

Motivated by the mean-variance (MV) portfolio selection problem with no-shorting constraints, Hu
and Zhou [16] studied cone-constrained stochastic LQ problem and found that the optimal control takes
a piecewise (0 is the unique segment point) linear state feedback form. The associated SRE is a two-
dimensional, but decoupled, BSDE. Hence it can be treated separately as two one-dimensional BSDEs.
The solvability was established with the aid of quadratic BSDE theory and truncation techniques. The
decoupling phenomenon lies in the fact that the optimal state process will not change its sign (namely
not cross 0), i.e. it will stay positive (resp. negative) if the initial state is positive (resp. negative). Dong
[7] generalized the model in [16] to incorporate a jump by the enlargement of filtration framework. The
corresponding SRE is a coupled two-dimensional BSDEJ, whose solvability is obtained by solving two
recursive systems of BSDEs driven only by Brownian motions. This decomposition approach works
only in the filtration enlargement theory; see also Kharroubi, Lim and Ngoupeyou [18], Hu, Shi and
Xu [14] for the unconstrained or regime switching case. Czichowsky and Schweizer [5] extended
the cone-constrained MV model to a general semi-martingale framework, but they can not solve the
two-dimensional SREJ. They claimed that “finding a solution by general BSDE techniques seems a
formidable challenge” in [5, Remark 4.8].

This paper is intended as an attempt to cope with the formidable challenge indicated in [5]. Our main
contribution is to resolve the solvability of a two-dimensional coupled SREJ in the Wiener-Poisson
world via pure BSDE techniques. Although one can consider the more general semi-martingale frame-
work, we will focus on the Wiener-Poisson world as SREJ in this case takes more concrete structures
for presentation and illustration. We establish the solvability for both standard and singular cases,
containing the SREJ emerging in the cone-constrained MV problem as an special example. Since the
existing approximation procedures in Kohlmann and Tang [19] and our previous work [13] can not be
applied to the present problem, we provide a new approximation procedure to achieve the goal.
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A crucial and novel tool used in the approximation approach is our new comparison theorems for
BSDEJs. We establish two comparison theorems which seem to be the first ones for multi-dimensional
case. The first one requires a locally Lipschitz condition for one generator (see Remark 2.3) and works
for bounded state processes, whereas the second one requires the globally Lipschitz condition for both
generators and works for square integrable state processes.

Most of existing comparison theorems for BSDEJs require the condition v > —1 (see Remark 2.2)
or even stronger v > —1 + ¢ in order to utilize the Girsanov theorem; see, e.g., Barles, Buckdahn
and Pardoux [2] and Royer [33]. To the best of our knowledge, Quenez and Sulem’s [32] comparison
theorem is the only one that relaxes the condition to v > —1. Without resort to the Girsanov theorem,
they used the conditional expectation representation of one-dimensional linear BSDEJs to establish
their comparison theorem. Nevertheless all of these existing comparison theorems for BSDEJs can
only deal with one-dimensional case. In our approximation procedure, however, the SREJ is a fully
coupled two-dimensional BSDEJ, therefore comparison theorems for multi-dimensional BSDEJs are
strongly appealing. It is worth pointing that the conditional expectation representation method used in
[32] cannot be applied to multi-dimensional BSDEJs. In this paper, we propose a completely different
approach to establish our comparison theorems for multi-dimensional BSDEJs for the first time. We
achieve the goal by directly analyzing ((6Y;)™)? with the aid of the Meyer-Itd formula and utilizing a
tricky elementary inequality (Lemma 2.1) that works for 7+ > —1. Note one cannot expect to extend
the results to the case v < —1 since counter-examples do exist in this case; see [2, Remark 2.7].

With the help of the new comparison theorems for multi-dimensional BSDEJs, we can construct
solutions to the two-dimensional coupled SREJ in both standard and singular cases. We then apply the
result to solve a cone-constrained stochastic LQ problem with jumps and obtain the efficient portfolio
for a MV problem with jumps. It is worth pointing out that even without the cone-constraint, MV
problems with jumps have not been investigated thoroughly. Lim [23] studied such a problem, but
he assumed all the coefficients are predictable with respect to the Brownian filtration, rendered the
corresponding SRE exactly the same as that in the model without jumps. On the other hand, Zhang,
Dong and Meng [39] examined stochastic LQ problems with jumps, but they assumed the control
weight in the running cost is uniformly positive so that their result cannot solve the corresponding MV
problem where the control weight is 0. We will not only solve the MV problem with jumps, but also
incorporate convex cone-constraint, especially covering the famous no-shorting constraints. By adding
cone-constraint, the associated SREJ becomes a fully coupled two-dimensional BSDEJ, thus causing
notably nontrivial difficulty in its solvability.

The rest part of this paper is organized as follows. Section 2 is devoted to proving two comparison
theorems for multi-dimensional BSDEJs. In Section 3, we study a cone-constrained stochastic LQ
control problem with jumps and prove the existence and uniqueness of solution to the associated SREJ.
In Section 4, we solve a cone-constrained MV problem. Appendix A provides a heuristical derivation
of the SREJ. A lengthy and complementary proof of Theorem 3.1 is relegated to Appendix B.
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2. COMPARISON THEOREMS FOR MULTI-DIMENSIONAL BSDEIJs

Let (Q, F,F,P) be a fixed complete filtered probability space. The filtration F = {F;,t > 0}
is generated by two independent random sources augmented by all P-null sets: one is a standard
n-dimensional Brownian motion W; = (Wi, ..., ant)T, and the other one is a Poisson random
measure N (dt, de) defined on R, x & induced by a stationary Poisson point process with a stationary
compensator (intensity measure) given by v(de) dt satisfying v(€) < oo, where £ C R\ {0} is
a nonempty Borel subset of the /-dimensional Euclidean space R’. We use an increasing sequence
{T, }nen to denote the jump times of underlying Poisson point process. The compensated Poisson
random measure is denoted by N (dt, de). For the ease of notations, we only consider one-dimensional
Poisson random measure, although the results of this paper can be generalized to the multi-dimensional
case without essential difficulties. Throughout the paper, let 7' denote a fixed positive constant, P
denote the F-predictable o-field on §2 x [0, 7], and B(&) denote the Borel o-algebra of £.

We denote by R’ the set of /-dimensional column vectors, by Rﬁ the set of vectors in R’ whose
components are nonnegative, by R“" the set of £ x n real matrices, and by S™ the set of symmetric
n x n real matrices. Therefore, R® = R**!. For any vector Y, we denote Y; as its i-th component.
For any matrix M = (m;;), we denote its transpose by M ', and its norm by |[M| = />, jmz If
M € S™ is positive definite (resp. positive semidefinite), we write M > (resp. >) 0. We write A >
(resp. >) Bif A, B € S" and A — B > (resp. >) 0. We use the standard notations x* = max{z, 0}
and = = max{—=z,0} for x € R and define a set M = {1,2,....,¢}. We will use the elementary
inequality |a"b| < c|al® + % for any a,b € R", ¢ > 0 frequently throughout the paper without claim.

We use the following spaces throughout the paper:

L% (4R) = {5 Q=R ’ ¢ is Fr-measurable, and E[¢]? < oo},

LE.(R) = {5 Q=R ’ ¢ is Fpr-measurable, and essentially bounded},
L:(0,T;R) = {gb QO x[0,T] - R ‘ ¢ is P-measurable andEfOT | |* dt < oo},
Ly (0, T R) = {¢ QA% [0,T] =R ‘ ¢ is P-measurable and essentially bounded},
L2"(R) = {¢ £ R ‘ ¢ is B(E)-measurable and ||6||2 := [, |p(e)Pv(de) < oo},
L*"(R) = {gb E—R ‘ ¢ is B(£)-measurable and essentially bounded w.r.t. du},
L%”(O,T;R) = {gb O x[0,T] xE =R | ¢is P ® B(E)-measurable

and E [ [ |6,(e)Pv(de) dt < oo},

Lp"(0,T;R) = {¢ Q% [0,T] x &E— R | ¢is P ® B(E)-measurable and

essentially bounded w.r.t. dP ® dt ® du},

S2(0,T;R) = {gb Q% [0,T] - R ‘ (ée)o<r<r is cad-lag, F-adapted
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and Esupy<,<r |¢4]* < 00}7
S2(0, T;R) = {¢ Q% [0,T] = R ‘ (é)o<eer is cad-lag, F-adapted

and essentially bounded}.
These definitions are generalized in the obvious way to the cases that R is replaced by R", R"*¢ or
S™. Arguments s, t and w, or statements “almost surely” (a.s.) and “almost everywhere” (a.e.), may be
suppressed for simplicity in many circumstances when no confusion occurs. We shall use c to represent
a generic positive constant which can be different from line to line. All the equations and inequalities
in subsequent analysis shall be understood in the sense that dP-a.s. or dv-a.e. or dP ® dt-a.e. or
dP ® dt ® dv-a.e. etc.

In this paper, any ¢-dimensional backward stochastic differential equation with jumps (BSDEJ) (on

[0, 77) is characterized by a pair (£, f), in which £ :  — R’ is called the terminal value which is an
Fr-measurable random vector, and f : 2 x [0, T] x R¢ x R™*¢ x L2¥(R*) — R*is called the generator

which is a P @ B(R") @ B(R™*) @ B(L*" (R"))-measurable process. We call the BSDEJ ¢-dimensional
as its state process is R’-valued. We often rewrite in its component form for the ease of presentations.

2.1. Comparison theorem for bounded processes. We first prove a comparison theorem where the
state processes are essentially bounded.

Theorem 2.1. Suppose, for every i € M,
(i, Zi, ®:), (Y, Z5, ®;) € Sg°(0, T; R) x LE(0, T;R™) x L3"(0,T;R),

and they satisfy BSDEJs

T
tzgl_l_/ fi(s,)/:g_,Zi75,¢5)d$

2.1 —/ dW / / ivs( ds ,de) dP ® dt-a.e.,

and

Yii= / fi(s, Y Z;,, ®,)ds

2.2) —/ Z SAW, — / / ivs( ds ,de) dP ® dt-a.e..
t

Also suppose that, for all i € M and s € [0,T],
(1) & <&
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(2) there exists a constant ¢ > 0 such that
fi(S,Ys—,Zz’s,‘bls,'“ y @iy >(I>és)
— fi(8,Yer, Zis, @16, @i, D)
< c/g(cpi,s(e) v(de) + /|<I>Zs — ®; ,(e)|v(de);
(3) there exists a constant ¢ > 0 such that
fi(S, Y,_, Zi,37 (I)l,sa s 761',57 ce ,(I)z,s) - fi(87?3—77i,s,$s)

= C(‘}/z’,s— - ?i,s—| + Z(}/_},S— - ?j,s—)—‘r + ‘Zi,s - 7i,s|

J#i
—|—Z/ Yoo + ®@j4(e) — Yjs_—6j7s(6))+l/(d6)); and
J#i
@) fi(s,Y -, Zis, @) < fils, Y, Zis, ®).

ThenY; <Y, foralli € M.
To prove this theorem, we need the following critical elementary result.
Lemma 2.1. Forall (z,y) € R x Rand ¢ > —1, we have
(@ +y) P = (@) =201+ )™y = —(c* v 1)(2")%

Proof: There are three cases:

o If x <0, then

[(@+y) = @) =20+ )a’y = [z +9) ] =2 0=—(" V1)(=")"

o If y <0, then, since ¢ > —1,

(@ +y) P = (@) =20+ )aty > [(x +y) ] = (27) =2 = (27)* = ~(* V1) (=)’

o Ifz > 0andy > 0, then

[(x+ )= @) =21+ c)aty = y* — 2cay = (y — cx)® — Pa?
> —(V1)a?=—(c*V1)(at)2

The proof is complete.

Proof of Theorem 2.1.
Fort € [0, 7] and i € M, set

0Yiy =Y — Yi,u 0Ziy = Ziy — 7i,t> 00;, = d;p — 6i,t-
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Applying the Meyer-It6 formula [31, Chapter IV, Theorem 70] to (6Y; )", we get,
d(6Y;)" = —Lisve, sy lfi(t,Yie, Zig, @) — [;(6,Y o, Ziy, @)] dt

, 1
+ /[((51/2‘,1/_ + (5(1)1'715(6))4_ - (5}/Zt_)+ - 1{51@,t,>0}5@i,t(6)]7/(d€) dt + 5 dLi,t
&

+ 1{5yi’t7>0}5Z;—t th + /[(5}/;'7t_ + 5(I>i7t(6))+ — (5}/;'7t_)+]f\j(dt, d€),
&£

where L;, is the local time of §Y;, at 0. Since dY;,_ dL;; = 0, applying 1td’s formula to ((§Y;,)™)?
yields

d ((5}/;',t)+)2 = =200V )T 1fi(t, Yoo, Zig, ®1) — Fi(,Y o, Ziy, @)] dE + 1{5Yi¢,>0}|5Zi,t|2 dt
b IO+ 50— (O )~ 26 ) 00 (e
£

23) 28V OZ AW+ (Vi + 000 ($Yian) N (o)

Using the condition 4 and inserting two zero-sum terms, we get

[it, Y, Zy, @) — £i(t, Y., Zt,<1>t)
< filt, Yo, Zig, @1) — fi(t, Yo, Zig, 1)
= [fi<t7 Y, Zi,tu (I)t) - fi(ta Y, Zz‘,u (I)l,t, s ,@,t, s 7(1)6,1‘,)]
+ [filt, Yo, Zig, ®rgy oo @iy Pg) — filt, Yo, Zig, @)

By the conditions 2, the first difference on the right hand side (RHS) in above is upper bounded by
/ 10(€)6%y, ()(de),
£

where

c if 0®;+(e) > 0;

%’,t(ﬁ’) = )
—1 1f(5(I)i7t(€) < 0.

By the conditions 3, the second difference on the RHS is upper bounded respectively by

(\5Ym [+ (6Y;) +\5th|+2/ Yo + 0®;4(e))F y(de)).

J# J#i

Using these estimates and v(€) < oo, we deduce that

2(5}/;,t—>+[fi(t7 }/;—7 Zi,t7 (I)t> - 7@(t7 ?t—77i,t7 61‘/)]

14
< DY) + Lo solZal + Lo,y 3 [ (6500 +5834(6) " u(de)
i=1 Ve

(2.4) +2(5Y,~7t_)+/%,t(e)5<1>,-7t(e)l/(de).
3
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Integrating from ¢ to 7" in (2.3), taking conditional expectation and using (2.4), we obtain

((0Yis) ")

T ¢
<B [ (3000 P 4 L0 Y [0+ 5, (0) (a0 ds
i=1

= jF#i
/ S L0Yie 50406 = (Y5 = 201+ 34 (8 01,0 () .

Because y; € Ly"(0,T;R) and ; > —1, it follows from Lemma 2.1 that

2.5) — [((0Yiee + 0D 4(e))") = ((0Yis) 1) — 2(1 4+ 7i5(€)) (0Yis- ) TP s(e)]
< (i5(€)* V1)((6Yi5-)T)? < c((8Y5,5-) 7).

Combining the above estimates and using v(€) < oo, we obtain

26)  ((6Yi)* <cIEt/ Z (6Y;s) ds+ZEt/ / (0Y,s + 60, ,(e))H)2u(de) ds,

J#i

where the constant c is independent of £, 7" and .
Note that

E, /t /8 (8,0 + 50,47 )2w(de) ds — E, /8 (Vs + 60, ,(e))H)2 N(ds, de)

E, (@t 6D, (AUL ) )]

2.7 E,

[ne >
[ Z <<6Yj,m+>2],

neN, t<T, <T

where U, = f(f [e 2N (ds,de), AUy, := Ur, — Ur, , recalling that {7}, },en denotes of jump times of
underlying Poisson point process. Substituting (2.7) into (2.6) yields,

T £
(V)P < B [ (@) P+ B[ Y (Vi)

ji neN, t<Tn<T

Since the jumps of Y are accountable, we can replace 0Y; s_ by 0Y;  in the above integral to get

@8 (%)) < B, / Z @Y ds+ R[S (V).

i neN, t<Tn<T

For any constant i € (0,77, set

M(h):= esssup ((6Yin)1)?
(t,§)€[T—h, T x M
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which is finite since 0Y" is bounded. For any ¢ € [T' — h, T'], we obtain from (2.8) that

(822 < e /fiM(h)deEt[ S M)

i neN, t<T, <T

= /M (h)(T —t) + M(h ZEt/ /lNds de)

=clM(h)(T —t)+ M(h)(JZ— Dv(ENT —t)
< (el + (6= Du(€))M(h)h.
Taking essential supreme over (¢,7) € [I" — h, T] x M on both sides leads to
(2.9) M(h) < (cl+({—1)v(E))M(h)h.

Setting h = min{1/(cl+ ({—1)v(€)+1), T} from now on. It then follows from above that M (h) = 0,
thus 0Y;, < Oforallt € [T — h, T]. Similarly, using 6Y; r_; < 0 and repeating the above argument on
[0V (T'—2h), T — h], one can get §Y; ; < O forallt € [0V (T'—2h), T — h|. Repeating this procedure,
the desired comparison result follows. 0

Remark 2.1. If the inequalities in the conditions | and 4 are reversed, then so is the conclusion.
Remark 2.2. It is not hard to see that the condition 2 is equivalent to that there exists a process
€ L3"(0,T;R) with v; > —1 such that
fi(57 Yoos Ziss Prgy o s Pig, oo ,(I)z,s)
— fi(s, Y, Zisy Prs, ,62‘,5, T a(I)Z,s)

< [ rua@is0) = (el

Most of existing comparison theorems for BSDEJs require the condition v > —1 or even stronger
v > —1 + ¢ in order to utilize the Girsanov theorem; see, e.g., Barles, Buckdahn and Pardoux [2] and
Royer [33]. Our requirement, namely v > —1, is the same as Quenez and Sulem’s [32]. But all these
existing comparison theorems work for one-dimensional BSDEJs only.

Remark 2.3. The condition 3 holds if, for every K > 0, there exists a constant ¢ > 0 (depending on
K) such that

fi(sa Y, =, ¢) - fz’(&@fja)
<l =T+ Dl -7) +l2 -2+ Y / 7, + 64(e) — By(e)) u(de))
J#i Ve
holds for all (y, z, ¢) and (7, %, ¢) € RY x R™ x L?>*(RY) satisfying ¢; = ¢, and |y| + |7 < K. Since
ly| + |y| < K, itis a locally Lipschitz condition w.r.t y. The condition implies f; is increasing w.r.t y;

and ¢; for every j # i. Also, the term Z#i(yj — yj)+ can be removed if there does exist jump, i.e.
v(€) > 0.
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Remark 2.4. We call a generator f is Lipschitz in (y, z, ¢) with Lipschitz constant c if

[f(w,t,y,2,0) = f(w, .7, %,0)| < clly = 7| + |2 =2 + || — 9l|,) dP® dt-ae.
holds for all (y, z, ¢), (7, %, @) € RY x R™* x L*¥(R"). Then the condition 3 holds if
(1) fi(sa Y, =, ¢) is LipSChitZ in (ya 2, ¢)’
(2) fi(s,y, 2, @) is increasing w.r.t y; for every j # i; and
(3) there exists a constant ¢ > 0 such that
fi(57 Yoo, Ziss @iy ey Pins, 6@37 DQir1s) s (I)Z,s)
- fi(87 ?1,8—7 sy ?i—l,s—7 }/Z’,s—7 ?i+1,s—7 IRRRS ?Z,s—7 Zi,s—7 63—)
<> | Viam + @jale) = Vo — @54(e)) Tr(de).
i#i 7€
Remark 2.5. In (2.5) the condition v € L3 (0, T} R*) can be replaced by the following weaker one:
there exist constants 0 < h,e < 1 such that

TA(t+h)
ess sup Et/ / 1vs(e)Pr(de)ds < 1 —e.
te[0,T t &

This condition is satisfied, for instance, when [, |y.(e)|*v(de) € Lg°(0,T:R). Indeed, the above
condition implies, fort € [T — h,T),

E, / (3Y5s_)")? / (iale)? V D(de) ds < M(h) B, / / (iale)? + Dv(de) ds
< M(B)(1 — ¢ + hv(€)) < (1 —£/2)M(h),

by choosing h small enough. This together with (2.3) and (2.4) will lead to an estimate similar to (2.9)

in the above proof.

2.2. Comparison theorem for square integrable processes. Theorem 2.1 requires the state pro-
cesses to be bounded, which may be too restrictive for applications. The following result relaxes this
assumption to square integrable processes, but we have to in addition assume that both f and f are
globally Lipschitz.

Theorem 2.2. We shall use the same notations as in Theorem 2.1. Suppose, for all i € M,

and they satisfy the BSDEJs (2.1) and (2.2). Also suppose that, for every i € M,

(1) the conditions 1, 2, 3 and 4 hold;

(2) f2<7 07 07 O) and 7@(7 07 07 0) S LIZF(Ou T; R)’

(3) both f; and f, are Lipschitz in (y, z, ¢).
ThenY; <Y, foralli € M.
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Proof: For each m > 1 and i € M, we denote

é-:n = 5@1|§|+E‘Sm7 fzn(tu Y, =, ¢) = fl(t7 Y, =, ¢)1|f(t,0,0,0)\+|?(t,0,0,0)|§m7
& =& igigem fi (Ly2,0) = Fi(ty, 2. 0)L140.0.0)4F(40,0,0) <m

Note that &7, £, f(-,0,0,0) and f, (-,0,0,0) are bounded by m and the generators f™ =
(fr, ..., fiyand f = (f;, ..., f, ) are both Lipschitz in (y, z, ¢) with the same Lipschitz constant as
f and f. It then follows from [37, Theorem 2.4] or [2, Theorem 2.1, Proposition 2.2] that the following
BSDEIJs:

T
Y":=f;"+/ (s, Y, 20, &) ds
t

/ Taw, — / / N(ds,de) dP @ dt-a.e., i € M,

T
+/ (s, Y ZWQ ™) ds
t

—/ i) AW, — / / i N(ds,de) dP ® dt-ae., i € M,
t

admit unique solutions (Y™, Z™, &™) and (Y, Z ,®" ) respectively, such that

and

(ym zm omy, (Y, Z,',®,") € SE(0,T;R) x L0, T;R"™) x L3"(0,T;R) foralli € M.
We temporally suppose that
(2.10) Y™ Y, € S2(0,T;R) foralli € M.
Then applying Theorem 2.1 leads to
(2.11) Y™ <Y, foralli € M.

From [2, Proposition 2.2], we know there is constant ¢ > 0 independent of m such that

T
B[ sup Y~ ¥P] < flg - P+ [ 150V 2 ) - Y 200 ],
0

0<t<T

T
E[ sup [V, - V7] < B[E-E" + / T, Y0 7080 = 770V, 20 B) P i

0<t<T

These estimates together with the definitions of £, Em, m, Tm and the dominated convergence theo-
rem lead to

lim E[ sup |V, — Y| + SUP Y, — VTIQ] =

m—00 0<t<T <t<T
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Applying the elementary inequalities (z7)% < 2(y™)? +2(z —y)?, (z +y)? < 222 + 2y forx, y € R
and (2.11), we have

gE_2 sup Z[(Y,t Y >+2 sup Z it — Y] +YZ—7i,t)2]

0<t<T =1 0<t<T
) ¢
=E|2 sup Z(Yi,t - Yi+ YZ; - Yi,t)z]
L ost<T 4=

§E4supz it — YZT +4 supz it Yis ]

o 0<t<T 0<t<T

Sending m — oo in the above, we get the desired result Y; < Y, forall i € M.
It remains to establish (2.10). To this end, let 5 > 0 be a large constant to be chosen later. Applying
1t6’s formula to e (Y;})?, for each i € M, yields

T
B[ (B4 2P+ 82 ds
t

T
= R, [ePT(£M)?] + E, / 26581g7;_ fl(s, Y, Z, @) ds

t

T
<P 4 E, / 2|V f (s, YT, 2, @) — £7(5,0,0,0)] ds

t
T
+E, / 25|V || (50,0, 0) | ds
t
§m266T+Et/ 2 Y e ([Y2] + |27 + |87, ) ds
t
T T
+Et/ eBS|Y;"1|2+Et/ | £7(5,0,0,0) 2 ds
t t
T 1
§m2(1+T)eﬁT+Et/ eﬁs<c\YZﬂ2+|Z£Z\2+ZH<I>S’”||3) ds
t

where the last constant ¢ does not depend on ¢, 3 and i. Canceling the common terms involving | Z!™ |?,

we get
T
P E [ (B? 4 [enE) ds
t

T 1
<wP(Ue )T LB [ ey 4 gl ds
t
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Summing ¢ from 1 to £ gives
T
Y4B [ e (AP e ds
t T
< tm*(1+ )" +Et/ e <c£|Y;ﬁ|2 + chsm||y) ds
t

T
— (1 + 1) 4+, / o (el P+ 27, ds,
t

where the last equation is due to the fact that the jumps of Y are accountable. By setting § = ¢ and
canceling the common integrals in the above estimate, we obtain Y™ € S2°(0, T'; RY). The assertion
for (Y, ,Z, ,®,") in (2.10) can be similarly proved. This completes the proof. O

3. A STOCHASTIC LQ CONTROL PROBLEM WITH JUMPS AND THE RELATED TWO-DIMENSIONAL
BSDEJ

3.1. Cone-constrained stochastic LQ control with jumps. Consider the following R-valued linear
stochastic differential equation (SDE):

dXt = [AtXt— + Bt—rut} dt + [CtXt_ + Dtut]T th
(3.1) + [o [Ei(e)Xim + Fi(e)Tu] N(dt,de), t € (0,7,

XO =,
where A, B, C, D are all P-measurable processes, and E(+), F(-) are P®B(E)-measurable stochastic
processes of suitable size, x € R is known.

Let IT be a given closed cone in R™, so if u € 11, then Au € II for all A > 0. It is used to represent
the constraint set for controls. The class of admissible controls is defined as the set

U = {u e L2(0,T;R™) | u, € I, AP ® dt—a.e.}.

If uw € U, then (3.1) admits a unique solution X, and we call (X, u) an admissible pair.
The cone-constrained stochastic LQ problem is stated as follows:

Minimize J(x,u)
3.2)
subjectto (X, u) is admissible for (3.1),

where the cost functional is given as the following quadratic form
T
(3.3) J(z,u) =K [ / (QtXf + ) Ry + 2X,8) ut) dt + GX%] .
0

The associated value function is defined as

V(z) := inf J(z,u).

ueU
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Problem (3.2) is said to be solvable (at x), if there exists a control u* € U such that
—o0 < J(z,u*) < J(z,u), Yuel,
in which case, u* is called an optimal control for problem (3.2), and the optimal value is
V(z) = J(x,u").

Our aim is to solve problem (3.2).
We put the following assumptions on the coefficients in this section.

Assumption 3.1 (Bounded coefficients). It holds that
Ae Lg(0,T;R), B e L¥(0,T;R™), C € LF(0,T;R"™),
D e L0, T;R™™), E € L3"(0,T;R), F € Ly"(0,T;R™),
Q€ Lg(0,T5Ry), Re Lg2(0,758™), S € Lg(0,T;R™), G € LE (4 Ry).
R S

Assumption 3.2 (Standard case). It holds that ( ST Q) > 0, and there exists a constant § > 0 such

that R > 01,,, where 1,,, denotes the m-dimensional identity matrix.

Assumption 3.3 (Singular case). It holds that ( S}?r 5 ) > 0 and there exists a constant § > 0 such that
G>dand D'D+ [, F(e)F(e) v(de) > 61y,

3.2. Coupled SRE with jumps. Nowadays, it is well known that solutions to stochastic LQ problems
depend heavily on the solvability of the related SREs. We now introduce the associated SRE for our
problem (3.2).!

For (w,t,v, P;, A\,T;) € Qx [0, T] xIIxR xR™ x L>"(R), i = 1, 2 define the following mappings:

Hy(w,t,v, P, Py, A\T1,Ty) :=v" (R+P.D"D)yv+2(P(B+D'C)+ DA+ S)"v
¥ / [(P1 4 T) (((1 LB FTu)t)? - 1) _9P(E + FTo)
&

F (P4 D)1+ E+ FTU)—)2] v(de),
HQ((A),t, v, Pl, PQ,A, Fl, FQ) = ’UT(R + PQDTD>’U - 2(P2(B + DTC> + DTA + S)T’U

n /5 (P+To) (-1 = B+ FT0)7) = 1) + 2P (=B + FTv)

(P +T)D(~1— E+ FTU)+)2] v(de),

and set

(34) Hf(w,t, Pl,PQ,A,Fl,FQ) = Hllf[ Hl(w,t,v,Pl, PQ,A,Fl,FQ),
ve

(35) H;(w,t, Pl, PQ,A, Fl, Fg) = Hllf[ Hg(w,t, v, Pl, PQ, A, Fl; Pg)
ve

'We will give a heuristic derivation in Appendix A for the readers’ convenience. See also Dong [7] for a special SRE
with single jump stems from the theory of filtration enlargement.
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The associated SRE for our problem (3.2) is given as follows:

(4P, = — [(zA +CTO)Prye + 20T Ay + Q + Hi(t, Py, Poy_, Ay Ty, rz,t)} at

+AL AW + [ T1,(e)N(dt, de),
APy, = — [(zA + CTC) Py + 20T Aoy + Q + Hi(t, Py, Poy_, Aoy, Ty, rz,t)} dt

+AS AW + [ Tau(e)N(dt, de),

(3.6)

Pr=G, Por =G,
(Pt >0, Piam + 1020, Poy >0, Py +15, > 0.

This is a new two-dimensional coupled nonlinear BSDEJ.

Remark 3.1. Hu and Zhou [16] studied a cone-constrained LQ problem without jumps; the associated
SREs [16, Eq. (3.5) and (3.6)] are decoupled, so that one can solve P, and P, separately. As is well-
known Py and P, correspond to the optimal value with positive and negative initial state. When there
is no jump in the model, the optimal state process does not change sign, so that only one of P, and P
is involved. Therefore, they are decoupled.

Things become notably different in models with jumps. Because of jumps, the sign of the optimal
state process may switch between positive and negative values, so P, and P, are coupled together and
one cannot treat them separately. So our SRE (3.6) is actually a system of coupled BSDEJs whose
solvability is far from trivial compared to the decoupled BSDEJs in [16, Eq. (3.5) and (3.6)].

If all the coefficients in Assumption 3.1 are predictable with respect to the Brownian filtration, then
I'y = I'ys = 0 and the SRE becomes a two-dimensional coupled BSDE without jumps. Even without
jumps, the BSDE is still new and cannot be covered by existing results on multi-dimensional BSDEs;
see, e.g., Fan, Hu and Tang [11], Hu and Tang [15].

Remark 3.2. If II is symmetric, namely, —v € Il whenever v € 11, then H{ = HJ} and (3.6) will
degenerate to one equation since (P, A1,T'1) = (P2, Ao, T'y). In particular, if there is no control
constraint, that is, 11 = R™, then both H} and H; are equal to

(P +T)E*+2T'E + (P(B +DTO)+ DA+ S+ /((P Y T)E + F)Fu(de))T

£

X (R +PDTD+ /E(P + F)FFTV(de)) B

X (P(B +DTC)+ DA+ S+ /((P Y T)E + F)FV(de)).
£
Under 11 = R™, Zhang, Dong and Meng [39] addressed the solvability of the matrix-valued SREJ
under the assumption R > 01,, and S = 0. By contrast, we will solve the BSDEJ (3.6) in both

standard and singular cases for general cone 11.

Definition 3.1. A stochastic process (Py, A1, T'1, Pa, Ao, I's) is called a solution to the BSDEJ (3.6) if it
satisfies (3.6), and (P;, A;,T;) € S2(0,T;R) x L&(0,T;R™) x Ly (0,T;R), i = 1, 2. The solution
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is called nonnegative if P; > 0, and called uniformly positive if P; > c for some deterministic constant
c>0,72=1,2.

3.3. Existence of solution to the BSDE]J (3.6). Dong [7] constructed a solution to a SRE with single
jump using two recursive systems of BSDEs driven only by Brownian motions. His decomposition
approach is tailor made in the filtration enlargement framework, hence fails in the Poisson random
measure model which accommodates probably accountable jumps.

Czichowsky and Schweizer [5] characterized the optimal value process of a cone-constrained mean-
variance problem in terms of a coupled system of BSDEs [5, Eq.(4.18)] in a semimartingale model.
They claimed in [5, Remark 4.8] that “Due to the coupling term coming from b, the BSDE system
(4.18) is very complicated. It has a nonlinear non-Lipschitz generator plus a generator with jumps, so
that finding a solution by general BSDE techniques seems a formidable challenge”. We now respond
to this formidable challenge in the Wiener-Poisson world by providing a proof of the existence of
solution to (3.6) by pure BSDE techniques.

Theorem 3.1 (Existence in Standard case). Suppose Assumptions 3.1, 3.2 hold, then the BSDEJ (3.6)
admits a nonnegative solution (P, A1, 'y, Py, Ay, T'y).

Proof: For k = 1, 2, ..., define maps

(3.7) Hy(w,t, Py, Py, Ay, T, Ty) = &I‘lf‘ kf-ll(w,t,v,Pl,Pg,Al,Fl,F2),
vell,|v|<

(38) Hg(“% t7 P17 P27 A27 F17 F2) = l}lr\lf\<k H2(W7t7 v, P17 P27 A27 F17 F2)
vell,)|jv|<

Then they are uniformly Lipschitz in (Py, A1, 'y, Py, Ay, I's) and decreasingly approach to
H(w,t, Py, A\, T'1, P5,T'5) and Hj(w,t, Py, Ay, 'y, Py, T'1) respectively as k goes to infinity.
For each £, the following BSDE

(AP, = —[@A+ CTO)PY,_ + 207N}, +Q + HE(t, P, P, A%, T, TS )| at

+(A]f,t)T dW + fg F]f’t(e)N(dt, de),
(3.9)  §dP, = —|(2A4+ CTC)P,_ +2CTA, +Q + HE(t, Py, P, AL, T5,,T5,)| at

+(A§,t)T dW + fg F;t(e)N(dt, de),

\P{TT:G’ P2I€,T:G7

is a two-dimensional BSDEJ with a Lipschitz generator, so by [37, Lemma 2.4], it admits a unique
solution (PF, A¥ Tk Pk AX T%) such that

(PF, AF,T¥) € S0, T;R) x L(0,T;R™) x L3"(0,T;R), i = 1,2.
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From the definition of H f, we have
k k / /
Hi(t, P, Py, Ay, T, 1) — Hi(t, Py, Py, A, T4, 1)

< sup /((1+E+FTU)_)2(P2+F2( ) — Py —T(e))v(de)

vell,|v|<k JE
<o [ (P Tale) = P = Ty(e)) o(ce)
£
and
Hf(ta Pla P2aA17P17F2) - Hf(t7P17P27A17F/1aF2)

< sup /(Fl(e) — T (e)) (((1 +E+ FTo)")? — 1)I/(de)

vellv|<k J &
Sygmg/ﬁ(n(e)—F’l(e))((1+E+F v(de) + /|r1 e)|v(de)
SCkfg(F() i ( v(de) + /\Fl (e)|v(de),

where ¢, < oo is defined as

cr, = esssup |1+ E+ FTvl]?, v(de)-ae..
vell|v|<k

Similar estimates for H§ can be established. Hence according to Theorem 2.2, Pf is decreasing in £,
fori=1,2.

Next, we show that the sequence {P/}i—1 2
for: =1, 2.

From Assumption 3.1, there exists a constant ¢ > 0 such that

is nonnegative and uniformly bounded from above,

geee

2A+CTC+/E(6)2V(d6) <c¢, Q<c¢, G<e
£

It is easy to check that (P4, Ay, T14) = (Pay, Aoy, Toy) = ((c+ 1)ef= —1,0,0) satisfies the
following two-dimensional BSDEJ

(4P, = [cP1+C A1+c+fg( (1 + By ))—1)+f2((1+E) )2) (d )]dt
+A dW + [ Ti(e )N (dt, de),

(3.10) {dP, = [cP2+CTA2+c+f5< 2((1+ B)*)?) — 1) + Ta((1+ E)7)? v

—I—A2 dW + [, To(e)N(dt, de),

\Pl,T:Ca P27T:C.
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By the definition of H k we have

— / (?1E2 +0((L+E)N)*) —1) + Th((1 + E)—)2> v(de),

&
SO

(2A+CTCYP, +2CTA, + Q + HE(t, Py, Py, Ay, T, Ty)

<cP,+C™A; +e¢ +/ (Tl(((l +E)N)?) - 1) +T((1+ E)‘)2> v(de).

£

Similarly, we have

(2A+CTC)Py +2C Ay + Q + HE(t, Py, Py, Ay, T, Ty)

<cPy+CTAy+ c+/ (E(((l +E)T)?) — 1)+ Ta((1 + E)‘)2> v(de).

£
Keeping the above two inequalities in mind, applying Theorem 2.2 to BSDEJs (3.9) and (3.10), we
have fort = 1,2,k =1,2, ...

(3.11) P, <Py < M,
where M := (¢ + 1)eT — 1.
On the other hand, notice that (P, ;, A, ;, Ty ;) = (Pyy, Ay, Iy ;) := (0,0,0) satisfies
dP =A"dW + [, D(e)N(dt,de),
BT = 07
and

(2A+CTO)P, +2C" A + Q + Hy(t, Py, Py, A, I, L)

>Q+ inf (W Rv+25"0)=Q—-S"R'S>0,
e 77L
thanks to Assumption 3.2. Hence, by Theorem 2.2 again,
(3.12) Ph>P =0,i=12 k=12, .

Notice, forz =1, 2,

T T
E/O /gl{Pi’ft+Ff’t(e)<0}V(de) dt =FE ; /1{19;;+r§,t(e)<0}N(dt>d€)

E[ 1{Pan +F (= AUTn)<O}]
neN, T, <T

E[ 1{P5Tn<0}} =0,
neN, T, <T
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t
where U; = [, [ eN(dt,de) and AUy, = Uy, — Ur, , hence,
(3.13) Pl_+T%, > 0.
Similarly, we can establish
(3.14) P_+TF <M.
Now we obtain

~M < —Py <T}, <M—Pf <M.

Hence, I'¥, k = 1,2, - - - , are uniformly bounded by M, and thus belong to Ly"(0,T;R).
Since Pf is decreasing w.r.t. k, we can define P;; 1= lim;_, Pi’ft, 1 = 1,2. Combining (3.11) and
(3.12), it follows
0<P,<M,i=12 tel0,T].

Applying It6’s formula to (Pf,)?, we deduce that
(d(Pl)? = { = 2P} |24+ CTOVPE,_ +2CTAS, + Q + HE(L, Py, Py, A%, T TS )|
AR + [ TH(e)(de) | at
+2PF(AD)T AW + [o[(PF,_ +T% (€))? — (P,_)2N(dt, de),

\(Plk,T)2 =G>

Since 0 < PZk,Pf —i—Ff <M,i=1,2,and

HE < / [(P1 +T) (((1 L E)? - 1) — 2P E+ (Py+ ) ((1+ E))?|v(de) < e,
&

by taking expectation on both sides in above and integrating over [0, 7'], we have

1 T T
(3.15) (Pfo)? + 51@/ |A¥2ds + E/ /r'f(e)2u(de) ds < ¢,
0 0 E

where ¢ > 0 is a constant independent of k. Therefore, the sequence (A¥ T%), k = 1,2,--- | is
bounded in LZ(0,T;R") x L3"(0,T;R), thus we can extract a subsequence (which is still denoted
by (A, T%)) converging in the weak sense to some (A, ') € L3(0, T;R"™) x L3"(0,T;R). Similar
considerations applying to (P¥,)? yield some (A5, T) € L2(0,T;R") x L3”(0,T;R) which is the
weak limit of (A%, T%).

Following Kobylanski’s argument [20, Proposition 2.4] (see also Antonelli and Mancini [1, The-
orem 1], Kohlmann and Tang [19, Theorem 2.1]), we establish in Appendix B the following strong
convergence:

Lemma 3.1. It holds that
T T
(3.16) lim E/ |AF — Aj)?dt =0, lim E/ /|r§ —Ty|?v(de)dt =0, i = 1,2.
k—o0 0 k—o0 0 <

Furthermore, (P, A1,T'1, Py, Ay, I's) is a nonnegative solution to the BSDEJ (3.6).
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This completes the proof. 0

Theorem 3.2 (Existence in Singular case). Suppose Assumptions 3.1, 3.3 hold, then the BSDEJ (3.6)
admits a uniformly positive solution (P, A1, Ty, Py, Ay, T's).

Proof: Similar to the proof of Theorem 3.1, one can show the existence of a nonnegative solution
(P1,Aq,T, Py, Ay, T'9) to the BSDEJ (3.6), so we omit the details. We only give a sketch on how to
find a uniformly positive lower bound for such a solution.

Under Assumptions 3.1, 3.3, there exists constant ¢, > 0, such that

2A+C’TC—|—/ v(de) — )B—I—DTC:E/EFV(d(J) > —co,

‘2
£ £

where § is the constant in Assumption 3.3. Notice (P, ,, Ay, Iy ) = (P, Ay, o) := (0e271,0,0)
solves the following BSDEJ

G.17) dP = —(—ceP + CTA)dt + AT dW + [, L(e)N(dt, de),

> inf Hl(t (% Pl,PQaAlarlar )

veER™

:UQ%%HI@ v, Py, P5,0,0,0)

> i%f [UTRU+25TU] +£1/E2u(de)
veR™ £

+ P, inf [UT(DTD + /gF(e)F(e)TV(de))v + 2<B +D'C + /(€ EFV(de)> TU]

veER™

2—Q+£1[/ v(de) — ‘B+DTC+/

i EFu(de)) ]

where we used A; = 0, I, =I', = 0 in the equality, P, = P, > 0 in the second inequality, and

(£8)20. DD+ [ FOP© v 2 1,
£

Applying Theorem 2.2 to the BSDEJs (3.9) and (3.17), we get, for i = 1, 2,
(3.18) Pl > P, =0e>T 0 > et [0, 7],

which leads to the desired lower bound. ]
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3.4. Solution to the LQ problem (3.2). In this subsection we will present an explicit solution to the
LQ problem (3.2) in terms of solutions to the BSDEJ (3.6).
For P, > 0,\; ¢ R", T; € L?¥, i = 1,2, define

Oy (w, t, Py, Py, Ay, Ty, Ty) = argmin Hq(w, t,v, P, Py, A1, T, T3),

vell

(3.19) Og(w, t, Pr, Po, Ag, Ty, T'y) = argmin Hy (w, t, v, P1, Py, Ag, Ty, Ty).

vell

Theorem 3.3. Let (P;, A;, T;) € Sp°(0,T;R) x LE(0, T; R™) x L3"(0,T;R), i = 1,2, be a nonneg-
ative (in Standard case), or uniformly positive (in Singular case) solution to the BSDEJ (3.6). Then
the state feedback control given by

U*(t7 X) = 01 (wa t, Pl,t—a P2,t—7 A1,t7 [y, F2,t>Xtt + 172(% t, Pl,t—a P2,t—7 Al,ta g, F2,t)Xt_—7
is optimal for the LQ problem (3.2). Moreover, the optimal value is
V(x) = Pro(a™)? + Pyo(z)%

The proof of Theorem 3.3 is standard, and thus omitted here; please see [16, Theorem 5.2] or [39,
Theorem 5.2] for the standard verification argument.
As a byproduct of Theorem 3.3, we have the following uniqueness result.

Theorem 3.4. Suppose Assumptions 3.1 and 3.2 (resp. Assumptions 3.1 and 3.3) hold, then the BSDEJ
(3.6) admits at most one nonnegative (resp. uniformly positive) solution.

It seems a challenging task to establish this result by pure BSDE techniques.

4. APPLICATION TO MEAN-VARIANCE PORTFOLIO SELECTION PROBLEM

Consider a financial market consisting of a risk-free asset (the money market instrument or bond)
whose price is Sy and m risky securities (the stocks) whose prices are S, . . ., S,,. And assume m < n,
i.e. the number of risky securities is no more than the dimension of the Brownian motion. The asset
prices Si, k = 0,1, ..., m, are driven by stochastic differential equations (SDEs):

dSO7t = TtSO,t dt,

So,0 = S0,
and
s = S (e + 1)t + é Ousa AWy + [ Frs@)N(dt,de) ),
Sk0 = Sk,
where, for every k = 1,...,m, r is the interest rate process, jix, 0% := (Ok1,- .., 0kn) and Fy are the

mean excess return rate process and volatility rate process of the k-th risky security.
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Define the vectors p = (g1, ..., pom) ' » F' = (F1,..., F,,)" and matrix

01

o= i | = (0kj)mxn, foreachi e M.

We shall assume, in this section,

Assumption 4.1. The interest rate r is a bounded deterministic measurable function of t,
p€ Ly (0, T;R™), o € Lg? (0, T;R™ "), F € Ly=(0,T;R™),
and there exists a constant § > 0 such that oo " + [ F(e)F(e)"v(de) > 01, forall t € [0,T].

A small investor, whose actions cannot affect the asset prices, will decide at every time ¢ € [0, 7]
the amount 7;, of his wealth to invest in the j-th risky asset, j = 1,...,m. The vector process
7 = (m,...,m,) " is called a portfolio of the investor. Then the investor’s self-financing wealth
process X corresponding to a portfolio 7 is the unique strong solution of the SDE:

dX, = [ X, + 7 ) dt + 7 oy dW, + [ 7] F,(e)N(dt, de),
X(] =2xT.

4.1

The admissible portfolio set is defined as
U = {7r e L2(0,T;R™) ‘ mell dP® dt-a.e.},

where II € R™ is a given closed convex cone. For instance, II = R means there is no trading
constraint; while II = R’ means shorting is not allowed in the market. For any m € U/, the SDE
(4.1) has a unique strong solution. Different from the previous sections, in this section we request the
constraint set II to be convex in order to apply the dual approach below.

For a given expectation level z > zelo s ds_the investor’s mean-variance problem is to

Minimize Var(Xr) = E[XZ — 2%,

E[XT] =2z,
TEU.

4.2) s.t.

Remark 4.1. Lim [23] studied a mean-variance problem with jumps without portfolio constraints, i.e.
IT = R™. In his model, all the coefficients in (4.1) are assumed to be predictable with respect to the
Brownian motion filtration, so no jump term has entered into his SRE, which is exactly the same one

as in the model without jumps.

We shall say that the mean-variance problem (4.2) is feasible for a given level z > zels 745 if there
is a portfolio 7 € U which satisfies the target constraint E[X7| = z. An optimal portfolio to (4.2)
is called an efficient portfolio corresponding to z and the corresponding (\/W ,z) is called an
efficient point. The set of all efficient points, with z > zelo s ds_is called the efficient frontier.
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Define the dual cone of II as
= {y e R™ ‘ z'y<Oforallz e H}.

The following result gives an equivalent condition for the feasibility of (4.2). The proof is exactly the
same as [13, Theorem 5.3], so we omit it.

Theorem 4.1 (Feasibility). Under assumption 4.1, the mean-variance problem (4.2) is feasible for any
2> xelo 7 if and only if

T
43) / Pl ¢ T) dt > 0.
0

For the rest of this section, we will always assume (4.3) holds.
The way to solve (4.2) is rather clear nowadays. To deal with the constraint E[X 7| = z, we introduce
a Lagrange multiplier —2\ € R and obtain the following relaxed optimization problem:

4.4) inf  J(z,m A\ 2) =E[(Xr — A2 — (A —2)%
st. mel.

Denote its optimal value as

V(z,\;z) = inf J(x, 7, A; 2).

Teu

According to the Lagrange duality theorem (see Luenberger [24])

4.5) inf  Var(Xr) =sup V(z, A; 2).

So we can solve the problem (4.4) by a two-step procedure: Firstly determine V' (z, A; z) for every A,
and then try to find a A* to maximize A\ — V' (x, \; 2).
The relaxed problem (4.4) is a special stochastic LQ problem (3.2) studied in Section 3, where

(4.6) A=r, B=u, C=0,D=0¢",E=0,Q=0, R=0,5=0, G=1.

The associated BSDEJ (3.6) becomes

4.7)
dPl,t = — |:2’T’P17t_ + Hik(t, Pl,t—a PZ,t—a Al,t7 Flﬂf? FQ,t):| dt + AIt dWw + fg FLt(@)j\?(dt, de),

dP27t = — |:2’T’P27t_ + H;(t, Pl,t—a PZ,t—a A2,t7 Flﬂf? FQ,t):| dt + A;—,t dWw + fg FQJ(@)N(dt, de),
Pl,Tzla P2,T:17
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where H, H;, 01, U5 are defined as in (3.4), (3.5) and (3.19) with coefficients given in (4.6):

Hi(w,t,v, P, Py, A\y,T1,Ty) = Pov oo v+ 2(Pyu+ oAy) v
+/g [(P1 + rl)((u +FTu))? - 1) 9P FTw
+ (P + Do) (14 F o) )% w(de),
Hy(w,t,v, P, Py, Ay, T'1,Ty) = Pyv' oo v — 2(Pop + 0Ay) T
+/€ [(P2 + Fg)(((—1 +ETy))? - 1) 2P F T
(P 4T ((—1+ F%)ﬂﬂ v(de).

Clearly, Theorems 3.2 and 3.4 can be applied to the BSDEJ (4.7) to ensure that it admits a unique
uniformly positive solution (P, Ay, 'y, Ps, Ao, I's). Accordingly, Theorem 3.3 leads to the following
solution to the relaxed problem (4.4).

Theorem 4.2. Let (P, A1, 'y, Py, Ay, I'y) be the unique uniformly positive solution to (4.7). Then the
state feedback control given by

™t X) =01 (w,t, P, P27A17F1,F2)<Xt_ — )\e_ftT"Sds)Jr
(4.8) o Ba(w,t, Py Poy 8, Ty, o) (X = e i)
is optimal for the LQ problem (3.2). Moreover, the optimal value is
V(z, Ay 2) = P [(m — e o ds)+] i + Py [(m —Xe o e ds) _} = (A —2)2.

This resolves the first step problem. To solve the second step problem, i.e., to maximize \ >
V(z, \; z), the following result is critical.

Lemma 4.1. Assume Assumption 4.1 and conditioin (4.3) hold. Then

4.9) P1,06_2IOTTS ds _1 <o, P2,06_2IOT rsds _ 1 < (.
Proof: Applying Itd’s formula to P, ;e > S rsds o [0, T'], we have
. T
(410) 11— P2,06_2 fO rods = _E/ H;(t7 P2,t—7 A2,t7 F2,t7 Pl,t—7 Fl,t) dt.
0

Since Hj(t, Py, Aoy, Loy, Pry—,T14) < 0 by its very definition, it follows P e ™2 Jo rsds < 0.
Similarly, we can prove that P; ge > Jorsds 1 <.

It remains to prove the strict inequality P ge ™2 Jo' rsds 1 < 0. Suppose, on the contrary, P ge ™2 Jo rads
1 = 0. It then follows from (4.10) that H; (¢, Pys—, Pay—, Ao, I'14,I'2;) = 0 dP®dt-a.e.. Thus we de-
duce, from the uniqueness (Theorem 3.4) of solution to the BSDE (4.7), that P, ; = e2 i s ds Aoy =0
andI'y; = 0.
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On the other hand,
4.11) (1=F'o)")24+2Fv—1<(1—-Fv)*4+2F v —1=|Fv%
Since F' € L3> (0,T;R™), there exists ¢; > 0 such that | F'(e)| < ¢; for almost all e € £. Hence
4.12) 1—-F'v>0,ifvelland |v] <t
Combining (4.11) and (4.12), we have

Hj(t, Py, P;,0,T1,0) = inf [PQUTUUTU — 2P v + /
ve

i [Pz((a CFT) )2 4 2F Ty — 1)

(P +T)((1— F%)ﬂ u(de)]

< inf |:P2UT (aaT + /g FFTV(de))v — QPQILLTU:|

vell,jv|<cy

<P, inf <c|v|2 - 2,uTv).

vEH,\v\Sc{l

Note (4.3) implies that there exists O C Q x [0, 7] such that y ¢ II dP ® dt-a.e. on O. Hence, there
exists vy € II such that ;1 vy > 0 on O. By choosing v; = vy with € > 0 being sufficiently small so
that |v;| < cl_l, we get

Hi(t, Pi, Py, 0,T1,0) < Pye (05|v0|2 - 2,uT’U0> on O.
The RHS is negative for sufficiently small ¢ > 0 on O, leading to a contraction. Therefore P ge > Jo rsds

1 <0. O
To find a A* to maximize A — V'(z, A; z), we do some tedious calculation (using (4.9)) and obtain

P 2
max V(z, \;2) = V(z,\";2) = 20 (:c e o s ds) 7
A 1— P2706_2f0 rsds

where

T
2 — xPygeJo msds

A=
= .
1— P2,0€_2 fO rsds

The above analysis boils down to the following solution to the mean-variance problem (4.2).

Theorem 4.3. Let (P, A1,[', Po, Ay, I's) be the unique uniformly positive solution to (4.7). Then the
state feedback portfolio given by

+
7t X) = 01 (w, £, Py, Pay Ay, 1, T2) (Xt_ e dS)

(4.13) (e, Py, P Ay, T, T) (X = At mde)
is optimal to the mean-variance problem (4.2). Moreover, the efficient frontier is determined by
P2’0€—2 fOT rsds

Var(Xr) =
( T> 1 — P2706_2 foT rsds

(BLXr] — wehv ) "
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T
where E[X] > xelo 7595,

Remark 4.2. In the constrained mean-variance model without jumps studied in Hu and Zhou [16], the
efficient portfolio only takes the second term on the RHS of (4.13), i.e. the optimal wealth X, will never
exceed N*e~Ji ™95 op [0, T, and it only depends on (Py, As) as Uy does. But in our cone-constrained

MYV problem with jumps, the optimal wealth X, will probably cross the bliss point \*e™ Jrsds,
APPENDIX A. HEURISTIC DERIVATION OF THE BSDEJ (3.6)

By the Meyer-1t6 formula [31, Theorem 70], we have

dX:_ = 1{Xt7>0} [(AtXt_ —+ BtTut — /(Et(e)Xt_ + Ft(e)Tut)I/(de)) dt + (CtXt_ + Dtut)T th]
&

+ /g [(Xt_ + B ()Xo + Fy(e)Tu)T — X;F } N(dt, de) + %st,
and
dX; = —1ix, <oy [(AtXt_ + By, — /E(Et(e)Xt_ + Ft(e)Tut)l/(de)) dt + (C,X,_ + Dyu,)" dVVt}
+ /5 [(Xt_ 4 B(e) X + Fy(e)Tu)” — X } N(dt, de) + %st,
where L is the local time of X at 0. Since X;* dL; = 0, applying the It6 formula yields
A(X;)? = Lm0y |2X00 (A X+ BJu, /g (Eyle) X + Fi(e) Tuv(de)) +CiX, + Dyuf?| dt
+1x, ~0)2X;" (CiXy— + Dywy) " AW,
+ [ [0 + B + BT = (7] Nt de),
and
A(X7)? = Lo | = 2X0 (X + Blu — /g (Ey(e) X + Fi(e) Tuv(de)) +[CiX, + Dyul?] dt
—1x, <012X, (CiX;— + Dyuy) " AW,
+ /8 [((Xt_ + Ey(e)Xi— + Fi(e) Tuy) ™) — (X;_)?]N(dt, de).
Assume that P; and P, are semimartingales of the following form:

APy = —fidt + A] dW + [, T1(e)N(dt, de),

and

APy = —fodt + AJ AW + [, To(e)N(dt, de),
PZ,T == G
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Applying 1td’s formula to Py ,(X;")?,
dP17t(X:_)2 = Pl,t—]-{Xt,>0} |:2Xtt (AtXt_ + BtTut) + |CtXt_ + Dtutﬂ dt
+ 2Xtt (CtXt_ + Dtut)TAl,t dt

2P, X[ 1k, o) / (Ey(e) X, + Fi(e)Tup)v(de) dt
E
+ / (Pree +Ty(e)) (((Xt_ + B ()X, + Fy(e)Tu))? — (X;- )2)V(de) dt
£
— (X0 fdt+ [(X;:)QAM + 2P, X, (C X + Dtut)] ! dWw
+ [ [P+ X + BOXen + File)Tu) )P - (40
&
+ (X)T(e)| N (at, de),
and applying Itd’s formula to Py (X, )2,

dPQJ(Xt_)z = P2,t—1{Xt,§0} |: — 2Xt_— (AtXt_ + B;I—Ut) + |CtXt_ + Dtutﬂ dt
—2X, (CiX;— + Dyuy) " Ay dt

L 2Py X7 1k <o) / (Ey(e)X, + Fi(e)Tup)v(de) dt
£
+ / (Pos- + Taale)) (Xio + Bi(e)Xim + Fule) Tu) )2 = (X72)? ) w(de) at
£
() ot + [(X7)Aay — 2P X7 (CXi + Do) Law
+ [ [(Pua + TXen + B X + File)Tu) )P — (X))
I
e )2F2(e)] N(dt, de).
Then

T
J(z;u) = E [ /0 (QtXf ) Ry + 2X,8) ut) dt + GX%]

T
= P1,0(2U+)2 -+ P270(.]7_)2 —+ E/ (QtXf + U;I—Rtut + 2XtStTut> dt
0

+ Pl,t—]-{Xt,>0} |:2Xtt (AtXt— ‘l— Bt—l—ut) + |CtXt_ ‘l‘ DtUt|2] dt
+ QX;(CtXt_ + Dtut)TALt dt

— 2P, X;"1¢x, s /(Et(e)Xt_ + Fy(e) "uy)v(de) dt
£

+ /g (P + Do) (X + Bile) X+ Fi(e) Tu) ") = (X% )w(de) dt
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— (X2 frdt — (X, ) fodt

+ P2,t—1{Xt7S0} [ — 2Xt_— (AtXt_ + BtTut) + |CtXt_ + Dtutﬂ dt
—2X; (Cy Xy + Dyuy) Ay dt

L 2Py X7 ik <o) / (Ey(e)X, + Fi(e)Tup)v(de) dt
E

+ /g (Pos_ +Tay(e)) (((Xt_ + B ()X, + Fy(e)Tu))? — (X )2)V(de) dt.
Denote ¢(X;_,u;) be the integrand on the RHS of the above equation.
e If X;_ > 0, then
O( X, u) = [Q 40 (R+ P D Dy +25Tv+ P (24 + CTC) + 20T Ay,
+2(P,(B+D'C)+D"A)) v

— 2P, /g(E + FTo)v(de) + /g(Pl’t_ +T4-) (((1 +E+FTv)")? - l)u(de)

—hH+ L(P2,t— + T )(1+ E+ FTU)_)zy(de)}X’a’

where v; = %
o If X;_ <0, then

O(Xiw) = [Q+ 0T (R+ Py D D)o —25Tv+ Py (24+CTC) +2CT Ay,
—2(P 4 (B+D'C)+ D"Ay)Tw

2Py, /(g (E — FTo)u(de) + /(g (Pys +Toy ) (((-1 _E+ FTu) )2 - 1)V(de)

— fa+ /g(Pl,t— + ) (1= E+ FTU)+)2V(d€)] XE,

where v; = ﬁ
o If X; =0, then ¢(0,0) = 0 and

O(Xi—,us) = ul Rug + Poy | Dugl?* + /(Pl,t_ +T1) (FTuy) )2 (de)
£

+ /S(Pgﬂg + F27t_)((FTut)_)2I/(de) > (.

In order to ensure min, ey ¢(X;, u) = 0, it is evident to take f; and f5 in the form of (3.4) and (3.5).
APPENDIX B. PROOF OF LEMMA 3.1
For any positive integers k < [, set

kl . pk l kil . Ak 1 kl . 1k l s
Pz‘,t = Pz',t - Pi,t >0, Ai,t = Ai,t - Ai,t? Fi,t = Fz’,t - Fz’,ta 1=1,2.
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Let x > 0 be a constant to be specified later, and write
1

U(x) = E(em — Kz — 1).

Notice V'(x) > 0 for z > 0. Applying Itd’s formula to \If(Plkj), we get

1 T
U(Prp) + 5E / W (P AV dt
0
T
+E / [@(P{fﬁ_ +I7) — W(PL) - @/(P{f;l_)r’f’l] v(de) dt
0 £
T
= U(0)+E / (P [(2A +CTO)PY 4+ 20T ATy
0

+ HE(E, PE,_ PE_ NS T TS ) — HY(t P, PL, AL, T r;g} dt.
Using the following fact:
W(0) =0, Py >0, W(P)) = e —1>0, H > H;,
HY < /g [(Pl +Ty) (((1 + E)")? — 1) — 2P E + (P, + Ty)((1 + E)—)ﬂ v(de) < ¢,

where c is independent of k and [/, we obtain

1 T
U(Pp) + SE / U (PEIAY' dt
0

T
+E /0 /5 (WPl + T — w(PE) — W (PEOT | v(de)
g k.l k.l
<E /O W(PE) e+ 20T AN = Hi (6 Pl P A T TS )

Keeping in mind Pil, Fﬁ, 1 = 1, 2, are uniformly bounded, we have the following estimates:

* ! ! ! ! ! . ! ! l ! l
—H{(t, Pl,t—7 P2,t—7 Al,ta Fl,tv F2,t) < — inf Hy(t,0, Pl,t—a P2,t—7 Al,ta Fl,tv F2,t)

veER™
< c+ AL

< e+ 3e(|ATP 4 |AY — A2+ AP,

where ¢ > ( is a constant independent of [ and k. The above estimates lead to
!
(P +E / (5\11”(131’31) -~ 3c\If’(P1’f’tl)>|A'f’l|2dt
0
T
+E / / [\If(Pfjf_ +T7) = W(Pf) — qf'(P{fj_)r’fvl} v(de) dt
0o Je
T

(B.1) < IE/ v (Pl [20 + 20T AR 4 3c|AF — A2 + 3c|A1|2)] dt.
0
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Take = 12¢. Then 9" (z) — 3c¢¥'(z) = 3c(e™ + 1) = 3¢¥/(x) + 6¢ > 6¢ for z > 0. So by the
dominated convergence theorem, the sequence

1
\/ S V(P — 3w (Pr)

converges strongly to

V3V (Pl — Pry) + 6c,

as [ — oo, and they are uniformly bounded. Therefore,

\/ 3cW'(PY)) + 6c A

converges weakly to

V3V, — Puy) +6c (A — Ay).
By the mean value theorem and the uniformly boundedness of Plk ’tl_ and Flf:i_, we obtain
1 3
B2) WP +TH) — W(PEL) - WP = Ze i e — wrh) — 1] > e[},
k) k) ) [‘i ) )
for some constant € > (0 independent of [ and k. We then get from (B.1) that

T
IE/ (3cW' (P — Py) + 6¢)[A} — Aq|* dt
0

T
<t [ (PE) + o) AL
0

l—00
T
< E/ V(PF - P) [20 + 20T (AR — Ay) + 3e|AF — A2+ 30|A1\2)} ds
0
Canceling the common terms, it yields
T T
E/ Ge|AF — A2 ds < E/ U'(PF - Py) [2c + 20T (AF — Ay) + 30|A1|2)} ds
0 0

By passing to the limit & — oo, applying dominated convergence theorem and noticing ¥’'(0) = 0, we
have
T
lim IE/ IAY — Ay 2dt = 0.
k—o0 0

Using (B.2), we can similarly get

T
lim E/ /\r’f—rl\%(de) dt =

Because I'f, k = 1,2, - - - , are uniformly bounded in L3 (0, T'; R), we conclude that 'y € L3"7(0, T; R).
Along appropriate subsequence (which is still denoted by (A%, I'})) we may obtain dP ® dt-a.e.
convergence of

/Ak dW+/ /Fk N(ds,de) —>/ ATdW—I—// N(ds, dy),
t
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and
T

T
lim [(QA +CTCO)PF,_ +2CTAE, + Q] ds = / [(2A +CTO)VPL,_ +2CT A, + Q] ds.
t

k—o0 t

We now turn to prove

T T
(B.3) hIIl Hl (S Pl S— 7P2S 7A1 ) 1 ) F dS = / HT(S, P1,8—7 P2,S—7 A1737 F1757 FQ’S) dS
t

t

We have
[HY (s, Py Py o AT TY 0, 15 0) — Hi (s, Pro—, Pos— Ay o T, Do)
< [Hy(s, Pls 7P25 7A157 157F o) — Hi(s Pls 7P25 7A157 157F Bl
+[Hi (s, Pl Py, AL, 137F§s) H(s, Pro—y Pooy Ay s, Iig, Tos)l.
Recall that A}, — Ay, dP ® dt-a.e., so there exists ki (w, s) such that [A} | <14 [Ay | for k > k.
Notice that Hy(s,0, P, Af T, P¥, 4T} ) is upper bounded by some ¢ > 0, and
Hy(s,0, Pf o, Pyy Ay, T, 15 ) > 8ol = 2e1[v] (1 + [AT]) — e
> 0v)? — 21 |v|(2 + |A1]) — a1 > ¢,
if [u] > ca(14|A1s]) with ¢ > 0 being sufficiently large. Hence, for £ > max{ca(1+|A14|), k1}, we
have

* k k k
Hl (S’ Pl,s—>P27s ’A

1,87 18’

k _ : k k k k
F2s) - 11}21% Hl(S’U>P1,s—>P2,s ’Als> 18’F28)
[v]<e2(1+]A1])

: k k k k k
> inf Hl(s>U’Pls—’P2s >Als>rls>r2s)
,UGH b b 9

[v|<k
_ k k k k k
—Hl(SaP1,5—>P2,s ’Als> 18’F25)

We also have the reverse inequality H; < HF by deﬁnition Therefore, when & > max{cy(1 +
|A14]), ki), HY and H; coincide at (s, P{fs ,P2 o AR o 18, rs )
Notice that
|Hf(8a Plk,s—> P2k,s ) A]fs> 1,89 ng) HT(S, P1,5—> P27s—a Al,s> F1,s> P2,s))|
< sup  |Hi(s,v, P, Py, AY T T ) = Hi(s,0, Py, Pas—, A1g, Tis, Ta),
pl<ehHA)

one can easily see, from the definition of H1, that as long as
|PF — P+ [AY — Ay + / IT% — Ty |v(de) + | Py — Py| + / IT% — Ty|v(de) — 0,
b £

we have

: * k k k
khm |H1(S’P1,s—>P2,s ’A
—00

1,87 1s>

Fg s) Hf(sapl,s—aP2,s—aA1,s>P1,s>F2,s))| = 0.
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Since
k k k  pk k k k
|HY (s, Pl,s—7A1,s7F1,37P2,s—7r2,s)‘ <c(1+ |A1,s‘2)7
the dominated convergence theorem leads to (B.3).
Now it is standard to show that

lim E| sup |P1kt - P17t|] =0;
k=oo  Lycior]

please refer to Antonelli and Mancini [1, Theorem 1] for details.
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