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Abstract—In Federated Learning (FL), devices — also referred to
as clients — can exhibit heterogeneous availability patterns, often
correlated over time and with other clients. This paper addresses
the problem of heterogeneous and correlated client availability in
FL. Our theoretical analysis is the first to demonstrate the neg-
ative impact of correlation on FL algorithms’ convergence rate
and highlights a trade-off between optimization error (related to
convergence speed) and bias error (indicative of model quality).
To optimize this trade-off, we propose Correlation-Aware FL
(CA-Fed), a novel algorithm that dynamically balances the
competing objectives of fast convergence and minimal model bias.
CA-Fed achieves this by dynamically adjusting the aggregation
weight assigned to each client and selectively excluding clients
with high temporal correlation and low availability. Experimental
evaluations on diverse datasets demonstrate the effectiveness
of CA-Fed compared to state-of-the-art methods. Specifically,
CA-Fed achieves the best trade-off between training time and
test accuracy. By dynamically handling clients with high temporal
correlation and low availability, CA-Fed emerges as a promising
solution to mitigate the detrimental impact of correlated client
availability in FL.

Index Terms—Federated Learning, Correlated Client Availability,
Markov Chains.
I. INTRODUCTION

The enormous amount of data generated by mobile and IoT de-
vices motivated the development of distributed machine learn-
ing training paradigms [2], [3]. Federated Learning (FL) [4]-
[7] is an emerging framework where geographically distributed
devices (or clients) participate in the training of a shared
Machine Learning (ML) model without sharing their local
data. FL was proposed to reduce the overall cost of collecting
a large amount of data as well as to protect potentially
sensitive users’ private information. In the original Federated
Averaging algorithm (FedAvg) [5], a central server selects
a random subset of clients from the set of available clients
and broadcasts them the shared model. The sampled clients
perform a number of independent Stochastic Gradient Descent
(SGD) steps over their local datasets and send their local
model updates back to the server. Then, the server aggregates
the received client updates to produce a new global model, and
a new training round begins. At each iteration of FedAvg, the
server typically samples randomly a few hundred devices to
participate [8], [9].
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Agency (ANR) with reference ANR-19-P31A-0002, and by Groupe La Poste,
sponsor of Inria Foundation, in the framework of FedMalin Inria Challenge.

A first version of this work was presented at IEEE INFOCOM 2023 [1].

In real-world scenarios, the availability of clients is dictated
by exogenous factors that are beyond the control of the
orchestrating server and hard to predict. For instance, only
smartphones that are idle, under charge, and connected to
broadband networks are commonly allowed to participate in
the training process [5], [10]. These eligibility requirements
can make the availability of devices correlated over time and
space [8], [11]-[13]. For example, temporal correlation may
origin from a smartphone being under charge for a few consec-
utive hours and then ineligible for the rest of the day. Similarly,
the activity of a sensor powered by renewable energy may
depend on natural phenomena intrinsically correlated over
time (e.g., solar light). Spatial correlation refers instead to
correlation across different clients, which often emerges as
consequence of users’ different geographical distribution. For
instance, clients in the same time zone often exhibit similar
availability patterns, e.g., due to time-of-day effects.

Temporal correlation in the data sampling procedure is known
to negatively affect the performance of ML training even in
the centralized setting [14], [15] and can potentially lead to
catastrophic forgetting: the data used during the final training
phases can have a disproportionate effect on the final model,
“erasing” the memory of previously learned information [16],
[17]. Catastrophic forgetting has also been observed in FL,
where clients in the same geographical area have more similar
local data distributions and clients’ participation follows a
cyclic daily pattern (leading also to spatial correlation) [8],
[11], [12], [18]. Despite this evidence, a theoretical study of
the convergence of FL algorithms under both temporally and
spatially correlated client participation is still missing.

This paper presents the first convergence analysis of
FedAvg [5] under heterogeneous and correlated client avail-
ability. We assume that the clients’ availability follows an
arbitrary finite-state Markov chain, modeling both temporal
and spatial correlation while maintaining analytical tractabil-
ity. Our theoretical analysis provides valuable insights by
(i) quantitatively measuring the negative impact of correla-
tion on the algorithm’s convergence rate through a novel
additional term that depends on the spectral properties of
the Markov chain, and (ii) highlighting an important trade-
off between two conflicting objectives: slow convergence to
the optimal model and fast convergence to a biased model
that minimizes a different objective function from the ini-
tial target. To leverage this trade-off, we propose CA-Fed,



an algorithm which achieves an optimal balance between
maximizing convergence speed and minimizing model bias
through dynamic adjustment of aggregation weights assigned
to clients. Depending on their contribution to the learning
process, CA-Fed can decide to exclude clients exhibiting low
availability and high temporal correlation. Our experimental
results demonstrate that excluding such clients is a simple, but
effective approach to handle the heterogeneous and correlated
client availability in FL. Across synthetic and real datasets,
CA-Fed consistently outperforms the state-of-the-art methods
F3AST [19] and AdaFed [20] in terms of test accuracy. These
results underscore the importance of optimizing the training
process to leverage available client resources effectively and
mitigate the impact of less available and correlated clients, a
task successfully accomplished by CA-Fed.

The remainder of this paper is organized as follows. Section II
introduces the problem of correlated client availability in FL
and discusses the main related works. Section III provides
a convergence analysis of FedAvg under heterogeneous and
correlated client availability. CA-Fed, our correlation-aware
FL algorithm, is presented in Section IV. We evaluate CA-Fed
in Section V, comparing it with state-of-the-art methods
on synthetic and real-world data. Section VI concludes the
paper. Supplementary material, comprising Appendices A-H,
provides detailed proofs and further discussions on CA-Fed
not included in the main text due to space constraints.

II. BACKGROUND AND RELATED WORKS

We consider a finite set L of N clients. Each client £ €
holds a local dataset Dj. Clients aim to jointly learn the
parameters w € W C R? of a global ML model (e.g., the
weights of a neural network architecture). During training, the
quality of the model with parameters w on a data sample
¢ € Dy is measured by a loss function f(w;&). The clients
solve, under the orchestration of a central server, the following
optimization problem:

min
weW CRd

F(w) = Z apFp(w) |, (D

kex

where Fj(w) ﬁzgeDk f(w; &) is the average loss
computed on client k’s local dataset, and o = (o )eic are
positive coefficients such that )", o, = 1. They represent
the target importance assigned by the central server to each
client k. Typically (ay)rex are set proportional to the clients’
dataset size |Dy|, such that the objective function F' in (1)
coincides with the average loss computed on the union of the
clients’ local datasets D = Ugcx Dk.

Under proper assumptions, precised in Section III, Problem (1)
admits a unique solution. We use w* (resp. F'*) to denote
the minimizer (resp. the minimum value) of F'. Moreover, for
k € K, F}, admits a unique minimizer. We use wj, (resp. F}))
to denote the minimizer (resp. the minimum value) of Fj.

Problem (1) is commonly solved through iterative algo-
rithms [5], [9] requiring multiple communication rounds be-

tween the server and the clients. At round ¢t > 0, the server
broadcasts the latest estimate of the global model w; to
the set of available clients (A;). Client k € A; updates the
global model with its local data through £ > 1 steps of local
Stochastic Gradient Descent (SGD):

wﬁjﬂ :wﬁj —ntVFk(wﬁj,Béij) j=0,...,E—1, (2

where 7; > 0 is an appropriately chosen learning rate,
referred to as local learning rate; Bf, ; is a random batch
sampled from client-k’s local dataset at round ¢ and step j;
VE(-,B) = ﬁ > ¢es VI(+,€) is an unbiased estimator of
the local gradient V F}. Then, each client sends its local model
update A} := wy ; —wf, to the server. The server computes
Ari=3 pen, AF, a weighted average of the clients’ local
updates with non-negative aggregation weights q = (qx)kex-
The choice of the aggregation weights defines an aggregation
strategy (we will discuss different aggregation strategies later).
The aggregated update A; can be interpreted as a proxy for
—VF(wyp); the server applies it to the global model:

W10 = Projy (w0 +17-Ay), 3)

where Projy, () denotes the projection over the set W, and
7 > 0 is an appropriately chosen learning rate, referred to as
the server learning rate.

The aggregate update A, is generally a biased estimator
of the pseudo-gradient —V F'(w; ), to which each client k
contributes proportionally to its frequency of appearance in
the set 4, and its aggregation weight g,. More specifically,
under proper assumptions specified in Section III, we will
prove in Theorem 2 that the update rule described by (2)
and (3) converges to the unique minimizer of a biased global
objective F'p. This objective function depends depends both
on the clients’ availability (i.e., on the sequence (A;),. ) and
on the aggregation strategy (i.e., on g = (qx),cx):

Fp(w) = fo:l prFy(w), with py = %, 4

where 73, represents the asymptotic availability of client k,
defined as m, = limy 4 P(k € A;). We denote w =
(7k)keic- Moreover, the coefficients p = (pk)kexc in (4) can
be interpreted as the biased importance the server is giving
to each client k during training, in general different from the
target importance o.. In what follows, w¥; (resp. F5) denotes
the minimizer (resp. the minimum value) of Fp.

In some large-scale FL applications, like training Google
keyboard next-word prediction models, each client participates
in training at most for one round. The orchestrator usually
selects a few hundred clients at each round for a few thousand
rounds (e.g., see [6, Table 2]), but the available set of clients
may include hundreds of millions of Android devices. In this
scenario, it is difficult to address the potential bias unless there
is some a-priori information about each client’s availability.

I The aggregation rule (3) has been considered also in other works, e.g., [9],
[21], [22]. In other FL algorithms, the server computes an average of clients’
local models. This aggregation rule can be obtained with minor changes to (3).



Anyway, FL can be used by service providers with access
to a much smaller set of clients (e.g., smartphone users that
have installed a specific app). In this case, a client participates
multiple times in training: the orchestrating server may keep
track of each client’s availability and try to compensate for
the potentially dangerous heterogeneity in their participation.

Much previous effort on federated learning [5], [18]-[20],
[23]-[26] considered this problem and, under different as-
sumptions on the clients’ availability (i.e., on (A),- ), de-
signed aggregation strategies that unbias A; through an appro-
priate choice of g. Reference [23] provides the first analysis of
FedAvg on non-iid data under clients’ partial participation.
Their analysis covers both the case when active clients are
sampled uniformly at random without replacement from K and
assigned aggregation weights equal to their target importance
(as assumed in [5]), and the case when active clients are
sampled iid with replacement from K with probabilities o
and assigned equal weights (as assumed in [24]). However,
references [5], [23], [24] ignore the variance induced by the
clients stochastic availability. The authors of [25] reduce such
variance by considering only the clients with important up-
dates, as measured by the value of their norm. References [18]
and [26] reduce the aggregation variance through clustered and
soft-clustered sampling, respectively.

Some recent works [19], [20], [27] do not actively pursue the
optimization of the unbiased objective. Instead, they derive
bounds for the convergence error and propose heuristics to
minimize those bounds, potentially introducing some bias.
Our work follows a similar development: we compare our
algorithm with F3AST from [19] and AdaFed from [20].

The novelty of our study is in considering the spatial and
temporal correlation in clients’ availability dynamics. As dis-
cussed in the introduction, such correlations are also intro-
duced by clients’ eligibility criteria, e.g., smartphones being
under charge and connected to broadband networks. The effect
of correlation has been ignored until now, probably due to the
additional complexity in studying FL algorithms’ convergence.
To the best of our knowledge, the only exception is [19], which
scratches the issue of spatial correlation by proposing two
different algorithms for the case when clients’ availabilities
are uncorrelated and for the case when they are positively
correlated (there is no smooth transition from one algorithm
to the other as a function of the degree of correlation).

The effect of temporal correlation on centralized stochastic
gradient methods has been addressed in [13]-[15], [28]: these
works study a variant of stochastic gradient descent where
samples are drawn according to a Markov chain. Refer-
ence [13] extends its analysis to a FL setting where each client
draws samples according to a Markov chain. In contrast, our
work does not assume a correlation in the data sampling but
rather in the client’s availability. Nevertheless, some of our
proof techniques are similar to those used in this line of work
and, in particular, we rely on some results in [15].

III. ANALYSIS
A. Main assumptions

We consider a time-slotted system where a slot corresponds
to a single FL. communication round. We assume that clients’
availability over the timeslots ¢ € N follows a discrete-time
Markov chain (A;);>0.2

Assumption 1. The Markov chain (A;);>o on the M-finite
state space M is time-homogeneous, irreducible, and ape-
riodic. It has transition matrix P, stationary distribution p,
and has state distribution p at time t = Q.

Markov chains have already been used in the literature to
model the dynamics of stochastic networks where some nodes
or edges in the graph can switch between active and inactive
states [29], [30]. The previous Markovian assumption, while
allowing a great degree of flexibility, still guarantees the
analytical tractability of the system. The distance dynamics
between the current and the stationary distributions of the
Markov process can be characterized in terms of the spectral
properties of its transition matrix P [31]. Let Ao (P) denote the
the second largest module of the eigenvalues of P. Previous
work [15] has shown that:

[P'i; — pjl < Cp - A(P)Y,

max_|

i,je[M]
where the parameters \(P) := (A2(P)+1)/2, Cp, and Tp
are positive constants whose values are defined in [15,
Lemma 1] and reported for completeness in Appendix B2,
Lemma 16.> Note that A\(P) quantifies the correlation of the
Markov process (A;):>o: the closer A(P) is to one, the slower
the Markov chain converges to its stationary distribution.

fort >Tp, (5)

In our analysis, we make the following additional assumptions.

Assumption 2. The hypothesis class W is convex and com-
pact with diameter diam(W), and contains the minimizers
w*, wp,wj, in its interior.

The following assumptions concern clients’ local objective
functions {F}rex. Assumptions 3 and 4 are standard in
the literature on convex optimization [32, Sections 4.1, 4.2].
Assumption 5 is a standard hypothesis in the analysis of
federated optimization algorithms [9, Section 6.1].

Assumption 3 (L-smoothness). The local functions {Fy}Y_,
have L-Lipschitz continuous gradients: Fy(v) < Fp(w) +
(VFy(w),v —w) + £ [lv —w 2 Yo, w e W.

Assumption 4 (Strong convexity). The local functions
{F 3., are p-strongly convex: Fj(v) > Fi(w) +
(VFp(w),v —w) + § v — w||§ , Yo,w e W.

Assumption 5 (Bounded variance). The variance of stochas-
tic gradients in each device is bounded: E|VFEF,(w,B) —
VEy(w)||* <o}, k=1,...,N.

’In Section INI-D we will focus on the case where this chain is the
superposition of N independent Markov chains, one for each client.

3Note that (5) holds for different definitions of A(P) as long as A(P) €

(A2(P), 1). The specific choice for A(P) changes the values of Cp and Tp.



Assumptions 2—5 imply the following properties for the local
functions, described by Lemma 1 (proof in Appendix B).

Lemma 1. Under Assumptions 2-5, there exist constants D,
G, and H > 0, such that, for all w € W and k € K, we have:

|V Ey(w)|| < D, (6)
E|VFy(w,B)|* < G?, (7)
|Fi(w) — Fi(wp)| < H. )

Similarly to other works [9], [23], [24], [33], we introduce a
metric to quantify the heterogeneity of clients’ local datasets,
typically referred to as statistical heterogeneity:

= Fp(w*) — F' L. 9

max{Fy(w") - F} )
If the local datasets are identical, the local functions { F}, }rex
coincide among them and with F', w™* is a minimizer of each
local function, and I' = 0. In general, I' is smaller the closer
the distributions the local datasets are drawn from.

B. Main theorems

Theorem 1 (Decomposing the total error). Ler v == L/p.
Under Assumptions 2—4, the optimization error of the target
global objective ¢ = F(w) — F* can be bounded as follows:

€ < 2k%(Fp(w) — F}y + F(w}) — F*). (10)
=€opr ‘=€bias
Moreover, let Xaup Zk 1 (o, — pi)? /pr. Then:
€bias S ’QQ'Xi”p'F (11)
Hf—/
“=€bias

Theorem 1 (proof in Appendix A) decomposes the error
of the target objective (¢) as the sum of an optimization
error for the biased objective (€op) and a bias error (€pias)-
The term o, evaluated on the trajectory determined by
scheme (3), quantifies the optimization error associated with
the biased objective F'z and asymptotically vanishes (see The-
orem 2 below). The non-vanishing bias error e;,s captures the
discrepancy between F'(w?;) and F*. This term is bounded by
the chi-square divergence XQQH between the target and biased
probability distributions & = (o) kex and p = (pg)kexc, and
by I, that quantifies the degree of heterogeneity of the local
functions. When all local functions are identical (I' = 0),
the bias term epj,s also vanishes. For I' > 0, the bias error
can still be controlled by the aggregation weights assigned
to the devices. In particular, the bias term vanishes when
qr < a /7, Yk € K. Since it asymptotically cancels the bias
error, we refer to this choice as unbiased aggregation strategy.

However, in practice, FL training is limited to a finite number
of iterations 7' (typically a few hundreds [6], [8]), and the
previous asymptotic considerations may not apply. In this
regime, the unbiased aggregation strategy can be sub-optimal,
since the minimization of €pj,s not necessarily leads to the

minimization of the total error € < 2k2(€op + €pias). This
motivates the analysis of the optimization error €qp.

Theorem 2 (Convergence of the optimization error eop).
Let Assumptions 1-5 hold and the constants M, L, D,G, H, T,
ok, Cp,Tp, and N(P) defined above. Let Q = Y, i Gk
We require a diminishing step-size n, > 0 satisfying:

“+o0 “+o0
M < srrtaEqy X h = 00 X In(t) - < fo0. (12)

Let T denote the total communication rounds. For T > Tp,
the expected optimization error can be bounded as follows:

1q 2q+u
E[Fp(wr,) — Fp] < S ln(l/)\(P)) ,  (13)
(thl 7775)
where wr : % and
3 =diag(2(E + 1)o2me 315 n2),
v:=2 diam(W)? + MQZt F + ),
= (AL(1+ BQ)T + 2B2G2) S5 2 + H(X ™ me),

Ji =min {max {[In (2CpHt)/In (1/\(P))],Tp},t},
¢ = 2EDGQZ S In(2CpHt)n? T

Theorem 2 (proof in Appendix B) proves convergence of
the expected biased objective F'p to its minimum Fj; under
correlated client participation. Our bound (13) captures the
effect of correlation through the factor In (1/A(P)): a high
correlation worsens the convergence rate. In particular, we
found that the numerator of (13) has a quadratic-over-linear
fractional dependence on q. Minimizing €,y leads, in general,
to a different choice of g than minimizing €p;ys.

C. Minimizing the total error € < 2 (Eopt + Ebias)

Our analysis points out a trade-off between minimizing &y
Or Epias. Our goal is to find the optimal aggregation weights g
that minimize the upper bound on total error €(q) in (10):

miniqmize Eopt(q) + Evias(q);
subject to q >0, (14)

lqll, =@

In Appendix D we prove that (14) is a convex optimization
problem, which can be solved with the method of Lagrange
multipliers. However, its solution lacks practical utility be-
cause the constants in (10) and (13) (e.g., L, u, I', Cp) are
in general problem-dependent and difficult to estimate during
training. In particular, I' poses particular difficulties as it is
defined in terms of the minimizer of the target objective F', but
the FL algorithm generally minimizes the biased function F'g.
Moreover, the bound in (10), as well as the bound in [33],
diverges when setting some ¢, values equal to 0, but this
divergence is merely an artifact of the proof technique. For
more practical considerations, we present the following result
(proof in Appendix C):



Theorem 3 (An alternative bound on the bias error eépjys).
Under the same assumptions of Theorem I, define T' =
maxy{Fy(wy) — Fi}. The following result holds:

€bias S 452 : d%V(aap) : F/a (15)
[ —
=hias
where dry (o, p) = %Zg:1|ak — pi| is the total variation

distance between the probability distributions o and p.

The new constant I is defined in terms of wp, and then
it is easier to evaluate during training. However, I depends
on g, because it is evaluated at the point of minimum of F'g.
This dependence makes the minimization of the right-hand
side of (15) more challenging (for example, the corresponding
problem is not convex). We study the minimization of the two
terms € and €;,, separately and learn some insights, which
we use to design the new FL algorithm CA-Fed.

D. Minimizing €,

The minimization of &y is still a convex optimization problem
(Appendix E). In particular, at the optimum, non-negative
weights are set accordingly to ¢ = a(t*m, — 6*) with
a and * positive constants (Appendix E2). It follows that
clients with smaller availability get smaller weights in the
aggregation. In particular, this suggests that clients with the
smallest availability can be excluded from the aggregation,
leading to the following guideline:

Guideline A: to accelerate convergence, we can exclude clients
with low availability m, by setting qf; = 0.

This guideline can be justified intuitively: updates from clients
with low participation may be too sporadic to allow the FL
algorithm to keep track of their local objectives. Their updates
act as a noise slowing down the algorithm’s convergence. It
may then be advantageous to exclude these clients.

We observe that the choice of the aggregation weights g
does not affect the clients’ availability process and, in particu-
lar, \(P). However, if the algorithm excludes some clients, it
is possible to consider the state space of the Markov chain that
only specifies the availability state of the remaining clients,
and this Markov chain may have different spectral properties.
For the sake of concreteness, unless otherwise specified, we
consider from now on the particular case when the availability
of each client k evolves according to a Markov chain (A});>0
with transition probability matrix Py and these Markov chains
are all independent [31, Exercise 12.6]. In this case, the
aggregate process is described by the product Markov chain
(A¢)¢>0 with transition matrix P = @, . Px and A\(P) =
maxyex A(Py), where P; @ P; denotes the Kronecker prod-
uct between matrices P; and P; (Appendix F2). In this setting,
it is possible to redefine the Markov chain (A;);>¢ by taking
into account the reduced state space defined by the clients with
a non-null aggregation weight, i.e., P’ = ®k'€’C\qk/>0 Py
and A(P’) = maxcx|q,, >0 A(Ps), which is potentially
smaller w.r.t. the case when all clients participate to the aggre-
gation. These considerations lead to the following guideline:

Guideline B: to accelerate convergence, we can exclude clients
with high correlation (high \(Py,)) by setting their g = 0.

Intuition also supports this guideline. Clients with large \(Pj)
tend to be available or unavailable for long periods of time.
Due to the well-known catastrophic forgetting problem affect-
ing gradient methods [34], [35], these clients may unfairly
steer the algorithm toward their local objective when they
appear at the final stages of the training period. Moreover,
their participation in the early stages may be useless, as their
contribution will be forgotten during their long absence. The
FL algorithm may benefit from directly neglecting such clients.

We observe that Guideline B strictly applies to this specific
setting where clients’ dynamics are independent (and there is
no spatial correlation). We do not provide a corresponding
guideline for the case when clients are spatially correlated
(we leave this task for future research). However, in this more
general setting, it is possible to ignore Guideline B but still
draw on Guidelines A and C, or still consider Guideline B
if the spatially correlated clients can be grouped in clusters,
each cluster evolving as an independent Markov chain (see
Section V-B, Paragraph e).

E. Minimizing €,

The bias error €;,, in (15) vanishes when the total variation
distance between the target importance o and the biased
importance p is zero, i.e., when ¢  ai/m,Vk € K.
Then, after excluding the clients that contribute the most
to the optimization error and particularly slow down the
convergence (Guidelines A and B), we can assign to the
remaining clients an aggregation weight inversely proportional
to their availability, such that the bias error &, is minimized.

Guideline C: to minimize the bias error, we assign q; o
ay /Ty to the clients not excluded by the previous guidelines.

IV. PROPOSED ALGORITHM

Guidelines A and B in Section III suggest that minimizing €
can lead to the exclusion of some available clients from the
aggregation step (3), in particular those with low availability
and/or high correlation. For the remaining clients, Guide-
line C proposes setting their aggregation weight inversely
proportional to their availability to reduce the bias error &,..
Motivated by these insights, we propose CA-Fed, a client
aggregation strategy that considers the problem of correlated
client availability in FL, described in Algorithm 1. CA-Fed
learns during training which clients to exclude and how to set
the aggregation weights of the remaining clients to achieve
a good trade-off between €, and & .. While Guidelines A
and B indicate which clients to remove, the exact number of
clients to remove at round ¢ is identified by minimizing ¢®*)
as a proxy for the bounds in (10) and (15):

e® = Fg(wio) — Fy + 4R%-d2y(a,p)I’,  (16)
N————— N’

=t
€opt Ebias

where 52 > 0 is a hyper-parameter that weights the relative
importance of the optimization and bias error (see Sec. [V-C).



A. CA-Fed’s core steps

At each communication round ¢, the server sends the current
model w; o to all active clients and each client k& sends back
a noisy estimate F,i” of the current loss computed on a batch
of samples Bf, i.e., F" = IB’° ‘ degk f(wq0,€) (line 3).
The server uses these values and the information about the
current set of available clients A; to refine its own estimates
of each client’s loss (F'® = (E{")xex), and each client’s loss
minimum value (F* = (F}")gex), as well as of T, w4, A(Py),
and €, denoted as '™, ", A%, and é®, respectively
(possible estimators are descrlbed below) (line 4).

The server decides whether excluding clients whose avail-
ability pattern exhibits high correlation (high 5\2’)) (line 6).
First, the server considers all clients in descending order of
A® (line 14), and evaluates if, by excluding them (line 17),
€ appears to be decreasing by more than a threshold 7 > 0
(line 19). Then, the server considers clients in ascending order
of #®, and repeats the same procedure to possibly exclude
some of the clients with low availability (low #”) (lines 7).

Once the participating clients (those with g; > 0) have
been selected, the server notifies them to proceed updating
the current models (lines 9-10) according to (2), while the
other available clients stay idle. Finally, model’s updates are
aggregated according to (3) (line 12).

B. Estimators

We now briefly discuss possible implementation of the esti-
mators F,i ), F * Yo Ag) and )\( ). Server’s estimates for the
clients’ local 10sses (F(” = (F(”) rex) can be obtained from
the received active clients’ losses (F) = (F\”)ke.4,) through
an auto-regressive filter with parameter 8 € (0, 1]:

FO=(1-pl4)0F "+ 81, 0 FY,  (17)

where © denotes the component-wise multiplication between
vectors, and 1 4, is a /N-dimensions binary vector whose k-th
component equals 1 if and only if client k is active at round ¢,
ie., ke A;. The server can estlmate client-k£’s loss minimum
value F}' as Fk = mil,cy F . The values of F(w),
Ff, TV, and € can be estlmated as follows:

B — By = (PO — B* #05g0),  (18)
'O = maxger (F — F}), (19)
€0 = By — B+ 487 By (o, 700g 0. (20)
N Tkdk
where 7r®q € R*, such that (77@11) =N mnan’ ke K.

For 771(:), the server can simply keep track of the total

number of times client k£ was available up to time ¢ and
compute ﬁ',(;) using a Bayesian estimator with beta prior, i.e.,
7 = (<t Lrea, +ng)/(t+ng +mg), where ny and my,
are the initial parameters of the beta prior.

For 5\? , the server can assume the client’s availability evolves
according to a Markov chain with two states (active and
inactive), track the corresponding number of state transitions,

Algorithm 1: CA-Fed (Correlation-Aware FL)

Input : wy, o, q< A, 0, B R BT
1 Initialize F'©, F* T°©, #© and A®;
2fort=1,...,7T do
3 Receive set of active client A;, loss vector F'®;
4 | Update F®, T'®, #® and A®;
5 Initialize ¢ = -%;
6 q® « get (¢, a, F©, F, f’(t) 7O A
. gV « get (¢, a, FO, F* 0 70 _7w)y,
8 | for client {k € At; (t) > 0}, in parallel do
9 for j =0,. E —1do
10 ‘ wf)jﬂ wf; — Ve (wf;, BE;) 5
11 A — Wi Ep — Wy, 0>
2 | w0 Projy (wio+ 7Y 4, a0 - AF):
13 Function get (q, o, F, F*, T, w, p):
14 Sort K by descending order in p;
15 ¢« (F — F* woq) + 4k* - doy (o, mOq)T;
16 for k € K do
17 q < 0;
18 ¢t (F—F*, woOqt)+4r?-d%y (o, mOg )T
19 if ¢ — éT > 7 then
20 ety
21 qg+—qt

22 return q

and estimate the transition matrix 15,;” through a Bayesian
estimator similarly to what done for #”. Finally, A}’ is
obtained computing the eigenvalues of P,é”.

C. The role of the hyper-parameter K>

Theorems 1 and 3 suggest that the condition number x2 has
a significant impact on the minimization of the total error e.
Our algorithm uses a proxy (e(t)) for the total error (see (16)).
To account for the effect of x2, we introduced the hyper-
parameter %2 > 0, which weights the relative importance of
the optimization and bias error in (16). In practice, &2 controls
the number of excluded clients by CA-Fed. A small value
of k2 penalizes the bias term in favor of the optimization error,
resulting in a larger number of excluded clients. Conversely,
the bias term dominates for large values of %2, and CA-Fed
tends to include more clients. Asymptotically, for &2 — oo,
CA-Fed reduces to the unbiased aggregation strategy.

V. EXPERIMENTAL EVALUATION
A. Experimental Setup

a) Federated system simulator: In our experiments, we con-
sider a population of N = |K| = 100 clients. We model the
activity of each client kK € K as a two-state homogeneous
Markov process with state space S = {“active”, “inactive”

characterized by a transition matrix P, a stationary dlstrlbu-
tion (%), and a second largest absolute eigenvalue \y(Pj)
(see Appendix F3 for details). Our goal is to simulate realistic
dynamics of federated systems featuring varying levels of
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Fig. 1: Average test accuracy among N = 100 clients achieved by the algorithms on the Synthetic, MNIST, and CIFAR-10
datasets. Cumulative importance assigned by the algorithms to the clients after 7" = 200 rounds on the Synthetic dataset.

clients’ availability and correlation. To introduce heterogeneity
in clients’ availability patterns, we divide the population in
two equally-sized classes: the “more available” clients with a
steady-state probability of being active 7y aciive = 1/2+ ¢, and
the “less available” clients with 7y, sciive = 1/2 — g. Here, the
parameter g € (0,1/2) controls the degree of heterogeneity
in clients’ availability. We furthermore divide each class of
clients in two equally-sized sub-classes: clients exhibiting a
largely correlated time behavior (in the following referred to
as “correlated” clients) that tend to persist in the same state for
rather long periods (A = v with values of v close to 1), and
clients exhibiting a weakly correlated time behavior (referred
to as “weakly correlated” clients) that are almost as likely to
keep as to change their state at every ¢ (A, ~ AN(0,&2), with
€ close to 0). We use g = 0.4, v = 0.9, and € = 1072,

b) Datasets and models: We conduct experiments on the
LEAF Synthetic dataset [36], a benchmark for multinomial
classification tasks, and on the real-world MNIST [37] and
CIFAR-10 [38] datasets, respectively for handwritten dig-
its and image recognition tasks. To simulate the statistical
heterogeneity present in the federated learning system, we
use common approaches in the literature. For the Synthetic
dataset, we tune the parameters (v,d), which control data
heterogeneity among clients [23]. For MNIST and CIFAR-
10, we distribute samples from the same class across the
clients according to a symmetric Dirichlet distribution with
parameter ¢, following the same approach as [39]. Unless
otherwise indicated, we set v = § = ¢ = 0.5. We use the
original training/test data split of MNIST and reserve 20% of
the training dataset as the validation dataset. For Synthetic and
MNIST, we use a linear classifier with a ridge penalization
of parameter 10~2, which corresponds to a strongly convex
objective function. For CIFAR-10, we use a neural network
with two convolutional and one fully connected layers.

¢) Benchmarks: We compare CA-Fed, defined in Algo-
rithm 1, with four baselines including two state-of-the-art
FL algorithms discussed in Section II: 1) Unbiased, which
aggregates the active clients k € A; with weights g, = oy /mk;
2) More available, which considers only the “more avail-
able” clients and always excludes the “less available” ones;
3) AdaFed [20], which, similarly to Unbiased, aggregates
all active clients, but normalizes their aggregation weights

g /T

T ); 4) F3AST [19], which,
keAy YR/ TR
oppositely to More available, favors the “less available”
clients. For all algorithms, we tuned the learning rates 7, 7 via
grid search. For CA-Fed, we use § = 7 = 0. Unless otherwise
specified, we assume that the algorithms can access an oracle
providing the true availability parameters for each client:
in practice, all the algorithms rely on the exact knowledge
of T active; in addition, CA-Fed also receives A(Py). In
Section V-B, Paragraph d, we will relax this assumption by
considering the estimators #{” and A{”. The code for this
paper is available at: https://github.com/arodio/CA-Fed.

(i.e., it considers q; = =

B. Experimental Results

a) CA-Fedvs. baselines: Figure 1 compares the test accuracy
achieved by CA-Fed (% = 1) and the baselines on the
Synthetic (Fig. 1a), MNIST (Fig. 1b), and CIFAR-10 (Fig. 1c)
datasets over 10 different runs. Across all three datasets,
CA-Fed consistently outperforms the baselines, achieving
higher test accuracy (+1.56 pp on Synthetic; +0.94 pp on
MNIST; +1.32 pp on CIFAR-10) compared to the second best
performing method, AdaFed. These results demonstrate that
CA-Fed achieves the best balance between convergence speed
and test accuracy. For deeper insights into the algorithms’
behavior, Figure 1d illustrates the cumulative aggregation
weights { S 4P ek, representing the cumulative im-
portance that the algorithms assigned to the clients at the
end of the training. In Figure 1d, we grouped the clients
into three categories: “more available”, “less available, weakly
correlated”, and “less available, correlated”. By setting the
aggregation weights inversely proportional to the clients’
availabilities, Unbiased equalizes the importance for all
clients (see Fig. 1d), but achieves a slower convergence (as
shown in Figs. la, 1b, and 1c). On the contrary, by excluding
all the “less available” clients, More available achieves
a faster convergence but introduces a non-vanishing bias
eITOr €pigs, Which, in practice, leads to poor accuracy perfor-
mance. The state-of-the-art algorithm AdaFed, similarly to
Unbiased, considers all the active clients, but normalizes
their aggregation weights at each communication round. As a
result, similarly to CA-Fed, AdaFed indeed prioritizes the
“more available” clients (as shown in Fig. 1d), and then a
convergence speed-up could be expected. However, AdaFed
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does not exclude the “less available and correlated” clients,
and therefore their presence causes a convergence slowdown.
Finally, F3AST favors the “less available, correlated” clients
and achieves a slower convergence with a non-vanishing
bias error, which corresponds to lower accuracy performance.
By opportunely excluding some of the “less available and
correlated” clients, CA-Fed achieves the best test accuracy
by the end of the training time.

b) Convergence speed vs. Bias error: The trade-off be-
tween e€qp; OF €pias discussed in Section III is visible in our ex-
periments. In particular, Figure 2a compares the test accuracy
achieved by More available, Unbiased, and CA-Fed
on the Synthetic dataset for 7" = 500 communication rounds.
As expected, by targeting the minimization of €.y and thus
excluding the “less available” clients, More available
achieves the fastest convergence at the expense of a large
non-vanishing bias error €pj,s. On the other hand, by targeting
the minimization of en,s and thus equalizing the clients’
importance, Unbiased asymptotically removes this error and
ultimately achieves the highest test accuracy at communication
round 7" = 500, but suffers from slower convergence due to the
presence of the “correlated” clients. Our algorithm, CA-Fed,
leverages the trade-off between convergence speed and model
bias and achieves fast convergence to the neighborhood of
the target objective. To explore this trade-off, in Figure 2a,
we varied the value of the hyper-parameter %2 in the range
{1072,1071,10°,10%,10%}. CA-Fed tends to exclude more
clients for low values of &2 and achieves a similar convergence
rate as More available for &2 = 10~2. For intermediate
values of %2, CA-Fed trades a small accuracy decrease for
faster convergence (refer, for example, to the curves R2 =
10°,10Y). For &2 = 102, cA-Fed reduces to Unbiased
(their curves overlap in Fig. 2a). Moreover, we observe that
the optimal value of %2 depends on the available time for
training. Low values of %2 speed-up convergence and then they
can be beneficial for short training durations (e.g., CA-Fed
(k = 10~1) achieves a higher test accuracy of +2.8 pp with
respect to Unbiased at communication round ¢ = 40). For
longer training periods, a larger value of 2 may be preferable
as it reduces the bias error and increases the test accuracy (e.g.,
CA-Fed (k = 10?) improves of +3.8 pp with respect to More
available at communication round ¢ = 500). Figure 2b
illustrates the optimal value of &2 for different durations of
the training period 7.

c) Effect of statistical heterogeneity: The bias error
bounds &, and E{)ias in Theorems 1 and 3 are influenced
by the degree of heterogeneity among local functions, com-
monly known as statistical heterogeneity, characterized by
the constants T" and T in (11) and (15), respectively. To
control statistical heterogeneity, we manipulate the dissimi-
larity among the clients’ local datasets, specifically through
the parameters v and ¢ in the case of the Synthetic dataset, as
explained in Section V-A. Figure 3 illustrates the impact of ~y
and ¢ on the test accuracy achieved by CA-Fed after T' = 200
communication rounds on the Synthetic dataset. As expected,
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in the extreme IID setting (when v = § = 0), I" and T" are
small, and the bias error epj,s is negligible. As a result, More
available and CA-Fed (k2 = 1072) reach the highest
test accuracy, whereas CA-Fed (k2 = 10?) and Unbiased
present slow convergence. Nevertheless, More available
and CA-Fed (k? = 1072) perform poorly as the statistical
heterogeneity increases (i.e., v = & > 0.25). In the extreme
non-IID setting (when v = § = 1), I" and I are large, and ey
dominates. In this case, CA-Fed (&2 = 10?) and Unbiased
should be preferred. For v = § = {0.25,0.5,0.75}, CA-Fed
(with 2 = 1 or &2 = 10) achieves the highest test accuracy
(+1.6 pp, +1.2 pp, and +1.0 pp with respect to Unbiased).

d) Estimation of the clients’ availability and correlation:

In this experiment, CA-Fed utilizes estimators fr,(;) and 5\2)
to estimate the clients’ 7, and Aj values. We employ a
Bayesian estimator with a beta prior to estimate P, which
we generate by observing the evolution of the Markov
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chain defined by P over ¢’ time-steps. We compute 7}”

and A" analytically, following the methodology explained
in Section IV-B and described in detail in Appendix F3.
Figure 4a shows the estimation errors + >, o |7}’ — 7| and
LS exlAY = Akl as a function of the number of historical
observations t'. As expected, both errors decrease with an
increasing number of observations, and the estimation error
for Ay is larger than that for mj. Furthermore, Figure 4b
compares the final test accuracy obtained by CA-Fed and
the baselines for varying numbers of historical observations
t' € {10',10'5,10%,10%%,10%,10%5,10*} when training for
T = 50 rounds on the MNIST dataset. In this setting, CA-Fed
outperforms the baselines for ¢ > 100. This value is reason-
able, because estimating A\ requires a number of observations
comparable to the expected hitting time for the slowest Markov
chain, which is given by maxyex m = 100.
e) CA-Fed with Spatial Correlation: Although CA-Fed is
primarily designed to handle temporal correlation (as dis-
cussed in Section III-D), we also evaluate its performance in
the presence of spatial correlation. In the considered spatially
correlated scenario, clients are grouped into clusters, and each
cluster ¢ € C is characterized by an underlying Markov chain
that determines when all clients in the cluster are available
or unavailable. The Markov chains of different clusters are
independent. Let \. denote the second-largest eigenvalue
in magnitude of cluster ¢’s Markov chain. To reduce the
eigenvalue of the aggregate Markov chain, CA-Fed needs to
exclude all clients in the cluster ¢ = arg max.cc A.. In this
experiment, we consider a population of N = 100 clients
grouped into |C| = 10 clusters. We equally split the clients, or
equivalently, the clusters, into two categories: “more available”
with 7. = 0.9 and A\, = 0 for ¢ = 0,...,4, and “less
available, correlated” with 7. = 0.1 and A\, = ¢/10 for
c=5,...,9. In Figures 5a, 5b, and 5Sc, each pixel represents,
for each client £ € K and for each communication round,
the client’s activity (active/inactive) and CA-Fed’s decision
(included/excluded in training). From the experiments, we
observe that CA-Fed’s decisions depend on the degree of sta-
tistical heterogeneity among clients within a cluster (i.e., intra-
cluster) and among clusters (i.e., infer-cluster). When both
the intra-cluster and inter-cluster clients’ data distributions are

homogeneous, CA-Fed starts considering the clients in cluster
¢ =9 with A\z = 0.9, and sequentially excludes, in order, all
clients from clusters {9,8,7,6} (as shown in Fig. 5a). When
the clients’ data distributions are homogeneous within clusters,
but heterogeneous among clusters (Fig. 5b), CA-Fed still
excludes all clients from clusters ¢ = {9, 7,6}, but decides to
include clients from cluster ¢ = 8. This is because these clients
happen to have a lower value of I:",i” fF,:‘ and despite having a
large )., CA-Fed decides to include them. Finally, when both
the intra-cluster and inter-cluster clients’ data distributions are
heterogeneous (Fig. 5c), CA-Fed can partially include clients
from the more correlated clusters, even though their . is large.
Figure 5d compares the test accuracy achieved by CA-Fed
and the baselines with spatial correlation in the same setting
as in Figure 5c. The experimental results show that CA-Fed
can operate correctly in the presence of spatial correlation and
still outperforms the baselines (+0.6 pp w.r.t. AdaFed).

VI. CONCLUSION

This paper presents the first convergence analysis of a
FedAvg-like federated learning (FL) algorithm in presence of
heterogeneous and correlated client availability. The analysis
reveals the detrimental effect of correlation on the convergence
rate and highlights a fundamental trade-off between conver-
gence speed and model bias. To navigate this tradeoff, we
introduce CA-Fed, a novel FL algorithm, which adaptively
manages the conflicting aims of enhancing convergence speed
and reducing model bias, with the ultimate objective of max-
imizing model quality within the constraints of the training
time available. CA-Fed achieves this goal by dynamically
excluding clients who exhibit high temporal correlation and
limited availability, contingent on their data distributions.
Indeed, model updates from such clients may act as noise,
increasing variance and slowing down the algorithm’s con-
vergence. CA-Fed disregards such clients unless their local
datasets notably enhance the quality of the final model. The
experimental results validate the effectiveness of our strategy,
demonstrating that CA-Fed is a versatile and resilient FL
algorithm, well-suited to address real-world scenarios char-
acterized by heterogeneous and correlated client availability.
Further discussions on the computation and communication
costs, and fairness of CA-Fed can be found in Appendix H.
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Supplementary Material: Federated Learning under
Heterogeneous and Correlated Client Availability

APPENDIX A
PROOF OF THEOREM 1

Theorem 1 (Decomposing the total error). Let = L/u. Under Assumptions 2—4, the optimization error of the target global
objective € = F(w) — F* can be bounded as follows:

€ < 2k%(Fp(w) — F}y + F(w}) — F*). (10)

“=€Eopt “=€bias
Moreover, let Xiup = ij:l (ax — pr)? /. Then:
€bias SK?X?!HPF (11)
——

“=€bias

The proof of Theorem 1 employs well-established techniques from convex optimization. It is based on the proof presented
in [33, Theorem 2].

Proof of Theorem 1. By leveraging the L-smoothness and p-strong convexity properties of F', we obtain:

1
F(w) - F* < oM IVF(w)]? 21)
LQ
< 55 I —w*||? (22)
L2 * 12 * * 12
< I(Hw —wp|” + |wpy —w[]%) (23)
< ?<F3(w)*FB+F(w3)*F ) (24)

‘=¢€opt ‘= €bias

where the inequality in (21) follows from Assumption 4 and is commonly referred to as the Polyak-Lojasiewicz inequality;
the inequality in (22) is derived using the fact that VF (w*) = 0 (Assumption 2) and the definition of L-Lipschitz continuous
gradient for ' (Assumption 3); the inequality in (23) is based on (a + b)? < 2(a? + b?); lastly, the inequality in (24) follows
from the p-strong convexity of both Fg and F' (Assumptions 4), and uses VFp(w}) = 0 and VF(w*) = 0 (Assumption 2).
The obtained results complete the first part of the proof, establishing the bound in (10).

Next, to prove the relation in (11), we proceed by bounding the term epi,s as follows:
* * 1 *
s 1= (Flwh) = F7) < oo [VF(wi)]”, (25)

where the inequality in (25) directly follows from the Polyak-Lojasiewicz inequality (Assumption 4).

Furthermore, we bound the term ||V E (w3)|| as follows:

N
IVF(wp)ll = (> (ox — pr) VFi(wp) (26)
k=1
N
<l = pl [V Fx(w3)| 27)
k=1
N
< LY Jag, — pil lwy — wi| (28)
k=1
2 N
< LﬁZm — o/ (Fr(wy) — F), 29)
k=1

where, in (26), we use VEg(wy) = 0 (Assumption 2) and apply the definitions of F' and Fg given in (1) and (4), respectively.
The bound in (27) follows from the triangle inequality. Next, the inequality in (28) uses VFj(wj) = 0 (Assumption 2) and
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the L-smoothness of F} (Assumption 3). Finally, the inequality in (29) leverages the u-strong convexity of Fj (Assumption 4)
and VFj(w;) = 0 (Assumption 2), and follows multiplying and dividing by /px.

By squaring both sides of Equation (29), we obtain:

2
w2 2L2 |k — prl .
[VE(w3)] Su(;\/ﬁ\/pk (Fi(wp) — FY) (30)
2L (= (o — pi)?

< — (Fy( — F 31
W(; - zpkka 0 a1

2
<, (32)

i

where the inequality in (31) follows from the Cauchy-Schwarz inequality. Furthermore, the inequality in (32) holds because:

N N
> p(Fr(wy) — FY) = F =Y piFj; (33)
k=1 k=1
N
< Fp(w*) =Y piFy (34)
k=1
N
= pr(Fr(w*) — Fy) (39)
k=1
< rlglealé({Fk(w*) — F}=T. (36)

We remark that the inequality in (34) only holds if w} is the global minimizer of Fg, as guaranteed by Assumption 2.
By replacing (32) into (25), we have:

1 w2 L?
%s@wm%ms?wmr, 37)
which concludes the proof of Equation (11), and therefore, of Theorem 1. O
APPENDIX B

PROOF OF THEOREM 2

Bl. Algorithm Overview and Supplementary Notation

Let wf, ; represent the model parameter maintained by the k-th client during the ¢-th global communication round and the j-th
local step. The t-th global communication round can be described as follows: 1) The server broadcasts the model parameter
wy o to the active clients, which adopt it as their local model, i.e., wf;o = w for k € A;; 2) Each active client k& € A,
generates a sequence of local models {wf j le using the local-SGD update rule defined in (2); 3) The active clients send
their model updates AF = wﬁ 5 — Wy o back to the server; 4) The server aggregates the model updates using the aggregation
rule specified in (3), resulting in the new global model parameter w;1 .

wy ;i =wy; —nVE(wy;, By ) for j=0,...,E—1; 2)
wit1,0 = Projy, (weo + Z ar (Wi g —wyp)) for j = E. 3)
keA;

The projection operator in (3) ensures that the current iterate w;4; 0 in the optimization algorithm defined by (2) and (3)
remains within the feasible region W.
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Sources of randomness: In the system, we model two sources of randomness. The first arises from the availability of random
clients, which follows a Markov process as stated in Assumption 1. The second source of randomness originates from the
random sampling of batches for computing stochastic gradients. Remember that .4; denotes the random set of clients available
at the ¢-th communication round and that Bﬁ ; denotes the random batch independently sampled from client-£’s local dataset
at round ¢, local iteration j. For the analysis, we introduce the following additional notation:

o Aij = {AZ-, ..., Aj}: the family of random sets of clients available from the i-th to the j-th communication rounds, i<j;

BF = {B : the set of random batches sampled by the k-th client at the ¢-th communication round;

B; = {B }ke 4, the set of random batches sampled by the available clients (A;) in the ¢-th communication round,;

t i = {Bt PI ,Bﬁ ;}: the set of random batches sampled by the k-th client at the ¢-th communication round between
the i-th and the j-th local iterations, ¢ < j;

e By = {B;,...,B,}: the set of random batches sampled by the available clients (A;.;) between the i-th and j-th
communication rounds, 7 < j.

With this notation established, the randomness in the ¢-th communication round, which starts with the initial model w; ¢ and
yields the updated model w1 ¢, is fully determined by the sets .4, and B;. This implies that the evolution of the algorithm,
governed by the update rules in (2) and (3), from round O to round ¢ can be completely described by the tuple:

Ht = (Ao,...,At_1;BQ,...,Bt_l), (38)
which represents the historical information up to the ¢-th communication round.

We introduce the following additional quantities for our analysis:

9i(A, By) =) quVFk wi ;. By ), (39)
ke A, 7=0
and
Gi(AnB) = quVFk (40)
ke A, 7=0

where g;(A¢, B;) denotes the global pseudo-gradient computed at communication round ¢, aggregated from the active clients
in Ay, and g (A;, B;) denotes its expected value with respect to the choices of the random batches B¥ o forallj=0,...,EF—1
and k € A;. With this notation established, the global update rule for the ¢-th communication round can be expressed as:

Wi y1,0 = Projy (w0 — 19 (Ae, Br)). (41)

B2. Supporting Lemmas

In this section, we introduce several lemmas that are instrumental in proving Theorem 2. Firstly, we prove Lemma 1, introduced
in Section III-A. Its proof relies on the convexity and compactness of the hypothesis class W (Assumption 2), on the L-
smoothness of the functions {F}, }r.cxc (Assumption 3), and on the bounded variance of the stochastic gradients (Assumption 5).

Lemma 1. Under Assumptions 2, 3, and 5, there exist constants D, G, and H > 0, such that, for w € W and k € K,
we have:

|V Ey(w)]| < D, (6)
E || VFy(w,&)|* < G2, (7)
|Fr(w) — Fi(wg)| < H. )

Proof of Lemma 1. The boundedness of the hypothesis class W (Assumption 2) provides a bound on the sequence (wyo)¢>0
generated by the scheme defined in Equations (2) and (3). Moreover, since wj, minimizes VFy(w), we have VFy(wj) = 0.
Furthermore, the L-smoothness of {Fj }rcxc (Assumption 3) leads to the following inequality:

IVE: (w)| = |[VFy(w) — VF(wi)]| < Ljjw—wj|| =D < +o0. (42)
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The bound in (6) is directly derived from (42), while the bound in (8) follows from the continuity of {F}}rcic over the
compact set W (Assumption 2). Finally, the inequality in (7) requires a bound on the variance of the stochastic gradients
(Assumption 5). In particular, it holds that:

B ||V EFg(w,&)|> < D? + max{o}} = G2 43)
ke
O

The following lemma proves that the global pseudo-gradient g;(.A;, B;) is an unbiased estimator of g;(A;, B;). A similar result
has been used in previous works, specifically in [33, Appendix C1]. Here, we provide a comprehensive proof for this result.

Lemma 2. Let g:( Ay, Bt) and g:( A, Bi) be defined as in (39) and (40), respectively. The following equality holds:

E A, Bl = E [gi( A, Be)] . 44
Bi|Av, He [gt( ¢ t)] B|Av, He [gt( t t)] ( )
Proof of Lemma 2.
E A, By = 45
Byl AL M, [9:(A¢, By)] (45)
E-1
= Bh D 4 ) VE(w;,Br)) (46)
’ ke A, 7=0
E-1
=2 % E D VE(wi, B) (47)
ke A, * 7=0
= > | E[VE(wio.Bio)l + E [VE(wfBiy)+-+ E [VE(wip_ Bipy)] (48)
ke A, _Bf’o BEO’B’?J Bf,O:E—l
= Z ak | VFi(weo) + E [ E [VFk(wﬁl,Bfl)]] +--+ E [ . E [VFk(wa_l,BﬁE_l)H
keA, L Bt,o Bf'vllgtlo Bt’,o:E—z Bt,E—1|Bt',o;E_2
(49)
=Y @ |[VE(wio) + E [VE(wf)]+-+ E [VE(wfp )] (50)
keA, L Bt;o Bt,o;E—z
E-1
=2 o B > VE(w) (51)
k€A, £,0:8-2 | j—Q
E-1
= E VE.(w) = E g B 5o
Bi|Ag, He Z Uk Z k(wtwj) B Ae, Hy [gt(At’ t)] ’ ( )
keA, 7=0
where, in (47), we considered that both the evolution of the local models {wf j ;E:_()l and the choices of the random batches
{Béﬁ j ij:—O1 are independent among different clients k& € A; within the same communication round ¢ € 7. [

For the sake of simplicity, we will henceforth denote g;(A¢, B;) and g:(A¢, B;) as g: and g, respectively. The following
lemma decomposes the optimization error into multiple components, which we will bound separately in subsequent lemmas.

Lemma 3 (Decomposition of the error in a global communication round). Let Assumption 2 hold. We have:

E w —wh|? < |lweo — wh|* 2 E (wio—wh,g))+n° E Al
B, |wir1,0 —wp|” <flwio — wp|” —2n BdA“Hﬁ( t0 — Wx, Ge) +0; s, 1l
bounded in Lemma 4 bounded in Lemma 5

+2n B (w0 —wh —mGe, G — gi) 17 E — gl 53

un BtlAt,Ht< t,0 B — MGt Gt — ge) + 1 Bl s, llg: — g:ll (53)
bounded in Lemma 6 bounded in Lemma 7

Proof of Lemma 3.

w10 = wi|* = [IProjy (w0 — mgi) — Projy (wp)| (54)
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< |lwe,o — g — wp + NG — 77tgt||2 (55)

= [lwio — wh — mGel)* + 20 (w0 — wh — WG G — gi) + 12 19 — el (56)
* 12 * = — 12 * - — 2
= |lweo — will” — 2 {weo — wh, Ge) + 17 |1Gell” + 20 (w0 — wh — 1Ge, G — ge) + 7 ge — Gell”
(57)
where, in (54), we used Assumption 2; whereas, the inequality in (55) is due to the contracting property of projection.
We observe that (55) does not hold in general if wj & W. [

In what follows, we present a series of lemmas to establish bounds for the error in (53).

Lemma 4. Let Assumption 3 hold and the local functions {Fk}ff,l be convex. We have:

—2ni(weo — wg, ge) < — 2me(1 — e L Z qx Z (Fi( "Ut] Fi(wp))
ke A 7=0
E-1 )
+ > ak Y why — w4207 LE Y i (Fi(wi) — F). (58)
ke A, 7=0 keA,
bounded in Lemma 9 bounded in Lemma 10

Proof of Lemma 4. We decompose the term —21,(w; o — w}, g:), by adding and subtracting wf, jt

—2ni(wi 0 — Wi, gr) = =20 (wy o — 'wf,j,gt> —277t<wf,j — Wk, gt) - (59

developed in Eq. (60) developed in Eq. (64)

We bound the two terms separately. We bound the first term in (59) as:

E—1
=2 (weo—wy ;, Ge) = —2n; Z K Z<VFk(wf,j),wt,o —wy ) (60)
kE.At 7=0
2 = 2
< Y 0 S (TR Y a3 [k, —wiol (61)
ke A j=0 ke Ay j=0
E-1 E—1 )
<2m7L Y kz Fr(wl;) = Fp) + Y ar Y |lwk; —wiol] (62)
keA,; Jj= ke Ay 7=0
E-1
—QnLZ qk Fk wtj) Fi(wpg)) Z kZHth_wtOH + 2n; LEqu F(wg) — Ff),
ke A 7=0 ke Ay 7=0 keA,

(63)

where, in (61), we used |(a,b)| < 1 lal® + i 1B]|%; in (62), we applied the L-smoothness of {F(w)}rex (Assumption 3);
in (63), we added and subtracted Fj,(w3).

We bound the second term in (59) as:

E—1
_2nt<wf] vagt = _277t Z qk wt J w*B7 ka(w§])> (64)

ke A 7=0

E—-1
<=2m > Y (Fr(wf;) — Fr(wp)), (65)

keA, j=0

where, in (65), we use the convexity of {Fj(w)}rek.

By summing the bounds provided in (63) and (65), we conclude the proof. O

Lemma 5 (Bound on the squared norm of a global gradient step). Let Assumption 3 hold. We have:

E-1
nigel* < 2mPLEQ > ar Y (Fe(wf;) — Fr(wpy)) + 207 LE*Q > ax (Fr(wh) — F). (66)
keA, 7=0 ke A

bounded in Lemma 10
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Proof of Lemma 5.

E—-1 2
nllgel® =2 D ax Y VF(wf)) (67)
keA, 7=0
E— 2
<Y Y Z k(wy ;) (68)
k€A keA; =0
E-1 9
<NQE > ar Y |[VE(wf,)|| (69)
keA, j=0
E-1
<27QLE Y kZ (Fi(wy;) — FY) (70)
keA, j=0
—1
=27LEQ Y i Y (Fe(wf;) — Fr(wy)) + 207 LE*Q Y qi (Fr(w}) — Ff), (71)
ke Ay 7=0 keA,

where, in (68) and in (69), we applied the Jensen’s inequality; in (69), we also observed that ), - A0 < Y okex @k = Q:
in (70), we used the L-smoothness of { Fj,(w)}rex (Assumption 3); in (71), we added and subtracted Fj,(w3) to the sum. [

Lemma 6. Ler Assumption 5 hold. We have:

E-1
2 E Wy — Wy — , < 2n’LE F) Fi(w
un Bl Ar e [{ t,0 B — MG, 9t — 9t)) Mt ka qk ZBk\At,Ht[ k( ) e ( B)]
GAf J= 1
+ ’7t 1) > dio}
ke A,
+207LE*Q Y i (Fi(wp) — F). (72)
ke A,

bounded in Lemma 10
Proof of Lemma 6. We decompose the term (w; o — Wl — 1:Gt, ¢ — g¢) in two parts:
20 (w0 — Wi — NeGe, Ge — Ge) = 2 (w0 — Wi, G — ) — 207 (e, Gt — Ge)- (73)

From Lemma 2, we conclude that Eg, |4, 3, (w¢,0 — wh, gt — g¢) = 0.

We now focus on:

— 27 sl (g, Gt — 90)] = (74)
E—-1E—
=—2” E S0 awaw Y. Z VE(wf ), VEy (w) ) — VEy(wl, B ) (75)
BldeMe | g wen, =0 5=
[ E-1E-1

_277152 E Z qi Z VFy 'wtj) ka(wtg ) — ka(wt] ’Bf;j’»

Bi|A¢, He _keAt =0 j'=0
E—-1E-1
_QUtBIJ]FH Z Z q’qu'zz VEK( wt] VFk'(th) VFk/(th’Bk ) (76)
HAOTE e Ay 1! €A, =0 j'=0
k' #k
E—-1E—-1
=-207 > qf > (VE(wf,), VE(wf ;) — VE(w} ;. Bf ;)
keA, By "Af He 7=0 5/=0
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E-1FE-1
=7 > Y awaw [VE(w] )], E o l E [VFk/(wii}) VF (wh, BE, )}

B

k! K/
t,0:5/ —1 B /lB

t,0:57

KEAL K €A, 7:0f:0 A

K #k

=0

(77
where, in (75), we replaced the definitions of g, and g; given in (39) and in (40), respectively; in (76), we consider the cases
k = k' and k # k' separately; (77) follows from the consideration that local models of different clients evolve independently
and then all the terms with &’ # k equal zero because VFy(w, BB) is an unbiased estimator of V F(w). It follows that:

—9? F Gi, i — g1)] = 78
L (gt gt — g¢)] (78)
(E—1E-1 1
=-m Y ¢ . A (VE(wf ), VE(wf ;1) = VFp(wy 5, B ;) (79)
keA, A e | =0 j'=0 _
E—1E—
=27 ) qu E > Z VF(wy ), VF,(w} ;) — VFu(wf ., BE,.))
k€A, | tHe =0 j —0
L 7 <] J
E—
DI Z VFk (wf ), VE(w}) ;) — VF(wf B ) (80)
kCA, By ‘A“ “ ] =0 j'=0
i'>3
E-1FE-1
=27 > @YD B [(VFu(w};), VE(w] ;) — VE(wf ;,, BE )]
keA,  j=0 j'=0 BilAeHe
i'<j
E—-1FE-1
—on? E (VEu(wr ), VE,(wF .)) — VF(wf ,, BF ) (81)
k;t Jj=0 J"Z—OB?,O:WVA"HZ |fgk 1 1B 0.0 1A e [ " " P }
J'>3
E—-1FE-1

== Y @y, > ., B [(VE(wf;), VE(wf ;) = VE(wf ;. By )]
keA j=0 /:OBt |A¢, He
t J

J'<j

—1E-1
—27 ) g Z > . E
ke A, 7=0 ]/:0 t,0:5/—1

3'>j

<VFk('wf,j)

o e [V (wy ;) —VFk(wﬁj,,ij,)]>], (82)

t,0:5/ =1’ A, He

=0
where, in (80), we consider the cases j° < j and j’ > j separately; then, in (81) and in (82), we use the law of total expectation.

Finally, we bound the remaining term in the right-hand side of (82) as follows:

-2n7 E gi, G — gi)] = 23
Lo (gt gt — g1)] (83)
E—1
=27 > 4 E (VE(w};),VF(wf;)— VE(wf;,Bf ) (84)
— BE| Ay Hy
ke Ay Jj=13'<j
E—-1
2 2
=0 Y 4 s [V Ex(wh)||* + |V Fu(wl) = Vol BE )] (85)
keAf j:1 ]/<‘7 t ‘ t
B-1
2 2
=N Qi [||VFx( ’wtj )]+
keA, =1 J/<7Bﬂ“4t77"t
E-1
2 2 k k k 2
+ 7 : d z_: 2 E‘Af 7, [Bk e E A, ||VFk(wt,j’) - VFk(wt,juBt,j') 1 (86)
€A, J=1 j5/<j "t,0:5 t,0:5/ —

bounded with Assumption 5
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|
<n; > d E ||VE(wl)| + SHEE-1) Y dio} (87)
j j kZEAt

E—1
2 2 2
SELE-D) Y E Y B [(Fwly) - F)] + 3 BE-1) Y dol (38)
ke A Jj=1 t ke A,
E-1
=nL(E-1) Y @G Y Bk& N [(Fr(wy;) — Fr(wp))]
keA, =1t
1
+n;LE(E -1 Z G (Fr(wp) — Fk)+§77t E-1) Z oy (89)
ke Ay ke A
E-1
SHLE-1Q Y av )y, E - [(Fu(wf;) - Fi(wp))]
KeA, =1 BrlAeHe
. 1
I LE(E = 1)Q Y ax (Fi(wp) — F) +5m E(E =1) ) diof, (90)
ke A keA,

bounded in Lemma 10

where, in (85), we used |(a,b)| < 1 lal® + 1b| % in (87), we applied Assumption 5; in (88), we used the L-smoothness
of {Fi(w)}rex: in (89), we added and subtracted Fy(wjp) from the sum; finally, in (90), we used >, 4 aif(k) <

(O kea, @) pea, axf(k)) and 3y 4 qr < Z,ivzl gr = Q. Noting that £ — 1 < 2F concludes the proof of Lemma 6. [

Lemma 7 (Bound on the variance of the stochastic gradients). Let Assumption 5 hold. Similarly to [23, Lemma 2], we have:

2 A < E 1
M BthHngt al* < > dgiot. C2))
keAt
Proof of Lemma 7.
- 92
BtlAt,Ht lg: — gell* = 92)
E— 2
(VE(wy ;, ~ VF(w) 93
B,\A,H, k; ; k(wt, Bj) K (wy ;) 93)
2
=2, qu o |V E i Bry) = VE(wh)|
keA; 7=0
E-1FE 1
+ > aq SN (VE(w;,BE;) — VEu(wf ), VE(w) ;B ;) — VE(wf ;)
kEA i ‘A' He l 520 2
t J j'=0
i'#i
B _
+> > aawy (, E E [VFi(wg;, B ;) — VFk(wm)]]
k€A k'€ A, i=0 Blog-1lAsHe | £31BE 05140 He
k' £k
=0
E E [VFk/(wtgaBk) VFk/(wf./j)H)
BY o o1l AcHe | BEIBE 1A He ’
=0
E—-1E-1
FY Y o T L TR PR
keA; k'€ Ay 3=0 j’=0 B“’J 1M | BE 1B o0 Ar e
K/ #k ' #i ~
E E [VF,d(th,,B’c )fVFk/(wf_lj,)} ) (94)
BY A e | BE 1B A H, ’

=0
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= 2 k k 2
B O B’“v\AthHVFk w”’B ) - VF’“(wt’j)H
k€A,  j=0_"t3i""
bounded with Assumption 5
E—-1E-1
+ D o B [ et [(VFR0E BE) = VEGl), VE 0l BE) - VFk(wm»]]
ke A 7=0 j'=0 t,0:5—1 1/, 7Tt t,0:5— 107/t 7Tt
i'<i
E-1E-1
2
! " j ZBk E\A H l |BY " A H [<VFk(wtj’B ) VFk(th) VFk(th ,B ) VFk(th )ﬂ]
k€A,  j=0 j'=0 t0:’ o7t 1B 0.4 1A Tt
i'>3

©5)
quBk B IV P B5) = VB wt) |
kG.Af J= =0 to 7t

bounded with Assumption 5

E—-1E—
E ( E VFy(wg;, BY ;) — VFy(wy,)], VE(wg 0, BE ;1) — VE(wy )
k;t 2:% Z:(] t 0:5— I‘A“Ht [ ‘Bt ,0:5— 17‘At’Ht [ i b ] b b &

i'< =0
E—1E—
+ > G Z E (VF(wf;, Bf;) = VF(wf), — E [VE(wf ;B ) — VE(wf)])
kEA =00 Bl osgr - [Ae T By 51187 g0 1A He
=0
(96)
<EY qoi, 97)
keA,
where, in (94), (95), and (96), we used the law of total expectation; in (97), we applied Assumption 5.
Multiplying both sides of (97) by n? completes the proof of Lemma 7. O
Lemma 8. Let Assumption 3 hold and let the local functions {F,}_, be convex. Define ~ := 2n:(1 — n L(1 + 2EQ)).
For a diminishing step-size 0 < n; < m satisfying v, > 0, we have:
* 1 *
%Y Z (Fr(wy ;) — Fi(wp)) < - omE > @k (Fi(wio) — Fr(wp))
keA; 7=0 ke A,
E—1 )
+ D @ Y |lwE —weol| +207LE Y ik (Fi(wy) — Ff),  (98)
ke A, 7=0 keA,
bounded in Lemma 9 bounded in Lemma 10
Proof of Lemma 8. In the following, we require ~; > 0.
E-1
—w Y ar Y (Fe(wf;) = Fi(wp)) (99)
keA, 7=0
E—1 E—1
== Y @ Z Fi(wf;) — Fr(wio)) =y Y ar Y, (Fr(weo) — Fr(wp)) (100)
keA; J= keA;  j=0
Y Y VFk wi0), wf; = wio) = wE Y ar (Fr(wio) — Fi(wp)) (101)
k€A,  j=0 keA,
=
2 *
<Y Z [nt IV Fr(we0)]|” + o Hwt] wy | } —%E > ar (Fi(wio) — Fir(wp)) (102)
ke A, 7=0 ke Ay
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« — 2 *
<vwmlLE Z ax (Fu(weo) — F) + ;ft Z qr Z Hwij —wy ol —nE Z qx (Fr(wi o) — Fr(wp)) (103)
KEA, " gea, =0 KEA,

< —%EQ1—mL) Y g (Fr(weo) — Fi(w Z e Z [y ; — wtoH +ymLE Y i (Fr(wp) — Fy)
ke Ay L keA,  j=0 ke At

(104)

where, in (100), we added and subtracted Fj,(w; o) to the sum; in (101), we used the convexity of { Fj,(w)}rex; note that (101)
also requires ; > 0; in (102), we used the inequality |{a,b)| < 1 24 z Hb||2; in (103), we applied the L-smoothness of
{Fi(w)}rex (Assumption 3); finally, in (104), we added and subtracted Fy(w3) to the sum.

In particular, for v, == 2n(1 — . L(1 + 2EQ)) > 0, since 0 < 1y < m, we further obtain:

—% Y % Z (Fi(wt;) — Fr(w))

keA, 7=0
1 *
<—5mE Y ok (Fi(wio) = Fe(wp)) + ) a Z Jwh; — wiol|* +202LE " ar (Fu(wi) — Ff), (105)
ke A ke A, j=0 keA;
bounded in Lemma 9 bounded in Lemma 10
where, in (105), we used 0 < 7y < m which gives — v, E(1—n L) = — 2 E (1-m: L(142EQ)) (1—m, L) < —%mE.
Moreover, since v; < 21, we also used 1y < 277t, and 7’ <1. O

Lemma 9 (Bound on the divergence of local models). Let Assumption 2, 3, and 5 hold, the local functions {F, k};]cV:1 be convex
and G be defined as in Lemma 1, Equation (7). Similarly to [23, Lemma 3], we obtain the following inequality:

1
B | 2 @ Z lwf; = weol*| < 5nPEG? (Z qk> : (106)

keA, j=0 ke A,

Proof of Lemma 9.

2
— E—-1 7j—1
E ko ? E VE,(wh ., B, 107
Be| Ae, He k;ﬁ K jgo ||wt’] wt’OH B | A He = dk ; un ],Z:O k(wt,j t,7 ) ( )
E-1 j-1 ,
<nED Y d Bk|,4 {||VFk(w§j,,Bﬁj,)’| ] (108)
KeA, =1 g0 BrlAuT
—1
< ;G Zf <Z Qk> (109)
7=1 keAq
1
- 6m?E(E —-1)(2E - 1)G? (Z qk> ; (110)
ke Ay

where, in (108), we used the triangle and the Jensen’s inequalities; in (109), we applied the bound in Lemma 1, Equation (7);
finally, in (110), we developed the sum of sequence of squares ZJE:_ll j2=3tE(E—1)(2E —1) < $E? since E > 1. O

Lemma 10 (Bound on the dissimilarity of local functions). Let Assumption 1 hold and (At)tzo defined therein. We have:

N
> ak (Fr(wp) — < <Z Wka) L, (111
h=1

keA,

where T is defined in (9).
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Proof of Lemma 10.

N
> ak (Fr(wi) — F) | =Y mear (Fi(wp) — FY) (112)
keA, k=1
N N
= ( 7ka%> > o (Fu(wh) — Fy) (113)
k'=1 k=1
N N
< (Z Wk/Qk/) Zpk (Fie(w™) — FY) (114)
k’'=1 k=1
N N
< (Z qu/> glealg{(Fk(w*) —Fy)} = (Z m%) r, (115)
k'=1 k=1

=T

where, in (112), we solved the total expectation, observing that E [}, arf(k)] = chvzl mrqr f (k) (Assumption 1);

in (113), we applied py == N”kiqkq; in (114), we used Fp(w) = Zszlkak(w) and we observed Fp(wy) < Fp(w*);
k=1 T’
finally, in (115), we used S5, pr = 1 and I := maxpexc{ (Fi(w*) — F)}. O

Lemma 11 (Convergence results under heterogeneous client availability). Let Assumptions 1-3 and 5 hold and the functions
{F}N_, be convex. For a diminishing step-size 0 < 1, < leEQ) satisfying E:ff n? < +oo, for any ty < T, we have:

T N 400
Z n E Z @i (Fr(wi) — Fr(wp)) | < %diam(W)2 +(E+1) (Z qu;%J;%) (Z 77?)
k=1 t=1

t=to ke Ay

= Cp < +00. (116)

Proof of Lemma 11. We take expectation over B; | A;, H; on Lemma 3:

E w —wh|? < ||lweo — wh|* =2 E  (wo—wph, g+
Bl AL H, [we+1,0 Bll” <llweo Bl th|At,Ht< t,0 5 Ge) + 17 tlAt, t”gt”
bounded in Lemma 4 bounded in Lemma 5
+2n B (w0 —wlh —mGe, G — gi) +7 T 117
thlAtﬂx L0 — Wi — G G — ge) + 107 M“ tllgt gl (117)
bounded in Lemma 6 bounded in Lemma 7

Replacing Lemmas 4-7 in (117), we obtain:

w —w < —w 22LE(1 + 2F E (Fy( F,
BflAth llwit1,0 B|| lweo BH +2n; LE(1 4 2EQ) - k; qx (Fy(wy) — Ff)
t

=201 - nL(L+2EQ)) = E E, > Z Fi(w} ;) — Fi(w}))

M keA, J=1

bounded in Lemma 8

1 -1
+3WEE+D) Y o+ E 1Y e fwh; - wiol|” (118)

A H -
kEA, Bel A He k€A, =0

bounded in Lemma 9
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We apply Lemmas 8 and 9 to (118) with ~; = 2m:(1 — n;L(1 + 2EQ)). We observe that ; > 0 because:

1
0= 119
=" =901+ 2BQ) (119)
We obtain:
1
E _ * (12 < . 112 “hE F P
o E s —whl < fwoeo —wpl* = 508 | B | Y ai (Fitaweo) - k<w3>>]
kEA;
1
+ 2mE(E+1 Z ok +n; B G Z qr
keA, ke A,
+ 4 LE(L+ Q) | 3 ar (Fi(w) - FY) (120)
keAy
Computing the total expectation on (120), we have:
[ P<El >~ snE S g (Fuluwno) — Fi(wy))
w - — _
Ath , t+1,0 'wB Wy 0 wB 277t AhBth qk k(Wi o & wB
ke Ay
1
+ 577t2E(E+ 1)At77-tt [Z ol | +n?E3G? tﬂ)}l . Z qk]
keA; ke A,
+4n7LE(1 +EQ lz ar (Fi(wy) — Ff) (121)
k€A,

bounded in Lemma 10

Applying Lemma 10 to (121) and considering E [}, . 4 ax] = SO~ mrax (Assumption 1), the following inequality holds:

1
E |[wi10 — wh|” <E|weo —wp|* — 5mEE

Z ar (Fr(wy o) — Fk(’“’%))]

ke A,

N
1
+ 5n?E(EJr 1) (Z mqiﬁ) + N E2G? (Z m%) +4nfLE(1 + EQ)T <Z m%) (122)

k=1 k=1
Rearranging and summing over ¢ = tg,..., T, we obtain the following inequality:
T
S mE | Y a(Filwo) - Fi(wp) ] <= ZE (w0 = will” = llwer,o - wi*) |
t=to ke A, t to
T
(E+1) (Z quk0k> (Z 77t2>
t=to
T
+ 2E2G2 <Z quk> <Z 77?)
k=1 t=to
T
+4L(1+ EQ)T (Z mqk> (Z n§> : (123)
t=to

The first term in the right-hand side of (123) is a telescoping sum and we remove the negative term — E ||wr41,0 — 'w*BHQ:
T 9 T
S nE D ar(Frlweg) - Fk(wE))] < 7 Ellwigo — wi|® + (E+1) <Z Wk%%) (Z 77?)
t=to ke A t=to
N T
+ 2F2G? (Z ﬂ'qu) (Z nf)

k=1 t=to
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T
+4L(1+ EQ)T (quk> (Z nf). (124)

t=to
Finally, by noting that ||wy, o — wi|| < diam(W) and ZtT:tO n? < 3% n? < 400, we complete the proof of Lemma 11.  [J

Lemma 12. Let Assumptions 2 and 3 hold, and the local functions {F k},@’:l be convex. We have:

|F(v) — Fp(w)| < D-|lv—w|, Vo,weW (125)

Proof of Lemma 12. In Lemma 1, under Assumptions 2 and 3, we have already proved that:

IV (w)[| < D. (6)
Moreover, from the convexity of {F} }rcic, it follows that:
(VF(v),v — w) < F(v) — Fg(w) < (VF(w),v — w). (126)
The Cauchy—Schwarz inequality completes the proof of Lemma 12:
|Fx(v) = Fi(w)| < max{[[VEL()[|, [V (w)][|} - v —w]| < D flv —wl|. (127)
O

Lemma 13. Let Assumptions 2, 3, and 5 hold. We have:

w1410 — wyoll < mEG ( > qk) (128)

BtlAty t neA
t

Proof of Lemma 13. The proof is based on [15, Proposition 1.4].

E—-1
- - VFy(wy;, By 129
Bf‘.At t ||wt+1 0 B |.A JH e k;, qk ]z;) k wt =t 7) ( )
< e E VF.(wy By ) (130)
k‘;t ]z(:) B o1l AuHe | BESIBE o ;1A He [ b ]
<mEG ( > qk> : (131)
keA,

where, in (130), we used the triangle inequality and the law of total expectation; in (131), we applied Lemma 1, Equation (7). [

Similarly to [15, Theorem 1], we provide the following definition.

Definition 1. For communication round ¢ > 1, denote the positive integer .7; as follows:

T = min{max{{m-‘ ,Tp},t}. (132)

The parameter J; is crucial in our analysis: it represents the communication rounds needed to bound the stationary distribution
convergence of the Markov process (A;)¢~o. It will play a key role in Lemmas 14-18 and in the proof of Theorem 2.
We remark that, by definition: Tp < J; < t.

Our definition of J; corrects a typo in [15, (6.27)], which considered In (¢/(2CpH)) rather than In (2CpHt). In fact,
we observe that [15, (6.28)] and consequently [15, (6.35)] do not hold when J; is defined as in [15, (6.27)].

Lemma 14 (Convergence results under heterogeneous and correlated client availability after J; communication rounds).
Let Assumptions 1-3, and 5 hold, the local functions {F, k}fc\;l be convex, and the parameter J; < t be as in Definition 1.
For a diminishing step-size {n;};>1 satisfying 3, In(t) - 2, for any to < T, we have:

o c
YomE| Y au(Fi(wi-g,0) — Fulwio)) '

. 0)| € ——Fs < +oo, (133)
= ot In(1/A(P))
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where:

N +oo
C1 = EDGQ (Z mqk> (Z In (2CpHt) nh) : (134)

k=1 t=1

Proof of Lemma 14. This proof is based on [15, Equation (6.31)].

Zm > ar(Fr(wig,0) = Fi(we) ] <QZm [max{mwt 700) — Fk(wt,o)}} (135)
t=to ke A, t=to
T
<DQY mE|w—g,0—wil (136)
t=to
T t—1
<D E Wy — W 137
< QZ;J% ZJA ey Bde dH d,0 d+10:| (137)
-1
<EDGQZ Z mndﬂalz qkl (138)
t=to d=t—J; keAy
N T t—1
< EDGQ (me) DD mma (139)
k=1 t=to d=t— Jf
EDG
9 (Zm%) > Z n; +n3) (140)
t=to d=t—J;
< EDGQ (Z mqk> > T (141)
k=1 t=to

where, in (135), we used ZkeA qrar < Zk 1 Qe < (Zk 1 qr) - maxge {ar} = Q - maxgex {ar}; in (136), we applied
Lemma 12; in (137), we used the triangle inequality and the law of total expectatlon in (138), we applied Lemma 13 and
again the law of total expectation; in (139), we observed that [E [Zke A, qk} Zk 1 Tkqk (Assumption 1); in (140), we used
2ab < a® + b?; finally, in (141), we applied 7; < nq < 7;— 7, due to the diminishing learning rate.

We apply then the definition of 7; in (132) and we observe that ZtT:tO In(t)n2_ 7 < Ztiolo In(t)nZ_ 7

N T
Zﬁt Z @ (Fi(wi—g,,0) — Fr(wio))| < EDGQ (ZM%) ( mn?_jt> (142)
=to keA: k=1 t=to
a X1 (2CpHY) e
<#p0a (L nan) (S iy «) = wapy 049

Finally, we conclude that C is finite. To this purpose, we observe that 7; < aIn(¢) + b, for opportune positive values a and b.
Let t' be a positive integer such that ¢ > aln(t) 4+ b for any ¢ > ¢’. Then:

T T—T:
Do) g, = Y W+ T) 0 (144)
t—t/ t=t'— T
+oo
<Y In(t+alnt+b)-7; (145)
t=1
“+o0
<Y In((1+a+b)t) -y} < +oo. (146)
t=1
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Lemma 15. Let Assumptions 2, 3 and 5 hold, the local functions {Fk}ff:l be convex, and J; < t be as in Definition I.
Let the step-size be decreasing and satisfy: Z+OO In(t) - n? < +oo. For any tog < T, we have:

C
<Z Wka) Z mE[Fp(wio) — Fp(wi—g,0)] < m < 400, (147)

t=to

where:

N +o00
C1 = EDGQ (Z Wk) (Z In (2CpHt) 77?%) : (148)

k=1 t=1

Proof of Lemma 15. This proof is based on [15, Equation (6.38)].

T N
<Z Wka) Z mE[Fp(wo) — Fp(wi—g,0)] = Z TltzﬂkaE[Fk(wt,o) — Fi(wi—g,,0)] (149)
t=to t=to k=1
<D <Z mqk> > nElwi-g,0 — weoll (150)
t=to
t—1
Somae | > ome Y { |wa,0 — wa+1,0ll| (151)
< )tto dtJtA s Balda,Ha
N T
< DEGQ <Z nm) > Z MeTla (152)
t=to d=t—7,

DEG N T t—1
< Q<k m%)Z tZ (nf + ) (153)

t=to d Tt

T - 7, (154)

t=to

+oo
< EDGQ (quk> ( n 2CpHL) o ) L B

In(1/A(P)) =7 | = Wm(1/A(P))’

where, in (149), we applied Fp(w) = Zszl peFi(w), where pp = Z]f’“iq’“; in (150), we applied Lemma 12; in (151),

'—1 Thdh
we applied the triangle inequality and the law of total expectation; in (11 5;12)},7 we applied Lemma 13; in (153), we used

2ab < a® 4 b?; in (154), we observed that 77 + 73 < 2n7_ . due to the diminishing learning rate; finally, in (155), we applied
the definition of 7; given in (132) and we observed that ZtT:to In(t)n?_ ; <> In(t)n? ; < +ooand then Cy < +oo. O

Lemma 16 (Bound on the distance dynamics between the current and the stationary distributions of the Markov process).
Let Assumption 1 hold, and P, p defined therein. The following inequality holds:

< Cp - AP)! t>T 5
Jmax |[Pij —ps| < Cp-AP)', fort>Tp, (5)

where C'p and T'p are positive constants defined as:

d 2
<Zn§> MU r, (156)
=2

_ 2n;(n; — 1)(In (MW) 1)
r "max{f???dﬂ (T DIOAP) /2 (P)]) O (17

Here, d, n;, and U are quantities related to the Jordan canonical form of P. Speczﬁcally, P =UJU !, where J denotes the
Jordan M x M matrix with d blocks J;,© = 2, ...,d. Each block J;, 1 = 2,3, ...,d, has a dimension n; > 1 and Z 1y =M.

Cp:
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Furthermore, let Assumptions 2 and 3 hold, H be defined as in Lemma 1, Equation (8), and Tp < J; <t be defined in (132).
We obtain the additional inequality:

[P7]i.5 — ps| < Cp-A(P) < CpA(P)T = QLHt’ Vi, j € [M] and ¥t = Tp. (158)

Proof of Lemma 16. The inequality in (5) is proven in [15, Lemma 1] and holds for any ¢ > Tp. Here, T is a constant
dependent on the transition matrix P of the Markov chain (A;);>o defined in Assumption 1. To prove (158), we further
observe that 0 < A(P) <1 and Tp < J; < t. The last inequality in (158) follows from the definition of J; in (132). O

We remark that the bounds in [15, Lemma 1], and consequently our (158), require ¢ > Tp. Therefore, the derivations in [15,
(6.28)] and [15, (6.35)—(6.37)] are not accurate, since they hold for ¢ > Tp. We address this problem with Lemmas 17 and 18.

Lemma 17. Let Assumptions 1-3 hold, and Tp be defined as in (157). The following inequality holds:

N Tp—1
(Z mqk> > mE[Fp(wig,0) = F5] < Ca < 400, (159)
k=1 t=1
where:
Tp—1 N
Co=H < Z ﬂt) (Z quk> < 4o00. (160)
t=1 k=1
Proof of Lemma 17.

N Tp—1 Tp—1 N
<Z 7%%) > mE[Fp(wi_g0) = Fal= > m Y mae E[Fr(wi_g,0) — Fr(wp)] (161)
k=1

t=1 t=1 k=1

Tp—1 N
<H ( > m) (Z mqk> = Cy < 400, (162)
t=1 k=1

where, in (161), we used the definition of Fp from (4), and in (162), we applied Lemma 1, Equation (8), which holds
for any w € W. Lastly, it is worth noting that Cs is a sum of finite elements, and is therefore finite. O

Lemma 18. Let Assumptions 1-3 and 5 hold, and { F, k}fg’:l be convex. Recall the definitions of J; and T'p in (132) and in (157),
o 2

respectively. Let the step-size (1n:);>1 decrease and satisfy m < m, 2;1 n; < +oo, and ZZ;OT In(t) - n? < 4oo.
For t > Tp, we have:

N T
* Cl
(Z 7qu1€> Z ntE [FB(wt_jt,o) — FB] S W + C3 < +OO, (163)
k=1 t=Tp
where:
N “+o0
C1 = EDGQ (Z Wka) (Z In (2CpHY) '17,52‘%> < 400. (164)
k=1 t=1
. MQN( o, 1 ,
Cs = Co+—; ; n g ) <+ (165)

Proof of Lemma 18. Assume t > T'p. With a similar proof technique to [15, (6.35)], we derive the following lower bound:

E
Af,|v4t—]t aHtfjt

Z Qk(Fk(’wtfjtyo) — Fk(wz;))‘| =

ke A

- Z P(At =a | At—Ji?Ht—Jt) ZQk (Fk(wt—jmo) - Fk(w*B)) (166)
aEM ke€a

= [P7] 4, > gk (Fr(wi—g,0) — Fr(wp)) (167)
aeM ' kea

1

>3 (pa _ Tm) 3" gk (Fi(wi-g,0) — Fe(wi)) (168)

aeEM kea

26



N
S B leea] gk (Filwi.0) ~ Felwh)) ~ 5o 3 S ae(Filwiz.0) ~ Filwh)  (169)

k=1 aeEM k€a
- Ly MQ .
ZZM% Fi(wi-g,0) = Fi(wp)) = 50 max {Fy(wi—g,.0) = Fi(wp)} (170)
M
> ( 7Tk<1k> - (Fp(wi—g,0) — Fp) — TtQ’ (7
k=1

where, in (166), we applied the definition of expected value to the random variable 4;, with a representing a realization
of A;, that is a state in the state space M, and P(A; = a | Ai—7,,Hi—7,) denoting the conditional probability of
the event A, = a given (Ai—zy,,Hi—7); in (167), we applied the Markov property (Assumption 1), observing that
P(A, = a | A—z,) = [P7]a,_, o Where [P¥];; denotes the (i,j)-th element of the k-th power of the transition
matrix P; in (168), we applied Lemma 16, Equation (158); for the first term in (169), we used > v Pa D peca f(k) =

S wert Pa Sonet Lipeap fB) = Saiy f(k) Y uent Palkea = Sopey f(R)E [Lre.a,], where Lpe 4, is the indicator function
that equals 1 if and only if £ € A in (170), we used E[lgeca,] = Pk € A;) = m for the first term, and

Yorea e f(k) < fo:l arf(k) < (Zszl qr)(maxpek f(k)) = Qmaxpex f(k) and ), ., 1 = M for the second term;
finally, in (171), we used the definition of F'g in (4) for the first term, and we used Lemma 1, Equation (8) for the second term.

Our derivations in (170) and (171) correct a typo in [15, (6.35)], which considered @/(2t) instead of (M@)/(2t). In (171),
the dimension (M) of the state space (M) of the Markov chain (\A;),-, appears in the numerator of the second term.

Note that the steps in (168)—(171) require ¢ > Tp. Multiplying by 7, and summing for ¢ = Tp,...,T, rearranging,
and computing the total expectation, we obtain the following inequality:

(Zm%) Z Nt E[Fp(wi—g,0) — Fp] < Z n E lz @k (Fr(wi—g,0) — Fiu(wp))

t=Tp t=Tp keA,

T
<> nE [Z i (Fi(wi-g,.0) — Fi(wp))

t=Tp ke Ay

bounded with Lemma 11 + Lemma 14

where, in (173), we used 2ab < a? + b? and we observed that Z;‘F:TP (nf+ %) < Y (n? + ) since t > 0 and 7, > 0.

Moreover, if the step-size (7;):>1 decreases and satisfies 17, < m, Zt U7 < +oo, and Zj:f In(t) - n? < +oo,
we can further bound the first term in (173) by combining Lemma 11 and Lemma 14 for ¢y = Tp, and we obtain:

T
. C
Z ntE [Z qk(Fk(wt,jt’o)—Fk(wB)) SC@"I‘W <-i-OO7 (174)
t=Tp keA, n
where:
9 N —+o00
Co = E diam(W)? + (E + 1) (Z 71';&,%0,%) (Z 77?)
k=1 t=1
N “+o0
+2E2G2 (Z 7quk> (Z 77152>
k=1
+o0
+4L(1+ EQ)T (Z nqu> (Z nf) . (175)
t=1
Finally, plugglng (174) into (173), observing that Zt 1 (nt £) < Z L (n? + %) < +oo because er:o;; n? < +oo and
Zt:o tig = ¢ < +00, and denoting C3 = Cp + MQ Z i1 ( + = ) < +oo, we conclude the proof of Lemma 18. O
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B3. Proof of Theorem 2

Theorem 2 (Convergence of the optimization error €qy). Let Assumptions 1-3 and 5 hold and the functions {Fk}fcvzl be convex.

Recall the constants M, L, D,G, H,T, oy,Cp,Tp, J;, and \(P) defined above. Let Q =), _y -
Let the step-size 1y > 0 decrease and satisfy:

1
- E: = 400 Elt-Q +00.
m < 2L(1 +2EQ)’ tzlm ’ _ o) e <

Let T denote the total communication rounds.
For T > Tp, the expected optimization error E[Fg(wr,0) — F5] can be bounded as follows:
%qTEquv

__ ¢
E[Fp(wr,0) — Fg] < mq__ v+ m(I/AP))

(Zthl nt)

)

ZT:l Nt Wt 0

S , and:
t=1

+oo
Y = diag (2 (E + 1) mot ZU?) ;

where 'lI)T70 =

t=1

MQ X
vi= %diaum(VV)2 + TQ Z (ﬁt2 + t12) ;
Tp—1
¢ = 4L(1 + EQ)T (Z"t) +2E2G? (an> +H ( > m) ,
+oo
¢ =2EDGQ <Z In(2CpHt) - n?_ jt> .
t=1

Proof of Theorem 2. The proof involves three main steps.

Step 1: From Lemma 15, observe that:

N T Cl
(1; Wka) ;ﬁt E[Fp(w: ) — Fp(wi—7,0)] < Wm(1/A\(P)) < o0,

where:

N +oo
Cy = EDGQ (Z wqu> (Z In (2CpHt) - n?_ Jt> < +o0.

k=1 t=1

Step 2: By combining Lemma 17 and Lemma 18, we obtain:

N T
C
(Z Wka) > mE[Fp(wi-g,0) — Fp)] < (71 + Cy + C3 < +00,

In(1/A(P))
where (' is defined in (181), and:

Tp—1 N
Cy=H ( Z m) (Z Wka) < +o0;
t=1

k=1
2 = .
Cy = B diam(W)? + (E + 1) Zwquak ;nt
+ 2E2G2 <Z 71—ka> <Z’l7§)
k=1

+4L(1+ EQ)T <Zwqu> <§n§) M4+Z: (m ) < 4o0.
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Step 3: By summing the results from Steps 1 and 2, given in (180) and (182), respectively, we have:

N T
Tk qk e B[Fp(we o) — Fp) < L + C + C3 < +00. (185)
> | 2 n(i/A(P))

With the convexity of Fiz(:), applying the Jensen’s inequality, we complete Step 3:

(;m> (Zﬂ:%) [Fp(wr,0) <Z7Tk:q;c> Zm [Fp(w:o) — Fg] (186)
< 2Ch
~ In(1/A(P))

where wr g : w and the constants C, Co, and C'5 are defined in (181), (183), and (184), respectively.
t71

By dividing (186) and (187) by (Zle 77t> . (Zszl wqu), we obtain the expression for Theorem 2 given in (13). O

+ Cy + C3 < 400, (187)

APPENDIX C
PROOF OF THEOREM 3

Theorem 3 (An alternative bound on the bias error eyps). Under the same assumptions of Theorem 1, define
I'" = maxy{Fy(wy) — F;}. The following result holds:

€pias < 4K% - dry (o, p) - T, (15)
N—————
=Ehigs

where dpy (o, p) = % Z,{Lﬂak — pi| denotes the total variation distance between the probability distributions o and p.

Proof of Theorem 3. The proof follows the same steps as in Theorem 1, proceeding from (29) as follows:
IVFy)I < Ly/ 2 Zm—pkl (Fr(w}) = Fy) (29)

< 2L\/;dTv(aap)ﬁa (188)

where, in (188), we applied the definitions of dry (e, p) = %ZkN:JO‘k — pi| and IV == max, {Fy(wp) — F;}.

Squaring (188), we obtain the following expression:

IVE@RF < “ i (it (189)
Then, replacing (189) in (25), we obtain:
fhias = (Flwh) — F*) < o [V ()| < dTvm P, (190)
g :=€bim
which concludes the proof of Theorem 3. O
APPENDIX D

CONVEXITY OF €gpr + €gias

For the proof of the convex1ty of €pi(q), please refer to Appendix E1. To prove that épss(q) is also convex, we need to study
the convexity of Xa”p Zk L (o — pi)?/pr in g € {qx > 0 Vk, ||q|l, = Q > 0}. To this purpose, we define the following
functions:

™
hi : RS\ {0} — R, hi(q) = Nkiqk’ (191)
Zk/:l Tk’ Gk’
2
—a
g 1 Ryg — R, gr(pr) = (pkmk) (192)
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2

Finally, we write the chi-square divergence Xa|p

between the target and biased probability distributions ¢ and p as:

N N

ip(@ = (geohi)(@) = gu(hi()). (193)

k=1 k=1

We observe that:
o hi(q) is a particular case of linear-fractional functions [40, Example 3.32, p. 97];
e gi(+) is a convex in py over R because sum of convex functions;

« cach giohy is quasi-convex in q € Rgo because composition of a convex function (gi) and a linear-fractional function (hy)
[40, p. 102].

However, note that the sum of quasi-convex functions is not necessarily quasi-convex.

Proposition 1. The function Xi” (@) is not convex over RY,.

Proof of Proposition 1. To analyze the convexity of Xi

1p(@) = S, (gx © hi,)(q) over RY,, a possible approach is to check
whether each function (gi, o hy)(q) is convex over RY,. In what follows, we show that (gj o hy) is not convex over RY.

Consider the case when 7, = 1 Vk € K. We can rewrite (g, o hy)(g) as follows:

2
(i — )
(gr o hi)(q) = ~——5——- (194)

llall,

We show that this function fails to satisfy the definition of convexity, i.e., 3 q,q’ € RY,( € [0, 1] such that:

(gr 0 he) (Cq+ (1 =¢)q") > C(gr o hi) (@) + (1 = ¢) (g © hr) (q'). (195)

The left-hand side (LHS) of (195) is:

Qﬁﬁ%k&#n‘a02

all, +(1-0)llg’

(gk o hk) (Cq + (1 - C)ql) = : qu_;'_(l_o;;v . (196)
Tal, +a—olaT,

,q = %1, and we let () — 400, then the LHS in (196) converges to:

If we take g : |[g|l, = 1, gp = o, ( = 2

= ) (197)

lim
Q—+o0

On the other hand, for the same choices of g, q, q¢’, and ¢, and if we let Q — +o0, the right-hand side (RHS) of (195) is:

L(f — o)

Cgn o hre) (@) + (1 =) (gr o hue) (@) = 0+ 5 =F—5—"— (198)
N
Finally, comparing (197) and (198), we conclude that, for () large enough, the LHS in (195) is larger than the RHS. O

Proposition 2. The function X2, ,(q) is convex over RYy N {q: ||q|l; = Q > 0}.

Proof of Proposition 2. To verify the convexity of x7,,(q) = S (g o hi)(q) over RY; N {q : |lg|l, = Q > 0}, one

possible approach is to demonstrate the convexity of each function (gi, o hy)(q) over the set RY, N {q: |lq||; = Q > 0}.
We prove this result for a more general case. We show that, if

g is a convex function over its domain D, (199)
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and

~ Ag+b
h(q) = 200
@ =G (200)
then
- Aq+b
g o h is convex over D = Rgo N{g:c"qg+d=Q >0, cTZid €D,}. (201)

2

It is then sufficient to apply this result to each pair (g, ki) to conclude that (gx o hy) is convex and then Xa|p

(q) is convex.

By direct inspection, for all g,q" € D, V ¢ € [0, 1], the following equality holds:

P n_ ~(i N _ - (Ag+D _ nAG +D
(30h) o+ 1-0a) =3 (itca+ (- 0a)) =3 (¢ ZIE0 4 1) 50212, o)
where:
_ ((cTq +d)
et oegra <Y 0
Applying the convexity of g, we bound Equation (202) as follows:
B /Aq+b , Aq’er convexity of g - Ag+1b T Aq'+b
(C ch—l—dJr(lC)ch(’—i-cl) = (ch+d>+(1 <)g<ch’—|—d) (204)
= (k) @+ - (30h) @), (205)

Finally, to conclude the proof, we show that ¢’ = (. This is true because, for any g and ¢’ € D, ¢Tq+d =c'q' +d = Q > 0.
In fact, by using this condition in Equation (203), we have that:

@
¢ = —¢ (206)
Q@+1-0Q
which establishes the convexity of g o h by definition. O
APPENDIX E
MINIMIZING €gpr
Equation (13) can be rewritten as:
T 1.7
_ q'3q +v ¢
—Fpl< i — R, g — 207
lq7Aq+ B
_ 298975 L o (), (208)
TTq
where:
+o00
A =3 = diag (2 (E +1) mpo? Zﬁ) : (209)
t=1
. —2d‘ 2 MQ+OO 2 1), 210
B.:’U—E lam(W) +T; nt—"_tj ; ( )

+o0 “+o00 Tp—1
C =1+ m = (4L(1 + EQ)I + 2E*G?) <Z nf) +2EDGQ (th -nfjt> +H ( > m) . (21D

t=1 t=1 t=1

The minimization of (208), defines the following optimization problem:

_ 1qTAq+B
wTq

subject to q >0, (212b)

mini(;nize J(q) :

+ C, (212a)
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wTq >0, (212¢)
lall, = Q. (2124d)

Remark. In Problem (212a)—(212d), when setting some qy, to zero, we do not consider the possibility of redefining the Markov
chain (Ay)i>o in Assumption 1 by considering the reduced state space of clients with q, > 0. In this case, the redefined
Markov chain would have a different transition matrix P’ # P with \(P’) # A(P), resulting in C no longer being constant.
El. The optimization problem in (212a)—(212d) is convex

Let us rewrite the problem by adding a variable s := 1/7Tq and then replacing y := sq. We have:

1
J('y7)—s<2 yA+B>+C:s-K<y)+C, (213)
S
where K : RY = R, K(q) := %qTAq + B is a (strictly) convex function, and:
1
R "
muﬁrxglze J(y,s) = 55 Y Ay -+ Bs+C (214a)
subject to  y >0, (214b)
s >0, (214¢)
Ty =1, (2144d)
lyll, = @s. (214e)

Note that the objective function J(y,s) : RN+l = R, J(y,s) = s- K(y/s) + C in (213) is the perspective of the convex
function K(q) + C, and is therefore convex [40, pp. 89-90]. Moreover, the constraints in (214b)—(214e) define a convex set,
and then the optimization problem defined by (214a)—-(214e) is convex. We solve it with the method of Lagrange multipliers.

E2. Support for Guideline A (Section III)

The Lagrangian function £ is as follows:
1
L(y,s,t,0,w) = 2—SyTAy +Bs+C+u(1—-7nTy)+0(||ly|l, — Qs) —wTy. (215)

Since the constraint s > 0 defines an open set, the set defined by the constraints in (214b)—(214e) is not closed. However, the
solution of the optimization problem defined by (214a)—(214e) is never on the boundary s = 0 because £ — +oo as s — 07T,
therefore we can consider s > 0. Moreover, strong duality holds for the Slater’s constraint qualification for convex problems.

The KKT conditions read:

oL
5s W8 w*) = (216)
VyL(y*,s*, ", 0" w*) =0, 217)
wly" — 1= 0, (218)
ly*ll, — Qs =0, (219)
wTy* =0, (220)
y*,w* > 0. (221)
In particular, the KKT condition for y* read:
1
VyL(y*, s, 0" w") = —Ay" — /"7 +0"1 —w* =0, (222)
s
which is satisfied when:
oL 1
dyr — Ay, — T + 0" —wi =0, Vk € K, (223)
k

where A;; denotes the element on the 4-th row and the j-th column of matrix A.
Furthermore, the Complementary Slackness conditions in (220) and (221) present two cases:

1) If y; > 0 (and g;;, > 0), then wj, = 0 and:

1
h= U —0%), g =—'me—60%); 224
Ui = (Cm = 07), gp = (1m0 (224)
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2) y;. = q; = 0 otherwise.

By replacing the equality constraint (214d) in Problem (214a)—(214e) with the inequality constraint w7y > 1, we establish an
equivalent optimization problem. The equivalence holds because, for any feasible solution y’ with wTy’ > 1, we can consider
the solution y” = w?TJ;;’ < v/, leading to a lower objective function value. Additionally, the new problem states that the
Lagrange multiplier (¢*) associated with the inequality constraint must be non-negative. By considering Axr > 0 and * > 0
in Equation (224), we conclude that ¢; increases with 7, providing analytical support for Guideline A.

E3. Closed-form solution of the optimization problem in (212a)—(212d)

The solution of the optimization problem in (212a)—(212d) is not of practical utility because its constants (e.g., L, w, I', Cp)
are in general problem-dependent and difficult to estimate during training. In particular, I poses particular difficulties as it is
defined in terms of the minimizer of the target objective F', but the FL algorithm generally minimizes the biased function F'z.
Nevertheless, we include the closed-formed solution of the optimization problem in (212a)—(212d) for completeness.

We use the active-set method: let X be the set of coordinates corresponding to the active inequalities, i.e., X = {k | y; = 0}.
From the KKT condition in (218), we derive a relation between ¢* and 6*:

TTy* = Z TRYE = Z 7rk (' —07) = 178" Z Akk —0*s* Z Akk . (225)

kgx kgXx kgx kgx

We use the KKT condition in (219) to derive another relation between ¢* and 6*:

. Q+6> 1
ly* III—Zyk—ZA N=Qs & o= A (226)

kgx kgx ZMZX A

and, replacing (226) in (225), we derive the closed-form solution for 6*:

2
* Zkgx AL —Qs" Zkgx %
0 = : k = ik —7 (227)
s* |:(Zk¢)( Tkk) : (Zkgp{ T&) - (Zkgx T,:,L) }
APPENDIX F

BACKGROUND ON MARKOV CHAINS
F1. Markov Chain for the Analysis (Section III)
We recall some existing results [15], [31] for the Markov chain (A;);>o used in our analysis (Assumption 1).

Assumption 1. The Markov chain (At)tZO on the M -finite state space M is time-homogeneous, irreducible, and aperiodic.
It has transition matrix P, stationary distribution p, and has state distribution p at time t = 0.

Let p(*) = [p(f)7 p; ), cey pg\?] Zi\il pgt) 1 be the state probability distribution on the Markov chain (A;);>0 at time step ¢.
Assumption 1 guarantees the existence of a stationary distribution p = lim;_, ;oo P = [p1, p2, ..., par] With min;{p;} >0

and pTP = pT. Then p is a left eigenvector relative to the eigenvalue 1, which is the largest eigenvalue of the matrix P.
For the transition matrix P, we label its eigenvalues in decreasing order:

1=X(P)> A(P) = -+ 2 Ay (P). (228)

We define:
S\Q(P) :=max {|A2(P)], |\ (P)|} and A (P):= ———. (229)

The second largest absolute eigenvalue \y(P) of the transition matrix P characterizes the mixing time of a Markov chain.
The absolute spectral gap 7 := 1 — \o(P) and its reciprocal, the relaxation time . := %, play a role in this relationship. To
quantify the convergence of the Markov chain towards stationarity, we use the parameter d(t) := maxsem||[Pa,. — pll7vs
which measures the maximum distance between the distribution [P?], . and the stationary distribution p for all initial states
a € M. The mixing time tyx(¢) is defined as the minimum time at which the distance d(¢) becomes less than or equal to a
given threshold e: tmix(€) := min {¢ : d(¢) < }. Upper and lower bounds exist for the mixing time based on the relaxation time

and the stationary distribution: (¢, — 1) log (& L) < tmix(e) < log (Epl )tre], where pmin 1= mingea po [31, pp. 154-156].
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F2. Markov Chain for Guideline B (Section IV)

In Section III-D (Guideline B), we examine a specific scenario where the availability of each client k follows an independent
Markov chain (AF);>( with transition probability matrix Pj. This setup allows us to model the aggregate process as a product
of independent Markov chains, known as a Product Chain [31, Section 12.4].

Definition 2 (Product Chain). Let P; and P, be transition matrices on state spaces M; and M, respectively, with corresponding
stationary distributions 7r; and 7r5. We consider a Markov Chain on the state space M7 x M that moves independently in the
first and second coordinates according to P, and P, respectively. The transition matrix of this Markov Chain is the Kronecker
product P = P} ® P, defined as:

P((x?y)7('zaw)):Pl(xvz)PQ(yaw)' (230)
Proposition 3. The stationary distribution of the Markov chain defined by P = P, ® P, is the Kronecker product p = w1 Qs.

Proof. We can observe the following:
PTP=(mam) (PLoP)=(r]P) (m}P,) =n] @} =pT, (231)

where, in (231), we used the mixed-product property of the Kronecker product in the second step, and in the third step, we
noted that 7r; and 7o are the stationary distributions for P; and P, respectively. For a comprehensive list of properties that
the Kronecker product satisfies, please refer to [41, p. 597]. O

Proposition 4 ([31, Exercise 12.6]). Let u and v be eigenvectors of P; and P, respectively, with eigenvalues A\ and .
Then u ® v is an eigenvector of Py @ Py with eigenvalue \j.

Proof. We can verify the following:

(uwRV)T(PLRPy)=u"P)® vTP)= M) (u') = u(u®v)T. (232)
In (232), we used the mixed-product property and the associativity of the scalar multiplication with the Kronecker product. [
In general, let P; be a m x m matrix with eigenvalues A1, ..., \,,, and P, be a n X n matrix with eigenvalues i1, ..., fi,.

The complete eigen-decomposition of P; @ P, depends on the Kronecker product structure and involves combinations of the
eigenvalues and eigenvectors of P; and Ps.

Proposition 5 (Spectrum of the Kronecker product, [41, Exercise 7.8.11]). Let the eigenvalues of Py € R™*™ be denoted

by \; and let the eigenvalues of Po € R™*" be denoted by p;. The eigenvalues of P1 @ Py are the mn numbers {)‘il‘j};’:?j:r

Proof. Let J; = Al_lPlAl and Jy = A3 1P, A, be the respective Jordan forms for P; and P,. We use the mixed-product
property and the inverse property of the Kronecker product to show that P; ® P; is similar to J; ® Ja:

J1©Jy=(A7'PIA) ® (A;'PAy) = (AT @ A )(PL@ P)(A1 ® Ag) = (A1 ®@ Ag) (P @ P2) (A1 © Ay).

(233)
Consequently, the eigenvalues of P; ® P» coincide with those of J; ® Jo. Since J; and Js are upper triangular with {;}7,
and {y; };-Lzl on the diagonals, respectively, J; ® J5 is also upper triangular with diagonal entries given by {Aiﬂj};i?jzl. O

Proposition 6. Let \o(Py,) denote the second largest eigenvalue in absolute value of the transition matrix Py, associated with
the k-th client, and define \(Py) := %. For the product chain defined by P = Q). Pr, the second largest eigenvalue

in absolute value \y(P) and \(P) = % satisfy:

A2(P) = max Ao(Py) and MNP)= max A(Py). (234)

The proof of Proposition 6 follows a similar structure to the one in [31, Corollary 12.13].

Proof. From Proposition 5, we know that the eigenvalues of P = ), ., Px are given by:

{H Ai(Py) : Ai(Py) an eigenvalue of Pk} . (235)
ke
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Recall thgt 5\2(Pk) is the second largest eigenvalue of P in absolute value. Ifﬁk:* denotes the index such that Xg(P;C*) =
maxyex A2 (Py), the second largest eigenvalue in module of P is the product of Ag(Py+) for the k*-th client and A\ (P;) =1
for the remaining clients j # k*. The second result in (234) follows from the definitions of A(P) and \(P%). O

F3. Markov Chain for the Experiments (Section V)

In the experiments (Section V-A), we consider a scenario where the activity of each client £ € K follows a two-state
homogeneous Markov process. The state space M consists of two states: “inactive” (with value 0) and “active” (with value 1):

k

1—pg”
OB O

k

1-p{”

We provide detailed expressions of the transition matrix P, stationary distribution 7(*), and the second eigenvalue Ao (Py)
used in the experiments for each client k& € K:

. pék) 1— pék) [ 1= (1= X (Pr))m (1= Xo(Py))ms (236)
1-p{” ¥ (1= X2(P))(1 = mk)  Aa(Pe) + (1= Aa(Pi))me |
(k) (k)
1-— 1-—
*) — 1 — 1= [ P Po (237)
T 7Tk, Tk 5 - - .
2— pf)k) - pﬁk) 2 - pf)k) - pgk)
Xo(Py) = p) +plF — 1. (238)

APPENDIX G
EXPERIMENTAL EVALUATION

G1. Details on Experimental Setup

A. Datasets and Models: In this section, we provide a detailed description of the datasets and models used in our experiments.
We considered a total of N = 100 clients. We tested CA-Fed on the benchmark synthetic LEAF dataset [36] for regularized
logistic regression tasks, which satisfy Assumptions 3-4. Additionally, we incorporated two “real-world” datasets: MNIST [37]
for handwritten digit recognition and CIFAR-10 [38] for image recognition. Detailed descriptions of the datasets and the models
used for each of them are provided below.

a) Synthetic LEAF dataset: Synthetic data provides us with precise control over heterogeneity. The Synthetic LEAF dataset
achieves this by using parameters v and J, where v determines the degree of variation among local models and § determines
the variability in the local data across different devices. The generation process follows the setup described in [23], [24]:

1) For each client k£ € /C, sample the model parameters W), € R19%60 and b, € R from a normal distribution with mean
g, and standard deviation 1, where py, is sampled from N (0, 7).

2) For each client k € K, generate the client’s input data X, € R™ >0 ag follows: sample each element (zy); from a
normal distribution with mean v, and standard deviation J%, where vy, is sampled from N(By, 1) and By, is sampled
from A(0, 5).

3) Generate synthetic samples (X, Y}), where Y, € R™, according to the model y = arg max(softmax(Wyx + by)),
where z € R0,

The distribution of samples nj = |Dj| among the clients follows a power law, resulting in an imbalanced data distribution. We
refer to the synthetic dataset with parameters v and § as synthetic(~y, §). We set (v, d) values to (0,0), (0.25,0.25), (0.5,0.5),
(0.75,0.75), and (1,1) to investigate various levels of heterogeneity in the data.
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TABLE I: Average computation time and used CPU/GPU for each dataset.

Dataset CPU/GPU  Simulation time
Binary Synthetic  Intel(R) Xeon(R) CPU 10min
Synthetic LEAF Intel(R) Xeon(R) CPU 6min
MNIST [37] GeForce GTX 1080 Ti 42min
CIFARI10 [38] GeForce GTX 1080 Ti 2h37min

TABLE II: Learning rates n and 7 used for the experiments in Figure 1.

Dataset Unbiased More available CA-Fed (R = 1) AdaFed [20] F3AST [19]
Synthetic LEAF 2.0/2.0 1.0/7.0 2.0/3.0 1.0/1.0 2.0/2.0
MNIST 0.03/1.0 0.1/4.0 0.1/1.0 0.03/1.0 0.1/0.3
CIFARI10 0.03/1.0 0.03/3.0 0.03/1.0 0.03/1.0 0.03/0.3

b) MNIST: To classify handwritten digits in the MNIST dataset, we employ multinomial logistic regression. The model takes a
flattened 784-dimensional (28 x 28) image as input and predicts a class label from O to 9 as output. To introduce heterogeneity
in the data distribution, we distribute the dataset among N = 100 clients using a Dirichlet allocation method [39] with
parameter <. This allocation scheme allows for varying proportions of the dataset to be assigned to each client, contributing
to the heterogeneous nature of our experimental setting.

c) CIFAR-10: The CIFAR-10 dataset consists of 60,000 input images, sourced from a collection of 80 million tiny images,
with 10 distinct labels. To partition the CIFAR-10 dataset among N = 100 clients, we employ a Dirichlet allocation [39] with
parameter <. For this particular dataset, we train a shallow neural network comprising two convolutional layers followed by
one fully connected layer. This network architecture is designed to capture relevant features from the CIFAR-10 images and
facilitate accurate classification.

B. Implementation Details:

a) Machines: The experiments were conducted on a CPU/GPU cluster, utilizing various available GPUs such as Nvidia Tesla
V100, GeForce GTX 1080 Ti, and Quadro RTX 8000. The majority of experiments involving Synthetic datasets were executed
on an Intel(R) Xeon(R) CPU E5-1660 v3 @ 3.00GHz. On the other hand, experiments involving MNIST and CIFAR-10 datasets
were performed using GeForce GTX 1080 Ti cards. For each dataset, we conducted approximately 50 experiments, excluding
the time dedicated to development and debugging. Due to the usage of a train batch size of 32 samples, the experiments with
MNIST and CIFAR-10 datasets exhibited slower execution times. Table I provides the average duration required to execute
one simulation for each dataset. The authors are grateful to the OPAL infrastructure from Université Cote d’ Azur for providing
resources and support.

b) Libraries: We extensively employed the PyTorch deep learning framework throughout our experiments. PyTorch provided us
with a comprehensive set of tools and functionalities for model construction, training, and evaluation. It allowed us to efficiently
implement and optimize various neural network architectures, including the multinomial logistic regression model for the
MNIST dataset and the shallow neural network for the CIFAR-10 dataset. To simplify the data preparation process, we utilized
Torchvision, a PyTorch package designed for computer vision tasks. Torchvision facilitated seamless dataset management,
including the download and pre-processing of MNIST and CIFAR-10, enabling us to transform the raw image data into a
suitable format for training and evaluation.

c) Hyper-parameters: For each method and task, we performed a grid search to determine the optimal learning
rates 77 and 7. For the MNIST and CIFAR-10 datasets, we explored the grids n = {2.0,1.0,0.3,0.1,0.03,0.01} and 77 =
{5.0,4.0,3.0,2.0,1.0,0.3,0.1}. For the Synthetic LEAF dataset, we shifted the grid to 7 = {8.0, 7.0, 6.0, 5.0,4.0, 3.0, 2.0, 1.0}
Table II reports the learning rates n and 7 corresponding to the results in Figure 1 for each dataset and method. For CA-Fed,
we use the hyper-parameters 5 = 7 = 0. In the case of AdaFed, we set full device participation, where the parameter server
samples all active clients (|S;| = |.A;|). To ensure a fair comparison, we set the number of clients sampled by F3AST to the
average number of clients included by CA-Fed, which is 45 on average. Furthermore, we set the smoothness parameter 3 of
F3AST to be O(1/T), as suggested by the authors in [19, Appendix D].

36



APPENDIX H
FURTHER DISCUSSION ABOUT CA-FED

HI. CA-Fed’s computation/communication cost

CA-Fed aims to improve training convergence and not to reduce its computation and communication overhead. Nevertheless,
excluding some available clients reduces the overall training cost, as we will discuss in this section referring, for the sake of
concreteness, to neural networks’ training.

In terms of computation, the available clients not selected for training are only requested to evaluate their local loss on the
current model once on a single batch instead than performing E' gradient updates, which would require roughly 2 x ' —1 more
calculations (because of the forward and backward pass). The selected clients have no extra computation cost as computing
the loss corresponds to the forward pass they should, in any case, perform during the first local gradient update.

In terms of communication, the excluded clients only transmit the loss, a single scalar, much smaller than the model update.
Conversely, participating clients transmit the local loss and the model update. Still, this additional overhead is negligible and
likely fully compensated by the communication savings for the excluded clients.

H2. CA-Fed and Client Sampling

In cross-device FL, a common practice is to employ client sampling, where a small subset of clients (denoted as S;) is uniformly
selected at random from the set of active clients (4;) during each communication round of model training. This is primarily
done to mitigate communication overhead and enhance scalability.

In our analysis, based on Assumption 1, we assume that spatial and temporal correlations primarily concern clients’ availability
dynamics and we consider, for simplicity, S; = .A;. However, our findings have a noteworthy implication: while the set of
available clients .A; exhibits correlation, the client sampling in S; can be designed to make clients’ participation dynamics
independent over time and among clients. A promising direction for future research is to extend our work in this context and
derive a refined bound similar to our result in Theorem 2 which quantifies the impact of client sampling on A(P).

Consistent with our analysis, we have designed our algorithm to align with the assumption S; = A;. By design, CA-Fed
excludes clients with large temporal correlation and low availability and activates, in each communication round, only clients
satisfying {k € Ay; q,(:) > 0} (line 8 in Algorithm 1). However, when only a small fraction of clients is excluded, CA-Fed
seamlessly integrates with client sampling. This only involves replacing A; with S; in Equation (17) and Algorithm 1 (server
estimates for clients’ local losses (F'®) = (F,it)) rex) are now updated from the sampled clients’ losses (F'© = (F{"”)es,))-

H3. About CA-Fed’s fairness

Strategies that exclude clients from the training phase, such as CA-Fed, may raise concerns about fairness. The concept
of fairness in federated learning does not have a unified definition in the literature [42, Chapter 8]. Fairness goals can be
established by appropriately selecting the target weights o = {ay }rexc in the definition of the global target objective (1). For
instance, per-client fairness can be achieved by setting «y, to be equal for every client (i.e., a, = 1/N), while per-sample
fairness can be accomplished by setting «;, proportional to the local dataset size |Dy| (i.e, ap = |Dgl|/|D|).

Assuming that the global objective in (1) truly reflects fairness concerns, then CA-Fed can be considered intrinsically fair.
This is because CA-Fed continually focuses on minimizing the total error € := F(wr) — F*, which guarantees that the
performance objective of the learned model is as close as possible to its optimal value at every time. Although CA-Fed
occasionally excludes clients with low availability and high temporal correlation, the optimization problem (1) is carefully
designed to ensure that the learned model performs well for these clients. As a result, CA-Fed effectively learns a model that
is consistently accurate and fair across all clients, regardless of their availability or temporal correlation.
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